DIFFERENTIAL EQUATIONS

M.A. (Previous)

Directorate of Distance Education

Maharshi Dayanand University
ROHTAK - 124 001



Copyright © 2003, Maharshi Dayanand University, ROHTAK
All Rights Reserved. No part of this publication may be reproduced or stored in a retrieval system or trans-
mitted in any form or by any means; electronic, mechanical, photocopying, recording or otherwise, without the
written permission of the copyright holder.

Maharshi Dayanand University
ROHTAK - 124 001

Developed & Produced by EXCEL BOOKS PVT. LTD., A-45 Naraina, Phase 1, New Delhi-110028



Chapter 1
Chapter 2
Chapter 3
Chapter 4
Chapter 5
Chapter 6
Chapter 7
Chapter 8
Chapter 9
Chapter 10

Chapter 11
Chapter 12
Chapter 13
Chapter 14
Chapter 15

Chapter 16
Chapter 17
Chapter 18
Chapter 19
Chapter 20

Contents

Differential and Integral Equations

Existence Theorem

Uniqueness of Solutions

The n-th Order Differential Equation

Maximal Interval of Existence

Dependence of Solutions on Initial Conditions and Parameters
Differential Inequations

Maximal & Minimal Solutions, Lyapunov Functions

Linear Systems And Variation of Constants

Reduction of the Order of a Homogeneous System, Linear Homogeneous
Systems With Constant Coefficients, Adjoint Systems

Floquet Theory

Higher Order Linear Equations

Nonlinear Differential Equations, Plane Autonomous Systems
Classification of Critical Points and Their Stability

Critical Points of Almost Linear Systems, Dependence on a Parameter and
Liapunov’s Direct Method For Nonlinear Systems

Periodic Solutions, Bendixson Theorem, Index of a Critical Point
Preliminaries about Linear Second Order Differential Equations
Basic Facts of Linear Second Order Differential Equations
Theorems of Sturm and Zeros of Solutions

Sturm-liouville Boundary Value Problems (SLBVP)

12
21

43
47
53
59
63

74
81

105

113
123
129
137
142

156



ML.A. (Previous)
DIFFERENTIAL EQUATIONS

Paper-V M.Marks: 100
Time: 3 Hrs.

Note: Question paper will consist of three sections. Section-I consisting of one question with ten parts of
2 marks each covering whole of the syllabus shall be compulsory. From Section-II, 10 questions to be set
selecting two questions from each unit. The candidate will be required to attempt any seven questions
each of the five marks. Section-1II, five questions to be set, one from each unit. The candidate will be
required to attempt any three questions each of fifteen marks.

Unit-I

Preliminaries: Initial value problem and the equivalent integral equation, mth order equation in d-dimensions as
afirst order system, concepts of local existence, existence in the large and uniquness of solutions with examples.

Basic Theorems: Ascoli-Arzela Theorem, A theorem on convergene of solutions of a family of initial value
problems.

Picard-Lindel of theorem: Peano's existence theorem and corollary. Maximal intervals of existence. Exten-
sion theorem and corollaries. Kamke's convergence theorem. Kneser' theorem (statement only).

Unit-11

Dependence on initial conditions and parameters: Preliminaries, Continuity, Differentiability, Higher Order
Differentiability.

Differential Inequalities and Uniqueness: Gronwall's inequality, Maximal and Minimal solutions. Differen-
tial inequalities. A theorem of Wintner, Uniqueness Theorems, Nagumo's and Osgood's criteria.

Egres points and Lyapunov functions. Successive approximations.
Unit-I11

Linear Differential Equations: Linear Systems, Variation of constants, reduction to smaller systems. Basic
inequalities, constant coefficients, Floquet theory, Adjoint systems, Higher order equations.

Unit-IV

Poincare-Bendixson Theory: Autonomous sytems, Umlanfsatz, Index of stationary point. Poincare-Bendixson
theorem. Stability of periodic solutions, rotation points, foci, nodes and saddle points.

Use of Implicit function and fixed point theorems: Period solutions, Linear equations, Non-linear problems.
Second order Boundary value problems — Linear Problems, Non-linear problems, Aprori bounds.
Unit-V

Linear second order equations: Preliminaries, Basic facts, Theorems of Sturm. Sturm-Liouville Boundary
Value Problems, Number of zeros, Non-oscillatory equations and principal solutions. Non-oscillation theorems.
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1

DIFFERENTIAL AND INTEGRAL EQUATIONS

The subject of differential equations is large, diverse, powerful, useful, and full of surprises.
Differential equations can be studied on their own-just because they are intrinsically interesting.
Or, they may be studied by a physicist, engineer, biologist, economist, physician, or political
scientist because they can model (quantitatively explain) many physical or abstract systems. Just
what is a differential equation? A differential equation having y as the dependent variable
(unknown function) and t as the independent variable has the form

2 n
By Oy a0y
dt dt dt”
for some positive integer n. (If n is 0, the equation is an algebraic or transcendental equation,
rather than a differential equation). Here is the same idea in words :

Definition. A differential equation is an equation that relates in a non-trivial manner an
unknown function and one or more of the derivatives or differentials of that unknown function
with respect to one or more independent variables.

The phrase “in a nontrivial manner” is added because some equations that appear to satisfy the
above definition are really identities. That is, they are always true, no matter what the unknown
function might be. An example of such an equation is :

sin’ [QJ cos? [QJ: 1.
dt dt

This equation is satisfied by every differential function of one variable. Another example is :

2 2
dy dy dy} >
Dy = [ D] oy D y2
[dt yj (dtj y[dt Y

Classification of Differential Equations

Differential equations are classified in several different ways : ordinary or partial; linear or
nonlinear. There are even special subclassifications: homogeneous or nonhomogeneous;
autonomous or nonautonomous; first-order, second-order,.....,nth order. Most of these names
for the various types have been inherited from other areas of mathematics, so there is some
ambiguity in the meanings. But the context of any discussion will make clear what a given name
means in that context. There are reasons for these classifications, the primary one being to enable
discussions about differential equations to focus on the subject matter in a clear and unambiguous
manner. Our attention will be on ordinary differential equations. Some will be linear, some
nonlinear. Some will be first-order, some second-order, and some of higher order than second.
What is the order of a differential equation? As a rule, only those differential equations are
considered which are algebraic in the differential coefficients.

Definition. The order of a differential equation is the order of the highest derivative that appears
(nontrivially) in the equation.



6 DIFFERENTIAL EQUATIONS

At this early stage in our studies, we need only be able to distinguish ordinary from partial
differential equations. This is easy: a differential equation is an ordinary differential equation if
the only derivatives of the unknown function(s) are ordinary derivatives, and a differential
equation is a partial differential equation if the only derivatives of the unknown function (s) are
partial derivatives.

Example. Here are some ordinary differential equations :

% = 1+y2 (first-order) [nonlinear]
d’y
d—+ y=3cost (second-order) [linear, nonhomogeneous]
t
d’y _d%y
d_ + 3d_2_ Sy =0 (third-order) [linear, homogeneous]
t
Example. Here are some partial differential equations :
a_u = a_u (first-order in x and y)
ox dy
2
a_u =c? a_u (first-order in t; second-order in X)
ot ox*
82 82
=0 (second-order in x and y)
2 ay
d%u
= second-order
oxdy ( )

Linearity. We now introduce the important concept of linearity applied to such equations. This
concept will help us to classify these equations still further.

Definition. An ordinary differential equation of order n, in the dependent variable y and the
independent variable t, is said to be a linear equation which can be expressed in the form

d" d"! dy
a0() dtny +a,(1) dtn_1y+ a0y = QW) (*)

where ay(t) is not identically zero on [a.b].

The right handed member Q(t) of (*) is called the nonhomogeneous term. If Q(t) is identically

zero, equation (*) reduces to
n n -1

1(t) a0y =0 (*%)

ao(t) 'y

and is then called homogeneous. Thus a linear homogeneous differential equation of order n does
not contain a term involving the independent variable alone.
Examples. The ordinary differential equations

. d’y _d

i X479 46y=0,
dt? dt
y d’ d :
(i1) t/ —z+6t—y+y=smt,

dt dt

are both linear.
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Definition. An ordinary differential equation which is not linear is called a nonlinear ordinary
differential equation.

Example. The following ordinary homogeneous differential equations are all nonlinear.

. d’y _dy . 3

i —+7—+6y’=0,
© dt? a Y

. d*y dy ’

ii —+4 — | +6y=0,
@) dt? [dt} Y
d?y dy

il —+6y—=—+6y =0.
(iii) i ydt y

Definition. To say that y = g(t) is a solution of differential equation

F(t,y,ﬂ,...,uJ ~ o
dt dt"

on an interval I means that

F(t, g(v), g'(0)..... g"(©) =0,
for every choice of t in the interval I. In other words, a solution, when substituted into the
differential equation, makes the equation identically true for t in I.

Initial-value problem. An initial-value problem associated with a first order differential equation
is of the form
dy
it fty), tel
y(to) = Yo
for some point ty € 1.
An initial-value problem associated with a second order differential equation has the form

2
M=f[t,y,ﬂj , tel

dt? dt
with initial conditions

y(to) = Yo »

Y (to) =&,

for some point ty € 1.
Integral Equations

An integral equation is an equation in which the unknown function, say u(t), appears under an
integral sign. A general example of an integral equation in u(t) is
u(t) = (1) + | K(t,8)u(s)ds

where K(t,s) is a function of two variables called the kernel or nucleus of the integral equation.
According to Bocher [1914], the name integral equations was suggested in 1888 by du Bois-
Reymond, although the first appearance of integral equations is accredited to Abel for his thesis
work on the Tautochrone, which was published in 1823 and 1826. There is also the opinion that
such first appearance was in Laplace’s work in 1782 as it shall make sense when we speak of the
inverse Laplace transform. For example, the Laplace transform of the given (known) function f(t),
O<t<eoo,is

L{f(t)} =F(s) = T e *'f(tdt, s>a
0
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. . . . 1
provided that the integral converges for s > a. So, if we are now given F(s), say F(s) = — ,s>0,
S

and we are to find the original function (now as unknown) f(t), or the inverse Laplace transform of
F(s), i.e., f(t) = L7 {F(s)},
L7
—=[ ™fdt,
0

then we are against solving above integral equation in (the unknown) f(t). So it does make sense
that integral equations started with Laplace, since he was, in the final analysis, after recovering the
original function f(t) from knowing F(s). In our above example, f(t) =t.

In the same vein, Fourier in 1820 solved for the inverse f(t) of the following Fourier transform
F(A) of f(t), —co <t < oo,

F{f} =FQ\) = T e ™M f(t) dt

as

1 = .
f)=F"{F}= — [ e"FQdr.
2T °
Hence in finding the (unknown) f(t), he solved an integral equation in f(t). With such an explicit
solution f(t), it is not surprising that some historians consider this Fourier (inverse transform) result
as the first very clear and reachable solution of an integral equation.

Some problems have their mathematical representation appear directly, and in a very natural way,
in terms of integral equations. Other problems, whose direct representation is in terms of
differential equations and their auxiliary conditions, may also be reduced to integral equations.
Problems of a “hereditary” nature fall under the first category, since the state of the system u(t) at
any time t depends by definition on all the previous states u(t—7) at the previous times t—T, which
means that we must sum over them, hence involve them under the integral sign in an integral
equation. We may then say that such problems, among others, have integral equations as their
natural mathematical representation. The rest of the examples are problems that are formulated in
terms of ordinary or partial differential equations with initial and/or boundary conditions that are
reduced to an integral equation or equations. The advantage here is that the auxiliary conditions
are automatically satisfied, since they are incorporated in the process of formulating the resulting
integral equation. The other advantage of the integral equation form is in the case when both
differential equations as well as integral equations forms do not have exact, closed-form solutions
in terms of elementary known functions.

CLASSIFICATION OF INTEGRAL EQUATIONS

The most of the integral equations fall under two main categories : Volterra and Fredholm integral
equations. A Volterra integral equation for the first kind is of the form

—f(x) = [K(x,§)u(§)ds,
and a Volterra integral equation of the second kind is of the type
u(x) = f(x) = [K(x.H)u©)dg.

A Fredholm integral equation of the first and second kind are, respectively,
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b
~f(x) = [K(x,§u©)dg,

b
u(x) =00 + [K(x,&)u(§)d§ .

Initial value problems reduced to Volterra Integral Equations

Now, we shall illustrate in detail how an initial value problem associated with a linear-
differential equation and auxiliary conditions reduces to a Volterra integral equation.

Example 1. Consider the initial-value problem

dy _
S=fy), tel (1)
y(to) = Yo ()

Integrating (1) w.r.t. t from ty to t, we write

y(©) = y(to) = [£(s,y(s))ds
0

t
= y®=yo+ [f(s,y(s))ds 3)
to
which is a Volterra integral equation of the second kind. Conversely, the differentiation of (3)
gives

((11—?: =1(t, y(t)) forall te I 4

Further, from (3), we write, on putting t = ty both sides,

y(to) = Yo - )
That is, y(t) given by (4) also satisfies the initial condition in (5).

Example 2. Consider the initial value problem associated with the second-order differential
equation
2

d7y

el =Ly +g®, ey
y(0) =1,

y(0)=0 . (2)

We integrate equation (1) w.r.t. ‘t’ over the interval [0, t]. We obtain

Y _voy=n [y©)d+[e©dg
dt 0 0

d t t

or o Ju®)de+ [gE)dt (3)
dt 0 0

using one initial condition given in (2). Integrating again, we find

t& t&
yO -y =2 [ ys)ds+dE+ [ g(s)ds d&
00 00

or yO =1+ [ (t=5) g@)ds +A [ (t=s)y(s)ds
0 0
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= y® =) + A K(ts) y(s)ds, 4)
0

t
where f(t) = 1 + _[ (t=s)g(s)ds is the non-homogeneous term and K(t, s) = t—s is the kernel of
0
Volterra integral equation (4). Integral equation (4) automatically takes care of two auxiliary
conditions in (2).

Now, we shall consider the initial value problem associated with the general second-order

differential equation.

2
Example 3. d—zy +AOY By = g0, (1)
dt dt

y(a) =cy,

y@s=cy. 2
We write

A’y _ o d

o A(t) " B(t)y(t)+g(t).

We now integrate over the interval (a, t) to obtain

e —jA(&)y@&)d& - fB(&)y(&)dﬁ + I g(6)ds

= [FA®y©], +fA@&)y(&)d&—fB(&)y(&)d&+fg(§)d§)

=[ [A€)-B®)ly(©)dE + [2(€)dE -A(Dy(1) +¢,A(a). 3)
Integrating (3) again, we obtain

y(t) — ci—ca(t-a) = [(t—3)[A@)—B(s)]y(s)ds — [ A(s)y(s)ds

t
+ [(t—s)g(s)ds +c,A(a)[t—a].
This implies
t

y(®) = [[(t=5){A@)—B(s)} = As)ly(s)ds +f (1) “)

a

where the non-homogeneous term f(t) is

f() = j(t —8) g(s)ds + (t-a) [c1(A(a)) + ca] + ¢ . ®)
Equation (4) i: a Volterra integral equation of the second kind of the type

y(® =10 + jK(t,S)Y(S)dS ; (6)

in which the kernel K(t, s) is given by
K(t,s) = (t=s) [A'()-B(s)] — A(s) . (N
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Integral equation (5) is equivalent to the given initial value problem and it takes care of auxiliary
conditions in (2).

Exercise

Obtain the Volterra integral equation corresponding to each of the following initial value problems
(@ y'+Ay=0; y(0)=1,¥(0)=0

®) Yy +Ay=0; y(0)=0, y(0)=1

(©) y'+ y=sint; y(0)=1,y(0)=1

(d Yy’ -y+t=0; y(0)=1,¥(0)=0

(e)  y'+hy=1(v; y(0)=1,¥(0)=0

O  y't+y=1, y(0)=y(0)=0

(g y'2ty-3y=0, y0)=1,y(0)=0.



12 DIFFERENTIAL EQUATIONS

EXISTENCE THEOREM

Let I denote an open interval on the real line —eo < t < oo, that is, the set of all real t satisfying
a <t < b for some real constants a and b. The set of all complex-valued functions having k
continuous derivatives on I is denoted by Ck(I). If f is a member of this set, one writes f € Ck(I), or
fe C*onl The symbol € is to be read “is a member of” or “belongs to.” It is convenient to
extend the definition of C* to intervals I which may not be open. The real intervals a < t < b,
as<t<b,a<t<b,and a<t<b will be denoted by (a, b), [a,b], [a, b), and (a, b], respectively. If f
e C¥on (a,b), and in addition the right-hand kth derivative of f exists at a and is continuous from
the right at a, then f is said to be of class C*on [a, b). Similarly, if the kth derivative is continuous
from the left at b, then f € C*on (a, b]. If both these conditions hold, one says f € C*on [a, b].

A nonempty set S of points of the real (t, y) plane will be called connected if any two points of S
can be joined by a continuous curve which lies entirely in S.

A non-empty set S of points of the ty-plane is called open if each point of S is an interior point of
S.

An open and connected set in the ty-plane is called a domain.
A point P is called a boundary point of a domain D if every circle around P contains both points
in D and points not in D.

A domain plus its boundary points will be called a closed domain.

If D is a domain in the real (t, y) plane, the set of all complex-valued functions f defined on D such
that all kth-order partial derivatives 0"f/0t°dy? (p+q = k) exist and are continuous on D is denoted
by C(D), and one writes f € C(D), or f € C* on D.

The sets CO(I) and CO(D), the continuous functions on I and D, will be denoted by C(I) and C(D),
respectively.

Let D be a domain in the (t, y) plane and suppose f is a real-valued function such that f € C(D).
Then the central problem may be phrased as follows:

Problem. To find a differentiable function ¢ defined on a real t interval I such that

(1) (t, oty e D (tel)
.. d
(i) a[(P(t)] =f(t, o(t)) (teD
This problem is called an ordinary differential equation of the first order, and is denoted by
dy
——=1(t,y) . E
" (ty) (E)

If such an interval I and function @ exist, then @ is called a solution of the differential equation (E)
on L. Clearly if @ is a solution of (E) on I, then @ € C'on I, on account of (ii).

In geometrical language, (E) prescribes a slope f(t, y) at each point of D. A solution ¢ on [ is a
function whose graph [the set of all points (t, @ (t)), t € I] has the slope f(t, @(t)) for each t € L.
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Suppose (to, yo) is a given point in D. Then an initial-value problem associated with differential
equation (E) and this point (to, yo) is formulated in the following way :

Initial-value Problem. To find an interval I containing ty and a solution @ = @(t) of differential
equation

i—f= f(t,y) for (t,y) €D

on I satisfying the initial condition

@(to) = yo -
As seen earlier, this initial-value problem is completely equivalent to the finding of a continuous
function @ = @(t) on I satisfying the integral equation

t
PO =yo+ [£(s, @(s))ds, tel.
to
Remark. Given a continuous function f(t, y) on a domain D, the first question to be answered is
“Whether there exists a solution of the differential equation

dy
— =A1{(t, forallteI”
dt ty)
The answer is YES, if interval I is properly prescribed.

Example. Consider the differential equation

%:yz, y(1)=-1 withto=1€1.
A solution of this problem is
o) =—t".
However, this solution does not exist at t = 0, although
f(ty) = y*
is continuous at t = 0.

This example shows that any general existence theorem will necessarily have to be of LOCAL
nature around ty. Existence in the large can only be asserted under additional conditions on f.

Existence in the large. On what t-ranges does a solution of initial-value problem
dy

_=ft’ )
q - LY

y(to) = yo, tel
exist?
Let E be a subset of (t,y) space where
E={tyl0<t<1,lyl<1}.
Consider [ V P

i—f =f(t, y), y(0) = 1. 0 ', 1

A solution of this IVP may exist for 0 <t < 1/2 and increase from O to 1 as t goes from O to 1/2 ,
then one cannot expect to have an extension of solutions, y(t), for t > '/,.

Uniqueness of solutions

Let y be a scalar and consider the [VP

dy 12
— =lyI'"", y(0)=0.
a Y y(0)
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This IVP has more than one solution.
First solution : y(t) =0 for all t.

Second solution: It has one parameter family of solutions defined by
0 fort<c

2
t) = _
y(® (tTCj fort>c

where c is an arbitrary constant with ¢ =2 0. Thus, solution of this IVP is not unique.
Definition (e -approximate solution)

Let f be a real-valued continuous function on a domain D in the (t,y) plane. An € -approximate
solution of an ODE of the first order
dy
i f(t,y)
on a t-interval I is a function ¢ € C(I) such that
1) (t,o(t)) eD foralltel
ii) (¥ C(I) , except possibly for a finite set of points S on I where ©’(t) may have simple
discontinuities (i.e., at such points of S, the right and left limits of ¢’(t) exist but are not
equal),
ii1) lo’(t) — f(t, o(t))l< e for tel—S.

Remark (1) When € =0, then it will be understood that the set S is empty, i.e., S = ¢. So (ii)
holds for all t € I.

(2) The statement (ii) implies that @ have a piecewise continuous derivative on I, and we shall
denote it by

9eC,' (D).

(3) Consider the rectangle y

R= {(t,y): It—to<a, ly-yol<b, a>0,b>0} (1)
about the point (to, yo). yotb | R
Let f € C on the rectangle R. Since the rectangle Ris aclosed yp [~ ---
set, so the continuous function f on R is bounded. Let yo—b p----- i

M = max If(t,y)l on R (2) i o
Let oo = min (a, %) 3) 'to—a t t(')+a t

(Cauchy-Euler construction of an approximate solution).

Theorem 2.1. Let f € C on the rectangle R. Given € > 0 , there exists an €-approximate
solution ¢ of ODE of first order

dy

— ={(t, 1

” (t.y) (1)

on the interval I = {t : It — tol < &} such that @(t)) = yo, o being some constant.

Proof. Let € O be given. We shall construct an €—approximate solution for the interval
[to, to+ O]. A similar construction will define it for [ty —0, to].

This approximate solution will consist of a polygonal path starting at (to, yo), i.e., a finite number
of straight-line segments joined end to end.
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Since f is continuous on the closed rectangle

R={(ty) : lt-tol<a, ly-yol<b, a>0, b>0} 2)
So f is bounded and uniform continuous on R. Let

M = max If(t,y)l 3)

R

and

o = min(a, ) )

g M .
Then
@) a=a ifMSE (fig 2.1a)
a

(i1) o= L ifM 2 E (fig. 2.1b)
M a

In the first case, we get a solution valid in the whole interval It — tol < a, whereas in the second of
the interval case, we get a solution valid only on I, a sub-interval flt—tyl < a .

Yo +b
Yo -1Yo
Xp—a X0 Xo+ a Xp—a Xop—O X0 X+ Xpta
(a) (b)
Fig. 2.1

) b ) ) ) )
We consider the second case when M > —. Since f is uniformly continuous on R, therefore, for

a
given € >0, there exists a real number & = dc = d(€) > 0 such that
y
Yo + b Q
M
b to+0l
(to.yo) T b +a
—
' Qi
t
Fig. 2.2
ft,y) —f( t, y)l<e &)
provided B B
= t1< 86_, ly— yl < dc (6)

for (t,y)eRand (t, y)eR.
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Now divide the interval [to, ty + 0] into n parts such that
h<tyi<..<tZ=t+A
and

0
ty — iyl < min (8, —=). 7
max.lty — te_g min ( M) @)

Starting from the point C (ty, yo), we construct a straight-line segment with slope f(to, yo)
proceeding to the right of ty until it intersects the line t = t; at some point Py(t;, y;). Here, slope of
line CP; is f(to, yo). This line segment, CP; , must lie inside the triangular region T bounded by the
lines issuing from C with slope M and —M, and the line t = ty+0, as shown in the figure (2.2) above
because, we have, in this case,
b
o= M ®)

Now, at the point P;(t;, y;), we construct to the right of t; a straight-line segment with slope f(t;,
y1) upto the intersection with line t = t; , say at the point P,(t3, y»).

Continuing in this fashion, in a finite number of steps, the resultant path ¢@(t) will meet the line
t = to + o at the point Py(t,, yn). Further, this polygon path (fig. 2.3) will lie entirely within the
region T. This @ is the required € —approximate solution.

y
T
(to,yo) L t3 fero| foFa
0 t
Fig. 2.3
Analytically, the solution function @(t) has the equation
O(t) = O(tx—1) + f(tks1, P(tc-1)) (t—ti—1) &)

fort € [tx-1, tx] and k = 1,2,...,n, and ¢(ty) = yo . From the construction of the function ¢, it is
clear that ¢ € C’; on [to, to +0], and that

lo(t) — @( t) I <Mit— ¢l (10)
where t, t are in [to, to + O] .

If t is such that t,_; <t < ti, then equations (7) and (10) together imply that
lQ(t) — @(ti—1)| < Mlt—tyl
< Mltg—ty|
<M.l s,
M
From equations (4), (5), (7) and (9), we obtain
lo"(t) — f(t, (V) | = (tk—1, P(ti-1)) — £(t, Q(D))!
<e, (12)

where t,_ <t <ty .
This shows that @ is an € -approximate solution, as desired. This completes the proof.
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Remark. After finding an “e-approximate solution” of an IVP, one may prove that there exists a
sequence of these approximate solutions which tend to a solution. To achieve this aim, the notion
of an equicontinuous set of functions is required.

Definition (Equicontinuous set family of functions)

Statement. A set of functions F = {f} defined on a real interval I is said to be equicontinuous on I
if, for given any € > 0, there exists a real number & = 8c = (€ ) > 0, independent of f € F, such
that

If(t) — f( Dl < e

whenever It— t1< 8. fort, te .

Note. In this definition, the choice of 8. does not depend on the member f of family F but is
admissible for all f in the family F.

Theorem 2.2. (Due to Ascoli).

Statement. On a bounded interval I, let F = {f} be an infinite, uniformly bounded, equicontinuous
set of functions. Prove that F contains a sequence which is uniformly convergent on I.

Proof. Let {rc}, k = 1,2,..., be all the rational numbers present in the bounded interval I
enumerated/listed in some order. The set of numbers {f(r;) : f € F} is bounded, hence there exists a
sequence of distinct functions {f n, 1t n € F, such that the sequence {f n (r,)} is convergent.

Similarly, the set of numbers {f,, (r,)}has a convergent subsequence {f, (r,)}.
Continuity in this way, an infinite set of functions f n, € F,n,k=1,2,...,is obtained which have the

property that {f n } converges at 1y, 17,.., T .

Define
g = fnn . (1)
Now, it will be shown that {g,} is the required sequence which is uniformly convergent on L
Clearly, {g,} converges at each point rx of the rationals on I. Thus, given any € > 0 , and each
rational number 1y € I, there exists an integer N (ry) such that
lgn(ry) — gm(rx)l < €  for an, m > Ne(ry) . 2)
Since the set F is equicontinuous, there exists a real number & = dc = d(€) > 0, which is
independent of f € F , such that
ift)—f( t)l<e, (3)
for
t— t1<&: and t, tel.
We divide the interval I into a finite number of subintervals I, I,..., I, such that the length of the
largest subinterval is less than dc , i.e.,
max.{/(Iy) :k=12,...,p} <O . 4)
For each such subinterval I, choose a rational number r_k ely. Iftel thent € Iy for some
suitable k. Hence, by (2) and (3), it follows that _ _
gn(t) = gm(t) | < 1gn(t) — gn( 1)l + 1gn( 1) — gm( 1) + Igm( 11)—gm(DI
<e+€ +e=3€e, &)
provided that
m.n > max {Ne( 11), Ne( 12),.... Ne( 1)} -
This proves the uniform convergence of the sequence {g,} on I, where g, € Fforeachne N.
This completes the proof.
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Remark. The existence of a solution to the initial-value problem, without any further restriction on
the function f(t, y) is guaranteed by the following Cauchy-Peano theorem.

Theorem 2.3. (known as Cauchy-Peano Existence theorem).

Statement. If f € C on the rectangle R, then there exists a solution @ € C! of the differential
equation

Dty

dt ’
on the interval lt—tol < a0 for which @(ty) = yo, where

R={({ty): It—tol<a, ly-yol<b, a>0,b>0 }, o= min (a, % ),
M = max If(t,y)lon R .

Proof. Let {€,}, n = 1,2,..., be a monotonically decreasing sequence of positive real numbers
which tends to 0 as n—c . By theorem 2.1, for each such €,, there exists an €,—approximate
solution, say ¢,, of ODE

dy
ax f(t, y) (D
on the interval
lt—tol < o0 with @n(to) = yo . 2)
It is being given that
) b
o = min (a, M ) 3)
M = maxlf(t,y)l for (t,y) €R 4)
R = {(t,y): lt-tol < a, ly—yol<b, a>0,b>0 }. ®))
Further, from theorem 2.1, it follows that
1gn(®) = @al 1< Mt= t] (6)

for t, tin [tg, to+0l] . _
Applying (6) to t =ty and since, we know that

b
)< @< (7)

it follows that
lQn(t) —yol <b forall tin lt—tol < or. (8)
This implies that the sequence {@,} is uniformly bounded by lyol + b.

Further, (6) implies that the sequence {@,} is an equicontinuous set. Hence, by the theorem 2.2,
there exists a subsequence { q>nk }, k=1,2,.., of {@,} , converging uniformly on the interval [ty —Q,

top + o] to a limit function ¢, which must be continuous since each ¢, is continuous.

Now, we shall show that this limit function ¢ is a solution of (1) which meets the required
specifications. For this, we write the relation defining ¢, as an €,—approximate solution in an
integral form, as follows :

On() =yo+ [ [f(s, 0u(s)) + Au(s)] ds ©)
t0

where

An(s) = ¢'n(s) — (s, 9n(s)) (10)

at those points where ¢, exists, and A,(s) =0, otherwise.
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Because ¢, is an € ,-approximate solution, so
Au(s)I € €, . (11
Since f is uniformly continuous on R, and ¢nk — ¢ uniformly on [ty —@, ty + ] as k—oo, it follows
that
f(t, ¢, (©) — f(t, o(V)
uniformly on [ty) —Q., to + ] , as k —oo .
Replacing n by ng in (9), one obtains, in letting k — oo,

t
o) =yo+ [ f(s, o(s)ds . (12)
t0
From (12), we get
d(to) = yo (13)
and upon differentiation, as f is continuous,
do
— = 1(t, (1)) . 14
dt (t, §(D) (14)

It is clear from (13) and (14) that ¢ is a solution of ODE (1) through the point (ty, yo) on the
interval It—tol < o of class C'. This completes the proof of the theorem.

Remarks. (1) If uniqueness of solution is assured, the choice of a subsequence in theorem 2.1 is
unnecessary.
2) It can happen that the choice of a subsequence is unnecessary even though uniqueness is
not satisfied. Consider the example
dy 173
= _ ) 1
i Y ey
There are an infinite number of solutions starting/issuing at the point C(0,0) which exist on
I=[0,1].
For any c, 0 < c < 1, the function ¢. defined by
0 0<t<c
3/2
C t = - 2
0:(0) {2« cq o i<l @)
3
is a solution of (1) on I. If the construction of theorem 2.1 is applied to equation (1), one finds

that the only polygonal path starting at the path C(0,0) is ¢;. This shows that this method cannot,
in general, give all solutions of (1).

Theorem 2.4. Let f € C on a domain D in the (t, y) plane, and suppose (to, yo) is any point in D.
Then there exists a solution ¢ of

d

L =fty) for.y)eD . i) =yo )
on some t-interval containing to in its interior.

Proof. Since domain D is open, there exists an r > 0 such that all points whose distance from
C(to, yo) is less than r, are contained in D.
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R

Let R be any closed rectangle containing C(t, yo), and contained in this open circle of radius r.
Then theorem 2.2 applied to (1) on R gives the required result.



UNIQUENESS OF SOLUTIONS 21

3

UNIQUENESS OF SOLUTIONS

We consider the following examples.

Example 1: Consider the initial value problem
dy _ 3.
— = in [0, 1],
a
y(0) = 0.
Hence f(t, y) = y*° is a continuous function.
There are two solutions of it, namely,

yi(t) =0,

.
t)=— 1n [0, 1].
y2(t) 7 [0, 1]
Example 2: Consider the initial value problem

oy in0,1)

dt
y(0) =0.

In this problem f(t,y) = y"* is continuous. This problem also have two solutions, namely,
yi(H) =0,

2

.
t)= — 1n [0, 1
y2(t) 2 [0, 1]
Example 3: Consider the initial value problem

b vy in [0, 1],

dt
y(0) =0.

Here f(t, y) = y'” is a continuous function. Further
yi(t) =0,

ya(t) = (%j ,

are two solutions of the above initial value problem.
The above examples show that something more than the continuity of f (t,y) in the differential
equation

@ =f(t,y)in D
dt
is required in order to guarantee that a solution passing through a given point (t), yo) € D be

unique.
A simple condition which permits one to imply uniqueness of solution is the Lipschitz condition,
defined below.
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Definition: Suppose f{(t, y) is defined in a domain D in the (t, y) plane. If there exists a constant K
> 0 such that

LE(t, y) = £(t, y2) IS Kly; =yl
for every pair of points (t, y;) and (t, y2) in D, then f (t,y) is said to satisfy a Lipschitz condition
w.r.t. y in D. The constant K is called the Lipschitz constant.

Notations: (1) The fact that f(t,y) satisfy Lipschitz condition is expressed as
fe Lipin D.

(2) If, in addition f € C in D, we write as
fe (C, Lip) in D.

Remark. If f € Lip in D, then f is uniformly continuous in y for each fixed t, although nothing is
implied concerning the continuity of f w.r.t. “t”.

Definition(Convex set): A set D — R? is said to be convex set if D contains the line segment
joining any two points in D.

Theorem (3.1): Let f(t, y) be such that 3—f exists and is bounded for all (t, y)e D, where D is a
y

domain or closed domain such that the line segment joining any two points of D lies entirely
within D, Then f satisfies a Lipschitz condition, (with respect to y) in D, where the Lipschitz
constant is given by

K= lllb M
(ty)eD dy
) of (t,y) . ) )
Proof: Since 8— exists and is bounded for all (t, y)e D, there exists a constant K (K > 0)
y
such that
T L 2 g )
(t,y)eD ay

Moreover, by the mean value theorem of differential calculus, for any pair of points (t, y;), (t, y2)
in D there exists & , y; < §;< ya, such that

of (¢,
£(t, y1) - £(t, y1) = (y1 — y2) (a—yél) ®)
for (t, §) € D. Thus
of (t,
00, y1) - £t yo)l = Iy — yal | 2E0250)
dy
<ly;—yal ( lub MD
(Ly)eD|  dy
=Klyi-y2l,
This implies
L1(t, yo) - f(t, y)I <K Ty = yal, 3)

for all (t, y1), (t, y2) in D. This shows that f(t, y) satisfies a Lipschitz condition in D and K is the
Lipschitz constant.

Remark 1 : The sufficient condition of the above theorem (3.1) is not necessary for f (t, y) to
satisfy a Lipschitz condition in D. That is, there exists function f(t, y) such that f satisfy a Lipschitz
condition in D but such that the hypothesis of theorem (3.1) is not satisfied.
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(a) Consider the function f defined by

fit,y)y=tlyl, (D
where D is the rectangle defined by
D={(ty)ltI<a,lyl<b} 2)

we note that
HE(t, y1) = (8, y2) I =1ty = tlyall

<ltlly;—yal
<aly;- y2 | 3)
for all (t, y;) and (t, y2) in D. Ollyil -yl I<Ty; —y2 1)
Thus f(t,y) satisfies a Lipschitz condition in D. However, the partial derivative L/ does not exists
y

at any point (t, 0) € D for which t # 0.
(b) Consider the function f(t, y) given by

ft,y) =1yl )
in the rectangle

R={l(ty <1, lyl<1). ()
We find
LE(t, yi) — £(t, y2) | < TE Lyl - €yl |
<11y -yl
<lyi-y2l (3)

in R. So f(t, y) satisfies a Lipschitz condition, with Lipschitz constant 1. However, the partial

. . d ) ) )
derivative i does not exist at any point (t, 0) in R for t # 0, as

y

lim  £(¢,0+h)— £(2,0)

h—0 h
_dim 21 R1-2.0
T h>0 h

: 2

_ lim ¢°|hl @)
h—>0 h

does not exist.

Remark 2 : The two initial value problems, discussed in the beginning of this lesson, did not have
a unique solution, and this can now be attributed to the failure of the Lipschitz condition at t = 0.

Definition: The series Z u,(t) is said to converge uniformly to a function u(t) on the interval

n=l1
a <t < b if its sequence of partial sums, {S,(t)}, converges uniformly to u(t) on the interval a <t <
b.

Weierstrass M-test : Suppose {u,(t)} is a sequence of real valued functions defined on the
interval a <t <b, and suppose
[up()) €M, foralln=1,2,3,.....

and for all t € [a, b]. Then the series z u,(t) converges uniformly on the interval [a, b] if the

n=1

series Z M, of positive real numbers converges.

n=l1
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Note : The existence proof given in Cauchy-Peano existence theorem (2.1) is unsatisfactory in the
respect that there is no constructive method given for obtaining a solution to the initial value
problem. In particular, if f(t, y) satisfies a Lipschitz condition in addition to its continuity, a
relatively simple yet a very useful method exists, known as the method of successive
approximations, which deduces the existence and uniqueness of a solution of the given initial
value problem. This method is also called Picard iteration method and which is given in the
following theorem.

Theorem 3.2 : (Picard — Lindelof Theorem)

Statement: Let D be a domain of the ty-plane. Let (to, yo) be an interior point of D. Let rectangle
R={(ty):lt—tl<a,ly—-yol<b,a>0,b>0} lie within D. Let {(t, y) be a real valued function
which is continuous in D, satisfies a Lipschiz condition (w.r.t. y) in D and M = max | f(t, y) | in R.
Then, there exists a unique solution ¢ = ¢(t) of the initial value problem

d )
d_)t} =1f(t, y) in D, y(to) = yo

) ) b
on the closed interval | t — to | < o, where o0 = min{a, M }.

Proof : The given initial value problem is equivalent to the following Volterra integral equation

yO =yo+ [ f(s, y(s)) ds, (1)
for | t —ty | < a. Thus, a solution of the given I V P on | t — to | £ o must satisfy (1) and conversely.
Now, we define a sequence { ¢y} of successive approximations (Picard iterants) of the problem by
the recurrence formulas

0o (1) =Yg,
Ocea() = yo + [F(s,0, ()ds )

to
on the interval [t —ty | < o.. Here, k=0, 1, 2, .....
We shall be considering the interval [ty, tp + o] only. Similar arguments hold for the interval
[to — «,, to]. Firstly, it will be shown that
1) every Ok(t) exists on [ to, to + O],
(i) e C',and
(i) 1 o(t) — yo I SM(t-to), 3)
for t e [ty, to + o] and for all k. We shall prove it by the mathematical induction.

Obviously ¢, being the constant function, satisfies these conditions. Now, we assume that @y does
the same and we shall prove the requirements for ¢y, .
By assumption, f(t, ¢x(t)) is defined and continuous on the interval [ty, ty + ]. Hence, by formula
(),

Ox+1(t) exists on [to, to + O],

Ore1(t) € Cy' there,
and

[ 0a®=yo! =1 [ f(s,0u(s) ds |
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< j | £(s, O(s)) | ds
=M(t—to) . “4)
Therefore these properties are shared by the function ¢x(t) by induction, for all k.

Secondly it shall be proved that the sequence {o¢k}of functions converges uniformly to a
continuous function ¢ = ¢(t) on L. For this, we define

A(®) =1 Qe (H) - (O |, &)

for t € [to, tp + a]. From equations (2) and (5), we write

A =1 [ {E(s, (s) ~ £(5, dra()}ds |
< j | £(s, dx(s)) — (s, dr(s) | ds
<K [ 10xs) - dea(s) I ds

=K j Ari(s) ds, (6)

Ty

where K is a Lipschitz constant and we have used the fact that f € Lip on R.

Equation (3) gives fork =1,
Ao(t) =10:1(t) - Go(t) |

=101 —yol
< M(t - tO) )
and an easy induction (left as an exercise to a reader) on (6) implies that
M (OCK)k+1
Ay(t) < —. , Ot-try<a 7
k() K (k+D! ( v} (7)

for all k and t € [tg, to + O].

This shows that the terms of the series ZAk(t) are majorized by those of the power series for
k=0

M . . .
[EJ [e°°K — 1], and therefore, by the Weierstrass M — test for uniform convergence, the series

ZA k(t) is uniformly convergent on [t, to + Ot].
k=0

Thus, the series
do() + D [drea(D) - 001, ®)

is absolutely and uniform convergent on the interval [ty, to + &]. Consequently, the sequence of its
partial sums

n—1

Sne1() = Qo(t) + [P 1(D) - Gx(D)]

=0

= 0n(1) (€))

>~
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is absolutely and uniformly convergent on the interval [to, tp + &], to a limit function, say
o(t),which is continuous on [ty, ty + O].

Thirdly, it will be shown that this limit function ¢(t) is a solution of desired problem in equation
(1). As ¢ is continuous, so f(s, ¢(s)) exists for s € [to, to + 0] and

[ [£(s, 0() - £(s, o)1 s |
< j | £(s, §(s)) — (s, d(s)) | ds

< Kj L O(s) - dk(s) I ds (10)

as f satisfies the Lipschitz condition on R.
Since 0x — ¢ uniformly on [to, to + o], so

LO(s) - Ok(s) | > 0ask — oo (11)
uniformly on the interval [ty, to + a]. Combining (10) and (11), it follows that
f(s, Ox(s)) — f(s, ¢(s)) on [to, to + O] (12)

uniformly as k — co. Consequently equations (2), (9) and (12) imply that, on taking k — oo, we get
at once

00 =yo+ [ f(s, 0(s)) ds. (13)

This proves that ¢(t) is a solution of integral equations (1), and, therefore, a solution of the given
initial — value problem on the interval [to, t) + O].

Finally, we shall prove that solutions of (1) is unique. If possible, suppose that ¥ = W(t) is another
solution of integral equations (1). Then

WO =yo+ [ f(s,(s)) ds, (14)
on L. Let

N =Max | o(t) - ¥(t) lon L (15)
From equations (13) to (14), we obtain

L o(t) - F(1) | =|j {f(s, &(V) - f(s , P(s)) }ds |
< j | £(s, 9(0)) - £(s , P(s) | ds

<K[ 10(s)- W(s) I ds . (16)
Using (15) in (16), we get 0
| 0(t) - P(0)] < KN(t - to), for te [to, to+ 0. (17)

By the repeated use of (16) and (17), we obtain

L (t) - P(t)l < M

, te [to, to+ O] (18)
n!
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K" (t—ty)"
|

and foralln=1, 2, 3, ....... Since, the series z of positive terms converges for

te [to, to + ], therefore,

K" (t—t,)"
n!
as n — oo, From equations (18) and (19), we find
[d(t) - Pl <Oforalltg<t<ty+

— 0 for all te [t to + O] (19)

This implies

o)=Y foralltgy<t<ty+ 20)
thus, solution ¢ = ¢(t) of the given initial — value problem is unique the interval [ty — top + Ol].
We can carry through similar agreements on the interval [ty —Q, to]. This completes the proof of the
theorem.

Remark: A significant and useful feature of this proof is that the sequence {{,(t)} converges
uniformly to ¢(t), which is the unique solution of the given initial — value problem. The proof is
also constructive in that it provides a method of obtaining approximate solutions to any required
degree of accuracy. However, from this point of view, it is rarely of practical value as the iterates
usually converge too slowly to be useful. Further, the above theorem is only a local existence
theorem in that, whatever the original interval of definition, | t — ty | < a, in general the solution is
only guaranteed to exist in a smaller interval, | t — to| < o, where o < a.

Example 1. Consider the initial value problem % =y, y0)=1.
t

Solution. Integrating over the interval [0, t], we obtain
yO =1+ | y(s)ds, (1)
0
which is a volterra integral of the second kind. Let
Go()=1. 2)
Then , by Picard’s method

O =1+ [ ¢ofs) ds
=1+ 1ds
=1+t 3)

00 =1+[ ¢i(s)ds

:1+J. (I +5s)ds
0

2

t
_1+t+§, “)

00 =1+] oa(s)ds
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t 2
S
=1+ I +s+—)ds
i( )

2 3
=1+t+ B + i 5)
Continuing like this, we shall obtain
t* t"
¢n(t)_1+t+5+§+....+g. 6)
Taking the limit as n — oo, we get
lim ¢u(t) =¢'. (7)
n—oo
This implies that
o(t) =e' &)

is the unique solution of the given initial value problem, by the Picard’s method of successive
approximations.

Example 2: Solve the initial — value problem
dy _
—=t"y,y(0)=1
Y y(0)

By Picard method.

Solution. The corresponding integral equation is
t

yo =1+ J. s y(s)ds. (D)
0
Picard’s iterates are

G =1, 2)

:1+?, 3)
t 5 s3
=1 + sT|1+— |ds
02(t) .([ ( 3j
3 3\2
SR N i )
3 21013
t 3 1 (s’ ?
=1+ 21+ + =2 | |ds
03 (1) ! | 1+ 2(3JJ
3 3\2 333
=1+t_+i t_ +l t_ , (5)
3 21013 31L3
M

O =1+ [ Gui(s)ds
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—1+i+l 524_ +l ﬁn
B 3 203 T w3

The exact solution can easily be seen to be

o) = e,
to which the above approximate solutions converge.
Example 3: Solve the initial-value problem
D (y-C+2),y0)=1,
dt
by Picard’s method.

Solution. The integral equation, equivalent to the above initial value problem is
yio =1+ .[ s(y(s) — $2+ 2) ds.
0

The approximate solutions are

do() =1,
o =1+ [ s3-s)ds

2
:1+3L—lt4
2 4
t 2 4
S S
)=1+ | s|3+———|ds,
0a(1) j( ; 4J
3ttt
=14+ —=—+—-—
2 8 24
t 2 4 6
S S S
D=1+ [ s|3+—+"——-—|ds
0:(0 ! ( 28 24)

37ttt
=l4+—4 —+ — - —
2 8 48 192
and so on.

The exact solution can be easily found to be
o) =t + "2

2 4 6 8
) t t
=t +14+ =+ —+ =+ —+...... to oo .
2 8 48 384
Example 4: Solve the differential equation

dy

— =ty,y(0)=1,

AL y(0)

by the method of successive approximations.

Solution : We write f(t, y) =ty and the integral equation corresponding to the initial value

problem is
y() =1+ j t y(t) dt.
0

The successive approximations are, given by,

(6)

(7

Y]

2)

3)

“)

®)

ey

29



30 DIFFERENTIAL EQUATIONS

do(H) =1,
0O =1+ [ 010 dt, )

forn=1,2,3, .....
Thus
G =1, (3)

o =1+ sds

; “)

=1+ —+—. )

We shall establish by induction that

t? 1 (Y 1 (2
WO=1+|—|+—|— | +........ + — | —, 6
0o=1+(SJeg (5] e e n (5] ©
for all n.
forn=0, 1, 2; we have already checked the relation (6). Suppose that.
2 n—1
t? 1 (¢ 1 (¢
i@ =1+ — |+ = | —| +........ + — | — 7
Ll (2] 21(2] n!(zj @
Then
‘ ) 2 2 2 n-1
=1+ [ s {4 > PRI LA I L A B N
! 2 2002 n-1 12
t 3 5 2n-1
:1+.[ s+S—+l S—2+ ........ + L s : ds
0 2 21 2 n—1 2"
T 1 ¢ 1 "
=l+ S+ —+ = S+ + 5 .
2 24 20 2°6 n—1! 2"7(2n)
This implies

2Y 1 (2 1 (2 1 (2
¢n(t)—1+(3j+5(3j+§(3j+ ........ +;(3j (8)

Therefore, by the principle of mathematical induction, the equality (6) is true for all n = 1, 2,
R Moreover, we observe that ¢,(t) is the partial sum of the first (n + 1) terms of the infinite

series expansion of the function
2

o) =e?. )
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Further this series converges for all real t. This means that

0n() = OV ,

for all real t. Hence, the function ¢ is the required solution.

Example 5: Solve the initial value problem

dy
—=-y, 0:1
i y, y(0)

by the method of successive approximations.

Solution : The integral equation equivalent to the given initial value problem is
t

y(t) =1+ j y(s)ds =1 - j y(s) ds. (1)
0 0
The successive approximations given by Picard’s method are
do(t) =1,
Ot () =1 - .[ Oy (t)dt. forn=1,2,......... 2)
0
We find
o =1- | ds
0
=1-t, (3)
o0 =1- ] (1-s)ds
0
t2
=1-t+ o1 4)
t S2
H)=1- l1-s+—|ds
0s(t) j ( 2!]
P
=1-t+ E - ; . )
By the induction, it may be verified that (left as an exercise to the readers)
t ottt a th
¢n(t)—1-3+5-§+...+(—1) F . (6)

We observe that ¢,(t) is the partial sum of the first (n + 1) terms of the infinite series expansion of
the function
o =c'. (7
Further this series converges for all real t. This means that
oa(t) = G =¢”,
for all t. Hence the function ¢, given in (7) , is the solution of the given problem.
Example 6: Solve the initial value problem

b 2ty, y(0) =1
dt

by the method of successive approximations.
Solutions : The given initial — value problem is equivalent to the integral equation
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yO =1+ 2s.y(s)ds. (1)
0
The successive approximations are
do(t) =1,
Gra(®=1+ [ 250u(s)ds. 2)
0
we find
o =1+2 [ s.1ds 3)
0
=1+,
GO =1+2 [ s(1+s)ds
0
A
=1+t + > “4)
t , S4
t)=1+ 2s| I+s"+— | ds
d3(0) .([ ( 2!]
4 6
14+ L+ L 5)
2! 3!
From the induction, we shall find (left as an exercise)
4 6 2n
—1+e+ L0 !
¢n(t)_1+t+2!+3!+ .......... + e (6)

we visualize that ¢,(t) is the partial sum of the first (n + 1) terms of the infinite series expansion of
the function

db=e". (7
Further this series converges uniformly for all real t. This means that

on(0) > O =e"

for all t. Hence the function ¢(t) is the required solution of the given problem.

Example 7: Solve the initial value problem
dy
—=y,y()=1
Y y(1)

by the method of successive approximations.

Solutions : The given problem is equivalent to the integral equation

yO =1+ [ ys)ds. (1)
1
The successive approximations are given by
do(0) = 1,
Onet(® =1+ [ Ou(s)ds. 2)
1

we find

=1, 3)



UNIQUENESS OF SOLUTIONS 33

=1+ [ ds
=t, 4)

¢2(t):1+j s ds

—_——

=1+j [(s—1)+ 1] ds. (5)

Here, it is convenient to have integrand occurring in the successive approximations in powers of
(s — 1) rather than in powers of s (® to = 1 and not zero). Therefore, (5) gives

_1\2 12

o) =1+ {w%} Sla-n+ 2? . 6)

t 2

g =1+ | {1+(S—1)+(S_21) }ds

_ (t-D> (-1’

=1+(t-D+ > T (7
By induction, we shall obtain (exercise)
B - @-1’ (t-1)"

O()=1+@-1)+ 5 + 3 +on. +T. (8)

We note that ¢,(t) is the partial sum of the first (n + 1) terms of the infinite series expansion of the
function
OET )
Moreover this series converges for all real t. Therefore,
On(t) = O(t) = ¢!

for all t. Hence the function ¢(t), given in (8), is the required solution of the given problem.
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THE n-th ORDER DIFFERENTIAL EQUATION

Let n be a positive integer. Let fl, fz,...,fn be n real valued continuous functions defined on some
dpmain D of the real (t, yl, y2,...,y“) space, which is (n + 1) dimensional. As before, t €I and
y =yt fortel

A system of n ordinary differential equations of the first order is of the type (in normal form)
1

d n
L=y Y Yy
dt
2
Y 2 ) n
— =f(t,y,y,...,
" tLy,y5....y)
dy" 1 2
— =fYt,y,y,...... '
it ty.,y y)
or written as
@ =fi(t, y', y ...... ¥y, 1Ii<n.
dt
Initial — value problem: Let (to, ¥, Yo, --.... ,yo) €D. The initial — value problem consists of
finding n differentiable functions q)l(t), ¢2(t), ...... ¢"(t) defined on a real t intend I such that
A o', $),........ ,0"(t) eDforall t el
(ii) @ =f(t, 0'(1), ¢°(V),........ , 9"(t) for all t €1
t

(i)  ¢'(ty) = y) for 1 <i<n.

Remark: The results so for obtained (for the case n = 1) can be carried over successfully the
system of differential equations (5). Let R" be the n — dimensional real Euclidean space with its
elements y = ( y', y%, ...... y"), ¥ €R for 1 <i < n. In developing the theory of system of
differential equations (5), we shall need to use a convenient measure of the magnitude (or norm)
of y=(y', y2, ...... ,y"). It is denoted by | y | and defined as

Iy l=1y 1+1y* 1+ +1y"

=> Iyl
i=1
We prefer to use this norm. The distance between two points yjand y, of R" is defined to be
| y2_yil. Here, | y | is a non — negative real number.

Note : Other definitions for the magnitude for a vector y e R" are

n

lyl=[> 1y'P,

i=1
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l'y | =max. (I'y')
All are, of course, equivalent.

Result (Normed linear Space) : The linear space R"is a normal linear space in which the norm
function | | : R" — R, satisfies the following properties

) lyl=0if and only if y = 0;

1) lyl>0;

(111) |y1+y2|S|Y1|+|Y2|

av) loayl=lollyl

for all yy, y», y in R" and o €R is a scalar.

Definition (Metric Space): Let M be a non — empty set. A functions p: M x M — R is said to be
a metric on M if it satisfies the following properties

®»  pxY=py.x)

(i) pxy=0ox=y

(i) pEY)SpX 2)+p(zy)

Then, the pair (M, p) is called a metric space or we simply say that M is a metric space with
metric p.

Note : p is also termed as distance function.

Result : The normed linear space R" is a metric space with metric p induced by its norm and
defined as

P(yLy)=lyi—-y2l.

Definition : A sequence of vectors {yx} in R" is said to be convergent if it is convergent w. r. t.
this distance function.

Remark : Sequence {y} is convergent iff each of the component sequence { y; }, 1 <i<n, is
convergent.

Definition : A Banach space is a complete normed linear space, complete as a derived / induced
metric space.

Definition : Lipschitz conditions in R"
Suppose a vector function f(t, y) is defined on a domain D of the (t, y) space with y eR" and t € I.
If there exists a constant K > 0 such that

Lt y) — £t y2) ISK Ty —ya
holds for every pair (t, y;) and (t, y2) in D, then the vector functions f (t,y) is said to satisfy a
Lipschitz condition w. r. t. the variable y in D, and one write, as before,

feLipin D.
Constant K is called Lipschitz constant.

Note :- The admissible values of K depend on the norm in the f — space as well as the norm in
the y — space.

Definitions : € - approximate solution in R"
Suppose f € C on a domain D in the (t, y) space. An € -approximate solution of the vector
differential equation
D g yyyeR te@b) =1
t
on an interval I is a vector functions ¢(t)e C on I such that
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(1) (t, o(t)) eD fort el
(i1) ¢ € C'on I except possibly for a finite set of point S on L.
(iii) [ ¢°(t) — f(t, o(t) I< e forte 1-S.

Definition: A solution of vector differential equation on an interval I is a vector function
o= (0", ¢°, .....,0" defined on I satisfying

(1) tot)eD fortel
(i1) %= f(t, ¢ (t) forte L.

Definition: (Equi-continuous family)

Let E — R" be a subset. A family F = {f} of functions f(y) defined on E is said to be equi-
continuous if , for each € > 0, there exists 8 = 8. > 0 such that

f(y1) - f(y2) 1< €

whenevery;, y, € E,fe Fand | y; - yo 1 <.

Observations : (1) The choice of 8. does not depend on f (y) but is valid for all admissible
functions f (y) in the family F.

(2) The most frequently encountered equicontinuous families F will occur when all f € F satisfy
the Lipschitz condition on the (t, y) space w.r.t. y. Here, there exists a Lipschitz constant K for all

f € F and we may choose 0. = %, for given € > 0.

Remarks: (1) In terms of the definitions introduced above, all the previous theorems discussed in
chapters 1-3, are valid for the vector differential equation

ﬂ: f(t,y),ye R"

dt
if, in their statements and proofs, y is replaced by the word “vector y”, f is replaced by the word
“vector function f’ and the magnitude is understood in the sense of norm, defined above for
vectors.
(2) The Ascoli theorem (2.2) is valid for vectors also. Therefore, it will be assumed from now
onwards that these theorems stand proved for the more general vector differential equation

%:f(t, y),te landy € R".
t

Now, we shall write the system of differential equations introduced earlier in vector notation. To
achieve this, we introduce the vector y with components y'(i = 1, 2, ...,n), so that

y' (0
y2 (0
yo=| -

yh(b)
. . . d ) )
The derivative of a vector valued function y(t) is 7)}, and is defined to be the vector(or column-
t

dy' (1)
dt

matrix/vector) whose components are ,1=1,2,....,n), so that
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dy1 ]
dt
dy 2
dy T
dt _
dy"

dt

Similarly, we define the vector valued function f(t, y), a specified function of the vector y and real
variable t, to be the vector whose components are f'(t, y), 1 <i<n, so that

) ]
i@y
f(t’ Y): -
S y) |

It follows at once that first order system mentioned earlier can be written in the compact vector
form

dy
= =1, y).
2 (t, y)

Special case (Linear System) : When the first order system is linear, then functions fi(t, yl, yz,
...,y") are of the particular form

fieyh vy yD =D aw®y, 1<i<n
k=1
in which aj(t) are continuous functions on I . In this case, this system is, in fact,
1

d n
%: an(®) y' +an® y +a®) y +...... an(y .

d 2
% = ay(t) y1 + ax(t) y2 + a3(t) y3 +...... an(t) y" .

M
3; = an () ¥ + ann() Y + ans(t) y° +...... an(t) y" .
This linear system can be put in the compact vector form
dy
— = A(t
& ®y
where the matrix A(t) is of type n X n and
a () ap (... a, ()
A(t) = ay ()  an(t).... a,, ()
a, ()  a (). a, (t)

and
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In this case, f (t,y) satisfies a Lipschitz condition on the (n + 1) — dimensional region D, where
D={(t,y)la<t<b,ye R",lyl<e }.

(Here, D is not a domain, since it is not open). In fact, for (t, y;) and (t, y») in D,

HE(t, y) — f(t, y)l <K Ty = y2 |

ith K S1a (o) €0
W1 = max. a.: .
Sk =12,....n

The above mentioned linear system is, therefore, expressible as

Do . 1<i<n

dt k=1
Result I: For the linear system of differential equations
dy” _ > aw®y*,1<a<n.
o 3

where the functions ag(t) € C on [a, b], there exists one and only one solution ¢(t) of this system
on [a, b] passing through any point (to, yo) € D.

Result II: Let the functions a;j(t), (i, j = 1,2,....n), be continuous on an open interval I, which may
be unbounded. Then there exists on I one and only one solution ¢ of the vector differential
equation satisfying the initial condition ¢(tp) = yo, to € L, | yo | < oo.

Note : For the proofs of these results, the reader is advised to consult the book by Coddington and
Levinson.

Reduction of nth order ODE to a first — order vector differential equation

This can be achieved by introducing variables to represent the derivatives appearing in the given
nth order ODE.

Now, we consider a differential equation of nth order of the type
W =1, z, 2V, 2%,......, 2™)

- dz . ) ) )
Where zV = F(] =1, 2, ..,n), t is a real variable on interval I, z and f are scalars (and not
t

vector), and the function f is defined on a domain D of the real (n + 1)-dimensional space.

Problem : To find a function ¢ = ¢(t) defined on a real t-interval I possessing n derivatives there
such that

@ (o0, 0V, 0P0,....0" ) e D forallte I

Gi) o™ =1(t, o), V), 9P(v),...0" ()  forallte I.
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If such an interval I and a function ¢(t) exist, then ¢(t) is said to be a solution of the given nth
order differential equation on the interval 1. If ¢ is a solution, clearly ¢ € C" on I. Note that ¢ is
not a vector here.

Initial value problem :
Let (to, Z()l, Zoz,. ..,zo") € D. Then the problem of finding a solution ¢ of the given nth order ODE
on an interval I containing t, such that
0(to) = 2", 0 (to) = zo%....., 0" (to) = 2"
is called an initial — value problem.

Remark : The theory of the solution of nth order ODE can be reduced to the theory of a system

of n first — order differential equations. For this, we make the substitutions
1
zZ=y

20 = P
2@ =
M
Z(n—l) — yn
Then, we get the following system of n first order differential equations in n unknowns y', y*, ....,
y'.
dy'
—_— = y2
dt
dy’
dt
dyl’l—l _ yn
dt
dy" n
Y - f(t, y', oo Y.
dt
This system, in turn, is equivalent to the following first-order vector differential equation
dy
- = f(t’ ) »
dt Y
where
-, -
- A
v’ y_3
y = — , f = _
; Y
y 1 2 n
- - _f(t’y 3 Y seeees Y )_

Theorem (4.1) : Consider the nth order ordinary differential equation
d"z dz d"'z
=f|t,z,—,..., 1
dt" dt  dt"”

where the function f is continuous and satisfies Lipschitz condition in a domain D of real (n + 1)-
dimensional space. Let (to, zol, zoz,. ..,29") be a point of D. Prove that there exists a unique solution
o(t) of the given nth order differential equation such that
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o(to) = 20", 9V(t0) = zo°,......0" (1) = 20",
defined on some interval around t,.

Proof : Consider the substitutions

dz dz . dVz
y=zy=—,y=—.  y=—% ey
dt dt dt

We shall now prove that, the given nth order differential equation is equivalent to the following
system of n first order ordinary differential equations.

dyl _ 2
a
dy’ — 3
dt
M
dy n—1 o
a
dy" n
;t =,y YY), )
Let ¢ = ¢(t) be a solution of the given nth order initial value problem. We define
1 2 d ¢ n d n_1¢
= B = — geeey = . 3
0 =00 " ¢ = 3)
Let
_ 5 -
¢2
y=1| - |, “)
¢Vl

be a vector of functions. Then y is a solution of the first order system (2) which satisfies the initial
conditions

0'(t) =20, 0%(t0) = 20", O™ (t0) = 20" 5)
¢1
. . . 2 . . .
Conversely, now it is assumed that a vector function y = " | is a solution of first order system
q)n
(2) which satisfies initial conditions in (5). Then
a9’ _
dt
d¢2 B ¢3 _ d 2¢1
dt dr’
d¢3 _ ¢4 _ d 3¢1

dt dr’
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M
d¢n—1 . dn—l¢l
dr =0= i’ ©
and
de” n
AR I P
dt
or
dl’lq)l d¢l d¢1 dn—l¢l

=ft’ 1, seees . 7
de" «¢ dt ~ dt dr"! ) @

This shows that y = ¢' is a solution of the given nth order ordinary equation and this solution,
using (5), satisfies the initial conditions

0'(to) = 2o, ddf (to) =20°....., dd;fl (t)=z0" . )

This establishes the desired equivalence. This completes the proof.
Remark 1 : It also shows that the first component ¢' of the vector

¢l
¢2
y= —

4"

is a solution of the given nth order ordinary differential equation .

Now (to, zol, zoz,. ..,Zo") is a point of D, there exists an (n + 1)-dimensional rectangle, say R, about
this point such that the function f satisfies the stated hypothesis in the rectangle R.

Thus, the system (2) of the first order equations satisfies all the hypothesis(necessary) in the
rectangle R. So, there exists a unique solution (¢', ¢2, ...,0") of system (2) which satisfies the
conditions in (8) and this solution is defined on some sufficiently small interval around ty. Thus, if
we set
1

0=9,
the above shown equivalence gives the desired conclusion.
Remark 2: It is thus clear that all statements proved about the system (2) of n first-order
equations carry over directly to statements about the nth order ordinary differential equation. In
particular, we state the following theorem about linear equation.

Theorem (4.2) : Consider the linear ordinary differential equation

n n—1
dy
ag(t) — + a(t) — +....t an1(t) — + ay(t) y = F(t)
dt dt
where ag,ai, ....,a, and F are continuous functions on the interval a <t < b and ag(t) # 0 on

a<t<b. Let ty be a point of the interval a <t <b and let zol, 202,. ..,Zo" be n real constants. Prove
that there exists a unique solution ¢ = ¢(t) of the above ODE such that

2 -
d(to) =20, 0 (t0) = 20°.....0" (k) = 20"
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yz
y
Remark: Lety=| - |,
yn
0
0
Q=| -
0
F(t)
RO

A(t) =

0 1 Oceveeee 0 0
0 0 | U 0 0
0 0 Oceveeee 0 1
—d, —ad,; —dy, —a; —ad
aq g ag a5 ay

DIFFERENTIAL EQUATIONS

Then, the nth order ODE is equivalent to the following first order linear non-homogeneous vector

differential equation

Y _ A y+ Q).
dt

Definition: This vector equation is sometimes called the companion vector equation of the nth
order scalar differential equation.
Note: For more details, readers are advised to consult the book by Ross, S.L.
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S

MAXIMAL INTERVAL OF EXISTENCE

Suppose that the initial- valued problem

Dy, vy = yo. M

dt
possesses a unique solution, say ¢, on interval | t — to | < h, but nothing is implied about ¢, outside
this interval. Let

ti=to+h, y; =o(ty) . ()
Now, this point (t;, y;) is obviously a point of the rectangle R and it is also a point of the domain D
in which the hypothesis of existence and uniqueness theorems are satisfied.

Thus we can reapply the existence and uniqueness theorems to conclude that the initial-value
problem

dy

A

4 (t, y),

y(t) =y, (3)

possesses a unique solution, say ¢;, which is defined on some interval [t;, t; + h;], where h; > 0
(Fig. 5.1).
y

to (8] t

Fig. 5.1 : Continuation of solutions

Now let us define a function ¢ as follows:
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“)

0O = {¢0(t) ty—h<t<t,+h=t, '
G, (1) t, <t <t +h,

We now assert / claim that ¢ is a solution of the I V P (1) on the extended interval [ty — h, t; + h;].
We note that the function ¢(t) is continuous on this interval and is such that

d(to) = yo. ®)
For the interval [ty — h, to+ h], IV P (1) imply

do(t) = yo + j f(s, Po(s)) ds, (6)
and hence )

Ot =yo + j f(t, o(1)) dt, (7

for all t € [ty - h, tg + h]. On the interval [ty + h, t; + h;] , we have

GO =y + [ fs. 01(s) ds
i
or

o =y + [ (s, 0:(s)) ds, 8)
t
using equation (3). From (7), we have

yi=0t)=yo+ [ f(s, ¢(s)) ds ©)
From equations (8) and (9), we tohus have
00 =yo+ [ f(s, o(s)) ds, (10)

on the interval [ty + h, t; + h;]. Thus, combining the results (7) and (10), we see that ¢ satisfies the

integral equation (7) on the extended interval [t, - h, t; + h;]. Since ¢ is continuous on this interval,

so is (s, ¢(s)). Thus
do(t
L0 it 90) (11

on the extended interval [ty - h, t; + h;]. Therefore, ¢ is a solution of the I V P (1) on this larger
interval.

Definition: The solution ¢, so defined, is called a continuation of the solution ¢ to the interval
[to - h, t + hy].

Remark : The process of continuation of a solution can be carried further. If we now apply the
basic existence and uniqueness theorem again at the point (t; + h;, ¢( t; + h;)), we may thus obtains
the continuation over the still longer interval ty — h <t <t, + h, where t, = t; + h; and h, > 0.

Repeating this process further, we may continue the solution over successively longer intervals
to — h <t <t, + h,, extending farther and farther to the right of ty + h. Also, in like manner, it may
be continued over successively longer intervals extending farther and farther to the left of t, — h.
Thus, repeating the process indefinitely on both the left and the right, we continue the solutions to
successively longer intervals [c,, d,], where [ty - h, ty + h] = [co, do] < [c1, di] < [c2, do]c....C
[cn, dn] C....
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Let ¢ =1lim c,, d=1limd,.
We thus obtain a largest open interval (c, d) over which the solution ¢, satisfying the initial
condition ¢(tp) = yo, may be defined.

Example : Consider the [ V P

dy 2
a7
y-1)=1.

It has a solution ¢(t) = _—1 through the point (-1, 1) and this solution eists on the interval [-1, 0] but
t

cannot be continued further to the right. Because, in that case, ¢ does not stay within the region D,
where f(t, y) = y2 is bounded.

Maximal interval of existence:

Let f(t, y) be a continuous function on a (t, y)-set E. Let ¢ = ¢(t) be a solution of the differential
equation

dy
- = f ) ) 1
i (t,y) (1)

on an interval I.

The interval I is called a right maximal interval of existence for ¢ if there does not exist an
extension of ¢(t) over an interval, say I;, so that ¢ = ¢(t) remains a solution of (1), where I is a
proper subset of I; and I, I; have different right end points.

A left maximal interval of existence for ¢ is defined similarly.

Definition: A maximal interval of existence of a solution of ODE (1) is an interval which is both a
left and right maximal interval.

Kneser’s theorem (without proof): This theorem is about the case of non-unique solutions of
initial value problems.

Statement: Let f(t, y) be continuous on the rectangle R,
R={(ty  :to<t<to+a,ly—yol<b.a>0,b>0}.
Let | f(t, y) | £ M and o = min(a, % ), and tp < c <ty + a. Let S. be the set of points y, for

which there is a solution y = y(t) of the initial value problem.

d

ﬁ =f(t,y), y(t)=yo  on[to, ]
such that

y(c)=yec.

Then the set S. is a closed connected set.

Kamke’s Convergence theorem(Statement only):
Let f(t, y) be continuous for to <t <ty + a and all y. Let t) < ¢ <ty + a and assume that all solutions
y(t) of initial value problem

d
D =1t y) . y(to) = yo
dt
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exist on tg <t < c. Then, the set S, is a continuum.

Books recommended for reading (for Unit I : Chapters 1-5) are

1. E. A. Coddington and N. Levinson
Theory of ODE, McGraw Hill, NY(1955)
2. S. L. Ross
Differential Equations, John Wiley & Sons, Third Edition, 1984.
3. G. Birkhoff and G. C. Rota
ODE, 31 edition, John Wiley & Sons , NY, 1978.
4. E. L. Ince.
ODE, Dover Publications.
5. P. Hertman
ODE, John Wiley & Sons, NY, 1964
6. G. F. Simmons
Differential Equations with Applications and Historical Notes, McGraw Hill, 1991.
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6

DEPENDENCE OF SOLUTIONS ON INITIAL
CONDITIONS AND PARAMETERS

Dependence of Solutions on Initial Conditions

Consider the first order I V P

dy
a
y(to) = Yo. (1
It has the solution (exercise, to obtain it)
o) =yo e, (2)

which passes through the point (ty, yo). The functions ¢ in (2) can be considered as function, not
only t € I, but of the coordinates of point (ty, yo), through which the solution curve passes. The
solution function ¢ in (2), without any confusion /ambiguity can be written as

O(t, to, o) =yo e 0 . (3)
Now, we shall investigate the behavior of the solutions as functions of the initial conditions for the
general problem.

Let f(t, y) be continuous and satisfy a Lipschitz condition w. r. t. 'y" in a domain D. Let (to, yo) be a
fixed point of D. Now, by Picard’s existence and uniqueness theorem (3.2), the initial value
problem

dy _
& =f(t, y),
y(to) = yo , (D

has a unique solution ¢ defined as some sufficiently small interval [ty — h, ty + hg] around ty . Now
suppose that the initial y-value is changed from y, to Yy. Our first concern is whether or not the
new initial — value problem

dy _
& =f(t, y),
y(to) = Yo, ()

also has a unique solution on some sufficiently small interval | t — tp | < h;. If Yy is such that
I Yo — yo | is sufficiently small, then we can be certain that the problem (2) does possess a unique
solution on some such interval | t —ty | < h;. In fact, let the rectangle R: [t —ty < a, |y —yo [ <b, lie
in D and let Y, be such that | Yy — yo | < b/2. Then, by Picards theorem, this problem has a unique
solution y which is defined and contained in R for | t — ty | < h;, where h; = min(a, b/2M) and
M = max | f(t, y) | for (t, y) € R. Thus we may assume that there exists & > 0 and h > 0 such that
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for each Y, satisfying | Yo — yo | £ 9, problem (2) possesses a unique solution O(x, Yo) on
It —tol < h (see Figure 6.1 below).

Yo

\_

0

0 1/t t
Fig.6.1 Plots of solution for different values of yy

To illustrate this, consider the I VP

dy 3
dr Ly,

y(0) =yo,
Its solution is

00 = yo(1 - yo' )%,
and is only defined for the interval | t | < |y, I"'. Here, yo can be regarded as an arbitrary constant
and, as yo varies, the solutions fill the entire t — y plane. The general solution is shown in the
following figure (6.2). Nevertheless, for each particular value yy, the corresponding unique
solution is defined only over an interval whose size depends on yj.

y
y=Yo+38

L
t=ty—hy o(t)

y /
_/ (t(), yO) t=ty+ ho
I (tO’ YO) q)(X, Y, N~

yan \/ t=ty+h

y = Yo-0

Fig. 6.2
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We are now in a position to state the basic theorem concerning the dependence of solutions on
initial conditions.

Theorem 6.1. Let f be continuous and satisfy a Lipschitz condition with respect to y, with
Lipschitz constant k, in a domain D of the ty plane; and let (to, yo) be a fixed point of D. Assume
there exists 6 > 0 and h > 0 such that for each Y satisfying | Yo —yo | < 8 the I VP

dy

— =A t, ,

dt )
y(to) = Yo,

possesses a unique solution ¢(t Y) defined and contained in D on | t - to | < h. Let ¢ denote the
unique solution of I VP when Yy = yo, and 5 denotes the unique solution of I VP when Yo= y o,
where | Vo-yol=0;<d. Prove that

1o (t)-0)1<8 e onlt—tl<h

Proof. From Picards theorem, we know that

¢ = limy e q)n, (1)
where

On(t) = yo + ffo flt dpi(D]dt  (n=1,2,3,.....),

and 0o (t) = yo. [t—to I < h.
In like manner,

¢ =limy e @0 3)
where

6u0=Fo+ [ FILFmOM =123 @)

and @)= Yo, lt—tol<h.
We shall show by induction that

~ o KI(t—ty)]
FRCIRCIEL DS % 5)
=0
on [ty, to + h], where K is the Lipschitz constant. We thus assume that on [to, ty + h],
- n-1 KJ (t _ tO )J
| ¢ o0a(®) - $ai(®D1<8 ) - (6)
j=0

Then

10 0® -0 =1 Fo+ [ Lt P a1®dt-yo- [ Lt dr(]de]

<UFo-yol+ fg 116 @]~ 00 (0] 1dt.
Applying the Lipschitz condition, we have
11t @ 01 ®] - F 16 gua®] TS KT G o1 (0- Gna(0;
and so, since
| i 0— Yo | = 81,
therefore,

|00 0O 1< 81 +K [0 16 ni(D- Gna(D) | dt. )
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Using the assumption (6), we have

n-1 J _ J
Fa0-001ssk ] 8 S S
Jj=0 :

n—l1 kj+1(t_t0)j+1

=8 +k81 ). — [ (t-toydt=5[1+ = 0 3 (8
1 ljo I orde=oll+ 2
Since
n—1 Kj+1(t_t )j+1 n KJ(t_t)J
o [1+ - 1=3 —_— )
A G+1)! 1;; i
we have
~ n Ki(t—t,)!
| §a(®) - Pu(®) 1<) % (10)
Jj=0 .

which is (6) with (n —1) replaced by n.
Also, on [ty, ty +h], we have

| 6 1(0) - ¢1(t)|—|)’0+f flt, YOdt—YO-I; ft, yol dt |
<l Fo—yol+ -[to flt, ¥ ol - flt, yol | dt

<& + Lto K1 5o—yoldt

=9 +K81(t—t()). (11)
Thus (10.23) holds for n = 1. Hence the induction is complete and (5) holds on [to, to + h]. Using
similar arguments on [ty — h, ty], we have

~ n o K(t—ty)!
1.0 gu01<8 Y K
=0 J
=0 J!
foralltonlt—tyI<h,n=1,2,3,.... Letting n — oo, we have
~ - Kh)’
Fw-omiss Y EL (12)
=0 J!
o j
But Z @ = ¢*"; and so we have obtained the desired inequality
=0 J
1g 1) - (1< =eonlt—tyl<h. (13)

This completes the proof of the theorem.
Cor : The solution ¢(t, Yo) of I V P is a continuous functions of the initial value Yy at Y = yp.

Proof :- It follows immediately from the results of the above theorem.

Remark : Thus under the conditions stated, if the initial values if the two solutions ¢ and g/; differ
by sufficiently small amount, then their values will differ by an arbitrarily small amount at every
point of | t — t o | £ h. Geometrically, this means that if the corresponding integral curves are
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sufficiently close to each other initially, then they will be arbitrarily close to each other for all t
such that |t —ty | < h.

Dependence on Parameters:

In many practical problems the dynamical system which the differential equation
dy
Y g 1)
7 (ty)
describes contains external parameters, as well as the dependent variable y.
Assume that the right side member of the above ODE contains a parameter vector L and [L-space

has m real dimensions. Let Dy be the domain of [ - space for which

lw-pol<c (2)
where L is fixed and ¢ > 0. The differential equation

d

=y, €)

dt

will now be considered. Here, f(t, y, W) is required to be a continuous function of t, y and u for
(t, y) € D and u € D,. The initial condition for the above differential equation is again the same,
ie.,

y(to) = Yo. “)
Now, for each fixed value of p, say | = L, there exists a unique solution which, however, depends
on g as well. In order to incorporate the dependence of the solutions on initial conditions ty and Yy,
as well as on p, we adopt the device of allowing ty and y, to depend on U so that

to = to() and yo = yo(1L) )
are continuous functions of (. Before to proceed further, we extend the notion of the Lipschitz
condition as follows:

Lty W) — (6 yss WISLly -y (6)
uniformly for all (t, y1), (t, y2) € D and u € D, L being a Lipschitz constant. The constant L is
independent of t, y;, y, and L.

Theorem 6.2 : Let f(t, y; ) be continuous for
[t—tgl<a, |y—yO|Sb, |LL—LLO|SC
and satisfy a Lipschitz condition with constant L in this region. Let yo(i) and to(it) be continuous
functions of W for | p - po | < ¢ such that yo(Lo) = yo and to(lo) = to. Then there exists a
8> 0 and € > 0 such that the initial — value problem

ay e
2 =1t y; W,
y(to(W) = yo(W) )]

has a unique solution for [t —to | < d and | W - Py | £ € which is a continuous function of t and L.

Proof :- The initial — value problem (1) is equivalent to the following integral equation,

Y& W =yow) + [ fly(s; s ) ds. )
to (1)
The proof is analogous to that of previous theorem (6.1). Thus, we define the iterates
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t

Oo(t; 1) = Yoo Gunr () = Yo + [ £0uls; W), 5 ) ds. (3)
1o (1)
n= 1.2,....
The first step is to choose regions over which t and [ can vary such that each iterate remains with
in the domain of definition of f(t, y; w). Let

o= %min{a, b/M}, “4)

where M is such that
Hft, y; wIsMfor [t—tl<a,ly—ypl<bandlp-pyl<c. 4)
Then choose € (0 < € <¢) so that, for

-y l<e.
We must have

Ito(u)—tol<%Sandlyo(u)—ykib. (6)

It follows that, if | t — ty | < & then

lt—to(u) I<Tt—to I+ [ to() —to |
3
< =0. 7
5 (7

Next, it may be shown easily that

I Ona1 (65 ) = Go(W) I S M Tt —to(W) |

<3b,
4

for It —to(w) 1< %8.

But then, for | t — ty | < 9, it follows that

| Qe (6 1) = Yo I <1 Gnar (6 1) = Yo() |+ yo() = Yo I < b
Thus each iterate is well defined for [t —tp | < d and | u - Yo | < €. Next, it can be shown that

_ n+l
| Quet(6 ) — 0a( ) 1< M L7 LW "

(N+1)!
and, hence, the sequence ¢.(t; l) is uniformly convergent to a limit function ¢(t; i). The key new
result here is that the continuity if f(t, u; W) in t , y and W, and the continuity if yo(i) and to(W),
ensures that each iterate is a continuous function of tand i for [t —tp < dand I u- o | < €.
Hence, since the convergence is uniform, ¢(t; W) is also a continuous function of t and |. The rest
of the proof, that x(t, L) solves the initial value problem, now follows immediately.
This completes the proof of the theorem.
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7

DIFFERENTIAL INEQUATIONS

In the following r, u, v, U, V are scalars while y, z, f, g are n — dimensional vectors. Now, we
state and prove Gronwall’s inequality, which is one of the simplest and most useful results
involving an integral inequation.

Theorem7.1 (GRONWALL’S INEQUALITY).

Statement: Let u(t) and v(t) be non — negative, continuous functions defined on closed interval
[a, b]. Let ¢ > 0 and

v(it)<c+ J. v(s) u(s) ds, fora<t<b
then

v(t) < ¢ exp { j u(s)ds} fora<t<b.

and, in particular, if ¢ = 0, then v(t) = 0.
Proof :- Case I : When ¢ > 0.

Let Vit)=c+ J. v(s) u(s) ds . (D)
Then v(a)=c¢ a (2),
and by hypothesis
V() < V() (3)
and
V({t)=2c>0 on]|a,b], 4

as u and v are non — negative functions. Also, from (1), we have, on [a, b],
V’(t) = v(t) u(t)
< V(t) u(t),

using (3). This implies, using (4),
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Ve)
v U )

Integrating (5) over [a, t], we get

V(i) <Lc exp[j u(s) ds]

a

or V() < V(t)<c {expj.u(s)ds}

a

or v(t) <cexp {j-u(s)ds} . (6)

a

This proves the result.

Case I : When ¢ = 0. Letting ¢ — 0" in (6), we get the desired result.
Restatement : Another form of Gronwall’s inequality is given below.

Statement: Let r(t) be continuous for | t — ty | < 8 and satisfy the inequalities

t

.[ r(s)ds

ly

for some non-negative constants € and 8. Then
0<r(t)<e exp{olt—tyl}.

0<rt)<e +8

Proof: On taking ¢ = € , ty = a and u(t) = d in theorem 7.1, the result follows immediately.

Cor. 1. Let f(t, y) satisfy a Lipschitz condition with constant L for y € D and | t — to | < 3. Let y(t)
and z(t) be solutions of problem

dy

o f(t, y)

for | t — ty | < & such that
y(to) = Yo z(to) = 20 ,

where yo, zo € D. Then

ly(t)—z(t) I <1yp—zolexp{LIt—to I}.
Proof :- In the integral equation formulation, it follows that

2 =2+ [ fs 2D ds,  yO=yo+ | fs.ys)ds. (D)

Ty Ty

Subtracting, we see that

zO) -y =2zo-yo+ I [£(s, z(s)) — f(s, y(s))] ds. 2)

Ty

Taking the norm of both sides and applying the Lipschitz condition, it follows that
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0<lz@®) -yl

3)

t
<lzo—yol+ | [Llz(s)—y(s)lds
to

From Gronwall’s inequality (7.1), with r(t) = | z(t) — y(t) | , € =1 Xo — yo | and & = L, the result
follows immediately.

Cor. 2. Let f(t,y) satisfy a Lipschitz condition for y € D and | t — ty | < 3. Then the initial value
problem has a unique solution, that is, there is at most one continuous function y(t) which
satisfies

dy

- = f t7 )

2 (ty)
y(to) = Yo.

Proof :- Putting zy = yo in Cor. 1, we see that z(t) = y(t) for all | t — ty | < 3, thus establishing the
uniqueness of the initial value problem, whenever f(t, y) satisfies a Lipschitz condition. Hence
the result.

Note : Cor.1 also shows that the solutions of the initial value problem are continuous in the
initial data, since it follows that if yo — 2z, then y(t) — z(t) uniformly for all | t — ty | < d. Thus,
proveded the Lipschitz condition holds, the initial value problem is well—set.

The comparison Theorems:

Since most differential equations can not be solved in terms of elementary functions, it is
important to be able to compare the unknown solutions of one differential equation with the
known solutions of another. The following theorems give such comparisons.

Theorem 7.2. Let f(t, y) satisfy a Lipschitz condition for t > a. If the function u = u(t) satisfies
the differential inequality

ﬂ <f(t,y) fort=>a (D
dt
and v = v(t) is a solution of differential equation
Dt y) @)
dt
satisfying the initial conditions
u(a) =v(a) =co (3)
then u(t) < v(t)for t > a. “4)
Proof :- If possible, suppose that
u(ty) > v(ty) %)
for some t; in the given interval. Let t, be the largest t in the interval [a, t;] such that
u(t) < v(t).
Then
u(to) = v(to) . (6)
Let o(t) = u(t) — v(t). @)
Then o(ty) =0, o(t)) >0 (8A)

and o(t) =0 for [to, ti]. (8B)
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Also fortg <t <ty,
o’(t) =u’(t) - v'(t)
< A(t, u(t)) — f(t, v(t)), using (1) & (2)
<Klu(t)-v(t) |,
=K o(t), (80)
where K is the Lipschitz constant for the function f.

Multiplying both sides of (8C) by e ™', we write
0=e™.{o’(t) - K o(t)}

_d X
= o0 ™}

This implies
gwmaeﬁso in [to, t] ©)
t

So, o(t). e is a decreasing function for [to, t;].
Therefore o(t). eX' < o(ty). e Ko for all t in [to, ;]
= o(t) < o(ty) et
=0o() <0 for all t in [to, t;], using (8A)
= o(t) vanishes identically zero in [to, t;] .
This contradicts the assumption in (5) that o(t;) > 0. Hence, we conclude that
u(t) < v(t)
for all t in the given interval.
This completes the proof.

Theorem 7.3. (Comparison Theorem).
Let u = u(t) and v = v(t) be solutions of differential equations

dy dz

& U, y), 5 V(t, z) €]
respectively, where

U(t, y) = V(t, y) 2)
in the stripa<t<b and U or V satisfies a Lipschitz conditions, and

u(a) = v(a). 3)
Then u(t) < v(t) forall t € [a, b]. 4

Proof :- Let V satisfy a Lipschitz conditions. Since

d
D U y) <V, ).,
dt

the functions u(t) and v(t) satisfy the conditions of theorem 7.2 with V in place of f. Therefore,
the inequality (4) follows immediately.

If U satisfies a Lipschitz condition, the functions

f(t)= —u(®), gt =-v( &)
satisfies the differential equations
ﬂ =- U(t’ _u) >

dt
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and
dv
o V(t, —v)
<=U(t, —v), using (2) . (6)
Theorem 7.3 now yields the inequality
gty < f(v) fort>a
= —g(t) > —f(t) fort>a
= v(t) 2 u(t) fort>a
= u(t) <u(t). fort>a

This completes the proof.

Remark : The inequality u(t) < v(t) in this comparison theorem 7.3 can often be replaced by a
strict inequality.

Corollary 1: In theorem 7.3, for any t; > a, either
u(ty) <v(t;) or u(t) = v(t) fora<t<t.

Proof :- By theorem 7.3, u(t) < v(t) for all t > a. (D)
Let t; > a be aby value of t.

| | |

Ell | 8] lb
If u(ty) is not less than v(t;), then u(t;) = v(ty). 2)
Then, either u and v are identically equal for a <t <t,, or else

u(to) < v(to) (3)

for some tg in the interval (a, ty).
Let o1(t) = v(t) —u(t) 4

fort € [a, t;]. Then
G1(to) >0, %)
and by theorem 7.3,
u(t) < v(t) fort e [a, t;]
=0o(t)=>20. forte [a,t(] (6)
Further, for t € [a, t1],
c1’(t) = v'() - u'(t)
= V(t, v(t)) — U((t, u()
> V(t, v(t)) = V(t,u(t)) (®U <LV given)
2 —K{v() —u®)}
=0/(t)=-K o,
= (0 +Ko))=0. @)
Hence
(.o} =" (o) + K o1(t) } 20,
using (7) for t € [a, t;]. This shows that the function ¢(t) = e o1(t) is an increasing function on
the interval [a, t;]. So
(D(t) > (D(t()) for t € [to, ty,]
= ekt ci(t) 2 eKt() c1(tp)
= Gi(t) 20ty e X >0
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= Gl(t) >01in [to, t1]
=v(t)-u(t) > 0 in [to, t1]
= v(t) > u(t) in [ty, t1] < [a, b]
which is a contradictions. Hence, u and v are identical for a < t < t;. This completes the proof.

Cor 2. In theorem 7.3, assume that U, as well as V, satisfies a Lipschitz conditions and, instead
of u(a) = v(a), that u(a) < v(a).
Then

u(t) < v(t) fort> a.

Proof :- The proof will be by contradiction.
If we had u(t) > v(t) for some t > a, there would be a first t = t; >a, where

u(t) = v(t). (D
We define two functions

y =0 =u(-v),

z=y(t) = v(-t). (2)
Then ¢ and y satisfy the differential equations

dy dz

= = U, y), — ==V(~t, z 3

2 -t y) 7 (=t, z) (3)
as well as the respective initial conditions, respectively,

O(-t1) = W(=ty). 4)
Since

We can apply theorem 7.3 in the internal [-t;, -a], knowing that the function — U(-t, y) satisfies a
Lipschitz condition. So, by theorem 7.3, we conclude that
o(t) 2 y(t) in [-t;, -2]
= 0(-a) 2 y(-a)

= u(a) = v(a), (6)
a contradiction. Hence, by contradiction, assertion of the corollary 2 holds. That is,
u(t) < v(t) fort> a. @)

Hence, the result.
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3

MAXIMAL & MINIMAL SOLUTIONS, LYAPUNOV
FUNCTIONS

Let U(t, u) be a continuous function on a plane (t, u) set E. by a maximal solution u = up(t) of the
initial value problem

du
E = U(t, U),
u(to) =uo, (D

is meant a solution of above I V P on a maximal interval of existence such that if u(t) is any
solution of (1), then

u(t) < um(t) (2)
holds on the common interval of existence of u, uy;.
Similarly, a solution u = up,(t) of I V P (1), defined on a maximal interval of existence, is called a
minimal solution of it if

u(t) 2 um(t) , (3)
for every other solution u(t) of I V P (1), and inequality (3) holds on the common interval of
existence of u, uy,.

Note: (1) Every solution must remain between a maximal solution and a minimal solution.
(2) Sometimes the maximal and minimal solutions are the same over an interval. Then the
solution is unique over any interval where this occurs.

Notation. Let f(t, y) be continuous on an open (t, y)- set Q. Let u(t, y) be a real valued function
defined in a vicinity of a point (t;, y;) € Q. Let y(t) be a solution of the system

dy

— =1{(t, 1

i (ty) ey
satisfying initial condition

yti) = yu. (2)

If u(t, y(t)) is differentiable at t = t,, this derivative is called the trajectory derivative of u(t, y) at
the point (t;, y;) along the orbit y = y(t) and is denoted by &(t;, y1).

Remark. When u(t, y) has continuous partial derivatives, its trajectory derivative exists and can be
calculated without finding solutions of (1). In fact,

(t,y) = % + (grad u). f(t, y) 3)

where the dot on the right side of (3) signifies scalar multiplication and

rad U = ou du ou
g 3 3y

“)
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is the gradient of u w.r.t. y = (yl, y2,. e Y.
Now, we consider the autonomous system

dy
2
" (y) &)

(i.e., when f does not depend on t explicitly). We assume that f(y) is defined on an open set
containing y = 0.

Definition. Let V(y) be a scalar function of y, defined and continuous, with continuous partial
derivatives at all points in a domain D containing the origin y = 0 and such that V(0) =0 .

(i) The function V(y) is called positive definite in D if V(y) > O for all other points y in D.

(i1) The function V(y) is called positive semi definite in D if V(y) > 0 for all other points in D.
(ii1) The function V(y) is called negative definite in D if V(y) < 0 for all other points in D.

(iv) The function V(y) is called negative semi definite in D if V(y) < 0 for all other points in D.

Example : The function
V) = () + () + oy
is positive semi-definite.

Note: Let y(t) be a solution of the autonomous system (5) and consider the function V(t) = V(y(t)).
Then the derivative of V along the orbit y = y(t) is

W) = ¥&(y(1)) = (grad V). f(y) (6)

Definition : A real valued function V(y) defined on a neighborhood of y = 0 is called a Lyapunov
function if

(1) V(y) has continuous partial derivatives;

(i1) V(y) 2 0 according as | y | = 0;

(ii1) the trajectory / orbit derivative of V satisfies inequality V&(y) <0.

Result :- Let f(y) be continuous on an open set containing the point y = 0, f(0) = 0, and let there
exist a Lyapunov function V(y). Then the solution y = 0 of the autonomous system

dy

= =1(y)

& (y

is stable, in the sense of Lyapunov.

Remark 1. Roughly speaking, Lyapunov stability of the critical point y = 0 means that if a
solution y(t) starts near y = 0, it remains near y = 0 in the future (t 2 0).

Remark 2. The proof of this result and other related results shall be discussed in detail in
chapter 14 .

Non autonomous systems

For nonautonomous systems, the definition of Lypunov function is suitably modified.
Let f(t, y) be continuous for t 2 T, | y | < b and satisfy
f(t,0)=0 fort>T. (7)

Definition : A function V(t, y) defined fort > T, | y | <b is called a Lyapunov function if
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(1) V(t, y) has continuous partial derivatives;

(i) V(t,0)=0 fort>T;
(iii) there exists a continuous functions W (y) on | y | < b such that W(y) > 0 according as
y12=0;

@1v) V(t, y) 2 W(y) fort > T;
(v) the trajectory derivative of V satisfies

W(t, y) <0.

Remark : The scalar function V(y) can be regarded as a measure of the “energy” of the system

dy

- = f(t’ Y)

dt
and it seeks to demonstrate that either this “energy” decreases as t — oo, indicating stability, or
increases as , indicating instability.

To illustrate the use of Liapunov functions, consider the following examples.

Example 1 : For n = 2, consider the system of equations

d 1 d 2
Dy - e =) -V
dt dt

We try the function

V(yl, y2 )=a (yl)2 + (yz)z, with constant a to be determined. We find

W', y?) =2 () - 2a(y)* - 2(y")’(yH) .2a - 1).
Choose a = 1, so that

W20y - 20 () + (7))
Now V is positive definite, while W ois negative definite. Consequently, the zero solution

(y' = y* = 0) is uniformly and asymptotically stable. We note that any choice of a > % would be

just as useful here.

Example 2. Consider the two — dimensional plane autonomous system.
dy' _ o dy’

2 1 12 2
— =Yy, =—w'y —o(y)y.
b A y —a(y)'y
Putting u = y', this system is equivalent to the second order O D E
d’u

du
> +ou’ — +wu=0
dt t
This equation can be recognised as the equation for a simple harmonic oscillator of frequency w,
with a nonlinear damping term. Here, we try

1
VoY) = S WY 677,
which may be interpreted as the energy of the undamped oscillator. We find
Wiy =—a () (v
For o> 0, ¥is negative semi definite, showing that, as expected, the energy is damped.
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Also note here that, for o0 < 0 < V&, is positive semi-definite. This example shows that, in seeking
Liapunov functions, it is sometimes useful to identify V with the energy of the physical system
which the equations describe.

The readers are advised to refer the following books for reading (lessons 7-9 of Unit IT ) :

1. Birkhoff, G. and Rota, G.C.
Ordinary differential Equations, John Wiley and sons, Third edition (1978)
2. Ross, S.L.
Differential Equations, John Wiley& sons, (1984)
3. Hartman, P.
Ordinary differential Equations, John Wiley (1964).
4. Deo, S.G. and Raghavendra, V.
Ordinary differential Equations and Stability Theory, Tata McGraw Hill, New Delhi, 1980.
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9

LINEAR SYSTEMS AND VARIATION OF CONSTANTS

Definition (Norm of a matrix). Let A = (a;;) be a n X n matrix of complex numbers. The norm of
the matrix A, denoted by | A |, is defined as

A= > layl (D

Note : If x € C", then A x € C". For X = (X1, X2, «vvvv..... , Xp) € C", we have already defined

IxI=IxiI+1x20+ .. +Ixnlzz Ix; . 2)

We note that the definition of | x |, given in (2), coincides with the definition, given in (1), when x
is regarded as a row matrix.

Result. The norm of a matrix satisfies the following properties:
OIA+BI<IAI+IBI

(i) IABI<IAIIBI

(i) AxI<TAlIxI

for x being a n—dimensional vector.

Notes :- (1) A unit matrix of order n is denoted by E,. We find | E;, | = n.

) IAI=1ATI=1 Al=1A"I,where A"=( A)T=(A").

Definition:- The determinant of the matrix A is denoted by det A and trace of A is denoted by
tr A, where

trA=aj; +axp+...+ amn.
Remark : Let a;j(t) be complex-valued functions of a real variable t on an interval I, for
1<i,j<n.Let

A(D) = [a(1)]

denote a matrix function. If the elements of a matrix possess a property such as continuity,
differentiability, or integrability, for brevity it is said that the matrix function A(t) has this
property. In particular, If A(t) is differentiable, then
, dA(t ,
A= 2D
dt

If A(t) is integrable on an interval I = [a, b], then

f A dt = ﬁaij(t)dt .

a a

Notes:- (1) K’(t) means A'(7) or [ A(r)]". Here, dash indicates differentiation and not transpose.
For transpose, we write (.. .)T.
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(2) In this chapter, the quantities u, v, p are scalars; c, y, z, f and g are n-dimensional
column vectors; and A, B, C, X, Y, Z are matrices. The scalars, components of the vectors, and
elements of the matrices will be supposed to be complex-valued.

Definition (Characteristic polynomial) :- Let A be a square matrix of order n. Then,
det(A E — A) is a polynomial in A of degree n, and is called the characteristic polynomial of A.
Its roots are called the characteristic roots or eigenvalues of the matrix A.

Note:- If A, Ay, ....., A, are eigenvalues of A, then
n

detAE-A)= I (A-M).
i=1
n
This gives det A = [] A, where the product is taken over all roots.
i=1
Definition (Similar matrices) :- Let A and B be two matrices of the n X n type. Then A and B are

said to be similar if there exists a non-singular matrix P such that
B=PAP'.

Result:- If A and B are similar matrices, then they have the same characteristic polynomial,
because
det(A E - B) = det[P(L E — A)P™]
= (det P) [det(A E — A)] det(P™)
=det AE-A).
In particular, the coefficients of the powers of A in polynomial, det (A E — A), are invariant under
similarity transformation. Two of the most important invariant are
(1) det A = determinant of A
(i1) tr A = trace of A.
We now state the following fundamental result concerning the canonical form of a matrix.

Statement:- Every n X n complex matrix A is similar to a matrix of the form

Jy 0 0.coois..0
10y 00
00 Oeeornd

where Jo = dia [A1, A, ..., Aq]
is a diagonal matrix and

0 0 0 O..... 0 4.

The A =1, 2, ..., q + s) are the characteristic roots of A, which need not all be distinct. If A; is a
simple root, then it occurs in Jy, and therefore, if all the roots are distinct, A is similar to the
diagonal matrix
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A 0 0.0
1002, 0u0
00 O.eoorn A

Remark 1:- From the above result, it follows that
det A=J] M, t(A)=) A
i i
where the product and sum are taken over all roots, each root counted a number of times equal to
its multiplicity.

Remark 2:- The matrices J; are of the form
Ji=Aq+iEi +7Z;
where J; has r; rows and r; columns, and

Remark 3:- An equally valid form is
Ji=Ai Ei +YZi

where 7 is any constant not zero.
Remark 4:- The matrix Z; is nilpotent as Z" = 0.
Definition 1:- (Sequence of matrices)

Let { A} be a sequence of matrices. It is said to be convergent if, given € > 0, there exists a
positive integer N such that

|Ap—Aql<e forp,q>N
i.e., norm of (A, — Ay) is less than € whenever p, q > N.

Definition 2 (Limit Matrix) :- A sequence {A,} of matrices is said to have a limit matrix A if,
given € > 0, there exists a positive integer N (depending upon € only) such that
| Ap—Al<e wheneverp>N.

Result:- Clearly, sequence {A;,} of matrices is convergent iff each of the component sequences
is convergent. This implies that the sequence { A} of matrices is convergent iff there exists a limit
matrix to which it tends.

Definition 3 (Infinite Series)

The infinite series

Al+Ars+ ... FALF o :Z An

of matrices is said to be convergent if the sequence of its partial sums is convergent.

Result :The sum of this series of matrices is defined to be the limit matrix of the sequence of
partial sums.
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Definition 4(Exponential of a matrix A)

The infinite series
A2 A3 oo Am
E+A+ —+—+....t0oc=E +
21 3 —
is convergent for all A, since for any positive integers p, q,

g9 AM
z_

m=p+1 m!

< i LA™

m=p+1 m'

m!

1Sy — Syl =

and the latter represents the Cauchy difference for the series e'A', of real numbers, which is

convergent for all finite | A .
The sum of the above convergent series is denoted by
e = exponential of matrix A.

Remark. The exponential series is of great importance for the study of linear differential
equations.
Note(1):- For matrices, it is not, in general, true that
A+B _ A B

e =¢c"e.
But this relation is valid if matrices A and B commute.
Note(2):- It will be shown later on that

det(e™) =e"™ #0.
Hence, eMisa non-singular matrix for all A.

Note(3):- Since matrices A and ‘-A’ commute, SO
et = (M
Result:- We know that every square matrix A satisfies its own characteristic equation

detA E-A)=0.
This result is sometimes very useful for the actual calculation of e”. For example, let

01
A= .
00
Its characteristic equation is A= 0, which is satisfied by A, i.e.,
A’=0.
= A" =0 form > 2.

1 1
Hence, e*=E+A-=
01

Definition:- [Logarithm of a matrix]. Let B be a non-singular matrix. A logarithm of B is a
matrix, say A, such that
e =B.

Remark (1) :- A is not unique, because, e” = e***™ fork = 0, £1, +2,.....

Remark (2) :- Indeed, if B is in the canonical form J, then A can be taken as
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0 0 O..... A

provided that M= Jifori=0,1,2,....,5s.
It can also be verified that a suitable matrix Ay is given by

logh, O........ 0

Remark (2) :- For any matrix M, we have
PMPY=PMP' fork=1,2,.....
Consequently, we get
P(eM) P-l — ePMP" .
Results (1). Let & = P(t) be any n X n matrix of functions defined on a real t-interval I
(the functions may be real or complex valued). Let

D(1) = (aij())nxn- (1
Let Aj; = cofactor of a;; in ®(t).
Let D = (A)). (2)
If @’(t) exists and &D(t) is non-singular at t, then cI>'1(t) is differentiable at t and
q o
= e ©)
and
PP '=d"'P=E. 4)
Result (2) :- We find
@'Y =-0"'® @, det ® #0. 5)
Solution:- We have
(@ D'y =0
= P +P@ ) =0
= D@y =- @ P
= @'Y =-2" o @'

Linear Systems

Now we shall be discussing some basic facts and results about linear systems of differential
equations in the homogeneous case,

d
£ =AWy, (LH)
dt
and in the inhomogeneous / non-homogeneous case,
% =A(t) y + b(t). (NH)
t

Throughout the study, A(t) is a continuous n X n matrix and b(t) a continuous vector on a t-interval
I =[a, b]. The linear homogeneous system (LH) is also called a linear homogeneous system of the
nth order.
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Linear Homogeneous Systems
We know that for given any yo, and tp € I, there exists a unique solution ¢ = @(t) of linear
homogeneous differential equation (LH) on I such that ¢(tp) = yo.

Remarks :- (i) The zero vector function on I is always a solution of system (LH). This solution is
called the trivial solution of (LH).

(i1) If a solution of (LH) is zero for some ty € I, then, by uniqueness theorem, it must be zero
throughout I .

Theorem 9.1. (Principle of Superposition) :- The set of all solutions of linear homogeneous
system of nth order

D Ay tel (LH)
dt

form an n-dimensional vector space over the complex field.

Proof:- Let @; and @, be solutions of linear homogeneous system (LH) and c;, ¢, be two complex
numbers. Then

Q1) = A(t) ¢1(b),

@2 (t) = A(t) @a(t) . (D)
d do do
N - -, 27 “¥s
oW 7 {cipr+ca @} =c 7 +Cy i
=CtAQI+C2 AP
= A(C1 Q1 +C2 P2 ) (2)

This shows that c; @; + ¢, @, is again a solution of (LH). Hence, the set of solutions forms a linear/
vector space over the field of complex numbers.

To show that this solution space is n-dimensional, it is required to establish a set of n linearly
independent solutions @i, @,...., @, such that every other solutions of (LH) is a linear combination
(with complex coefficients) of solutions @; , @,,.., @y .

We know that y-space is n-dimensional. Let &;, i =1, 2, ..., n, be linearly independent points in this
space. Then, by the existence theorem, for ty € I, there exists n solutions @;, 1 <1i < n, of linear
homogeneous system (LH) such that

Gi(t) =&, 1<i<n. 3)
Now, we shall show that these solutions satisfy the required conditions.

If the solutions @; are linearly dependent, then there exists n complex numbers c;, not all zero, such
that

CLOI()+c @) + ...+ Cr@p() =0 forallte L 4
In particular, for t = to,

c1 Q1(tp) + C2 Qa(to) + ...+ Cp On(to) =0

= C1§1+Cz&2+.....+€n&n=0 s (5)

and this contradicts the assumptions that the &; are linearly independent. This contradiction shows
that the solutions @;(t) are linearly independent.

Let @ = @(t), t € I, be any solution of linear homogeneous system (LH) such that @(ty) = &. Then,
there exists unique constants ki, ko, ..., k, such that

E=ki & +ka &+ ..+ k& (6)
as & belongs to n-dimensional y-space, for which &; form a basis. Now, the function

kl([)l(t) + kz([)z(t) + ...+ kn(pn(t) s tel @)
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is a solution of (LH) on the t-interval I and this solution assumes the value & at t = ty. Hence, by
uniqueness theorem, this solution must be ¢. That is,

o=kig;+ko@r+ ...+ kn@y, On1l. ()
This shows that every solution @ is a unique linear combination of the n solutions @;.
Consequently, the solution space is n — dimensional. This completes the proof.

Definition(Fundamental Set):- Let

ﬂ =Alt)y, tel (LH)
dt
be a linear homogeneous system of the nth order, A(t) being an n X n matrix. If @, @, ...., @, form

a set of n linearly independent solutions of the system (LH), they are said to form a basis or a
fundamental set of solutions of the linear homogeneous system (LH).

Definition: (Fundamental Matrix)

Let ®(t) be a matrix whose n columns are n linearly independent solutions of the linear
homogeneous system (LH) on interval I. That is,

0 ) D O 0 '(1) ]

D(1) = o @) @ (). Q. (1) ’ 1)

where
0i(0) = (1" (0, (D, O'(V)) )
for1<i<n.
The matrix ®(t) is called a fundamental matrix for the linear homogeneous system (LH). It is
evident that ®(t) satisfies the matrix — differential equation
D'(t) = A(t) D(1) forte I
which is associated with the given system (LH). We means that ®(t) is a solution of the following
associated matrix differential equation
X =AX, tel M)
The matrix ®(t) is called a solution of matrix equation (M) on the interval 1.

Remark: (1) It is now evident that a complete knowledge of the set of solutions of (LH) can be
obtained if one knows a fundamental matrix for (LH), which is, of course, a particular solution of
associated matrix — differential equation (M).

Remark : (2) The determinant of matrix ®(t) is called the Wronskian of the system (LH) w.r.t.
{01, §2,..., On} and is denoted by W(0y, 02,..., 0y). It is a function of t.

Theorem 9.2 (Liouville’s formula):-
Let A(t) be an n X n matrix with continuous elements on an interval I = [a, b], and suppose P(t) is
a matrix of functions on I satisfying the matrix differential equation.
D'(t) = A(t) P(t), te L
Prove that det{®(t)} satisfies the first order scalar differential equation
(det @) = {tr(A)} (det ®),on 1
and for ty, t € 1,

det ®(t) = {det P(to)} exp { j {trA(s)}ds}.

Ty
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Proof:- Let

D(t) = (§§(Dnxn, A() = (a5(1))n xn- (D
Then the given matrix differential equation gives the following scalar differential equations
05 = a(t) dig(v), fori,j=1,2,...n. )
k=1

We know that the derivative of det{®(t)} is a sum of n determinants and given by

6, (1) P () @, (1)
0,,(1) Gry () @,, (1)

det®(@)’= """ "7
O.(t) B (). 9, (1)
(I3 PO 0y, (1)
0y, Oy (D)o 0y, (1) R 0 (1

0O 0 (O 0y, (1)

_________ : 3)
Dniyr (D Oy ()
Oy (D) O, (0

Now, we shall consider each determinant on right hand side of equation (3), turn by turn. Using the
values of ¢ from equation (2) in the first determinant on the right of (3), one gets

Zk:alk Oy Zk:alk Orreeeeen
Al = q)ll ¢22 ................ ) (4)
O )

This determinant remain unchanged if one subtracts from the first row a;, times the second row
plus a;3 times the third row up to a;, times the nth row. This gives

A= a;; (det P). 5)
Carrying out a similar procedure with the second determinant, one gets

A, = ap(det P). 6)
After n steps, one gets

A, = ag, (det D). (7)

Thus, from equations (3) to (7), one finally gets
(det®) =(aj1+an +....... + ann) (det D)

= (tr P) (det D) . (8)

This proves the first part of the theorem.
Let u =det D, at) = tr . 9)
Then, equation (8) is of the form

du_ out) u(t) =0,

dt
or du = out) dt

u

or - u(t) = C exp { j a(t)dt}, (10)

where C is a constant of integration.
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On putting t = to, both sides, we get
C =u(ty) . (1D
Hence, we get

u(t) = u(to) exp { j a(s)ds} .

Ty

Consequently,

det[®(t)] = det[P(to) exp{_f[tr(cb(s))]}ds . (12)

to

This proves the theorem finally.

Theorem 9.3 :- A necessary and sufficient condition that a solution matrix & of differential
equation

X'=Ab X, tel M)
be a fundamental matrix is that

det {®(t)} #0 forte L

Proof:- We know that, from Liouville theorem (9.2),

d
= [det{®(0)}] = {tr A(D} {det (D)}, ey
and det{®(t)} = det{P(ty)} exp {I tr(A(s)ds}, (2)
forty,te L.
From (2), it follows that if
det d(ty) # 0 for some ty € 1, 3)
then
det{®P(t)} #0forallt e L 4)
Let ®(t) be a fundamental matrix with column vectors @, @s,....., ®,. Then vectors @y, @,....., P,
form a set of n linearly independent solutions of linear homogeneous differential equation
@ =Al)y, tel (LH)
dt
Let @ = @(t) be any non-trivial solution of (LH). Then there exists unique constants ci, Ca,.....,Cn,
not all zero, such that
Q) = c191(t) + c2 Pa(t) + ...... +cnh @On(t) forallte L. )
Equation (5) can be expressed as
=P ®HC (6)
where C is the column matrix / vector with components cj, cy,.....,Cp.

The relation (6) is a system of n linear non-homogeneous algebraic equations in the n unknowns
Ci, C2,.....,Cn, at any to € I, and has a unique solution for any choice of @(ty). Consequently,
det{®P(ty)} #O. 7)
Hence, by (2), it follows that
det{®(t)} #0 foranyte L (8)
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Conversely, let us assume that ®(t) be a solution matrix of matrix differential equation (M) such
that det{®(t)} # O for te L. Then, the column vectors, say ¢;, of the matrix & are linearly
independent at every t € 1. So, by definition, ® is a fundamental matrix for (LH).

This completes the proof.

Theorem 9.4:- If ® is a fundamental matrix of the linear homogeneous system
d
A0y (LH)
dt
and C a complex constant non-singular matrix, then ® C is again a fundamental matrix of (LH).

Moreover, every fundamental matrix of (LH) is of this type for some non-singular constant matrix
C.

Proof:- As ®(t) is a fundamental matrix of the system (LH), so

Q') = A1) (1) , ey
and det{P(t)} #0 forte L 2)
This implies

Pt C=A) P(t)C

= (®C)Y =A@ {P C}, 3)

C being a constant matrix.
This shows that ® C is a solution of matrix differential equation

X =AHX, tel M)
Since det{®d C} = (det D) (det C) =0, 4
because neither det = 0 nor det C = 0, being non-singular. It follows that & C is also a
fundamental matrix.

Conversely, Let y be any other fundamental matrix of the system (LH). Then

V(O = A y(b) 5)
Let oy =1. (6)
Then X is non-singular and
y=0qy (7
and Y= y+dY ®)
This implies A y=vy’
=P’y +dy
=A@ +DPy
=Ay+dy .
This gives
Dy =0
= %x'=0 (® @ is non-singular)
= x = constant = C, a non—singular matrix.

=>y=®dC, using(7)
This completes the proof.

Note:- (1) If ® is a fundamental matrix of (LH) and C is a constant non-singular matrix, then C &
is not, in general, a fundamental matrix.

Note :- (2) Two different homogeneous systems can not have the same fundamental matrix, for in
(LH),

A =2'() D)
Hence ®(t) determines A(t) uniquely. Although, the converse is not true.
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Non homogeneous Linear Systems:

If a fundamental matrix @ for the corresponding homogeneous linear system (LH) is known, then
there is a simple method for calculating a solution of non homogeneous linear system (NH).

Theorem 9.5 :- If ®(t) is a fundamental matrix for the homogeneous linear system

ﬂ =A)y, tel (LH)
dt
where A is a n X n matrix, then the function ¢(t) defined by
o(t) = D(1) { | CID_I(s)b(s)ds} , tel
is a solution of non-homogeneous linear system
% At)y+b(t) tel (NH)

satisfying
P(to) =0, toel

Proof:- For any constant vector c, the function ® c is a solution of homogeneous system (LH). The
method here consists of considering c as a function of t on I such that
@(t) = P(t) c(t) (1
is a solution of the non homogeneous system (NH). Then
@'(1) = P'(V) c(t) + D(V) (D)
={AD 2O} c(t) + P(D) (1)
= A o) + PO (D) . (2)
Comparing (2) with given (NH), it follows that
d(t) ¢’(t) = b(t)
= /()= (t) b(t)

= )= [@(s)b(s)ds, fortye T, 3)
Also c(ty) = (; “4)
For equations (1) and (3), it follows that

o(t) = P(t) {[@_I(S)b(s)ds} )

is a solution of (NH) with @(tp) = 0. This completes the proof.
Remark (1) The formula (5) is called the variation of constants formula for (NH).
Remark (2) Under the assumptions of the above theorem, the solution ¢ = @(t) of non

homogeneous linear system (NH) satisfying the initial condition

O(t)) =yo, toel, lyyl<oo
is given by

@) = Qu(t) + D(0) {j P (s)b(s)ds} , tel

where @y(t) is that solution of homogeneous linear system (LH) on I satisfying the condition.
Pn(to) = Yo-
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10

REDUCTION OF THE ORDER OF A HOMOGENEOUS
SYSTEM, LINEAR HOMOGENEOUS SYSTEMS WITH
CONSTANT COEFFICIENTS, ADJOINT SYSTEMS

Consider the linear homogeneous differential equation
@ =Al)y, tel (LH)
dt
of order n, where A(t) is a matrix of type n X n.
If m linearly independent solutions of (LH) are known, 0 < m < n, the determination of all
solutions of (LH) is reduced essentially to the problem of determining the solutions of a linear

homogeneous system of (n-m) differential equations.

Suppose @1, @2, ...... »@m are m linearly independent vectors with are known solutions of (LH) on
an interval I. Let @¢; have components ¢j' (i=1, 2, ...,n).

Then the matrix (q)ji) is of the type n X m and the rank of this matrix, at each t €1, is m, because
of the linear independence of its columns. This means that for each t € I, there is an m X m
determinant in this matrix (¢;') which does not vanish there.

Peck any to € I. W.l.o.g. we assume that the determinant of the sub-matrix ®,, whose elements
are ¢j' (i,j =1, 2, ...,m) is not zero at t.

By the continuity of det ®,, in its elements q)ji, and the continuity of the functions ¢ji near to
(in the nbd of ty), it follows that
det ®(t) #0 (1)

for t in some sub-interval | containing ty and IclL

The reduction process will be outlined for interval I . (The idea behind this process is a
modification of the method of variation of constants/parameters).

Outlines of the reduction procedure

Let U be the matrix with the vectors @i, @,.....,¢y as its first m columns and the vectors
€m+1,---,€n fOr its last (n - m) columns, where e; is the column vector with all elements 0 except
for the jth which is 1. That is,

U= e, . 2)

- -nXn
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In view of (1), the matrix U is non-singular on I . Now, we make the substitution

y=Uw (3)
is made in (LH). We note that, corresponding to w = ¢; (j = 1, 2, ...,m), the transformation (3)
yields y = ;.

Thus, the substitution (3) may be expected to yield a system in w which will have
ej(j=1, 2,...,m) as solutions. The use of (3) in (LH) gives

Uw+Uw=AUw “4)

Writing this out gives
z (o) W + z 9 (W) = z Z ai O W+ + Z ay W (5a)
Jj=1 j=1 j=1 k=1 k=m+1
fori=1,2,....m,
and

@) W+ WY+ D ol =D D> andfwt+ D agw (5b)
j=1 j=1 j=1 k=1 k=m+1

. fori=m+1, m+2,.....,n.
As the vectors ¢; with components ¢;' are solutions of system (LH), so

n

@Y => ax¢ (=1,2...mj=12..m) (6)

k=1
Using (6), relations (5a, b) results in
Doeiwy = Y awt ((=1,2,...m) (7a)
j=1 k=m+1
and
WY+ oWy = > apw  (=m+1,2,...n) (7b)

j=1 k=m+1
Since

det ®,#0o0n T, _ ®)

the set of equations in (7a) may be solved for wy, 1 <j < m, in terms of known quantities
¢j1, a;, and wk (k=m + 1,...,n). These values of (W')’, so obtained, may then be put into the

set of formulas of (7b). This process gives a set of first order differential order equations satisfied
by w' i =m + 1,...,n) of the type

(W) = Z biew"  (i=m+1,...n), 9)

k=m+1
which is a linear system of order n—m, on I.
Suppose ¥, ., ,....., ¥ » is a fundamental set on I for the system (9). Let ;' be the components of

Yi(fori,j=m+ 1,...n). Let ¥ ., denote the matrix with elements lpji, 1e.,

7 nem = (W) (10)
is a matrix of order n - m. Clearly,
det @ pm() =0 o0n I . (11)

Foreachj=m+ 1, ...,n; let \|Iji (i=1,2,......m) be solved for by integration from the relations
(in 7a)

n

> 9N = 3 awd (12)

j=1 k=m+1
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fori=1,2,.....mandp=m+ 1,....,n. _
Let W, (p =m + 1,....,n) denote the vectors having components W, (i = 1, 2,...,n). Let
Yo =¢€p p=12,....n) (13)

Now, ¥, (p = 1, 2,...,n) satisfy system (9) and the first set of equations of (7a), they must also
satisfy the second set of equations in (7b). Therefore, y, (p = 1, 2,....,n) are solutions of (7a, b).
If ¥ is the matrix with columns yp,, p=1, 2,....,n, and if

®=UVY, (14)
then @ is a matrix solution of system (LH) on I . As U is non-singular and
det ¥ = det ‘I’n_m on 7, (15)

it follows that ® is non-singular on I . Hence, @ is a fundamental solution of system (LH) on 7 .
This completes the reduction procedure and it is summarized in the following theorem:

Theorem 10.1 :- :Let @, ¢3,....,0, (m < n) be m known lir_learly independent solutions of
system (LH) with ¢; G = 1, 2, ...,m) having components ¢j‘ i=1, 2, ...n). Assume the
determinant of the matrix with elements ¢;' is not zero on some sub - interval I of I. Then the

construction of a set of n linearly independent solutions of (LH) on I can be reduced to the
solution of a linear system (9) of order n -—m, plus quadratures (integrations) (12), using the
substitution (3).

Linear homogeneous systems with constant coefficients
Consider the linear homogeneous system

= =Ay (LHC)

in which A is an n X n constant matrix.
Let y; # 0 be a constant vector and A be a complex number. By substituting

y =y (1)
into equation (1), we at once get
Ayr =Ly (2)

Equation (2) shows that A is an eigenvalue of the matrix A with corresponding non-zero eigen
vector y;. Thus, to each eigenvalue A of A, there corresponds at least one solution of system
(LHC) of the (1). If the matrix A has n linearly independent eigen vectors yj, ya,....,yn belonging

to the respective eigenvalues Aj, As,...... A, then

O=(y; ey, ey, eMt) 3)

is a fundamental matrix for the system (LHC).
Theorem 10.2 :- A fundamental matrix ® for the homogeneous linear system

where A is an n X n constant matrix, is given by
D) =e  (Itl<oo)
Proof:- We have
Q(HFADA _ JIATAIA

— etA .eAtA (1)

because t A and AtA commutes. Further
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(t+A1) A A AtA
e —e :e,{e —Ej ?)
At At

Taking limit as At — 0, we immediately obtain.

4 My =Aet, 3)

dt
This shows that

(1) = ™ 4)
is a solution of the given linear homogeneous system with constant coefficients. Since

®(0) =E, )
it follows that

det{®(t)} = exp{t(tr A)} #0. (6)

This shows that ®(t) is a fundamental matrix for the given system.
Hence, the proof is complete.

Theorem 10.3:- The solution ¢ of the linear homogeneous system with constant coefficients

ﬂ =Ay (LHC)
dt

satisfying the initial condition

(P(t0)=}’0 (|t0|<°°,|y()|<°°)
is given by

o(1) = (" }yo

Proof:- The successive approximations for a solution of the initial value problem are

Go(t) = Yo, (D
On(t) = yo + j A 0pi(s)ds, forn=>1. 2)
An induction shows that (let%t as an exercise for readers)
On(t) = {E+A(t—t0)+#+ ..... +W}yo . 3)

The sequence {@,(t)} converges uniformly on any bounded t-interval to the function

o) = {7 Jyo, )
which is then a solution of the given initial value problem. This completes the proof.

Note:- For the inhomogeneous initial value problem

dy

=L = Ay +b(b),
i y +b(t)
y(to) = Yo ,

the solution is

o1 = {“yo+ [ (V) b(s) ds.

Ty

Form of the fundamental matrix

Let J be the canonical form of the given matrix A. Then, there exists a non — singular constant
matrix P such that
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_p-l
or I=Pp AP. (D)
AP=PJ
Then etA:et(PJP_l):eP(tJ)P_l
= P[e"IP", 2

and J has the form

J= ; 3)

where Jj is a diagonal matrix with diagonal elements —A;, A,,.....,Aq, and

A 1 0......... 0 0
0 Agii | DT 0 0
J=-—————————— Jfori=1,2,...s. “4)
0 0 0o A 1
0 0 0o 0 Api
1S an r; X r; matrix (r; =q+T1+1p 4.t It follows_that
e’ 0.0 ]
oo 0 ... 0 . 5)
0 (0 e
It is easy to see that ) )
et 0.0 ]
oo |0 e .0 ’ ©

and
i 2 oy |

1 ¢ t

2! r_ !

) )
ezl 1 ) (7

L, !

0 0., 0 1

Thus, if the canonical forr_n (3) of the matrix A is kn;)wn, then a fundamental matrix e of
system (LHC) is given explicitly by (2), where e" is to be calculated from equations (5) to (7).

Adjoint Systems

Let ® be a fundamental matrix for the system (LH), then & is non-singular and
o' =E
>0 @'+ @ )=0
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= PPy =-D D
= @Y =-0o"'® o, (1)
Since P is a fundamental matrix for the system (LH), so
P'=AD. 2)

From (1) and (2), it follows that
@Y=" (AD) D'

=—d'A. 3)
Taking conjugate transpose, we get
[(@*)'] =~ A* (@), “)
This shows that (<1>_1)* = (<I>*)_1 is a fundamental matrix for the linear homogeneous system
@ =—-A*(t)y, tel (AS)
dt
Definition:- The system (AS) is called the adjoint to system (LH), and the matrix equation
X' =-A*1) X, tel (AM)
is called the adjoint to matrix equation
X =AM X, tel. M)

Remark:- The relationship is symmetric, for (LH) and (M) are the adjoints to (AS) and (AM),
respectively.

Theorem (10.4) :- If ® is a fundamental matrix for linear homogeneous system

D _Awy, el (LH)
dt
then Y is a fundamental matrix for its adjoint system
% =—A*(t)y, tel, (AS)
t

ifand only if y*®d=C,
where C is a constant non-singular matrix.

Proof:- Conditions is necessary.

Since ® is a fundamental matrix for (LH), so, by definition, (<I>*)'1 is a fundamental matrix for
the linear homogeneous system (AS). Also y is an another fundamental matrix for the same
linear homogeneous system (AS). So, y is of the type

y=(@*'D, (1)
where D is some constant non-singular matrix. From equation (1), we write
o*y=D
= y* P =D*
=>y*d=C, 2)

where C = D* is some constant non-singular matrix. This shows that the condition is necessary.
Condition is sufficient.
Now, suppose that ® is a fundamental matrix for (LH) and satisfies the condition. Then, the
given condition gives

yr=CP
or v = (P*)! C*, 3)

Since (CID*)'1 is a fundamental matrix for the adjoint system (AS), hence, (<I>>’<)'l C* and
consequently y is a fundamental matrix of the adjoint system (AS). This completes the proof.
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Remark:- I[f A*=—A (D

Then (®*)! is also a fundamental matrix for (LH). It follows that
® = (d*)' C, for some constant non-singular matrix C
=>o*P=C. 2)
Equation (2) implies that, in particular, the Euclidean length of any solution vector ® of linear
homogeneous system (LH) is constant.
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FLOQUET THEORY

Periodicity of solutions of differential systems is an interesting aspect of qualitative study. We
shall study certain characterizations for the existence of such solutions. Consider a linear system
L) = A(b)y, ~c0 <t < oo (D)
dt
where A(t) is a n X n matrix of complex valued continuous functions of real variable t.
Definition. A solution y(t) is periodic with period w, w # 0, when
y(t+w) =y(t) for all t.
Definition. If
A(t+w) =A(t) for all t, w # 0,
then the coefficient matrix is periodic with a period w and the linear system (1) is termed as
linear system with periodic coefficients or simply as a periodic system.

Note : Now an interesting question is, when does the system (1) admit periodic solutions and, if
it admits a periodic solution, what can be said about the matrix A?

Theorem(11.1): The necessary and sufficient conditions for the system
d
LA Ay, —oo <t < o0
dt
where A is an n X n constant matrix, to admit a non — zero periodic solution of period w is that

the matrix (E — ") is singular.

Proof:- We know that the general non — zero solution of the given system is
yo =ee, )
where c is an arbitrary non — zero constant vector. By definition, y(t) is periodic if and only if

0=y
or e c=e c

or (E-e*™)c=0. )

Since c is a non — zero vector, it follows that the given system has a non — zero periodic solution

of period w if and only if the matrix E — eV is singular. This completes the proof.

Theorem (11.2) (Representation theorem): If ®(t) is a fundamental matrix for the periodic

system
dy
N2 —o0 <t < o0
dt
with period w and
Y(t) = P(t+w), —c0 <t < o0

then W is also a fundamental matrix for the same system. Moreover, corresponding to every such

@, there exists a periodic non — singular matrix P with period w, and a constant matrix R sung
that

d(t) = P(t)e™ .
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Proof:- As ®(t) is a fundamental matrix for the given system, so
D(t) = A(t) P(), —oco <t < oo (1)
Now, using (1), we obtain
Yty =P(t+w)
=At+w)P (t+w)
= A(t) P(v), —oo <t < oo 2)
because A(t) is periodic with period w as given. Equation (2) shows that W¥(t) is also a solution
matrix of the given system. Since
det{ W(t)} =det{P(t+w)} %0, 3)
it follows that W(t) is also a fundamental matrix for the given system.

Now ®(t + w) and P(t) are two fundamental matrices of the same given linear system, so there
exists a constant non- singular matrix C such that

D(t+w)=D(1)C. 4)
As C is a non—singular matrix, there exists a constant matrix R such that one can write
C=¢e"r. (5)

(here, wR, is called a logarithm of C)

From equations (4) and (5), one obtains

Ot + w) = D(t) ™. (6)
We define a matrix P(t) by the relation
P(t)=d(t)e™ . (7

Then P(t) is a non — singular matrix as both ®(t) and e™® are non — singular matrices. Moreover,
P(t + w) = ®(t + w) e TR,
— (b(t) eWR e-(t +w)R

=d(t) ek,
=P(1). ®)
This shows that the matrix P(t) is periodic with period w. Further, from equation (7), we write
(1) = P(t) e® . )

This completes the proof of the theorem.

Remarks:- (1) The representation of a fundamental matrix ®(t), as given by (9), is of great
interest. In this representations, ®(t) has been expressed as a product of a periodic matrix P(t)
with the same period w and matrix etR, where R is a constant matrix.

(2) Neither the matrix R nor its eigen values are uniquely determined by the given periodic
system. On the other hand, the eigen values of e® are uniquely determined by the given system.

(3) The eigenvalues of C = e™® are called the eigenvalues of the given system.
(4) The eigenvalues of R are called characteristic exponents.

Significance of theorem: Suppose a fundamental matrix & of given periodic is known over an
interval of length w, say 0 <t < w. Then, ®(t) is at once determined over the entire domain
(—oo, o) by relation (9). This process of extension is as follows.
(1) A constant non — singular matrix C is given by

C=o"(0) d(w).
(i1) A constant matrix R is given by

R=l (log ©C) .
w

(iii) A periodic matrix P(t) is now determined by the relation
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P(t) = ®(t) e™ over the interval (0, w) .
(iv) Since, P(t) is periodic with period w, so P(t) is determined at once over the entice interval
Ev) éorzéequently, ®(t) is determined over (-oo, o) through the relation (9).
Theorem 11.3. Find the explicit form that a set of n linearly independent solution vectors of the
periodic system % A(t)y, -0 < t < oo,
assumes.

Solution:- Let w be the period of the given system. Let ®d(t) be a fundamental matrix of the
given periodic solutions. Then, by the representation theorem (11.2),

d(t) =P(t) e™ (1)
where P(t) is a periodic non-singular matrix with period w and R is a constant matrix. Suppose R
is similar to a matrix J of the form

J, 0 0o 0
J- 0 J, 0o 0 )
0 0 0o J,
where Jj is a diagonal matrix with diagonal elements py, p2, ........ , Pg> and
Pgri | 0 0o 0 0
0 Pgri | (0SS 0 0
e 3)
0 0 0 0o Pgsi 1
0 0 0 0o 0 Py
fori=1,2,...... , s._ Here, p;, G=1,2, ........ , q + s), are the e—igenvalues of the matrix R, which

need not all be distinct. Since R is similar to J, there exists a constant non-singular matrix T such
that

T'RT=1. “4)
Put P =dT. )
Then
P (t)=PT
= {P() ™) T
= {POTHT, e“T)
=P,(0 {7 "7}
=Py(1) Y, (6)
where P, =PT, @)
is periodic with period w, i.e ,
pi(t+w) =pi(t) for all t. (8)

From equation (2), the matrix e will have the form
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Yoo O, 0
0 Y 0
S )
10 0. e’ ]
where
e 0., 0
0 W2 L 0
et = © , (10)
0 0. ™|
B -1 ]
1 —_— t
(fi—1)! _
etJi B etpq+i . | tri—2 1= 1,2,...,8 (11)
— C U L iiieeeeeennns (r1_2)| ) q+zri:n
0 O 1
Clearly A; = ™. (12)

While the p; are not uniquely determined, but real parts are. From (6), it follows that the columns

O1, Qose...... ¢, of @, which form a set of n linearly independent solutions of the given periodic
system, are of the form

®, (t):etpl p,(t)
?, (t):etpz p, (1)

¢, (=" p (1)
Py (D)= e Py (D)

Pz (0= {tp 1 (O +Dsr (0]

!
Qu(t) = P { - Pyt (D F e, + pn(t)}, (13)

where pi, p2yeeevee.n. pn are the periodic column vectors of P;.
Hence the result.
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HIGHER ORDER LINEAR EQUATIONS

Let a;(t), ax(1),...... ,an(t), b(t) be continuous, real — or complex valued functions defined on a real
t —interval I = [a, b]. Now, we shall be considering the linear homogeneous differential equation
u® +au® Vo +a,_1(Hu + ay(thu = 0, (1)
and the corresponding inhomogeneous equation
u® +au® Vo +a,_ 1(Hu + ay(t)u = b(o). 2)
The treatment of these nth order linear differential equations reduces to the systems
D _awy. 3
dt
dy
and m =A(t) y + f(t), 4)
where y= (u(o), u(l), ....,u(“'l))T, u® = u, )

Af)=[—————— 6)

f(t) = (0, 0, ...., 0, b(t)". (7)
We shall summarize the essential facts for this important case, in detail.

Initial value problem
The I V P consisting of differential equation (1) together with initial conditions
u(ty) = ug, u’(t)) =uy,........ U™ V(t)) = upy, fortoe 1,
where ug, uj,...,u, | are arbitrary numbers, has a unique solution u = u(t) on the interval I = [a, b].
In particular, if
Ug = 0, up = 0, ...... ,Up-1 = 0,
then u(t) =0on [a, b].

Wronskian

Let 0;(t), 02(t), ....,0n(t) be n solutions of the linear differential equation (1). Then, the matrix
1) Dy @,

P = (8)
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is known as a solution matrix for equation (1).

The determinant of this matrix & is called the Wronskian of equation (1) w.r.t. solutions @,
@2,...,¢n. It is denoted by
W1, 92,...,0n).
It is a function of t on the interval I for fixed functions @, @,...,Q,. Its value at t is denoted by
W(t) = W(Qi, ¢2,...,00) (D).

As shown/discussed earlier, we have

W(0) = Wto) exp | [ tr(A(s))ds}, tel

and tr{A(s)} = - ai(s).

So, W(t) = W(ty) exp —j(al(s))ds} , fortel )

Remark. We denote

d" dr! d
L,= +a,(t +..+a, (H)—+a,(t
g F O g 10 T
Then equation (1) is expressible as
Lyou=0. (L)

Theorem (12.1): A necessary and sufficient condition that n solutions @y, @a,...,¢, of differential
equation

Lyu=0 L)
on an interval I be linearly dependent there is that
w(Q1, ©2,...,0,) (1) =0 forallte L

Further, show that every solution of differential equation (L) is a suitable linear combination of
any n linearly independent solutions of (L).

Proof:- Let @y, @,,...,0, be linearly dependent on I. There, there exists constants c, ¢y,...,Cq; NOt
all zero, such that

CiPr (D + ...+ chGu(t) =0  forallte I (1)
Consequently,

a® ©+ ™ ) ..o+ 0,M(t)=0 forallte I )

andk=1,2,...n1

This is a homogeneous system of linear equations which has a non zero solution. So, we must
have

W@, 92,...,0,) (1) =0 forallte I, 3)
as constants c; are all not zero.

This proves that the condition is necessary.

Now, assume that the condition is satisfied. Then, the homogeneous matrix equation

dC=0, 4)
has a non zero solution since

W =det P(t)=0 forallte L (®))
Let C=(ki, koyoonn k), (6)

be a non-zero solution of system (4).
We define a function f(t) as

f(0) =k @1(t) + ko @a(t) +....... +kau(t), tel (7)
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Then f(t) is a solution of equation (L) satisfying the initial conditions

f(t)=0, fork=0,1,2,....,0-1, toe L (8)
By uniqueness theorem, we must have

f(t)y=0, forallte L
This implies

ki @1(t) + ko @a(t) +...... + Kk, @n(t) =0 forte L )

Hence, solutions @y, @,,...,9, are linearly dependent on L.
We know that every solution of vector system

ﬂ =A(t)y onl, (10)
dt
0 1 O.evennnee 0
0 0 | ETO 0
where A=|M M M (11)
0 0 Oveeneeen 1
-a, A eerenneenenne -,

is a linear combination of n linearly independent vector solutions, and equations (L) and (10) are
equivalent.

So, every solution of L, u =0 is a linear combination of any n linearly independent solution of L,
u = 0. This completes the proof.

Definition: A set of n linearly independent solutions of differential equation (L) is called a
basis/a fundamental set.

Corl: A necessary and sufficient condition that n solutions @;, @,,...,@, of
Lyou=0 on I

be linearly independent is that
W) #0 forte I.

Cor.2: If @y, @y,...,0, are n solutions of
L,u=0 on I,
then W(Q;, @,,...,0,)(1) is either identically zero on I or nowhere zero.

Theorem (12.2) : Suppose @i, @a,...,¢, are n functions which possess continuous nth order
derivatives on a real t-interval I, and

W(Q1, @2,...,00)(1) #0 on L.
Then there exists a unique homogeneous differential equation of order n for which these
functions form a fundamental set, namely,

1) W, 9,0,,....0,) 0.

Wi, 0,,.....0,)
Proof:- Consider the equation

W(u’ (Pl, (PZ,---,(Pn) =0.
In the determinant form, it is
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u 0, L P 0,
du ,
s 0, Qs e 0,
y =0, (1)
(clitfl‘l 0™ ¢, ¢ ®
on interval 1. On expanding by the first column, we see that equation (1) is a linear differential
d"u

equation in u and coefficient of P is (-1)" W(@, ¢2,...,¢,), which is not zero by hypothesis.
t

Hence, equation (1) is a linear homogeneous differential equation of order n. From (1), we see
that

u = (1), tel, i=1,2,.....n 2)
are n solutions of equation (1) as two columns of (1) then become identical in the determinant on
left side. In view of the hypothesis that

Wi, ¢2,...,00) #0 on 1, 3)
It follows that solutions @y, @a,...,¢, form a fundamental set for differential equation (1) on the
interval L.

The uniqueness of the equation follows from the fact that the corresponding vectors @, with

components (pi(o), (pi(l),...,(pi(“'l) determine the coefficient matrix uniquely of the associated
system

a0y, @
[0 1 0 0.cveee 0 |
0 0 1 0.cveee. 0
with A®)=| -~ ———————————————— , (5)
0 0 0 0. 1
| —a, 4, O e -a |
when the given equation is expressed as
n n—1 n-2
‘jh,’j‘ +a(0) ‘jhnj‘ + ax(t) dt"_zt +ota(Du=0,  tel (6)

We know that there is a one-to-one correspondence between linear equations of order n and
linear system of type (4) and (5). This completes the proof.

Reduction of order

A direct procedure is suggested by the following process, which is the variation of constants
adapted to

d"u d"'u
+a(t) —+...... +a,(t)u=0. 1
I 1(0) = (® (D
Let ¢, be a known solution of differential equation (1). Then, the substitution
y = V(1) ¢1(1), ()

gives a linear differential equation of the nth order in v which has v = 1 as a solution since @, is a
solution of equation (1). Thus, the coefficient of v in the new transformed equation must be zero.
Let



HIGHER ORDER LINEAR EQUATIONS &9

dv
= —. 3
” 3)

Then, the above obtained equation is a differential equation in w and it is now of order (n-1).

If @, is another solution of equation (1), which is independent of @;, then (&j is a solution of

?

W=V

the (n-1)st order equation in w, which can, by a repetition of the above, be reduced to an
equation of order (n-2), etc., and so on.

Adjoint Equations
Associated with the form operator
n n—1
L, = ag(t) d + a;(t) s +ay(t), tel (D)
dt" dt"

there is another linear operator of order n, denoted by L,* and called the adjoint of L,, defined
by

L., =(-1)" [ (). T+ ...+ a(t), (2)

dn _ ol dn—l
ao(t) . 1+ (-1
dt”[ o) . 1+(-1) =

Fort € 1. If g(t) is any function defined on I which is such that { ax g(t)} has n-k derivatives on
I (fork=0,1,2,....,n), then

) dn _ o dn—l _ _
L' g=(1 P [ ao(t) gt 1+ (-D™' = [ ai®) g®) ]+....+ a(t) g(t) . 3)
Definition: The differential equation
L,v=0, tel, “)
is called the adjoint equation to
Lou=0onlL

If ai(t) € C"* on I and @(t) is a solution of equation (4) with n derivatives on I, then using the
product rule of differentiation, we get

L' o=(CD" ag@™ +......... =0, (5)
and by dividing by (-1)" ay, one sees that O(t) is a solution of a differential equation of order n of
the type considered earlier.

Special Case: When ay(t) = 1 forall t e L.
The nth order differential equation is

Lou=u+a,()u™ "+ ... .+a,u=0, tel (6)
The system associated with (6) is
D _Awy, tel ™
dt
with its adjoint system as
D Ax@y, tel ®)

dt
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0 A 0 a,
-1 A 0 a,,
0 Tl 0o a

where A* =-

€))

(@]
o
]
.\S)Bﬂ

o
=
S|
L
Hs::l

In terms of Components equatlons (®) and (9) give

(y)—any & =- ¥+ api ¥ (10)
where y = (y', y%....y"), (k=2,3,...n). _
Thus, if ¢', (pz, (pn is a solution of system (10) for which (¢*()® and [ apx. 0"(t) 1% exists,

one obtains, by differentiating kth relation in equation (10), (k-1) times and solving for (¢ mm,
O™V - (a M)V 4+ +(-D"(a,¢")=0. (11)
Therefore, " satisfies the nth order differential equation
L,"y=0, (12)

which is just the adjoint equation to differential equation (6).

Remark : The importance of L," is due to an interesting relation connecting L, and L,", which is
indispensible for the study of boundary value problems.

Theorem (12.3):(Lagrange’s identity) :

In the nth order differential operator
n n-1

+ ap(t
- 1()d

L, = ag(t) p

suppose a(t) € C"on1 (k=0,1,2,.....n). If u, v are two complex functions on I possessing n
derivatives there, then

viju-u L'y =i{P(u, v)},
dt

where P(u, v) is a form in (u, u’,...... u™Yand (v, v,...... v given by
P, v)=> > D" u™ (g v)
m=1  j=1

Proof:- Consider the expression
UV U™V o4 (D™ U VO g ™oV

Then . U™V U™V o4+ (D™ U VT e ()™t
t
=[U™V+U™ V]
[U(m-l) V/ + U(m-2) V//]
+onis +H-D)™ U7 VO L VO ™o v U v
=U™V+ED™PUV™, form=0,1,2,..n. (1)
This implies
VU™ =(D)"V™ U+ di [U™D VU™V 4+ (D™ U VT g ™l uve)
t
form=0, 1, 2,. 2)

Applying (2) w1th U u,v=2apv, m=n;

U=uv=av, :n—l;
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U=uy,v=a,.;v,m=1;
successively, we obtain
(apv ™ =-1)". u. (vay)™
+ di[u“‘—”( vag) —u" P (Vag) Feeeenannnn +(-D" 2 (vay)"?
t
+ D" u. (va)™ Y]
@y V=D u (vatY
d

+ I Ta) —uT T (a D (Ta)® Y]

(@an—1v)u" =—u ( Vanfl)’+i[u (vag.1)]
dt

(ap,v)u=u( va,).
Adding all these expressions vertically, one obtains

vLiju—u Ln+v :di {z (_1)j—1u(n—j) (aov)(j_l)j|
A=

d | = . . .
+ = (_1)/—1u(n—1—j)(al\j)(/—l)
d j=1
o
+i i(_l)/‘lu(l—f)(a 17)(]—1)
dr | “5 " '
This implies
vi,u—u Ln+v =i Z (=D um? .(an_m.V)(f’”
dt m=1 | j=1
d
= —{P(u, v)} 3)
dt
where
P(u,v)= ). {Z(—l)’"1 u"? (a,_, .17)“‘”} 4)
m=1 j=1

This completes the proof.

Definition: P(u, v) is called the BILINEAR Concomitant associated with operator L, and (3)
is called the Lagranges identity.

Corollary (Grean’s Formula) :
If the ay in L, and u, v are the same as in theorem (12.3) then for any ty, t; €1,

[ (TLu—u L7v)dt=P@, v) ey, - P, v) Loy,

h
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Proof:- Integrating the Lagrange’s identity from t; to t,, we obtain the above result, known as

Green’s formula.

Applications of Lagrange’s identity :
If y is a known non — trivial solution of
L., " v=0onl,
then the problem of finding a non — trivial solutions of the differential equation
Liuu=0onl,
is reduced, by Lagrenge’s identity, to finding a function ¢ on I satisfying an ordinary differential
equation of order n — 1, namely.
P (u, y) = constant,
1.e.,

z z (—l)jflu(m'j)(an_m.W)G*”:c,c:constant.

m=1| j=I

The Non-homogeneous linear differential equation of order n :

On areal t —interval I, suppose a;(t), .......... ,an(t) and b(t) are continuous functions, and
consider the equation

u® +a;u® Ve + ay(thu = b(t) . (1)
The system associated with this equation is given by

D oAy +fo, el @)

dt

where A(t) is a matrix given by

0 1 0 0. 0 | C 0
0 0 1 0. 0 0
At =|0 0 0 L. 0 Lfo=| M (3)
__________________ 0
| —A, T e —a; | | b(t) |

Thus, the system (2) associated with inhomogeneous equation (1), is linear and non-
homogeneous. The existence and uniqueness of solutions of system (2) can be interpreted, as
usual, as existence and uniqueness results for the nth order non-homogenous differential
equation (1).

The Linear equation of order n with constant coefficient :
Now we consider the special case, when the coefficients

Al, A2y vevnnnn. , dp ,
are all constants. Then the interval I may be assumed to be the entire real t — axis, i.e.,

[ = (-0, o0). In this case, the nth order differential equation

uW +au® Y+ +a,u=0, (LH)
has its associate system as
d
b _py. (1)
dt

where A is the constant matrix given by
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[0 1 (S 0 |
0 0 | B 0
A=|M M M M (2)
0 0 0.coveee. 1
__ an _an_l _an_2 ..... 3.1 |
The characteristic polynomial for the matrix A is
f(A) = det(AE, - A) , 3)
which is of degree n in A.
Theorem (12.4) : The characteristic polynomial for the matrix, given above, is
fO) =A" + a A" + a2+ + a,.
Proof:- we shall prove it by induction.
Forn=1, A =(-a;) and so
f (A) =det(AE; — A)
=1+ a] |
=A+ay. (1)
So the result is true forn = 1.
Assume that the result is true for n — 1. Then
A -1 0.cveee 0 0
0 A —laene. 0 0
f(A) =detAE, - A)= |- ———— (2)
0 0 0. A -1
—a, —a,, —a,,...8, A+a,

Expanding (2) by the first column, we notice that the coefficient of A is a determinant of order n
— 1 which is equal to det(AE, ; — A;), where

0 1 O 0
0 0 | DT 0
N P 3)
0 0 Ouevneee 1
-a,, —a,, —a,;..q
Therefore, by assumption of the result for n — 1, we have
detAEn i — A =A"" +a ™+ ... + 2. 4)

The only other non — zero element in the first column is a, whose cofactor in the determinant (2)
is 1.
Hence, expansion of (2) becomes
f(A) = det(AE, — A)
=AM Fa AP +an) +a. 1
=A"+a A + a1 + an,
which proves the result by induction.

Remark : This theorem (12.4) shows that f(A) can be obtained from L,u by formally changing
&) . 2k
u’toA .

Theorem (12.5) :- Let Ay, Ay, .......... As, be the distinct roots of the characteristic equation
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fA) =A" +a A" + ... +a,=0,
and suppose A; has multiplicity m; (i=1, 2, ........ ,8). Then a fundamental set for the nth order
homogeneous linear equation
Lou=u+au™+ ... +a,u=0
is given by the n functions
et | k=0,1,2,....... mi;i=1,2, ... , 9).

Proof:- We shall prove the theorem directly. From the theory of polynomial equations, we know
that if A; is a root of f(A) = 0 with multiplicity m;, then A; is also a root of the (m — 1) equations
f'A)=0,f"N) =0, ........... ™D =0. (1)
It is clear that
Lo(e™) = f(M)e™, )
And in general

k
L:n(tk et)x.) — Ltn |:887 etﬂj|

={f(k)(7\,)+kf(k_l)(K)t+$f(k_2)(7\,)t2+...+f(k)tk}etx, 3)

using Leibnitz rule. From equations (1) and (3), it follows that, for any fixed 1,

Ly(t*e™) =0, )
for k =0, 1, 2, ....... , mj;. This proves that functions e are solutions of nth order
homogeneous equation.

Now, it will be proved that these functions are linearly independent. If possible, suppose that
they are not linearly independent. There exists constants cix, not all zero, such that
s Wll—l
zz Ciktk eﬁ‘i =0
i=1 k=0
or

S P e™ =0, (5)

i=1
where the P;i(t) are polynomials and 6 < s is chooses so that

Ps(t) # 0 while Pgyi(t) =0 fori > 1. (6)
Divide the above expression by e™ and differentiate enough times so that the polynomial Py(t)
becomes zero. Note that the degrees and the non - identically vanishing nature of the
polynomials multiplying e®i i > 1, do not change under this operation. Thus there are

results
o

2 Q™ =0, ™
where Qj(t) has the same degree as P;i(t) for i > 2.
Repeating the procedure results finally in a polynomial F(t) of a degree equal to that of P(t) such
that
F(t) =0 for all t. (8)
This is impossible, since a polynomial (of finite degree) can vanish only at isolated points.
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Thus, the solutions (3) are linearly independent. This completes the proof.

Books recommended for reading for chapters 9 - 12 are

(D S.L. Ross Differential Equations
2) E.A. Coddington Theory of Ordinary Differential
and N.Levinson Equations

3) P. Hertman Differential Equations.
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13

NONLINEAR DIFFERENTIAL EQUATIONS,
PLANE AUTONOMOUS SYSTEMS

There have been two major trends in the historical development of differential equations.

The firs and the oldest is to find explicit solutions, either in closed form-which is rarely possible —
or in terms of power series.

In the second, one abandons all hopes of solving equations in any traditional sense, and instead
concentrates on a search for qualitative information about the general behaviour of solution.

The qualitative theory of nonlinear equations is totally different. It was founded by Poincare
around 1880, in connection with his work in celestial mechanics. Very little of a general nature
is known about nonlinear equations.

Why should one be interested in nonlinear differential equation? The basic reason is that many
physical systems and the equations that describe them are simply nonlinear from the onset. The
usual linearization are approximating devices that are partly confessions or defeat of the practical
view that half a loaf is better than none.

Since any higher order differential equation can be transformed into a system of first order
equations, we will restrict ourselves to such systems.
Consider the first order system.
dy
—=ft.y), (D)
a7
where, to avoid unnecessary complications, we shall suppose that f{t, y) is defined and continuous
for all y and all t > t(, and satisfies a Lipschitz condition in y in any bounded domain. Then, for
the initial-value problem.

y(to) = Yo, ..(2)
the uniqueness and existence theorems show that there is a unique solution
y=y(t;yo,t) (to<t<T), ..(3)

where y(t ; yo, to) is defined for all t > ty. This will not be a significant restriction as in the
applications to follow y(t) will either be a constant or a periodic function of t.

Stability is connected with the question as to whether solutions which are in some sense close to
y(t) at some instant will remain close for all subsequent times. Clearly, stability is a desirable
property is dynamical processes, modelled here by the system of equations (1), are often subject
to small, unpredictable disturbances. Unstable solutions are thus extremely difficult to realize
either experimentally or numerically, as an arbitrarily small disturbance will eventually cause
large deviation from the unstable solution.
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Autonomous systems and the phase plane

Definition. A system of differential equations

dy

—=Ay), (D)

a Y
in which the independent variable t does not occur explicitly, is called autonomous. Thus, the
characteristic property of autonomous systems is that the function f do not depend on the
independent variable. When the variable t is thought of as representing time, autonomous system
are thus steady stationary.

The main point of this topic deals with the geometry of solutions of differential equations on a
plane, i.e., n = 2. That is, the vector y in system (1) is two-dimensional.

Definition. A point y = yj is called a singular or stationary point of the autonomous system (1)

if

fyo) =0, (2
and a regular point if

f(yo) #0. ...(3)

Remark. The second order system (1), in general, correspond with second order non linear
differential equation of the form

d*x dx
—=fx,—|. ..
dt’ f( dt J M

If we imagine a simple dynamical system (with one degree of freedom) consisting of a particle of

. ) ) . dx ). . . .
unit mass (m = 1) moving on the x-axis, and if f(x, EJ is the force acting on it, then equation (1)

is the equation of motion of the particle.

If we introduce the variable
dx

=3 ..(2)

y

then second order equation (1) is replaced by the equivalent first order autonomous two-
dimensional system

=y
C‘li; .0)
E:f(X’Y)

We shall see that a good deal can be learned about the solutions of (1) by studying the
solutions of system (3).

Definitions :The values of x (position/distance) and i—f(velocity), which at each instant

. . . dx .
characterize the state of the system, are called its phases. The plane of the variables x and d—)zls

called the phase plane.

Note : When t is regarded as a parameter, then in general a solution of system (3) is a pair of
functions

X = X(t), y =y(t) (4
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defining a curve in the xy-plane, which is simply the phase plane mentioned above. We shall be
interested in the total picture/idea formed by these curves in the phase plane.

Remark. More generally, we study autonomous two dimensional systems of the form

dx dy

_:F X, )’_:G X, )

” (x,y dt X,y
where F and G are continuous and have continuous first partial derivatives through the xy-plane,
which is called the phase plane of the system.

Given a solution x = x(t), y = y(t) of the above system, we can plot the points (x(t), y(t)) in the
phase plane, obtaining a graph or curve having x(t) and y(t) as parametric functions.

To add a dynamic element to the geometry, think of the point (x(t), y(t)) as moving along this
curve as t increases, endowing the curve with a sense of direction or orientation.

Definition. The oriented locus of points (x(t), y(t)) in the phase plane, formed from a solution of
the given two-dimensional plane autonomous system, is called a path lorbit| trajectory of the
system.

Thus, a path is a directed curve in the phase plane. In figures, we will use arrows to indicate the
direction in which the path is traced out as t increases.

Remark : Returning now to general considerations, we will state some facts about trajectories.
Consider the plane autonomous system

dy

_:FX7 )

" (x,y)

dy

— =G(x, ¢!
" (x,y) (D

where F and G are continuous with continuous first partial derivatives for all points (x, y) in the
phase plane.

Fact 1. There is a trajectory through each point (xo, yo) in the phase plane.

This is true because the initial-value problem

dx
_:an )
" (x,y)

dy
it G(x,y),
X(to) = Xo,
yo(to) = Yo ()
has a solution. This solution yields a trajectory through the point (X, yp) in the phase plane.
Fact 2. If x = @ (t), y = y(t) is a solution of the plane system (1) and c is a constant, then
x=@ (t+c),
y=y(t+c), 3)
is also a solution of the system (1). When solutions are related in this way, we call their
trajectories translations of each other. These two trajectories have the same graph but (@(t),
y(t)) and (@(t + c), WY(t + c)) arrive at a given geometric point at different times. Infact, if the first
arrives at P at time to, the second gets there at time ty — c.
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Thus, the only way two trajectories of a plane system (1) can pass through the same point is if
each is a translation of the other.  That is, two trajectories through the same point are
translations of each other.

Fact 3. A trajectory of a plane autonomous system (1) may not cross itself. The only exception to
this occurs at those points of the phase plane where both F and G vanish. In the neighbourhood of
such points (singular points), solutions exhibit particularly interesting behaviour.

Fact 4. Trajectories may, however, be closed curves. Closed paths represent periodic solutions of
the system.

Critical point of a plane autonomous system.

Definition. A point (X, yo) of the phase plane is called a critical point of the plane autonomous
system (1) if

F(xo, yo) = 0, and G(xo, yo) = 0.
A critical point is also sometimes called an equilibrium point/stationary point.

Note. At such a point, the unique solution is the constant solution.
X=Xp,andy=yp.

A constant solution does not define a path, so, no path goes through a critical point.
Isolated Critical Point

Definition. A critical point (X, yo) is called isolated if there is a disk of positive radius about (xo,
Yo) containing no other critical point of the system.

Remark 1. The means that there are no other critical points of the system arbitrarily close an
isolated critical point to (Xo, yo). We will only deal with isolated critical points, and so will take
the phrase “critical point” to mean “isolated critical point”. We will also assume that F and G and
their first partial derivatives are continuous throughout the plane, unless explicit exception is
made.

Remark 2. Suppose now that (xo, yo) is a critical point of the given system, and consider the
initial value problem consisting of the system and the conditions x(ty) = Xo y(to) = Yo.

Since x'(to) = F(xo0, o) =0,
and

y (to) = G(Xo, Y0) =0,

the trajectory through (xo, yo) can never leave this point. We conclude that a trajectory through
a critical point consists of just the single critical point.

Remark 3 : Further, since different trajectories of an autonomous system cannot cross each other,
no other trajectory can pass through a critical point. Thus, a trajectory beginning at a
noncritical point can never reach a critical point. It may, however, approach arbitrarily close to
a critical point, and it may do so in variety of ways. We will pursue this idea in the next section,
where we will see that understanding the behaviour of trajectories near a critical point yields
useful information about properties of solutions of the system.

We will now consider how do trajectories/ paths behave as t—oo or as t——oo. This is the question
of asymptotic behaviour. To develop these ideas we will assume that Py(xo, yo) is an isolated
critical point of the given plane autonomous system (1).
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Definition (Trajectory approaching a critical point). Let x = x(t), y = y(t) be a solution which
parametrically represents the path C, and let Py(xo, yo) be a critical point of the given plane
autonomous system.

dx
_:FX’ s
” (x,y)
dy
—=G(x,y) .
it (x,y)

The path C approaches the critical point Py(Xo, yo) if and only if
lim x(t) = xp and lim y(t) =yo, y
t—oo

t—oo

tlir_rlo x(t) = xo and tl_l)I_l’cln y(t) =yo. /\/\/\/ Py

Explanation. This definition is illustrated in
the adjoining figure. Think of the trajectory
as the path of a particle. For the trajectory to
approach the critical point Py(xg, yo), the
following must be true.

or

Given a circle C about Py, we must be able to find a time, say, tc such that the particle is within
the disk enclosed by C at all times later than tc, or at all times before tc. Notice that, since the
trajectory cannot cross a critical point, the particle never actually reaches Py — it simply comes
arbitrarily close in the limit. Further, this limit is irrespective of the solution that is actually used
to represent the trajectory. If x = x;(t), y = yi(t) is another solution defining the same trajectory,
then one must have the same limits.

Definition (Trajectory entering a critical point). A trajectory {(x(t), y(t))} enters the critical
point Py(xo, yo) of the plane autonomous system

dx
— F X, s
” x,y)
dy
- = G X, 5
it (x,y)
if and only if the trajectory approaches Py, and also the quotient
Yy —yo
x(H)-x,

has a finite limit as t—>oo or as t—>—oo.

Explanation. The ratio in this definition is the slope
of the straight line from the particle at the point
P(x(t), y(t)) at time t to the critical point Py(Xo, yo).
For the trajectory to enter Py, it must not only >——>—_. P,
approach Py, but must do so along a definite
direction, given by this limit. That is, as the
trajectory approaches Py, it is more nearly moving X
along the line through P, having this slope. We note
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that in this case, the trajectory approaches Py along a
specific direction.

Remark. Without loss of generality, we will take the critical point (x¢ , yo) to be the origin
0(0, 0) in further discussions.

If necessary, we make use of the linear transformation
€ = x —Xo,
n=Y-Yo,
which transforms the point (xo, yo) of the xy-plane into the origin (0,0) in the En-plane.

Theorem (3.1). For any continuously differential function V = V(x, y), each integral curve of the
plane. autonomous system

dx _dV(x,y)

dt dy
dy _ dV(x,y)
dt ox

lies one some level curve
V(X, y) = constant.

Proof. Along any solution curve, we have
av_av dx av dy
at  ox dt Qdy dt

_9dv adv _dv adv
~ 0x Ot dy ox
=0, ..(D)
using the given plane autonomous system. Consequently
V(x(t), y(t)) = constt. ...(2)

The associated steady flow is divergence free, because

dw[d_;ﬂjj:div dvg_dvs
dt dy X
_ 0’V 2%V
oxdy  dyox
=0. ..(3)

In fluid mechanics, such a steady flow (1) is called incompressible, and the function
V = V(x, y) is called its stream function. Also

oV~ dVal[dV~ dVa
=|—i+—j||=—i——]
dy  dx
=0, .4
which shows that the level curves of V as the orthogonal trajectories to the gradient lines of V
(or path lines).

The main advantage of the representation
dx dV

dt oy’
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dy _ dV

=——), ...(5)
ot ox
over the differential equation
d dV/dx
Yo : ..(6)
dx oV /dy

is the following. Whereas the solution curves of (6) terminate whenever E;—Vvanishes, those of (5)
y

terminate only where the function V has a critical point in the sense that grad V = 0. This happens

exactly where the autonomous system (5) has critical points.

Ilustration of theorem (13.1). If we set

V=-x"+y)2, (1
we get the system
dx __
a7
dy
— =X, 2
" (2)

having circular streamlines.

If u(x, y) is non-vanishing, then the system.

&

dt Y

dy

— =Ux , 3
dt n 3)

also has circles for solution curves. Thus, we can construct a wide variety of autonomous systems
having the same solution curves in this way.

Example. Consider the autonomous system

dx dx
— == — =X, 1
dt dt M
whose solutions are

x(t) = r cos (t+c),

y(t) =r sin (t+c) , ()

where r and c are arbitrary constants. The graphs of these solutions are concentric circles, with
centre at the origin, whose equations are

x> + y2 =r. 3)
The corresponding first order equation, after eliminating t, is

X @)
dt y
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with solutions

y(x) =+ V1’ —x?, (5)

which are defined only for Ix| < Irl . Whereas the function —x/y is undefined where y = 0 , the
functions F(x, y) = —y and G(X, y) = x of the given system are defined throughout the plane.

This gives an obvious advantage of the system (1) over the differential equation (4).

The circles (3) form a regular curve
family in the “punctured” xy-plane,

y
the critical point O(0,0) being deleted.
Example. For the autonomous system

dx 000.0) / X

dt 7’ -

dy

—=-X, (1
" (1)

1) find the real critical points of the system ,

ii) obtain the differential equation that gives the slope of the tangent to the paths of the
system,

iii) solve the above equation obtained in (ii) to obtain one parameter family of path.

Solution. We have

d’x _dy
dt*  dt
d’x
= —+x=0. ...(2)

dt?

Similarly
d2y
—+y=0. ...(3)
TR

The general solutions of equations (2) and (3) are, respectively,
x(t)=Acost+Bsint, @
y(t)=Ccost+Dsint , ...(5

where A, B, C, D are constants. From equations (1), (4) and (5), we get

Ccost+ Dsint=—Asint+Bcost 6
—Acost—Bsint:—Csint+Dcost} -++(8)
This gives
C=B,D=-A. ..(7)
Hence, solutions of the system (1) are
x(t) = Acost+Bsint g
y(t)=Bcost—AsinJ’ -+ (8)
where A and B are arbitrary constants.
If these solutions are required to satisfy the supplementary initial conditions, say,
x(0)=0,y(0)=1, ...(9)

then, we shall get
A=0,
B=1.
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Thus, solutions are
x(t) =sin t,
y(t) = cost. ...(10)
Further, if the solutions for x and y satisfy the supplementary conditions, say,
x(0)=-1,y00)=0,
then they assume the form
x(t) = sin (t— 7/2),
y(t) = cos(t—1/2) . .(11)

We see that solutions given by (10) is different from the solution (11), but both of them define the
same path is the xy-plane as the path is translatory invariant.

Eliminating the parameter t, we get
X+y' =1. / ..(12)
The path is a circle with centre (0, 0) and
radius 1. As t increases from zero \\/é
onwards, the path is traced in the

clockwise direction.

The differential equations which gives the tangent to the path, say C, is obtained by eliminating t
between the given equations. We find

dy dy/dt
dx dx/dt’
=X ..(13)
y
provided (x, y) # (0, 0). The one-parameter family of solutions of equation (13) is given by
x>+ y2 = 0(2, o = constt. , (14

which are the parameter family of paths of the given system in the phase plane. The only critical
point of the given autonomous system (1) is the origin (0, 0) where F=G =0.
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14

CLASSIFICATION OF CRITICAL POINTS AND THEIR
STABILITY

We will now distinguish four kinds of critical points, according to the way trajectories behave in
their vicinity. Let 0(0, 0) be an isolated critical point of a plane autonomous system

dx

_:FX’ )

" (x,¥)

dy

— =G(x, (1
" (X,y) (D

where F and G have continuous first partial derivatives for all (x, y) in the phase plane.
Type I : Center or Rotation Point

Definition. A critical points 0(0, 0) is said to be a center of the system (1) if there exists a
neighbourhood of 0(0, 0) which contains a countably infinite number of closed paths C;, C;, Cs,...,
C,,..., each of which contain 0(0, 0) in its interior and diameter of C, tends to zero as n—co,
However, 0(0, 0) is not approached by any path either as t—oo or t—oo.

ZNN
>

N

Fig. (14.1)

Explanation. In the above figure (14.1), the origin 0(0,0) is the critical point which is a center of
the given system. It is surrounded by an infinite family of closed paths, members of which are
arbitrarily near to 0(0, 0), but 0(0, 0) is not approached by any path as either t—co or as t——co.

Type II : Saddle Point

Definition. An isolated critical point 0(0, 0) of the system (1) is called a saddle point of the
system (1) if there exists a neighbourhood of 0(0, 0) such that

(1) there exists two paths which approach and enter 0(0, 0) from opposite directions as t—oco
and there exists two other paths which approach and enter 0(0, 0) from different opposite
directions as t——oo, y

(i1) in each of the four domains between any two of the four paths in (i) there are
infinitely many paths which are arbitrarily close to 0(0, 0) but do not approach 0(0, 0) either as
t—>+o0 Or as t—>—oo.
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Explanations. The figure (14.2) shows the critical point 0(0, 0) as saddle point which is such that
D A\b/ B

O\ k X

N

. /%\\

C

Fig (14.2)

(1) it is approached and entered by two half-line paths AO and BO as t—oo, these paths form the
geometric curve AB, this solution tending to origin at t—+oo,

(i) it is approached and entered by two half-line paths CO and DO as t——oo, forming the
geometric curve CD,

(ii1) between the four half-line paths described in (i) and (ii), there are four domains R, Ry,
R3 and R4 where each of these domains contains an infinite family of semi-hyperbolic paths which
do not tend to 0(0, 0) as either t—+oo or t——oco, but which become asymptotic to one or another of
the four half-line paths as t—+oco or t——oo,

Type 3. Spiral point (focal point)
Definition. The isolated critical point 0(0, 0) of the plane autonomous system (1) is called a spiral

point (or focal point) if there exists a neighbourhood of 0(0, 0) such that every path C in this nbd
has the following properties.

(1) C is defined for all t >ty (or for all t < ty) for some number t; ;

(i1) C approaches 0(0, 0) as t—+oo (or as t——o0); and

(iii) C approaches 0(0, 0) in a spiral-like manner, winding around 0(0, 0) an infinite number
of times as t—>+oo (Or as t——oo).

Fig. (14.3)
Explanation. The above figure (14.3) shows the critical point 0(0, 0) as a spiral/focal point which
is approached in a spiral-like manner by an infinite family of paths as t—+c or as t——co. We
observe that while the paths approach 0(0, 0) they do not enter it.

A point, say R, tracing such a path C approaches 0(0, 0) as t—+co (or as t——oo), but the line OR
does not tend to a definite direction, since the path C constantly winds about 0(0, 0).
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Type (4) Node Point

Definition. The isolated critical point 0(0, 0) of the plane autonomous system (1) is called a node
if there exists a neighbourhood of 0(0, 0) such that every path C in this nbd has the following
properties.

(1) C is defined for all t > ty (or for all t < ty) for some number ty ;
(i1) C approaches 0(0, 0) as t—+oo (or as t——oo]; and
(i1) C enters 0(0, 0) as t—>+oo (or as t——o),
Explanation. The figure below shows the critical point 0(0, 0) as a node point which is not only

approached, but also entered by an infinite family of paths as t—+oo or as t——oco.

y

X
\\R
D

(Fig. 14.4)

Here, a representative point R tracing such a path not only approaches 0 but does so in such a way
that the line OR tends to a definite direction as t—-+oo or as t——oo .

For the node shown here, there are Four “rectilinear paths” A0, BO, CO, and DO. All other paths
are like ‘“‘semiparabolas”. As each of these semi parabolic like paths approaches 0 (0,0) its slope
approaches that of line AB.

STABILITY OF CRITICAL POINTS
Let 0(0, 0) be a critical point of the plane autonomous system
dx

2 _F

” (x,y),

dy

2L =G(x,y). ..
it (x,y) (D

We will now define what it means for a critical point 0(0, 0) of the system (1) to be stable.
Intuitively, O is stable if trajectories that are close to 0 (0,0) at some time remain ‘“close” at all later
times.

Definition. Stable critical point

Let C be a path system (1) defined parametrically by its solution
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x =f(D), y = g(v. ..(2)

Let D(t) =[f (D] +[g(O]* . .3

denote the distance OR between the critical point 0(0, 0) and the point R(f(t), g(t)) on C. Then the
critical point 0(0, 0) is said to be stable if for each € >0, there exists a number >0 such that the
following is true :

Every path C for which
D(tp) < 0 for some value tg ..(4)
is defined for all t > t; and is that
D)< e fort <+ < oo, ...(5

Explanation. We now analyze all aspects of definition of the stable point in detail with reference
to the figure (14.5) given below, where 0(0, 0) is the isolated critical point.

Fig. (14.5)

According to this definition, the point 0 (0,0) is stable if, corresponding to every positive real
number € , we can ensure the existence of another positive real number d(depending on €) which
does “something” for us.

To explain “something”, we must understand what the inequalities (4) and (5) means.

Accordingly to inequality (4), it means that the distance between the critical point 0 (0,0) and the
point Ry (corresponding to t = ty) on the path C must be less than 8. This implies that the point R,
lies within the circle K; of radius & about 0 (0,0).

Likewise, the inequality (5) means that the distance between 0(0,0) and any point R on the path C,
for t > ty, is less than €. Here, obviously 6 < €. It implies that for all t > ty, the points, like R, on
the path C lie within the circle K; of radius € about 0(0, 0).

This explains the meaning of “something”. When the critical point 0(0, 0) is stable, then every path
C which is inside the circle K; at t = to, will remain inside the circle K, of radius €, for all t > t,.

Roughly speaking, if every path C stays as close to the critical point 0(0, 0) as we want it ty (i.e.,
within distance €) after it once gets close enough (i.e., within distance ), then the point 0(0, 0) is
stable.

Definition. A critical point is called unstable if it is not stable
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Illustrations. (i) For stable critical points, we point out the centre, the spiral (focal) point and
node point in previous figures are all stable. Of these three, the focal point and node are
asymptotically stable.

(i) If the directions of the paths in figures for focal and node points has been reversed, then
the spiral point and the node of these respective figures would have been unstable. The saddle
point of the above figure is unstable.

Remark. Trajectories coming close to a stable point need not actually approach this point. But if
they do approach this point, then we call the point asymptotically stable.

Definition. Asymptotically stable critical point.
Let 0(0, 0) be an isolated critical point of the plane autonomous system

dx
— =F(x,y),
dt (x.¥)

dy
—=G(x,y) . .1
it (x,y) ey
Let C be a path of system (1); and let
x =f(t), y = g(t) ..(2)

be a solution of system (1) representing C parametrically. Let

D(t) = \Lf (O] +[g(D] ..(3)

denote the distance between the critical point 0(0, 0) and the point R(f{t), g(t)) on the curve C. The
critical point 0(0, 0) is called asymptotically stable if
(1) it is stable and
(ii) there exists a number 8p>0 such that if
D(to) < &, . (4)

for some value of ty, then

lim £(t) =0,

t—>+oo

lim g(t)=0. ...(5)

t—>+oo

To analyse this definition, we note that condition (i) requires that the critical point 0(0, 0) must be
stable. That is, every path C will stay as close to (0, 0) as we desire after it once gets sufficiently
close.

But asymptotic stability is a stronger condition than mere stability. For, in addition to stability, the
condition (ii) requires that every path that gets sufficiently close to (0, 0) ultimately approaches (0,
0) as t—>+oo,

Linear plane autonomous system

Eventually, we want to use these concepts to study the behaviour of solutions of nonlinear systems
of differential equations. However, for linear systems, it is possible to state a definite criterion,
which we will use later when we linearize problems.

Consider the linear system
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X

— =ax + by,

dt Y

dy

— =cx +dy, ...(1
at y (D

where a, b, c, d are real numbers, and
ad—bc#0. ...(2)

It is obvious that 0(0, 0) is the only critical point of the system (1), hence 0 (0,0) is an isolated
critical point of it. We now seek solutions of the system (1) of the form
At
x(t)=cye”,

y(t) =cy e, ..3)

where ¢, ¢, are arbitrary constants and A is a parameter. The substitution of (3) into system (1) at
once leads to the quadratic equation in A, namely,
A*—(a+d)A + (ad —bc) = 0, .(4)

which is called the characteristic equation of the linear plane autonomous system (1). By
virtue of condition (2), A = 0 is not a root of quadratic equation (4).

Let A; and A, be the roots of the characteristic equation (4). We now state and prove the following
theorem which shall determine the nature of the critical point 0(0, 0).

Theorem (14.1). The critical point 0(0, 0) of the linear system (1) is

(i) a node point if A; and A, are real, unequal, and of the same sign ;

(ii) a saddle point if A; and A, are real, unequal, and of the opposite sign ;

(iii) a node point if A; and A, are real and equal,;

(iv) a spiral point if A; and A, are conjugate complex with real part not zero;

(v) a center if A; and A, are pure imaginary.
The stability of the critical point 0(0, 0) of the linear system (1) is determined by the following
theorem.

Theorem (14.2). The critical point 0(0, 0) of the linear system (1) is

(i) asymptotically stable if A; and A, are real and negative or conjugate complex with
negative real parts ;

(ii) a stable, but not asymptotically stable if A; and A, are pure imaginary ;

(iii) unstable, if either of A, A, is real and positive or if A; and A, are conjugate complex
with positive real parts.

The results of the above theorems (14.1) and (14.2) are summarized in the following table.
Table

Nature of roots A; and A, of | Nature of critical point 0(0, 0) | Stability of critical point
characteristic equation of linear system 0(0, 0)

A — (a+d)A +(ad —bc) = 0 dx

—=ax + by,

dt

dy

—=cx+d

dt d
Real, unequal, and of same | Node Asymptotically stable if roots
sign are negative; unstable if roots

are positive

Real, unequal, and of opposite | Saddle point Unstable
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sign
Real and equal Node Asymptotically sable if roots
are negative; unstable if roots
are positive
Conjugate complex but not | Spiral point Asymptotically stable if real
pure 1mmaginary part of roofs is negative;
unstable if real part of roots is
positive
Pure imaginary Center Stable, but not asymptotically
stable
Example. Determine the nature of the critical point 0(0, 0) of the linear system
dx
—=2x -7y,
dt Y
dy
— =3x-8
dt Y

Also determine whether or not the point is stable.

Solution. The given plane autonomous system is linear and 0(0, 0) is the only critical point of it.
We seek solution of the system of the type

x(t) = cle“}

. ...(1)
y(t) =c,e

where ¢; and c; are arbitrary constants and A is a parameter. Substituting (1) in the given system,
we get at once
Aci =2c¢; —7coand Acy = 3¢ — 8¢ .

This implies

A2)c1+7¢,=0

3ci+(-8-A) =0 .2
To have a non trial solution of linear homogeneous system (2), we must have

A—=2 7
3 —8-A|

This implies

M +6L+5=0, ...(3)
which is the characteristic equation of the given problem. Its roots are

A =-5,

AM=-1, ...(4)

which are real, unequal, and of the same sign (both negative). Therefore, the critical point 0(0, 0)
of the given plane autonomous system is a NODE point. Since, A; and A, are real and negative,
therefore, by Table above, the critical point 0(0, 0) is asymptotically stable. Hence the result.

Example. Determine the nature of the critical point (0, 0) of the linear system

dx
—=2X + 4y,
dt Y
dy
—=-2X+6
dt y

and determine whether or not the point is stable.

Solution. It is obvious that 0(0, 0) is the only critical point of the given plane autonomous system.

We seek a solution of the given system of the type

x(t) = ¢; e,



112 DIFFERENTIAL EQUATIONS

A
yO) =cre, (D)
where ¢, and ¢, are arbitrary contents and A is a parameter. Substitution of (1) in the given system
gives
)\«Cl = 2C1 +4 Co, }LCQ = —2C1 + 6C2

or
A=2)c,+(-4)c, =0
A=2)c; +(4)c, . Q)
2¢;,+(A=6)c, =0
To have a non-trivial solution of homogeneous system (2), we must have
A—=2 -4
=0
2 L—6
or A*— 8L +20=0, ..(3)
which is the characteristic equation whose roots are
7\4 =4 +2i,
h=4-2i. ...(4)

These eigenvalues are conjugate pair but not pure imaginary. So the critical point 0(0, 0) is a
SPIRAL POINT. Since the real part of conjugate roots is positive, therefore, the critical point
0(0, 0) is unstable by Table given above.

Exercise I. Show that the origin is an unstable node of the linear system

ax =3x+Yy,
t
dy
—=x+3y.
a0
Exercise II. Show that the origin is an unstable saddle point of the linear system
ax_ -x+3
dt .
dy
— =2x-2y.
dt d

Exercise III. Show that the origin is a stable centre but not asymptotically stable center of the
linear system

dx =3x+Yy,

dt
dy
— =—13x — 3y.
dt Y

Exercise I'V. Show that the origin is an asymptotically stable node of the linear system

X =-5x+Yy,

dt
dy
—=x-15y.
dt Y
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15

CRITICAL POINTS OF ALMOST LINEAR SYSTEMS,
DEPENDENCE ON A PARAMETER AND LIAPUNOV’S
DIRECT METHOD FOR NONLINEAR SYSTEMS

Let 0(0, 0) be an isolated critical point of the nonlinear real plane autonomous system

dx

_:FX’ >

" (x,y)

dy

—=G(x,y). ...(1
dt (x,y) (D

The main result of this section enables us to draw conclusions about the behaviour of solutions of
the system (1) when this system is not too different from a linear system. To decide what “not too
different” means, consider systems of the special form

dx
—=ax+by+Pi(x,y),
&t y +Pi(x,y)

i—z:cx+dy+Q1(x, y), ..(2)

where
(1) a, b, ¢, d are real constants and
ad—bc#0, ...(3)

(i1) functions P;(x, y) and Q;(x, y) have continuous first order partial derivative for all
(X, y), and are such that

lim A%y _
(x,7)—(0,0) /X2+y2 ’
im Q&Y 4 (4

x00) [32 4 o2

Definition. The functions P;(x, y) and Q;(x, y) are called perturbations, and the system is
referred to as the perturbed system corresponding to the linear system

dx
—=ax + by,
dt Y

dy
—=cx+dy . ...(5
&t y )

Note. (1) The assumption (4) is
Py =0(r),
Qi =0(r),

asr—>0+,wherer:\/x2+y2 . ...(4a)

This guarantees that the perturbations tend to zero faster than the linear terms in (2). Also, it is
easily seen that this condition and condition (3) imply that the origin 0 (0,0) is an isolated critical
point for the system (2). Such a critical point is also termed as “simple critical point™.

Note. (2) One would suspect that the behaviour of the paths of the nonlinear system (2), near
0(0, 0), would be similar to that of the paths of the related/corresponding linear system (5),
obtained from nonlinear system (2) by neglecting the nonlinear terms.
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In other words, it would mean that the nature of the critical point 0(0, 0) of the nonlinear system
(2) should be similar to that of the linear system (5), under the conditions mentioned in (3) and (4).
In such a situation, the system (2) is called ‘“almost linear”.

The following theorem (without proof) enables us to draw conclusions about an almost linear
system by examining the associated linear system.
Theorem (15.1). Let 0(0, 0) be an isolated critical point of the nonlinear system

dx
—=ax+by+Pi(x,y),
&t y +Pi(x,y)

d

d—i]=cx+dy+Q1(x, y), (1)
where a, b, ¢, d are real constants, and

ad—bc#0, ...(2)

and P;(x, y) and Q,(x, y) have continuous first order partial derivatives for all (x, y) and are such
that

llm Pl (X’ Y) —

(xy)=(0,0) /42 4 y?

lim &Y _

(x)>0.0) [32 |2

Consider the corresponding linear system

0,

...(3)

dx
— =ax +by,
dt Y

gzcx+dy, @

dt
obtained from (1), by neglecting the nonlinear terms Pi(x, y) and Q;(x, y). 0(0, 0) is also an
isolated critical point of the associated linear system (4). Let A; and A, be the roots of the
characteristic equation
A —(a+d) A+ (ad—bc) =0, E))
of the associated linear system (4). Then the following conclusions hold.

(1) The critical point 0 (0, 0) of nonlinear system (1) is of the same type as that of the associated
linear system (4) in the following cases.

(i) If A, and A, are real, unequal, and of the same sign, then not only is O(0, 0) a node of
linear system (4), but also 0(0, 0) is a node of nonlinear system (1).

(ii) If A, and A, are real and unequal, and of opposite sign, then 0(0, 0) is a saddle point of
both systems (1) and (4).

(iii) If Ay and A, are real and equal and the system (4) is not such that
a=d#0,b=c=0,
then 0(0, 0) is a node point of both systems (1) and (4).

(iv) If A, and A, are conjugate complex with real part not zero, then 0(0, 0) is a spiral point
of both systems (1), and (4).

(2) The critical point 0(0, 0) of the nonlinear system (1) is not necessarily of the same type as that
of the linear system (4) in the following cases :

(v) If A, and A, are real and equal and the system (4) is such that
a=d#0,b=c=0,

then although 0(0, 0) is node of linear system (4), but the point 0(0, 0) may be either a node or a
spiral point of nonlinear system (1).
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(vi) If A; and A, are pure imaginary, then although 0(0, 0) is a center of linear system (4),
but the point 0(0, 0) may be either a center or a spiral point of nonlinear system (1) .

Remark. Although the critical point 0(0, 0) of the non-linear system (1) is of the same type as that
of the corresponding linear system (4) in cases (i) to (iv) of the above conclusion, the actual
appearance of the paths is somewhat different

Example 1. Consider the nonlinear plane autonomous system

dx
—=4x + 2y —4xy,
at y y
dy 2
— =X+ 6y —8x“y. 1
at y y (1)
It is obvious that the origin 0(0, 0) is an isolated critical point of it. Here,
Pi(x, y) = —4xy
and
Qi(x,y) =—8 x’y 2)
are the perturbation functions. However,
. —4xy
Iim ——=0,
(xy)=00) [32 4 2
and
2
lim XY _g. 3)

(x)>0.0) [32 | 2

Therefore, the given nonlinear system is almost linear. The associated linear system is

dx

" 4x -2y,

dy

b 6y , “)
and the corresponding characteristic equation (left as an exercise) is

A —10L+26=0, (5)
with roots

A, Ay=5+1. (6)

From the above theorem (15.1), it follows that the origin 0 (0,0) is a spiral point of the given
nonlinear system.

Example 2. Consider the nonlinear autonomous system

dx

— =X -3y +4xy,

dt y y

dy 4

—=X+7y—Xy. 1
dt y =Xy (1)

It is routine to verify that the origins 0(0, 0) is the only critical point of it and the required
conditions for the above system to be almost linear hold (left as an exercise). The associated linear
system is

= =x -3y,

dt y

dy

—=x+7y. 2
at y )

It can be checked that the characteristic equation associated with this linear system is (left as an
exercise)
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A —8L+10=0, (3)
and its roots are

A, Ao =4+4/6 . 4)
Hence, by the theorem (15.1) stated above, the origin is 0(0,0) a node point of the given nonlinear
system.

The following theorem (without proof), based on the work of the Russian engineer and
Mathematician, Alexander M. Liapunov, enables us to draw conclusions about stability of the
origin for almost linear systems satisfying the hypothesis of the proceeding theorem (15.1).

Theorem (15.2). Under the conditions of the preceding theorem (15.1), the following conclusions
hold.

1. If A; and A, are either real and both negative, or complex with negative real parts, then
the origin 0(0, 0) is asymptotically stable for both systems—lincar and almost linear.

2. If A; and A, are both positive, or both complex with positive real parts, then the origin
0(0, 0) is an unstable critical point of both systems—linear and almost linear.

Example 1. Consider the nonlinear plane autonomous system

L y +X7y
dt ’

%=—2x—3y —xzyz. (1
It can be verified that this system is almost—linear (left as an exercise). The associated linear

system is

[

dt Y

dy

L =2x-3y. 2
m y (2)

It can be checked that the characteristic equations associated with this linear system is (left as an
exercise)

A +4L+5=0, 3)
with roots

A, Ay=-2+1. 4)

Since the roots are complex with negative real parts, we conclude that the critical point 0(0, 0) is
an asymptotically stable spiral point of both linear and almost linear systems.

Example 2. Consider the nonlinear system

dx 2

—=x+4y—x",

dt Y

dy

— =6X — V + 2XxV. 1
dt y y (1)

It is obvious that the origin 0(0, 0) is a critical point of the given system. Further it can be checked
that this system is almost linear (left as an exercise). The associated linear system is

dx

==X +4y,

dt Y

dy

2 =6x —v. 2
at y )

It can be verified that the associated characteristic equation is (left as an exercise)
AP-25=0,
with roots



CRITICAL POINTS OF ALMOST LINEAR SYSTEMS, DEPENDENCE ON A PARAMETER... 117

)\q,?hzziS. (3)

Since these eigenvalues are real, unequal and of opposite sign, so the critical point 0(0, 0) of the
given nonlinear system is a saddle point. Further, it is also concluded that this critical point is
unstable.

Example 3. Find all the real critical points of the nonlinear system

dx 2

—=8x-Y,

dt y

dy 2

— = -6y + 6x°, 1
at y (1

and determine the type and stability of each of these critical points.

Solution. The critical points of the given system are given by the following system of algebraic
equations
8x —y2 =0,
-6y + 6x°=0.
Solving these equations, one finds (left as an exercise) that there are two real critical points,
namely, 0(0, 0) and Py(2, 4).

Critical point 0(0, 0). It may be checked that the given system is almost linear (left as an
exercise). The corresponding linear system is

dx

—=8x,
dt
d
ooy 3)
It can be verified that (exercise) the characteristic equation of this linear system is
AF— 2\ —48 =0, 4)

with roots Ay, A, = 8, —6. Since the roots are real, unequal, and of opposite sign, therefore, it is
concluded that the critical point 0(0, 0) of the given nonlinear system is a saddle point. Further, it
is also concluded that this saddle point is unstable.

Critical point Py(2, 4). We make the transformation
o =x-2,
B=y-4. 5)

which transforms the critical point (x = 2, y = 4) into the origin (o = 0, B = 0) in the af}-plane. The
given nonlinear system now becomes

da

o 8o — 8B — B,

((11—[3 =240 —6B + 607, (6)
which is almost linear (left as an exercise). Its associated linear system is

da

i 8a — 8P,

C:i—[f =240 — 6P . (7
The corresponding characteristic equation is (exercise)

AP —2A+ 144 =0, (8)

with roots Aj, Ay = 1 ++/143 i, which are conjugate complex with real part not zero. Thus, the
critical point (oo = 0, B = 0) of the nonlinear system is a spiral point (why ?) and is unstable
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(why ?). Consequently, the critical point Py (2, 4) of the given nonlinear system is an unstable
spiral point. Hence, the result.

Dependence on a parameter
Consider a differential equation of the form
d*x

F:f(x, )\«) . (1)

where f is analytic for all values of x and A. The equation (1) is equivalent to the following non-
linear plane autonomous system

dt y,

d

D fx ). . (2)
dt

For each fixed value of the parameter A, the critical points of the system (2) are the points of the
type (Xc , 0), where the abscissas x. are the roots of the equation

fx, ) =0, .3)

considered as an equation in the unknown x.

In general, as A varies continuously through a given range of values, the corresponding x. vary and
hence so do the corresponding critical points, paths, and solutions of the system (2).

A value of the parameter A at which two or more critical points coalesce into less than their
previous number is called a bifurcation value / critical value of the parameter A. At such a
value, the nature of the corresponding paths changes abruptly.

Note. In determining both the critical values of the parameter A and the critical points of the
system (2), it is often very useful to investigate the graph of the relation

fx, ) =0, ..(4)

in the xA-plane.
Theorem (15.3) (without proof)

d’x
Let m—- = F(x), ..(D)
dt?

be the differential equations of a conservative dynamical system, F being analytic for all values of
x. Consider the equivalent autonomous system

dx

a7’

dy _F) e
dt m

Let (xc, 0) be a critical point of this system. Let V(x) be the potential energy function of the
dynamical system (1) and defined by

V(x)=—[; F(x)dx. ...(3)
Then the following conclusions hold.

(1) If V has a relative minimum at x = X, then the critical point (X, 0) is a center and is
stable.

(2) If V has a relative maximum at X = X, then the critical point (X, 0) is a saddle point and
is unstable.

(3) If V has a horizontal inflection point at x = X, then the critical point (x., 0) is a
“degenerate” type called a cusp and is unstable.
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Example. Examine the critical points of the nonlinear plane autonomous system
dx _
dt
Y_e_a +A, (1)
dt

where A is a parameter. Also find the critical values of the parameter A.

9

Solution. The critical points of this system are the points P;(x;, 0) and P,(x,, 0) where x; and x;
are the roots of the quadratic equation

x> —4x + A =0, ()
in the unknown x. We find

X1,=2\/4—)\,,

Xo=2—J4= N . 3)
Thus, the critical points of the given system are the points
Py (2++v4-X,0)and P, (2—+/4—-1,0). 4)

For A < 4, the roots x;, X, are real and distinct.
For A = 4, the roots X, X, and real are equal, each equal to 2.
For A > 4, the roots are complex.

Thus, for A < 4, the critical points P; and P, are real and distinct. As A —4 —, these two critical
points approach each other ; and at A = 4, they coalesce into the one single critical point (2, 0). For
A > 4, there are no real critical points. Therefore, the value A = 4 is the critical value of the
parameter A.

Now we will consider the three cases separately.

Case I. When A < 4. For each fixed value, say Ao, of A such that Ay < 4, the critical points P; and P,
are the real distinct points with coordinates

P (2 ++/4=2% ,0), Po(2—+/4=1, , 0)

The corresponding potential energy function V(x, Ag) is given by

3
V(x, ho) =—[1 (x* = 4x +]o) dx=—%+ 2x% — Ao x. .03
Then V/(%, ho) = =X + 4x —Ao,
V7 (x, M) =-2x+4. ..(4)

Hence

V2 +4-Ly , o) =0,V’'(2—/4—L; ,A0) >0 ...(5)

This shows that the potential energy V(x, Ag) has a relative minimum at x = 2 —,/4—-}, .
Consequently, the critical point (2—./4—21, , 0) is a centre and is stable.

Similarly, one finds that (left as an exercise) the critical point (2+./4 -4, , 0) is a saddle point and
is unstable.

Case. 2. When A = 4. There is only one critical point Py(2, 0) of the given system. From equation
4), we find

V'(2,4)=0,

V”’(2,4)=0. ...(6)
However,

V”’(x, Ag) = =2, for all x and Ay . ..(7
Therefore,

V7(2,4)#0. ...(8)
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Thus, the potential energy function V has a horizontal inflection point at x = 2. So, the critical
point P;(2, 0) is a cusp and is unstable.

Case. 3. When A > 4. For each fixed value A of A such that
}L() >4,

there are no real critical points of the given system. This completes the solution.
Liapunov’s direct method to study stability

Earlier, we have studied the stability of linear and almost linear systems. There are occasions when
almost linear technique fails to give useful information, or when it is inconvenient or difficult to
solve. An alternative approach is to consider the fully nonlinear system, using Liapunov’s direct
method. This method is useful for studying the stability of more general plane autonomous
systems.

dx

_:FX’ 5

" (x,y)

dy

—=G(x,y). ...(1
dt (x,y) (D

It is assumed that this system has an isolated critical point at the origin 0(0, 0) and that functions
F(x, y) and G(x, y) have continuous first partial derivatives for all (x, y).

Definition. Let E = E(x, y) have continuous first order partial derivatives at all points (X, y) in a

domain D containing the origin 0(0, 0). The derivative of E w.r.t. the system (1) is denoted by &
and defined by

JE(x, JE(x,
Bix, y) = ZO Y gy, y) 4+ BV Gy e
ox ady
Remark. Let C be a path of the non-linear system (1). Let
x=ft), y=g@, .3

be an arbitrary solution of system (1) defining C parametrically. Let E = E(x, y) have continuous
first partial derivatives for all (x, y) in a domain, say D, containing the curve C.

Now, E is a composite function of t along C. Using the chain rule, the derivative of E w.r.t “t”
along the curve C is given by
If

dE - Y de
o (0 80) = B0, 80) -+ Ey(f0. £0)

= Ex(f(V), (1) F(AD), g(t)) + Ey(A1), g(t)GAW), g(t)

= B(f(0), g(1) (4
Thus, we see that the derivative of E (f(t), g(t)) w.r.t. “t” along the path C is equal to the derivative
of E w.r.t. the system (1) evaluated at x = f{t), y = g(t).

Definition. Let the plane autonomous nonlinear system
dx

E=F(X,Y),
dy _
=G0y ..(D)

have an isolated critical point at the origin 0(0, 0). Let F and G have continuous first order partial
derivatives for all (x, y).

Let E = E(x, y) be a function which is positive definite for all (x, y) in a domain D
containing the origin 0(0, 0) and such that the derivative ﬁ‘(x, y) of E w.r.t the system (1) is
negative semi-definite for all (x, y) €D.
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Then the function E is called a Liapunov function for the plane autonomous system (1)
in D.

We now state two theorems (without proof) on the stability of the critical point 0(0, 0) of
the nonlinear plane autonomous systems with the help of Liapunov functions.

Theorem (15.4). Let the nonlinear system
dx

_:FX’ s
” (x,y)
dy

_:GX7 5
" (x,y)

have an isolated critical point at the origin 0(0, 0) and that F(x, y) and G(x, y) have continuous first
order partial derivatives for all (x, y). If there exists a Liapunov function E = E(x, y) for this
system in some domain D containing the origin 0(0, 0), then the critical point 0(0, 0) of this system
is stable.

Theorem (15.5). Let the nonlinear system

dx
_:FX’ 5
" (x,y)
dy
2 =G(x.y) ,
dt (x,y)

have an isolated critical point at the origin 0(0, 0) and that F(x, y) and G(x, y) have continuous first
order partial derivatives for all (x, y). If there exists a Liapunov function E = E(x, y) for this
system in some domain D containing the origin 0(0, 0) such that the derivative of E w.r.t. the given
system, i.e.,

B(x, y) =§—EF(x,y) +8—EG(x,y)
X ady

is negative definite in D, then the critical point 0(0, 0) is asymptotically stable.

Example. Construct a Liapunov function of the form Ax* + By2 (where A and B are constants) for
the plane autonomous nonlinear system

K iy
dt v
dy 2
L =—y+x?,
a

and use it to determine whether the critical point 0(0, 0) of this system is asymptotically stable or
at least stable.

Solution. Consider the function
E(x,y) =X +V (D)
Then E(0, 0) =0 and
E(x, y) > 0 for all (x, y) # (0, 0). ..(2)
Therefore, the function E(X, y) is positive definite in every domain D containing the origin
0(0, 0). We find
9E o %E oy e
ox ady
The derivative of E(x, y) w.r.t. the given system, denoted by B(x, y), is given by
JE oE
Bx, y) =5~ F(x,y) +=-G(x.y)
ox ady

2X(—x + yz) +2y(-y + xz)
—2(x2 + yz) + 2(X2y + Xyz), .4
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since, as in the given system

F(x, y) = —x 4y,

GXx,y)=-y +x°. ...(5
Clearly @(O, 0) =0. Now, we observe the following :
Ifx<l1 andy¢0,thenxy2<y2;ify< 1 andx¢0,thenx2y<x2. Thus, if x < 1,y < 1, and
(x,y)# (0, 0), then

Xy + Xy. < X°+ 7, ...(6)
and hence

—(x* + y2) + (Xzy + Xyz) <0. ..(7)

Thus, in every domain D containing (0, 0) and such that x < 1 and y < 1, ﬁ‘(x, y) is negative
definite and hence negative semi-definite. Therefore, E defined by (1) is a Liapunov function for
the given system of nonlinear differential equations. Further, applying theorems (15.4) and (15.5),
we see that the critical point 0(0, 0) is asymptotically stable.

Remark. (1) Liapunov’s direct method is indeed “direct” in the sense that it does nto require any
previous knowledge about the solution of nonlinear system or the type/nature of its critical point
0(0, 0). Instead, if one can construct a Liapunov function for the given nonlinear system, then one
can “directly” obtain information about the stability of the critical point 0(0, 0). However, there is
no general method for constructing a Liapunov function, although methods for doing so are
available for certain class of equations.

(2) In seeking Liapunov functions, it is sometimes useful to identify E with the energy of
the physical system which the differential equations describe.



PERIODIC SOLUTIONS, BENDIXSON THEOREM, INDEX OF A CRITICAL POINT 123

16

PERIODIC SOLUTIONS, BENDIXSON THEOREM,
INDEX OF A CRITICAL POINT

We are interested in obtaining criteria for the existence, or otherwise, of periodic solutions of a
planar autonomous system

dx

_:FX7 s

” (x,y)

dy

— =G(x, . ...(1
it (x,y) (1

Clearly, the orbits or paths or trajectories of periodic solutions are closed curves in the phase plane.

Theorem (16.1). Show that periodic solutions and closed paths of the planar autonomous system
(1) are very closely related.

Proof. First of all, if

X =fi(0,y =gV (D)
where f; and g; are not both constant functions, is a periodic solutions of system,
dx
—=F X, s
” (x,y)
dy
— =G(x,y), ...(2
" (X,y) ()

then the path which this solution defines is a closed path.
Secondly, let C be a closed path of the system (2) defined by a solution

x =f(t), y = g(t), ..(3)
and suppose that

Sto) = X0, g(to) = Yo - . (4)
Since C is a closed curve, there exists a value,

tj=to+ T, (say), T >0, .5
such that

ft) = Xo,

g(tl) =Yo. (6)
Now, the pair

x=f{t+T),

y=g(t+T), (7

is also a solution of the same system (2). Further, at t = to, this later solution assumes the value

Sflto + T) = flty) = Xo,

gto+T)=gt1) =yo. .-(8)
Therefore, by uniqueness theorem, the two solutions, given by (3) and (7), are identically for all t.
That is,
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fit+T) = f(v),
g(t +T) = g(t), for all t. ...(9)

This shows that the solution (3), defining the closed curve C, is a periodic solution. This completes
the proof.

Definition. (Limit Cycle)
For a system

dx
_:FX7 s
” (x,y)
dy
— =G(x,Yy),
it (X,y)

a limit cycle is a closed trajectory that has non-closed trajectories spiraling towards it from either

inside or out}s}ide as t increases. Typical limit cycles are shown below :
y

>

For a given planar autonomous system

dx
_:FX7 5
” (x,y)
dy
— =G(x,y),
" (x,y)

we need a theorem giving sufficient conditions for the existence of a limit cycle of this system.
The Poincare-Bendixson theorem is one of the few general theorems of this nature. Before stating
this theorem, however, we shall state and prove a theorem on the non-existence of closed
paths/trajectories of the given system, due to Bendixson.

Theorem 16.2 (Known as Bendixson non-existence theorem). Let D be a domain in the
xy-plane. Let the plane autonomous system be

dx
_:FX, s
" (x,y)
dy

— =G(x, ,
it (x,y)

IF(x,y)  0GK.y), o
ox ady

the same sign throughout D. Then the given system has no closed path in the domain D.

where F and G have continuous first order derivatives in D. Suppose that

Proof. Suppose that C is the orbit of a periodic solution of the given plane autonomous system

dx
il F(x,y).
Q:G(x,y), ..(D

dt
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Let S be the region enclosed by C. Then, by Green’s theorem in the plane, we have

ﬂ{éf+%%ddy—j{ﬂxwdy Glx.y) dx}, e

where the line integral is taken in the positive sense. But, on the orbit C, the system of given
differential equations holds, i.e.,

dx

2 _F

” (X,y),

=60y, )

holds on C.

Let x = f(t), y = g(t) be the parametric equaths of the path C ; and let T denote the period of this
solution. Then
df (t)

0 _k(rw.e0,
d?)quw> )

along C. Hence
[ [F(x, y)dy - G(x, y) dx]

C
ﬂg{f@“mkucwm(ogm}
=y (FIAY. g1 GIA. &0 = GIAY. &)
FIAD, 201} dt
=0.
Thus,
! {EJra_G}d dy =0. .(5)
dy

But the integrand in (5) has the same sign throughout the domain D. Hence, this double integral
must be non-zero. This contradiction proves that D can contain no closed path of the given
system.

Note : Theorem (16.2) may be restated in the following form :

“There are no periodic solutions in any domain where [— +— | is of one sign”.

X dy
Example. Let F(x, y) = 3x + 4y + x°,
G(x,y)=5x -2y +Yy’, (1)
and consider the system
dx dy
—=F(x,y), —=G(x,y). 2
" (x,y) " (x,y) 2

The functions F(x, y) and G(x, y) and their derivatives are continuous throughout the phase plane.
Further,
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oF,9C 5 +3x7 =2 + 3y’
ox dy
=1+3 & +y)
>0, 3)
for all (x, y). We conclude that the given autonomous system has no closed trajectory and hence no
periodic solution.
Theorem (16.3). The orbit C of a periodic solution of a plane autonomous system must enclose
atleast one critical point.
Proof. The proof will be by contradiction. Suppose that the orbit C contains a region, say S, with
no critical points of the plane autonomous systems

dx
_:FX’ )
" (x,y)
dy
— =G(x,y). (1
m (X,y) )
y
C
(0]
& X
Then F*+G*#0inS. ..(2)

Let ¢ be the angle between the tangent vector to C and the x-axis, as shown in the figure above.
Then clearly

[ dop=2m. ...(3)
C
But tan ¢ = dy
dx
_dy/dt
dx/dt
F(x,
- fy) (&)
G(x,y)
This gives (left as an exercise)
FdG — GdF
dp= ——7—. ...(5)
\ F>+G’
The Green’s theorem in the plane gives
FdG — GdF
[do :J 2, 2
C C F"+G

0 F 0 G
-] e e e L 0
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But the integrand in the integral over S is identically zero (left as an exercise). This leads to a
contradiction. Hence the result holds. This completes the proof.

Note. (1) The second theorem and shows that the location of critical points may be an indicator of
the presence of periodic solutions.

(2) The two theorems have (16.2) and (16.3) provided negative criteria. They help us to
determine if an autonomous system does not have a closed trajectory in a region of the plane.

The next theorem (without proof), known as Poincare-Bendixson theorem, gives sufficient
conditions for a closed trajectory to exist. It also relates the existence of periodic solutions to the
location of critical points.

Theorem 16.4. (Poincare-Bendixson Theorem). Let the given plane autonomous system be
dx

— =F(x,y),
@ (x,y)
dy

2 =G(x,y),
it (x,y)

where F and G have continuous first partial derivative in a domain D of the xy-plane. Let R € D
be a closed bounded region containing no critical points of this system, and such that there is an
orbit C which lies in R for all t >0 . Then either C is a closed orbit, or C approaches a closed orbit
spirally as t—oo,

Remark. In either case, there exists a closed path of the given system in the region R.
The Index of a critical point

Simple closed curve. A closed curve having no double points is called a simple closed curve
Example (i) A circle is a simple closed curve.
Example (ii) The curve oo is not a simple closed curve.
Consider the system
dx

o F(x,y),
dy _
=000y, ..(D)

where F and G have continuous first order partial derivatives for all (x, y). Assume that all of the
critical points of this system are isolated. Now consider a simple closed curve, say C, which passes
through no critical points of this system. Consider a point (x;, y;) on the curve C and the vector

5=F(X1,y1) i+ G(x1, y1) 3 ) ...(2)
at the point (x1, y;). Let this vector make an angle 6 with the positive x-direction.

C G(x.y)

A

F(x1,yn)
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Now, let (xi, y1) describe the curve C once in the positive (counterclockwise) direction and return
to its original position. As the point (x;, y;) describes the curve C, the vector (2) changes
continuously, and consequently the angle 0 also varies continuously.

When the point (x;, y;) reaches its original position, the angle 6 will have changed by an amount,
AB say.

Definition. Let 6 denote the angle from the positive x-direction to the vector F(xy, y)) i+ G(x1, y1)
j defined by the system

dx
_:FX’ 5
" (x,y)
dy
_:GX’ ’
dt (x,y)

at the point (x;, y;). Let AO denote the total change in 0 as (x;, y;) describes the simple closed
curve C once in the anticlockwise direction. The number

_A®

1= =
21

is called the index of the curve C w.r.t the given autonomous system.

Remarks. (1) Clearly A® is either equal to zero or a positive or negative integral multiple of 27.
Hence, the index I. is either O or a positive or negative integer.

(2) If the vector F(x, y1) i+ G(x1, y1) 3 merely oscillates but does not make a complete
rotation as (X1, y;) describes C, then I = 0.
(3) If the net change A in 0 is a decrease, then I < 0.

Definition. By the index of an isolated critical point (x, yy) of the given autonomous system, we
mean the index of a simple enclose curve C which encloses (xo, yo) but no other critical point of
the given system.

Remark. (1) The index of a node/centre/spiral pointis I=1.
(2) The index of a saddle point is [ = —1.

(3) Let (xo, yo) be an isolated critical point of a given system. Then all simple closed curves
enclosing (X, yo) but containing no other critical point of the given system, have the same index.

For more information/detail, the reader is advised to refer to the following books.

Books Suggested
(D S. L Ross Differential Equations
2) R. Grim Shaw Nonlinear Ordinary Differential Equations, CRC Press, 1993

3) P. Hertman Differential Equations.
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17

PRELIMINARIES ABOUT LINEAR SECOND ORDER
DIFFERENTIAL EQUATIONS

One of the most frequently occurring types of differential equation in mathematics and physical
sciences is the linear second order differential equation of the form

2
i—g+g(t)i—ltl+f(t)u:h(t), (1)
or of the form
d du
a[p(t)a} +q(t) u=h(v. ..(2)

Unless otherwise specified, it is assumed that the functions f{(t), g(t), h(t) and p(t) # 0, q(t) in these
equations are continuous real/complex valued functions of some real variable t on some interval I,
which can be bounded or unbounded.

Note 1. The form (2) is more general since (1) can be written as

d du
E[P(t)a} +p(H) () u=p(t) h(v), .3
provided p(t) is defined as
p(t) = exp [j; g(s) ds], .4

for some ael.

Note 2. If p(t) is continuously differentiable, then (2) can be written as
2 '
d_;1+{p(t)}d_u+{q(t>}u:{h(t>}, 5)
dt p(t) J dt  {p(t) p(t)
which is of form (1).

Remark. When the function p(t), in equation (2), is continuous but does not have a continuous
derivative, then equation (2) can not be written in the form (1). In such a situation, equation (2) is
to be interpreted as the first order linear system for the binary vector

1
y
y=|Y | ..(6)
(yz]

1 2 du
=u,y =plt)—, (7
y y p()dt (N

where

and equations are
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dy' 1
& pv’
2
ddit = —q()y' +h(t). (8
Equations in (8) can be put in the form
dy
2 _A
dt (O y+b), )
where A(t) = { 0 ”p(t)} b(t) = { 0 } (10)
RO o |” 7 |h]

In other words, a solution u = u(t) of equation (2) is a continuously differentiable function such

that p(t) ((11—13 has a continuous derivative satisfying (2).

When p(t) # 0, q(t), h(t) are continuous, the standard existence and uniqueness theorems for linear
systems are applicable to system(9), hence equation (2).

Particular Case. When p(t) = 1 on I. Then equation (2) becomes
2

l—§+ q(t) u = h(t) (1)

Reduction of equation (2) to an equation of the type (11)

When p(t) # 0 is real valued, then we change the independent variables through the relation
_ v dg
s = [,—2—+ const.
p(&)

ie., ds = dt/p(t), ...(12)
for some ael.
The function s = s(t) has a derivative
ds 1
— =%
dt  p(t)
and so s = s(t) is strictly monotone. Hence s = s(t) has an inverse function
t=t(s),
define on some s-interval.

b

In terms of the new independent variable s, the differential equation (2) becomes, as
derived below :

du_du dt
ds dt ds
du
= t—’
p()dt
d_g{ (t)d_U}E
ds? dt PRae [ds

d du
—p(t)a[p(t)a} ...(13)
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So, equation (2) becomes, after multiplying by p(t) throughout,
2

jTE+ p(H)q(t) u=p(t)h(t) , ..(14)

where t in p(t) q(t) and p(t) h(t) is replaced by the function t = t(s). Thus, equation (14) is of the
type (11), under transformation given by (12).
Reduction of equation (1) to an equation of the type (11)

We change the dependent variable u into z by the relation
1
u(t) = z(t) exp {—5 fa g(ﬁ)di} ) ...(15)
for some a1 . Then

du_ exp [_% i g(&,)d&} . {—%g<t)}+%exp [—% X g(é)di}

dt dt
= {—%z(t).g(t)+%}exp[—% [ g(&)di] ...(16)
and j%l= {—%z(t)g(t)+%} exp {—% N g(&)dé} {—%g(t)}
+ {—%%g(t)—%za)g'(tﬂ%} exp {—% fa g(é)dé}

[0 0e 0 0% Lot 0+ 2] exp L 1

= LZ(t)g (t)—g(t) " ZZ(t)g )+ dtz}' exp { 5 Ja g(i)di}- -.(17)
On substituting, equation (1) is transformed to
d’z g g
dt? J{f(t)Jr 4 2

which is of type (11). This completes the reduction process.

z=h(t). exp B [ g(a)dg}, ...(18)

Note. Generally, the second order differential equations to be considered will be assumed to be of
the form (2) or (11)

Example. 1. The simplest differential equations of the type (11) are

u// — 0,
W +6’u=0,u"-c6"u=0,6#0. ..(1)
The general solutions of these equations are, respectively,
u=cj+cyt, u(t)=c,cosot+c,sinct,u(t) =c,e® +c,e " , ..(2)

where ¢ and c; are arbitrary constants.

Example. 2. Consider the differential equation

u” +bu" +au=0, ...(1)
a andb being constan ts.
Then u(t) = ™ is a solution of equation (1) iff A satisfies

A’ +bL+a=0. ..(2)
Hence, the general solution of equation (1) is
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bt
ut)=¢€ 2(ci+cat)

or u(t) = ¢, eMt +(:26th ...(3

. . . 1 _
according as quadratic equation (2) has a double root A = _Eb or distinct roots

M,k2=—ki1/lb2—a.
27 Va

When a and b are real and ibz — a < 0, then non real exponents in the solution can be avoided by

u(t) = e "2 {cl 005(1/'& —ib2 }t +c, sin(1/a —ibz jt} ..(4)

Remark. The substitution
u(t)=z(t) e
reduces differential equation (1) to
2
_22 +0°z2=0,
dt

writing
~bt/2

where
1

cl=a—-—b?.
4
Definition. (Non-oscillatory and oscillatory functions)

A real valued function f(t) defined and continuous in an interval [a, b] is said to be non-oscillatory
in [a, b] if f(t) has not more than one zero in [a, b].

If f(t) has atleast two zeros in [a, b], then f{t) is said to be oscillatory in [a, b].

Examples. (i) consider the function
f(t)=Ae " +Be™

fort >0, A and B are constants. Then f{t) is non-oscillatory.

(i) Let f(t)=sint,t>0.
Then f(t) is oscillatory in [0, 47] .

Definition. (Non-oscillatory and oscillatory differential equations)

A second order differential equation

d*u du

—+p(t)—+q(t) y=h(t),t =0

7 TR0 a0y =h()
is called “non-oscillatory” if every solution u = u(t) of it, is non-oscillatory. Otherwise, differential
equations is called oscillatory.
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Example. (1) u” +u =0 is oscillatory.
Its general solution is
u(t)=Acost+Bsint,t>0.

W.lo.g., we can assume that both A and B are non-zero constants, otherwise, u(t) is trivially
oscillatory.
In that case, u(t) has a zero at
t=nm+tan ' (A/B),forn=0,1,2,3,....
So, this equation is oscillatory.
Example. (2) consider the linear equation
v —u=0,fort=0.

Its general solution is u(t)=Ae'+Be ™", A & B are constants. This solution is non-oscillatory.
Hence, this equation is non-oscillatory.

Definition. Let f{(t) and g(t) be two real valued defined and continuous functions in some interval
[a, b]. Then f(t) is said to oscillate more rapidly than g(t) if the number of zeros of f(t) in [a, b]
exceed the number of zeros of g(t) in [a, b] by more than one.

Example. Let f(t) =sin 2t  in [0, 47]
g(t)=sint in [0, 4w]

Then zeros of f{(t) are only half as far apart as

the zeros of g(t). So f{(t) oscillates more

rapidly than g(t) in the interval [0, 47].

Remark. Qualitative properties of solutions of differential equations assume importance in the
absence of closed form solutions.

In case the solutions are not expressible in terms of the usual “known functions”, an
analysis of the differential equation is necessary to find the facets of the solutions.

One such qualitative property, which has wide applications, is the oscillation of solutions.
Prifer transformation/ Polar coordinate transformation

This transformation is applicable to linear homogeneous second order differential
equations. This transformation yields an equivalent system of two first order differential equations.
This transformation changes an equation from Liouville normal form to two successive ordinary
differential equations. It is often used to obtain information about the zeros of solutions.

Procedure. Suppose we have the Sturm-Liouville equation

d du

— | p(tH)— |+ qt)u=0, !

dt{p()dt} q(v) (1)
defined on the interval I with p(t) > 0, p(t) eC!, and q(t) continuous. If we think of this single
second order equation (1) as two first order differential equations for the unknowns {u, u’}, then
we can change the dependent variables from {u, u’} to {p(t), ¢(t)} by

p(t) u’(t) = p(t) cos (1),

u(t) = p(t) sin ¢(t) . ..(2)

This substitution (2) is called Prufer substitution. Equation (2) gives
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p(t) =[*+(pu)1"”>0,
u

0) :tan_l(—'] : ..(3)
pu

p is called the amplitude and ¢ the phase variable. Here u and u” cannot vanish simultaneously

(for a non-trivial solution), so p > 0. The correspondences (pu’, u) = (p, ¢) defined by (2) and (3)

are analytic with nonvanishing Jacobian.

We now derive an equivalent system of differential equations for p(t) and o(t).

From equation (3), we have

cot 0 =pu'/u. ...(4)
Differentiating (4) w.r.t. ‘t’, we get
" V2
u u

=—q(t) 1 c0t2q) .
p

This implies
dp 1 2 . 2
—=——cos” ¢+ q(t) sin” ¢ . ..(5
it p() ¢ +q(t) sin” ¢ ®)
Differentiating the relation
p*=u’+ (pu’y’ ..(6)

w.r.t ‘t’ and simplifying, we obtain

L B SN
it L’(t) q(t)} p sin ¢ cos ¢

1| 1 .
=— ——q(t)}psm 2¢ . (7
2 L)(t)

The system, consisting of first order differential equations (5) and (7), is equivalent to the second
order differential equation (1) in the sense that every non-trivial solution of this system defines a
unique solution of the differential equation (1) by the Prufer substitution, and conversely. This
system is called the Prufer system associated with the self-adjoint differential equation (1).

The differential equation (5) of the Prufer system is a first-order differential equation in ¢ and t
alone, and not containing the other dependent variable p. If a solution ¢ = ¢(t) of first order
ordinary differential equation (5) is known, then a corresponding solution of first order ordinary
differential equation (7) is obtained as

p(t) = p(a) exp {lj; {L—q(s)} sin 2(p(s)ds} ...(8)
27 [pGs)

Note. 1. Each solution of the Prufer system (5) & (7) depends on two constants, namely,
1) the initial amplitude po = p(to)
(i1) the initial phase 0(tp) = ¢p. Changing the constant py just multiplies a solution u(t)
of equation(1) by a constant factor.
Thus, the zero of any solution u = u(t) of (1) can be located by studying only the differential
equation (5).



PRELIMINARIES ABOUT LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS 135

Note. 2. An advantage of differential equation (5) is that any solution of (5) exists on the whole
interval I where p, q are continuous. This is clear from the relations between solutions of (1) and

(5).
Note. 3. For the study of zeros of u(t), the Prufer transformation is particularly useful since
u(tp) = 0 if and only if ¢(tp) = 0 (mod 7). ...(9)
This shows that the zero of any solution u(t) of equation (1) occur where the phase function ¢(t)
assumes the values 0, + 7, + 27, ..., i.e., at all points where sin ¢(t) = 0. At each of these points
cos’ =1, ...(10)
do

and m is positive when p(t) > 0, by equation (5).

Note. 4. When ¢(t) = 0 (mod 7), then the relation (4) is not defined. But the final equations (5) and
(7) can still be derived by differentiating the relation

tan ¢ = — . ...(10)
pu
Ilustration. Consider the linear second order homogeneous ordinary differential equation
tu’—u +u=0. ..(1)
It can be written in Liouville normal form as
4 ldu +tu=0, ..(2)
de [t dt
t) =1/t,
giving p(v) } ...(3)
q(t) =t.
Therefore, first equation of Prufer system becomes
do 2 .2
—=tcos" ¢ +tsin
dt ¢ ¢
=t. ..(4)
Solving (4), we obtain
{2
o(t) = ?+C, ...(5)

where C is an arbitrary constant.

Then, the second differential equation of the Prufer system yield (left as an exercise)

p(D) = p(a). ...(6)

Therefore, we conclude, from the Pruffer transformation, that

2
u(®) = p(a) sin {%H} : ()
or
(a)sin(t>/2+C)
= ..(8
uo sin(a®/2+C) ®

as the solution of equation (1).

Definition. Consider two differential equations
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%(pl(t)%j+ qi(t) u=0, ..(D)
and

%(pz(t)i—?j +q@t)u=0, ..(2)
where pi(t) and q;(t) are real-valued continuous functions defined on an interval I such that

p1(H) = pa(t) > 0, ..(3)
and

qi(t) < qa(t) (4

Then the differential equation (2) is called a Sturm majorant for differential equation (1) on the
interval I. And differential equation (1) is known as a Sturm minorant for equation (2).

Remark. If, in addition,

qi(t) < qa(t) .5
or

pi(t) > p2(t) >0 and q(t) #0 , ...(6)
holds at some point t of I then equation (2) is called a strict Sturm majorant for equation (1) on
the interval L.
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18

BASIC FACTS OF LINEAR SECOND ORDER
DIFFERENTIAL EQUATIONS

We shall write the following homogeneous and inhomogeneous scalar differential equations

d du
—|p()—|+qt)u=0 (1
dt(p()dtj q(t) (1
d dw
— t)— |+ q(t) w =h(t (2
dt(p()dtj q(t) () 2)
as the binary vector differential equations, respectively,
A, .03
dt
dy 0
— = t + s ...(4
dt Oy (h M “)
where
(XlJ u(t)
X = = du ...(5)
2 t)—
X p(t) at
and

1 \%%
y= (yzj_{w)d—w} ...(6)
y dt

are the vectors and A(t) is the 2X2 matrix

A(t)=( 0 l/p(t)j'

(7
—qt) 0 @

We find
tr {A(t)} =0. ...(8)

Unless, otherwise stated, it is assumed that 0 # p(t), q(t), h(t), and other coefficient functions are
continuous, complex-valued functions on a t-interval I (which may or may not be closed and/or
bounded).

Result L. If to € I and ¢, and c; are arbitrary complex numbers, then the initial value problem

d dw

a[p(t)a} q(t) w=h(t) (D)
w(ty) = ¢,
W' (to) = ca, (2)

has a unique solution which exists on whole interval 1.
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Results IL. If to €1, then the initial-value problem

d du
dt{ (t) dt}+q(t)u—0,tel (D
u(tp) =0,
u'(tg) =0, ...(2)
has trivial solution, namely,
u(t)=0, ...(3)

on I, as the unique solution.

Result III. If u(t) # 0 is a solution of differential equation
d du
— t)—¢ +q()u=0, tel, .1
dt{p()dt} q( (1

then the zeros of u(t) cannot have a cluster point in L

Proof. If possible, suppose that u(t) have a cluster point in I. Then, u(t) has an infinite number of
zeros in some bounded interval [a, b], contained in 1.
Let E = {t: te[a, b] such that u(t) =0} . ...(2)

Then E is a bounded and infinite subset of real number. Therefore, by the Bolzano-Weierstrass
theorem, the set E has a limit point, say top. Moreover ty €[a, b] L. Thus, there exists a sequence
of distinct points of E(hence in I) which converges to ty .
Let t—to through the sequence of zeros of u. Then the continuity of u implies that
Lim u(t) = u(ty), ...(3)
t—1tg

where t—ty in the above sense. This gives
u’(ty) = 0. @
Moreover, by definition,
t)—u(t
t—tg t— tO

...(5)

When t—tj through the zero of u, then R.H.S. of (5) becomes zero so,
u'(t)) =0. ...(6)

Thus u is a solution of (1) satisfying the initial conditions (4) and (6). Hence, by uniqueness
theorem, u (t)=0forallte[,b] 1.
This is a contradiction. Hence, the result follows immediately.

Result IV. (Superposition principles)
(A) Let u = uy(t), uy(t) be two solutions of homogeneous linear differential equation
d

du
a( (t)aj+q(t)u—0, tel, (D)

and c; and c; be constants. Then c; u;(t) + ¢, uy(t) is a solution of (1).
(B) If wy(t) is a solution of non homogeneous linear differential equation

d dw

—| p(t)— |+ q(t) w =h(b), tel, .2

dt(p()dtj q(t) (t) 2
then w(t) is also a solution of (2) if and only if

u(t) = wi(t) — wo(t) ..(3)

is a solution of the corresponding homogeneous differential equation.
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Results V. If uy(t), uy(t) are two solutions of homogeneous differential equation, then the
corresponding vector solutions

X1 = ' s
p(Hu,(t)

X2 = ' >
p(Hu, ()

d
ZoAwx, (&)
dt
are linearly independent at every value of t if and only if u;(t) and u,(t) are linearly independent in
the sense that if ¢; and ¢, are constants such that

c1 ui(t) + cp ux(t) =0, for all t,

of binary system

thenci =c, =0.

Result VL. If u;(t), uy(t) are solution of homogeneous differential equation, then there is a
constant c(depending on u;(t) and u,(t)) such that their Wronskian W(t) is given by
W(t) = W(u(t), ux(t))
= u(t) u2'()) — uy (1) ua(t)
c

= ..(1)
p(t)
Proof. A solution matrix for linear binary homogeneous system
03 = A()x, ...(2)
dt
is
t t
X(t)=( ww o w j
p(u;'(t)  p(Hu,'(t)
and
det X(t) = p(t) W(t). ...(3)
Hence, the result follows, immediately.
Result VII. Lagrange Identity. Consider the pair of differential equations.
d du
— t)— ¢+ q(t) u(t) =f(1), .1
dt{p()dt} q(®) u(t) = f(v) (1
d dv
— t)— ¢+ q(t) v(t) = g(t), (2
dt{p()dt} q(®) v(t) = g(v) (2)

where f = f(t) and g = g(t) are continuous functions on interval I. Multiplying the second relation
(2) by u(t), the first (1) by u(t), and the results subtracted, one finds

d dv du

—|p(tH)yu——-v—_ |=gu—fv. ...(3

dt{10( ){ " dtH gu—fv (3)
The relation (3) is called the Lagrange identity. Its integrated from

[pv' —uV)];, =], (gu-f)ds, @)

where [a, t] c I, is called Green’s formula.
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Special Case. If f = g = 0, i.e., when u & v are solutions of homogeneous differential equations,
then (3) implies that
p(t) {u(t) v'(t) — v(t) u’(t)} = constt = ¢, say.
This gives
c
p(v)
This also proves, the result VI for homogeneous differential equations.

u(t) vV'(t) —v(t) u’(t) = ...(5)

(a) In particular, it shows that u(t) and v(t) are linearly independent solutions of
homogeneous differential equation iff ¢ # 0, in equation (5).

(b) If p(t) = const # 0, (e. g., p(t) = 1), then equation (5) shows that the Wronskian of any
pair of solutions of homogeneous second order linear differential equations is a constant.

Result VIIL. If one solution u(t) # O of differential equation

d du
a{p(t)a} +qt)u=0, ..(D

is known, then the determination (atleast, locally) of other solution v(t) of (1) is obtained by
considering a certain (reduction of order) differential equation of first order.
Dividing relation (5) of result VII by uz(t), we get

i{v(t)}: ¢ , C=const.. ..(2)
dt (u(t)] p(Hu’(t)
Integrating
VO _ s
aw O e
this gives
¢ ds
—_— —_— 5 oo 3
v(t) = ¢y u(t) + ¢ u(t) {ja p(s)u%s)} 3)

for a €l and for all tel.

Theorem. 18.1. Let u(t) # 0 be a real valued solution of homogeneous linear second order
differential equation

d du

—<p(t)—¢ +q()u=0,

dt{p( )dt} q(t)
on the interval [a, b], where p(t) > 0 and q(t) are real-valued and continuous. Let u(t) have exactly
n(= 1) zeros, say,

t1<th<...<ty on [a, b].
Let o(t) be a continuous function defined by

O(t) = tan™' (lJ
pu

and

0<¢(a)<m.
Prove that

o(ty) =km, k=1,2,....,n
and

o(t) > kn fort e[ti, bl k=1,2,...n
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Proof. From the hypothesis we write

tan ¢ = —. e
pu
Differentiating (1), we shall obtain (left as an exercise to the reader)
dp _ 1 2 . 2
at o0 cos” O +q(t)sin“ 0. ...(2)
We note that at a t-value, say to,
u(ty) =0
iff 0(t)) =0
iff 0(tp) = 0 (mod ) ...(3)
and, then cos”0(to) = 1 . .(4)
So equation (2) gives
do = ! >0, ...(5
dt  p(ty)
as p(t) > 0. This shows that ¢(t) is an increasing function in the neighbourhoods of points where
o) =jm ...(6)
for some integer j. It follows that from equation (3) that
oO(ty) =k, ..(7)
and o(t) > O(tx) = k=t for te [ty, b] . ...(8)

This proves the theorem.

141
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19

THEOREMS OF STURM AND ZEROS OF SOLUTIONS

This lesson deals in the main, with differential equations of the type

_ 4] o du _
L(u) = dt[p(t) dt}+q(t)u 0, (D

in which p(t) and q(t) are, throughout the closed interval a < t < b, continuous real functions of the
real variable t. p(t) does not vanish, and may therefore be assumed to be positive, and has a
continuous first derivative throughout the interval.

The fundamental existence theorem has established the fact that differential equation (1) has one
and only one continuous solution with a continuous derivative which satisfies the initial
conditions

u(to) = c1, u’(ty) = ¢y, ..(2)

where t( is any point of the closed interval [a, b]. But valuable as the existence theorem is from
the theoretical point of view, it supplies little or no information as to the nature of the solution
whose existence it guarantees.

It is important from the point of view of physical applications, and not without theoretical interest,
to determine the number of zeros which the solution has in the interval [a, b]. This problem was
first attacked by Sturm in 1836. The theory based upon his work is now regarded as classical. The
“theorems of comparison”, which form the core of the present lesson, are fundamental, and serve
as the basis of a considerable body of further investigation. In one of the previous lessons, we
have proved that no continuous solution of equation (1) have an infinite number of zeros in [a, b]
without being identically zero.

The phrase “comparison theorems” for differential equations is used in the sense stated below :

“If a solution of a differential equation has a certain known property then the solutions of
a second differential equation have the same or some related property under certain conditions”.
These theorems have many interesting implications in the theory of oscillations.

Theorem (19.1) Let u;(t) and uy(t) be two linearly independent solutions of
d du
—|p(t)— | +qt)u=0,
dt[p( ) dJ q(t)

in [a, b], with p(t) > 0. Prove that u;(t) and u,(t) do not admit common zeros.

Proof. If possible, suppose that solutions u;(t) and u,(t) admit a common zero at t = ty, say,
to €[a, b]. Then

ui(to) = ua(to) = 0. ..()
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From Abel’s lemma, we have
p(t) [ug(t) u’a(t) —uy’(t) uy’(t)] = constt =c , ...(2)
for all te [a, b]. In particular, for t = ty, we obtain
p(to) [ui(to) uz’(to) — uy’(to) ua(to)] = ¢
or c=0. ...(3)
Hence, from equations (2) and (3), we obtain
p(®) [ui(t) ux(t) — uy(t) up(t)] =0, for all te [a, b]
= u;(t) up(t) —uy(t) up(t) = 0 for all te[a, b], as p(t) > 0
= W(uy, up)(t) = 0 for all te [a, b] . ...(4)

Thus, it follows that u; and u, are linearly dependent (why) which is a contradiction to the
hypothesis. Hence u; and u; can’t have common zero. This completes the proof.

Restatement. If non-trivial solutions u;(t) and u(t) of differential equation

d du
al:p(t)a} + q(t) u= 0, te [a7 b]7

have a common zero on [a, b], then they are linearly dependent on [a, b].

Theorem. (19.2). Let u(t) be a non-trivial solution of the differential equation.

d du )
a[p(t)a} +q(t)u=01n [a, b].

Prove that the zeros of u(t) are isolated.

Proof. Let t = ty be a zero of u(t). Then

u(te) =0. ...(1)
Since u(t) is a non-trivial solution of differential equation,
d du
—|p(t)— | +q(t)u=0,te[a, b (N
dt[p()dj q(t) [a, b] 2)
it follows that
u’(t) # 0, ...(3)

otherwise, by uniqueness theorem, u(t) = 0, which is not the case. Now there are two possible
cases.

Case 1. Where u'(tg) > 0. ..(4)

Since the derivative of u(t) is continuous and positive at t = to, it follows that the function u(t) is
strictly increasing in some neighbourhood of t = ty . This means that t = t; is the only zero of u(t)
in that neighbourhood. This shows that the zero, t = ty, of u(t) is isolated.

Case 2. When u'(t)) <0. ...(5)
The proof is similar (left as an exercise) to that of case I. This completes the proof.

Theorem. (19.3). Let u;(t) and uy(t) be non-trivial linearly dependent solutions of differential
equation

d du

—|p(t)— [+q(t)u=0,

dt[p( ) dt} q(
on [a, b], and p(t) > 0. Then the zeros of u;(t) and u,(t) are identical.

Proof. Since u,(t) and u,(t) are linearly dependent on [a, b], so there exists constants c; and c,, not
both zero, such that
cru(t) + coun(t) =0, ...(1)
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for all te[a, b]. Now, we shall show that neither c¢; nor ¢, is zero.
If c; =0, then (1) gives
ciui(t)y=0forallte [a, b]
= ¢ =0, ...(2)
as u;(t) =<0 on [a, b]. This is a contradiction to the assumption that both of c¢; and ¢, are not zero.

So

c#0. ...(3)
Similarly (exercise),

c; #0. ...(4)
Let t =ty be a zero of u;(t). Then

u;(ty) = 0. ...(5

Equation (1) gives
¢1 ui(to) + c2 ux(to) =0
=  cutp)=0
= uy(tg) =0. ...(6)

This shows that tj is also a zero u,(t). Thus, every zero of u;(t) is also a zero of u,(t). Similarly,
(exercise) every zero of uy(t) is also a zero of u;(t). Hence, u;(t) and uy(t) both have the same
zeros. This completes the proof.

Ilustration. Consider the differential equation

d’u
—+u= .1
e 0, (1)
with p(t) = 1, q(t) = 1 on every interval [a, b] of real line.
Let ui(t) = Asint, ..(2)
uy(t) =B sin t, ...(3

where A and B are arbitrary constants. Then u;(t) and u,(t) are two non-trivial linearly dependent

solutions of the given differential equation. These solutions have the following common zeros at
t=+nm,n=0,1,2,3,...

and no other zero.

Theorem. (19.4). (known as Separation theorem). Let u;(t) and u,(t) be two real-valued non-
trivial linearly independent solutions of differential equation

d du

—|p(t)— [+q(H)u=0,

dt[p( )dt} q(t)
on the interval [a, b], with p(t) > 0. Then the zeros of u;(t) separate and are separated by those of
u,(t).

Proof. Let t = t;, t; be two consecutive zeros of u;(t) on [a, b] so,
u(t))=u(t)=0,ast; <ty <b. (D
Since u; and u, are linearly independent on [a, b], so they do not admit common zeros (why). In

particular,
ux(ty) # 0, ux(tz) # 0. ..(2)
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We shall now show that u, has one zero in the open interval (t;, t;). If possible, suppose that it

W

jsatisfies (how) all the requirements of Rolle’s
u;

does not happen. Then, the quotient function (

theorem on the interval [t, t;], which are

) u;, . ) .
1) —L s continuous in [t;, t]
u,
.. u ) C .
1i) —L has continuous derivative in (t;, t,)
u
2

iii) (ij (t) = (ij () =0.
u, u,

©
u . .
So, (—lj has atleast one zero say, t = ¢, in (ty, t;). That is

Uy
aful] _,
dt\ u, -0

W(u,,u,)(c) ~0

glu, ()]
= W(uy, up) (¢) =0, ..(3)

which implies that solution u; and u, are linearly dependent on [a, b]. This contradicts the
hypothesis that u; and u, are linearly independent on [a, b]. This contradiction proves that u,(t)
has atleast one zero in the open interval (tj, t;). So, the zero of u; are separated by zero of u,.

Now we shall show that u, has exactly one
zero in the open interval (t;, tp). If possible
suppose that uy(t) has two consecutive zeros
t3, ts (t3 < t4) in the open interval (ty, tp).

u; Uz U Uy

—— =N

L t3 t4

o [T

On interchanging the role of solutions u; and u,, the just above proved conclusion shows that
there is atleast one zero, say t = ts, of u;(t) in the open interval (t3, t4) with t; < ts < t,.

This contradicts the assumption that t; and t, were two consective zero of uj(t). This
contradiction proves that uy(t) has exactly one zero between two consective zeros of u(t).
Similarly, between two consective zeros of up(t), there will be exactly one zero of u,(t). This
shows that the zeros of u; separate the zero of u,(t). Hence the proof is complete.

Restatement. Prove that the zeros of two real linearly independent solutions of a linear
differential equation of the second order separate one another.

Note. This theorem may be stated roughly as follows : “The zeros of all solutions of a given
differential equation oscillate equally rapidly”.

This statement implies that the number of zeros of any solution in an interval [a, B] < [a, b],
cannot exceed the number of zeros of any independent solution in the same interval by more than
one.
Ilustration. Consider the differential equation

d*u

— +u =0. ..(1)

dt
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Here p(t) = 1, q(t) = 1. Then
u(t) =sin t, ..(2)
uy(t) = cos t, ...(3)

are two linearly independent solutions of the given differentiation equation (1). Therefore,
between any two consective zeros of one of these two solutions, there is precisely one zero of the
other solution. We know that zero of u;(t) are

t=nmforn=0,1,2,.... @
and zeros of u,(t) are

t=(2m+l)gform=0,l,2,... (5

which are separated by each other.

Exercise. (1) Show that between any two consective real zeros of sin 3t + cos 3t, there is
precisely one zero of sin 3t—cos 3t and conversely. State the result which is used to show this
Exercise. (2) Show that the zero of

ui(t)=Asint+ B cost

u(t)=Csint+ D cos t,
separate one another provided that

AD - BC #0.
A, B, C, D being real constants.

Exercise. (3) Use the Sturm separation theorem to show that between any two consective zeros of
sin 2 t cos 2t, there is precisely one zero of sin 2t — cos 2t.

Theorem (19.5). (known as Sturm’s Fundamental Theorem). Consider the differential
equations

d du
E[P(t)a]ﬂh(t)u—a (D)
d du
a[ (t)a:| + qz(t) u= O, (2)

on the interval [a, b] such that p(t) > 0 have a continuous derivative on [a, b], and q;(t) < qa(t) be
continuous functions on [a, b]. Let u;(t) and uy(t) be respective non-trivial solutions of equations
(1) and (2). Prove that between any two consective zeros of u;(t) on [a, b], there lies at least one
zero of u,(t).

Proof. Let t; < t, be two consective zeros of u;(t) on [a, b]. Then
ui(t) =0 =u(t2). ..(3)
By hypothesis, we have

%[p(t) u’ (O] + i u(t) =0, ...(4)

% [p() u2' (O] + Q2O u2() =0, ...(5)
for all te [a, b]. Multiplying (4) by u,(t) and (5) by u;(t), and then subtracting, we obtain
%[p(t) {ur"(0) ua(t) — wi () WO} = [qa(t) —q1O] (D) ux(v), ...(6)
for all te [a, b]. Integrating w.r.t. ‘t’ over the interval [t, t;], we obtain after using (3),

P(t2) ur’(t) ua(tz) —p(th) wy’(tr) wa(ty) = Jz {q2(t) —q1(D)} ui(t) ua(t) dt. ...(7)

t

o [T
oW

t t



THEOREMS OF STURM AND ZEROS OF SOLUTIONS 147

If possible, on the contrary assume u
that u,(t) does not have any zero in the open
interval (ty, tp) . m U
W.l.o.g, we can assume that u;(t) and u,(t) ]t1 tlz
are positive in the open interval (t, tp), i.e.,
u;(t) >0, uy(t) >0 in (ty, to). ...(8)
By hypothesis p(tz) >0, p(t;) > 0. ...(9)
Also, by assumption
uy(t1) = 0, uy(ty) = 0. ...(10)
As t; and t, are consective zeros of uy, so
u;’(t)) >0,u,(t) <0. ...(11)
From equations (7) and (9) to (11), it follows that
2 @0 = @)} ui® uxt) de<0, ..(12)
Also,
() — qu(H) > 0, ...(13)
on [ty, tp], and
u(t) >0, uy(t)>0 ...(14)
on (t;, t;) by assumption. From equations (13) and (14), it follows that
2 {qo(®) = qu(®)} ua(t) ua(t) dt > 0. ..(15)

t

This contradicts (12). This contradiction proves that our assumption that uy(t) has no zero in
(t1, tp) is wrong. So, u,(t) has atleast one zero between two consective zeros of u;(t).

This completes the proof.

Remark. (1) In particular, if u;(t) and u,(t) are both zero at t = t; then the theorem (19.5) shows
that u,(t) vanishes again before the consective zero of u;(t) appears. Thus, u,(t) oscillates more
rapidly that u;(t).

Remark. (2) Theorem (19.5) is also termed as “Sturm’s comparison theorem”.

Example. State Sturm’s fundamental comparison theorem Verify it in the case of real solutions of
the differential equation equations

d%u

F+A2u=0,
t
and
2
‘(11—;1+Bzu=o,
t

where A and B are constants such that B > A > 0.

Solution. Let
u;(t) = sin At, ..(1)
u,(t) = sin Bt . ...(2)
Then u,(t) and uy(t) are real solution of given equations, respectively. Consecutive zeros of u(t)
are

‘%, (n+1)% forn=0,+1,+2,... .3
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By Sturm’s comparison theorem (19.5) with p(t) = 1, q;(t) = A% qo(t) = B?, g2>q), the solution

u(t) has atleast one zero, say &,, between the zeros an and (n+ 1)% of u;(t). That is,

nmw o
—<C. <(n+D)—,n=0,+1,+2,..., ...(4
<G <D +1,+ e
we making take
(n+Dr
G= .(5)
as zero of u,(t) .
In particular, for n =0,
o
t1=0,tp= — ...(6
| 2= — (6)

are two consective zeros of u;(t). The zero t = % of u,(t) lies between t; and t,, as
O0<—<—. ...8
B A ( ) ul(t)

us(t)

t1=0 §2 = /B ty =TA
& =0

This verifies the results of comparison

theorem. Consequently, the solutions of differential equation (2) oscillates more rapidly than
those of differential equation (1).

Theorem (19.6) In the differential equation

d’u
—+qu=0, (D)
dt?
let q(t) be real-valued continuous, and satisfying
O<m<q(t) <M. ...(2)
If u =u(t) =0 is a solution with a pair of consecutive zeros t = ti, t; (t; < t), prove that
L L ..(3)

WM Jm

Solution. Consider the differential equations with constant coefficients

d%u
— +mu=0, @
dt?
d%u
— +Mu=0. ...(5
dt?

we note that

uy(t) = sin V/m (t—t,) ...(6)
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is a solution of differential equation (4) such

that u;(t;) = 0 and ul(tl +iJ: 0. That is, u;

Jm

T . u
t; and t; + T are consecutive zeros of
m

'I 1 T
t 5] t1+ 7/ /m

solution u;(t) of differential equations (4). It
is also given that
qt)2m>0.

Hence, by Sturm’s comparison theorem (19.5) the zeros t; and t; + L of u,(t) are separated by

Jm

zerot =t of u(t). So

T
hH<titi+ —

Jm

- ot < (7

Tm

we again note that

w(t) = sinM (t - t;) .(8)

is a solution of differential equation (5) with consective zeros t = t;, t; + — . Also

JM

M=>q(t)>0. ...(9) " u
Hence, by Sturm’s comparison theorem 2
(19.5), the consecutive zeros ti, t, of u(t) are

'| 1 T

I (8] [5)
separated by the zero t = t; +——=— of uy(t).
M
That is
<t <t
— L ...(10)
M

Hence from equation (9) and (10), the result follows.
Remark. Theorems (19.4) to (19.6) provide information about the interlacing of zeros.

Example. Given the differential equation
du +qHu=0 (1)
i ,
where q(t) > 0 on [a, b]. Let q,, denote the minimum value of q(t) on [a, b]. If
)
(b-a)*’
show that every real solutions of the given equation has atleast k zeros on a <t <b.

..(2)

qm >

Solution. Consider the differential equation
d’u  k’n’

2 T 2
dt= (b-a)

u=0, ...(3)

which has a solution
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uy(t) = sin(bkn j (t-a), (4

-a
and its zero are given by

n(b—a) - n(b—a)

t—a= = dforn=0,+1+2,...
km k
ie. (t—a) =0, 4 2=2 4 2(0=3)  30b-a) = ..(5)
k k k
we note that the zeros
t=a, b_a+a, 2(b_a)+a,...,M+a, ...(6)
k k k

( = t1’ t27 t37---’ tk+1 SaY)
of u;(t) are consective, lie in a <t <b and (k+1) in number.
Since qy, 1s the minimum value of q(t) an a <t <b, so,
2,2

T
t) = qm > ona<st<b,
q q b_a)?

)
= q(t) > s ona<t<b. (7

Now, we apply the Sturm comparison theorem (19.5) to differential equations (1) and (3) with
inequality (7). By this theorem, there is atleast one zero of every solution of equation (1) between
any two consective zeros of u;(t) in a < t < b. Consequently, there are atleast k zero of every
solution of equation (1) on [a, b].

This completes the solution.
Modifications due to Picone (without proof)

Picone (1909) considered the more general case which compares the rapidity of the oscillations of
the solutions of the two differential equations

%{Pl(t)j—f}—%(t)u=0, ...(1)

%{Pz(t)i—:}Jr%(t)V:O, e
wherein

pi(t) = p2(t) > 0, ..(3)
and

q1 () < qa(b), - (4)

in [a, b]. He showed that between any two consective zeros of u, there is atleast one zero of v.

Article. (19.7) Find conditions that the solutions of differential equation
d

du
a{P(t)I}—Q(t)u—O (1)

for t in [a, b] may be oscillatory or non-oscillatory.

Solution. The functions p(t) and q(t) in equation (1) are being supposed to be continuous and

bounded in the closed interval [a, b]. Let M, and M, be the upper bounds of p(t) and q(t) in [a, b]

respectively. Let m, and mg be their lower bounds, respectively. Then, throughout [a, b], we have
M, 2 p(t) 2m, >0, ...(2)
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and

My2q(t)2mg . ...(3)
Result. 1. Consider, the differential equation (with constant coefficients)

d du

—<m,—,;—mgu=0, ...(4

dt { P dt } a @
which may be written as

2 m
CAL LT ) .(5)
dt m,

By Picone theorem, the solutions of equation (1) do not oscillate more rapidly in [a, b] than the
solution of (4). We observe that equation (4), in its alternative form (5), is immediately integrable.
Solutions of (5) are as follows

m
(1) If mq > 0, there is the exponential solution exp H -4 }t] , which has no zero in [a,

my

b]. Similarly, if myq = 0, the comparison solution may be taken as unity. Hence, if mq = O the
solutions of (4) are non-oscillatory. This leads to the conclusion that if q(t) = O throughout the
interval [a, b], the solutions of the given differential equation (1) are non-oscillatory.

m

m
(i1) If mq < O, there is the oscillatory solution sin { ——1 Jt} The interval between its
p

consective zeros, or between consective zeros of any other solution of the comparison equation, is

m
{[ -2 }t}.lf, therefore,
mq

m
T (——pJ>b—a, ...(6)
m

q

no solution of the given equation can have more than one zero in the interval [a, b]. Consequently
the solutions of the given differential equation (1) are non-oscillatory provided
m nz

9 - -.(7)
m, (b-a)
Result II. Now, we consider a second comparison equation (with constant coefficients)
d du
—M_ —+—M,u=0, ...(8
dt { P dt } a ®)
or equivalently
2 M
SR ) Y .(9)
dt M,

Then the solutions of differential equation (1) oscillate atleast as rapidly as those of differential
equation (9).

Let My be negative ; then the solutions of (9) are oscillatory, and the interval between
consective zeros of any solution is
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=, 7, )

It follows that a sufficient condition that the solutions of the given differential equation (1) should
have atleast m zeros in the interval [a, b] is that

an(—Mp/Mq) <b-a

—(Mqu m’n’ ..(10)

M, | (b-a)®

or

In particular, a sufficient condition that the differential equation (1) should possess a solution
which oscillates in the interval [a, b] is that

My, =
M, ) (b-a)’
Theorem. (19.8) Consider the differential equations
d du
—<p(t)—r+q1(t)u=0, (1
dt{P() dt} qi(t) (1)
d dv
—<p(t)—++ q(t) v=0, ...(2
dt{p()dt} q2(t) (2)
where p(t) > 0, q2(t) > qi(t) on a <t < b. Furthermore, either
(i) u@) L, Y& )20, via) 20, ..(3)
u(a) v(a)
or
(i1) u(a) =0, v(b)=0. ...(4)

Then v(t) has atleast as many zeros in [a, b] as u(t). In the case (3), if the zeros of u(t) are t, ty,...,
t, with a < t; < t, <...< t, < b and the zeros of v(t) are §;, &,..., En witha < §; <& <...< §n < b,
then

E_,k <tk . ...(5)

Proof. By the fundamental comparison theorem, between any two zeros of u(t), there is atleast
one zero of v(t). Thus, v(t) has atleast n—1 zeros in [a, b]. It is sufficient to show that v(t) has a
zero lying in the interval [a, t;].

In case (ii), this is obvious as t = a is also a zero of v. In case (i), we assume, w. 1. 0. g.,
that u(t) > 0, v(t) > 0 in (a, t;). We have

[p(t) {v(t) u’(t) = v'(t) u(t) }]t 1

= p(t) W) V(1)) - pla) {“@a)v(a) _ “(a)v@)} () v(a)
u(a)v(a)
= p(t) W' (1) V(1) — pla) { fh)) V?a)) } u(a) V@)
>0 .. (6)
as u@a) @a) ,p(a) >0, p(t;)) 20, u’(t) <0, v(t}) >0,u(a) >0, v(a) >0,
u(@)  v(a)

and
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fh {@® - q®} u® v© <O0. - (T)
This is a contradiction, hence proof is complete.

Theorem. (19.9) Consider the differential equations

d du
a{p(t)a}+ qut)u=0, ...(1)
d dv
a{ (t)a}+ Q) v=0, ...(2)
where p(t) > 0, g2(t) > q;(t) on [a, b] . Further, let either
() u@) L V&) @) =0, v(a) =0, ..(3)
u@a) v(a)
or
(i) u(a) =0 v(b) =0. ...(4)
Suppose that u(t) and v(t) have the same number of zeros in [a, b]. Then, show that
@>@, if u(b) #0.
u(b) v(b)

Proof. Since u(b) # 0 and v(t) has as many zeros in [a, b] as u(t), it follows that
v(b) #0, ...(5)

since, in this case, t, < b and v(t) has atleast as many zeros as u(t) in [a, b] by virtue of comparison
theorem.

Applying Green’s identity ty the interval [t,, b], we have

{p(®) [u"(V) v(t) —u(®) V(1] }'3n =] tbn [q2(t) — qi(O] u(®) v(t) . ...(6)
W.l.o. g, we may assume that u(t) >0, v(t) > 0 in [t,, b]. Then
J2 162(0 = qu®] u(®) v(©) > 0. (D)
So, using (6) and (7), we have
p(b) [W'(b) v(b) —u(b) v'(b)] > p(ts) [W'(ts) V(ta)], (O u(ty) =0)
>0 (®p(ty) >0, v(t,) >0 u’(t,) >0)
= u’(b) v(b) > u(b) v'(b)
u@b) v@b)
—u(b) > —v(b) . [® v(b) >0, u(b) > 0]

This proves the result.

Theorem (19.10). Let the coefficient functions in differential equations

d du
— t)— [+ qu(tH)u=0, (1
dt(Pl()dtj qi(t) (1
d du
— t)— |+ qt)u=0, .2
dt(pz( )dtJ q2(t) 2)
be continuous on the interval I = [a, b] and let
p1(t) 2 p2(t) > 0 and qi(t) < qa(H). -3

Let u = uy(t) # 0 be a solution of (1) and let u;(t) have exactly n (= 1) zeros t =t; <t <...< t, in
[a, b]. Let u = uy(t) # 0 be a solution of (2) satisfying
p;(a)u; @a) > p,(a)u,@n)

u@  u,(a)

..(4)
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Then u,(t) has atleast n zeros on a < t < t,. Furthermore, u,(t) has at least n zeros on a < t < t; if
either the inequality (4) holds or equation (2) is a strict Sturm majorant for equation (1) on the
interval a <t < t,.

Proof. In view of (4), it is possible to define a pair of continuous function ¢;(t) and ¢,(t) on the
interval I = [a, b] by

0i(t) = tan™" IO j=1,2 (5)
J p;(Hu(t) T
with 0<tpi(@<d(a)<m. ...(6)
Then, the analogue of first order differential equation in Prufer transformation, is
do; 1 .
—L=—— cos” ¢j(t) + qi(0) sin” Oi(0) =f; (¢, d), say . (D)
dt p j(t)

Since the continuous functions f; (t, ¢;) are smooth as functions of the variable ¢;, the solutions of
two differential equations in (7) are uniquely determined by their initial conditions.
From inequalities in (3), it follows that

Silt, §) < folt, 9) ...(8)
for a <t <b and all ¢. Also, the initial conditions satisfy the inequality in (6). So by comparison
theorem for differential inequalities, it follows that

01(t) < ¢a(t) for te[a, b] . ...(9)
In particular, by hypothesis

01(tn) = n. ...(10)
From (9) and (10), it follows that

n T < Go(ty) ..(11)

Hence it follows that u,(t) has atleast n zeros on the interval (a, t,].
Proof of last part of the theorem.

Suppose first that the sign of inequality holds in (4). Then

01(a) < dx(a) ...(12)
Let (,0(t) be the solution of second equation (for j = 2) in (7) satisfying the initial condition

d20(a) = 01(a), ...(13)
so that

d20(a) < §2(a). ... (14)
Since solutions of equation (7), for j = 2, are uniquely determined by initial conditions, so

G20(1) < Pa(t) for te {a, b]. ...(15)
From equation (9) and (15), we find

¢1(t) < ¢20(t) < q)z(t) fort €[a, b], .. (16)
and equations (10) and (16) imply

0x(ty) >0 . (17

Hence u,(t) has n zeros on the interval (a, t,] .

Now, consider the case that equality holds in (4) but equation (2) is a strict Sturm majorant
for equation (1) on the interval a <t <t,. Then, by definition, either
qi(H) < qa(t) ...(18a)
or
pi(t) > p2(t) > 0 and qa(t) # 0 ...(18b)
holds at some point of [a, t,].
Write equation (7) for j =2, as
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¢@=icos2 O + qq sin” ¢; + € (1) ...(19)
Pi
where
1 1 2 22
e(t)=|———1cos" po+(qu—qy) sin” ¢, . ...(20)
P> P

If the assertion/result is false, it follows from the case first considered that

01(t) = ¢a(t) fora <t <t ...(21)
Hence, ) ’

01 () =02(D)
and so

e(t)=0forast<t,. ...(22)
Since

sin (1) =0
only at the zeros of u,(t), it follows, from equation (20) and (22), that

Q2(t) = qu(t) fora<t < t,. ...(23)
Consequently, from equation (20), (22) and (23), we have

(05 =pr") cos? oa(t) = 0. ..(24)
Since pgl (t)— pl_l (t) > 0 at some point t, it follows that

cos (p(t) =0 ...(25)

= w’'(t) =0. ...(26)

If (18a) does not hold at any t on [a, t,], it follows that (18b) holds at some point t and hence on
some subinterval of [a, t,]. But then

w'(t) =0,
on this interval, thus
(p2u’) =0,
on this interval. But this contradicts
Q@) #0

on this interval. This contradiction proves the theorem.

Remark. The above discussed comparison theorems aim at comparing the distribution of the zero
of the solution of the given differential equation with the distribution of the zeros of the solution
of some “other” differential equation.
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20

STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS
(SLBVP)

By a boundary problem in its general sense is meant the question as to whether a given differential
equation possesses or does not possess solutions which satisfy certain boundary, or end-point,
conditions.

SLBV problems represent a class of linear BVPs. These problems arise naturally, for instance,
when separation of variables is applied to the wave equation, the potential equations, or the
diffusion equation. The importance of these problems lies in the fact that they generate sets of
orthogonal functions. The sets of orthogonal functions are useful in the expansion of a certain
class of functions.

The Sturm-Liouville differential equation is

d du

—|p(t)— |+ [qt) + A 1()]u=0, 1

dt[p()dt} q(t) (t) (1)
where p, p’, q, and r are continuous and

p®>0, r(t)>0, (2)
on the interval [a,b] and A a real number. Equation (1) is equivalently written as

L [u(®] =—A u(v), 3)
where the Sturm-Liouville operator, L, is defined by

1 |d d
L= —<q—|p(t)— |+q(t 4
r(t){dt[P()dJ q( )} 4)

The parametric A is called an eigenvalue of the differential equation.

Given a specific set of boundary conditions, there may be specific values of A for which equation
(1) has a non-trivial solution called eigenfunction. For different types of boundary conditions,
different types of behaviour are possible.

Note : The operator L, as defined above, is formally self-adjoint. The boundary conditions are of
the form

o u(a) + ohu’(a)=0

Bi u(b) + B2 w'(b) = 0}, (5)
where o and o, are constants (not both zero), and 3; and B, are constants (not both zero).
The boundary conditions of the form

u(a) = u(b)

u(@)=u'(b)f , (6)
are called periodic.

Example. Find non-trivial solutions of the SLBVP
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2
d—;1+7uu =0,

dt

u(0) =u(mw) =0. (D)

Solution. A is a real number. We consider separately the three cases : A=0,A<0and A >0.
Case 1. A =0. In this case, a solution of given differential equation is
ut)=cit+cy 2)

The boundary condition u(0) =0 implies

c =0. (3)
The boundary condition u(w) =0 implies
ct=0
or c=0. 4)
This shows that, in this case, A = 0 is not an eigenvalue as it corresponds to only trivial solution.
Case2. When A< 0. We writt A =—a, o> 0 (5)
In this case, solution of given equation is of the type
ut)=c; e +cre™ (6)
Now the boundary condition u(0) = 0 implies
Cr=—Cy, (7)

and the boundary condition u(m) = 0 gives
c(e®—-e*)=0

or c(e®™-1)=0.
To have a non-trivial solution, ¢; should not be zero (otherwise, ¢, will also be zero), so that
eZan =1
or a=0
or A =0, (8)
which is not possible. Thus, no negative real number can be an eigen-value of the given SLBVP.
Case3. WhenA>0 . WewriteA=0a’, >0 . 9)

A solution of the given differential equation is
u(t) = c; sin Ot + c,cos Ot
The boundary condition u(0) = 0 implies

c=0, (10)
and the condition u(w) = 0 gives
cisinomw =0
or sin ow=0 (otherwise, if ¢c; =0, no non-trivial solution exist)
or o= *n
or A=n*, n=1,2,3,... (11)

Thus, the eigenvalues of the given SLBVP are given by (11). The corresponding eigenfunction,
upto a multiplicative constant, is
u(t) = sin nt, (12)
forn=1, 2,3,...
This completes the solution.

Exercise. Find the eigenvalues and eighenfunctions of each of the following SLBVP’s.
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d*u
(1) d_2 +Au=0, u(0)= u(n/2)=0.
t
d*u
(i) d—2+ku=0, u@0)= 0,uL)=0,L>0 .
t

(ii1) i[td—u}+&u=0, u(l)=0, ue®»=0
dt| dt t

. d| 2 du A _ L
@1v) dt[(t +1)dt}+t2+1u—0, u0)=0=u(l).

Theorem 20.1. Prove that the eigenvalues of a SLBVP are discrete.

Proof. Let u;(t; A) and uy(t; A) be two linearly independent solutions (for fixed A) of a SLBV
problem consisting of a differential equation.

d du
dt{ (t) dt}+ {a® + Ar(®OJu=0, (1)
and the boundary conditions
u(@=ub)=0. 2)
Then any solution of differential equation (1) can be expressed as
u(t; A) = Aui(t; A) + Buo(t; A) 3)

the linear combination of u; and u, . The constants A and B are determined by requiring u(t; A), in
(3), to satisfy the boundary conditions in (2). Application of these boundary conditions leads to
Aua;A)+Buy(a;A)=0

Aui(b;A)+Buyb;A)=0, 4
or a matrix equation
u(ash) u,(aA)\ (A (0 5)
u,(b;A) u,(b;A))(B) (0]

Thus, equations (4) can be solved for A and B only if the determinant of the matrix of coefficients
in (5) vanishes. Otherwise, the only solution is A = B = 0 , which yields the trivial solution
u(t) = 0. The condition for a non-trivial solution of (4) is therefore given by

u,(asA)  u,(azi)

u,(b;A) u,(b;A) = w(@A) uz (b; ) —wi(b; A) uz(a; A)

=0. (6)

If we consider u; (t; A) and u,(t; A) to be analytic functions of A, then the determinant itself is an
analytic function of A . Therefore, the zeros of the determinant, by the theory of complex-valued
functions, must be isolated (how).

Since the zeros of the determinant correspond to allow solutions of the SLBVP, we conclude that
the eigenvalues of (1) and (2) are discrete.

This completes the proof.

Definition 1. Two functions u(t) and v(t) are said to be orthogonal w.r.t. a weight function w(t)
on the interval a <t < b if

lj)w(t) u(t)yv(t) =0 .

Definition 2. Let {{,(t)} be a sequence of functions on a <t <b. Then these functions are called
mutually orthogonal w.r.t. a weight function w(t) ona <t <b if
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b
[W(t) On(t) Om(t) dt =0 , forn=m.

Hlustration (1). Two functions f(t) = sin t and g(t) = sin 5t are orthogonal w.r.t the weight

function w(t) = 1 on the interval 0 <t < 7, for

I I
[sint sin 5t dt= %j{cos 4t — cos 6t}dt
0 0

1 {sin4t sin6tT
2| 4 4
=0 .
2) Consider the sequence {¢,} of functions, where
oO(t)=sinnt, n=1,2,3,...
on the interval 0 <t < 7. The set {§,} is an orthogonal system w.r.t. the weight function w(t) =1
ontheinterval 0 <t<m, form#n,

0

. . t=m
T . 1|sin(m—n)t sin(m+n)t
[sinmt sin nt dx =—[ ( )t _ sin( ) }
0

m-—n m+n ],

=0.

Theorem 20.2. (Orthogonality of characteristic functions) :
(1) Consider the Sturm-Liouville problem consisting of the differential equation

d du

m {p(t) " } +[qO) +Ar(®u=0 , (1)
where p, g, r are real functions such that p has a continuous derivative, q and r are continuous, and
p(t) >0 and r(t) >0 forall t € [a,b];and A is a parameter independent of t; and
(II) the conditions  Aju(a)+ Au’(a)=0

By u(b) + B, u'(b) =0, 2)

where Aj, A,, By, B, are real constants such that A; and A, are not both zero and B; and B, are not
both zero.
(IIT) Let Ay, and A, be any two distinct characteristic values of this problem. Let ¢, be a
characteristic function corresponding to A, and let ¢, be a characteristic function corresponding to

An -

Prove that the characteristic functions ¢, and ¢, are orthogonal with respect to the weight function
r(t) on the interval a<t<b.

Proof. Since 0y, is a characteristic function corresponding to A, the function ¢, satisfies the
differential equation (1) with A = A;,. Thus

PO O] + [ + A 010 (0) = 0. 3)
Similarly
LOROI+ a0 + 010 =0. @

Multiplying both sides of (3) by ¢,(t) and both sides of (4) by ¢nm(t) and then subtracting the
results, we obtain
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d d
On(t) a[p(t)d@ (0)] = Om(t) a[p(t)d)@(t)]

= (M=) £(1) On(0) Om(D) - )
This implies

%[p(t){q)@ (09, (0 =0, (VIR D}] = Au=Am) (1) PoOGm(D) - (6)

We now integrate both sides of this identity from a to b to obtain
b
(Av—=Am) J1(1) Gn(t) Pm(t)dt = p(B)[Gn(D)¢" (D) — Gm(D)¢n(b)]
- p(a)[q)n(a)q),m(a) - q)m(a)q),n(a)] . (7)

Since 0, and ¢, are characteristic functions of the problem, they satisfy the supplementary
conditions of the problem. That is,
Ardm(a) + Ay ¢'m(a) =0
B0m(b) + B2¢'m(b) =0, ®)
and
ArGn(@) + Aol)n(a) = 0}
B10a(b) + B2¢,n(b) =0J.
Now we discuss all the possible cases :

Casel. If A,=0,B,=0. Then A; #0 and B; # 0, since both of A; and A, are not zero and both
of B, and B, are not zero. Conditions (8) and (9) yields

€))

Om(@) =0, Om(b)=0, ¢u(a)=0, ¢u(b)=0 . (10)

From equations (7) and (10), we see that
b

Aa—Am) (1) da(DOm()dt =0 . (11)
Casell. If A,=0 butB,#0. Then A; 0. Let

B, _

B, - 0. (12)
Then conditions (8) and (9) gives

Om(@) =0, (@) =0 . (13)
and

o Om(b) + ¢’ m(b) =0, adu(b) + 0'(b) =0 . (14)

Using results (13) and (14), the right hand side of (7) takes the form
p(b)[q)n(b) {_Ocq)m(b)} - q)m(b) {_Ocq)n(b)}]
= p(b) [0 Gu(b)Pm(b)+0m(b)Pn(b)]
=0,
Hence

b
Aa—Am) [1(t) Oa(t) Om(t) dt =0 . (15)
Case IIl. If A, #0, B, =0. This case is similar to Case II.

CaselV. If A,20,B,#0. Let

o = Al/Az N

oy =Bi/B; . (16)
Then conditions (8) and (9) takes the form

0 0m(a) + O'm(@) =0 ,
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062¢m(b) + q)/m(b) =0,

o 0(a) + ¢'n(a) =0 ,

0dn(b) + ¢"a(b) = 0. (17)
Using (17) the right hand side of (7) becomes

PO)[Pn(D) {—0Pm(D)} — Om(b) {—02dn(b)}]

—Pp(@)[0n(@) { =0t Om(a) }=Om(a) {—0t1 §n(a) }]
=0.

Hence
b
Aa=Am) [1(t) ga(H)Om(t)dt =0 (18)
Thus in all possible cases, we conclude that

b
(An=Am) [1(0) Pn(t) Om(D)dE=0 . 19)

Since A, and A, are distinct eigenvalues, therefore,
b

[1(t) 0n(t) Om() dt =0 . (20)

This proves that eigenfunctions ¢n(t) and 0,(t) are orthogonal w.r.t. the weight function r(t) on
[a,b].

Ilustration. Consider the already discussed SL-problem

d’u
dt—z +Au=0 (D
u0) =0,u(m =0 . 2)

We know that corresponding to each eigenvalue A, = n?, this is an eigenfunction c, sin nt, ¢, being
an arbitrary non zero constant. Let

On(t) = sinnt . 3)
Then {0,} is the sequence of eigenfunctions.

Then by the theorem (20.2), the infinite set {{,} is an orthogonal system with respect to the weight
function r(t), where

r(t)=1 forallte[0,m]. 4)
That is

T
[sintsinmtdt=0 forn#m, n,meN. 5)
0

Theorem 20.3. Prove that the eigenvalues of a SLBV problem are real.

Proof. Let A, be an eigenvalue corresponding to the eigenfunction 0,(t) of the given SL-BV
problem. Then, by definition,

a0 _
m {p(t) " } [q(®) + A T(O] Gu() =0, (1)

and

A1da(a) + Axd'n(a) =0 ,

Bin(b) + B2¢'s(b) =0 . 2)
We know that p(t), q(t) and r(t) are real valued functions of t over the interval [a,b]. So, taking the
complex conjugate of equations (1) and (2), we obtain
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d dq)n LY N

dt{p(t) it }+[q(t)+ Aat(®] 0,=0, 3)
and _ B

A1 On(@) + Az ¢'4(0)=0 ,

Bi ¢u(b) +Bs ¢'u(b) =0, “4)

since Aj, By, A,, B, are real constants.

This shows that 6n is also an eigenfunction, corresponding to an eigenvalue A of the same
SLBVP. So, from theorem (20.2), it follows that

_ b _
A= An) [r(0) On() On(t) dt=0 ,

or
_ b
A= M) Jr(O 100 dt=0 . (5)
Since r(t) > 0, and Iq)n_(t)l # 0, being a non-trivial solution, so we must have,
Mm— A=0,
or _
An= An. (6)

This shows that the eigenvalues are real.
This completes the proof.

Theorem 20.4. Consider the SLBVP consisting of differential equation

d du
E[P(t)a} +[q(®) + Ar(H)]u=0 , (D
for t € [a,b] and boundary conditions
u(@=0,ub)=0 . 2)

Prove that there exists an infinite sequence of eigenvalues Aj, A;,... A,..., of this problem with the
properties

O<M<h<....<h<...
and

An = +oo,
and the eigenfunction ¢,(t), corresponding to eigenvalue A,, has precisely n zeros on the interval
[a, b].

Proof. By hypothesis of a SLBVP, functions p(t), p’(t), q(t) and r(t) are continuous on [a,b] and
p)>0,r(t)>0 , te[a,b]. 3)

A is a parameter which is independent of t. Now, we extend the domain of definition of functions

p(t), q(t), and r(t) from [a,b] to [a, o], by defining

p(t) = p(b),
q®) =q(b),
r(t) =r(b) , “4)

forallt>b.

Now, on the extended interval a <t < oo, we have p(t) > 0 and r(t) > 0, and p(t), p’(t), q(t), r(t) are
continuous. We transform the given SLBVP by the substitution

e= =

) 5
a P(s) ©)
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which changes the independent variable t to a new independent variable & . Equation (5) gives

dd_ 1
dt  p(t) ©
Now
d_u du dé
dt d& dt
gives
du du
=_= 7
p(t ) i (7)
and
du d?u) 1
— —_——. 8
{()dt} (df,z]pa) ®
Accordingly, equation (1) becomes
d%u
§2 —+p (&) [q1€) + Ari(©)] u(€) = )
where
p1©) =p(®),
Q&) =q),
1§ =r() . (10)
The boundary conditions (2) now becomes
ug=0)=0,
uw =¢)=0. (11)
Here
b ds
=[— 12
ip(s) (12
Now, & increases steadily from O to oo as t increases from a to e . Further
pi© >0, (>0, (13)

using (5). Moreover pi(§), qi(§) and ri(&) are continuous on the interval 0 < & < oo .

For A fixed but arbitrary, let u(§, A) # 0 be a solution of differential equation (9) with the property
that

u0,A)=0. (14)
It is clear that for A negative and sufficiently large numerically

u@G,A) #0 on0<&<c.
Indeed, A may be chosen so that

p1©) [qi(©) +Ari(§)]< 0, onO<t<c.
Furthermore, it is clear that for A positive and sufficiently large, the solution u(g, A) will have a
first zero following & =0 .

Now from Sturm comparison theorem, it follows that the zeros o, (A), of u(§, A), decreases steadily
as A increases and that o,,(A) — 0 as A — . Then, let A be chosen so that the first positive zero
o (A) lies to the right of § = c.
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As A increases, o decreases and for precisely one value of A, say A;, we have a;= c¢. The number
A1 is the first characteristic number of the system consisting of equations (9) and (11). The
corresponding solution u;(§, A;) is the first characteristic function.

As A continues to increase, the zero o zeros on to the interval 0 < § < ¢ and 0p(A), the second
positive zero of u(§, A) moves towards & = ¢ and coincides with ¢ for

}\‘:7\‘2>)\‘1. (15)

Accordingly, A, is the second characteristic number and uy(§,A,) is the corresponding characteristic
function.

Continuing this process, we get an infinite sequence of characteristic numbers
M<h<...<M<...t0ow (16)
and a corresponding infinite sequence of characteristic functions

ul(E.:’ }\'1) ’ u2(E.:’ }\'2) seecey un(é’ A'n) 5 eee
for the system (9) and (11).

Using the transformation (5), we get the desired result.

Note : The readers are advised the following books for reading (for chapters 17-20).

1. Ross S.L. Differential Equations.
2. Ince, E.L. Ordinary Differential Equations.
3. Birkhoff G. and Rota, G.C. Ordinary Differential Equations.
4. Hertman, P. Differential Equations.
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