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Knowledge Base Exchange: a Simple Scenario
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Data Exchange [Fagin et al., 2003]

Σ1Σ1

source schema

Σ2Σ2

target schema

mappingM

I1

source instance

I2

target instance

best solution

Mapping M is a set of inclusions of conjunctive queries (CQs)

∀x , y
(
q1(x , y)→ ∃z q2(x , z)

)
.

I1 is a complete database instance.
I2 is an incomplete database instance.
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Data Exchange Example

∀a, t.( AuthorOf (a, t) → ∃g .BookInfo(t, a, g) )M :

nabokov lolita

tolkien lotr

AuthorOfI1 :

nabokovlolita tragicomedy

tolkienlotr fantasy

BookInfoI2 :

nabokovlolita null1

tolkienlotr null2

BookInfoI ′2 :

I2 is a solution for I1 under M.
I ′2 is a universal solution for I1 under M.

⇒ there is a homomorphism from I ′2 to I2.
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Incomplete Data and Knowledge Exchange

A framework for Data Exchange with incomplete data was proposed by Arenas et al.
[2011].

Σ1Σ1

source signature

Σ2Σ2

target signature

I1

incomplete source instance

I2

mappingM

solution

logical theory T1 logical theory T2

source KB target KB

solution

We specialize this framework to Description Logics, and in particular to DL-LiteR.
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Description Logic DL-LiteR

Description Logics (DLs) are decidable fragments of First-Order Logic,
used as Knowledge Representation formalisms.

DLs talk about the domain of interest by means of

• concepts (unary predicates): Author, Book, A, B

• roles (binary predicates): AuthorOf, WrittenBy, P, R

DL-LiteR is a light-weight DL that asserts

• concept inclusions and disjointness of atomic concepts A,
the domain ∃P and the range ∃P− of atomic roles P,

Book v ∃WrittenBy ,

• role inclusions and disjointness of atomic roles P and
their inverses P−, AuthorOf vWrittenBy−,

• ground facts Author(nabokov), AuthorOf(nabokov,lolita),
A(a), P(a, b).

TBox T

ABox A

Satisfiability check over a DL-LiteR KB K = 〈T ,A〉 can be done
in polynomial time (in fact, in NLogSpace).
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The Summary of my PhD Work

In this thesis, we

1 Propose a general framework for exchanging Description Logic
Knowledge Bases.

2 Define and analyse relevant reasoning problems in this setting.

3 Develop reasoning techniques and characterize the computational
complexity of the problems.
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1. Knowledge Base Exchange Framework

source KB

target KB

solution

mappingM

T1

T2

Σ1Σ1

source signature

A1

A1

B1 C1

D1

Σ2Σ2

target signature

A2

A2

B2 C2
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2. Reasoning Problems

Solution

ABox

Decision problem

universal solution

preserves all models

universal UCQ-solution

preserves all answers to
Unions of Conjunctive Queries

UCQ-representation

preserves all answers to UCQs,
independently of the ABox

si
m
pl
e
A
B
ox
es

A
(a

),
∃R

(a
),
R

(a
, b

)

ex
te
nd
ed

A
B
ox
es

co
nt

ai
n

la
be

le
d

nu
lls

membership
Is K2 (resp. T2) a solution
for K1 (resp. T1) under M?

non-emptiness
Is there any solution
for K1 (resp. T1) under M?
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3. Results

Universal solutions simple ABoxes extended ABoxes
Membership PTime-complete NP-complete
Non-emptiness PTime-complete PSpace-hard, in ExpTime

Universal UCQ-solutions simple ABoxes extended ABoxes
Membership PSpace-hard in ExpTime
Non-emptiness in ExpTime PSpace-hard

UCQ-representations Complexity
Membership NLogSpace-complete
Non-emptiness NLogSpace-complete

1 games

1 e4 e5 2 Nf3 Nc6 3 Bb5 3. . . a6 3. . . Nf6 4 Ba4

8 3VrzZ4Wb5™Xq1Tk4˜Wb2Un3—Vr
7 zZ6Yp6šYp6YpzZ6Yp6šYp6Yp
6 6YpzZ2UnzZzzZzzZ
5 zZzzZz6šYpzzZz
4 4WBzZzzZ6YPzZzzZ
3 zZzzZzzZ2UNzZz
2 6YP6šYP6YP6šYPz6šYP6YP6šYP
1 3—VR2UN4˜WB5XQ1•TKzzZ3VR

a b c d e f g h

ad-hoc 2 automata

circuit value problem 3-colorability validity of QBF

3 game-theoretic

1 e4 e5 2 Nf3 Nc6 3 Bb5 3. . . a6 3. . . Nf6 4 Ba4

8 3VrzZ4Wb5™Xq1Tk4˜Wb2Un3—Vr
7 zZ6Yp6šYp6YpzZ6Yp6šYp6Yp
6 6YpzZ2UnzZzzZzzZ
5 zZzzZz6šYpzzZz
4 4WBzZzzZ6YPzZzzZ
3 zZzzZzzZ2UNzZz
2 6YP6šYP6YP6šYPz6šYP6YP6šYP
1 3—VR2UN4˜WB5XQ1•TKzzZ3VR

a b c d e f g h

validity of QBF

4 5 graph-theoretic

reachability in directed graphs
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The Essence of Knowledge Base Exchange
A mapping is a triple M = (Σ1,Σ2, T12),

where T12 is a set of DL-LiteR inclusions from Σ1 to Σ2

〈T1,A1〉 is a DL-LiteR knowledge base over Σ1 (source KB)
〈T2,A2〉 is a DL-LiteR knowledge base over Σ2 (target KB)

source KB target KB

solution

mapping M

T1 T2

Σ1Σ1

source signature

A1

A1

B1 C1

D1

Σ2Σ2

target signature

A2

A2

B2 C2

For a KB K, we denote by UK the canonical model of K (chase in databases).

• 〈T2,A2〉 is a universal solution for 〈T1,A1〉 under M = (Σ1,Σ2, T12) iff?

T2 = ∅ and UA2 is Σ2-homomorphically equivalent to U〈T1∪T12,A1〉.

• 〈T2,A2〉 is a universal UCQ-solution for 〈T1,A1〉 under M = (Σ1,Σ2, T12) iff
U〈T2,A2〉 is finitely Σ2-homomorphically equivalent to U〈T1∪T12,A1〉.

• T2 is a UCQ-representation for T1 under M = (Σ1,Σ2, T12) iff??

for each source ABox A1, U〈T2∪T12,A1〉 is Σ2-homomorphically equivalent to U〈T1∪T12,A1〉.

We present our 5 techniques that check the existence of the homomorphisms.

? plus one more condition with little technical impact

?? plus one more condition for checking consistency
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The Canonical and Generating Models

Let K = 〈T ,A〉, where

A = {B(a)}
T = {B v ∃R

∃R− v ∃S
∃S− v ∃S
R v Q}

Σ = {Q, S}

The canonical model UK

Σ

a

awR

awRwS

awRwSwS

B

···

R

,Q

S

S

The generating model GK

Σ

a

wR

wS

B

R

,Q

S

S

We call wR and wS witnesses of K, denoted Wit(K).
Moreover, we write, e.g., a K wR , or wR  K wS .
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Membership for Simple Universal Solutions is in PTime

A2 is a universal solution for 〈T1,A1〉 under M = (Σ1,Σ2, T12) iff? there exist

• a Σ2-homomorphism from UA2 to U〈T1∪T12,A1〉,

EASY

• a Σ2-homomorphism from U〈T1∪T12,A1〉 to UA2 .

via Reachability Games on graphs

For a KB K, an ABox A, and a signature Σ,
we construct a reachability game (G,F ) such that

there exists a Σ-homomorphism from UK to UA

iff

Duplicator has a strategy against Spoiler

to avoid F in G.

Decidable in PTime.

1

2 3

4 5 6 7

8 9 10

11

Duplicator wins from 1Spoiler wins from 1

G

F

? plus one more condition of no technical interest
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1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



1 Reachability game to check Σ-homomorphism from UK to UA

a 7→ a

a, a wR

wR 7→ a

a, wR wR

a, a wS

wS 7→ b

b, wS wQ

G

F

The reachability game GΣ(GK,UA) = (G,F )

C

C

C

C

C

C

C

of polynomial
size

a

awR

awRwR

awS

awSwQ···

R ′

R ′

S ′

Q ′

UΣ
K

a

b

R ′

S ′

UΣ
A

h

Duplicator has a strategy against Spoiler to avoid F in G from a 7→ a iff

UK is Σ-homomorphically embeddable into UA.

decidable in polynomial time

Elena Botoeva(FUB) Description Logic Knowledge Base Exchange 20/33



Non-emptiness for Extended Universal Solutions is in ExpTime

There exists a universal solution for 〈T1,A1〉 under M = (Σ1,Σ2, T12) iff?

U〈T1∪T12,A1〉 is Σ2-homomorphically embeddable to a finite subset of itself.

For KBs K1, K2, and a signature Σ, we construct a two-way alternating automaton
(2ATA) A that accepts a tree encoding a finite subset C of UK2 such that

UK1 is Σ-homomorphically embeddable into C.

A accepts trees T of the form

T

ε
R

1
a

1 · 1
w

1 · 1 · 1
S ···

for a ∈ Ind(K2), w ∈Wit(K2).

A “launches” two threads from ε:

• one thread verifies that T encodes a finite
subset C of UK2 (stops when sees an S).

• the other thread tries to find a
Σ-homomorphism from UK1 to C
by traversing T down and up.
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2 2ATA A to check Σ-homomorphism from UK1 to a finite subset C of UK2
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There exists an accepting run of the 2ATA A over TC iff

UK1 is Σ2-homomorphically embeddable into C, a finite subset of UK2 .

decidable in exponential time
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Membership for Universal UCQ-Solutions is in ExpTime

〈T2,A2〉 is a universal UCQ-solution for 〈T1,A1〉 under M = (Σ1,Σ2, T12) iff
U〈T2,A2〉 is finitely Σ2-homomorphically equivalent to U〈T1∪T12,A1〉.

For KBs K1, K2, and a signature Σ, we use reachability games for checking whether
UK1 is finitely Σ-homomorphically embeddable into UK2 .

Now, UK2 is in general infinite.

• we cannot use the game GΣ(GK1 ,UK2 ) = (Gi ,Fi ), a straightforward extension of
GΣ(GK,UA), as Gi is in general infinite.

• so we define a game GΣ(GK1 ,GK2 ) = (Gf ,Ff ), where Gf is of exponential size and
the states have a more complicated structure involving

{u1, . . . , uk} 7→ w .

Hence, we obtain an ExpTime upper bound.
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• we cannot use the game GΣ(GK1 ,UK2 ) = (Gi ,Fi ), a straightforward extension of
GΣ(GK,UA), as Gi is in general infinite.

• so we define a game GΣ(GK1 ,GK2 ) = (Gf ,Ff ), where Gf is of exponential size and
the states have a more complicated structure involving

{u1, . . . , uk} 7→ w .

Hence, we obtain an ExpTime upper bound.
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UCQ-representability

mappingM:

T12

T1

T2

UCQ-representation

such that for each ABox A1 and each query q

A1

cert(q, 〈T1 ∪ T12,A1〉)

cert(q, 〈T2 ∪ T12,A1〉)T1

T12

T12

T2

Σ1Σ1

source signature

A1

B1 C1

D1

Σ2Σ2

target signature

A2

B2 C2
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Membership for UCQ-representations is in NLogSpace
T2 is a UCQ-representation of T1 under M = (Σ1,Σ2, T12) iff:

Let A1 = {X (a)}.

1)

T1 ∪ T12 |= X v X ′

X ,X ′a

G〈T1∪T12,A1〉

iff

T2 ∪ T12 |= X v X ′

X ,X ′a

G〈T2∪T12,A1〉

2)

a 〈T1∪T12,A1〉 wR

Xa

BwR

S

G〈T1∪T12,A1〉

⇒

there exists y in G〈T2∪T12,A1〉:

X

,By =

a

By

Sy1 ···yn

By

G〈T2∪T12,A1〉

Let A1 = {X (a),Y (a)}

3) 〈T1 ∪ T12,A1〉 is inconsistent iff 〈T2 ∪ T12,A1〉 is inconsistent
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Non-emptiness for UCQ-representations is in NLogSpace

Let Σ1 = {A(·),B(·),C(·)}, Σ2 = {A′(·),B ′(·),C ′(·)}, and T1 = {A v B}.

Is there T2, a UCQ-representation for T1 under M = (Σ1,Σ2, T12),
where T12 is as follows (gray arrows):

A

C

B

A′

C ′

B ′

NO

A

C

B

A′

C ′

B ′

YES

A

C

B

A′

C ′

B ′

YES

A

C

B

A′

C ′

B ′

NO

A

C

B

A′

C ′

B ′

YES

We have that T1 ∪ T12 |= A v B ′.
So T2 should be such that T2 ∪ T12 |= A v B ′.

If T2 ∪ T12 |= C v B ′, then it should be the case T1 ∪ T12 |= C v B ′.
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Thank you for your attention!

Universal solutions simple ABoxes extended ABoxes
Membership PTime-complete NP-complete
Non-emptiness PTime-complete PSpace-hard, in ExpTime

Universal UCQ-solutions simple ABoxes extended ABoxes
Membership PSpace-hard in ExpTime
Non-emptiness in ExpTime PSpace-hard

UCQ-representations Complexity
Membership NLogSpace-complete
Non-emptiness NLogSpace-complete
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Marcelo Arenas, Jorge Pérez, and Juan L. Reutter. Data exchange beyond complete
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Ronald Fagin, Phokion G. Kolaitis, Renée J. Miller, and Lucian Popa. Data exchange:
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Knowledge Base Exchange: Example

∃AuthorOf − v ∃BookGenre
AuthorOf − v WrittenBy
TaxNumber v SSN

M :

nabokov lolita

tolkien lotr

AuthorOfA1 :

∃AuthorOf v Author
Author v ∃TaxNumber

T1 :

nabokovlolita

tolkienlotr

WrittenBy

nabokov null1

tolkien null2

SSNA2 :

lolita null3

lotr null4

BookGenre

nabokovlolita

tolkienlotr

WrittenByA2 :

∃WrittenBy− v ∃SSN
∃WrittenBy v ∃BookGenreT2 :

〈T2,A2〉 is a universal-UCQ solution for 〈T1,A1〉 under M (with simple ABoxes).
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3 Reachability game to check Σ-homomorphism from UK1 to UK2

∅, {a,wR} 7→ a

{a,wR}, a, a wS

{a,wR}, {wS ,wR} 7→wT

{wS ,wR},wT , wS wS

{wS ,wR}, {wS ,wR} 7→wT

{a,wR}, a, wR wR

{a,wR}, {wR} 7→ a

{wR}, a, wR wR

{wR}, {wR} 7→ a

Gs

The reachability game G s
Σ = (Gs ,Fs)

C

C

C

C

C

C

C

C

C

UK1 UK2

h

a

awS

awSwR

awSw
2
R

awSw
3
R

aw 2
S

aw 2
SwR

aw 2
Sw

2
R

aw 3
S··· ···

···

S

S

R

R

R S

R

R

a

awT

awTwT

···

S ,R−

S ,R−

R
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