Lesson WEEK 9

form, Laplace
Functions)

Definitions



In this lesson, we'll introduce our last transform, the
Laplace Transform. The Laplace Transform is useful in a
number of different applications:

1. Using the Laplace Transform, differential equations can be
solved algebraically.

« 2. We can use pole/zero diagrams from the Laplace Transform
to determine the frequency response of a system and whether or
not the system is stable.

* 3. We can transform more signals than we can with the Fourier
Transform, because the Fourier Transform is a special case of the
Laplace Transform.

4. The Laplace Transform is used for analog circuit design.

5. The Laplace Transform is used in Control Theory and
Robotics
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Definitions of Laplace Transform
The Bilateral Laplace Transform of a signal x(t) is defined as:

Hx®)]= X(s) = Tx(i)e"”di

The complex variable s = 0 + jw, where w is the frequency variable of the Fourier
Transform (simply set o = 0). The Laplace Transform converges for more functions than
the Fourier Transform since it could converge off of the jw axis. Here is a plot of the s-

plane:
Jo=Im{s}

o =Re{s}

The Inverse Bilateral Laplace Transform of X(s) is:

1 ¢+ o
x(t)=? [ X (s)e*ds

&= fo



: o o
Notice that to compute the inverse Laplace Transform, it requires a contour
integral. (When taking the inverse transform, the value of ¢ for the contour integral
must be in the region where the integral exists.) Fortunately, we will see more
convenient ways (namely, Partial Fraction Expansion) to take the inverse transform
so you are not required to know how to do contour integration.

If we define x(t) to be o for t < o, this gives us the unilateral Laplace transform:
x®)]= X(s) = Tx(f)e'“df
0
Aswe'll see, an important difference between the bilateral and unilateral Laplace

Transforms is that you need to specify the region of convergence (ROC) for the
bilateral case.
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We point out (without proof) several features of ROCs:

» A right-sided time function (i.e. x(t) = o, t < t, where t_ is a constant) has an ROC that

is a right half-plane.

» A left-sided time function has an ROC that is a left half-plane.

> A 2-sided time function has an ROC that is either a strip or else the ROC does not
exist, which means that the Laplace Transform does not exist.

» If the ROC contains the jw- axis, then if x(t) were used as an impulse response, the
system would be BIBO stable. If the boundary of the ROC is the jw-axis (i.e. Re(s) > o or
Re(s) < 0), the system would be BIBO unstable.

Taking the Laplace Transform is clearly a linear operation:
Llax(t) + bx,(t)] = aX,(s) + bX,(s)

where X (s) is the Laplace Transform of x,(t) and X,(s) is the Laplace Transform of x,(¢).



Laplace Transform Examples

Example1 Find L[u(t)]

Lu@)] = lw)e™dt = et
-0 0

Len]

0

-1
—st

&

~ o=t re@s) >0
hy hy
ROC

> — 1unstable

In Example 1, we needed to specify that Re(s) > o. If this is not the case, the integral
would have not converged at the upper limit of infinity.
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Example 2 Find the Laplace Transform of X (t) =€ 'u(t)

Lx, @)= (e ut)e™dt = e+t
—a |:|
— Rels +1)=0
Lot ReEHY
1+¢ 1+ ¢ Re(s) > -1
ROC

» stable since constant jar axis

: : : _ 1
The general Laplace Transform for an exponential function is: ¢ *u(t) <> ——, Re(s + ¢) =0
S+ a2



Laplace Transforms of Functions

Example 3 Find the Laplace Transform of & — 1) wherety =0.

St —ty) wherety =0.

()=t —-1t;) t; =0

I[x(®)] = TJ(E —ty)e S dt

—i&0

=™ ws= stable
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Example 4 Find the Laplace Transform of sin(bt)u(t)

jo

" ROC

-b

Re(jb—=s)<0
Re(jb+5) =0

. 17 . B
x(t) = sin(bt) = T[eibf o]

=J
X(5)= | e + .*e-fbfe-wr}
27q .
= L fe'i,r'b—s}fdt+ I*e—{,r'b+s}fdr:|
27 K :
1] 1 e 1
=T _—Eub it +._1€ { jh+a)t
2j| jb-= 0 jh+s 0
1] 1
BT '0—11
- B +
JLib -8 7275 BIBOunstable Fe(s) =0

— 1 ) 1 ) b
_jb"‘S jb—s Sz_'_bz



¢ Laplace Transform Properties —
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As we saw from the Fourier Transform, there are a number of properties that can
simplify taking Laplace Transforms. I'll cover a few properties here and you can read
about the rest in the textbook.

Real Time Shifting
x(t)ult) «> X(s)
Xt -t —ty) e3P X (s)
Derive this:
Plugging in the time-shifted version of the function into the Laplace Transform

definition, we get: o
_[x(i — gt —ty)e ekt

f=—0

= [xit —t)edt

f=1,

Letting t =t - t,, we get:

= Ix(r) gt gr

o
= o~%h _[x(f) e Tdr
—

= ¢ M X (5)



Example1 Find the Laplace Transform of x(t) = sin[b(t - 2)]u(¢ - 2)

x(s)= e . b Re(s) =0

S g
+.'S.'2
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Differentiation

x(t) e X(s)
() e sX(5) - x(07)
\—> for Unilateral Laplace Transform only

Recall the equation for the voltage of an inductor:

_ 4 )
Vi(t)=1 "

If we take the Laplace Transform of both sides of this equation, we get:

Vi(s) =sLI(s)

which is consistent with the fact that an inductor has impedance sL.
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Proof of the Diffferentiation Property:

1) First write x(t) using the Inverse Laplace Transform formula:

1 ¢+ P
x(:)=? | X (s)e*ds

= joo

2) Then take the derivative of both sides of the equation with respect to t (this brings
down a factor of s in the second term due to the exponential):

4m=L CT.;X(S) ey
& g

= jioo

3) This shows that x'(t) is the Inverse Laplace Transform of s X(s):

%x(r) 3 (3)

The Differentiation Property is useful for solving differential equations.
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Integration
gr x(t) e Xis)
[x@)dr %X(s)
Recall the equation for the voltage of a capacitor turned on at time o:

7.0 = 1@
0

If we take the Laplace Transform of both sides of this equation, we get:

1
Foaisy=——1T.(s
6 =5 )

1
which is consistent with the fact that a capacitor has impedance - .
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ADDITIONAL PROPERTIES
Multiplication by ¢
x() & X(5)
tx(t) e — d);f)

Derive this:

X(s)= [x(z)e ™ at

-0

Take the derivative of both sides of this equation with respect to s:

%X(s) = [x()(-te™)dt = [(-tx(t))e ™ dr
This is the expression for the Laplace Transform of -t x(t). Therefore,

dX (s)
ds

tx(t) <> —



Initial Value

x(ﬂ+) =lim sX (s)

S0

(Given without proof)

Final Value

lfimx(r) = ljinD:lsX (s)

(Given without proof)




Independent-Variable Transformation (for Unilateral Laplace Transform)

x(t) e X(s)

1 =2 (s
x(af — b e —2 @ }{(—]
a a

Derive this:
Plugging in the definition, we find the Laplace Transform of x(at -b):

[ xlat = Bye™dr

-0

Let u = at - b and du = adt, we get:

—alu+h)

_ . du
Ix(m)e -
—sh —su
=l @ _[ x(e)e 2 du
i

—

—sh
_lgﬂX( ]
o v



