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Chapter 1

A Review of Functions

Section 1.1: An Introduction to Functions

» Definition of a Function and Evaluating a Function
» Domain and Range of a Function

Definition of a Function and Evaluating a Function
Definition:

A function 1z arule that assigns to each element in a set A exactly one element

i aset B The set & 15 called the domain of the function. The range of the function

15 the set of elements in B that are assighed by thiz rule.

The following mapping diagram 13 an example of a function.

| _53“*1
| 4‘-‘_‘—71‘“—"":‘*52
T’f"f"fa

A B

—2 N

Each element of the set & = {—5,4,7} 15 assigned to exactly one element of the
set B = {—2,1,2,6} :
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CHAPTER 1 A Review of Functions

—Sisassignedto 1
41z assigned to 2.
Tiz assigned to 2

The domain of the function 12 {—5,4, T"} and the range of the function is {1, 2}.

Defining a Function by an Equation in the Variables x and
y:

The equation ¥ = 3x +1 defines » as a function of x since for each real number x,

the expression 3x+11s aunique real number.

However, not every equation in the variables x and v defines afunction. The equation
yz = x—1 does not define v as function of x Mote that if x=25, then yz =5-1=4
This means that ¥ could be either 2 or — 2 since 22 = (—2)2 =4 Thus, more than

one ¥ value 18 assighed to x =3,

Example:

Decide whether of not each equation defines y as afunction of x.
(@) 2x°+3y° =15
(b) ¥ =3x°+2x+1

Solution:
{a) IFx=0,then 3}?2 =15 Zeolving this equation for v, we have y = i—\E. Thiz
shows that more than one ¥ value 15 assighed to x = 0. Therefore, the equation

2x% + 3y2 =15 does not define v as afunction of x

{b) For each real number x, the expression 32 +2x+11is auni gque real number,

Thus, for each x, there corresponds exactly one value of ¥ Therefore, the equation

y= Ixl+2x+1 defines v as afunction of x.

The Function Notation:

& special notation 1s reserved for denoting functions. I we know that v 15 a function

of x, we can use the function notation: w= F{x). The symbol F{x) 15 read as
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SECTION 1.1 An Introduction to Functions

"Fof x" From the example shown abowe, we know that the equation v = 3x% + 2x +1
defines v as afunction of x. We can give this function aname, say /7, and use the

function notation to write £(x) = 3x% +2x+1.

Evaluating a Function:

If iz afunction of x, then the variable x represents elements in the domain of §
For each x 1n the domain of /| the number #{x) 15 the value of / at x and represents

the corresponding element in the range of £

The function f given by fi{x)= xt assigns to each real number x the fourth power of x.

The domain of 1z the zet ] of real numbers. Since F(x)= x =0 for all real numbers
x, the range of fisthe set[[],m).
To evaluate fat the numbers —3, 0, and 5, substitute those numbers for x in F{x)1= 2t
f{—3}={—3}4=81 The value of / at — 31z 81
f(ﬂj:([])4: 0 The value of f/ at 01z 0.
Fio= (5)4 =625 The value of / at 515 625

Example:

Evaluate the function f(x) = 2x° + 3x— dat the numbers —2, — % 2, and *JE

Solution:

Fl=21= 2(—2)2 +3-21-4
= 2(4)- 6—4
=8-6-4
=2
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CHAPTER 1 A Review of Functions

F2)=22°+32)-4
=24+ 6-4
=B+6-4
=10

7[¥2)=2 (2] +3(2)-¢
= 2(2)+3f2—4
=4+ 3f2-4

N

Example:

Ifgix)= ;.—_x evaluate g(2), g{—2), and gia).
+x

Solution:
1-2 -1 1
M= = =—_
e=1 573773
1—(-2) 3
—oy = 2
A Ve
1—a
gla) = —
14+

4 University of Houston Department of Mathematics



Difference Quotients:

For a given function §, an expression of the form

Jxth)-fx - fla)
h

I

1z called a difference quotient.

Example:

SECTION 1.1 An Introduction to Functions

What 1s the difference quotient, Stk -7z JLor flxy=—0x+27%

#

Solution:

Flx+d)— F(x)  =5x+R)+2-(=5%+2) Tofinds(x+ k), substibate x+ h for x in the

# i
| —5x—Sh+2+5x-2
- h
_ 5K
¥
=-5 Simplify.

Additional Example 1:

expression — Sx4+2.

U ze the distribntive property in the mamerator.

Simplifyin the mumerator.

=tate whether of not each of the mappings shown below represents a function.

l— Iy
g [
2 — 5
¥ 3=
3 TR
A B A B
Solution:

Describe the first diagram.

11z assigned to 0.
21z assignedto O
Zigassignedto o
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CHAPTER 1 A Review of Functions
The first mapping represents a function since each element of A = {1, 2, 3}
15 assigned to exactly one element of B = { a, 5} .

Describe the second diagram.

11z assigned to 2.
315 assigned to both 5 and 7.

The second mapping does not represent a function since not every element of

A :{1, 3} iz assigned to exactly one element of B = {2,5,?}. 3in Ais assigned

to two elements, Sand 7, in B.

Additional Example 2:
Decide whether of not each equation defines y as afunction of x.

(&) y=|x*-9]
b) y* =x-2
Solution:

{a) For each real number x, the expression |:Jr2 - 9| represents a unique real number.

Therefore, the equation does define a function ¥ in terms of x since there 13 assigned

exactly one value y for each x.

(b)Y Substtute 3 for x in the equation yz =x—2 Then yz =3-2=1 3Solving
this equation for ¥, we get vy = =1

Therefore, the equati on does not define a function v in terms of x since x =3 leads to

more than one value of ¥

Additional Example 3:
Express the rule "multiply by 5, subtract 12, then square” in function notation.

Flxi=+x-3

[For exatnple, "subtract 3, then take the square root” would be written as}
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SECTION 1.1 An Introduction to Functions

Solution:
For the first step, begin with x and multiply by 5 5x

Mext subtract 12 from 5x 5x-12

For the last step square Sx—12. I:ﬁx— 12)2

Mow uze function notation. f(x)= (5;{— 12]2

Additional Example 4:
For the function / given by f(x) =5x — 2, evaluate /(—2), F(0), and F(3).

Solution:
Tofind F/{—2), substitute — 2 for x

Fflxy=5x-2
Fi=2)=5-2)-2
=-10-2
=-12

To find £{0, substitute 0 for x.

Filxy=50x-2

J)=>50)-z
=0-2
=-2

Totind (3, substitute 3 for x.

Fixy=5x-2

Fi3)=503-2
=15-2
=13
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CHAPTER 1 A Review of Functions

Additional Example 5:
1
For the function f given by F(x) = (x = 13* =3, evaluate /(=1), F{4), and f(g] :

Solution:
Tofind #/{—1), substitute —1 for x.

F=(x-1" -3
F-D=(-1-17 -3
= (-2)2-3
=4-3
=1

To find F{4), substitute 4 for x.

) =&-1%-3
HOEICRIVEES:
=3 -3
=5-3
=6

Tofind f [%] substitute % for x

FR=(x-17 -3
1 1
f[a]‘[a‘lj -’

2
=[_l] 3
2
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SECTION 1.1 An Introduction to Functions

Additional Example 6:

—3x*  ifx <0

For the function ' given by f{x) = _ . evaluate F{—4), F{=27,
fx+1 ifx=0)

F10), andf (6).

Solution:
If x <0, then the value of 7 at x 1z ziven by — 3x°. Since —4 < 0, to find

Fi=4), substitute — 4 for x in the expresssion — 3%,
Fled)= 347

= —3(16)
= 48

since — 2 <0, to find F{—2), substitute — 2 for x 1n the expresssion

- 3;{2.

F (2= -3(-2)°
=3
=-12

If x=0, then the value of f at x1s given by 6x4+1. Since 020, to find
F(0, substitute 0 for x in the expresssion 6x+1.

F0y=600)+1
=0+1
=1

since 620, to find F06), substitute & for x in the expresssion
tx+1.

FE) = 6(6) +1
= 36+1
=37
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CHAPTER 1 A Review of Functions

Additional Example 7:

+ —_
Find the diff erence quotient, Sz ;?g ACY for fix = 3% 4554

Solution:
Jlx+h)—Fix)
h
3[x+;3)2+5[x+;3]_4_(3x2 +5x_4) To find f{x+ 4), substitutex + A forx
= P jntheexpressicnnExz+5x—4.
3(x% 4+ 47 )45+ k) - 4357+ 5x-4)
= p Expand (x+ h*.
2 2 422
:3x b 1 3 +5x;:5;g 4-3x - or+a Use the distribulive property in the numerator,
2
= w Simpli fy in the mimeratar,
:}f[ﬁx+3ﬂz+5:l Factor out an b in the mumerator.
¥
=6x+3h+5 Siroplify.

Domain and Range of a Function

Review of Interval Notation:

The domain and range for many functions are intervals on the real line. In this

case, the domain and range are often specified in interval notation. The chart

below gives a summary of interval notation with its corresponding description and

graph on the real number line.
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SECTION 1.1 An Introduction to Functions

Interval Notation Description of Interval Graph
includes dl real mumbers x such that — N
[b?m) o r
% iz greaer than b [x:r-b:] &
includes all real mambers x such that .
[£.00) . * >
x is greater than or equal to b szEE:I:I &
itcludes dl real mumbers x such that P —
(—m,aj - =
rislessthan o [x<a) &
includes all real mambersx such that P
(—c0,a] . € ot
x ig less that or equal to a [xi.:zll ot
[—0::, 0:::] includes &l real munbers x & =
includes dl real mumbers x such that — —
[ﬂ,b) . = =
x iz betweetia and b |:c:<x<&l:l o b
itcludes all real mumbers x such that
[a,b) r iz greater than or equal to 2 and x is ® g
o

lega than b [ﬂﬁx{ 57':'

includes all real mambers x such that
I:a,f:'] x iz greater than 2 and x is less than or S *—

i &
erpual to b [a<x%b)
includes dl real rmmbers x such that
[,g:,f;.] ¥ iz between and inchiding a2 and b < .a .E:' ?

EEESE:)

Finding the Domain of a Function:

Ifthe domain of a function has not been explicitly stated, then by convention the domain

1z the set of all real numbers for which the expression is defined as a real number.

Example:
Find the domain of the function fix) = 2x-1

Solution:

For +f2x—1to be areal number, 2x—1 cannot be negative. Solve the inequality
2x—120 for x to find the domain of F
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CHAPTER 1 A Review of Functions

2x=1=0
2x—1+1=20+1
2x=1

é 1
Z

X

[+

[%f
B2 = o

S . 1
The domain in interval notation 13 [Em]

Example:
5

Find the domain of the funchon F{x) = P
x—

Solution:
Find the values of x where the denominator 1s 0 by solving the equation
Ax—2=10

3x—2=10
Ix—242=042
3x=2
Bx 2
7

r=

al e wa

The function 12 defined for all real numbers x except those values of x where the

denominator 15 0. Thus, the domain 15 {x| = %}

The domain in interval notation 15 [—m,%] 1 [%m]

Finding the Range of a Function:

To determine the range of a function y = F(x), find the set of all real numbers ¥
that are obtained by the equation v = F(x) as x vanes throughout the domain of 7.
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SECTION 1.1 An Introduction to Functions

Example:
Find the domain and range of the function y = -NI"E -3

Solution:

For n"rz_: —3tobe areal number, x cannot be negative.

Thus, the domain in interval notation 15 [D, DD).

To find the range of the function, we must determine the set of all values of ¥ that

are obtained by the equation ¥ = «.E -3 for nonnegative values of x.

Foreach x 2 0, we lknow that J:J_r 20, Subtracting 3 from both sides of this inequality,

we gee that fx -3 2 =3

Thus, the range of the function in interval notation 13 [—3, DD;I.

Additional Example 1:
Find the domain of the function f(x) = 1,@3:— 2. Empress the answer

1o interval notation,

Solution:

For Jéx— 2 to ke areal number, Bx— 2 cannot be negative. Solve the inequality
srx—2=20forx tofind the domain of F.

Bx—2=10
Brx—242=20+2
Br=2

Ax_ 2

1

X

[\

[\

8
1
4
Lo .1
The domain in interval notation 13 E,m .
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CHAPTER 1 A Review of Functions

Additional Example 2:
Find the domain of the function Fix) = /4 —3x Express the answer

i interval notation.

Solution:

For 4f4 —3x to be areal number, 4 — 3x cannot be negative. Solve the
inegquality 4 —3x = 0 for x to find the domain of 7

4-3x=10
4-3x—4z0-4
—3x=-
Fx 2
A -3

x{i

oo o 4
The domain in interval notation 1s [—m,— .

Additional Example 3:

Find the domain of the function iz = ﬁ Express the answer
— 9

in interval notation.

Solution:

Find the values of x where the denominator 12 0 by zolving the equation

4-9x=10

4-5x=10
4-9x-4=0-4
—9x=-4
79/:{_—4

-9 -9

4

r=—

9
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SECTION 1.1 An Introduction to Functions

The function 15 defined for each real number x except those values of x where

the denominator iz 0. Thus, the domain i3 {x | %= g}

The domain in interval notation 13 (—m,g] u(%,m].

Additional Example 4:

Find the domain of the function F{x) = 2; Express the answer

x—8x+7
i interval notation.

Solution:
Find the values of x where the denominator 13 0 by solving the equation
K -8x+7=0

X —8x+7=0
(x=D(x=-"T=0

x—1=0 or x=7=10
x—1+1=0+1 x=T+7=0+7

x=1 x=7

The function 12 defined for each real number x except those values of x where
the denominatoriz 0. Thus, the domain i3 {x |x=lx= ?} .

The domain in interval notation 15 (—m,l)u[l,?) u(?,m).

Additional Example 5:

Find the domain of the function F{x) = dxg +x—12. Express the answer

i interval notation.
Solution:

For \ixz +x—12 to be areal number, 2+ x-12 cannot be negative. Solve
the inecuality 2 +x-1220 to find the dom ain of 7
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CHAPTER 1 A Review of Functions

P +x-1220
(x+Dizx-31=0
Zolve the corresponding equatton: (x+H{x—21=10.

x+4=10 or r=—3=1
x+d—-4=0-4 x—34+3=043
x=—4 x=3

Flace —4 and 2 on a number line. The clozed circles indicate that the numbers

satisfy the inequality (x+4x-1 =10

4 3
List the intervals determined by —4 and =

(—e0,—4) (—4.3] (3,00

—4 3

Check the signs of the factors x+4 and x—3 on the interval I:—Dl—-’—'l:]
by using atest value.

—51zin the interval [—m,—4).

For x=-4,
x+d=-54+4=-1=10
and

x—3=-5-3=-8 <0

sign of x4+4: -
sign of k-3¢ -
signoof (x+h(x-3 +

Show the results on the number line.

+

I:.- 5

4 3
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SECTION 1.1 An Introduction to Functions

Check the signs of the factors x4+ 4 and x— 2 on the interval [—-’-’1,3)
by using atest value.

0 1g1n the interval [:—4, 3).

Forx=10,
x+d4=0+4=4=0
and

x=3=0-3==-3 <0
sign of x 44 +
Sign of x =30 -

Sign of (x4+(x-30 -

Show the results on the number line.

Check the signs of the factors x +4 and x —3 on the interval [3,0::)
by using a test value.

4 1z 1n the interval [3,00).

For x=4,
x+d4=44+4=8=0
aid

x—3=4-3=1=10.

sign of x+4: +
sign of k-3 +
Signoof (x4+4(x=-3: +

Show the results on the number line.

+ - +

@
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CHAPTER 1 A Review of Functions
The domain of the function is {x|(x +4)(x—3) 20}, Write the domain in
interval notation from the number line analysiz.

The domain 1n interval notation 13 [:—0::, —4] L_J[B,m).

Additional Example 6:

Find the domain and range of the function ¥ = | x | +4. Ezpress each answer in

interval notat on.

Solution:
For each real number x, the expression |x | +4 1z areal number. Thus, the doman

of the function in interval notation 15 (-, ).

Tofind the range of the function, we must determine the set of all values of ¥ that

are obtained by the equation ¥ = |x |+ 4 as x varies throughout the set of real numbers.

For each real number x we know that | x | 20, Adding 4 to both sides of this inequality,

we zee that |x|+424.

Thus, the range of the function in interval notation 15 [4, o)

Additional Example 7:

. . . + .
Find the demain and range of the function y = T Express each answer in

x—

interval notat on.

Solution:
x+4

e first find the dotnain, the set of all real numbers x for which the expression
—

iz areal number. Begin by finding where the denominatoris 0 by selwing the

equation bel ow.

r—2=10
T—242=0+42
r==2

18 University of Houston Department of Mathematics
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The function 15 defined for each real number x except those values of x where the

denominator 15 0.
Therefore, the domain i3 {x| P 2} . The domain in interval notati on 15 [—m, 2) | (2,0:::].

We now find the range, which 15 the set of all real numbers ¥ that are obtained
+4

r—2

when all real numbers except 2 are substituted forx m the expression

Begin by solving the equation below for x.

x+4
s x—2
ya-2="2 g
x—2
yix—21=x+4
yr—z2y=x+4
yE—2y—x=x+4-x
yi—2y—x=4
yr—2y—x+ilyv=4+2y
yi—x=4+2y
xiy—-l=4+2y

XM=4+2}3
ﬁ ¥=1
x:4+2y

¥=1

15 areal number when the denominator1s not 0. Find the

The expression
y—1
values of ¥ where the denominator 1z 0 by solving the equation below.

y=1=10
y—141=0+1
y=1

Therefore, the range 13 {y|y # 1}. The range in interval notation 1s [—m,l)u[l,m).
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For each of the examples below, determine whether Express each of the following rules in function
the mapping makes sense within the context of the notation. (For example, “Subtract 3, then square”
given situation, and then state whether or not the would be written as (x) = (x—3)?.)

mapping represents a function.

. . . 7. Divide by 7, then add 4
1. Erik conducts a science experiment and maps the y
temperature outside his kitchen window at 8.

. . ; . Multiply by 2, then square
various times during the morning. Py by q

9. Take the square root, then subtract 6

10. Add 4, square, then subtract 2

!

Time Temp. (°F) Find the domain of each of the following functions.
Then express your answer in interval notation.
2. Dr. Kim counts the number of people in 11, f(x)= 5
attendance at various times during his lecture this ' x-3
afternoon.

12. f(x):%i

[
| P87
13. g(x)= X2_4
Time # of People X" =
State whether or not each of the following mappings 14. f(x)= 3;”1
represents a function. If a mapping is a function, then X“+4
identify its domain and range.
2
X +6x+5
15, f(X)=———
3. 0= T8
.
3x+15
16. g(X)=—5———
9% X2 +8x—20
A B
17. ft)=4t
4,
|| 18. h(x)=¥x
— |
19. g(0=¥x
A B
20. ht)=4t

5.
21. f()=vx_5

22. g(xX)=vx+7

A B
6. o 23. F(x)= i;ix
8 -=
4 [x —
24, G(x)=X=3
A B X—7
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25. f(x)=%x-5 35. (@) f(t)=|t]
(b) g(t)=]9-t|
26. g(x)=3x2+x-6 (© h@)=9-|t|

27 niy=3 L 18 36. @) 1()=|x
t+5

(b) g(x)=|x|+1

28. f(x):S/ii:g © he)=|x+1

|2
29. f(t)=t?—10t+24 7@ W=
(b) g(x)=|x*+3|-4
30. g(t)=+t>—5t-14 ©) h(x)=2|x2+3|+5

Find the domain and range of each of the following

|42
functions. Express answers in interval notation. 38. (@) f(t)_|t +6|

31 (@) f()=vx (b) 9(t)=|t*+6|+7
(b) 9()=~x-6 () h(t)=—1[t*+6|-8
() h(x)=+/x-6
(d) p(x)=+x-6+3 39. g(t)=|2x-7|+5

32. (@) f()=3-t 40. h(t)=6-|t-1]

(b) g(t)=3-+t
© h(t)=+3-t 41. f(x)=35x+6-4
(@) PO=V3-t=7 42. g(x)=4B—3x+2

33. (@) f(x)=x*-4

(b) g(x)=4-x° : : :
Find the domain and range of each of the following

(©) h()=x*+4 functions. Express answers in interval notation.
d) p(x) ~Jx2_a (Hint: When finding the range, first solve for x.)
(&) 900 =v4-x’ 43. (a) f(x):%
O 109 = s ®) g00=2*2
X—2
34. (@) f(t)=25+t°
(b) g(t)=t*-25 44. (a) f(x):i
) ht)=25-t2 ' ;-32
X_
(@) pt)=v25+0 ©) 80="73

(e) q(t)=+t*-25
() rt)=+v25-t
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Evaluate the following. 3x%, if x<0

53. If f(x)=14, if 0<x<2,find:

45. If f(x)=5x-4, find: .
X+5, if x=>2

t@3), f(-1) f@), fa+3), f(@)+3 f@+f(Q)
£(0), f(-6), f(2) @, F(4), f(3)
46. If f(x)=3x+1, find:

—Ax-7, if x<-1

54, If f(x)=4x?+6, if -1<x<3, find:
-7, if x>3

£©), 1(-8), f(-4) fO-2 f(t-2), fO-(2)

47. If g(x)=x%-3x+4, find:

£(0), f(-4), f(c1) 1@, f(6), f(-2)
9(0), g(f%) g(x+5), g(%) 9(3a), 3g(a) ’

48. If h(t)=t?>+2t-5, find:
Determine whether each of the following equations

ha), h(%) h(c+6), —h(x), h(2x), 2h(x) defines y as a function of x. (Do not graph.)

55. 3x-5y=8
24X
49. If f(x)=—=, find:
(9 x—3 n 56. x+3=y?
T, 1), T3) fo, 13- 57. x2+y=3

2 58. 3x*—2xy=5x
50. If f(x)=—— —x, find:
X+4

59. 7x-y*=5

_ _1 3
f@. £65), f-2) @R, f(p)+2 60. 447 16

2x-=5, if x>4 61. x°y-2y=6
51. If f(x)= ) . , find:
3-x4, if x<4
62. Jx-3y=5
£(6), (2, f(-3) 1), (@), (2)
63. x3=5y
2 ax it ) 64. y3=—7x
52. If f(x)={)7( *2 X’_ﬁ X<; , find:
—2ZX X2>—
‘ 65. |y|-2=x
£(-5), f@3), f0) f@. f(-2), f(-2) 66. |x|+3y=4
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For each of the following problems:
(@ Find f(x+h).

(b) Find the difference quotient

67.

68.
69.

70.
71.

72.

73.

74.

f(x+h)-=f(x)
B —
(Assume that h=0.)

f(x)=7x-4

f(x)=5-3x

f(x):x2+5x—2

f(x):x2—3x+8

f(x)=-8

f(x)=6

f(x) =1
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