
ICIC Express Letters ICIC International c⃝2018 ISSN 1881-803X
Volume 12, Number 1, January 2018 pp. 87–96

DESIGN OF FRACTIONAL ORDER PID CONTROLLER
FOR VELOCITY OF MICRO INTELLIGENT VEHICLES

Hong Guan1,2,3 and Yangzhou Chen1,2,3,∗

1College of Metropolitan Transportation
Beijing University of Technology

2Beijing Key Laboratory of Transportation Engineering
3Beijing Collaborative Innovation Center for Metropolitan Transportation

No. 100, Pingleyuan, Chaoyang Dist., Beijing 100124, P. R. China
liangguanhong@emails.bjut.edu.cn; ∗Corresponding author: yzchen@bjut.edu.cn

Received July 2017; accepted September 2017

Abstract. Fast and precise control of velocity is one of the key factors for the vehi-
cles to obtain good control quality in their movement. The paper introduces fractional
order PIλDµ (FOPID) controller into velocity control of micro intelligent vehicles (Mi-
croIVs). Because the selection of parameters for FOPID controller with two additional
parameters λ and µ is more difficult than traditional integer order PID (IOPID) con-
troller, an improved back propagation (BP) neural network is proposed and used in the
parameters tuning of FOPID controllers. The implementation of FOPID controller is
also difficult because fractional calculus operators of FOPID controller cannot be directly
implemented in numerical calculation. Fractional order calculus is transformed from con-
tinuous time domain to discrete time domain by using the Al-Alaoui generating function,
and is discretized by using the continued fraction expansion (CFE). FOPID controller is
implemented in motor velocity control for MicroIVs, and the robustness and rapidity of
FOPID controller are verified by the methods of this paper. The results of experiment
show that FOPID controller has better control performance than IOPID controller.
Keywords: Fractional order PIλDµ controller, BP neural network, Parameters self-
tuning, Al-Alaoui and CFE

1. Introduction. Integer order PID (IOPID) controller has been widely used in various
fields of industrial control, e.g., metallurgy, machinery, electric power, and chemical indus-
try [1,2], because of its simple principle, easy to use, strong adaptability and robustness,
and so on. IOPID controller is in a dominant position for motor control. With control ob-
ject becoming more complex, controllers are put forward of higher requirements, and the
conventional IOPID controller is difficult to obtain satisfactory control effect [3,4]. Frac-
tional order PIλDµ (FOPID) controller retains all the excellent characteristics of IOPID
controller, and has more flexible control capability for complex control object because of
the expansion of calculus in IOPID controller.

The theory of fractional calculus can be traced back to the work of Lebnitz, one of the
founders of calculus, which is only in the study of theory in the early stages. Fractional
calculus began to be applied in some fields in recent years, and its application in control
systems is mainly the modeling of fractional order systems and the design of fractional
order controllers. At present, there are four types of fractional order controllers: TID
controller [5], CRONE controller [6], fractional order PIλDµ controller [7] and lead-lag
compensator [8]. Among them, fractional order PIλDµ controller proposed by Podlubny
in 1999 is of great significance to the application and development of fractional order
calculus. Its structure is the same as IOPID controller, but the parameters that affect the
performance of controller are increased by two, integral order λ and derivative order µ.

87



88 H. GUAN AND Y. CHEN

Compared with IOPID controller, FOPID controller makes control system obtain better
dynamic performance and robustness.

Parameters tuning is a hot topic in the research of fractional order control theory, but
it has not yet explored a suitable parameter tuning method for fractional order controller.
With the development of simulation tools, researchers put forward some new tuning meth-
ods [9,10] for the parameters tuning of FOPID controller. Cao et al. [11] proposed an
intelligent optimization method for designing FOPID controller based on genetic algo-
rithms (GA), and analyzed the optimization design process in detail. ITAE is used as
the optimization performance target. In [12], the authors presented an intelligent op-
timization method for designing FOPID controller by optimizing the SIWPSO position
values to minimize the IAE fitness value in an iteration process. PSO technique is simple
in encoding with real number, while GA with binary strings. Maamar and Rachid [13]
combined the properties of FOPID and internal model control (IMC) to form IMC-PID-
fractional-filter controller. A PSO-BP neural networks based PID self-tuning controller
is constructed in [14] by utilizing particle swarm optimization algorithm to optimize the
connection weight matrix of BP neural networks, and its effectiveness is verified only by
simulation. In this paper, parameters tuning method of FOPID is based on an improved
BP neural network, and the effectiveness of the proposed method is verified through
simulation and experiments of real MicroIVs.

In order to apply FOPID controller in the control of velocity for real vehicles, it is
necessary to convert fractional calculus in FOPID controller into a programmable integer
order expression by discretizing fractional calculus. In general, the discretization methods
of fractional calculus are divided into direct and indirect discretization method [15], and
the commonly used direct discretization method is the method based on the combination
of Euler, Tustin or Al-Alaoui generating function and continued fraction expansion (CFE)
[16-18]. In this paper, Al-Alaoui generating function and CFE are utilized to discretize
fractional calculus in FOPID.

The main contributions of this paper are summarized in the following threefold. Firstly,
an effective parameters tuning method of FOPID controller based on an improved BP neu-
ral network is proposed. The steps of parameters tuning of FOPID based on the improved
BP neural network are introduced in detail, which provides a new idea for parameter self-
tuning. Secondly, an idea that FOPID controller is discretized and transformed into
programmable expression is presented. Thirdly, the effectiveness of FOPID is verified
by the experiments on real MicroIVs, which provides practical significance for practical
application of FOPID controller.

The remainder of the paper is organized as follows. The concepts of fractional calculus
and FOPID are described in Section 2. The method of parameters tuning of FOPID
based on BP neural network is proposed in Section 3. Discretization method of FOPID
is provided in Section 4, and commonly used generating functions are introduced. In
Section 5, the results of parameter tuning and discretization of FOPID are verified on
the velocity tuning of MicroIVs in cooperative vehicle-infrastructure simulation platform
(CVISP). Finally, the conclusion is provided and the future work is discussed.

2. Fractional Order PIλDµ Controller. Fractional calculus mainly studies the prop-
erties and applications of differential and integral operators of any order. The mathe-
matical model of fractional calculus can describe the dynamic response of system more
accurately, and improve the ability of the design, characterization and control of the dy-
namic system. IOPID controller is the most widely used and the most mature technology
in the control system, so it is necessary to research the practical application of FOPID
controller. FOPID controller extends the integral and differential order in the IOPID
controller to any real number. It means that the tuning parameters of FOPID controller
are five and the design flexibility of controller is improved.
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2.1. Fractional calculus. The order of fractional calculus can be real or complex, and
the fundamental operator of fractional calculus is aD

α
t , where t and a are the upper-

lower limit of operator respectively, and α is the fractional calculus order. The fractional
calculus is defined by

aD
α
t f(t) =


dα

dtα
f(t), Re(α) > 0

f(t), Re(α) = 0∫ t

a
f(τ)(dτ)−α, Re(α) < 0

(1)

where the f(t) is an integral or differential object, and Re(α) is the real part of α.
Up to now, there is no uniform definition for fractional calculus. In the process of

establishing the theory of fractional calculus, some of the commonly used definitions are
the Grünwald-Letnikov (GL), Riemann-Liouville (RL), Caputo and Cauchy definition
[19] of fractional calculus, and the best known one of them is GL definition of fractional
calculus given by

aD
α
t f(t) = lim

h→0
h−α

[(t−α)/h]∑
j=0

(−1)j

(
α
j

)
f(t − jh) (2)

where [(t − α)/h] is approximate recursive number of items and

(
α
j

)
= α!

j!·(α−j)!
=

Γ(α+1)
j!·Γ(α−j+1)

is recursive function coefficient. The Laplace transform of aD
α
t f(t) is described

as

L {0D
α
t f(t)} = sαF (s) −

w−1∑
k=0

sk
0D

α−k−1
t f(t)|t=0 (3)

where w is a positive integer satisfying w − 1 < α < w. For fractional order differential
equations, the general expression of fractional order transfer function can be given as

G(s) =
bmsβm + · · · + b1s

β1 + b0s
β0

ansαn + · · · + a1sα1 + a0sα0
(4)

and the discrete transfer function is

G(z) =
bm(ω(z−1))

βm + · · · + b1(ω(z−1))
β1 + b0(ω(z−1))

β0

an(ω(z−1))αn + · · · + a1(ω(z−1))α1 + a0(ω(z−1))α0
(5)

where an and bm are the corresponding denominator coefficients and numerator coeffi-
cients of fractional order transfer function for control object, respectively. ω(z−1) is the
generating function from the s domain to the z domain.

2.2. The fractional order PIλDµ controllers. Figure 1(a) shows a closed loop control
system with fractional order PIλDµ controller, and Figure 1(b) shows the range of integral
order λ and derivative order µ in the FOPID controllers, respectively. R(s), E(s), U(s)
and Y (s) are the Laplace transform of the reference signal of control system r(t), the
system error signal e(t), the output signal of controller u(t), and the actual output signal
of control system y(t), respectively. Kp, Ki and Kd are the coefficients of proportion,
integral and differential, respectively. P (s) is the transfer function of control object.

The FOPID controller in Figure 1(a) is

u(t) = Kpe(t) + KiD
−λe(t) + KdD

µe(t) (6)

and its continuous transfer function from e(t) to u(t) is

Gc(s) = Kp + Kis
−λ + Kds

µ (7)
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Figure 1. FOPID controllers

Figure 1(b) shows that FOPID expands the order of calculus in IOPID from point to
plane, and the order of calculus in FOPID can be any real number greater than zero.
FOPID will be IOPID if λ = µ = 1. It enhances the design flexibility of controller.
For FOPID controller, λ mainly affects the steady-state error of system, e.g., the system
will be unstable if λ is too large. The dynamic characteristics of system can be improved
when µ increases, but too large µ may result in increased tuning time and system unstable.
Experiments show that the values of λ and µ are usually between 0 and 2.

3. Design of FOPID Controller Based on BP Neural Network. The back propa-
gation (BP) neural network was proposed firstly by professor Rumelhart and McClelland
[20] in 1986. The structure of BP neural network includes an input layer, one or more
hidden layers and one output layer. Based on the approximation theory of multilayer
feedforward network, the number of neurons in the hidden condition enough, arbitrary
precision of arbitrary nonlinear mapping from the input space to output space can be
achieved by three neural networks with nonlinear activation function of sigmoid. There-
fore, this paper only discusses the three layer feedforward neural network. In order to
ensure that the obtained useful input information is sufficient without increasing the turn-
ing burden of the hidden layer, four related information with the system error are selected
as the input layer. Because the FOPID controller has five parameters required tuning,
the number of output layer nodes of BP neural network is set to be five. And IOPID
has three parameters required tuning, and the number of output nodes only needs to be
changed to three when tuning the parameters of IOPID controller. Therefore, the param-
eter tuning method for FOPID controller based on BP neural network proposed in this
paper, which can tune the parameters of FOPID and IOPID controllers at the same time.
The structure of the method is shown in Figure 2.

The number of nodes for input layer and hidden layer is set as 4 and 5, respectively.
As Figure 2 shows, e, e−1 and e−2 are the current error, last error and previous error. a,
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Figure 2. Design of FOPID controller based on BP neural network

b and c are the random coefficients, and net
(2)
m and O

(2)
m represent the input and output

of the mth node for the second layer of BP neural network. ω
(1)
lm is the weight from the

output of the lth node in the first layer to the input of the mth node in the second layer.
Combined with the structure of BP neural network for FOPID in Figure 2, the expression
of input layer can be described as

O(1)(k) =
[
O

(1)
1 (k), O

(1)
2 (k), O

(1)
3 (k), O

(1)
4 (k)

]
= [e, ae, be−1, ce−2] (8)

where k is the training times. And the expression of hidden layer can be described as

net(2)
m (k) =

4∑
k=1

ω
(1)
lm (k)O

(1)
l (k) (9)

O(2)
m (k) = f(net(2)

m (k)), m = 1, 2, 3, 4, 5 (10)

where f(x) = r · (ex − e−x)/(ex + e−x) is a tan-sigmoid function, r > 0 is a constant
which can be appropriately chosen according to the type of controllers, and the value of
r is generally set as r = 1. The expression of output layer is given as

net(3)
n (k) =

5∑
m=1

ω(2)
mn(k)O(2)

m (k) (11)

O(3)
n (k) = g

(
net(3)

n (k)
)
, n =

{
1, 2, 3, 4, 5 for FOPID
1, 2, 3 for IOPID

(12)

which means O(3) is [Kp, Ki, Kd, λ, µ] for FOPID and [Kp, Ki, Kd] for IOPID. This paper
only discusses parameters tuning of FOPID controller. The parameters Kp, Ki, Kd, λ
and µ in FOPID controller are non-negative, so the transfer function of output layer is
set to a non-negative function as

g(x) = v · (1 + tan sigmoid(x))/2 = v · ex
/
(ex + e−x) (13)

where tan sigmoid(x) = (ex − e−x)/(ex + e−x), and v is a constant greater than zero, and
the value of v generally meets 0 < v ≤ 2 for FOPID controller.

So far, the design structure of FOPID controller based on BP neural network has been
completed of a large part. The formula of error evaluation index is selected as

E(k) =
1

2
e(k)2 =

1

2
(r(k) − y(k))2 (14)
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where r(k) and y(k) are the input and output of control system, and e(k) is their error.
The tuning of parameters of FOPID will be stopped when the error enters the required
range. To tune the weights of BP, the gradient descent method is introduced in the
parameters tuning of weights in BP neural network. According to the gradient descent
method, the weights tuning formula is

∆ωmn(k + 1) = (1 − γ)η
∂E(k)

∂ωmn

+ γ∆ωmn(k) (15)

where γ and η are momentum factor and adaptive learning rate of neural network, and γ
is generally about 0.95 and η is generally taken from 0.01 to 1. Formula (15) is calculated
by the following formulas:

γ =

 0 E(k + 1) > 1.04E(k)
0.95 E(k + 1) < E(k)
γ other

(16)

η(k + 1) =

 1.05η(k) E(k + 1) > 1.04E(k)
0.7η(k) E(k + 1) < E(k)
η(k) other

(17)

∂E(k)

∂ωmn(k)
=

∂E(k)

∂y(k)
· ∂y(k)

∂u(k)
· ∂u(k)

∂O
(3)
mn(k)

· ∂O
(3)
mn(k)

∂ωmn(k)
(18)

4. Implementation and Performance Analysis of FOPID. Fractional calculus has
been applied to the fields of controller, filter design and analysis, image processing and
signal analysis. As the fractional order controller is equivalent to the infinite order integer
order controller, the key problem of the fractional order controller is the effective dis-
cretization of fractional order calculus. At present, the discretization methods of fractional
calculus mainly include direct and indirect methods, and direct methods are considered
in this paper. The idea of direct discretization is to replace the fractional calculus opera-
tor s±α with a generating function (w(z−1))±α, and the irrational function (w(z−1))±α is
approximated by using a finite order rational function in discrete time domain, z domain.

The commonly used generating functions are Eular, Tustin, and Al-Alaoui generat-
ing functions. And Al-Alaoui generating function is obtained by a linear combina-
tion of 3/4 Eular and 1/4 Tustin, which is used to overcome the approximation error
of high frequency. For Eular, Tustin and Al-Alaoui, (w(z−1))±α is ((1 − z−1)/T )±α,
(2/T · (1 − z−1)/(1 + z−1))±α and ((8/7T ) · (1 − z−1)/(1 + z−1/7))±α, respectively, where
T is sampling period. Al-Alaoui generating function has the best phase characteristics.

After the fractional calculus operator is transformed from the s domain to the z domain
by using generating function, the discrete approximation function H(z−1) can be obtained
by the methods of power series expansion (PSE) and continued fraction expansion (CFE)
or other methods [21]. In this paper, CFE is adopted. and the combination of CFE with
Al-Alaoui generating function can get a more ideal fractional integrator. The discrete
model is given as

D±α(z) =

(
8

7T

)±α

CFE

{(
1 − z−1

1 + z−1

7

)±α}
p,q

(19)

where −1 ≤ α ≤ 1 is calculus order, and CFE{f} is the CFE of function f . And the
expression is simplified for D±α(z) = (8/7T )±α · Pp(z

−1)/Qq(z
−1), and p and q are the

order of Pp(z
−1) and Qq(z

−1) which are the polynomials of variable z−1. The values of p
and q are generally equal and are positive integers.
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Table 1. The expression of D±α(z) based on Al-Alaoui method

p q Pp(z
−1) (κ = 1), Qq(z

−1) (κ = 0)

1 1 ((−1)κ4α − 3)z−1 + 7

2 2 (16α2 − (−1)κ36α + 11)z−2 + ((−1)κ84α − 126)z−1 + 147

3 3

((−1)κ64α3 − 288α2 + (−1)κ284α + 27)z−3

+(672α2 − (−1)κ2520α + 1827)z−2

+((−1)κ2940α − 6615)z−1 + 5145

In Table 1, the approximate numerator and denominator expression of D±α(z) based on
Al-Alaoui method are given while p = q = 1, 2, 3. According to the experience of previous
researchers, and that the computational complexity and control performance of system
are considered, the value of p and q is generally set as 3. The fractional calculus will be
divided into an integer calculus and a decimal calculus when the absolute value of calculus
order is greater than 1. For example, D1.5(s) can be expressed as D1.5(s) = s · D0.5(s).
The discrete approximation function of D0.5(s) can be obtained by the above method,
which is shown as Formula (20) while p = q = 2.

D0.5(s) =
33.8062z2 − 38.6356z + 7.5891

z2 − 0.5714286z − 0.0204082
(20)

For FOPID controller, the discretization function of Formula (7) is

Gc(z) = Kp +
Ki(

8
7T

)±λ Pp(z−1,λ)

Qq(z−1,λ)

+ Kd

(
8

7T

)±µ
Pp(z

−1, µ)

Qq(z−1, µ)
(21)

where we make Kλ = (8/7T )±λ, Kµ = (8/7T )±µ, Pλ = Pp(z
−1, λ), Qλ = Qq(z

−1, λ),
Pµ = Pp(z

−1, µ) and Qµ = Qq(z
−1, µ), and Formula (21) can be simplified as

Gc(z) =
KpKλPλQµ + KiQλQµ + KdKλKµPλPµ

KλPλQµ

(22)

For Pλ in Formula (22), the value of p is set as 2 and Pλ is given as

Pλ = (16λ2 + 36λ + 11)z−2 + (−84λ − 126)z−1 + 147

=

 16 36 11
0 −84 −126
0 0 147

 λ2

λ1

1

T  z−2

z−1

1

 =
[
Pλ̄
]T

Z
(23)

By the methods of Formula (23), all the polynomials in Formula (22) are expressed in
matrix, and the discretization and programmability of FOPID are realized.

Based on the above, FOPID is implemented by the simulation in MATLAB firstly. An
example of heating furnace is considered in [9], and the control object model of integer
and fractional order for heating furnace are given. We take the integer order controlled
object as the example in this paper, which means P (s) = 1/(73043s2 + 4893s + 1.93).
Different papers give different examples for this classic example, and [9] gives an IOPID
controller. The methods in [11] and this paper are utilized to tune the parameters in
FOPID for the control object of heating furnace, so two kinds of FOPID controllers are
produced. For FOPID controller of this paper, only the value of Kp increased obviously
in all output when v in Formula (13) was increased, the sampling period T= 0.01. After
tuning, Kp = 31726.913, Ki = 0.865, Kd = 0.286, λ = 0.772 and µ = 0.461. The step
response of system based on these three controllers is shown as Figure 3.

Figure 3 shows that the method of this paper for parameters tuning of FOPID con-
trollers has a great advantage in the aspect of rising time, regulating time and overshoot,
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Figure 4. Cooperative vehicle-infrastructure simulation platform

and so on. At the same time, the tuning of r in Formula (10) and v in Formula (13)
improves flexibility and range of parameter tuning.

5. Application of FOPID in Velocity Control of Micro Intelligent Vehicles. In
this section, we apply the designed FOPID to the velocity control of a MicroIV, which
shows that the proposed FOPID has a practical signification. The application is based
on the micro intelligent vehicles in cooperative vehicle-infrastructure simulation platform
(CVISP) as Figure 4. The quality of velocity adjustment for micro intelligent vehicles
is mainly based on its rapidity and accuracy, and the experiment will show that the
tuning quality of FOPID is better than IOPID on the same platform and the same road
environment.

For the experiment of velocity tuning of real vehicles, IOPID controller and FOPID
controller are applied in a same motor of MicroIV, respectively. The results about velocity
tuning with IOPID and FOPID controllers are shown in Figure 5 and Figure 6, the vertical
axis is the displacement of vehicle, and the horizontal axis is time. Among them, Figure
5 and Figure 6 are the displacement curves of vehicle based on IOPID controller and
FOPID controller, respectively.

The velocity of vehicle is set as 40 cm/s in Figure 5. And the velocity of vehicle is set
as 40 cm/s at first, after a period of time, which is set to 60 cm/s at the position of the
red dot in Figure 6. Obviously, there are many small polyline in the displacement curve
in Figure 5, which means that the value of velocity is fluctuating and it will be more
obvious when vehicle moves on the ground with protrusions or depressions. However, the
displacement curve is a smooth polyline without small polyline in Figure 6, even when
the velocity changes sharply, the adjustment of the velocity is also fast and there are not
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Figure 5. The displacement of vehicle based on IOPID

 

Figure 6. The displacement of vehicle based on FOPID

large fluctuations. The results show that FOPID controller has shorter adjustment time
and faster regulation speed than IOPID controller for the control system.

6. Conclusions. The paper presented an effective parameter tuning method of fractional
order PID controller based on BP neural network. The connection function between the
hidden layer and output layer had been modified a little, which improved the flexibility of
parameter self-tuning methods based on BP neural network. What is more, the method
of discretization and programmability for FOPID was presented. The method was used in
the velocity tuning of MicroIVs successfully and made the application fractional calculus
become more vivid and practical significance.

In the future research, we will tune parameters of FOPID controller in more complex
control system. For improving the adaptability of the method of this paper, we will tune
the output function or other links of BP neural network by comparing the results of
parameters tuning of controllers with the different methods in different control systems.
Finally, a more efficient and easier method to implement parameter self-tuning will be
proposed.
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