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ABSTRACT 

DESIGN AND PERFORMANCE ANALYSIS OF GAS AND LIQUID RADIAL TURBINES 

By 

Xu Tan 

In the first part of the research, pumps running in reverse as turbines are studied. This 

work uses experimental data of wide range of pumps representing the centrifugal pumps’ 

configurations in terms of specific speed. Based on specific speed and specific diameter an 

accurate correlation is developed to predict the performances at best efficiency point of the 

centrifugal pump in its turbine mode operation. The proposed prediction method yields very 

good results to date compared to previous such attempts. The present method is compared to 

nine previous methods found in the literature. The comparison results show that the method 

proposed in this paper is the most accurate. The proposed method can be further 

complemented and supplemented by more future tests to increase its accuracy. The proposed 

method is meaningful because it is based both specific speed and specific diameter. 

The second part of the research is focused on the design and analysis of the radial gas 

turbine. The specification of the turbine is obtained from the solar biogas hybrid system. The 

system is theoretically analyzed and constructed based on the purchased compressor. 

Theoretical analysis results in a specification of 100lb/min, 900ºC inlet total temperature and 

1.575atm inlet total pressure.  

1-D and 3-D geometry of the rotor is generated based on Aungier’s method. 1-D loss 

model analysis and 3-D CFD simulations are performed to examine the performances of the 

rotor. The total-to-total efficiency of the rotor is more than 90%. With the help of CFD analysis, 



 

modifications on the preliminary design obtained optimized aerodynamic performances. At last, 

the theoretical performance analysis on the hybrid system is performed with the designed 

turbine.  
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CHAPTER 1. INTRODUCTION AND BACKGROUND 

1.1. Radial Turbines 

Radial turbines have been used for over 180 years and it was first conceived to produce 

hydraulic power. There are basically two types of radial turbine: radial-outflow and radial inflow. 

The first successful hydraulic radial turbine for commercial use is developed by a French 

engineer (1830), Fourneyron, which is radial-outflow type. Later the first radial-inflow hydraulic 

turbine that gave excellent results and was highly regarded was built by Francis and Boyden in 

United States (1847) [1]. This type of machine is now known as the Francis turbine, a simplified 

arrangement of it being shown in Figure 1.1.  

 
Figure 1.1 Schematic of Francis Turbine 

 
In the figure, it can be observed that the flow comes from radial direction and exit in the 

axial direction.  

Single stage radial-outflow turbine has several disadvantages, one of which is low 

specific work. However, Kearton (1951) and Shepherd (1956) pointed that multi-stage radial-

outflow steam turbine could be in practical use due to the tremendous increase in the specific 

volume.   Ljungström [2] steam turbine, as an exemplar shown in Figure 1.2, is unique because it 

has multiple stages yet without any stationary stage. Each of the stages of the two rows of 

blades rotates in opposite direction so that they can both be regarded as rotors. 
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Between the two directions radial turbines, the inward-flow radial (IFR) turbine covers 

wider ranges of power, rates of mass flow, and rotational speeds, from very large Francis 

turbines used in hydroelectric power generation and developing hundreds of megawatts down 

to tiny closed cycle gas turbines for space power generation of a few kilowatts [3]. For the goals, 

scope and area in this thesis, the research is solely focused on the inward-flow turbine. 

 
Figure 1.2 Sketch of Ljungström Steam Turbine 

 
1.2. Application Area 

Besides IFR hydraulic turbines, the IFR gas turbines, as well, have been applied 

extensively for powering automotive turbocharges, aircraft auxiliary power units, expansion 

units in gas liquefaction, and other cryogenic systems and as a component of the small (10 kW) 

gas turbines used for space power generation (Anon, 1971). In addition, it is considered for 

primary power use in automobiles and in helicopters. With advanced technology, a cooled IFR 

turbine could offer significant improvement in efficiency and performance, according to the 

study of Huntsman, Hodson, and Hill (1992), at Rolls-Royce [4, 5].  
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Compared to axial-flow turbines over a limited range of specific speed, IFR turbines 

provide about the same efficiency and produce greater work obtained per stage. Other 

remarkable advantages offered by IFR turbine are its ease of manufacture and superior 

ruggedness. When the mass flow and power application are relatively low yet with a high 

pressure drop, the inward-flow radial turbine is preferred rather than an axial turbine [2, 6]. 

1.3. Types of IFR turbines 

In an IFR turbine, the energy is transferred from the fluid to the rotor by passing from a 

large radius to a smaller radius. However, there are two sub-classifications of IFR turbine: 

Cantilever turbine and 90 ̊ IRF turbine [2].  

Figure 1.3(a) shows a cantilever turbine where the blades are limited to the region of 

the rotor tip, extending from the rotor in the axial direction. In practice the cantilever blades 

are usually of the impulse type (i.e., low reaction), by which it is implied that there is little 

change in relative velocity at inlet and outlet of the rotor. There is no fundamental reason why 

the blading should not be of the reaction type. However, the resulting expansion through the 

rotor would, require an increase in flow area. This extra flow area is extremely difficult to 

accommodate in a small radial distance, especially as the radius decreases through the rotor 

row. 
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Figure 1.3 (a) Sketch of a cantilever turbine (b) Velocity Triangles at rotor inlet and outlet of a 

cantilever turbine 
 

Aerodynamically, the cantilever turbine is similar to an axial-impulse turbine and can 

even be designed by similar methods. Figure 1.3(b) shows the velocity triangles at rotor inlet 

and outlet. The fact that the flow is radially inwards hardly alters the design procedure because 

the blade radius ratio r2/r3 is close to unity anyway. 

Figure 1.4 shows a typical layout of a 90 ̊ IFR turbine; the inlet blade angle is generally 

made zero, a fact dictated by the material strength and often high gas temperature. From 

station 2, the rotor vanes extend radially inward and turn the flow into the axial direction. The 

exit part of the vanes, called the exducer, is curved to remove most if not all of the absolute 

tangential component of velocity. The 90̊ IFR turbine or centripetal turbine is very similar in 
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appearance to the centrifugal compressor, but with the flow direction and blade motion 

reversed. 

 
Figure 1.4 Layout of a 90° IFR turbine 

 
The fluid discharging from turbine rotor may have a considerable velocity 𝑐3, then an 

axial diffuser would normally be incorporated to recover most of the kinetic energy 
1

2
𝑐3

2. In 

hydraulic turbines a, diffuser is used as well and is called the draught tube.  

In the velocity triangles in Figure 1.4, the relative velocity 𝑤2 is radially inward (zero 

incidence), and the absolute velocity at the exit 𝑐3 is axial. This configuration of velocity triangle 

is called the nominal design condition.  
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Due to higher structural strength and efficiency, 90º IFR turbines are usually preferred 

over cantilever IFR turbines. Therefore, this thesis specifically studies the 90 ̊ IFR turbines, and 

all the inward-flow radial turbines mentioned later indicate the 90 ̊ IFR turbines.  

1.4. Performance characteristic of IFR turbines 

1.4.1. Turbine characteristics 

In this section, groups of variables developed by means of dimensional analysis. These 

dimensionless groups are able to represent some characteristics of the machine based on 

pressure drops and mass flow. What’s more important, they help reduce the laboratory testing 

efforts by deducting a number of variables. Specially and generally, developing dimensionless 

groups of variables have the following benefits: 

1. Prediction of a prototype performance from tests conducted on a scaled model 

(similitude) 

2. A unique representation of the performance (Mach number, Reynolds number, etc.). 

3. Determination of a best machine on the basis of efficiency for a specific head, speed, 

and flow rate.  

The performance parameters ∆ℎ0𝑠 , 𝜂  and 𝑃  for a turbine are a function of many 

variables, which can be expressed as [2, 7, 8]: 

∆ℎ0𝑠, 𝜂, 𝑃 = 𝑓(𝜇, 𝑁, 𝐷, �̇�, 𝜌01, 𝑎01, 𝛾)                                    (1-1) 

Selecting 𝜌01, 𝑁 and 𝐷 reduces the variables in Equation 1-1 into five dimensionless 

groups as: 

∆ℎ0𝑠

𝑁2𝐷2 , 𝜂,
𝑃

𝜌01𝑁3𝐷5 = 𝑓 {
�̇�

𝜌01𝑁𝐷3 ,
𝜌01𝑁𝐷2

𝜇
,

𝑁𝐷

𝑎01
, 𝛾}                                 (1-2) 

In Equation 1-2, the flow coefficient ϕ = �̇�/(𝜌01𝑁𝐷3) can be transformed into  
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ϕ = �̇�/(𝜌01𝑎01𝐷2) . As 𝑁𝐷  is proportional to blade speed, the group 𝑁𝐷/𝑎01  is 

regarded as a blade Mach number.  

For the isentropic compression or expansion of ideal gas, the relations among the 

enthalpy change, pressures and temperatures are: 

𝑇02𝑠

𝑇01
= (

𝑝02

𝑝01
)

(𝛾−1)/𝛾

                                                          (1-3) 

∆ℎ0𝑠 = 𝐶𝑝𝑇01[((𝑃02/𝑃01)(𝛾−1)/𝛾) − 1]                                        (1-4) 

Because 𝐶𝑝 = 𝛾𝑅/(𝛾 − 1) and 𝑎01 = √𝛾𝑅𝑇01, 

∆ℎ0𝑠

𝑎01
2 ∝ 𝑓 (

𝑝02

𝑝01
)                                                                (1-5) 

Now flow coefficient can be expressed as: 

�̇�

𝜌01𝑎01𝐷2 =
�̇�𝑅𝑇01

𝑝01√𝛾𝑅𝑇01𝐷2 =
�̇�√𝑅𝑇01

𝐷2𝑝01√𝛾
                                               (1-6) 

As �̇� ≡ 𝜌01𝐷2(𝑁𝐷), the power coefficient can be rewritten as: 

�̂� =
𝑃

𝜌01𝑁3𝐷5 =
�̇�𝐶𝑝Δ𝑇0

{𝜌01𝐷2(𝑁𝐷)}(𝑁𝐷)2 =
𝐶𝑝Δ𝑇0

(𝑁𝐷)2 ≡
Δ𝑇0

𝑇01
                                      (1-7) 

According to all the above dimensionless groups, Equation 1-2 now is: 

𝑝02

𝑝01
, 𝜂,

Δ𝑇0

𝑇01
= 𝑓 {

�̇�√𝑅𝑇01

𝐷2𝑝01
,

𝑁𝐷

√𝑅𝑇01
, 𝑅𝑒, 𝛾}                                           (1-8) 

In Equation 1-8, the term (𝑚 √(𝑅𝑇_01 )) /(𝐷2 𝑝01 ) is usually referred as the flow 

capacity. 

For a turbine of specific size that work with a single gas, in industry 𝛾, 𝑅 and 𝐷 are 

customarily eliminated. In addition, if the machine runs at high Reynolds numbers (or over a 

small speed range, Re can be neglected too. Then, Equation 1-8 becomes: 

𝑝02

𝑝01
, 𝜂,

Δ𝑇0

𝑇01
= 𝑓 {

�̇�√𝑇01

𝑃01
,

𝑁

√𝑇01
}                                                      (1-9) 
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However, eliminating diameter D and gas constant R makes the variable groups no 

longer non-dimensional. The two terms in Equation 1-9 are defined as corrected flow and 

corrected speed.  

 
Figure 1.5 Diagram of typical high-speed turbine characteristic [2] 

 

With the above dimensionless groups, multiple performance and characteristics are able 

to be conveniently presented in one chart. Figure 1.5 shows a typical high-speed turbine 

characteristic. Turbines are able to operate with a high-pressure ratio across each stage 

because the boundary layers on the surfaces of the turbine blades are accelerating and 

therefore stable. The high-pressure ratios soon lead to choking in the turbine stator blades and 

therefore a fixed non-dimensional mass flow through the machine. Once the turbine stators are 

fully choked, the operating point is independent of 𝑁/√(𝑇01 ) because the rotation of the 
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blades has virtually no influence on either the turbine pressure ratio or the non-dimensional 

mass flow rate. 

The turbomachine designer is often faced with the basic problem of deciding what type 

of machine will be the best choice for a given duty. At the outset of the design process, some 

overall requirements of the machine will usually be known. For a hydraulic pump, these would 

include the head required, H, the volume flow rate, Q, and the rotational speed, N. In contrast, 

if a high-speed gas turbine was being considered, the initial specification would probably cover 

the mass flow rate, m, the specific work, ∆ℎ0, the specific work, Δh0, and the preferred 

rotational speed, N. 

Two non-dimensional parameters called the specific speed (Balje), Ns, and specific 

diameter, Ds, are often used to decide upon the choice of the most appropriate machine with 

some empirical charts such as Figure 1.6 and Figure 1.7. The specific speed is derived from the 

non-dimensional groups defined in Equation 1-10 that the characteristic diameter D of the 

turbomachine is eliminated. The value of Ns gives the designer a guide to the type of machine 

that will provide the normal requirement of high efficiency at the design condition. Similarly, 

the specific diameter is derived from these groups by eliminating the speed [7-10], N as in 

Equation 1-11. 

𝑁𝑠 =
𝑁𝑄𝑒𝑥𝑖𝑡

1/2

Δℎ
𝑖𝑑𝑒𝑎𝑙
3/4                                                               (1-10) 

𝐷𝑠 =
𝐷Δℎ𝑖𝑑𝑒𝑎𝑙

1/4

𝑄
𝑒𝑥𝑖𝑡
1/2                                                              (1-11) 

Figure 1.6 is a graph that shows the relation between specific speed and overall 

efficiency. Figure 1.7 is the chart relating specific speed, specific diameter and efficiency. Then, 
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with known parameters such as flow rate and specific work, specific work can be decided by 

choosing the optimum efficiency from Figure 1.6. Furthermore, with Figure 1.7 from Balje 

specific diameter can be determined.  

 
Figure 1.6 Diagram Between efficiency vs Specific Speed for different Turbine [2] 

 
 
 

 
Figure 1.7 Balje Diagram 



11 

 

1.4.2. Thermodynamics of the IFR turbines 

 
Figure 1.8 h-s Diagram in an inward-flow radial turbine 

 
Figure 1.8 demonstrates the thermodynamic processes for the fluid working through the 

radial turbine [11-13]: (a) the scroll and nozzle blade row, (b) a radial rotor, (c) a diffuser. The 

whole processes are assumed to be adiabatic, yet irreversible, which means the entropy 

increases in each process.  

Across the scroll and nozzle blade (1-2), the stagnation enthalpy is assumed to be 

constant, ℎ01 = ℎ02. Then 

ℎ1 − ℎ2 =
1

2
(𝑐2

2 − 𝑐1
2)                                                      (1-12) 

Reference point 2 is at the inlet radius R2, therefore the annular space between nozzle 

exit and blade inlet is counted in the process 1-2. Hence any friction loss occurring in this space 

is lumped with the irreversibility in the nozzle.  
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For an adiabatic irreversible process in a rotating component, a parameter rothalpy 

I = ℎ0𝑟𝑒𝑙 −
1

2
𝑈2 is introduced, which should be constant. So the process in the rotor 2-3: 

ℎ02𝑟𝑒𝑙 −
1

2
𝑈2

2 = ℎ03𝑟𝑒𝑙 −
1

2
𝑈3

2                                               (1-13) 

In Equation 1-13,  ℎ0𝑟𝑒𝑙 = ℎ +
1

2
𝑤2 gives:  

ℎ2 − ℎ3 =
1

2
[(𝑈2

2 − 𝑈3
2) − (𝑤2

2 − 𝑤3
2)]                                      (1-14) 

The stagnation enthalpy in the diffuser 3-4 doesn’t change, therefore:  

ℎ4 − ℎ3 =
1

2
(𝑐3

2 − 𝑐4
2)                                                        (1-15) 

 

The specific work done in the rotor is: 

ΔW = ℎ01 − ℎ03 = 𝑈2𝑐𝜃2 − 𝑈3𝑐𝜃3                                               (1-16) 

For ℎ01 = ℎ02: 

ΔW = ℎ02 − ℎ03 = ℎ2 − ℎ3 +
1

2
(𝑐2

2 − 𝑐3
2) =

1

2
[(𝑈2

2 − 𝑈3
2) − (𝑤2

2 − 𝑤3
2) + (𝑐2

2 − 𝑐3
2)]    

(1-17) 

Each term in Equation 1-17 makes a contribution to the specific work done on the rotor. 

Because of the relatively large difference between r3 and r2 leading to huge difference between 

U3 and U2, the first term   
1

2
(𝑈2

2 − 𝑈3
2), makes a significant contribution to the total specific 

work. For the axial-flow turbine, where U3 =U2, of course, no contribution to the specific work is 

obtained from this term. Therefore, that is one of the reasons why inward-flow radial turbine 

can produce more work per stage than an axial turbine at the same inlet condition. Also, this is 

the main advantages of inward-flow over outward flow, because the same term would do 

negative contribution in an outward-flow radial turbine. For the second term in Equation 1-17, 
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a positive contribution to the specific work is obtained when w3>w2. In fact, accelerating the 

relative velocity through the rotor is a most useful aim of the designer as this is conducive to 

achieving a low loss flow. The third term in Equation 1-17 indicates that the absolute velocity at 

rotor inlet should be larger than at rotor outlet so as to increase the work input to the rotor.  

Having known the inlet and outlet condition, the efficiency can be calculated. However, 

two kinds of efficiencies can be used to evaluate the turbine: Total to static efficiency and total 

to total efficiency.  

The definition of total to static (enthalpy) efficiency is presented in Equation 1-18 

𝜂𝑡𝑠 =
Shaft power output of an actual turbine

(Shaft power output+Power wasted in exhaust kinectic energy)of an ideal turbine
                       (1-18) 

  Assuming for ideal gas ∆ℎ = 𝐶𝑝∆𝑇 and Cp is constant yields: 

                                                      𝜂𝑡𝑠 =
𝑐𝑝(𝑇01−𝑇03)

𝐶𝑝(𝑇01−𝑇03𝑠𝑠)+𝐶𝑝(𝑇03𝑠𝑠−𝑇3𝑠𝑠)
                                          

 =
𝑇01−𝑇03

𝑇01−𝑇3𝑠𝑠
                                                                       (1-19) 

With the same assumptions in Equation 1-19, Total to total (enthalpy) is defined as 

Equation 1-20, and sometime is referred as isentropic efficiency: 

                                             𝜂𝑡 =
Actual work output

Ideal work output
=

𝑇01−𝑇03

𝑇01−𝑇03𝑠𝑠
                                                   

                                                  =
1−𝑇03/𝑇01

1−(𝑃03/𝑃01)(𝛾−1)/𝛾 

                                                  =
𝑇01−𝑇03

𝑇01(1−𝜋(𝛾−1)/𝛾)
                                                                       (1-20) 

The difference between the sorts of efficiencies is that the total to total only consider 

the loss in the nozzle and rotor, while the total to static efficiency counts the kinetic energy in 

the exhaust as part of total loss [14-16].  
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When examining a single stage (except the last one) in a multi-stage rotor, the exit 

kinetic energy is not lost, because it will move to the next stage. Nevertheless, total to static 

efficiency is normally used because most inward-flow radial turbines have only one stage. 

1.5. Radial turbine design 

The design process usually contains two processes: design and analysis. After designing 

the geometry of the turbine, it is necessary to analysis performance of the designed turbine 

such as efficiency and off-design performance in order to verify the design.  

The design process usually follows three steps: Preliminary one-dimensional 

optimization, Quasi-3D design and full 3D analysis  

1.5.1. Preliminary 1-D optimization 

The components to be preliminarily designed in 1-D are shown in Figure 1.9. Basically, 

the design procedure is focused on the inlet volute, nozzle row, rotor and exhaust diffuser. The 

vaneless annular passages before and after the nozzle row are automatically inserted because 

they are insignificant. The design requires specific aerodynamic and geometric calculations at 

locations of all the inlet and exit of all components. The positions are designated with numbers 

from 1 to 6 shown as in Figure 1.10 [7. 17].  

 
Figure 1.9 Main Components of an inward-flow Radial Turbine 
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Figure 1.10 Position numbers designated to radial turbine components 

 
The stage performance is conveniently specified as total-to-static performance 

referenced to the rotor exit (station 5). The stage total-to-total performance and the influence 

of an exhaust diffuser can be forecast as part of the preliminary design to guide the designer in 

adjusting the performance specifications if appropriate. Hence, the basic stage design 

specifications to be supplied by the designer are 

• Stage inlet total temperature, Tt1. 

• Stage inlet total pressure, Pt1. 

• Stage mass flow rate. 

• Total-to-static pressure ratio, Pt1/P5. 

• Specific speed, Ns. 

• Total-to-static efficiency, ηts. 

• Total-to-static velocity ratio, νs. 

• Equation of state for the working fluid. 

The specific speed defined in dimensionless form as Equation 1-10 now becomes: 
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𝑁𝑠 =
𝜔𝑄5

1/2

Δℎ
𝑖𝑑𝑒𝑎𝑙
3/4                                                          (1-21) 

In the equation, 𝑄5 = �̇�/𝜌5.  

Most of the basic stage design specifications mentioned above are easily available from 

the proposed application, except ns, νs and ηs. However, the choices for ns, νs and ηs really 

determine the quality of the design. The selection of these three parameters is usually based on 

empirically generalized performance correlations. Many researchers, e.g, Wood, Linhardt, 

Rohlik and Balje, have made contributions to establish the generalized correlations of radial-

inflow turbine performance.  

These typically provide estimates of the expected efficiency and recommended values 

of velocity ratio as a function of specific speed. Those correlations are based on various 

definitions of specific speed and differ with regard to whether total-to-total or total-to-static 

performance is estimated. 

Figure 1.11 shows a generalized stage performance chart used for the present 

preliminary design system. This chart provides estimates of the expected efficiency and 

recommended values of velocity ratio as a function of specific speed. 

Figure 1.11 can initially predict the optimum efficiency and the corresponding speed. As 

a general rule, the preferred range of values for specific speed is 0.45 to 0.75. However, the 

specific speed is not really an arbitrary parameter, since size, speed, Mach number levels, 

mechanical integrity, etc. may impose definite constraints that preclude choices in the 

preferred range.  
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Figure 1.11 Generalized stage performance chart for design 

 
The best approach is for the preliminary design system to display Figure 1.12 on demand 

to guide the designer in selecting the design specifications. It is also useful to provide the option 

to use these correlations to define default values of ηs and νs as a function of the specified 

specific speed so that the designer can either use them directly or supply alternate values. Both 

of these features are easily incorporated using the following analytical equations, which 

correspond to the curves shown in Figure 1.12 [4].  

𝜈𝑠 = 0.737𝑁𝑠
0.2                                                             (1-22) 

𝜂𝑠 = 0.87 − 1.07(𝑁𝑠 − 0.55)2 − 0.5(𝑁𝑠 − 0.55)3                             (1-23) 

Once a preliminary design has been accomplished, the performance analysis can be 

used to improve the estimate for ηs.  

The preliminary design of the complete stage requires many additional specifications to 

select well-matched and optimized stage components. If the designer must specify all of these 

component design parameters to obtain a design, the preliminary design system will be rather 

ineffective. A better approach used is to supply default values for all component design 

specifications such that the preliminary design system can generate a candidate stage design 

from the basic stage design specifications. The designer can optimize the design by adjusting 
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any of the default specifications for the components. It is always more efficient to optimize 

component specifications from a reasonable set of existing values than to select a complete set 

of specifications. Much of the design optimization process can be accomplished within the 

preliminary design system.  

1.5.2. Quasi-3D design 

The nozzle-blade preliminary aerodynamic design procedure described in the previous 

section is easily modified to provide a sound basis for the detailed aerodynamic design also. 

That approach is almost always sufficient to achieve design objectives for both aerodynamic 

performance and mechanical integrity. However, 1-D preliminary design and analysis ignore the 

details of geometry, so the given specifications are not sufficient to ensure that the 

components will perform as predicted. Therefore, detailed quasi-3D design and analysis for the 

gaspath are required.  

Quasi-3D employs two 2-D flow analyses to approximate the three dimensional flow. 

These two 2-D surfaces are hub-to-shroud and blade-to-blade geometries, shown as Figure 1.12 

and Figure 1.13 respectively.  

 
Figure 1.12 Hub-to-shroud sketch of a rotor blade 
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Hub-to-shroud geometry defines the blade by distributions of the polar angle, θ (or 

blade angle, β) and the blade thickness, tb, along the camberline. Three types of blade geometry 

are considered to design. [18-23] 

 Two-dimensional, axial element blades: 𝜃𝑐 = 𝜃𝑐(𝑟), 𝑡𝑏 = 𝑡𝑏(𝑟) 

 Two-dimensional, radial element blades: 𝜃𝑐 = 𝜃𝑐(𝑧), 𝑡𝑏 = 𝑡𝑏(𝑧) 

 Three-dimensional straight-line blades: 𝜃𝑐 = 𝜃𝑐(𝜉), 𝑡𝑏 = 𝑡𝑏(𝜉), 𝜉 = (𝑚 − 𝑚2)/(𝑚1 − 𝑚2). 

ξ is the dimensionless meridional distance along the contours from the trailing edge to 

the leading edge. Then, the blades are constructed by connecting the blade surfaces on the two 

end-wall contours with straight-line elements.  

Axial element blades are suitable for nozzle blade design, while impellers often apply 

radial element blades to eliminate centrifugal blade bending stresses. As to straight-line 

element blades generally offer superior impeller aerodynamic performance potential when 

acceptable mechanical integrity can be achieved. However, the ways of constructing the 

geometry will not be introduced in this section. 

 
Figure 1.13 Blade-to-blade sketch of a rotor 

 
 

Figure 1.13 is the blade-to-blade geometry. Prediction of the flow through cascades of 

blades is fundamental to all aspects of turbomachinery aerodynamic design and analysis. The 
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flow through the annular cascades of blades in any turbomachine is really a three-dimensional 

flow problem. But the simpler two-dimensional blade-to-blade flow problem offers many 

advantages. It provides a natural view of cascade fluid dynamics to help designers develop an 

understanding of the basic flow processes involved. Indeed, very simple two-dimensional 

cascade flow models were used in this educational role long before computational methods 

and computers had evolved enough to produce useful design results. 

Today, blade-to-blade flow analysis is a practical design and analysis tool that provides 

useful approximations to many problems of interest. Inviscid blade-to-blade flow analysis 

addresses the general problem of two-dimensional flow on a stream surface in an annular 

cascade. Two-dimensional boundary layer analysis can be included to provide an approximate 

evaluation of viscous effects. Blade-to-blade flow analysis provides a practical method to 

calculate blade-loading diagrams. Indeed, blade-to-blade flow analysis is an essential part of a 

modern aerodynamic design system. Nonetheless, that approach ignores the secondary flows 

that develop due to the migration of low momentum boundary layer fluid across the stream 

surfaces. Its accuracy becomes highly questionable when significant flow separation is present. 

These limitations require particular care when analyzing the diffusing flow in compressor 

cascades. They are less significant for analysis of the accelerating flow in turbine cascades, but 

designers still must recognize the approximations and limitations involved. 

1.5.3. Full 3D design 

The quasi-3D analyses have limited conditions and accuracy. Therefore, 3D analysis is 

required for more precise aerodynamics and structural analyses. 3-D analysis must involve CFD 
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technique. Apart from coding to conduct CFD calculation, there are several commercial 

software such as FLUENT and CFX available.  

1.6. Scope, goals and organization of the thesis 

The goals of the thesis mainly are two aspects: Design and analysis of inward-flow radial 

gas turbine and inward-flow radial hydraulic turbine. 

The design of the gas turbine is based on the project of solar-biogas hybrid energy 

system, and the scheme of which is shown as Figure 1.14.  

 
Figure 1.14 The schematic of the solar-biogas hybrid energy system 

 
 

The working fluid air first comes into the compressor. The compressed air gets initially 

warmed in the recuperator by the exhaust from the exit of the engine. Then, the air is heated 

second time in the solar receiver. At last, the gas is finally heated in the combustion with biogas. 

After three steps of heating, the air becomes hot and pressurized gas and flows into an inward-

flow radial turbine. Hence, the turbine is able to produce work. Finally before the gas exhausts 
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to the ambient, it preheats the air coming into the recuperator. The main goal of the thesis is to 

design an inward-flow radial turbine that fits in the system.  

The narrow scope focuses on the design of the turbine, while it expands to wide scope 

when the whole system is being studied. However, the organization of the thesis comes from 

wide to narrow scope.  

The first step of the thesis analyzes the thermodynamics of the system. With the 

application purpose and components that have been bought previously, the specifications for 

the turbine can be obtained. With the specifications, the turbine can be designed.  

Then the thesis will analyze the performance of the turbine. Not only does the turbine is 

analyzed alone, it is also analyzed with its application in the system, both theoretically and 

experimentally.  

Finally, the thesis is to design a turbine that fits in the solar-biogas hybrid energy system, 

so as to verify the concept of the system and validate its practical use.  

The second goal of the thesis is to study the radial hydraulic turbine, based on previous 

experiment data of Prof. Engeda. Specifically, the thesis will study the centrifugal pump running 

as turbine. A more accurate approach to predict the performance of pump running in turbine 

mode from the known characteristics in the pump mode is expected to be obtained by 

analyzing the testing data.  
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CHAPTER 2. COMPONENT OF RADIAL TURBINE 

As shown in Figure 1.9, the inward-flow radial turbine mainly consists of the volute, 

nozzle, rotor and the diffuser. In addition, from volute to nozzle and from nozzle to rotor, there 

are two blocks of annular vaneless space lying between them. In this chapter, some more 

details of each component are introduced.  

2.1. The Volute 

Figure 2.1 illustrates the geometry of a typical inlet volute. The passage area and mean 

radius are specified at station 1, where the flow is inside the volute, but has not yet started to 

exit the volute. These parameters are also specified at station 2, where half of the flow has 

exited from the volute passage. Station 3 is the annular passage at the volute exit, where the 

radius and the hub-to-shroud passage width, b3, are specified. The exit area is given by [4, 18]: 

𝐴3 = 2π𝑟3𝑏3                                                              (1-1) 

 

Figure 2.1 The sketch of the volute geometry 
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This is the first component in the stage, so the inlet total thermodynamic conditions are 

also specified, or known from a preceding stage analysis. All flow conditions at station 1 are 

computed by performing a mass balance using the stage inlet mass flow. The same process, 

assuming no losses and using half of the inlet mass flow, supplies the flow conditions at station 

2. The effective, one-dimensional angular momentum at the volute exit is estimated from 

conservation of angular momentum based on the flow data at station 2 [4, 19]. 

𝐶𝜃3 = 𝑟2𝐶2/𝑟3                                                            (2-2) 

A mass balance using the inlet mass flow and tangential velocity component obtained 

from Equation 2-2 yields the other flow conditions at station 3. However, the losses and the 

corresponding total thermodynamic conditions at station 3 must also be determined, so an 

iterative process is required. The total pressure losses considered include the profile loss and a 

circumferential distortion loss. The profile loss is calculated with the simple boundary layer 

analysis. The circumferential distortion loss coefficient accounts for mixing losses associated 

with circumferentially non-uniform angular momentum imposed at the volute exit [4, 20]. It is 

given by:  

𝑌𝜃 = [(
𝑟1𝐶1

𝑟3
− 𝐶𝜃3) /𝐶3]

2

                                             (2-3) 

If the volute is designed to maintain uniform angular moment in the circumferential 

direction, this loss will be identically equal to zero. By contrast, a constant area plenum will 

yield a value of C2 approximately equal to half of C1. From Equation 2-2 and 2-3 it is easily seen 

that the circumferential distortion loss will be significant for that case. The volute exit total 

pressure is given by 

𝑌 = 𝑌𝑝 + 𝑌𝜃 = (𝑃𝑡1 − 𝑃𝑡3)/(𝑃𝑡3 − 𝑃3)                          (2-4) 
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𝑃𝑡3 = (𝑃𝑡1 + 𝑌𝑃3)/(1 + 𝑌)                                            (2-5) 

Yp is the profile loss due to the two boundary layers on the opposite walls of the 

effective flow passage.  

For this stationary component, the total enthalpy is constant throughout the volute. 

Hence,  

H3 = H1                                                                                                               (2-6). 

Assuming the flow is inviscid, the mass flow is: 

�̇� = 𝐴3𝜌3𝐶𝑚3                                                                (2-7) 

However, if the end-wall boundary layer blockage is considered, Equation 2-7 should be 

adjusted as: 

�̇� = (1 − ∆)𝐴3𝜌3𝐶𝑚3                                                   (2-8) 

Δ is the normalized defect boundary layer: 

∆= ∑ 𝛿∗/𝑏                                                                   (2-9), 

where 𝛿∗ is the boundary layer, and b is the passage width. Then, the discharge exit 

static enthalpy should be [4, 21]: 

ℎ3 = 𝐻3 −
1

2
(𝐶𝑚3

2 + 𝐶𝜃3
2 )                                             (2-10) 

2.2. Inlet Nozzle 

The nozzle row in radial-inflow turbines is usually a simple radial passage of constant 

width. But that is not a necessary restriction, so a more general specification of the nozzle 

geometry is used. The geometry is specified at the inlet, mid-passage and exit stations, which 

are designated by subscripts 1 through 3, respectively. At each of these stations, the axial 

coordinate, z, radius, r, passage width, b, blade camberline angle, β, and blade thickness, tb, are 
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specified. In addition, the number of blades, n, the throat blade-to-blade width, o, and passage 

width at the throat, bth, are supplied. Figure 2.2 illustrates some of the key geometrical 

parameters supplied [4, 20]. 

 
Figure 2.2 Sketch of nozzle geometry 

 
 

The nozzle exit flow may be either subsonic or supersonic, depending on the stage 

discharge pressure. For a conventional inward-flow radial turbine, the flow should be subsonic. 

When M3 = 1, the nozzle is choked. Hence, a subsonic solution is always required and will be 

considered first. The subsonic discharge flow angle is estimated by 

sin𝛼𝑜𝑠 = 𝑏𝑡ℎ𝑜/(𝑠3𝑏3)                                                    (2-11), 

where 𝑠 = 2𝜋𝑟/𝑛.  

The discharge flow angle is estimated by: 

tan𝛼3 = (𝑟3/𝑟𝑡ℎ)tan𝛼𝑜𝑠                                                 (2-12) 

Similar to the volute, the nozzle exit total pressure could be obtained by: 

Y = 𝑌𝑝 + 𝑌𝑖𝑛𝑐 = (𝑃𝑡1 − 𝑃𝑡3)/(𝑃𝑡3 − 𝑃3)                                   (2-13) 
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𝑃𝑡3 = (𝑃𝑡1 + 𝑌𝑃3)/(1 + 𝑌)                                      (2-14) 

Considering the boundary layer blockage, the mass flow is: 

�̇� = (1 − ∆)2𝜋𝑟3𝑏3𝜌3𝐶3sin𝛼3                              (2-15) 

The enthalpy at the outlet of the nozzle is: 

ℎ3 = ℎ03 −
1

2
𝐶3

2                                                      (2-16) 

In the design of the nozzle, the choked condition must be checked. The subscript is 

assigned to the parameters. 

�̇�∗ = 𝑁𝑏𝑡ℎ𝑜(1 − ∆)𝜌∗𝐶∗                                        (2-17) 

Then, the exit velocity C3 and angle are: 

𝐶3 = √2(𝐻3 − ℎ3)                                                (2-18) 

sin𝛼3 = �̇�/[(1 − ∆)2𝜋𝑟3𝑏3𝜌3𝐶3]                             (2-19) 

The largest possible Cm3 is the one under choked condition, at the same time the P3 is 

the minimum static exit pressure.  

𝐶𝑚3 = �̇�
[(1 − ∆)2𝜋𝑟3𝑏3𝜌3]⁄ = 𝑎3 

2.3. The Turbine Rotor 

The geometry of rotor is the most complicated one than all the other components in the 

inward-flow radial turbine. Typically, the flow is turned by 90°from radial to axial in the 

impeller.  

Figure 2.3 and 2.4 show frontal and side views of the rotor to illustrate the geometry 

required [21, 40]. Similar to other components, the passage geometry is defined at the inlet, 

midpassage and exit stations numbered 1 through 3, respectively. These data are specifically 

referenced to a mean surface midway between the hub and shroud surfaces. Like the nozzle 
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row, the axial coordinate, z, radius, r, passage width, b, blade camberline angle, β, and blade 

thickness, tb, are specified at these stations. To properly address the passage curvature, the 

angle, φ, formed by a tangent to the mean surface and the axial direction is also specified. This 

angle is illustrated for station 2 in Figure 2.4. This angle is measured in the flow direction. Hence 

in the case illustrated in Figure 2.4, φ varies from −90° at the inlet to 0° at the exit. In addition, 

the number of full blades, N, the throat blade-to-blade width, o, on the mean surface, the 

passage width at the throat, bth, and the clearances, δ c and δ d, are supplied. One or more 

sets of splitter blades can also be specified, along with the fraction of the mean path length 

from the inlet occupied by the splitter blades. The analysis assumes splitter blades are identical 

to the full blades except for length and are equally spaced between the full blades. 

There are several sources of internal losses in the impeller, including the passage 

curvature, blade clearance, incidence, blade loading and profile losses. It is also necessary to 

account for the energy consumed by the rotating disk in the housing. This disk friction loss is 

commonly referred to as a parasitic loss. It represents wasted energy rather than an 

aerodynamic loss in total pressure. In the case of condensing working fluids, the potential for 

moisture losses similar to those described for axial-flow turbines may also impact the rotor 

performance. Often partial-length splitter blades are used to provide additional work capability 

without reducing the choke capacity of the impeller. 

The flow velocity C, and the relative velocity W are connected by: 

𝐶 = �⃗⃗⃗� + �⃗⃗⃗⃗�                                                                (2-20) 

U=Nr is the annular velocity of the rotor at a specific radius. 

From the velocity triangle diagram, the following equations can be readily obtained: 
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𝑊𝑚 = 𝐶𝑚 = √𝐶𝑧
2 + 𝐶𝑟

2                                               (2-21) 

𝑊𝜃 = 𝐶𝜃 − 𝜔𝑟                                                            (2-22) 

C = √𝐶𝑚
2 + 𝐶𝜃

2                                                        (2-23) 

W = √𝐶𝑚
2 + 𝑊𝜃

2                                                      (2-24) 

tanα = 𝐶𝑚/𝐶𝜃                                                             (2-25) 

tanβ = 𝐶𝑚/𝑊𝜃                                                            (2-26) 

Applying angular momentum equations gives the torque, the power and the specific 

work as: 

τ = �̇�(𝑟3𝐶𝜃3 − 𝑟1𝐶𝜃1)                                           (2-27) 

�̇� = 𝜔𝜏 = 𝜔�̇�(𝑟3𝐶𝜃3 − 𝑟1𝐶𝜃1)                                        (2-28) 

ℎ3 − ℎ1 = 𝜔(𝑟2𝐶𝜃2 − 𝑟1𝐶𝜃1)                                            (2-29) 

As introduced in the previous chapter, the relative total enthalpy at station 3 can be 

gained by rothalpy I3 and U3. 

ℎ0𝑟𝑒𝑙3 = 𝐼3 +
1

2
𝑈3

2                                                         (2-30) 

Consequently, there is the relative total pressure 𝑃0𝑟𝑒𝑙3 corresponding to ℎ0𝑟𝑒𝑙3. 

The relation between actual relative total pressure 𝑃0𝑟𝑒𝑙3 and ideal relative velocity is 

shown in Equation 2-31. 

𝑃0𝑟𝑒𝑙3 = (𝑃0𝑟𝑒𝑙3,𝑖𝑑 + 𝑌𝑃3)/(1 + 𝑌)                                      (2-31) 

Y is the loss coefficient: 

Y = 𝑌𝑝 + 𝑌𝑖𝑛𝑐 + 𝑌𝐵𝐿 + 𝑌𝐻𝑆 + 𝑌𝐶𝐿 + 𝑌𝑄                           (2-32) 
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It includes several kinds of losses such as profile losses (Yp), incidence loss (Yinc), blade 

loading loss (YBL), hub-to-shroud loading effect (YHS), clearance loss (YCL) and total pressure loss 

(YQ).  

 
Figure 2.3 Front view of the rotor 

 
 

Like the analysis for the nozzle, the mass flow rate considering the boundary layer 

blockage is calculated by: 

�̇� = (1 − ∆)2𝜋𝑟3𝑏3𝜌3𝑊3sin𝛽3                                      (2-33) 

For the choked condition:  

�̇�∗ = 𝑁𝑏𝑡ℎ𝑜(1 − ∆)𝜌∗𝑊∗                                             (2-34) 

𝐶3 = √2(𝐻3 − ℎ3)                                                      (2-35) 

The exit relative velocity and angle, when the flow is choked, are calculated as: 
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Figure 2.4 Side view of the rotor 

 
 

The mass flow in terms of conditions at exit is: 

sin𝛽3 = �̇�/[(1 − ∆)2𝜋𝑟3𝑏3𝜌3𝑊3]                                  (2-36) 

Similar to the choked exit of nozzle, the choked meridioal velocity is: 

𝐶𝑚3 = �̇�
[(1 − ∆)2𝜋𝑟3𝑏3𝜌3]⁄ = 𝑎3                              (2-37) 

2.4. Vaneless Space 

Figure 2.5 illustrates a typical vaneless annular passage between two major components.  

The swirl velocity of the inviscid core flow at any station can be obtained by 

conservation of angular momentum from the upstream parameters (subscript u) [4]: 

𝐶𝜃 = 𝐶𝜃𝑢𝑟𝑢/𝑟                                                            (2-38) 

The loss in the vaneless space includes profile loss of the boundary layer and entrance 

loss: 

Y = 𝑌𝑝 + 𝑌𝑖𝑛 = (𝑃𝑡𝑢 − 𝑃𝑡3)/(𝑃𝑡3 − 𝑃3)                                    (2-39) 
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𝑃𝑡3 = (𝑃𝑡𝑢 + 𝑌𝑃3)/(1 + 𝑌)                                       (2-40) 

In addition, the vaneless passage must require 𝐶𝑚 ≤ 𝑎. In the choke condition, the 

velocity is: 

𝐶𝑚 =
�̇�

[2𝜋𝑟𝑏𝜌]
= 𝑎                                                        (2-41) 

 
Figure 2.5 Sketch of the vaneless annular passage 

 
2.5. The diffuser 

The exhaust diffuser geometry is demonstrated in Figure 2.6.  

The exhaust diffuser geometry is specified at inlet and exit, designated by subscripts 1 

and 2. The geometric data specified at these stations are z, r and φ, as illustrated in Figure 2.6. 

The linear distance between the two stations is 

𝑑 = √(𝑧2 − 𝑧1)2 + (𝑟2 − 𝑟1)2                                     (2-42) 

The curvature of the mean stream surface is proportional to the change in the slope 

angles,  

∆𝜙 = |𝜙2 − 𝜙1|                                                              (2-43) 

If ∆𝜙 > 0 the flow path is assumed to be a curcular-arc segment, then 
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𝐿 = 𝑑∆𝜙/[2sin(∆𝜙/2)]                                               (2-43) 

Otherwise, L=d.  

Through the diffuser, the velocity decreases, and assuming the process is isentropic 

gives: 

ℎ02 = ℎ01, ℎ2 − ℎ1 =
1

2
(𝐶1

2 − 𝐶2
2)                                (2-44) 

The meridional velocity is, 

𝐶𝑚2 = �̇�/(𝜌2𝐴2)                                                       (2-45) 

 

 
Figure 2.6 Sketch of the diffuser geometry 
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CHAPTER 3. PERFORMANCE PREDICTION OF CENTRIFUGAL PUMPS WHEN RUNNING AS 

HYDRAULIC TURBINES  

3.1. Introduction 

Nowadays energy consumption is still increasing rapidly, and guaranteed, will increase 

even faster. Conventional fossil energy resources such as coal and oil create problems due to its 

rising price and fast depletion. Researchers have found various renewable energy like solar 

energy, wind energy, and hydraulic energy. Among all renewable resources, small hydropower 

(SHP) is one of the most promising sources of energy generation and it is catching much 

attention from developing countries, for example, India and Iran [24-29]. The small hydropower 

can be exploited from natural falls, irrigation systems, sewage systems, etc. The advantage of 

small hydropower plants over large hydropower plants is their environment-friendly nature, for 

they have no problems of large tremendous storage and rehabilitation of population. In 

addition, small hydropower projects can provide a solution for the energy problem in rural, 

remote and hilly areas, where the extension of the grid is techno-economically not feasible.  

Although SHP seems very promising, it has a significant obstacle in its application. The 

main limitation in the installation of SHP plants is its higher cost of hydro turbines, as well as 

the turbine manufacturers usually do not manufacture the turbines in such small capacities. 

Also, it is very difficult, time-consuming and costly to develop site specific turbines correspond 

to local ecology in low capacity range.  

Many investigators have attempted different kinds of turbines in small hydro range, 

such as crossflow turbines, single and multi-jet Pelton turbines and Francis turbines, but the 

results are not satisfying. It is reported that in small hydro range, a cross flow turbine requires a 
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large turbine running at slower speed, resulting in the need of a belt drive to power a standard 

generator. A Pelton turbine for such applications would require three or four jets, resulting in a 

complicated arrangement for the casing and nozzles. A small Francis turbine could also be used 

in this range, but it would be even more expensive than across flow turbine [25]. 

In any water system which has excessive available energy e.g. natural falls, water supply, 

irrigation, sewage or rain systems, the application of a pump instead of a turbine seems to be 

an alternative solution in terms of easy implementation and reduced cost of equipment [30]. The 

pumps in turbine mode (pump as turbine PAT) have various advantages over conventional 

hydro turbines: low cost, less complexity, mass production, availability for a wide range of 

heads and flows, short delivery time, availability in a large number of standard sizes, ease of 

availability of spare parts, easy installation, etc. [31]. For low and very low capacity power plants 

(up to 500kW), the PAT deserves thoughtfulness due to a considerable reduction in the capital 

cost of the plant in spite of having slightly reduced efficiency. In this range, the investment cost 

for conventional hydro turbines is relatively high. The payback period of such hydro turbine can 

be as high as 15 years which can be reduced to 2 years using PAT for similar capacity [32]. 

Numerous experimental, theoretical and numerical investigators [52-57] have shown that 

certain centrifugal and vertical pumps could be operated very satisfactorily as turbines over a 

limited range, but all investigators  stress the need for knowledge, given the available turbine 

data how to select the appropriate pump.  

Many investigators [58-63] confirm that a good designed centrifugal operating, with a high 

efficiency, may display good performance as a turbine, with a plus or minus 2% of the pump 

mode maximum efficiency. Two characteristics that are often displayed by investigators are the 
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pump and turbine mode of operations at a constant speed and the other, the turbine mode of 

operations at variable speed. Just as the pump mode possesses a head & efficiency Vs flowrate 

(Hp & ηp Vs Qp) performance curve for a constant speed, the turbine mode also possess a 

similar (HT & ηT Vs QT) characteristics.  

In pump mode, the pump possesses a flat head vs. flow curve and fewer tendencies for 

pulsations. A comparative example of the characteristics of normal pump operation with the 

characteristics of the same unit in turbine mode, at the same speed, is shown in Figure 3.1, 

using test data from a pump with a specific speed of ns = 1.20. The curves are normalized by the 

values of the head, flow, efficiency, and power of the pump at BEP. Figure 3.1, representing 

comparative characteristics of the same unit in pump and turbine mode, is an example of a 

single pump data (ns=1.20) which serves as the basis for such turbine performance prediction.    

 
Figure 3.1 Pump and Turbine mode operation for a pump with ns=1.20 at constant rpm 
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Figure 3.2 shows on the basis of two different specific speeds (ns= 0.58 & 1.20) that the 

turbine mode of operation does not only function well with head and flow (H & Q) variation but 

also can be run smoothly at variable speed. But both such plots (Figure 3.1, 3.2a & 3.2b) could 

only give part of the required data even for the very tested pump, let alone other pumps. Figure 

1, 2a & 2b do not include turbine cavitation performance data. In conventional turbine design 

and selection practices, the knowledge of suction head and runner outlet condition is a priority.   

It is very surprising that the various literatures on PAT make very little mention of cavitation 

properties. 

Numerous investigators have proposed charts and equations for selecting PATs. To 

select a PAT there are generally four known practices: 

1) Based on similarity between best efficiency points (BEP) in both modes at the same 

speed, relationships are given between head, flow and efficiency (Hp HT, Qp QT  & 

ηp  ηT), 

2) Statistical curve fits of large experimental data giving an empirical relationship, 

3) Based on specific speed, and 

4) Plots of charts with PATs together and conventional turbines. 
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Figure 3.2a Turbine mode operation for a pump with ns= 0.58 at variable rpm 

 

 
Figure 3.2b Turbine mode operation for a pump with ns= 1.20 at variable rpm 
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A typical combined all turbines chart proposed by Engeda et al. [64] (range: 1–1000kW) 

based on head and discharge is shown in Figure 3.3. Engeda et al. [64] showed in Figure 3.3 the 

possible applications of PAT relative to other conventional turbines. It is clear to see that 

indeed PATs have significant application niche area.  

Despite the numerous literatures on Pumps PATs, only very few well-established and 

documented applications using this knowledge have been reported, therefore the lack of 

feedback of problems and experiences has not given sufficient incentive to the deeper 

examination of the fluid dynamics of the turbine mode flow.   

 
Figure 3.3 Application areas of conventional hydraulic turbines and PATs 
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Each pump possesses specific design configuration aimed for a particular duty. The 

biggest setback in the proper choice of turbines out of the vast pump series is the unavailability 

of information regarding geometrical and structural configurations, specific speed range and 

the design process and approached used. It is essential to have this lacking knowledge, in 

addition to the data and relationships supplied by many investigators, to able to select the best 

PAT. 

3.1.1. Significance of pump type to select the appropriate pat  

Unlike conventional hydro turbines that come with variable geometry, PATs are with 

fixed geometric conditions as the flow enters the impeller from casing, resulting in poor part-

load performance. This is one of the most serious problems for a hydropower system based on 

a PAT. In order to minimize this problem, the choice of an appropriate pump as turbine is 

essential. 

A pump operating as a turbine is very sensitive towards changing boundary parameters, 

namely head and discharge. Hence a wrong pump selection will result a shift of the operating 

point, delivering the non-desired output and ultimately may even cause the failure of the 

project. Centrifugal pumps are commonly classified as single or multistage. If single stage, they 

are configured as: overhung and end suction, split case, vertical or submersible, etc. 

Furthermore, they are based on standards such as ASME, ISO, etc. Most published PAT data are 

without these important configurations, which all affect especially the part load of the PAT. 
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Figure 3.4 Configurations of the tested pumps - overhung end-suction with volute 
 

Table 3.1 Pumps tested – geometry details  

ns 0.33 0.58 0.83 1.20 1.52 

d1/d2(ns=0.83) 0.64 0.66 0.65 0.65 0.82 

d2/d2(ns=0.83) 1.84 1.23 1.00 0.84 1.02 

b2/d2(ns=0.83) 0.08 0.12 0.15 0.16 0.27 

1 220 180 150 200 200 

2 260 240 260 280 250 

Z 6 6 6 6 6 

Geometry 

 

 
 

  

 
To make the data presented in this research meaningful and useful, five pumps were 

selected that have, identical configurations (overhung end-suction with volute), were based on 

similar design approaches and cover areas from very low specific speed to high values. Figure 

3.4 shows the type of pump configuration used for the five pumps. Table 3.1 presents the 

pumps used in this research. 

3.1.2. Performance and operation at BEP and off design areas 

Dynamic turbomachines are reversible and have four different operating modes, and 

therefore a pump can run as a turbine. The inverse working mode of pumps as turbines was 

first investigated before by Kittredg [65], Knap [66], and Stepanof [62]. Knapp showed [66] that it is 
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possible to represent the four quadrant characteristics on a speed versus flow. These four 

quadrants correspond to four different operating modes. 

As discussed above the BEP points of the pump in the two modes Pump & turbine) are 

relatively easy to compare and correlate. However, the turbine performances of the pump at 

higher and partial flows are difficult to compare with that of the machine as a pump because 

the flows are different and the resulting losses also different.  Certain reverse running pumps 

are known to suffer from flow separation in the runner due to excessive diffusion of blade 

surface velocities and distorted velocity profiles at runner exit, affecting the turbine 

performance of the machine, but these effects are not so adverse on the pump performance. 

The machine as a pump has been optimized on the basis of specific speed. But if the same 

specific speed is used to judge the machine's qualities in terms of runner diameter, speed and 

flow conditions, then it is seen that the machine is an over-designed turbine. For the same 

specific speed, a smaller turbine is more efficient. Therefore each pump as a turbine possesses 

a higher specific speed and it is doubtful whether most pumps possess optimum properties at 

these higher specifics speeds as turbines.   

The H-Q plot for the turbine performance for various speeds is bounded by two limiting 

curves, both passing through the origin. These boundaries are the runaway curve 

corresponding to H-Q values of zero torque and H-Q curve corresponding to zero speed. The 

turbine characteristic for each speed begins from the runaway curve and runs tangential to the 

locked-shaft curve, as shown in Figure 3.5. Each flow rate point on the runaway curve 

corresponds to a certain speed at which the machine begins to act as a turbine. This 

characteristic is true for most PATs, but experience shows that there are pumps, especially of 
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higher specific speed, whose H-Q curve cross the zero-speed line, hinting at some form of 

mismatching of hydraulic parts in turbine operation.   

 
Figure 3.5 Limiting boundaries of PAT 

 
 

Considering geometrical and structural configurations, specific speed range, cavitation 

characteristics and the design process and approached used, choice, selection, correlation and 

prediction of PATs can be performed with reasonable accuracy. This statement is confirmed by 

Figure 3.6 and Table 3.2, where the performances of carefully selected pumps are compared 

showing consistent characteristics that can be the basis for performance prediction and 

correlation. 

 
Figure 3.6 Turbine mode performance comparison for a pump with ns= 0.58 & 1.20  
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Table 3.2 Comparison of five pumps ns= 0.33, 0.58, 0.83, 1.20 and 1.52 carefully selected 

ns 0.33 0.58 0.83 1.20 1.52 

N 1050 rpm 1450 rpm 1450 rpm 1450 rpm 1050 rpm 

P/P(ns=0.83) 0.87 0.98 1.00 0.96 1.01 

T/P(ns=0.83) 0.78 0.97 1.01 0.88 0.93 

Geometry 

 

 

 
 

 

 

3.1.3. Challenges 

One of the major disadvantages of a PAT is that it is a fixed geometry machine resulting 

in poor part load and narrow range performance in comparison with conventional turbines of 

the same size. This could only be improved through modifications to include some form of 

adjustable guide vanes, which highly raises the cost of the unit.  In this regard, more studies are 

required for the proper understanding of the turbine operation of pumps, in order to lay dawn 

some criteria for identifying the suitable pumps for specific turbine operation. 

One of the reasons of the narrow range performance can be explained by Figure 3.7 and 

Figure 3.8. The rotation direction of turbine mode is opposite to pump mode. At the best 

efficiency point in turbine mode, the flow should have the minimum incidence loss. However, 

at part-load and over-load conditions, the incidence loss will be massive due to the sharp blade 

and small tangential inlet blade angle.   
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Figure 3.7 Velocity triangles at the outlet of the pump and inlet of the turbine 

 

In addition to this current research, two other contributions have attempted to describe 

the turbine performance as a function of specific speed. According to Buse [19], the shape of the 

turbine head-capacity (H-Q) curve is highly dependent on the specific speed of the unit as a 

pump. Hergt et al, [20] suggested a classification of the turbine optimal characteristics as a 

function the turbine specific speed of the unit.  

As this research shows, effective and accurate correlations through specific speed 

require: 

1) Used pumps must cover a good representative specific speed range. 

2) Pumps must belong to a family of pumps designed under similar criterion. 

3) Pumps must be well designed using similar state of the art technology 

4) Pumps must have similar geometrical configurations in terms of inlet-impeller-diffuser-

volute.  

But to the present researcher’s knowledge the best suited and reliable classification of 

the PAT characteristics with specific speed, using any pump data of any configuration, is that of 

the flow at zero power. The flow corresponding to the head at zero turbine power output as a 

ratio of the turbine flow at the BEP point strongly depends on the pump specific speed of the 

unit for any configuration pump. As shown in Figure 3.9. 



46 

 

 
Figure 3.8 Velocity triangles in turbine mode at part-load and over-load conditions 
 

 
Figure 3.9 PAT flow corresponding to the head at zero turbine power output 

 
3.1.4. Performance prediction of pump as turbine 

The performance of the pump running as turbine is different from the performance in 

pump mode. However, the pump manufacturers do not provide the characteristics running in 

turbine mode. Therefore, performance prediction of PAT is very important, because it 

determines whether the selected pump is able to work in optimum performance. One of the 

main objectives of all PAT researchers all over the world has been to build a method that would 

make accurate predictions of the turbine operation of pumps. 
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A large number of experimental and theoretical studies have been made by lots of 

researchers. The first objective of these researchers was to find the relations of best efficiency 

point (BEP) parameters between the pump mode and turbine mode of the same machine. An 

accurate guess in BEP will give the investor a proper preliminary selection of the pump. Simple 

relations in terms of head and discharge correlations have been developed, which are defined 

as: 

ℎ =
𝐻𝑡

𝐻𝑝
                                                                       (3-1) 

𝑞 =
𝑄𝑡

𝑄𝑝
                                                                       (3-2) 

In addition, the performance differences based on various specific speeds are of 

significant importance as well.  

Stepanoff, Childs, Hancock, McClaskey and Lundquist, Sharma, Luneburg and Nelson, 

Schmiedl and Alatorre-Frenk developed relations based on efficiency in pump mode; whereas, 

Kittredge, Diederich, Grover, Lewinski&Keslitz, Hergt, and Buse derived the relations based on 

the specific speed of the pump [24, 25]. These researchers proposed many methods to predict the 

performance, but the deviations between the prediction and reality have been found to be 

around 20% or even more. In addition, very few of the researchers produced the method that 

could predict no-load, part load and full load performances.  

Few other researchers like Knapp, Wong, Cohrs and Amelio and Barbarelli have also 

given the PAT prediction methods based on the pump design, its geometry and assumptions of 

some complex hydraulic phenomena like losses and slip effects to come up with a more 

accurate method. These methods are quite comprehensive but they are difficult to put in 
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practice and outside the reach of planners since these methods necessitate very detailed 

information, which is sometimes patented or available only with the manufacturers.  

In recent years, many researchers have used different theoretical and experimental 

techniques to predict the PAT performance from pump characteristics. 

Sharma [33] discussed the suitability of different pumps which can be used as turbines. 

The analysis of performance curves in the pump and turbine mode plotted by Grant and Bain [36] 

revealed that the location of turbine BEP is at a higher flow and head than the pump BEP. 

However, it was pointed out that the proposed equations were only approximate and the 

actual values of Qt and Ht might vary by 20% of the predicted value for the BEP. Hence, after 

initial selection, it was recommended to test the pump under turbine condition to find out 

power at the available head.  

Williams [37] compared eight different PAT performance prediction methods based on 

turbine tests on 35 pumps in the specific speed range of 12.7–183.3 and studied the effects of 

poor turbine prediction on the operation of a PAT. None of the eight methods had given an 

accurate prediction for all the pumps but Sharma's method was found to be better than the 

other methods; hence, it was recommended as a first estimate for prediction of the turbine 

performance. However, it is also suggested that before the installation, the selected pump is 

necessary to be tested in turbine mode on the site.  

Joshi et al. [38] established the relationship between pump and turbine specific speeds 

(Nsp and Nst), for selection of PAT particularly for low head sites. To select the pump which can 

be used as a turbine, the value of specific speed in turbine mode can be read from their Nsp and 

Nst plot. The approach had the advantage of simplicity yet of no generality because it was based 
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on the data of only three pumps. Hence, the method is recommended for approximate analysis 

only.  

Punit Singh and Franz Nestmann proposed optimized prediction method. The approach 

was based on experimental results of 9 models of PAT (Nsp: 20–80 rpm) and the fundamentals 

of applied turbomachinery like the specific speed–specific diameter plot (called the Cordier/ 

Balje plot) [33, 34]. The method was experimentally evaluated for three pumps with specific 

speeds of 18.2rpm, 19.7rpm, and 44.7rpm, and the error in turbine performance prediction was 

found to be within 4% in the full load operating range. However, the deviations in part load and 

no-load operation were quite large. It was reported that the application of the proposed model 

was quite simple and could be incorporated in any computer program which could be made 

accessible to small manufacturers and system planners particularly for energy recovery or 

micro hydro projects.  

Yang et al. [39] developed a theoretical method to predict the performance of PAT. The 

method was tested both numerically (with ANSYS-CFX) and experimentally and compared to 

the methods proposed by Stepanoff and Sharma. However, considerable errors (5%-10%) still 

existed, which might be caused by leakage loss through balancing holes, mechanical loss caused 

by the mechanical seal and bearings and the surface roughness value set on the machine's 

surface.  

Derakhshan and Nourbakhsh [28, 29] derived some relations to predict BEP of PATs based 

on the experimental work carried out on four centrifugal pumps with different specific speeds 

of 14.6, 23, 37.6 and 55.6. A new method was proposed to predict BEP of PAT based on 

hydraulic specifications of the pump, particularly the specific speed, which represents the 



50 

 

runner type and consequently its hydraulic behavior. Also, the more efficient pump operates as 

turbine at larger values of h and q. The predicted h and q by this method were found in good 

agreement with the experimental results. A procedure to choose a proper centrifugal PAT for a 

small hydro-site with Ns to 150 based on h and q was presented as mentioned below. 

ℎ𝑛𝑒𝑤 = h(0.25/𝐷)1/4                                                       (3-3) 

𝑞𝑛𝑒𝑤 = q(0.25/𝐷)1/6                                                        (3-4) 

Nautiyal, et al. [26] developed relations using experimental data of the tested pump 

(Ns=18(m, m3/s)) and pumps of some previous researchers to predict turbine mode 

performance from pump mode characteristics. The experimental results were presented in the 

form of non-dimensional parameters, head coefficient, discharge coefficient and power 

coefficient. As compared to other methods, the deviation between experimental results and 

results obtained by proposed relations was less which made the performance prediction of PAT 

simpler and closer to accuracy. However, some uncertainties were still found in prediction of 

turbine mode characteristics using pump operation data. The relation (χ) between best 

efficiency and specific speed of pump was developed by regression analysis and equations of h 

and q were developed which are expressed below: 

χ =
𝜂𝑝−0.212

ln (𝑁𝑠)
                                                                       (3-5) 

q = 30.303χ − 3.424                                                      (3-6) 

h = 41.667χ − 5.042                                                      (3-7) 

In general, conversion factors for PAT can be obtained on the basis of theoretical and 

numerical studies but the performance of PAT cannot be anticipated perfectly. Further 

investigations to develop a common model for deriving the conversion factors are needed. 
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Additionally, it is necessary to gather more reliable and actual data for validation of prediction 

methods. 

3.1.5. Performance improvement in PAT 

Conventional hydro turbines usually show higher efficiency than the pumps which are 

designed for the similar operating conditions. Many investigators have attempted different 

techniques to improve the performance of PAT. It is reported that the optimum efficiency of 

PAT can be generally achieved when the shock losses at the pump impeller tips become nearly 

zero. Therefore, the modification must be made to the impeller tips of the pump. 

Singh et al. [34] studied various possibility of modifying the inlet casing: by rounding of 

inlet edges of the blade, by modifying the inlet casing rings, by enlarging the suction eye, by 

removing the casing eye rib. It was revealed that, among the different modifications proposed, 

the impeller blade rounding was the most beneficial. 

Other researchers such as Suarda, Derakhshan and Yang [40], also verified that rounding 

the rotor tip can improve the efficiency. It was found that the reduction in impeller diameter 

results in a slight shift in optimal discharge towards the left along with a slight drop in hydraulic 

efficiency. 

Sheng et al. applied splitter blade technique to improve the PAT performance which is 

one of the methods used in flow field optimization and performance enhancement of rotating 

machinery. It was observed that with the increase of splitter blades head was dropped but 

efficiency was increased over the entire operating range. 

Among the various techniques attempted by different researchers for performance 

improvement of PAT, the impeller blade rounding is found to be the most promising technique. 
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However, it is more advantageous with large capacity PATs in view of their higher efficiency 

compared to small PATs. It is also required to standardize the impeller blade rounding effects 

over the wide range of PATs. 

In summary, PATs are promising for small hydraulic power resource. However, it is still 

required to propose more accurate predictions of performance in turbine mode from the 

characteristics in pump mode. In addition, modifications on the pump to increase the efficiency 

are important, yet standardized methods of improving the PATs have not been established.  

3.2. Previous Prediction Method 

Before installing a PAT, a precise prediction of the turbine mode performance is 

essential to the efficient utilization of hydraulic power. Therefore, easy and accurate prediction 

methods are required. Over decades, numerous studies have been theoretically, experimentally 

and numerically conducted to obtain an effective prediction technique.  

3.2.1. Theoretical 

The earliest published theoretical study was in 1962 by Childs [37]. The equations are 

yielded based on rough assumptions: The best efficiencies in pump mode and turbine mode are 

equal. In addition, the output power of turbine and input power of pump should be same. Same 

assumptions were used by later researchers such as McClaskey and Lundquist, Lueneburg and 

Nelson and Hancock [37]. 

With a similar method, Stepanoff [37] proposed two equations to calculate discharge and 

head in turbine mode relating the best efficiency in pump mode.  

𝑄𝑏𝑡

𝑄𝑏𝑝
=

1

√𝜂𝑏𝑝
, 

𝐻𝑏𝑡

𝐻𝑏𝑝
=

1

𝜂𝑏𝑝
                                                                       (3-8) 



53 

 

Sharma [37] also developed a method based on Childs’ assumptions: 

𝑄𝑏𝑡

𝑄𝑏𝑝
=

1

𝜂𝑏𝑝
0.8, 

𝐻𝑏𝑡

𝐻𝑏𝑝
=

1

𝜂𝑏𝑝
1.2                                                                        (3-9) 

Later, detailed hydraulic studies were done on the geometry and performance. Alatorre-

Frenk [41] did analysis in his dissertation, but no prediction technique was actually proposed.   

Gulich [42] predicted the performance by analyzing the hydraulic losses in pumps and 

turbines mode. In his book, he proposed a very detail prediction procedure counting all the 

losses. However, this procedure requires very detailed geometry and testing data. For an actual 

project, this method is not practical because the manufacturer will not provide detailed 

geometry and testing data, although the method was claimed to be very accurate.  

Shahram Derakhshan [28, 29] also did some hydraulic analysis regarding the geometry and 

losses in one of his papers. However, he did not present an applicable prediction method based 

on his analysis. In another paper of his together with Yang [39], Yang and Shahram presented a 

method in a similar style of Sharma’s method.  

𝐻𝑏𝑡

𝐻𝑏𝑝
=

1.2

𝜂𝑏𝑝
1.1, 

𝑄𝑏𝑡

𝑄𝑏𝑝
=

1.2

𝜂𝑏𝑝
0.55                                                                (3-10) 

G Ventrone [43] theoretically proposed a prediction method in terms of very detailed 

geometrical data. The prediction resulted in very low error (within 4%). However, same with 

Gulich, the requirement of detailed geometry made Ventrone’s method not very practical.  

𝜙𝑇 =
Δ𝜓+[(1−

Δ𝑈𝑜
𝑈𝑖

)+(1+
Δ𝑈𝑜

𝑈𝑖
)

𝐷𝑜
2

𝐷𝑖
2]

𝜂𝑣(
𝑐𝑜𝑡𝛼𝑖𝑇

𝜉𝑖
+

𝐵𝑖
𝐵𝑜

𝑐𝑜𝑡𝛽𝑜𝑏
𝜉𝑜

)+
1

𝜂𝑣

𝑐𝑜𝑡𝛽𝑖𝑏
𝜉𝑖

                                                           (3-11) 
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3.2.2. Experimental  

Other than theoretical research, many experimental studies were practiced. Five 

prediction methods available in publications are listed below: 

Alatorre-Frenk’smethod [37]: 

𝐻𝑏𝑡

𝐻𝑏𝑝
=

1

0.85𝜂𝑝
5+0.385

, 
𝑄𝑏𝑡

𝑄𝑏𝑝
=

0.85𝜂𝑝
5+0.385

2𝜂𝑝
5+0.205

                                                   (3-12) 

Schmiedl’s method [37]: 

𝑄𝑏𝑡

𝑄𝑏𝑝
= −1.4 +

2.5

𝜂ℎ𝑝
, 

𝐻𝑏𝑡

𝐻𝑏𝑝
= −1.5 +

2.4

𝜂ℎ𝑝
2                                                     (3-13) 

Grover’s method [37]: 

𝐻𝑏𝑡

𝐻𝑏𝑝
= 2.693 + 0.0229𝑁𝑠𝑡, 

𝑄𝑏𝑡

𝑄𝑏𝑝
= 2.379 + 0.0264𝑁𝑠𝑡, 10 < 𝑁𝑠𝑡 < 50                  (3-14) 

Hergt’s method [37]: 

𝐻𝑏𝑡

𝐻𝑏𝑝
= 1.3 −

6

𝑁𝑠𝑡−3
, 

𝑄𝑏𝑡

𝑄𝑏𝑝
= 1.3 −

1.6

𝑁𝑠𝑡−5
                                              (3-15) 

Shahram Derakhshan [28] 

(
𝐻𝑏𝑡

𝐻𝑏𝑝
)

−0.5

= 0.0233𝑁𝑠𝑝 + 0.6464, 𝑁𝑠𝑡 = 0.9413𝑁𝑠𝑝 − 0.6045, 

𝑁𝑝𝑠𝑡 = 0.849𝑁𝑝𝑠𝑝 − 1.2376                                                   (3-16) 

Nautiyal [26]: 
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χ =
𝜂𝑝−0.212

𝑙𝑛(𝑁𝑠)
, 

𝑄𝑏𝑡

𝑄𝑏𝑝
= 30.303χ − 3.424, 

𝐻𝑏𝑡

𝐻𝑏𝑝
= 41.667χ − 5.042         (3-5 – 3-7) 

Sanjay V. Jain [44]: 

𝜂𝐵𝐸𝑃 = 𝐵0(𝐷/𝐷𝑟)𝑛1(𝑁/𝑁𝑟)𝑚1exp (𝑛2[𝑙𝑛(𝐷/𝐷𝑟)]2) × exp (𝑚2[𝑙𝑛(𝑁/𝑁𝑟)]2)        (3-17) 

All the correlations derived from experiments are fitting equations based on a limited 

number of PAT data. Therefore, the correlations are not universal and are usually restricted in 

certain ranges of specific speed.  

Besides creating correlations, Singh proposed a consolidated model and a routine 

integrating the previous methods to minimize the error [33, 34]. 

3.2.3. Numerical studies 

Recently published studies have been using CFD techniques to predict the performance. 

The results in these papers were satisfying. However, numerical solutions are not practical 

because they need exactly designed geometry of the pump, which is not available from the 

manufacturer usually. [28, 39, 45] 

Apart from being classified as experimental and theoretical methods, prediction 

correlations can also be sorted by type of data based on, such as best efficiency point (BEP) 

based, specific speed based. Some researchers propose their prediction technique according to 

the pumps’ geometry. Table 3.3 presents the classifications of previous prediction methods 

mentioned above for a clear view. 
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Table 3.3 Classifications of previous prediction methods 

 Experimental Theoretical BEP Based 
Geometry 

based 
Specific Speed 

based 

Stepanoff’s  √ √   

Sharma’s  √ √   

Gulich √ √  √  

Ventrone  √  √  

Yang’s  √ √   

Alatorre-
Frenk’s 

√  √ 
 

 

Schmiedl’s √  √   

Grover’s √    √ 

Hergt’s √    √ 

Shahram’s √    √ 

Nautiyal’s √    √ 

Jain’s √   √  

 

Figures 3.10-3.15 display the variations of efficiencies, heads and power against flow 

rates. In these figures, flow coefficient, φ, head coefficient, ψ, and power coefficient, μ, are 

calculated by: 

𝜙 =
𝑄

𝜔𝐷𝑜
3      𝜓 =

𝑔𝐻

(𝜔𝐷𝑜)2,       𝜇 =
𝑃

𝜌𝜔3𝐷𝑜
5                                                 (3-18) 

In the equation H (m), Q (m3/s) and P (W) are head, flowrate and power respectively. ω 

(rad/s) is rotational speed and Do (m) is impeller diameter.  

Figure 3.10 and Figure 3.11 are the relations between efficiencies and flow coefficient in 

pump mode and turbine mode. All the data points are poly-curved and the best efficiency 

points (BEPs) are found by seeking the peak points of the fitting curves.  
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Figure 3.10 Efficiency in Pump Mode vs Flow-Coefficient 

 

 
Figure 3.11 Efficiency in Turbine Mode vs Flow-Coefficient 

 
Fig. 3.12 and Fig. 3.13 display the head coefficients changing with flow. Fig. 3.14 and Fig. 

3.15 show the variations of power coefficients with flow. Inserting the best efficiency flow rate 

yields the head and power at the BEPs.  
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Figure 3.12 Head-Coefficient vs Flow-Coefficient in Pump Mode 

 

 
Figure 3.13 Head-Coefficient vs Flow-Coefficient in Turbine Mode 
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Figure 3.14 Power-Coefficient vs Flow-Coefficient in Pump Mode 

 

 
Figure 3.15 Power-Coefficient vs Flow-Coefficient in Turbine Mode 

 
After collecting all of the BEP data, the specific speed, power specific speed and specific 

diameter relations between pumps mode and turbine mode can be drawn, see as Figure 3.16 

Figure 3.17 and Figure 3.18. Specific speed, specific diameter and power specific speed are 

calculated as: 

𝑁𝑠 =
𝜔𝑄𝑏

0.5

(𝑔𝐻𝑏)0.75  𝐷𝑠 =
𝐷𝑜𝐻𝑏

0.25

𝑄𝑏
0.5                      𝑁𝑝𝑠 =

𝜔(𝑃/𝜌)0.5

(𝑔𝐻𝑏)1.25              (3-19) 
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In the euqation Qb (m3/s), P (w) and Hb (m) are the flow rate power and head at BEP.  

 
Figure 3.16 Specific Speeds between Pump Mode and Turbine Mode 

 

 
Figure 3.17 Power Specific Speeds between Pump Mode and Turbine Mode 
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Figure 3.18 Specific Diameters between Pump Mode and Turbine Mode 

 
In addition, each pump’s efficiency ratio is defined as: 

𝜂𝑟 =
𝜂𝑏𝑝

𝜂𝑏𝑡
                                                                 (3-20) 

ηbp and ηbt are the best efficiency running in pump mode and turbine mode. Figure 3.19 

displays the relation between specific speed in pump mode and efficiency ratio. 

 
Figure 3.19 Efficiency Ratio vs Specific Speed in Pump Mode 
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3.3. Performance prediction 

3.3.1. Prediction method 

In Figure 3.17 and 3.18, correlations of specific speed and specific diameter between 

both operation modes are found to be approximately linear. Furthermore, the efficiency ratio 

varies with pump specific speed linearly as seen in Figure 3.19. The linear curve fit is found to 

be:  

𝑁𝑠𝑡 = 0.7520𝑁𝑠𝑝 + 0.0883                                                      (3-21) 

𝐷𝑠𝑡 = 1.072𝐷𝑠𝑝 − 0.1419                                                         (3-22) 

𝜂𝑏𝑝

𝜂𝑏𝑡
= 0.2267𝑁𝑠𝑝 + 0.8057                                                      (3-23) 

       𝑁𝑝𝑠𝑡 = 𝑁𝑠𝑡 ∗ √𝜂𝑏𝑡                                                                        (3-24) 

According to the relation between specific speed based in terms of head (m) and power 

specific speed in terms of power (W), power specific speed can be obtained from Equation 3-24. 

Therefore with the above equations, head, flow and power in turbine mode can be 

calculated from the estimated specific speed and specific diameter in turbine mode.  

𝐻𝑏𝑡 = (
𝜔𝐷𝑜

𝑁𝑠𝑡𝐷𝑠𝑡𝑔3/4)
2

                                                                   (3-25) 

𝑄𝑏𝑡 =
𝐷𝑜

3𝜔

𝑔3/4𝐷𝑠𝑡
3 𝑁𝑠𝑡

                                                                         (3-26) 

𝑃𝑏𝑡 = 𝜂𝑏𝑡𝑄𝑏𝑡𝜌𝑔𝐻𝑏𝑡                                                                    (3-27) 
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Power specific speed is also a dimensionless group including power and head. However, 

if to obtain the flow from power specific speed, an estimated efficiency has to be involved, 

therefore the uncertainty and errors will be significantly larger than the ones in Equation 3-26. 

Therefore, it should be more accurate to calculate head and flow using specific speed in terms 

of head (m) and specific diameter as shown in Equation 3-25 and Equation 3-26.  

3.3.2. Prediction results 

Table 3.4 Predicted performances compared with tested data 

  Nst Npst Dst Hbt (m) Qbt (m
3/s) ηbt Pbt(kw) 

Pump1 

Tested data 0.5332 0.5037 2.7964 24.438 0.0457 84.1% 9.7854 

Predicted 
results 

0.5320 0.4896 2.8001 24.480 0.0457 84.5% 9.2662 

Error -0.22% -2.81% 0.13% 0.17% -0.18% 0.56% -5.31% 

Pump2 

Tested data 0.7216 0.6764 1.9953 17.369 0.0502 85.0% 7.5136 

Predicted 
results 

0.7194 0.6527 1.9709 17.913 0.0523 82.6% 7.5807 

Error -0.31% -3.51% -1.22% 3.14% 4.09% -2.86% 0.89% 

Pump3 

Tested data 0.9833 0.8287 1.4355 12.895 0.0596 71.3% 5.3562 

Predicted 
results 

0.9916 0.8554 1.4824 11.892 0.0537 74.3% 4.6524 

Error 0.84% 3.23% 3.27% -7.78% -9.95% 4.23% -13.1% 

Pump4 

Tested data 1.2347 1.0672 1.2391 8.4400 0.0949 75.0% 5.8707 

Predicted 
results 

1.2298 1.0541 1.2129 8.8777 0.1016 73.5% 6.5026 

Error -0.39% -1.23% -2.11% 5.19% 7.04% -1.95% 10.8% 

 

Table 3.4 shows the predicted performances compared with tested data. The results of 

head and flow predictions for pump 1 are the most accurate, followed by pump 2 and then 

pump 3. The errors of prediction for pump 1 are within 1%, and the errors for pump 2 are 

within 5%. For pump 4, the predicted flow rate is 7% larger than tested and the predicted head 

is 5.19% larger. If errors a little larger than 5% are considered acceptable, the prediction for 
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pump 4 is still relatively accurate. Unfortunately, for pump 3 the flow rate is 10% less than 

expected and the estimated head is 7.8% lower than the tested value. The results for pump 3 

are a little disappointing due to the excessive error (much greater than 5%). 

The reason why prediction errors for pump 3 are high is pump 3’s inaccurately 

anticipated specific diameter, although it is only 3% larger than the real one. 3% error is 

substantially amplified due to the predicted specific diameter being squared in Equation 3-25 

and cubed in Equation 3-26. A 2% error in specific diameter could yield a 5% error in flow rate. 

The cause of the large error in specific diameter of pump 3 is that pump 3 is of different design 

from the other three pumps. These four pumps were deliberately selected with the following 

requirements:  

1. Used pumps must cover a good representative specific speed range. 

2. Pumps must belong to a family of pumps designed under similar criterion. 

3. Pumps must be well designed using similar state of the art technology 

4. Pumps must have similar geometrical configurations in terms of inlet-impeller-diffuser-volute.  

However, pump 3 was modified to optimize its off-design performances. Pump 3, 

therefore, no longer satisfies the above requirements.  

By analyzing the results, it is concluded that the prediction method involving specific 

diameter would be very precise for the pumps that meet the requirements proposed above. 

This also indicates that the proposed method may exclude pumps of different designs hence 

any series of designed pumps should have their own fitting curve for higher accuracy. 
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3.3.3. Comparison with previous methods 

The proposed prediction method is also compared with the previous methods. The 

methods of Gulich, Ventrone and Jain, however, are not compared, because these methods 

require detailed geometries that are not available. Figure 3.20 (a), (b), (c) and (d) show the 

error distribution of the prediction for the four pumps. The figures only display the predictions 

that have errors less than 80%. The x-axis is the error in head and y-axis is the error in flow rate. 

There are four circles in each figure representing 5%, 10%, 20% and 40% integrated error, which 

is defined as: 

∆= √∆𝐻2 + ∆𝑄2 ≤ 5%, 10%, 20%, 40%,                                                                         (3-28) 

where ΔH and ΔQ are errors of head and flow rate (%), respectively. 

In Figure 3.20 (a), the head and flow are precisely predicted while all other methods 

have errors above 10%. The error of stepanoff’s method is outside of 10% circle and Sharma’s 

method has an error around 20%. The methods of Yang, Frenk and Shahram have more than 40% 

errors. Other methods of Schmiedl, Grover, Hergt and Nautiyal are of more than 80% error, so 

they are not displayed in the figure. 

In Figure 3.20 (b), the proposed method has error within 5%. In addition, Sharma’s and 

Stepanoff’s methods are reasonably near 5% error. This indicates that the two methods are 

valid near pump 2’s specific speed (0.83 rad/s or 8 rpm). Yang’s method yields an error near 

20%. Methods of Frenk, Shahram and Schmiedl produce errors more than 40%. The results 

from Grover, Hergt and Nautiyal are still not present in the 80% error diagram. 

In Figure 3.20 (c), the new method yields a 10% error as so Yang’s method. The 

predictions from Stepanoff’s and Sharma’s are out of 20% error circle. The errors from Nautiyal 
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and Schmiedl are on the 40% circle. The methods from Grover, Frenk, Shahram and Hergt result 

in errors more than 60%.  

In Figure 3.20 (d), both the new method and Yang’s method provide predictions within 

10% error. Therefore, Yang’s method could be applicable around pump3’s and pump4’s specific 

speed (1.20 rad/s and 1.51 rad/s or 11.4 rpm and 14.5 rpm), if 10% error is considered 

acceptable. The predictions from methods of Schmiedl, Nautiyal, Sharma and Stepanoff all give 

errors larger than 20%. As to Frenk, Shahram, and hergt, their methods all yield errors more 

than 40%. 

From all above four figures, it is found that all the previous experimental correlations 

are inaccurate. Since the relations according to test data are based on a limited number of 

pumps and pump designs, experimental correlations are usually valid only within a certain 

range of specific speeds for a certain pump design.  As for theoretical correlations, they are not 

universally accurate either.  

In summary, it is impossible to obtain a universally effective prediction method without 

detailed geometry. Therefore, more tests are required for every range of specific speed and 

design. 



67 

 

 
Figure 3.20a Comparison of Different Prediction Methods (pump 1) 

 

 
Figure 3.20b Comparison of Different Prediction Methods (pump 2) 
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Figure 3.20c Comparison of Different Prediction Methods (pump 3) 

 

 
Figure 3.20d Comparison of Different Prediction Methods (pump 4) 
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3.3.4. Comparison with published experiment results 

The newly proposed prediction method is also tested with other published experimental 

data. In Figure 3.21 and Figure 3.22, 4 more data points of specific speed and specific diameter 

in the two operation modes are attached. The data are acquired from the figures in Shahram 

Derakhshan’s paper [29]. 

 
Figure 3.21 Specific Speeds between Pump Mode and Turbine Mode with extra published data 

 

Seen from the figures, the data points of the pump with Ns=1.06 and Ds=1.56 are closely 

on the fitting line. Another pump with Ns=0.72 and Ds=2.13 is still near the predicting curve 

obtained from the testing data in this thesis. The pump with Ns=0.446 and Ds=3.38 and the 

pump with Ns=0.555 and Ds=4.62 are out of the range of specific speed and specific diameter in 

this research, and the data points of these two pumps further deviate from the fitting line as 

they are further out of the specific speed and specific diameter range. In addition, for the 

pumps with Ns=1.07, Ns=0.72 and Ns=0.446, their specific speeds and specific diameter in the 
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two running modes can also approximated generate a straight fitting curve. These phenomena 

at the same time verify the idea of the prediction method involving the specific speed and 

specific diameter together. However, this prediction method obtain from testing data should be 

completed with more tests on every range of specific speed and design.  

 

 
Figure 3.22 Specific Diameters between Pump Mode and Turbine Mode with extra published 

data 
 

Table 3.5 presents the predicted performances using the curve proposed in this thesis 

and the comparisons with the published data.  

As shown in Table 3.5, the errors of prediction for the first pump are about 8%. However, 

the errors rapidly increase for the pumps with larger specific speed. This is not surprising 

because their specific speed and specific diameter are scattered away from the fitting curve 

proposed in this thesis.  
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Table 3.5 Prediction results based on published data 

  Nst Dst Hbt (m) Qbt (m
3/s) ηbt 

Nsp=1.06,Dsp=1.56 [29]] 

 

Tested data 0.8967 1.5757 25.1799 0.1263 0.7841 

Predicted results 0.8864 1.5317 27.2428 0.1366 0.8322 

Error -1.14% -2.8% 8.19% 8.15% 6.13% 

Nsp=0.72,Dsp=2.13 [29] 

 

Tested data 0.5907 2.0412 34.5758 0.0882 0.7477 

Predicted results 0.6295 2.1439 27.5693 0.0805 0.8910 

Error 6.57% 5.03% -20.26% -8.69% 19.17% 

 
Nsp=0.446,Dsp=3.38[29] 

 

Tested data 0.3301 3.2164 44.5820 0.0403 0.7226 

Predicted results 0.4238 3.4831 23.0488 0.0382 0.8370 

Error 28.36% 8.29% -48.30% -5.28% 15.82% 

 
Nsp=0.555,Dsp=4.62[29] 

 

Tested data 0.1946 5.4003 45.5181 0.0145 0.6401 

Predicted results 0.5056 4.8139 8.4778 0.2005 0.7003 

Error 159.8% -10.86% -81.37% 1286.% 9.40% 

 

3.4. Summary 

Four pumps are tested in their pump operation mode and turbine mode. Their best 

efficiency performances, specific speed and specific diameter are obtained from the testing 

data. This research innovatively proposed a prediction method that is based on specific speed 

and specific diameter. The new method is obtained by curve fitting the specific speeds, specific 

diameters and efficiency ratios in the pump mode and turbine mode. The fitting curves are then 

able to predict performances of other pumps in their turbine modes.  

As a result, the relation between the specific speeds in pump mode and turbine mode 

are approximately linear. For specific diameters in two modes, the correlation tends to be linear. 

However, pump 3’s specific diameter deviates a little bit (3.27%) from the straight fitting curve, 

because its design is different from the other three pumps. Nevertheless, a small error in 

specific diameter can result in a much larger error in head and flow prediction. The best way to 

minimize the error for the method proposed in this thesis is creating specific speed and specific 
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diameter correlations for each family of pumps that meet the requirements proposed in the 

previous sections. This will requires a lot of future tests and experiments.  

The ratio between the efficiencies of two running modes increases with the pump’s 

specific speed in a roughly linear trend. The errors of efficiency prediction are smaller than 5%. 

With predicted specific speed and diameter, the head and flow in turbine mode can be 

estimated. The errors of prediction results for pump 1 are smaller than 1%. The pump 2’s 

prediction errors of head and flow are 3% and 4%, and pump 4’s errors are near acceptable 5% 

limits. However, pump 3’s errors are nearly 10% because it is geometrically modified, thus it 

does not meet the requirements in Section 3.3.2. Therefore, the new method based on specific 

speed and specific diameter may be exclusive, which means it could be inaccurate for a 

different pump design. Hence, future tests for different types of pumps are required.  

This chapter also compares the new method with 9 previously published prediction 

methods. Most previous methods are not accurate for the four tested pumps (at least 20% 

error). All of the previous experimental correlations are invalid. However, Stepanoff’s and 

Sharma’s methods are valid near specific speed of 0.83 rad/s (near 5% error). Yang’s method is 

acceptable around a specific speed range between 1.20 rad/s and 1.51 rad/s. The results clearly 

reveal that all the prediction methods (without detailed geometry) are only valid conditionally. 

Special prediction equations should be obtained for each range of specific speed and each type 

of pump design from testing data. 

In addition to comparison with previous prediction methods, the new method is also 

tested with published experimental data. Data from the four pumps are applied on the 

prediction methods. The errors for the pump with Nsp=1.06 and Dsp=1.56 are about 8% because 
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the specific speed and specific diameter are very close to the prediction curve proposed in this 

thesis. The prediction results for the other three pumps have enormous errors. This is not 

surprising because their specific speed and specific diameter are scattered away from the fitting 

curve proposed in this thesis. The inaccuracy at the same time verifies the necessity of more 

tests on other families of pumps with different ranges of specific speed and specific diameters.  

 

 

 

 

 

 

 

 

 

 

 

 

 



74 

 

CHAPTER 4. BIO-SOLAR HYBRID SYSTEM 

4.1. Concept of the Bio-solar Hybrid System 

 

 
Figure 4.1 Concept of the System 

 
 

There is great interest to develop power for electricity, desalination plants, irrigation 

and general pumping using a hybrid Solar-Biogas energy source. But prior to that, an 

appropriate energy cycle has to be developed and investigated. The schematic of the system is 

shown in Figure 4.1. Thermodynamically the system is based on recuperative Brayton Cycle. 

The air, as the working fluid, is compressed in the compressor at the beginning. Then, the air is 

heated twice by the exhaust in the recuperator and solar energy in the solar receiver. In next 
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step, the air is combusted with biogas in the combustor. At last the hot and compressed 

mixture of gases enters the engine producing work and the exhaust in return heats the cold air.  

To verify one possible concept for such hybrid Solar-biogas energy source, a model gas 

cycle will be developed and tested. Shown as in Figure 4.2, an electric gas heater is used to 

substitute the solar receiver. An Inflow radial turbine, as the engine, is designed and tested.  

 
Figure 4.2 Model of the System 

 
4.2. Design and Construction of the system 

4.2.1. Design of the system 

The thermal fluid cycle is designed in the environment of commercial chemical process 

analysis software Aspen Plus. In Aspen Plus, the scheme of the system is presented as Figure 

4.3. 
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In Figure 4.3, Block 1 (B1) is the compressor, B2 is the combustor, B3 is the turbine, B4 is 

the recuperator, and B5 is the solar receiver.   

The design of the system is based on the characteristics of the compressor that 

purchased at first. Figure 4.4 is the performance chart of the compressor.  

Considering the efficiency and pressure ratio of the compressor, the working point is 

chosen at flow rate 100lb/min (0.756kg/s) and pressure ratio 1.575. The efficiency at this point 

is 78%. 

After finding the running point of the compressor, the second step is setting the 

combustion temperature, and 900℃ is expected. The fuel in the combustor is methane.  

In the analysis, the isentropic efficiency of the turbine is presumed to be 80% besides 99% 

mechanical efficiency.  

 
Figure 4.3 The scheme and calculation results of the system 
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Figure 4.4 Characteristics map of the compressor 

 
 

The heater is assumed ideally 0 pressure drop, and the heat duty is set 23kw considering 

the heater available on market. 

At last, the heat recover rate of the recuperator is: 

𝜂𝑟 =
𝑇7−𝑇2

𝑇8−𝑇2
= 0.85                                                        (4-1) 

With all the above settings, the calculation results of all the streams and blocks are 

shown in Figure 4.3.  

The heat inputs are the ones into the heater and into the combustor. Then, the thermal 

efficiency of the system is: 

𝜂𝑡ℎ𝑒𝑟𝑚𝑎𝑙 =
(ℎ4−ℎ8)−(ℎ2−ℎ1)

(ℎ5−ℎ7)+(ℎ4−ℎ5)
× 100% = 20.1%                                      (4-2) 

However, if the consumed fuel is solely considered energy cost, while the heat received 

in the heater is “free” from sun, the efficiency of the system is: 

𝜂𝑓 =
(ℎ4−ℎ8)−(ℎ2−ℎ1)

ℎ4−ℎ5
× 100% = 23%                                    (4-3) 
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As the energy is treated as free, it is not difficult to conclude that the more solar energy 

is received into the system, the higher will the efficiency be.  

The theoretical results indicate the solar-biogas energy system could be practical. 

However, further experimental studies are essential to validate its feasibility.  

4.2.2. The setup of the system 

Figure 4.5 is the 3D model of the system as the blueprint of the structure of the system. 

Components including the compressor, the gas heater and the burner have been bought and 

set up, as shown in Figure 4.6.  

Part 1 is the compressor bought from VOTRON®, its characteristics have been introduced 

in the former section. Part two is an electrical gas heater that simulates as a solar receiver in 

the solar-biogas hybrid system. Choosing from the catalog of WATLOW®
, a gas heater capable of 

producing 23 kW heat with a 100lb/min (0.756kg/s) mass flow rate of air is chosen. 

Part three is the burner bought from ECLIPSE®, which is able to reheat the hot air to 900 ℃ 

at 1.575atm. 

Space has been reserved for the recuperator to be installed in the future and the 

turbine to be designed and tested.  
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Figure 4.5 3D model of the system 

 

 
Figure 4.6 The actual setup of the system 

1 

2 

3 
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4.2.3. System without recuperator 

 
Figure 4.7 System Performances vs Solar Heat without Recuperator 

 
 

As shown in Figure 4.7, it can be expected the heat from the Solar Receiver does not 

influence the thermal efficiency. The more heat the solar receiver contributes to the system, 

the less fuel is needed, so that the fuel efficiency increases.  

 

 
Figure 4.8 System Performances vs Pressure Ratio without Recuperator 

 
 

As the pressure ratio increases in Figure 4.8, the fuel efficiency and thermal efficiency go 

up as well. The work output reaches its peak when pressure ratio is around 5. However, the 
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pressure ratio of the system is initially set to be 1.575, and the fuel efficiency and thermal 

efficiency are as low as 0.0713 and 0.0689 respectively. 

 
Figure 4.9 System Performances vs Combustion Temperature without Recuperator 

 
 

The work output, the fuel efficiency and the thermal efficiency all increases as the 

combustion temperature in the burner rises. The combustion temperature is expected to be 

900℃ for the system.  

 
Figure 4.10 Fuel Efficiency Changes with Isentropic Efficiencies of the Turbine and Compressor 

without Recuperator 
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Figure 4.10 shows the fuel efficiency of the system with different turbine and 

compressor isentropic efficiencies ranging from 0.7 to 0.9. The fuel efficiency apparently 

increasing with higher compressor or/and turbine efficiency. However, the fuel efficiency only 

improves a few percentages as the isentropic efficiencies of the turbine and compressor rise 

from 0.7 to 0.9.  

In general, The open cycle system runs with 1.575 pressure ratio, 23kW gas heater, and 

900℃ combustion temperature. The Fuel efficiency is 0.0713 and thermal efficiency is 0.0689. 

The work output is 46.72 kW.  

Table 4.1 is the fuel consumptions for system without recuperator.  

 
Table 4.1 Consumptions of different kinds of fuels of the system without recuperator 

 Methane Ethane Propane 

Fuel Consumption, kg/s 0.01419 0.01486 0.01521 

 

The table can indicate the economy of the system if the prices of the fuels are known.  

4.2.4. System with Recuperator 

 
Figure 4.11 System Performances vs Solar Heat with Recuperator 
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Seen from Figure 4.11, the heat from Solar Receiver does not influence the thermal 

efficiency. The more heat the solar receiver contributes to the system, the less fuel is needed, 

so that the fuel efficiency increases. 

 
Figure 4.12 System Performances vs exhaust temperature with recuperator 

 
 

 
Figure 4.13 System performances vs Combustion Temperature with recuperator 

 
 

A higher exhaust temperature means less heat is recovered by the recuperator, so the 

fuel efficiency and the thermal efficiency decrease. However, the work output stays same as 
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exhaust temperature rises, because the inlet temperature of either the compressor or turbine 

does not change.  

Fuel efficiency, thermal efficiency and work output all increase as combustion 

temperature goes up. The combustion temperature in this system is initially set at 900℃. 

 
Figure 4.14 System Performances vs Pressure Ratio with recuperator 

 
 

In Figure 4.14, the system will reach its maximum fuel efficiency and thermal efficiency 

at the pressure ratio of 3.1, and the maximum work output is obtained at the pressure ratio of 

5.24. However, the system approximately runs with a pressure ratio of 1.575. 

Figure 4.15 shows the fuel efficiency of the system without different turbine and 

compressor isentropic efficiencies ranging from 0.7 to 0.9. Rising from 0.7 to 0.9, the 

improvement of compressor and turbine can increase the fuel efficiency from 0.21 to 0.41 for 

the system with recuperator. Comparison to the system without recuperator, the recuperator is 

very advantageous. The recuperator not only significantly improves the efficiencies of the 

system, but it also amplifies the benefits from increasing the isentropic efficiencies of the 

compressor and the turbine. 
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Figure 4.15 Fuel efficiency changes with isentropic efficiency of the turbine and compressor 

with recuperator 
 
 

In summary, the system operates with 1.575 pressure ratio, 900 ℃ combustion 

temperature, 23 kW gas heater and 195.1℃ exhaust temperature after recuperator. Then, the 

fuel efficiency is 0.296, the thermal efficiency is 0.258 and work output is 46.72 kW.  

Table 4.2 is the fuel consumptions of different kinds of fuels.  

 
Table 4.2 Consumptions of different kinds of fuels of the system with recuperator 

 Methane Ethane Propane 

Fuel Consumption, kg/s 0.002551 0.002784 0.002744 
 

Because the efficiency of the system is much higher with recuperator, the fuel 

consumptions are much less than the system without recuperator.  

4.3. Summary  

The theoretical analyses of the systems with and without recuperator conclude that 

higher efficiencies of the compressor and turbine will improve efficiencies of the system. The 
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recuperator significantly increases the performances of the system and amplifies the benefits 

from the improvements of the compressor and the turbine. At last, the design point for the 

turbine is estimated as shown in Table 4.3.  

 
Table 4.3 Design Specification of the Turbine 

Mass Flow Inlet Temperature Inlet Pressure 

100lb/min, 0.756kg/s 900 ℃ 1.57atm 
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CHAPTER 5. DESIGN AND ANALYSIS OF IFR TURBINE 

The objective of this chapter is to design a radial gas turbine rotor. 1-D and 3-D 

geometry is generated based on Aungier’s method. 1-D loss model analysis and 3-D CFD 

simulations are performed to examine the performances of the rotor.  

 

 
Figure 5.1 Position numbers designated to radial turbine components 

 
 

The stations that are used in the design process as presented in Fig. 1.10 in the first 

chapter.   

As shown in Figure 5.1, the components of a radial inflow turbine typically consist of 

volute (1-2), inlet nozzle (2-3), rotor (4-5) and diffuser (5-6). The outlet of nozzle and inlet of 

rotor are two different stations because the vaneless gap between the two parts is large 

enough for the flow to change its velocity and angle. This chapter focuses on design and 

analysis for the rotor (4-5).  

Table 5.1 Specifications for the turbine 

�̇�𝑎𝑖𝑟(kg/s) Tit (K) Pit (atm) Pet (atm) 

0.756 1173.15 1.575  1.02 
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The outlet pressure is 1.02atm, because the outlet is going to be connected to a 

recuperator.  

The design process generally involves 1D design, 1D performance analysis, Quasi-3D 

design and 3D analysis. The scheme of the process is shown in Figure 5.1.  

 
Figure 5.2 Scheme of the design process 

 

Once 1D preliminary design is initially finished, it can be evaluated by 1D performance 

analysis. 1D design then will be adjusted and refined to better meet the expected specifications, 

and 1D design can be optimized for the best performance based on the given design constraints.  

With 1D optimization, the design comes to the stage of Quasi-3D design. Quasi-3D 

design specifies the blade shape, imposes structural restrictions, and specifies channel shape. 

Then, 3D model can be established. 3D analysis now can be performed on the 3D model to 

study its aerodynamic performances and structural reliability. The results of 3D analysis will 
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help optimize Quasi-3D design. If necessary, 1D design may have to be changed to achieve 

better performances in 3D analysis.  

The 1D and quasi-3D design procedures are based on the methods proposed by Aungier 

and Rolick [4]. The 3D analysis will be performed by ANSYS CFX. 

5.1. 1D Preliminary Design 

5.1.1. Thermodynamics properties of the working fluid 

The actual mass flow that enters the turbine consists of the air and production of 

combustion of the fuel and the air. Ideally the components of mass flow are O2, N2, CO2, and 

H2O. All the gases are considered as ideal gases, and only the thermodynamics properties of the 

mixture are needed in the 1D design processes.  The molecular weight can be calculated as: 

𝑀𝑚𝑖𝑥 = ∑ 𝑀𝑜𝑙𝑒 𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛 × 𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑎𝑟 𝑊𝑒𝑖𝑔ℎ𝑡 (𝐶𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡)                           (5-1) 

Therefore,  

𝑅 =
�̅�(8.314

𝑘𝐽

𝑘𝑚𝑜𝑙∙𝐾
)

𝑀𝑚𝑖𝑥
                                                                            (5-2) 

The specific heat (Cp) of the mixture is based on the text book by Michael Moran 4th edition [1].  

𝐶𝑝̅̅̅̅

�̅�
(𝐶𝑂2) = 2.401 + 8.735𝑒−3𝑇 − 6.607𝑒−6𝑇2 + 2.002𝑒−9𝑇3                            (5-3) 

𝐶𝑝̅̅̅̅

�̅�
(𝑂2) = 3.626 − 1.878𝑒−3𝑇 + 7.055𝑒−6𝑇2 − 6.764𝑒−9𝑇3 + 2.156𝑒−12𝑇4                  (5-4) 

𝐶𝑝̅̅̅̅

�̅�
(𝑁2) = 3.675 − 1.208𝑒−3𝑇 + 2.324𝑒−6𝑇2 − 0.632𝑒−9𝑇3 − 0.226𝑒−12𝑇4                   (5-5) 

𝐶𝑝̅̅̅̅

�̅�
(𝐻2𝑂) = 4.070 − 1.108𝑒−3𝑇 + 4.152𝑒−6𝑇2 − 2.964𝑒−9𝑇3 + 0.807𝑒−12𝑇4                (5-6) 

So, 
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𝐶𝑝(𝑀𝑖𝑥𝑡𝑢𝑟𝑒) = [∑
𝐶𝑝̅̅̅̅

�̅�
(𝐶𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡) × 𝑀𝑜𝑙𝑒 𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛] × �̅�/𝑀𝑚𝑖𝑥                    (5-7) 

𝑘(𝑀𝑖𝑥𝑡𝑢𝑟𝑒) = 𝐶𝑝(𝑀𝑖𝑥𝑡𝑢𝑟𝑒)/(𝐶𝑝(𝑀𝑖𝑥𝑡𝑢𝑟𝑒) − 𝑅)                                              (5-8) 

Table 5.2 is the results of applying the above equations to the different mixtures of 

gases. 

Table 5.2 Gas components for different fuels and different systems 

 
O2 (%) N2 (%) CO2 (%) H2O (%) 

Mmix 
(kg/kmol) 

Rmix 
(kJ/kg·K) 

Propane without 
recuperator 

14.0483 76.9735 3.8478 5.1304 28.6734 0.289955 

Ethane without 
recuperator 

14.0029 76.8266 3.6682 5.5023 28.6057 0.290642 

Methane without 
recuperator 

13.7818 76.4197 3.2662 6.5323 28.4296 0.292442 

     
  

Propane with 
recuperator 

19.7188 78.6265 0.7092 0.9456 28.8158 0.288523 

Ethane with 
recuperator 

19.7108 78.5996 0.6759 1.0138 28.8033 0.288648 

Methane with 
recuperator 

19.6664 78.5233 0.6034 1.2069 28.7706 0.288975 

 

For the system without recuperator, more fuels are needed to heat the air to the same 

temperature. Therefore, more oxygen is consumed producing more carbon-dioxide and steam. 

In the system with recuperator, less fuel is burned so that oxygen has higher percentage 

compared to the gas in the system without recuperator. For the same system but different fuels, 

burning propane will result in a little bit higher oxygen and carbon-dioxicide. The exhaust of 

combustion of methane has higher percentage of steam, because lighter hydrocarbons have 

more hydrogen component which will produce more H2O but less CO2.  
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Table 5.3 presents the specific heat capacities at constant pressure and specific heat 

ratios of the mixture gases of different components at 900 ̊C. According to the results, the 

thermodynamics properties of different mixtures of gases are very close to each other. 

Therefore, the mixture from the combustions between air and propane without recuperator is 

chosen as the working fluid.  

 
Table 5.3 Specific heat capacities and specific heat ratios for different gases at inlet, 900̊C 

 
Cpi (kJ/kg·K) ki 

Propane without recuperator 1.2230 1.3108 

Ethane without recuperator 1.2257 1.3108 

Methane without recuperator 1.2335 1.3108 

 
  

Propane with recuperator 1.1817 1.3230 

Ethane with recuperator 1.1822 1.3230 

Methane with recuperator 1.1836 1.3230 

 

5.1.2. 1D preliminary design 

Specific speed is most important characteristic to start the design process. Because no 

geometry limitation but the optimum efficiency is required for this turbine, Ns=0.55 is chosen 

based on the correlation (1-23): 

𝜂𝑠 = 0.87 − 1.07(𝑁𝑠 − 0.55)2 − 0.5(𝑁𝑠 − 0.55)3 = 0.87                                   (1-23) 

The definition of specific speed is already introduced in Equation 1-21: 

                                                                       𝑁𝑠 =
𝜔√𝑄5

(∆ℎ𝑖𝑑𝑒𝑎𝑙)0.75                                                (1-21), 

where Q5 is flow at the rotor outlet, and Δhideal is estimated by: 

∆ℎ𝑖𝑑𝑒𝑎𝑙 = 𝐶𝑝𝑖𝑇𝑖𝑡 (𝜋0

𝑘𝑖
𝑘𝑖−1 − 1)                                                         (5-9) 

The isentropic exit total temperature can be obtained from 
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𝑇𝑒𝑡𝑖𝑑𝑒𝑎𝑙 = 𝑇𝑖𝑡 (
𝑃𝑒𝑡

𝑃𝑖𝑡
)

𝑘𝑖−1

𝑘𝑖                                                                   (5-10). 

The exit total temperature is then initially decided by: 

𝑇𝑒𝑡 = 𝑇𝑖𝑡 − 𝜂𝑠(𝑇𝑖𝑡 − 𝑇𝑒𝑡𝑖𝑑𝑒𝑎𝑙)                                                             (5-11) 

The density and flow rate of the ideal gas at the outlet then are estimated with: 

𝜌𝑒𝑡 = 𝑃𝑒𝑡/(𝑅𝑇𝑒𝑡𝑖𝑑𝑒𝑎𝑙)                                                                   (5-12) 

𝑄5 = �̇�/𝜌𝑒𝑡                                                                                   (5-13) 

Angular velocity is: 

𝜔 = 𝑁𝑠(∆ℎ𝑖𝑑𝑒𝑎𝑙)
0.75/√𝑄5                                                             (5-14) 

Now enough properties have been obtained to initialize the design.  

𝜈𝑠 = 𝑐𝑣𝑠𝑁𝑠
0.2                                                                                 (5-15), 

In Equation 5-15 the coefficient cvs starts with 0.737.  𝜈𝑠 decides the value of tip velocity 

U4 in Equation 5-17 for a given discharge spouting velocity.  

The discharge spouting velocity and the rotor tip blade are calculated with: 

𝐶0𝑠 = √2∆ℎ𝑖𝑑𝑒𝑎𝑙                                                                          (5-16) 

𝑈4 = 𝜈𝑠𝐶0𝑠                                                                                  (5-17) 

From specific efficiency and assume that the specific heat is constant, 

𝑇𝑡5 = 𝑇𝑖𝑡 − 𝜂𝑠(𝑇𝑡5 − 𝑇𝑒𝑡𝑖𝑑𝑒𝑎𝑙)                                                 (5-18) 

The exit velocity is impossible to know at this stage, therefore exit temperature Ts5 is 

estimated with Tt5 in Equation 5-18. Iterations can be performed later to obtain Ts5. 

The rotor tip radius now is yielded from Equation 5-19. 

𝑟4 = 𝑈4/𝜔                                                                                  (5-19) 
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In nozzle stage a portion of pressure is lost which will influence the sizing of the rotor. 

Rotor inlet total pressure is estimated by equation 5-20 [4]. 

𝑃𝑡4 = 𝑃𝑖𝑡 − 𝜌𝑡1Δℎ𝑖𝑑𝑒𝑎𝑙(1 − 𝜂𝑠)/4                                          (5-20) 

Inlet tangential velocity is calculated by 

𝐶𝜃4 = 𝑈4𝜂𝑠/(2𝜈𝑠
2)                                                                      (5-21) 

Inlet absolute flow angle is decided from empirical correlation 5-22 [4].  

𝛼4 = 10.8 + 14.2𝑁𝑠
2                                                                (5-22) 

 
Figure 5.3 Inlet velocity triangle of rotor 

 
 

With rotor tip velocity, absolute flow angle, and tangential velocity component, all the 

other velocities and angles can be calculated. 

𝐶𝑚4 = 𝐶𝜃4𝑡𝑎𝑛𝛼4                                                                         (5-23) 

Recommended by Aungier [4], inlet relative flow angle β4 should be around 70º. If the 

inlet relative velocity is too large, increase 𝑐𝑣𝑠 to obtain a good inlet flow angle.  

𝑏4 = �̇�/(𝜌42𝜋𝑟4𝐶𝑚4)                                                             (5-24) 

Then, inlet width of passage can be calculated from mass flow balance.  

The blade thicknesses and hub radius are usually limited to specific applications. The 

default values are recommended by Aungier with Equation 5-25 to Equation 5-26. 
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𝑡𝑏4 = 0.04𝑟4                                                                               (5-25) 

𝑡𝑏5 = 0.02𝑟4                                                                               (5-26) 

𝑟ℎ5 = 0.185𝑟4                                                                             (5-27) 

Aungier also proposed an effective correlation to estimate exit meridional velocity. 

Ideally, absolute tangential velocity component, Cθ4, is 0.  

𝐶𝑚5/𝐶𝑚4 = 1 + 5(𝑏4/𝑟4)2                                                                  (5-28) 

Now outlet shroud radius rs5, can be calculated with sufficient parameters. The axial 

length and the number of blades are empirical equations 5-29 and 5-30. 

∆𝑧𝑅 = 1.5(𝑟𝑠5 − 𝑟ℎ5)                                                                  (5-29) 

𝑁𝑅 = 12 + 0.03(33 − 𝛼4)2                                                     (5-30) 

Slip factor is a concept initially introduced as a pump parameter. However, slip factor 

still plays a role at the inlet of the radial inflow turbine as presented in Equation 5-31.   

𝜎 = 1 − √𝑠𝑖𝑛𝛽4/𝑁𝑅
0.7                                                            (5-31) 

In Equation 5-31, slip factor is only a function of inlet blade angle as the blade number 

has already been settled in Equation 5-30. Without considering the slip factor in the design 

process will yield inaccurate results. Therefore, slip factor must be taken into account in the 

preliminary design process. The basic idea, explained by Equations 5-32 to 5-35, is to obtain a 

blade angle that yields the same incidence angles considering or without considering the slip 

factor and blockage, i.e. 𝑖4
∗ = 𝑖4. 

𝐾𝐵4 = 1 − 𝑁𝑅𝑡𝑏4/(2𝜋𝑟4𝑠𝑖𝑛𝛽4)                                                 (5-32) 

𝐶𝜃4
∗ = 𝜎(𝑈4 − 𝐶𝑚4𝑐𝑜𝑡𝛽4/𝐾𝐵4)                                                 (5-33) 

𝑖4
∗ = 𝛽4 − 90° + 𝑡𝑎𝑛−1[(𝑈4 − 𝐶𝜃4

∗ )𝐾𝐵4/𝐶𝑚4]                     (5-34) 
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𝑖4 = 𝛽4 − 90° + 𝑡𝑎𝑛−1[(𝑈4 − 𝐶𝜃4)𝐾𝐵4/𝐶𝑚4]                     (5-35) 

With velocities at the inlet and outlet, the static enthalpies at the two stations can be 

obtained from Equation 5-36 to Equation 5-39.  The static and total enthalpies can be used to 

calculate the reaction as in Equation 5-40, which is an important parameter to evaluate the 

design.  

ℎ4 = ℎ𝑡4 −
1

2
(𝐶𝑚4

2 + 𝐶𝜃4
2 )                                                     (5-36) 

𝑏4 = �̇�/(2𝜋𝑟4𝜌4𝐶𝑚4)                                                            (5-37) 

𝐶𝑚5 = [1 + 5(𝑏4/𝑟4)2]𝐶𝑚4 =
�̇�

[𝜋(𝑟𝑠5
2 −𝑟ℎ5

2 )𝜌5]
                          (5-38) 

ℎ5 = ℎ𝑡5 −
1

2
𝐶𝑚5

2                                                                      (5-39) 

Figure 5.3 is outlet velocity triangle of the rotor. Cm5 is perpendicular to the outlet 

surface and assumed to be uniform across the area, hence the tangential component of the 

outlet absolute velocity Cθ5 is 0 then C5=Cm5.  

 
Figure 5.4 Outlet velocity triangle of the rotor 
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Figure 5.4 is the flow chart of the 1-D design. An initial rotational speed is calculated by 

Equations 5-9 to 5-14. With a ω, all the velocities and basic dimensions at the inlet can be 

determined. A check whether the inlet relative velocity is about 70º is placed at this moment. If 

the angle is too large, increase the coefficient 𝑐𝑣𝑠 and restart this loop.  

After deciding the inlet velocities, outlet parameters can be obtained since Equation 5-

28. A new flow rate at the outlet is gained then yields a new rotational speed based on the 

definition of specific speed. If the new rotational speed is different, substitute the old one and 

iterate the loop until it converges to a steady result of rotation speed.  

 
Figure 5.5 Flow chart of 1-D design 

 
 

The last step is to decide the inlet blade angle described before as Equations 5-32 to 5-

35. A bisection method is used to find the proper blade angle, for there has to be only one 
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result within 70º to 110º. After all the parameters are determined, it is necessary to evaluate 

the design with some recommended values proposed by successful researchers. The criteria are 

obtained from numerous validated good designs. If some of the limitations are not met, return 

and adjust the corresponding parameters. However, it is not strictly required to meet all the 

recommended parameter ranges.  

Table 5.4 is the 1-D design results for different kinds of components. For each group, the 

radius of the rotor varies within 2mm. The shroud and hub radiuses at the outlet differ with 

each group only with 1mm. Therefore, as the designs are generally same with each other group, 

the design for the exhaust gas from combustion of propane without recuperator is selected. 

Then, all the other kinds of gases will be applied to the designed turbine to test the 

performance. The evaluation of the design for propane without recuperator is presented in 

Table 5.5. In this thesis, the meridional parameters are the averages of the shroud and hub. 

However, some researchers use the root mean square of the shroud and hub to represent 

meridional parameters. These parameters are subscripted with ‘rms’. The design lies within all 

the recommended ranges except the one proposed by Whitfield & Baines [9, 10]. However, the 

design is still approved because only one range is not met and it is not necessary to lie in every 

recommended range. A sound 1-D design is the basis for 3-D detail design, which is in the next 

section.  
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Table 5.4 1-D design results for different kinds of components 

  

Propane 
without 

recuperat
or 

Propane 
with 

recuperat
or 

Ethane 
without 

recuperat
or 

Ethane 
with 

recuperat
or 

Methane 
without 

recuperat
or 

Methane 
with 

recuperat
or 

Rotor 
radius 

r4 (m) 0.1408 0.1392 0.1409 0.1394 0.1410 0.1394 

Rotation 
Speed 

rpm 24842.1 25319.7 24862.4 25022.2 24911.6 25033.1 

Outlet 
hub 

radius 
r5h (m) 0.0260 0.0257 0.0261 0.0258 0.0261 0.0258 

Outlet 
shroud 
radius 

r5s (m) 0.0894 0.0884 0.0894 0.0884 0.0895 0.0884 

Inlet 
blade 
angle 

β4b (º) 93.1436 93.1436 93.1436 93.1436 93.1436 93.1436 

Inlet flow 
angle 

α4 (º) 15.0955 15.0955 15.0955 15.0955 15.0955 15.0955 

Inlet 
width 

b4 (m) 0.0241 0.0237 0.0241 0.0239 0.0241 0.0239 

Rotor 
axial 

length 
ΔzR (m) 0.0950 0.0939 0.0950 0.0940 0.0951 0.0940 

Number 
of blades 

Z 22 22 22 22 22 22 

Outlet 
shroud 
blade 
angle 

β5sb (º) 23.7933 23.7675 23.7934 23.8032 23.7933 23.8032 

Outlet 
hub 

blade 
angle 

β5hb (º) 56.5274 56.5074 56.5274 56.5346 56.5273 56.5346 

Inlet 
blade 

thickness 
tb4 (m) 0.0056 0.0056 0.0056 0.0056 0.0056 0.0056 

Outlet 
blade 

thickness 
tb5 (m) 0.0028 0.0028 0.0028 0.0028 0.0028 0.0028 
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Table 5.5 Evaluation of the design 

 Design 
results 

Recommended 
range 

Source 

Inlet Blockage 14.03 ≤50% Aungier [1] 

Outlet Blockage 42.36 ≤50% Aungier [1] 

ΔzR/b4 3.94 ≥1.5 Aungier [1] 

Cm5/U4 0.278 0.2-0.4 Balje [5] 

ds5/d4 0.6346 ≤0.78 Balje [5] 

Cm5/Cm4 1.1466 1-1.5 Wood [7] 

R=(h4-h5)/(hit-het) 0.559 0.45-0.65 Aungier [1] 

α4 15.096 15º-22º Dixon, Rohlik [3, 8] 

β5,rms 30.91 20º-40º Whitfield & Baines [9, 10] 

b4/d4 0.0856 0.05-0.15 Whitfield & Baines, Dixon, Rohlik [3, 8-10] 

d5h/d5s 0.2915 <0.4 Dixon, Rohlik [3, 8] 

d5,rms/d4 0.4674 0.53-0.66 Whitfield & Baines [9, 10] 

W5,rms/W4 2.0603 2-2.5 Earl Logan [11] 

U4/C0s 0.6956 0.55-0.8 Rohlik [8] 

C5,rms/U4 0.278 0.15-0.5 Whitfield & Baines [9, 10] 

5.2. Quasi 3-D blade design 
In this section, the quasi 3-D design is primitive and will be adjusted after 3-D CFD 

simulations. A complete quasi 3-D design requires rotor end-wall contours to smoothly connect 

the inlet and outlet stations, straight-line element rotor blade camber lines along the contours 

and sometimes radial element rotor blade camber lines that eliminates the bending stresses in 

the blade due to the centrifugal forces at high rotation speed. The implement of radial element 

probable would sacrifice a little aerodynamic performance. However, this thesis focuses on 

seeking the optimum aerodynamic performances, so the radial element is not discussed this 

time.   

5.2.1. Meridional Rotor End-Wall Contours 
The preliminary design of the rotor end-wall contours connects the inlet and outlet 

stations with smooth contours. The hub contour is constructed to minimize passage curvature 

effects by using the largest possible 90º circular-arc that can fit in the geometry. Hence, the 



100 

 

radius of the circular-arc, Rc, would be the smaller of either (r4-rh5) or ΔzR. When Rc = ΔzR, 

shown as Figure 5.5, a linear segment, L4, is required to complete the contour at the inlet. 

When Rc = (r4-rh5), a linear segment, L5, would be needed at the outlet. The shroud contour is 

constructed with a power-law relation: 

𝑟 = 𝑟𝑠5 + (𝑟4 − 𝑟𝑠5)𝜉𝑛                                                                 (5-40) 

𝜉 = (𝑧 − 𝑧5)/(Δ𝑧𝑅 − 𝑏4)                                                               (5-41) 

In Equation 5-40, n is an integer between 2 to 9. Connecting the mid points of hub and 

shroud end-wall contours can achieve a mean quasi-normal, Am which should be closest to the 

average of the known inlet and exit areas A4 and A5, as in Figure 5.6.  

Figure 5.7 shows a series of shroud lines with different n from 2 to 9. At last, the Am 

when n=5 is closest to the average of A4 and A5. Table 5.6 presents the Am for each shroud 

design and their absolute differences to the average of A4 and A5. In the flowing sections, the 

design with power of n=5 for shroud meridional profile will be focused. However, to study the 

aerodynamics differences in accordance with various n, the shroud designs from n=3 to n=9 will 

be compared using CFD simulations. 

 
Table 5.6 Difference between the Am and average of A4 and A5 

 Am (m2) Absolute difference from the Average of A4 and A5 (m2) 

n=3 0.025781 0.0036348 

n=4 0.023431 0.0012854 

n=5 0.021807 0.0003393 

n=6 0.020616 0.0015296 

n=7 0.019710 0.0024359 

n=8 0.019001 0.0031449 

n=9 0.018435 0.0037111 

Average of A4 and A5 0.022146 0 
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In Figure 5.6, it can be seen that higher order power-law shroud profile has a steeper 

slope at the inlet and lower slope when approaching the exit. It can be expected that higher 

slope of the profile will give a higher acceleration in speed thus higher rate of pressure drop.  

 

 
Figure 5.6 End-Wall Contours 
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Figure 5.7 Power-Law Shroud Contour 

 

 
Figure 5.8 Power-Law shroud contours with n from 2 to 9 
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5.2.2. Design of Straight-Line Element Rotor Camber lines 
Straight-line element blades are constructed along the shroud and hub contours. The 

blade comber line along the shroud contour is defined by [4]: 

                                            𝜃(𝑚) = 𝐴𝑚 + 𝐵𝑚3 + 𝐶𝑚4                                                      (5-42), 

where A, B and C are: 

𝐴 =  
𝑐𝑜𝑡𝛽5𝑠

𝑟5𝑠
                                                                                      (5-43) 

𝐵 =  
1

𝑚4
2 [

𝑐𝑜𝑡𝛽4

𝑟4
−

𝑐𝑜𝑡𝛽5𝑠

𝑟5𝑠
]                                                                (5-44) 

𝐶 =  −
𝐵

2𝑚4
                                                                                      (5-45) 

In Equation 5-42, m=0 is the position of exit and m=m4 is at the inlet and represents the 

length of the contour. For the camber line along the hub contour: 

𝜃(𝑚) = 𝐷𝑚 + 𝐸𝑚2 + 𝐹𝑚3                                                                (5-46) 

At inlet, θ4s=θ4h, and they are shown as; 

𝜃4 =  
𝑚4𝑠

2
[

𝑐𝑜𝑡𝛽4

𝑟4
+

𝑐𝑜𝑡𝛽5𝑠

𝑟5𝑠
]                                                               (5-46) 

𝐷 =  
𝑐𝑜𝑡𝛽5ℎ

𝑟5ℎ
                                                                                       (5-47) 

𝐸 =  
3𝜃4

𝑚4𝑠
2 −

1

𝑚4𝑠
[2

𝑐𝑜𝑡𝛽5ℎ

𝑟5ℎ
+

𝑐𝑜𝑡𝛽4

𝑟4
]                                               (5-48) 

𝐹 =  
1

𝑚4𝑠
2 [

𝑐𝑜𝑡𝛽5ℎ

𝑟5ℎ
+

𝑐𝑜𝑡𝛽4

𝑟4
] −

2𝜃4

𝑚4𝑠
3                                                   (5-49) 

The corresponding blade angle distribution for either contour is calculated by: 

𝑐𝑜𝑡𝛽 = 𝑟
𝜕𝜃

𝜕𝑚
                                                                                    (5-50) 

Figure 5.8 and Figure 5.9 show the camber lines and blade angles along the contours 

when n=5. The design looks very similar when n=9. 
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Figure 5.9 Camber line along the contours when n=5 

 

 
Figure 5.10 Blade angles along the contours when n=5 
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5.3. 1-D Analysis 

The performance is based on loss models for the radial inflow turbine. This analysis 

consists of the flowing loss models: Incidence loss, passage loss, tip clearance loss, windage loss, 

trailing edge loss and exit energy loss. The total to static efficiency can be calculated from losses 

as: 

𝜂𝑡𝑠 =
∆ℎ0

∆ℎ0+∑ ∆ℎ𝑙𝑜𝑠𝑠
                                                                      (5-51) 

5.3.1. Loss Models [69] 

Incidence loss 

∆ℎ𝑖𝑛𝑐 =
1

2
 𝑊u4 

2                                                                            (5-52) 

Passage loss 

                                         ∆ℎ𝑃 = 0.5 𝑘 (𝑊4
2𝑐𝑜𝑠2𝑖4 + 𝑊5,rms

2 )                                        (5-53) 

In Equation 5-53 k is 0.3.  

Tip clearance loss 

∆ℎ𝑐 =
𝑈4

3Z

8𝜋
[𝑘𝑎휀𝑎𝐶𝑎 + 𝑘𝑟휀𝑟𝐶𝑟 + 𝑘𝑎𝑟√휀𝑎휀𝑟𝐶𝑎𝐶𝑟]                            (5-54) 

In Equation 5-54 the axial clearance, εa, and radial clearance, εr, are equal to 0.00035m. 

In addition, ka=0.4, kr=0.75, kar=-0.3.  

𝐶𝑎 =
1−(𝑟5𝑠 𝑟4⁄ )

𝐶𝑚4.𝑏4
 ,  𝐶𝑟 = (

𝑟5𝑠

𝑟4
)

Δ𝑧𝑅−𝑏4

𝐶𝑚4.𝑏5.𝑟5
                                        (5-55) 

Windage loss 

∆ℎ𝑤 = 𝑘𝑓
�̅� . 𝑈4

3 . 𝑟4

2∙𝑚∙̇ 𝑊5
2                                                                  (5-56) 

𝑘𝑓 =
3.7(

𝜀𝑏
𝑟4

)
0.1

𝑅𝑒
0.5  , for Re<105                                                            (5-57) 
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𝑘𝑓 =
0.102(

𝜀𝑏
𝑟4

)
0.1

𝑅𝑒
0.2 , for Re>105                                                           (5-58) 

εb is assumed to be 0.0003m and Reynolds Number is calculated by: 

𝑅𝑒 =
�̅� .  �̅� .  𝑟4

�̅�
                                                                         (5-59) 

�̅�, 𝐶̅ and  �̅� are average values between inlet and outlet.  

Trailing edge loss 

Trailing edge loss is calculated based on relative total pressure loss as: 

∆𝑃0,𝑟𝑒𝑙 =
𝜌5𝑊5𝑟𝑚𝑠

2

2𝑔
(

∆𝑧𝑅∙𝑡

𝜋(𝑟5𝑡+𝑟5𝑠)cos (𝛽5,𝑟𝑚𝑠)
)

2

                                        (5-60) 

∆ℎ𝑡𝑒 =  
2

𝛾𝑀5,𝑟𝑒𝑙
2

∆𝑃0,𝑟𝑒𝑙

𝑃5(1+
𝑊5,𝑟𝑚𝑠

2

2𝑇5𝐶𝑝
)

𝛾
𝛾−1

                                                      (5-61) 

Exit Energy loss  

∆ℎ𝑒𝑥𝑖𝑡 =
𝐶5

2

2
                                                                  (5-62) 

5.3.2. 1-D Analysis results 

Table 5.7 is the 1-D analysis results. 

From Table 5.7, it is seen that windage loss and trailing energy loss are almost 0 

compared to the other losses. The most loss comes from the passage loss. The exit energy loss 

is the second largest loss after the passage loss. However, a well-designed diffuser can recover 

most of the exit energy. The tip clearance loss is the third source of loss. For a larger tip 

clearance, the loss will be higher. 
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Table 5.7 1-D analysis results 

Incidence loss ∆ℎ𝑖𝑛𝑐 0.5426 kJ/kg·K 

Passage loss ∆ℎ𝑃 7.1440 kJ/kg·K 

Tip clearance loss ∆ℎ𝑐 1.8980 kJ/kg·K 

Windage loss ∆ℎ𝑤 0.2267 J/kg·K 

Trailing edge loss ∆ℎ𝑡𝑒 0 J/kg·K 

Exit energy loss ∆ℎ𝑒𝑥𝑖𝑡 5.2327 kJ/kg·K 

Enthalpy drop ∆ℎ0 14.818 kJ/kg·K 

Total to static efficiency in 
Rotor 

𝜂𝑡𝑠−𝑟𝑜𝑡𝑜𝑟  89.31 % 

Total to total efficiency in 
Rotor 

𝜂𝑡𝑡−𝑟𝑜𝑡𝑜𝑟 
92.79 % 

Total to static efficiency stage 𝜂𝑡𝑠−𝑠𝑡𝑎𝑔𝑒 87.91 % 

Total to total efficiency stage 𝜂𝑡𝑡−𝑠𝑡𝑎𝑔𝑒 91.28 % 

Specific speed Ns 0.55 

Specific Diameter Ds 2.2556 

Flow coefficient ϕ = 𝐶𝑚5/𝑈4 0.2780 

Work coefficient ψ = ∆ℎ0/𝑈4
2 0.8989 
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5.4. 3D analysis 

5.4.1. Model construction and meshing of the rotor in BladeGen 

 
 

 
Figure 5.11 Meridional view in Blade Gen 

 
 

The model of the rotor is built in the software of Blade Gen in ANSYS. As shown in Figure 

5.10 and Figure 5.11. The meridional shroud profile is polynomial with power of n=5. The blade 

angles are built by inserting ten points of the camber line curves on the hub and the shroud 

designed in the section 5.2 previously. The curves coincide well with the design, indicating that 

the software uses the same method to construct the model. One important thing to be noted is 

that the preference setting for the meridional profile in Blade Gen should be changed to ‘from 

trailing edge to leading edge.  
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Figure 5.12 Blade angles and camber lines in Blade Gen 

 
 

The model is meshed with Turbo Grid as in Figure 5.12. The machine type is chosen to 

be radial turbine. The tip clearance is set with normal distance of 0.5mm. Topology method is 

used with automatic optimized method. The near wall element size is selected with y+ of 1.0e6.  

The mesh statistics results are presented in Table 5.8. The meshing results meet all the 

limitations except the maximum element volume ratio. The largest ratio is 5.6024 larger than 

the limit of 2. These bad elements take 0.0997% of the total elements. However, the meshing 

result should be good enough to proceed to the simulation process.  
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Figure 5.13 Meshing of the rotor 

 
Table 5.8 Mesh statistics of the rotor 

Mesh Measure Value %bad Limits  

Minimum Face Angle 30.512º 0 ≥15º √ 

Maximum Face Angle 144.597º 0 ≤165º √ 

Maximum Element Volume Ratio 5.6024 0.0997 ≤2 ! 

Minimum Volume 3.2422e-12 m3 0 ≥0 m3 √ 

Maximum Edge Length Ratio 51.3201 0 ≤100 √ 

Maximum Connectivity Number 10 0 ≤12 √ 
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5.4.2. Pre-setting of 3-D analysis  
To better perform the simulation, a nozzle is implemented before the inlet of the rotor, 

as shown in Figure 5.13. Several runs were conducted in advance to obtain a right nozzle exit 

blade angle that would lead a proper inlet flow angle at the inlet of the rotor. However, it 

should obey the following Equations 5-63 to 5-67 to obtain a proximate flow angle at the exit of 

the nozzle.  

 
Table 5.9 Flow angles in 1-D calculation and 3-D simulation 

  1-D Calculation 3-D simulation in CFX 

Flow angle at the nozzle exit 𝛼3 14.78º 15.05º 

Flow angle at the rotor inlet 𝛼4 15.096º 15.12º 

Flow angle at the rotor inlet with blockage 𝛼4
∗ 17.419º 17.2º 

 

𝐶𝑚3𝑟3𝜌3 = 𝐶𝑚4𝑟4𝜌4                                                                        (5-63) 

𝐶𝑢3𝑟3 = 𝐶𝑢4𝑟4                                                                             (5-64) 

𝑇3𝑡 = 𝑇4𝑡  →  𝑇3 +
𝐶3

2

2𝐶𝑝
=  𝑇4 +

𝐶4
2

2𝐶𝑝
                                                          (5-65) 

𝑃3𝑡 = 𝑃4𝑡                                                                                 (5-66) 

𝑟3

𝑟4
= 1 + 2𝑏4𝑠𝑖𝑛𝛼4/𝑟4                                                                    (5-67) 

Solving the above Equations yields an exit flow angle α3 of 14.42º. The interface 

between nozzle block and rotor block is set at the middle of the exit of nozzle and the inlet of 

rotor. Table 5.9 is a comparison between 1-D calculated flow angles and flow angles in CFX 

simulation. 

The 1-D and 3-D calculation results are close. The inlet flow angles at the inlet from the 

3-D simulation by CFX are observed at the sudden jump of the curve in Figure 5.14.  
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Figure 5.14 Structure simulated in CFX 

 
 

At the beginning of Figure 5.14, a jump in absolute flow angle occurs because when the 

flow enters the rotor, the flow area suddenly decreases resulting in a rise of Cm4, due to the 

appearing blockage.  

The CFX simulations use k-ε method. The components of the gas mixture use ideal gas 

models. However, the specific heat should vary with temperature. Expressions are built in with 

Equations 5-3 to 5-6 and applied to the heat capacity of each ideal gas component. The residual 

target is setting RMS to be 10-5. The Advection Scheme is high resolution, while high resolution 

is selected for the Turbulence Numerics. Across the nozzle and the rotor, 1.34% pressure drop 

is assumed based on the 1-D design process by Equation 5-20.  
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Figure 5.15 Flow angles in stationary frame in the rotor 

 
5.5. 3-D analysis results 

5.5.1. Velocity triangles 

Figure 5.15 and Figure 5.16 are the inlet and outlet velocity triangles. The solid lines are 

velocities calculated from 1-D design, and the dash lines are the results from CFX simulations. 

The results from all the different designs are very close to each other, so only the simulation 

results of the design when n=5 are presented in the two figures.  
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The values of velocities are presented in Table 5.10 and Table 5.11. The inlet velocities 

are very close to the designed values. The dash lines from CFD simulation almost perfectly sit 

on the solid lines by 1-D analysis.  

 
Figure 5.16 Inlet velocity triangles 

 

 
Figure 5.17 Outlet velocity triangles 

 
Table 5.10 Values of inlet velocities 

 C4 Cu4 W4 Wu4 Cm4 U4 

Designed values (m/s) 343.2354 331.3914 96.8474 37.2713 89.3883 368.6626 

Results from CFX (m/s) 344.2781 332.176 96.7163 34.169 90.4794 366.345 
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Seen from Figure 5.16 and Table 5.11, the velocities obtained from CFX simulation are 

different from 1-D design. At the middle of the exit, the relative flow angle coincides with the 

design. However, the axial velocity at the mid is larger than the design. The axial velocity near 

the hub is close to the expected value in design and axial velocity near the shroud is much 

smaller than the design. In design process, the axial velocity is assumed to be uniform all 

around the exit surface. Nevertheless, this cannot be true in the reality considering the viscosity. 

The relative velocity will decrease at the positions near to the end-walls. Therefore, it can be 

expected that the axial velocities at the hub and shroud are smaller than the velocities near the 

middle of the passage. In addition, the tangential components of the absolute velocities are not 

zeros.  

Table 5.11 Values of outlet velocities 

 C5 Cu5 W5 Wu5 Cx5 U5 

Designed values (m/s) 102.489 0 181.7472 150.0933 102.4892 150.0933 

Results from CFX (m/s) 124.363 30.223  213.577 180.281  114.516 150.0585 

 C5h Cu5h W5h Wu5h Cx5h U5h 

Designed values (m/s) 102.489 0 122.8556 67.7454 102.4892 67.7454 

Results from CFX (m/s) 119.079 14.407 130.8654 82.2407 101.795 67.8335 

 C5s Cu5s W5s Wu5s Cx5s U5s 

Designed values (m/s) 102.489 0 254.0334 232.4412 102.4892 232.4412 

Results from CFX (m/s) 41.3284 32.683 200.8968 199.723 21.6851 232.4061 

 

5.5.2. 3-D performances analysis results 

1-D analysis won’t be able to find the differences in performances for models with 

different shroud profiles. However, CFD analysis can examine the details in the flow which 

could result in changes in the performances of the model.  

Table 5.12 presents the analysis results for all the models with polynomial shroud 

profiles with power from n=3 to n=9. The models with shroud profiles of n=4 and n=5 have the 
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slight highest efficiencies out of all the other designs.  However, to decide the best choice for 

the design needs close examinations on the details of the flow. 

 
Table 5.12 Results of performances analysis by CFX 

 n=3 n=4 n=5 n=6 n=7 n=8 n=9 

�̇�, kg/s 0.77121 0.77121 0.77121 0.77121 0.77121 0.77121 0.77121 

𝑇5, K 1062.8 1065.88 1064.64 1065.83 1065.12 1065.88 1065.61 

𝑇5𝑡, K 1068.99 1071.26 1070.25 1071.16 1070.82 1071.21 1070.71 

𝑃5, kPa 100.862 102.784 102.164 102.514 102.226 102.357 101.989 

𝑃5𝑡, kPa 103.339 104.968 104.431 104.671 104.533 104.515 104.042 

𝜂𝑟𝑡𝑡, % 93.58% 94.71% 94.64% 94.19% 94.26% 93.82% 93.34% 

𝜂𝑟𝑡𝑠, % 88.72% 90.26% 90.07% 89.84% 89.62% 89.50% 89.26% 

𝜂𝑛𝑟𝑡𝑡, % 90.68% 91.85% 91.70% 91.35% 91.38% 91.00% 90.53% 

𝜂𝑛𝑟𝑡𝑠, % 86.13% 87.68% 87.41% 87.27% 87.03% 86.94% 86.70% 

 

5.5.3. Pressure on blade and velocity near blade 

Figures 5.17-5.23 are the pressure, temperature on the blade and velocity near the 

blade for each model. 

To examine the aerodynamics performances of a blade, blade loading diagrams are 

good ways to study the aerodynamics properties distributions. For the blades of the radial 

inflow turbines, blade loading graphs are not good enough to describe the flow near the blade, 

because the blade is so twisted. Fortunately, CFD is able to present the results in 3-D which is 

distinct to observe.  

Seen from the pressure on the blade, an area of low pressure appears near the place 

where the curvature is smallest near the profile. The positions that have the smallest curvature 

turn the direction faster than the other places so that the velocity would accelerate more 

aggressively. According to the figures of Mach number contours near the blade, the velocities 
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become higher near places that change the direction fastest. Therefore, a low pressure area 

occurs at the same time.  

  

Figure 5.18 Pressure on the blade and velocity near the blade for the design of n=3 
 
 

The area of low pressure may cause high stress in the blade, and the concentration of 

high speed flow may erode the surface the blade. Therefore, the area of low pressure and high 

speed should be avoided, or at least the gradient of the pressure should be minimized if these 

areas cannot be eliminated.  

By comparing all the pressure and velocities distributions on the blade, designs with 

power from n=7 to n=9 are not as good choices as the other models.  
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Figure 5.19 Pressure on blade and velocity near the blade for the design of n=4 
 

 

 
Figure 5.20 Pressure on blade and velocity near the blade for the design of n=5 
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Figure 5.21 Pressure on blade and velocity near the blade for the design of n=6 

 

 

 

Figure 5.22 Pressure on blade and velocity near the blade for the design of n=7 
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Figure 5.23 Pressure on blade and velocity near the blade for the design of n=8 

 

 
Figure 5.24 Pressure on blade and velocity near the blade for the design of n=9 

 
5.5.4. Flow at the inlet 

Figures 5.24 to 5.30 are streamlines in blade-to-blade view near the inlet at the spans of 

0.1, 0.5 and 0.9 from left to right. It is important to have stable flow in the gas path and the 

inlet is one of the positions where the separation and circulation most likely happen. For the 

designs with the powers of n=3 and n=4, a circulation happens near the inlet. Therefore, the 
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designs with polynomial shroud meridional profiles with power of n=5 and n=6 are chosen to be 

further examined, according to the results in Section 5.5.3 and 5.5.4.  

  
Figure 5.25 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=3 

 

   

Figure 5.26 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=4 
 

  
 

Figure 5.27 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=5 
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n 

Figure 5.28 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=6 
 

 

  

Figure 5.29 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=7 
 
 
 

   
Figure 5.30 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=8 
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Figure 5.31 Streamlines in blade-to-blade view at spans of 0.1, 0.5 and 0.9 for designs of n=9 

 
 
5.5.5. Temperature and entropy contours on blade 

A good distribution of temperature on the blade could result in a well-balanced thermal 

stress in the blade. It can also indicate less loss occurring near the blade. Figures 5.31 and 5.32 

are the total temperature and entropy contours on the blade.  

From the temperature contours it can be seen that near the inlet the temperature drops 

faster in the middle than the positions near the shroud and hub. This implies that losses occur 

near the shroud and hub on the blade which can be seen in Figure 5.31 and Figure 5.32.  

 

  
Figure 5.32 Total temperature and entropy on blade for n=5 
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Figure 5.33 Total temperature and entropy on blade for n=6 

 

In the right figure of Figures 5.31 and 5.32, at positions that have higher entropy than 

the inlet losses are generated. Comparing the two figures, it is not obvious to decide which 

design is superior.  

5.5.6. Pressure, temperature, entropy, and velocity on meridional surface 

 

n=5                                                                                                 n=6 
Figure 5.34 Pressure contour on meridional surface 
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n=5                                                                                                  n=6 

Figure 5.35 Velocity vectors on meridional surface 
 

 
Figures 5.33 to 5.36 compare the results of the flow on the meridional surfaces, 

including pressure contours, velocity vectors, temperature contours, and entropy contours.  

In Figure 5.33, the pressure contour looks more balanced on the meridional surface of 

design with n=5 than the contour of design with n=6, because areas of low pressure appear 

near the shroud and outlet for the design of n=6.  

t  

n=5                                                                                                n=6 
Figure 5.36 Temperature contours on meridional surface 



126 

 

 

 

 

  

n=5                                                                                                n=6 
Figure 5.37 Entropy contours on meridional surface 

 
 

Figures 5.34 and 5.35 cannot conclude which model performs better. In Figure 5.36, the 

entropy in sum accumulated all over the meridional surface of the design of n=5 should be 

slightly smaller than the other design. So, there should be less losses in the design of n=5 which 

coincides the CFD analysis results in Table 5.12. 

Therefore, the model with polynomial shroud profile with power of 5 is chosen for the 

next step, where the shroud profile will be modified.  

   

5.5.7. Modification of meridional shroud profile 

Figure 5.37 shows the modification on the shroud profile based on the polynomial 

profile with power of 5. The profile is converted to Bezier curve witch is easier to adjust the 

shape of the profile to smoothly connect ends of inlet an outlet. The profile tries to turn the 

direction more gradually and avoids flat curve near the outlet.   
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Figure 5.38 Modification of meridional shroud profile on the design of n=5 
 

 

Figure 5.39 Pressure contours on the blade for the modified model 
 
 

In Figure 5.38, the pressure distributed on the blade is significantly improved. The low 

pressure area is moved nearly to the exit. The area is smaller and pressure gradient is less 

aggressive. 
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Figure 5.40 Temperature contours on the blade for the modified model 

 
 

Figure 5.39 presents a better temperature pattern on the blade of the modified design. 

However, Figure 5.40 does not show a significant improvement in the entropy contour on the 

blade.  

 
Figure 5.41 Entropy on blade for the modified model 
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Figures 5.41 to 5.44 show considerable improvements in the pressure, temperature, and 

entropy temperatures. The cumulated entropy increase cumulated over the meridional surface 

is smaller than the original design.  

 
Figure 5.42 Pressure on meridional surface 

 

 
Figure 5.43 Temperature on meridional surface 

 
Table 5.13 CFD Analysis results for the modified design 

 𝑇5, K 𝑇5𝑡, K 
𝑃5, 
kPa 

𝑃5𝑡, 
kPa 

𝜂𝑟𝑡𝑡, % 𝜂𝑟𝑡𝑠, % 
𝜂𝑛𝑟𝑡𝑡, 

% 
𝜂𝑛𝑟𝑡𝑠, 

% 

n=5 1064.64 1070.25 102.16 104.43 94.64 90.07 91.70 87.41 

Modified 
design 

1064.81 1070.35 102.33 104.57 94.83 90.29 91.87 87.61 
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Table 5.13 lists the CFD analysis results for the modified design. The results of the 

models are close to each other. The exit temperature becomes slightly higher than the exit 

temperature of the original design, but both total-to-total and total-to-static efficiencies are 

slightly improved as well.  

 
Figure 5.44 Entropy on meridional surface 

 
 

 
Figure 5.45 Streamline in blade-to-blade view at span of 0.1, 0.5, and 0.9 

 
Compared to Figure 5.26, the streamlines in blade-to-blade view are significantly 

improved as well. In general, the modified design has improved the performances of the 

turbine. Nevertheless, there must be a way to further optimize the shroud profile to obtain the 
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best pressure and temperature contours on the blade. The theoretical study on the shroud 

profile will be conducted in the future.  

5.6. Comparison with generalized stage performance chart for design 

 
Figure 5.46 Comparison between the designs and generalized performance chart 

 
 

The model was based on the specific speed of 0.55 that is assumed to be the optimum 

point for the highest efficiency. However, same method is utilized to generate models based on 

other specific speed to compare with the generalized performance chart in Equation 1-23. 1-D 

analysis results are near the curve, and the efficiency of the design of 0.55 specific speed is the 

optimum design point. CFD analysis yields in higher efficiencies than the prediction chart and 

the optimum specific speed is between 0.55 and 0.6. The designs of lower specific speeds also 

have high efficiencies. Nevertheless, based on the same method as in Equation 5-22, the inlet 

flow will be too tangential which not recommended if the absolute inlet flow angle is lower 

than 15º when the specific speed is smaller than 0.544. Besides, the size of the rotor may be 

too large for the system, the space of which is limited.  
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5.7. Performances of the turbine with different working fluids 

Table 5.14 The performances of the turbine with different combinations of working fluids 

 
Propane 
without 

recuperator 

Propane 
with 

recuperator 

Ethane 
without 

recuperator 

Ethane with 
recuperator 

Methane 
without 

recuperator 

Methane 
with 

recuperator 

𝑇5, K 1064.81 1065.39 1064.51 1065.35 1064.33 1065.35 

𝑇5𝑡, K 1070.35 1070.66 1070.18 1070.63 1070.04 1070.64 

𝑃5, kPa 102.325 103.931 102.205 103.915 102.109 103.913 

𝑃5𝑡, kPa 104.568 106.038 104.498 106.024 104.417 106.024 

𝜂𝑟𝑡𝑡, % 94.83% 94.87% 94.85% 94.87% 94.84% 94.87% 

𝜂𝑟𝑡𝑠, % 90.29% 90.51% 90.21% 90.50% 90.17% 90.50% 

𝜂𝑛𝑟𝑡𝑡, % 91.87% 91.97% 91.89% 91.97% 91.85% 91.97% 

𝜂𝑛𝑟𝑡𝑠, % 87.61% 87.88% 87.54% 87.87% 87.48% 87.87% 

 

The turbine is analyzed also with other kinds of working fluid combinations. When the gases 

flow into the turbine are produced by the systems with recuperators, the outlet temperatures 

do not change much indicating that the work outputs almost remain same. Therefore, the 

future implementation of recuperator or change of fuels will not influence the performance of 

the turbine.  

5.8. Off-design analysis 

The off-design analysis is based on the flowing assumptions: 

1. The inlet flow angle remains same in off-design conditions 

2. The inlet total temperature and outlet total pressure must be known  

Figure 5.46 shows the flow chart of the off-design analysis. The objective of the program 

is to find the inlet velocities that can yield the same inlet conditions after going through the 1-D 

analysis so that the inlet pressure can be obtained.  
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Figure 5.47 Flow chart of off design analysis  

 
 

CFD analysis is also performed to compare with the 1-D analysis. The mass flow has limit 

a when the flow is choked. The highest mass flow is about 1.8 times of the designed mass flow. 

Figure 4.47 is the pressure ratios for different mass flows. To increase the mass flow, the inlet 

pressure must be higher, while less inlet pressure is required when the flow is smaller. 1-D and 

3-D analyses coincide well in the range of normalized flow of 0.8-1.5.  
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Figure 5.48 Pressure ratios at different mass flow 

 

 
Figure 5.49 Total to static efficiencies at different mass flow 

 

The total-to-static efficiency curves by 1-D analysis and CFD do not coincide well, 

however it is impossible to tell which curve is more accurate without comparing with the 

experimental data.  

In the figure of total-to-total efficiency, the differences between the results by the two 

analysis methods are smaller than the results of total-to-total efficiencies.  
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Figure 5.50 Total to total efficiencies at different mass flow 

 

In the next section where the performance of the system is analyzed in off-design 

conditions, the total-to-total efficiency curve is from CFD simulation is used. The curve is 

obtained by applying polynomial fitting curve with power of 4 on the CFD analysis results.   

5.9. Performance analysis of the biogas-solar hybrid system with the designed turbine 

5.9.1. The efficiencies of the system with the designed turbine 

Table 5.15 System efficiencies at the design point 

 Thermal efficiencies Fuel efficiencies 

System without recuperator 0.082263 0.08517 

System with recuperator 0.295448 0.33673 

 

The thermal efficiency and fuel efficiency are calculated with Equation 4-2 and 4-3. The 

results of efficiencies are higher than the efficiencies calculated in Chapter 4, because the 

assumed efficiency is 0.8 in Chapter 4. In addition, the efficiencies of the system with 

recuperator are significantly improved by the recuperator.  
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5.9.2. The efficiencies of the system at off-design conditions  

Figure 5.50 is the process of off-design analysis on the system. The inlet temperature is 

assumed to remain same at off-design conditions. Then with the fitting curving from the CFD 

analysis, pressure ratio and efficiency of the turbine can be obtained. According to the mass 

flow and the inlet pressure of the turbine, the efficiency of the compressor at the off-design 

condition is now obtained. The red lines in Figure 5.51 can look up the efficiencies of the 

compressor in various off-design conditions. However, the upper boundary of mass flow is 

110lb/min, so the range of normalized mass flow is set within 0.7-1.1 times of the designed 

mass flow. 

 

 
Figure 5.51 Scheme of the calculation of the efficiencies at off-design conditions 
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Figure 5.52 Characteristics of the compressor with lines to seek its performance 

 
 

Figures 5.52 and 5.53 are the efficiencies of the system at different mass flows. As the 

mass flow increases, the efficiency of the system rises as well, because the pressure ratio of the 

system is higher too. A higher pressure ratio in the Brayton cycles can marginally improve the 

systematic efficiencies, and it can sometimes even overcome the slight decrease in efficiencies 

of the turbine and compressor.  
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Figure 5.53 Performances of the system without the recuperator at various mass flows 

 

 
Figure 5.54 Performances of the system with the recuperator at various mass flows 
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5.10. 1-D optimization on the inlet velocities 

5.10.1. Study on inlet absolute flow angle 

 
Figure 5.55 Total to static efficiencies of different turbines with different inlet absolute flow 

angles 
 

Figure 5.54 and Figure 5.55 are efficiencies of the turbines from 1-D analysis with 

different inlet absolute flow angles ranging from 15° to 22°. When the inlet absolute flow angle 

increases from 15° to 22°, the total to static efficiency decreases and the total to total efficiency 

approximately reaches an optimum value of 91.3% near 15.56°. Therefore, the flow angle of 

15.1° generated by Equation 5-22 is a good guess based on 1-D analysis results.  
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Figure 5.56 Total to total efficiencies of different turbines with different absolute inlet flow 

angles 
 

5.10.2. Study on inlet relative flow angle 

 
Figure 5.57 Total to static efficiencies of different turbines with different absolute inlet flow 

angles 
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Figure 5.58 Total to total efficiencies of different turbines with different absolute inlet flow 

angles 
 

Different turbines with relative inlet flow angles ranging from 67° to 89° are designed 

and analyzed with the 1-D loss model, while the other geometries are generated with the same 

method, including the 15.1° inlet absolute flow angle based on Equation 5-22 for a specific 

speed of 0.55.  

1-D analysis results show that the best total to static efficiency is at 81.14° inlet relative 

flow angle and the optimum total to total efficiency is at 88.63° inlet relative flow angle. The 

efficiencies are improved approximately by 1% compared to the first design.  
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5.10.3. CFD analyses of the turbine with optimized inlet flow angle 

Table 5.16 1-D geometry with the relative inlet flow angle for the best total to static efficiencies 

  Propane without recuperator 

Rotor radius r4 (m) 0.1363 

Rotation Speed rpm 24819.4 

Outlet hub radius r5h (m) 0.0252 

Outlet shroud radius r5s (m) 0.0874 

Inlet blade angle β4b (º) 105.02 

Inlet flow angle α4 (º) 15.1 

Inlet width b4 (m) 0.0243 

Rotor axial length ΔzR (m) 0.0933 

Number of blades Z 22 

Outlet shroud blade angle β5sb (º) 25.22 

Outlet hub blade angle β5hb (º) 58.52 

Inlet blade thickness tb4 (m) 0.0055 

Outlet blade thickness tb5 (m) 0.0027 

 

A new rotor is designed and analyzed with CFX to validate the optimized inlet flow angle. 

The inlet absolute flow angle is still 15.1° because it is decided by Equation 5-22 with a specific 

speed of 0.55. The inlet relative flow angle is chosen to be 81.14° where the total to static 

efficiency is the peak of the fitting curve in Figure 5.56. The other geometries are obtained with 

the same method for the first design. The same analyzing process shows that the polynomial 

shroud profile with power of 5 is the best among the other options. An optimization on the 

shroud with the same ideal in the former sections is performed, and the model is analyzed in 

CFX as well. The CFD analysis results are presented in Table 5.17. 

The design with polynomial shroud profile is slightly improved, and an extra 

modification on the shroud profile yields in even higher efficiencies. Therefore, it can be 

concluded that the best inlet relative flow angle is not necessarily near 70°, and the ideal of 
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modifying the shroud profile is reasonable. Nevertheless, the theoretical method to obtain the 

optimum shroud profile has not been found and requires future studies on it.     

 
Table 5.17 CFX analysis results for the turbines with optimized inlet relative flow angle 

 
Polynomial curve with 

n=5 
Optimized curve based on polynomial 

with n=5 

�̇�, kg/s 0.77121 0.77121 

𝑇5, K 1063.59 1062.08 

𝑇5𝑡, K 1069.1 1067.82 

𝑃5, kPa 102.350 101.914 

𝑃5𝑡, kPa 104.584 104.235 

𝜂𝑟𝑡𝑡, % 95.45% 95.89% 

𝜂𝑟𝑡𝑠, % 90.91% 91.19% 

𝜂𝑛𝑟𝑡𝑡, % 93.02% 93.46% 

𝜂𝑛𝑟𝑡𝑠, % 88.72% 89.00% 

 

5.11. Summary 

In this chapter, 1-D designs are performed based on the inlet conditions of the turbine 

from theoretical calculation results in Chapter 4. 1-D and 3-D models are generated according 

to the Aungier’s method. Primitively, seven shroud profiles are defined by polynomial profiles 

from power of 3 to 9. For the profile with power of 5, the mean quasi-normal is closest to the 

average of the inlet and exit areas than the other designs. In addition, 3-D analysis results 

showed that the preliminary design with polynomial shroud file of power of 5 has the best 

performances among all the choice as well.  

1-D and 3-D analysis results, such as velocity triangles, efficiencies, and properties, 

showed good agreements with the design although differences exist. Upon the best preliminary 

design, the shroud profile is optimized to be smoother. The modification results in better 

streamlines, and pressure and temperature contours on the blade and the meridional surfaces.  
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Other designs of different specific speeds are generated with the same method and 

analyzed with 1-D loss model and CFD. The results show the similar trends as the generalized 

performance chart provided by Aungier. The designs of lower specific speeds also have high 

efficiencies. Nevertheless, based on the same method as in Equation 5-22, the inlet flow will be 

too tangential which not recommended if the absolute inlet flow angle is lower than 15º when 

the specific speed is smaller than 0.544. Besides, the size of the rotor may be too large for the 

system, the space of which is limited. 

The off-design performances are calculated with 1-D loss model and CFD. The results 

show reasonable trends but 1-D and 3-D results do not coincide well. However, only 

experimental data are able to tell which curve is more accurate.  

In addition, the hybrid system’s performances are analyzed again with the CFD 

simulation results of the turbine. The off-design performances are also analyzed based on the 

CFD performance curve of the turbine. As the mass flow increases, the efficiency of the system 

rises as well, because the pressure ratio of the system is higher too. A higher pressure ratio in 

the Brayton cycles can marginally improve the systematic efficiencies, and it can sometimes 

even overcome the slight decrease in efficiencies of the turbine and compressor. 
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CHAPTER 6. CONCLUSIONS  

6.1. Conclusions from the research of pump as turbine 

Four pumps are tested in their pump operation mode and turbine mode. Their best 

efficiency performances, specific speed, and specific diameter are obtained from the testing 

data. This research innovatively proposed a prediction method that is based on specific speed 

and specific diameter. The new method is obtained by curve-fitting the specific speeds, specific 

diameters and efficiency ratios in the pump mode and turbine mode. The fitting curves are then 

able to predict performances of other pumps in their turbine mode.  

As a result, the relation between the specific speeds in pump mode and turbine mode 

are approximately linear. For specific diameters in two modes, the correlation tends to be linear. 

However, pump 3’s specific diameter deviates a little bit (3.27%) from the straight fitting curve, 

because its design is different from the other three pumps. Nevertheless, a small error in 

specific diameter can result in a much larger error in head and flow prediction. The best way to 

minimize the error for the method proposed in this thesis is creating specific speed and specific 

diameter correlations for each family of pumps that meet the requirements proposed in the 

previous sections. This will require a lot of future tests and experiments.  

The ratio between the efficiencies of two running modes increases with the pump’s 

specific speed in a roughly linear trend. The errors of efficiency prediction are smaller than 5%. 

With predicted specific speed and diameter, the head and flow in turbine mode can be 

estimated. The errors of prediction results for pump 1 are smaller than 1%. The pump 2’s 

prediction errors of head and flow are 3% and 4% and pump 4’s errors are near acceptable 5% 
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limits. However, pump 3’s errors are nearly 10% because it is geometrically modified, thus it 

does not meet the requirements in Section 3.3.2. Therefore, the new method based on specific 

speed and specific diameter may be exclusive, which means it could be inaccurate for a 

different pump design. Hence, future tests for different types of pumps are required.  

The new method is compared with 9 previously published prediction methods. Most 

previous methods are not accurate for the four tested pumps (at least 20% error). All of the 

previous experimental correlations are invalid. However, Stepanoff’s and Sharma’s methods are 

valid near the specific speed of 0.83 rad/s (near 5% error). Yang’s method is acceptable around 

a specific speed range between 1.20 rad/s and 1.51 rad/s. The results clearly reveal that all the 

prediction methods (without detailed geometry) are only valid conditionally. Special prediction 

equations should be obtained for each range of specific speed and each type of pump design 

from testing data. 

In addition to comparison with previous prediction methods, the new method is also 

tested with published experimental data. Data from the four pumps are applied on the 

prediction methods. The errors for the pump with Nsp=1.06 and Dsp=1.56 are about 8% because 

the specific speed and specific diameter are very close to the prediction curve proposed in this 

thesis. The prediction results for the other three pumps have enormous errors. This is not 

surprising because their specific speed and specific diameter are scattered away from the fitting 

curve proposed in this thesis. The inaccuracy at the same time verifies the necessity of more 

tests on other families of pumps with different ranges of specific speed and specific diameters. 
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6.2. Conclusions from the research of solar biogas hybrid system 

The theoretical analyses of the systems with and without recuperator conclude that 

higher efficiencies of the compressor and turbine will improve efficiencies of the system. The 

recuperator significantly increases the performances of the system and amplifies the benefits 

from the improvements of the compressor and the turbine. At last, the design point for the 

turbine is estimated as shown in Table 4.3.  The pressure ratio of the system is a key factor that 

decides the performances of the system. For the system without recuperator, as the pressure 

ratio increases, the fuel efficiency and thermal efficiency go up as well. The work output 

reaches its peak when pressure ratio is around 5. For the system with recuperator, the system 

will reach its maximum fuel efficiency and thermal efficiency at the pressure ratio of 3.1, and 

the maximum work output is obtained at the pressure ratio of 5.24. At last, the design point for 

the turbine is estimated as shown in Table 4.3. 

6.3. Conclusions from the design and analysis of the radial turbine 

In this chapter, 1-D designs are performed based on the inlet conditions of the turbine 

from theoretical calculation results in Chapter 4. 1-D and 3-D models are generated according 

to the Aungier’s method. Primitively, seven shroud profiles are defined by polynomial profile 

from power of 3 to 9. For the profile with power of 5, the mean quasi-normal is closest to the 

average of the inlet and exit areas than the other designs. In addition, 3-D analysis results 

showed that the preliminary design with polynomial shroud file of power of 5 has the best 

performances among all the choice as well.  

1-D and 3-D analysis results, such as velocity triangles, efficiencies, and properties, 

showed good agreements with the design although differences exist. Upon the best preliminary 
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design, the shroud profile is optimized to be smoother. The modification results in better 

streamlines, and pressure and temperature contours on the blade and the meridional surfaces.  

Other designs of different specific speeds are generated with the same method and 

analyzed with 1-D loss model and CFD. The results show the similar trends as the generalized 

performance chart provided by Aungier. The designs of lower specific speeds also have high 

efficiencies. Nevertheless, based on the same method as in Equation 5-22, the inlet flow will be 

too tangential which not recommended if the absolute inlet flow angle is lower than 15º when 

the specific speed is smaller than 0.544. Besides, the size of the rotor may be too large for the 

system, the space of which is limited. 

The off-design performances are calculated with 1-D loss model and CFD. The results 

show reasonable trends but 1-D and 3-D results do not coincide well. However, only 

experimental data are able to tell which curve is more accurate.  

In addition, the hybrid system’s performances are analyzed again with the CFD 

simulation results of the turbine. The off-design performances are also analyzed based on the 

CFD performance curve of the turbine. As the mass flow increases, the efficiency of the system 

rises as well, because the pressure ratio of the system is higher too. A higher pressure ratio in 

the Brayton cycles can marginally improve the systematic efficiencies, and it can sometimes 

even overcome the slight decrease in efficiencies of the turbine and compressor. 

6.4. Next steps of the project 

Scientific and engineering researches shall never be truly finished because problems 

cannot be perfectly solved and new problems will appear too as the researchers explore deeper 
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and wider from the original problems. This dissertation, as well, has not been perfectly finished. 

More efforts should be done by either the author or the successive researchers.  

6.4.1. Studies on the solar biogas hybrid system 

Experiments and tests shall be done in short future to study the performances of the 

system. Especially, the outlet properties of the burner or the inlet conditions of the turbine 

should be obtained by tests, which is the base for the real specification for the design of the 

turbine.  

A recuperator can be either purchased or designed and manufactured in the future 

which would boost the performances of the system.  

The designed radial turbine should be created tested in the system to verify the whole 

performances of the hybrid system. An axial turbine is another choice for the system, which can 

be designed and built in the future by successive researchers.  

6.4.2. Studies on the design and analysis of the radial turbine 

Besides the inlet flow angles, the sensitivity analyses on the other 1D geometries of the 

rotor should be supplemented in the future. The changes in performances as each 1D geometry 

is adjusted within reasonable ranges should be calculated so that they can be used to optimized 

design.  

Methods to optimize the 3D curves of the blade may be obtained from theoretical 

studies. These methods, if successfully found, would considerably improve the aerodynamic 

performances of the gas passage and the stability of the blade.  
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6.4.3. CFD simulations with different turbulence models 

In this dissertation, the CFD simulations use k-ω method that does not require as 

refined meshes as SST method, but the simulations inevitably yield less accurate results in 

exchange for less computational resources (fewer CPU’s and less running time). However, if more 

details of the flow are necessary to evaluate the design, SST method with well-refined meshes 

should be used in the future.  

6.4.4. Structural analysis on the rotor 

The high rotation speed requires a robust structure of the rotor. In addition for a rotor 

of radial inflow turbine, the working fluid is hot and compressed gas with high speeds. 

Therefore, the heat stresses in the blade and impact on the surface of the blade should be 

taken into account seriously in future work. The applicability of the design should be decided by 

structural analysis even if the aerodynamic performances are highly efficient.  
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