DIFFERENTIATING UNDER THE INTEGRAL SIGN

KEITH CONRAD

I had learned to do integrals by various methods shown in a book that my high
school physics teacher Mr. Bader had given me. [It] showed how to differentiate
parameters under the integral sign — it’s a certain operation. It turns out that’s
not taught very much in the universities; they don’t emphasize it. But I caught on
how to use that method, and I used that one damn tool again and again. [If] guys
at MIT or Princeton had trouble doing a certain integral, [then] I come along and
try differentiating under the integral sign, and often it worked. So I got a great
reputation for doing integrals, only because my box of tools was different from
everybody else’s, and they had tried all their tools on it before giving the problem
to me." Richard Feynman [5, pp. 71-72]?

1. INTRODUCTION

The method of differentiation under the integral sign, due to Leibniz in 1697 [4], concerns integrals
depending on a parameter, such as fol 2e~t dx. Here t is the extra parameter. (Since z is the
variable of integration, = is not a parameter.) In general, we might write such an integral as

(1.1) / fz,t)d

where f(z,t) is a function of two variables like f(xz,t) = 22e~*.
1 1
Example 1.1. Let f(x,t) = (2z +3)2. Then / f(z,t)de = / (22 + %)% dz. An anti-derivative
0 0
of (2z + t3)? with respect to z is §(2z + t%)?, so

1 3)3 jz=1 3\3 _ 49
2+t 24t2)° —t 4
/(szS)de—W SCRILD il S Y )
0 6 =0 6 3
This answer is a function of ¢, which makes sense since the integrand depends on t. We integrate

over x and are left with something that depends only on ¢, not x.

An integral like f; f(x,t)dz is a function of ¢, so we can ask about its ¢-derivative, assuming
that f(x,t) is nicely behaved. The rule, called differentiation under the integral sign, is that the
t-derivative of the integral of f(z,t) is the integral of the t-derivative of f(z,t):

(1.2) / fz,t)dx = tf(:v,t) dz

1See https://scientistseessquirrel.wordpress.com/2016/02/09/do-biology-students-need-calculus/ for
a similar story with integration by parts in the first footnote.
2Just before this quote, Feynman wrote “One thing I never did learn was contour integration.” Perhaps he meant
that he never felt he learned it well, since he did know it. See [6, Lect. 14, 15, 17, 19], [7, p. 92], and [8, pp. 47—49].
A challenge he gave in [5, p. 176] suggests he didn’t like contour integration.
1
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If you are used to thinking mostly about functions with one variable, not two, keep in mind that
(1.2) involves integrals and derivatives with respect to separate variables: integration with respect
to x and differentiation with respect to t.

Example 1.2. We saw in Example 1.1 that fol (27 +t3)2dx = 4/3 + 213 + 5, whose t-derivative is
6t + 6t°. According to (1.2), we can also compute the t-derivative of the integral like this:

d [ e,
@/ 2z 4+ t3)2dz = /0 a(2x—|—t3)2dx
1

= / 2(2x + t3)(3t%) dx

0

1
= / (12t + 6t°) dz
0

=1

= 6222 + 6t°x

=0
= 6t +61°.
The answer agrees with our first, more direct, calculation.
We will apply (1.2) to many examples of integrals, in Section 12 we will discuss the justification
of this method in our examples, and then we’ll give some more examples.
2. EULER’S FACTORIAL INTEGRAL IN A NEW LIGHT

For integers n > 0, FEuler’s integral formula for n! is

(2.1) / z"e"*dx = nl,
0

which can be obtained by repeated integration by parts starting from the formula

(2.2) / e “dr=1
0

when n = 0. Now we are going to derive Kuler’s formula in another way, by repeated differentiation
after introducing a parameter ¢ into (2.2).
For ¢t > 0, let x = tu. Then dz = tdu and (2.2) becomes

o0
/ te ™ du = 1.
0

Dividing by ¢ and writing u as = (why is this not a problem?), we get

& 1
(2.3) / e dr = -,
0 t

This is a parametric form of (2.2), where both sides are now functions of ¢. We need ¢ > 0 in order
that e~ is integrable over the region = > 0.

Now we bring in differentiation under the integral sign. Differentiate both sides of (2.3) with
respect to ¢, using (1.2) to treat the left side. We obtain

e 1
/ —ze Wdr = ——,
$2
0
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SO

& 1
(2.4) / re " dr = —.
0

$2
Differentiate both sides of (2.4) with respect to t, again using (1.2) to handle the left side. We get

o 2
/ —z?e T dr = -
0 t
Taking out the sign on both sides,

& 2
(2.5) / i dr = <.
0

and

Do you see the pattern? It is

> n _—tx _ TL'
(2.6) /0 2"e " dr = g

We have used the presence of the extra variable t to get these equations by repeatedly applying
d/dt. Now specialize ¢ to 1 in (2.6). We obtain

oo
/ e dx = n!,
0
which is our old friend (2.1). Voild!
The idea that made this work is introducing a parameter ¢, using calculus on ¢, and then setting
t to a particular value so it disappears from the final formula. In other words, sometimes to solve
a problem it is useful to solve a more general problem. Compare (2.1) to (2.6).

3. A DAMPED SINE INTEGRAL

We are going to use differentiation under the integral sign to prove

o .

. sinx T

et dzr = — — arctant
0 xr 2

for ¢t > 0.
Call this integral F(¢) and set f(z,t) = e **(sinz)/z, so (0/0t)f(x,t) = —e~*sinx. Then

Fl) = — /0 " e~ (sin ) du

The integrand e~ ** sin z, as a function of x, can be integrated by parts:

. asinx — cosx
e sinzdr = ( 5 )eax.
1+a
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T=00

Applying this with ¢ = —t and turning the indefinite integral into a definite integral,
tsinz +cosx) _4,

F'(t) = —/0 e (sing)dr = ( TP .

As x — oo, tsinx 4 cosx oscillates a lot, but in a bounded way (since sinz and cos z are bounded
functions), while the term e~** decays exponentially to 0 since ¢t > 0. So the value at z = oo is 0.
Therefore

oo 1
F'(t) = —/0 e " (sinx)dr = Tie

We know an explicit antiderivative of 1/(1 + t?), namely arctant. Since F(t) has the same
t-derivative as — arctant, they differ by a constant: for some number C,

00 :
(3.1) / T 40— arctant + O for t > 0.
0 x

We’ve computed the integral, up to an additive constant, without finding an antiderivative of
et (sinz)/x.

To compute C in (3.1), let ¢ — oo on both sides. Since |(sinz)/z| < 1, the absolute value of
the integral on the left is bounded from above by fooo e~ dx = 1/t, so the integral on the left in
(3.1) tends to 0 as t — oo. Since arctant — 7/2 as t — 00, equation (3.1) as ¢ — oo becomes
0=—% +C,so C =n/2. Feeding this back into (3.1),

o .
(3.2) / e ™Y gy = T arctant for t > 0.
0 T 2
If we let t — 07 in (3.2), this equation suggests that
0o
(3.3) / T4 =1,
0 T 2

which is true and it is important in signal processing and Fourier analysis. It is a delicate matter to
derive (3.3) from (3.2) since the integral in (3.3) is not absolutely convergent. Details are provided
in an appendix.

4. THE GAUSSIAN INTEGRAL

The improper integral formula
oo
(4.1) / e 2 dx = /21
—0oQ

1 —2%/2

is fundamental to probability theory and Fourier analysis. The function Noris is called a

Gaussian, and (4.1) says the integral of the Gaussian over the whole real line is 1.

The physicist Lord Kelvin (after whom the Kelvin temperature scale is named) once wrote (4.1)
on the board in a class and said “A mathematician is one to whom that [pointing at the formula] is
as obvious as twice two makes four is to you.” We will prove (4.1) using differentiation under the
integral sign. The method will not make (4.1) as obvious as 2 -2 = 4. If you take further courses
you may learn more natural derivations of (4.1) so that the result really does become obvious. For
now, just try to follow the argument here step-by-step.

We are going to aim not at (4.1), but at an equivalent formula over the range = > 0:

00 712/2 _ V 2m _ \/?
(4.2) /0 e dz 5 5"
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Call the integral on the left I.
For t € R, set

1+ a2
Then F(0) = [;° dz/(1+ #?) = 7/2 and F(co) = 0. Differentiating under the integral sign,

/ > —t2(1+22)/2 —t2/2 > —(tz)2/2
F'(t) = / —te e dr = —te / e W= dg.
0 0
Make the substitution y = tx, with dy = tdz, so
F'(t) = —e /2 /00 eV 2dy = —1e /2,
0

0o e—t2(1+m2)/2
F(t) = / c T
0

For b > 0, integrate both sides from 0 to b and use the Fundamental Theorem of Calculus:

b b b
[ @t [ erra— pe) - o) = 1 [t a
0 0 0

Letting b — oo,
T T T
——=I’P=Ir== I=/=.
0 5 = 5 = 5
I learned this from Michael Rozman [12], who modified an idea on a Math Stackexchange question

[3], and in a slightly less elegant form it appeared much earlier in [15].

5. HIGHER MOMENTS OF THE (GAUSSIAN

For every integer n > 0 we want to compute a formula for

(5.1) / a"e "2 da.
(Integrals of the type [ 2" f(z)dz for n =0,1,2,... are called the moments of f(z), so (5.1) is the

n-th moment of the Gaussian.) When n is odd, (5.1) vanishes since a"e~**/2 is an odd function.
What if n =0,2,4,... is even?

The first case, n = 0, is the Gaussian integral (4.1):
oo
(5.2) / e "2 dy = V2r.
—0oQ

To get formulas for (5.1) when n # 0, we follow the same strategy as our treatment of the factorial

integral in Section 2: stick a ¢ into the exponent of e~®"/2 and then differentiate repeatedly with
respect to t.

For t > 0, replacing = with v/t in (5.2) gives

& V2
(5.3) /_Oo e /2 4y = 7:

Differentiate both sides of (5.3) with respect to ¢, using differentiation under the integral sign on

the left:
/OO _ﬁe—th/Q de = _vem
- 3/27
o 2 2t
SO

(5.4) / 22e7 2 4y = 2n

$3/2°
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Differentiate both sides of (5.4) with respect to ¢t. After removing a common factor of —1/2 on
both sides, we get

(5.5) / ale 2 dy = A

$5/2 7

Differentiating both sides of (5.5) with respect to ¢ a few more times, we get

—00

t7/2 7

/ x86_tm2/2dx: 3'5'7\/ 27T

$9/2 ’
and

> xloe_t$2/2 daj _ 3 . 5 . 7 . 9\/ 27T
. 11172

Quite generally, when n is even

o0 1-3.5---(n—1
/ et/ 4 — 3-5---(n )\/%,

t(n+1)/2

where the numerator is the product of the positive odd integers from 1 to n — 1 (understood to be
the empty product 1 when n = 0).
In particular, taking ¢ = 1 we have computed (5.1):

/ a"e Az =1-3-5---(n—1)V2r.

o0

As an application of (5.4), we now compute (3)! := [;° z'/2¢7% dz, where the notation (3)! and

its definition are inspired by Euler’s integral formula (2.1) for n! when n is a nonnegative integer.
Using the substitution v = z/2 in fooo z1/2¢7* dz, we have

1 o
il 1/2,—x
<2>' /0 rhed

= / ue (2u) du
0

oo 2
= 2/ ule ™™ du
0
o0 2
= / ule ™™ du
oo

V2T

NG

2

6. A COSINE TRANSFORM OF THE (GAUSSIAN

We are going to compute

F(t):/ cos(ta:)e*IQ/de
0
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by looking at its ¢-derivative:
(6.1) F'(t) = / —z silrl(tx)e_ﬂcz/2 dx.
0

This is good from the viewpoint of integration by parts since —ze~"/2 is the derivative of e=*"/2.
So we apply integration by parts to (6.1):
u =sin(tr), dv= —ze ™ da

and
du = tcos(tx)dz, v= e /2,

Then

F'(t) = /Oooudv

= Sm(Q z) —t cos(m:)e_:”Q/2 dx
eT /2 0 0

_ sin(ta) A LE()
er?/2 e

As 2 — 00, /2 blows up while sin(tz) stays bounded, so sin(tz)/e”"/2

F'(t) = —tF(t).

goes to 0. Therefore

We know the solutions to this differential equation: constant multiples of e /2. So
oo
/ cos(taz)e‘zz/2 dz = Ce /2
0

for some constant C. To find C, set ¢ = 0. The left side is [;* e~*/2 Az, which is \/7/2 by (4.2).
The right side is C. Thus C' = y/7/2, so we are done: for all real ¢,

/ cos(tx)e‘gﬂ/2 dz = \/Fe_tQ/Q.
0 2

Remark 6.1. If we want to compute G(t) = [ sin(tz)e~**/2 dz, with sin(¢z) in place of cos(tz),
then in place of F'(t) = —tF(t) we have G'(t) = 1—tG(t), and G(0) = 0. From the differential equa-
tion, (e"/2G(t)) = €'*/2, so G(t) = e t*/2 f(f e”/2dz. So while I cos(tx)e " /2 dx = \/ge—ﬂ/z,
the integral fooo sin(tm)e*ﬁ/ 2 dx is impossible to express in terms of elementary functions.

7. THE GAUSSIAN TIMES A LOGARITHM

We will compute

/ (log :c)e_m2 dz.
0

Integrability at oo follows from rapid decay of e~ at 00, and integrability near x = 0 follows from
the integrand there being nearly logz, which is integrable on [0, 1], so the integral makes sense.

(This example was brought to my attention by Harald Helfgott.)
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We already know fooo e~ dx = \/7/2, but how do we find the integral when a factor of log x is
inserted into the integrand? Replacing x with y/z in the integral,
&0 2 1 [*logx
(7.1) / (logz)e ™™ do = -
0 4)o Ve
To compute this last integral, the key idea is that (d/dt)(z!) = z'logz, so we get a factor of
log x in an integral after differentiation under the integral sign if the integrand has an exponential
parameter: for t > —1 set

e Tdzx.

oo
F(t)= / rle " dux.
0
(This is integrable for x near 0 since for small z, x'e™® ~ z', which is integrable near 0 since

t > —1.) Differentiating both sides with respect to ¢,

/ _ o t —x
F'(t) = z'(logx)e " dz,
0

o (7.1) tells us the number we are interested in is F'(—1/2)/4.
The function F(t) is well-known under a different name: for s > 0, the I'-function at s is defined

by
F(s)—/ e " du,
0

so I'(s) = F(s — 1). Therefore I''(s) = F'(s — 1), so F'(—1/2)/4 =T17(1/2)/4. For the rest of this
section we work out a formula for I'(1/2)/4 using properties of the I'-function; there is no more
differentiation under the integral sign.

We need two standard identities for the I'-function:

(7.2) [(s+1)=s(s), I'(s)I <s + ;) = 21725 /7 (25).

The first identity follows from integration by parts. Since I'(1 fooo e~ *dx =1, the first identity
implies I'(n) = (n — 1)! for every positive integer n. The second identity, called the duplication
formula, is subtle. For example, at s = 1/2 it says I'(1/2) = /7. A proof of the duplication formula
can be found in many complex analysis textbooks. (The integral defining I'(s) makes sense not just
for real s > 0, but also for complex s with Re(s) > 0, and the I-function is usually regarded as a
function of a complex, rather than real, variable.)

Differentiating the first identity in (7.2),

(7.3) [M(s+1) =sl'(s) + I'(s),
soat s =1/2

o Q)= or()-3rE) =) () )

Differentiating the second identity in (7.2),

(7.5) L(s)I (s + ;) +T/(s)T <3 + ;) = 21725(_log 4)\/7T(2s) + 21725 \/m2I"(25).

Setting s = 1 here and using I'(1) =I'(2) =1,

3

(7.6) r’<2> )T <;’> — (—log 2)v/7 + VaT'(2).
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We compute I'(3/2) by the first identity in (7.2) at s = 1/2: T'(3/2) = (1/2)I'(1/2) = /7/2 (we
already computed this at the end of Section 5). We compute I'(2) by (7.3) at s = 1: T'(2) =
I(1) + 1. Thus (7.6) says

r’(i) + F’(l)\/j = (—log2)ym+V7(I'(1) +1) = r’(i) =/ (— log 2 + Fé”) + /.

Feeding this formula for IV(3/2) into (7.4),

r’(é) — Jr(=2log2 + T'(1)).

It turns out that I''(1) = —v, where v ~ .577 is Euler’s constant. Thus, at last,

/Ooo(loga:)e_xz dz = r'asz) = —ﬁ(ZlogQ + 7).

4 4

8. LOGS IN THE DENOMINATOR, PART I

Consider the following integral over [0, 1], where ¢ > 0:

1t
—1
/ w dz.
o logx
Since 1/logz — 0 as z — 07", the integrand vanishes at x = 0. As x — 17, (z' —1)/logz — t.
Therefore when ¢ is fixed the integrand is a continuous function of z on [0, 1], so the integral is not

an improper integral.
The t-derivative of this integral is

1 tl 1 1
/ z Og:):d:L':/ tde = —,
o logz 0 t+1

which we recognize as the t-derivative of log(¢ 4+ 1). Therefore

gt —1

/ dz =log(t+1)+C
o logx

for some C. To find C, let t — 0%. On the right side, log(1 + t) tends to 0. On the left side, the

integrand tends to 0: |(zf — 1)/log x| = |(e!'°8® — 1)/log x| < t because |e® — 1| < |a| when a < 0.

Therefore the integral on the left tends to 0 as t — 0. So C = 0, which implies

Lat —1
8.1 dr =log(t +1
(1) | T o =gt + 1

for all ¢ > 0, and it’s obviously also true for ¢t = 0. Another way to compute this integral is to write
x!t = €187 a5 a power series and integrate term by term, which is valid for —1 < ¢ < 1.
Under the change of variables z = e ¥, (8.1) becomes

0 B B dy
8.2 / e ¥ — e (DY) =2 —1og(t +1).
(8.2) L )< =los(t +1)
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9. LoGS IN THE DENOMINATOR, PART II

© dx
F(t)= —_—
®) /2 xtlog x

for ¢ > 1. The integral converges by comparison with f2°° dz/z'. We know that “at t = 17 the

integral diverges to oo:
/°° dz _ /b dz
= lim
9 xlogx b—oo Jo Tlogw

b

We now consider the integral

= lim loglogx
b—o0 9
= lim loglogb — loglog?2
b—o0
= oo.
So we expect that as t — 17, F(t) should blow up. But how does it blow up? By analyzing F’(t)
and then integrating back, we are going to show F(t) behaves essentially like —log(t —1) as t — 17.
Using differentiation under the integral sign, for ¢ > 1

S ha ) 1
F = /2 ot \ ztlogx de

00 —t__l
- / e (“loga) 4,
9 log x

B / > dx
= L
p—t+1
—t4+1
21—t
1—t
We want to bound this derivative from above and below when ¢ > 1. Then we will integrate to get
bounds on the size of F(t).
For t > 1, the difference 1 —t is negative, so 2! ~* < 1. Dividing both sides of this by 1 — ¢, which
is negative, reverses the sense of the inequality and gives
21—t 1
> —.
1—t~ 1—t
This is a lower bound on F’(t). To get an upper bound on F’(t), we want to use a lower bound
on 2'=%. Since e* > a + 1 for all a (the graph of y = e? lies on or above its tangent line at = 0,
which is y = z + 1),

=00

r=2

2% = ¢¥1982 > (log 2)z 4 1
for all xz. Taking x =1 —t¢,

(9.1) 217t > (log 2)(1 — t) + 1.
When t > 1, 1 — t is negative, so dividing (9.1) by 1 — ¢ reverses the sense of the inequality:
1-t 1
<log2+ —

1—¢ 1—¢
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This is an upper bound on F'(t). Putting the upper and lower bounds on F’(t) together,

1 1
9.2 —— < F'(t) <log2+ ——
(9:2) T3 (t) <log2+—
for all t > 1.
We are concerned with the behavior of F(t) as t — 1. Let’s integrate (9.2) from a to 2, where

l1<a<?2:
2 2 2
dt 1
— < F'(t)dt < log2 + —— | dt.
al_t /1 () _/a <Og +1_t>

Using the Fundamental Theorem of Calculus,

2
< F(t)

2
< ((log2)t — log(t — 1))

2
—log(t —1)

9
a

a a

SO
log(a—1) < F(2) — F(a) < (log2)(2 — a) + log(a — 1).
Manipulating to get inequalities on F'(a), we have
(log2)(a —2) —log(a — 1) + F(2) < F(a) < —log(a — 1) + F(2)
Since a —2 > —1 for 1 < a < 2, (log2)(a — 2) is greater than —log2. This gives the bounds
—log(a—1)+ F(2) —log2 < F(a) < —log(a — 1) + F(2)
Writing a as t, we get
—log(t — 1)+ F(2) —log2 < F(t) < —log(t — 1) + F(2),

so F(t) is a bounded distance from —log(t—1) when 1 < ¢t < 2. In particular, F((t) — coast — 1T.

10. A TRIGONOMETRIC INTEGRAL

For positive numbers a and b, the arithmetic-geometric mean inequality says (a + b)/2 > Vab
(with equality if and only if @ = b). Let’s iterate the two types of means: for k > 0, define {ay}
and {b;} by ap = a, by = b, and

ap_1 + by
= %, by, = v/ ag—1bg—1
for k> 1.

Example 10.1. If ag = 1 and by = 2, then Table 2 gives a, and by to 16 digits after the decimal
point. Notice how rapidly they are getting close to each other!

ay, by,
1 2
1.5 1.4142135623730950

1.4571067811865475 | 1.4564753151219702
1.4567910481542588 | 1.4567910139395549

4| 1.4567910310469069 | 1.4567910310469068
TABLE 1. Iteration of arithmetic and geometric means.

W N = O




12 KEITH CONRAD

Gauss showed that for every choice of a and b, the sequences {ay} and {b;} converge very rapidly
to a common limit, which he called the arithmetic-geometric mean of x and y and wrote this as
M/(a,b). For example, M(1,2) ~ 1.456791031046906. Gauss discovered an integral formula for the
reciprocal 1/M((a,b):

1 2 /W/ 2 dz
M(a,b)  mJo \/a2cos?x + b?sin

There is no elementary formula for this integral, but if we change the exponent 1/2 in the square

root to a positive integer n then we can work out all the integrals

/2

T a? cos? z + b2 sin? )

using repeated differentiation under the integral sign with respect to both a and b. (This example,
with a different normalization and no context for where the integral comes from, is Example 4 on
the Wikipedia page for the Leibniz integral rule.)

For n =1 we can do a direct integration:

2 [7/2 dx
Fi(ab) = =
1(a,b) 0 /0 a2 cos? x + b2sin® x

2 / /2 sec? d
= —_ —_— A

wJo a?+b*tan’zx

2 du

x
= — —————— where u =tanz
7r /0 a? + b?u?

B A
 ma? Jy 1+ (b/a)?u?

2 [ dv
= — 112 where v = (b/a)u
_ L
- ab

Now let’s differentiate Fj(a,b) with respect to a and with respect to b, both by its integral
definition and by the formula we just computed for it:

oF, 2 [™/? —2acos’ x g OB _ 1
da 7r/0 (a? cos? x + b2sin® z)?2 Y 8a T a%
and
oF, 2 [™/? —2bsin? z g O 1
b 7T/0 (a2 cos? x + b2sin? x)2 DTy T a
Since sin?z + cos? z = 1, by a little algebra we can get a formula for Fy(a,b):
2 [7/2 dx
Fola,b) = T /0 (a2 cos? z + b2 sin? 1)2
B 10Fr 10F
22 0a  2b0b
- 1 1
T 2% 20
a® +b?

2a3b3
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We can get a recursion expressing Fy(a,b) in terms of 0F,,_1/0a and OF,_1/0b in general: for
n> 2,

0F,—1 2 /“/2 —2(n — 1)acos® x g 0F,—1 2 /”/2 —2(n — 1)bsin? z g
= — X, = - . X,
da 7 Jo  (a?cos?z + b2sin? x)" b 7 Jo  (a?cos? x + b2 sin? x)"
SO
e = —— L OFaa 1 OFwa 1 (10Fy  10Fw
T 2(n—1)a Oa 2n—1b b  2(n—-1)\a 0a b 0b
A few sample calculations of F,(a,b) using this, starting from Fj(a,b) = 1/(ab), are
a? 4+ b? 3a* + 2a2b? + 3b* 5a5 4 3a*b? + 3a?b* + 5b°
Fya,b) = —%=, Fi(a,b) = Fy(a,b) = .
2(a,0) = g Falad) 60 Ta@b) 124757

11. SMOOTHLY DIVIDING BY t

Let h(t) be an infinitely differentiable function for all real ¢ such that h(0) = 0. The ratio h(t)/t
makes sense for ¢t # 0, and it also can be given a reasonable meaning at ¢ = 0: from the very
definition of the derivative, when ¢ — 0 we have

h(t)  h(t) — h(0)

_ 1(0).
} —o "0

Therefore the function
h(t)/t if ¢
R(0), ift=0

is continuous for all . We can see immediately from the definition of r(¢) that it is better than
continuous when t # 0: it is infinitely differentiable when ¢ # 0. The question we want to address
is this: is r(¢) infinitely differentiable at ¢ = 0 too?

If h(t) has a power series representation around ¢ = 0, then it is easy to show that r(¢) is infinitely
differentiable at t = 0 by working with the series for h(t). Indeed, write

h(t) = cit + cot® + cst® + -+
for all small ¢. Here ¢; = h/(0), c2 = h”(0)/2! and so on. For small ¢ # 0, we divide by ¢ and get
(11.1) r(t) =c1 4 cot +c3td + -,

which is a power series representation for r(t) for all small ¢ # 0. The value of the right side of
(11.1) at ¢t = 0 is ¢; = K'(0), which is also the defined value of 7(0), so (11.1) is valid for all small
z (including ¢ = 0). Therefore r(t) has a power series representation around 0 (it’s just the power
series for h(t) at 0 divided by ¢). Since functions with power series representations around a point
are infinitely differentiable at the point, r(¢) is infinitely differentiable at ¢ = 0.

However, this is an incomplete answer to our question about the infinite differentiability of r(¢)
at t = 0 because we know by the key example of e~/ * (at t = 0) that a function can be infinitely
differentiable at a point without having a power series representation at the point. How are we
going to show 7(t) = h(t)/t is infinitely differentiable at t = 0 if we don’t have a power series to
help us out? Might there actually be a counterexample?

The solution is to write h(t) in a very clever way using differentiation under the integral sign.
Start with

h(t):/o B (u) du.
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(This is correct since h(0) = 0.) For ¢ # 0, introduce the change of variables u = tx, so du = tdx.
At the boundary, if u = 0 then = 0. If u = ¢ then z = 1 (we can divide the equation ¢t = tx by ¢
because t # 0). Therefore

h(t) = /01 B (tz)tdx = t/l b (tx) d.

0
Dividing by ¢ when t # 0, we get

1
r(t) = Sf) = /0 B (tx) dz.

The left and right sides don’t have ¢ in the denominator. Are they equal at ¢t = 0 too? The left
side at t = 0 is 7(0) = R'(0). The right side is fol R'(0) dz = h'(0) too, so

(11.2) r(t) = /01 W () da

for all ¢, including ¢ = 0. This is a formula for h(t)/t where there is no longer a ¢ being divided!
Now we're set to use differentiation under the integral sign. The way we have set things up
here, we want to differentiate with respect to t; the integration variable on the right is z. We can
use differentiation under the integral sign on (11.2) when the integrand is differentiable. Since the
integrand is infinitely differentiable, r(¢) is infinitely differentiable!
Explicitly,

r'(t) = /01 xh” (tz) dz
and
r(t) = /1 22h" (tz) dz
and more generally '
r®(t) = /01 2R (1) d.

In particular, () (0) = fol 2FhH(0) do = %

12. COUNTEREXAMPLES AND JUSTIFICATION

We have seen many examples where differentiation under the integral sign can be carried out
with interesting results, but we have not actually stated conditions under which (1.2) is valid.
Something does need to be checked. In [14], an incorrect use of differentiation under the integral
sign due to Cauchy is discussed, where a divergent integral is evaluated as a finite expression. Here
are two other examples where differentiation under the integral sign does not work.

Example 12.1. Tt is pointed out in [9, Example 6] that the formula

0o -
SIn x s
de = —,

0 X 2

which we discussed at the end of Section 3, leads to an erroneous instance of differentiation under
the integral sign. Rewrite the formula as

(12.1) /OOO sin(ty) g, —
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for t > 0 by the change of variables x = ty. Then differentiation under the integral sign implies

/ cos(ty)dy =0,
0
but the left side doesn’t make sense.

The next example shows that even if both sides of (1.2) make sense, they need not be equal.

Example 12.2. For real numbers = and ¢, let

L ifx#0o0rt#0
fla,t) = q (a2 +12)% ’

0, ifz=0andt=0.

:A{ﬂ@ﬂdx

For instance, F'(0) = fol f(z,0)dz = fol 0dz = 0. When ¢ # 0,

13
F(t) = —d
(t) /0 (22 + 2)2 x

1+t2 43
= / ——du (where u = 2% 4 t?)
t

Let

2 2u2
t3 u=1+t>
= 5l
t3 t3
R
_ t
o 2(1 2y

This formula also works at t = 0, so F(t) = t/(2(1 + t?)) for all t. Therefore F(t) is differentiable
and )
1—-1t

Flt)=——_

= 3a+ep

for all t. In particular, F'(0) = 1.

Now we compute 8tf(:v t) and then f f x,t)dx. Since f(0,t) = 0 for all ¢, f(0,t) is differen-
tiable in ¢ and atf(O, t) =0. For z # 0, f(:L' t) is dlfferentlable in t and

2 | 42\2(2.,.42 3 2 | 42
%f(x,t) _ (x4 t%) (330&24_:;;)4 2(z” +t7)2t
wt?(2? +12)(3(2? + 1) — 4t?)
- (22 + 12)4
rt?(3z% — 12)

(22 +t2)3
Combining both cases (x = 0 and z # 0),

P s, ifx£0
12.2 9 bt = { @A ’
(12:2) mf( ) 0, if z = 0.
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In particular %| o f(x,t) = 0. Therefore at t = 0 the left side of the “formula”

d ! b
— tyde = [ = t)dz.
| o= [ Sre
is F’(0) = 1/2 and the right side is fol %’t:o f(z,t)dz = 0. The two sides are unequal!

The problem in this example is that % f(x,t) is not a continuous function of (z,t). Indeed, the
denominator in the formula in (12.2) is (22 + ¢?)3, which has a problem near (0,0). Specifically,
while this derivative vanishes at (0,0), if we let (z,t) — (0,0) along the line x = ¢, then on this
line %f(m,t) has the value 1/(4z), which does not tend to 0 as (x,t) — (0,0).

Theorem 12.3. The equation

d /b b9
3 | = [ Zrwna

where a could be —oo and b could be 0o, is valid at a real number t = tg in the sense that both sides
exist and are equal, provided the following two conditions hold:

e f(x,t) and %f(x,t) are continuous functions of two variables when x is in the range of
integration and t is in some interval around tg,
e for t in some interval around ty there are upper bounds |f(x,t)] < A(x) and ]%f(:n,t)] <

B(x), both bounds being independent of t, such that f(f A(z)dz and fabB(a:) dz ezist.

Proof. See [10, pp. 337-339], which uses the definition of the derivative and the Mean Value The-
orem. If the interval of integration is infinite, fab A(z)dz and f; B(z) dx are improper. A second
proof [10, p. 340] obtains the theorem from the Fundamental Theorem of Calculus and swapping
the order of a double integral.® O

In Table 2 we include choices for A(z) and B(z) for the functions we have treated. Since the
calculation of a derivative at a point only depends on an interval around the point, we have replaced
a t-range such as ¢t > 0 with ¢ > ¢ > 0 in some cases to obtain choices for A(x) and B(z).

Section f(x,t) x range | t range t we want A(x) B(x)
2 xe [0,00) |t>¢>0 1 e ptlemer
3 et 2T (0,00) |t>¢>0 0 e e~
T
4 | e ®UHeD/2 1 000) [t>c>0] allt>0 — e/
5 ghe—tz? R t>c>0 1 xhe g t2e—ca’
6 cos(tz)e /2 [0, 00) R all ¢ e~*"/2 |z|e—e"/2
7 rile= (0,00) |0<t<ec|1/2,1,3/2,2 ¢ le® ¢~ log z|e™®
xt—1 1—2°¢
8 lo%a: 0,1] |0<t<ec 1 Tog 7 1
1 1
) xtlogx [2’00) tze>1 t>1 z2logx z°
11 Rk (22) [0, 1] lt] < ¢ 0 max [R*F (1)] | max [R5 (y))
ly|<e ly|<e

TABLE 2. Summary

3This second proof is written with b = oo, but the argument can be adapted to finite b.
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We did not put the function from Section 10 in the table since it would make the width too long
and it depends on two parameters. Putting the parameter into the coefficient of cos? x in Section 10,
we can take f(x,t) = 1/(t? cos? x+b?sin )" for v € [0,7/2],0 < e <t < ¢ (that is, keep ¢t bounded
away from 0 and 00), A(z) = 1/(c? cos? x + b?sin? 2)" and B(z) = 2¢'n/(c? cos? z + b%sin? z)"*1.

Corollary 12.4. If a(t) and b(t) are both differentiable on an open interval (ci,c2), then
d [ (1) 9 . ,
4 ey de = / 9 Fla,t) da + (1), DY (1) — fa(t), (1)
dt Jaer () 0t

for (x,t) € [a, B] X (c1,c2), where a < B and the following conditions are satisfied:

o f(z,t) and %f(:c,t) are continuous on [, 8] X (¢1,ca),
o for allt € (c1,¢2), a(t) € [, B] and b(t) € [o, f],
o for (z,t) € [a, ] x (c1,c2), there are upper bounds |f(x,t)| < A(z) and |%f(1‘,t)| < B(x)

such that fﬁ x)dz and fﬁ x)dx exist.

Proof. This is a consequence of Theorem 12.3 and the chain rule for multivariable functions. Set a
function of three variables

b
I(t,a,b) :/ flx,t)dx
for (t,a,b) € (¢1,c2) X [a, B] X [, B]. (Here a and b are not functions of ¢, but variables.) Then

0 X 0 0
Gtan = [ Sra@nde S = —fan. Gtan = o,

where the first formula follows from Theorem 12.3 (its hypotheses are satisfied for each a and
b in [o, 8]) and the second and third formulas are the Fundamental Theorem of Calculus. For
differentiable functions a(t) and b(¢) with values in [a, §] for ¢; < t < ¢2, by the chain rule

(12.3)

d [b® d
E () f(.fC,t)dCC = a[(t,a(t),b(t))
ol dt 01 da 0OI db
= SH(ta(t),b(0) S + S (1 alt), b(0) G + S (b a(t), (1)

b(t)
- / %“) dz — f(a(t), )’ (t) + f(b(E), £)V'(t) by (12.3).
O
A version of differentiation under the integral sign for ¢ a complex variable is in [11, pp. 392-393].

Example 12.5. For a parametric integral f(: f(x,t)dz, where a is fixed, Corollary 12.4 tells us
that

(12.4) /fa:tdx—/ (w.t) dz + (£, 1)

for (x,t) € [a, B] X (c1, c2) provided that (i) f and 0f/0t are continuous for (z,t) € [a, 8] X (c1,¢c2),
(i) « < a < B and (1, c2) C [a, B], and (iii) there are bounds |f(z,t)| < A(z) and |% f(z,t)] < B(x)
for (z,t) € [, 8] x (c1, c2) such that the integrals f’B x)dx and fﬁ x) dz both exist.

We want to apply this to the integral

“log(1 + tx)
0 X
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for t > 0. Obviously F(0) = 0. Here f(z,t) = log(1 +tz)/(1+ z?) and %f(a:,t) = m To
include ¢t = 0 in the setting of Corollary 12.4, the open t-interval should include 0. Therefore we’re
going to consider F'(t) for small negative ¢ too.

Use (z,t) € [-9,1/(2¢)] x (—&,1/(26)) for small € and ¢ (between 0 and 1/2). In the notation
of Corollary 12.4, « = =0, 8 = 1/(2¢), c1 = —¢, and co = 1/(25). To have (c1,¢2) C [a, f] is
equivalent to requiring ¢ < § (e.g., € = §/2). We chose the bounds on z and ¢ to keep 1 + xt
away from 0: —1/2 < xt < 1/(4ed), so 1/2 < 1+t < 1+ 1/(4¢6).* That makes |log(1 + xt)|
bounded above and 1+ ¢z bounded below, so |f| and |0f/0t| are both bounded above by constants
(depending on ¢ and 9), so (12.4) is justified with A(z) and B(z) being constant functions for
z € [a, B]. Thus when 0 <e <d <1and —e <t <1/(20),

R x log(1 + t2)
F(t)_/o Artr)(1+a2) " 11¢2

/t 1 —t N t L@ d +log(1+t2)
= x ——5 .
o 1+2 \1+tx 1422 1422 1+ ¢2

After antidifferentiating the three terms in the integral with respect to x,

-1 t log(1+ 2z2)\|"  log(1+ t2)
F'(t) = [ —— log(1 + ta) + —— arct oo St
(t) <1—|—t2 og(1 + x)+1+t2arcan(a:)—|— 2+ )|, T
_ —log(1+1?) tarctan(t) = log(l+t*) = log(1l+t?)
T 14¢2 1+ ¢2 2(1+1t2) 1+t
(12.5) _ tarctan(t) log(1 + t2) .
1+t 2(1 +t2)

Letting § — 01 shows (12.5) holds for all ¢ > 0. Since F(0) = 0, by the Fundamental Theorem of

Calculus
¢ ¢ tan(y) | log(1+y?)
Fit)= | F'(y)d :/ yarce )d
Q /0 () dy 0 < 1+ y? * 2(1+4?)

Using integration by parts on the first integrand with u = arctan(y) and dv = ﬁ dy,

t ¢ t 2
log(1+ y*)
— vdu—i—/ ————=dy
0 /O o 2(1+y?)
log(1 + 12" _/t 10g(1+y2)dy+/t log(1+y%) ,
2 o Jo 2(1+y?) o 2(1+y?)

F(t) = uv

= arctan(y)

1
=5 arctan(t) log(1 + t2),

o)
“log(1+1t 1
(12.6) /0 W dz = 5 arctan(t) log(1 + 2).
for t > 0. Both sides are odd functions of ¢, so (12.6) holds for all ¢. Setting t = 1,
1
log(1 1 log 2
/0 w dz = 3 arctan(1)log2 = U Zg :

4Since —§ <z < 1/(2¢) and —e < t < 1/(29), at < max(ed, 1/(4ed)), and the maximum is 1/(4ed) when e,6 < 1/2.
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13. THE FUNDAMENTAL THEOREM OF ALGEBRA

By differentiating under the integral sign we will deduce the fundamental theorem of algebra: a
nonconstant polynomial p(z) with coefficients in C has a root in C. The proof is due to Schep [13].

Arguing by contradiction, assume p(z) # 0 for all z € C. For r > 0, consider the following
integral around a circle of radius r centered at the origin:

2m do
= /0 p(re)’

This integral makes sense since the denominator is never 0, so 1/p(z) is continuous on C. Let
F0,7) = 1/p(re), so I(r) = [Z7 £(6,r)db.
We will prove three properties of I(r):
(1) Theorem 12.3 can be applied to I(r) for r > 0,
(2) I(r) — 0 as r — o0,
(3) I(r) — I(0) as 7 — 0T (continuity at r = 0).
Taking these for granted, let’s see how a contradiction occurs. For r > 0,

2 b 27 _p/ (T,ew)ew
r'oy=| = = [ 2EJC g,
= [ gronw= [F TG
Since o
0 —p'(re’) . .0
ae<a”::mém3"e”:”&f””%

for r > 0 we have

2 o 2w o
o) = [ g [7 0o = oo

o1 1y,
; ir 99 oo ir\p(r) p(r))

p
Thus I(r) is constant for r > 0. Since I(r) — 0 as r — oo, the constant is zero: I(r) = 0 for r > 0.
Since I(r) — I(0) as 7 — 0T we get I(0) = 0, which is false since I(0) = 27/p(0) # 0.

It remains to prove the three properties of I(r).

(1) Theorem 12.3 can be applied to I(r) for r > 0:

Since p(z) and p/(z) are both continuous on C, the functions f(6,r) and (9/9r)f(0,r) are
continuous for § € [0, 27] and all » > 0. This confirms the first condition in Theorem 12.3.

For each 19 > 0 the set {(0,r) : 6 € [0,27],r € [0, 2r] is closed and bounded, so the functions
f(0,r) and (0/0r)f(0,r) are both bounded above by a constant (independent of r and ) on this
set. The range of integration [0, 27] is finite, so the second condition in Theorem 12.3 is satisfied
using constants for A(#) and B(0).

(2) I(r) = 0 as 7 — oo: Let p(z) have leading term cz?, with d = degp(z) > 1. As r — oo,

Ip(re?)|/|re?|* — |c| > 0, so for all large r we have |p(re?)| > |c|[r?/2. For such large 7,

‘I(T)K/% do </2“ do  4r
“Jo p(re®) T Jo o lelrd/2 felrd

and the upper bound tends to 0 as r — oo since d > 0, so I(r) — 0 as r — oc.
(3) I(r) — I(0) as 7 — 0T: For r > 0,

27 1 1 2

13.1 IT’—IOZ/ (.—)d@:IT—IO §/ —_ = —

B =10 = | e ™ 50) 110N 0 o)~ 50)

Since 1/p(z) is continuous at 0, for £ > 0 there is § > 0 such that |z] < J = [1/p(z) — 1/p(0)| < e.
Therefore if 0 < r < §, (13.1) implies |I(r) — I(0)] < fOQﬂ edf = 2me.

ST
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14. AN EXAMPLE NEEDING A CHANGE OF VARIABLES

Our next example is taken from [1, pp. 78,84]. For all ¢ € R, we will show by differentiation
under the integral sign that

(14.1) / COS(WQ) da = me 1.

cosx T

/R 1+22 0 ¢
In (14.1), set f(x,t) = cos(tx)/(1+2). Since f(z,t) is continuous and |f(x,t)| < 1/(1+2?), the
integral in (14.1) exists for all £. A graph of me~*l is in Figure 1. Note me~*! is not differentiable at

0, so we shouldn’t expect to be able to prove (14.1) at ¢ = 0 using differentiation under the integral
sign.

For example, taking ¢t = 1,

FIGURE 1. Graph of y = me~I!l.

The case t = 0 of (14.1) can be treated with elementary calculus:

/ dx )
= arctanx
R 1 +$2

Since the integral in (14.1) is an even function of ¢, to compute the integral for ¢ # 0 it suffices to
treat the case t > 0.5

o0

= T.

—0o0

Let .
F(t) = / cos(t) 4,
R 1 + .1/'2
If we try to compute F’(t) for t > 0 using differentiation under the integral sign, we get
0 t in(t
(14.2) Fl(t) = / 9 (eosltz)) 4, —/ sin(te)
R 8t 1 + LE2 R 1 —+ 1'2

Unfortunately, there is no upper bound |% f(x,t)| < B(z) that justifies differentiating F'(¢) under
the integral sign (or even justifies that F'(t) is differentiable). Indeed, when x is near a large odd
multiple of (7/2)/t, the integrand in (14.2) has values that are approximately z/(1 + z?) ~ 1/z,
which is not integrable for large x. That does not mean (14.2) is actually false, although if we
weren’t already told the answer on the right side of (14.1) then we might be suspicious about

5If you know complex analysis, you can get (14.1) for t > 0 from the residue theorem, viewing cos(tz) as the real

part of e**. If you know Fourier analysis, you can interpret (14.1) as saying 1/(1 + x?) has Fourier transform we™!*l,

where f(t) = J f()e """ da.
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whether the integral is differentiable for all ¢ > 0; after all, you can’t easily tell from the integral
that it is not differentiable at ¢t = 0.

Having already raised suspicions about (14.2), we can get something really crazy if we differentiate
under the integral sign a second time:

If this made sense then
(22 4 1) cos(tx)

(14.3) F'(t) - F(t) = — /R 322 de = — /Rcos(tx) dz =777.

All is not lost! Let’s make a change of variables. Fixing t > 0, set y = tx, so dy = tdx and

cosy dy /tcosy
Fit)y=| —————= [ ——=d
O f e e e

This new integral will be accessible to differentiation under the integral sign. (Although the new
integral is an odd function of ¢ while F'(¢) is an even function of ¢, there is no contradiction because
this new integral was derived only for ¢ > 0.)

Fix ¢ > ¢ > 0. For t € (¢,), the integrand in

/ tcosy q

REZ+y? Y

is bounded above in absolute value by t/(t? + y?) < //(c® + y?), which is independent of ¢ and
integrable over R. The t-partial derivative of the integrand is (y* — t2)(cosy)/(t? + y?)?, which
is bounded above in absolute value by (y? + t2)/(t? + y*)? = 1/(t* + y?) < 1/(c® + y?), which is

independent of ¢ and integrable over R. This justifies the use differentiation under the integral sign
according to Theorem 12.3: for ¢ < t < ¢, and hence for all t > 0 since we never specified ¢ or ¢/,

0 ([ tcosy y? —t2
Ft)=| =|5—5 ] dy= | —5—=cosydy.
2 /R@t<t2+y2> / /R(t2+y2)2 v
We want to compute F”(t) using differentiation under the integral sign. For 0 < ¢ <t < ¢/, the

t-partial derivative of the integrand for F’(t) is bounded above in absolute value by a function of
y that is independent of ¢ and integrable over R (exercise), so for all ¢ > 0 we have

0% [ tcosy 0? t
r0= g (5) = fuam (g ) o

It turns out that (82/82)(t/ (12 + y2)) = —(02/9y?)(t/ (12 + 32)), so

F"(t)——/ 82(75) cosyd
T o\ Y

Using integration by parts on this formula for F”(t) twice (starting with « = —cosy and dv =
(02/0y*)(t/(t? + y?)), we obtain

0 t . t
F”(t):_/Rﬁ’y<tQ+y2> smydy:/R(t2+y2>cosydy:F(t).

The equation F”(t) = F(t) is a second order linear ODE whose general solution is ae’ + be™", so

t
(14.4) / cos( “? dz = aet + be ™!
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for all t > 0 and some real constants a and b. To determine a and b we look at the behavior of the
integral in (14.4) as t — 0 and as t — oco.

Ast — 0%, the integrand in (14.4) tends pointwise to 1/(1+ 22), so we expect the integral tends
to [g dz/(1+a?) =7 as t — 0F. To justify this, we will bound the absolute value of the difference

cos(tx) dzx | cos(tx) — 1]
- ——| < | —————d=x
R 1+ x2 r 1+ a2 R 1+2?
by an expression that is arbitrarily small as t — 0*. For N > 0, break up the integral over R into
the regions |z| < N and |z| > N. We have

| cos(tx) — 1] | cos(tx) — 1] 2
TR der < I dx + 1 5 dz
R LT EES A jal>n 1+ @

t 2
< / ’$|2dx+/ de
o<y 1+ lo>n 1+

= t/ 1|f|$2d +4(——arctanN>
lz| <N

Taking N sufficiently large, we can make 7/2 — arctan N as small as we wish, and after doing that
we can make the first term as small as we wish by taking ¢ sufficiently small. Returning to (14.4),
letting ¢t — 0" we obtain m = a + b, so for all t > 0,

t
(14.5) /R Cloj_( ;2) dz = ae’ + (7 — a)e™".

Now let t — oo in (14.5). The integral tends to 0 by the Riemann—Lebesgue lemma from Fourier
analysis, although we can explain this concretely in our special case: using integration by parts
with u = 1/(1 + 2?) and dv = cos(tz) dx, we get

t 1 2z sin(t
/ cos( a;2) dp — / xsm(2x2) de
R1+z t Jg 1+22)

The absolute value of the term on the right is bounded above by a constant divided by ¢, which
tends to 0 as t — oo. Therefore ae! + (7 —a)e™ — 0 as t — oo. This forces a = 0, which completes
the proof that F(t) = me~! for t > 0.

Remark 14.1. Now that we know F(t) = me~! for t > 0, so F'(t) = —me™t, the formal differenti-
ation under the integral sign that led to (14.2) suggests that

in(¢
/xsm( 2) dz =me™ fort > 0.
R 14+ 22

The integral on the left is subtle since it is not absolutely convergent, but this formula can be
justified using the residue theorem from complex analysis (defining [ as imp_.o0 ffiR)

15. FOURIER TRANSFORM OF A GAUSSIAN

For a continuous function f: R — C that is rapidly decreasing at +o0, its Fourier transform is
the function Ff: R — C defined by

(15.1) (Ffly) = /_00 f(z)e™ ™ dx = /_OO f(x)(cos(zy) — isin(xy)) dx.
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For example, (Ff)(0) = ffooo f(x)dz. This integral transform shows up all over the place in pure
and applied analysis. We will use differentiation under the integral sign to compute the Fourier
transform of Gaussian functions e=9%¢°/2 where a > 0, first for ¢ = 1 and then for all a > 0.

When f(z) = S 2 differentiate both sides of the equation

FNw) = [ e et

— 00

with respect to y, using differentiation under the integral sign for the right side:

(15.2) Fnw = [

— 00

oo 2 . oo 2 .
—ire T 2eTI0Y Qg — —i/ re 2Ty qg,
— 00

Differentiation under the integral sign here can be justified by applying Theorem 12.3 to the real
and imaginary parts of (Ff)(y): let f(z,y) be e /2 cos(zy) or —e % /?sin(zy), Alz) = e */2,
and B(z) = |z|e=*"/2 since |cos(zy)| < 1 and |sin(zy)| < 1 for all real numbers z and y.

Apply integration by parts (for complex-valued functions) to the last integral in (15.2) using
u=e @ and dv = ze /2 dz, with du = —iye Y dz and v = —e~ /2,

o0 2 . oo
/ ze T 2Ty Qg — / udv
— 00 —0oQ

T=0Q o0
- / vdu
rT=—00 —00

= uv
—izy |T=0 00 ‘

= —eTQU —iy/ e~ 2=y g
e* / Tr=—00 —o0

= —iy(F ) ).

Thus (15.2) becomes
(F£) (y) = —i(=)y(FNHy) = —y(F ).
The solutions to the differential equation ¢'(y) = —yg(y) are g(y) = Ce /2 for constant C, so
f@) = e/ = (Ff)(y) = Ce ¥/

for some C. To determine C, set y = 0 on both sides: ffooo e=2*/2dx = C. That integral is /27 by
Section 4 (another use of differentiation under the integral sign), so

(15.3) f@) =e 2 = (Ff)y) = Vome ¥ /2
For a > 0, we can calculate the Fourier transform of e~*"/2 by a change of variables and (15.3):

00 . s . dt
/ efaxz/Qefwcy do — / 6*1‘/2/26*“‘/9/\/57 where t = \/le

_ 1 Y
- =0 (%)
Vore W/Va?/2 by (15.3)

I
B

o—v?/(20)

This calculation shows that, up to a scaling factor, a highly peaked Gaussian (e*“mQ/ 2 for large
a) has a Fourier transform that is spread out (e ¥*/(% for small 1/a) and a spread out Gaussian
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(e79%°/2 for small a) has a Fourier transform that is highly peaked (e=¥/(29) for large 1/a). The
Fourier transform’s effect of exchanging highly peaked and spread out Gaussians is a mathematical
expression of the Heisenberg Uncertainty Principle from quantum mechanics.

16. EXERCISES

d
ﬁ% = % and then prove by differentiation under
x

the integral sign that /OO dz T /OO dz ST and /oo dz
€ 1mtegr 1211 55 — = 1 a5 —
& & o (@242 437 J, (22 +1t2)3 16157 0 (Z2+t2)n

2n — 2 m
(n_1>(2t)2n_1f0ralln21

o0
1. For t > 0, show by calculus that /
0

t
2. Starting from the formula / Cloi( xg) dz = zt in (14.1) for ¢t > 0, make a change of variables
R T €
3 t+1
and then differentiate under the integral sign to prove / ;Oi dox = M ift > 0.
r (22 4+ t?)? 2t3et

LSinx

o0
3. From the formula / et dr = g — arctant for ¢ > 0, in Section 3, use a change of
0

x
_ g SIn(bx)

o
variables to obtain a formula for / e dx when a and b are positive. Then use dif-
0

oo
ferentiation under the integral sign with respect to b to find a formula for / e % cos(bx) dx
when a and b are positive. (Differentiation under the integral sign with respect to a will
o
produce a formula for / e sin(bx) dx, but that would be circular in our approach since
0

LSinT

[e.e]
we used that integral in our derivation of the formula for / et dz in Section 3.)
0

> _sinz 0
4. By the formula / e " dz = 5~ arctant for t > 0, let x = ay for a > 0 to see
0 X
ee sin(a
/ e tay (ay) dy = T _ arctan t,
0 Yy 2

so the integral on the left is independent of a and thus has a-derivative 0. Differentiation
under the integral sign, with respect to a, implies

/000 e " (cos(ay) — tsin(ay))dy = 0.

Verify that this application of differentiation under the integral sign is valid when a > 0
and ¢ > 0. What happens if t = 07

5. Show / 81112(796) dox = z(1—671‘/) for t > 0 by justifying differentiation under the integral
o z(x?+1) 2

sign and using (14.1).

& -1
6. Prove / et CBT T2 gy = log (
0 x

t—0t?

for t > 0. What happens to the integral as

)
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0 | 1 t2 2
7. Prove / Og(ljzx) dz = wlog(1+t) for ¢ > 0 (it is obvious for ¢ = 0). Then deduce,
x

0
for a > 0 and b > 0,

/OO log(1 + a%x?) mlog(1l + ab)
5 ;— do = .
0 b + a b
o dz
8. Prove / (e7® — e )=~ = logt for t > 0 by justifying differentiation under the integral
0 x

o
d
sign. This is (8.2) for t > —1. Deduce that / (e7* — e_bx)—m = log(b/a) for a > 0 and
0 T

b>0.

o0 1 2
9. Prove / e 30T dy = \/zeh‘/| for all ¢ by justifying differentiation under the integral
0
sign for t > 0.5 (As in Section 14, the integral is not differentiable at ¢ = 0.) Deduce that

/ e Wb/ Qg = 2\/\;62m for a > 0 and b > 0. (Hint: Let F(¢) be the integral. Use
0 a

differentiation under the integral sign and a change of variables to show F'(t) = —F(t) if
t>0.)

10. In calculus textbooks, formulas for the indefinite integrals
/ 2" sinzdr and / x" cosx dx

are derived recursively using integration by parts. Find formulas for these integrals when
n =1,2,3,4 using differentiation under the integral sign starting with the formulas

sin(tx) ~ cos(tx)

/cos(tx) dx = P /sin(tm) dx = "

for ¢t > 0.

11. If you are familiar with integration of complex-valued functions, show for y € R that
e}
/ e~ TF)? 4y = /2.
—00

In other words, show the integral on the left side is independent of y. (Hint: Use differen-
tiation under the integral sign to compute the y-derivative of the left side.)

APPENDIX A. JUSTIFYING PASSAGE TO THE LIMIT IN A SINE INTEGRAL

In Section 3 we derived the equation

0o .
(A1) / e 2 4p = T _arctant for t > 0,
0 x 2
which by naive passage to the limit as t — 07 suggests that
o s
(A.2) / Y ge =T,
0 X 2

6This example was brought to my attention by Gregory Markowsky. The earliest reference for it that I know is a
calculus textbook [2, p. 106-107] from 1888.
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To prove (A.2) is correct, we will show [;* SINZ g exists and then show the difference
X0 L3 o o0 3
(A.3) / R P / e oSN de = / (1- e_m)—smx dz
0 x 0 z 0 x

tends to 0 as t — 07. The key in both cases is alternating series.

On the interval [kr, (k + 1)7], where k is an integer, we can write sinz = (—1)*|sinz|, so
sinz

; . b . . .
convergence of fooo e = limy o0 fo dz is equivalent to convergence of the series

(k+1)m (k+1)7 | o
Z/ sm:p do — Z(—l)k/ | sin z| .
km T

k>0 k>0 e
This is an alternating series in which the terms a; = k(:ﬂ)ﬂ |Si;m| dz are monotonically decreasing:
(k+2)7 | o3 (k+1)7 | o3 (k)7 | o3
Got = / | sin z| dg — / | sin(z + )| dp — / | sin x| de < ay.
(k4+1)m X kr rT+m km Tr+m
On [k, (k + 1)n] we have 0 < 1/|z| < 1/(k7r) and the interval has length 7, so ay, < w/(km) =1/k
for k> 1. Thus aj — 0, so [;° 22 sing Zkzo(—l)kak converges.

To show the right side of (A.3) tends to 0 ast — 0T, we write it as an alternating series. Breaking
up the interval of integration [0, c0) into a union of intervals [km, (k + 1)x] for k > 0,

& sin x (k+1)m
(A4) /0 (1— e dz = Z(—l)ka(t), where Ij(t) = /k (1— e

r k>0 4

| sin z| d

x

Since 1 — e > 0 for t > 0 and = > 0, the series Y ,-(—1)*I;(¢) is alternating. The upper
bound 1 — e < 1 tells us I;(t) < 1/k for k > 1 by the same reasoning we used on aj above, so
I (t) — 0 as k — oco. To show the terms Ij(¢) are monotonically decreasing with k, set this up as
the inequality

(A.5) Tu(t) — Lysa(t) > 0 for t > 0.

Each Ij(t) is a function of ¢ for all ¢, not just ¢ > 0 (note Ii(¢) only involves integration on a
bounded interval) The difference Iy (t) — Ix4+1(t) vanishes when ¢t = 0 (in fact both terms are then
0), and I} (t) fkk+1)7r e | sinz|dx for all ¢ by differentiation under the integral sign, so (A.5)
would follow from the derivative inequality I} (t) — I}, (t) > 0 for t > 0. By a change of variables
y =« — 7 in the integral for I}, (t),

(k+1)m

(k+1)m
I,;H(t) :/ e tytm) |sin(y + )| dy = e~ m/ e_ty|siny]dy<I,’€(t).
km km

This completes the proof that the series in (A.4) for ¢ > 0 satisfies the alternating series test.
If we truncate the series >, (—1)¥Ix(¢) after the Nth term, the magnitude of the error is no
greater than the absolute value of the next term:

N

SODFL(E) = S (-1 () + vy, where [y < |Inga ()] <

k>0 k=0
Since 0 <1 —e¥ <y fory >0,

N (N+1)m o (N+1)x
< / (1—etx)ymmdx:/ tde =t(N + 1)7.
0 0

1
N+1

(D (1) ;

k=0
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Thus
[a-em@Ean) = Sk
0 X
k>0
N
< S0 + Il
k=0
1
< N+ D+ —

N+1
For € > 0 we can make the second term at most £/2 by a suitable choice of N. Then the first term
is at most /2 for all small enough ¢ (depending on N), and that shows (A.3) tends to 0 as t — 0.
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