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Abstract: For channel flow at subcritical Reynolds numbers (Re < 5772), a laminar-to-turbulent
transition can emerge due to a large transient amplification in the kinetic energy of small perturbations,
resulting in an increase in drag at the walls. The objectives of the present study are three-fold: (1) to
study the nonlinear effects on transient energy growth, (2) to design a feedback control strategy to
prevent this subcritical transition, and (3) to examine the control mechanisms that enable transition
suppression. We investigate transient energy growth of linear optimal disturbance in plane Poiseuille
flow at a subcritical Reynolds number of Re = 3000 using linear analysis and nonlinear simulation.
Consistent with previous studies, we observe that the amplification of the given initial perturbation
is reduced when the nonlinear effect is substantial, with larger perturbations being less amplified in
general. Moreover, we design linear quadratic optimal controllers to delay transition via wall-normal
blowing and suction actuation at the channel walls. We demonstrate that these feedback controllers
are capable of reducing transient energy growth in the linear setting. The performance of the same
controllers is evaluated for nonlinear flows where a laminar-to-turbulent transition emerges without
control. Nonlinear simulations reveal that the controllers can reduce transient energy growth and
suppress transition. Further, we identify and characterize the underlying physical mechanisms that
enable feedback control to suppress and delay laminar-to-turbulent transition.
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1. Introduction

Channel flow is ubiquitous in engineering applications, and the laminar-turbulent state of the
flow is of great practical consequence. In general, since laminar flows experience smaller wall friction
than turbulent flows, laminar-to-turbulent transition suppression has been a primary objective in
many flow control studies of channel flow. Extensive studies have been performed to understand the
characteristics of channel flows [1–5], among which hydrodynamic stability analysis is widely used to
examine behaviors of small perturbations around a laminar equilibrium state of the flow. The linear
stability result is often used to determine the critical condition for a laminar-to-turbulent transition to
arise [6–9]. For plane Poiseuille flows, linear stability analysis identifies a critical Reynolds number
of Re = 5772, below which the flow state will remain laminar and infinitesimal perturbations will
decay to zero asymptotically [7]. However, a laminar-to-turbulent transition in plane Poiseuille flow
has been observed in experiments and simulations at Reynolds numbers far smaller than the critical
one [10–12]. This phenomenon is caused by a short-time transient amplification of small perturbations
before their eventual decay. This so-called transient energy growth results from the non-normality
of the linearized perturbation dynamics [13,14], which can contribute to the laminar-to-turbulent
transition observed in plane Poiseuille flow at subcritical Reynolds numbers. To delay or suppress
a transition in plane Poiseuille flow, modern feedback control theory has been investigated [15–19].
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One approach is to reduce transient energy growth by designing feedback control laws based on
the linearized perturbation dynamics, as the large energy amplification plays an important role in
the transition process. Kim and Bewley have summarized the essential ingredients of linear control
theory for fluid mechanics in a review paper [20]. Bewley and Liu applied linear optimal (H2) and
robust (H∞) control methods on both subcritical and supercritical channel flows aiming at reducing
disturbance response [16]. Moreover, Jovanović and Bamieh have investigated componentwise energy
amplification in channel flows via input–output analysis, finding that wall-normal and spanwise forces
can affect the flow more significantly than streamwise force [21], which inspires a use of wall-normal or
spanwise velocity actuation in flow control studies. Martinelli et al. designed a linear optimal control
strategy to suppress the maximum transient energy growth experienced in subcritical channel flow [19].
Although the nonlinearity can be taken into consideration within the control synthesis [22,23], linear
control synthesis is more accessible and has been more commonly employed for flow control.

Among all the possible disturbances, the optimal disturbance leads to the maximum transient
energy growth [9], which has the highest chance to induce a laminar-to-turbulent transition of the
flow. The optimal disturbance is usually computed based on the linearized operator [24], though
nonlinear notions can also be determined [25]. In the present work, we focus on the initial optimal
disturbance computed based on the linear model. The optimal disturbance is calculated for the
uncontrolled and controlled systems. Control will alter the perturbation dynamics, and so, the optimal
disturbance for the controlled flow will differ from that of the uncontrolled flow, in general [26].
This point has been emphasized in recent studies [27–29] aiming to evaluate the overall performance
of feedback controllers.

In this paper, we first perform linear and nonlinear simulations to study transient energy growth
and transition in plane Poiseuille flows. We investigate nonlinear effects using direct numerical
simulations. In contrast to previous studies, we adopt a relatively large domain to faithfully capture
the full transition process. It is found that the nonlinearity serves to suppress the amplification of
kinetic energy and that this effect becomes more pronounced for larger perturbations. For the oblique
and streamwise wave disturbances, streamwise vortices grow based on the development of coherent
vortical structures initiated from the optimal disturbances. The breakdown of these streamwise vortices
leads to a laminar-to-turbulent transition. For the spanwise wave disturbance, high shear is induced
between merged and large-scale streamwise vortices, where secondary instabilities grow and break the
coherent structure to trigger a laminar-to-turbulent transition. Although these transition mechanisms
are not entirely new, we will focus on how feedback control favorably alters these mechanisms to
impede the transition process.

Linear quadratic controllers are designed to reduce the large transient energy growth experienced
in the uncontrolled flows. Actuation is implemented in the form of wall blowing/suction within the
nonlinear simulation, which has been shown to be capable of suppressing or delaying transition [19].
Here, we investigate the control mechanism by which actuation favorably conditions the flow to
prevent transition. For the oblique and streamwise wave disturbances, wall actuation modifies the
distribution of high shear present in the flow, which prevents the large transient energy growth
associated with the development of coherent structures. For the spanwise wave disturbance, we will
show that wall actuation induces small streamwise vortices near the channel wall, which hinders the
growth of merged vortices and further reduces the high shear formed between adjacent streamwise
vortical structures.

Finally, we note that, although numerous studies have considered linear feedback control for
transition suppression in channel flow, a detailed investigation into the role of nonlinearities on
control performance has not been presented elsewhere. Here, we investigate the role of nonlinearities
on controller performance—both in terms of reducing transient energy growth and of suppressing
transition—within direct numerical simulations. In an effort to keep our analysis relevant within the
context of the established literature, we implement a simple actuator model based on wall-normal
blowing and suction along the walls of the channel. Further, by adopting a larger computational
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domain than previous investigations, our analysis captures a richer set of the relevant nonlinear flow
physics underlying the laminar-to-turbulent transition process.

The paper is organized as follows. Numerical approaches are provided in Section 2, including
details on the computational setup for direct numerical simulations and methods for feedback control
synthesis. In Section 3, we discuss uncontrolled flows that exhibit transition for various optimal
disturbances. The results for controlled flows are also provided in this section with detailed discussions
of the control mechanisms. Finally, conclusions are summarized in Section 4.

2. Numerical Approaches

2.1. Direct Numerical Simulation

Two- and three-dimensional direct numerical simulations of plane Poiseuille flow are performed
using the spectral code Channelflow [30,31] to solve the incompressible Navier–Stokes equations.
A second-order Runge–Kutta temporal scheme is used. Streamwise, wall-normal, and spanwise
directions are indicated by x, y, and z, respectively, and the corresponding velocity components are u,
v, and w, respectively. Time is denoted by t. As shown in Figure 1, the flow between two infinite planes
has a base velocity profile of [ū, v̄, w̄] = [1− (y/h)2, 0, 0] at Reynolds number of Re = ūch/ν = 3000,
where h is the channel half-height, ūc denotes the center velocity of the base flow, and ν is the kinematic
viscosity of the fluid. The velocity is non-dimensionalized by ūc. In the simulations, periodic boundary
conditions are assumed in the x- and z-directions in which the flow variables (velocity and pressure)
are represented by Fourier expansion. In the y-direction, flow variables are represented by Chebyshev
polynomials, and no-slip boundary condition is specified at upper and lower walls for the uncontrolled
flow. Moreover, a constraint of constant bulk velocity is specified. For the controlled flow, actuation in
the form of blowing and suction in the y-direction is introduced on the entire upper and lower walls,
which follows the Fourier expansion in the x- and z-directions as well. The actuation is illustrated in
Figure 1 using an example of a case having streamwise wave-like actuation. The amplitude of wall
actuation is determined by the feedback law described later in Section 2.2.

Figure 1. Schematic of plane Poiseuille flow with streamwise wave disturbance (not to scale), both
with and without wall actuation.

We use a rectangular computational domain of size 8πh× 2h× 2πh in the x-, y-, and z-directions,
respectively. Chebyshev points of N = 101 in the y-direction are prescribed to discretize the flow field
for all the cases. Uniform grids of 128× 64 are used for the x- and z-directions, respectively. Although
the cases with either streamwise-constant or spanwise-constant disturbances are two-dimensional
flows, the laminar-to-turbulent transition is a three-dimensional flow phenomenon [32] such that a
three-dimensional mesh is necessary to resolve the transition process in the simulations. For both
uncontrolled and controlled flows, grid resolution studies with doubled grids in each direction have
been performed to ensure accuracy of the results. Moreover, we have also studied the influences of
computational domain size on the simulations results. In past studies, the domain size is usually set
to fit one wavelength of the wavenumber of interest for each direction. However, as the transition
includes large-scale deformation of the original perturbation structures, the underlying physics during
the transition processes cannot be fully captured with a limited domain size. Hence, we select a



Energies 2019, 12, 4127 4 of 18

relatively large domain to capture a broader extent of flow physics involved in the transition process.
This provides a more realistic setting to assess transition control performance. The evolution of the
perturbation prior to transition is not affected by the domain size, but the post-transition process is
dependent on the domain size. Once a sufficiently large domain size is determined, the simulations
are converged and the observations among cases are consistent regardless of increasing domain size.

For the simulations of both uncontrolled and controlled flows, the initial condition of the flow
field consists of the base flow [ū, v̄, w̄] and a small initial perturbation [u′0, v′0, w′0], where subscript
(·)0 denotes initial value. The perturbation is the optimal disturbance associated with a wavenumber
pair of (α,β), and its kinetic energy density is denoted by E0. The optimal disturbance can lead
to a maximum transient energy growth, and it is pre-calculated using the algorithm proposed by
Whidborne and Amar [24]. Since the dynamical systems of the uncontrolled and controlled flows
are different, the optimal disturbance is calculated for each system independently to guarantee that
we examine the largest transient energy growth in each case. Moreover, a random perturbation with
kinetic energy density of 1% of E0 is added to expedite the emergence of a laminar-to-turbulent
transition in the flows. The addition of a random perturbation has a negligible influence on the shape
of the optimal disturbance and is a common practice in transition studies [32].

2.2. Linearized Navier–Stokes Equations and Feedback Control Design

To use modern control theory to design feedback controllers, a state-space representation of
the fluid flow problem is required. For plane Poiseuille flow, we decompose the flow state q̃ into a
base state q̄ and a small perturbation q′, where q = [u, v, w, p]T (p is pressure) and the base state
velocity profile is [ū, v̄, w̄] = [1− (y/h)2, 0, 0]. The kinetic energy density of a perturbation is defined
as follows:

E =
1

2V

∫
vol=V

(u′2 + v′2 + w′2)dvol, (1)

where V is the volume of the computational domain.
By substituting the expression of q̃ = q̄ + q′ into the Navier–Stokes equations and by assuming

that the perturbation is much smaller than the base state in magnitude (|q′| � |q̄|), we linearize
the equations by retaining linear terms and by neglecting higher-order nonlinear terms. Next, the
real-valued perturbation is expressed using a Fourier expansion:

q′(x, y, z, t) = q̂(y, t)ei(αx+βz) + complex conjugate, (2)

where q̂(y, t) is the amplitude function of the perturbation associated with streamwise wavenumber
α and spanwise wavenumber β such that each disturbance analyzed in the present work is with a
prescribed wavenumber pair of (α, β). By substituting Equation (2) into the linearized Navier–Stokes
equations, we can reformulate the governing equations into a state-space form:

∂X
∂t

= A(q̄; α, β)X, (3)

where X = [v̂, η̂]T ; v̂ and η̂ denote wall-normal velocity perturbation and wall-normal vorticity
perturbation, respectively; and superscript (·)T represents transpose. The dynamics matrix A is
derived from linearized Navier–Stokes equations, which follow the form proposed by Schmid and
Henningson [9]. By choosing a real-valued wavenumber pair (α, β), we can analyze perturbations
associated with various structures. In the present work, we examine optimal disturbances for three
different wavenumber pairs—(α, β) = (1, 0), (0,2), and (1,1). Disturbances associated with these three
types of wavenumber pairs—streamwise wave (Tollmien–Schlichting wave), spanwise wave, and
oblique wave disturbances—cover the most representative laminar-to-turbulent transitions following
different routes [32]. The features of each optimal disturbance will be discussed in Section 3.
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In the control design, we introduce actuation in the form of blowing and suction on the upper
and lower channel walls. We admit the difficulty in implementing such actuation in practice; however,
this control configuration has been conventionally adopted in other channel flow studies. In the
present study, this choice enables a focused study of nonlinear effects and control mechanisms for
successful transition suppression without introducing complexities of more practical actuator models.
To synthesize this actuation into the dynamical system, we add a control input term BU to the
uncontrolled system (Equation (3)) to form the following system:

∂Xc

∂t
= AcXc + BU, (4)

where the control inputs in U = ∂
∂t [v̂+h, v̂−h]

T are the rate of change of wall-normal velocity on the
upper and lower walls and B is the input matrix that maps the influence of control inputs on the
system. Due to the no-slip boundary condition (v̂±h = 0) applied on the walls of the uncontrolled flow,
v̂±h is excluded while forming the flow state X in Equation (3). As v̂±h is nonzero in the controlled
flow, we will append these two variables to the flow state X to form a new state Xc = [X, v̂+h, v̂−h]

T .
Analogously, the dynamics matrix A is modified and denoted by Ac to account for the new state.
More information about the system modeling can be found in the work by McKernan et al. [33].

Based on the state-space model in Equation (4), linear-quadratic regulator (LQR) is designed for
use in feedback control. The control objective is to minimize the cost function:

J =
∫ ∞

0
(Xc

TQXc + UT RU)dt (5)

which is subject to the linear dynamics (Equation (4)), where Q and R are weight matrices. The term
XT

c QXc represents kinetic energy density E. The input weighting matrix R serves to penalize the
control effort and is chosen here to be a diagonal matrix with each element equal to 10−6. The weight
matrix R is chosen to be small to impose a minimal penalty on the control input. This serves to prioritize
the regulation of perturbation energy in the objective function. The feedback control law is given by
U = −KXc, where matrix K is the state feedback control gain. This feedback control law requires
full knowledge of flow state. Given the dynamics matrix Ac, input matrix B, and weight matrices
Q and R, the control gain matrix K can be calculated by solving an algebraic Riccati equation [34].
The LQR controller is implemented in the direct numerical simulations, as described earlier. Results
are presented in the next section.

3. Results and Discussions

In this section, transient energy growth of optimal disturbances associated with three wavenumber
pairs of (α, β) = (1, 0), (0, 2), and (1, 1) are investigated using direct numerical simulations for the
subcritical plane Poiseuille flow at Re = 3000. The required conditions for a laminar-to-turbulent
transition to appear in a fully nonlinear flow are examined for each case, and the flow features that are
responsible for the transition are examined as well. Moreover, we present LQR feedback controllers
that can successfully suppress or delay the transition and then examine the underlying physics related
to the control mechanisms.

3.1. Transient Energy Growth of Optimal Disturbance

We start the discussion from the nonlinear analysis of transient energy growth resulting from a
pure optimal disturbance, i.e., without a random perturbation added. Using the optimal disturbance
as the initial condition, the Navier–Stokes equations were integrated to obtain the response of kinetic
energy density, as shown in Figure 2. All of the optimal disturbances considered in the present
work experience large transient energy amplifications with orders of magnitude from O(101) to
O(103); the disturbance of streamwise vortices ((α, β) = (0, 2) in Figure 2b) reaches the largest
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maximum transient energy growth. In the linear simulation—denoted by red dots in each subplot—the
normalized energy response E/E0 does not depend on the magnitude of the initial perturbation.

Increase
E0
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<latexit sha1_base64="SCGtaaIT5TuncX5Q6Iu/HpXOzXM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeACB4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmCppkdJvr7C2vrG5Vdwu7ezu7R+UD4+aNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrp4bZHe+UKrdI5yCrxc1KBHPVe+avbT3gWC41cMWs7Pk0xmDCDkisxLXUzK1LGR2wgOo5qFgsbTOanTsmZU/okSowrjWSu/p6YsNjacRy6zpjh0C57M/E/r5NhdB1MpE4zFJovFkWZIpiQ2d+kL43gqMaOMG6ku5XwITOMo0un5ELwl19eJc2Lqk+r/v1lpUbzOIpwAqdwDj5cQQ3uoA4N4DCAZ3iFN095L96797FoLXj5zDH8gff5A7cBjVo=</latexit><latexit sha1_base64="SCGtaaIT5TuncX5Q6Iu/HpXOzXM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeACB4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmCppkdJvr7C2vrG5Vdwu7ezu7R+UD4+aNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrp4bZHe+UKrdI5yCrxc1KBHPVe+avbT3gWC41cMWs7Pk0xmDCDkisxLXUzK1LGR2wgOo5qFgsbTOanTsmZU/okSowrjWSu/p6YsNjacRy6zpjh0C57M/E/r5NhdB1MpE4zFJovFkWZIpiQ2d+kL43gqMaOMG6ku5XwITOMo0un5ELwl19eJc2Lqk+r/v1lpUbzOIpwAqdwDj5cQQ3uoA4N4DCAZ3iFN095L96797FoLXj5zDH8gff5A7cBjVo=</latexit><latexit sha1_base64="SCGtaaIT5TuncX5Q6Iu/HpXOzXM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeACB4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmCppkdJvr7C2vrG5Vdwu7ezu7R+UD4+aNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrp4bZHe+UKrdI5yCrxc1KBHPVe+avbT3gWC41cMWs7Pk0xmDCDkisxLXUzK1LGR2wgOo5qFgsbTOanTsmZU/okSowrjWSu/p6YsNjacRy6zpjh0C57M/E/r5NhdB1MpE4zFJovFkWZIpiQ2d+kL43gqMaOMG6ku5XwITOMo0un5ELwl19eJc2Lqk+r/v1lpUbzOIpwAqdwDj5cQQ3uoA4N4DCAZ3iFN095L96797FoLXj5zDH8gff5A7cBjVo=</latexit><latexit sha1_base64="SCGtaaIT5TuncX5Q6Iu/HpXOzXM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKcyKoMeACB4jmgckS5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXmCppkdJvr7C2vrG5Vdwu7ezu7R+UD4+aNskMFw2eqMS0Q2aFklo0UKIS7dQIFodKtMLRzcxvPQljZaIfcZyKIGYDLSPJGTrp4bZHe+UKrdI5yCrxc1KBHPVe+avbT3gWC41cMWs7Pk0xmDCDkisxLXUzK1LGR2wgOo5qFgsbTOanTsmZU/okSowrjWSu/p6YsNjacRy6zpjh0C57M/E/r5NhdB1MpE4zFJovFkWZIpiQ2d+kL43gqMaOMG6ku5XwITOMo0un5ELwl19eJc2Lqk+r/v1lpUbzOIpwAqdwDj5cQQ3uoA4N4DCAZ3iFN095L96797FoLXj5zDH8gff5A7cBjVo=</latexit>

(a) (b) (c)(↵,�) = (1, 0)
<latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit><latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit><latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit><latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit>

(↵,�) = (0, 2)
<latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit><latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit><latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit><latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit>

(↵,�) = (1, 1)
<latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit><latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit><latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit><latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit>

tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>
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Figure 2. Transient energy growth (TEG) of optimal disturbance with a range of initial kinetic energy
density E0 from linear (red dots) and nonlinear (solid lines) simulations for uncontrolled flows.

In the nonlinear simulations, we integrate the Navier–Stokes equations of full state velocity q̃
and report the kinetic energy density of perturbations after subtracting the base flow q̄. As shown
in Figure 2, when the perturbation is small enough such as E0 / 10−6 for cases with (α, β) = (1, 0)
and (1, 1) and E0 / 10−8 for case with (α, β) = (0, 2), nonlinear effects are negligible and the
energy response is identical to that of the linear result. However, when the amplitude of initial
disturbance increases, the amplification of kinetic energy density E/E0 decreases, which indicates that
the nonlinearity suppresses energy amplification. In other words, the nonlinearity competes with the
linear non-modal growth and inhibits the transient energy amplification for sufficiently large E0.

Although we have seen transient energy growth in both linear and nonlinear simulations, there
is no laminar-to-turbulent transition observed, suggesting that the growth of optimal disturbance
alone cannot trigger the transition. As discussed in the study by Reddy et al. [32], the addition of a
random perturbation is required to observe transition in simulations. Hence, we added a random
perturbation with a contribution of 1% of E0 to the optimal disturbance to initiate laminar-to-turbulent
transitions. Before the laminar-to-turbulent transition, the energy response due to this modified
disturbance is nearly identical to the energy response due to a purely optimal disturbance. Since the
transition process of each wavenumber pair follows different routes, we will discuss all the three paths
to transition below.

3.1.1. Oblique Disturbance (α, β) = (1, 1)

Flow fields of a laminar-to-turbulent transition case with (α, β) = (1, 1) and E0 = 0.5× 10−4 are
shown in Figure 3, and the iso-surface ofQ-criterion [35] is calculated using full flow state q̃. The initial
optimal disturbance is in an oblique wave with large amplitude near the channel walls, as shown
in the subplot in Figure 3. As the disturbance evolves over time, large-scale oblique structures form
with sizes comparable to the channel half-height. After the transient energy reaches the maximum
value around tūc/h = 20 (see Figure 4), large amplitudes of streamwise vorticity appear in the vicinity
of the coherent structures at the channel walls at tūc/h = 36. Meanwhile, slight spatial variations
of the coherent structures appear along the oblique direction. Later, at time tūc/h = 72, streamwise
vortices are induced from the oblique coherent structures and grow into streamwise streaks, although
the overall transient energy density has started to decay, as shown in Figure 4. After tūc/h = 84, these
streamwise streaks break into small-scale structures and a laminar-to-turbulent transition emerges.
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Figure 3. Time evolution of flow field to illustrate the laminar-to-turbulent transition process for the
case (α, β) = (1, 1): The flow is initialized by optimal disturbance with kinetic energy density of
E0 = 0.5× 10−4. Iso-surfaces of Q-criterion [35] (Q(h/ūc)2 = 0.001) colored by streamwise vorticity
ω̃xh/ūc are visualized. Only the upper half domain (y ≥ 0) is displayed for clarity.

The time evolution of kinetic energy density E for a range of optimal disturbances is presented in
Figure 4. For optimal disturbance with E0 < 0.5× 10−4 (denoted by grey lines), the initial disturbance
is the most amplified yet the induced streamwise vortices do not grow significantly. The disturbance
eventually decays to zero without triggering a laminar-to-turbulent transition. We also note that the
nonlinear flow with small disturbance (E0 = 1.0× 10−6) is well predicted by the linear analysis as
seen by the overlap between nonlinear simulation and linear results in Figure 4a. By examining the
absolute value of the perturbation kinetic energy (Figure 4b), the transition cases have relatively high
values in E, which suggests that a combined effect of initial optimal disturbance and its corresponding
amplification determines whether or not a transition occurs. The larger amplitude disturbance gives
a higher chance of triggering transition to turbulent state, which also indicates that a reduction in
transient energy growth has potential to suppress or delay the transition observed in the uncontrolled
flow. This motivates using control to reduce transient energy growth.
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tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

(a) (b)

Figure 4. Time evolution of kinetic energy density E of case (α, β) = (1, 1) initialized by different
amplitudes of optimal disturbance E0: Red lines represent transition cases, and grey lines denote that
the flow remains laminar. Dashed line indicates that the flow is in turbulent state. (a) Kinetic energy
density normalized by its initial value E/E0 and (b) kinetic energy density E.

Friction velocity u∗ is defined using wall shear stress τw and density of the flow:

u∗ =
√

τw

ρ
, (6)

where τw = µ(∂u/∂y), µ is dynamic viscosity, and density ρ is set to one for incompressible flow.
As a sharp increase in friction velocity u∗ indicates an emergence of laminar-to-turbulent transition,
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a summary of transition cases are shown in Figure 5 illustrating the features of friction velocity u∗,
in which the flow in turbulent state has been denoted by dashed lines. Based on the feature of friction
velocity, the larger the initial disturbance, the earlier laminar-to-turbulent transition appears. Moreover,
a large initial disturbance leads to large shear stress in the wall-normal direction near the channel walls.

Figure 5. Time evolution of friction velocity u∗ of case (α, β) = (1, 1) initialized by different amplitudes
of optimal disturbance E0: Red lines represent transition cases, and grey lines denote that the flow
remains laminar. Dashed line indicates that the flow is in turbulent state.

3.1.2. Streamwise Wave Disturbance (α, β) = (1, 0)

The optimal disturbance with wavenumber pair of (α, β) = (1, 0) is the well-known
Tollmien–Schlichting wave of which the structures are uniform in the spanwise direction. The evolution
of the optimal disturbance is shown in Figure 6 with E0 = 1.0× 10−4. The feature of the optimal
disturbance is similar to the case with oblique disturbance: a large disturbance is observed in
streamwise velocity and resides near the channel walls. As the optimal disturbance grows into
large-scale spanwise coherent structures, streamwise vorticity increases near channel walls, especially
where the coherent structures reside, as seen in Figure 6 at tūc/h = 60. When the streamwise vorticity
is large enough, a Λ-shaped structure emerges, splits the spanwise coherent structure, and connects
to the adjacent spanwise coherent structure in front, as seen at tūc/h = 108; then, the break of these
vortices leads to a laminar-to-turbulent transition of the flow.

Figure 6. Time evolution of flow field to illustrate the laminar-to-turbulent transition process for
the case (α, β) = (1, 0): The flow is initialized by optimal disturbance with kinetic energy density
of E0 = 1.0× 10−4. Iso-surfaces of Q-criterion (Q(h/ūc)2 = 0.005) colored by streamwise vorticity
ω̃xh/ūc are visualized. Only the upper half domain (y ≥ 0) is displayed for clarity.

The transition process in this case is very similar to the oblique disturbance discussed above in
Section 3.1.1. The transition is directly caused by a break of streamwise streaks that grow from the
amplified optimal disturbance. It suggests that the transient energy growth of the optimal disturbance
alone does not trigger the transition; rather, it is the combined effect of the growing optimal disturbance
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and induced secondary instabilities that leads to a laminar-to-turbulent transition. The friction
velocity and evolution of transient energy density of disturbance with (α, β) = (1, 0) are shown
in Figures 7 and 8, respectively. The features observed from the case (α, β) = (1, 1) also apply on this
streamwise wave disturbance. The flow tends to transition into a turbulent state when the kinetic
energy density E of a disturbance becomes large; this is influenced by both the initial amplitude of the
disturbance and the corresponding amplification rate.

Figure 7. Time evolution of friction velocity u∗ of case (α, β) = (1, 0) initialized by different amplitudes
of optimal disturbance E0: Red lines represent transition cases, and grey lines denote that the flow
remains laminar. Dashed line indicates that the flow is in turbulent state.
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Increase E0
<latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit>

1.0 ⇥ 10�6
<latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit><latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit><latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit><latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit>

tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

(a) (b)

Figure 8. Time evolution of kinetic energy density E of case (α, β) = (1, 0) initialized by different
amplitudes of optimal disturbance E0: Red lines represent transition cases, and grey lines denote that
the flow remains laminar. Dashed line indicates that the flow is in turbulent state. (a) Kinetic energy
density normalized by its initial value E/E0 and (b) kinetic energy density E.

3.1.3. Spanwise Wave Disturbance (α, β) = (0, 2)

The optimal disturbance associated with wavenumber pair of (α, β) = (0, 2) is in the form of
streamwise vortices. Shown in Figure 9 are the flow fields with initial kinetic energy density of
E0 = 1.0 × 10−4. Relating the flow feature to normalized kinetic energy density of perturbation
E/E0 shown in Figure 10a, when the optimal disturbance grows initially, two corotating vertically
aligned vortices merge into a large streamwise vortical structure. The structure remains uniform in the
streamwise direction, and the corresponding transient energy reaches the maximum value around
tūc/h = 60. After the kinetic energy starts to decrease, the flow gradually experiences spatial variation
as seen at tūc/h = 150. This is associated with axial rotational motion around the streamwise vortical
structures with comparable scale to the length of the streamwise domain. Next, the kinetic energy
density of the flow increases again after tūc/h = 150, and smaller structures appear in the flow (as seen
at tūc/h = 240). After a short duration of rotational motion in the flow, a laminar-to-turbulent transition



Energies 2019, 12, 4127 10 of 18

occurs around tūc/h = 300. Based on the features of transient energy growth and corresponding flow
fields, we note that the transition is a slow process covering several stages which cannot be determined
simply based on the features of energy growth time histories. The features of transition cases revealed
by friction velocity are similar to the cases of oblique disturbances and streamwise wave disturbances
discussed above, and the friction velocity of case (α, β) = (0, 2) is shown in Figure 11.

Figure 9. Time evolution of flow field to illustrate the laminar-to-turbulent transition process for the
case (α, β) = (0, 2): The flow is initialized by optimal disturbance with kinetic energy density of
E0 = 1.0× 10−4. Iso-surfaces of Q-criterion (Q(h/ūc)2 = 0.0004) colored by streamwise vorticity
ω̃xh/ūc are visualized.

Increase E0
<latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit>

Increase E0
<latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit>

0.5 ⇥ 10�2
<latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit><latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit><latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit><latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit>

1.0 ⇥ 10�6
<latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit><latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit><latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit><latexit sha1_base64="9qOGShr1xT+aFsLlS388x3agT5I=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgEL5asiHosePFYwX5Au5Zsmm1Ds9klySpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkRwbTD+dgorq2vrG8XN0tb2zu6eW95v6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW6rllr4q7hkdMIw/fZ6cXk55bwVU8A1omXk4qkKPec7+6/ZimEZOGCqJ1x8OJ8TOiDKeCTUrdVLOE0BEZsI6lkthlfjY7fYKOrdJHYaxsSYNm6u+JjERaj6PAdkbEDPWiNxX/8zqpCa/8jMskNUzS+aIwFcjEaJoD6nPFqBFjSwhV3N6K6JAoQo1Nq2RD8BZfXibNs6qHq97teaWG8ziKcAhHcAIeXEINbqAODaDwCM/wCm/Ok/PivDsf89aCk88cwB84nz8bKpKK</latexit>

1.0 ⇥ 10�4

(a) (b)
tūc/h

<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

Figure 10. Time evolution of kinetic energy density E of case (α, β) = (0, 2) initialized by different
amplitudes of optimal disturbance E0: Red lines represent transition cases, and grey lines denote that
the flow remains laminar. Dashed line indicates that the flow is in turbulent state. (a) Kinetic energy
density normalized by its initial value E/E0 and (b) kinetic energy density E.

Increase E0
<latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit><latexit sha1_base64="k5hLGAosyGj2j9erjamujmrKKlM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosiOCxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmt5+4NiJWjzhJuB/RoRKhYBSt9HDbd/vlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWZdVzq959rVK/yOMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1zY1W</latexit>
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2
<latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit><latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit><latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit><latexit sha1_base64="/+TRaOk9L4/KtEkoMiM+Ivyo588=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCB11mg6LHgBePEcwDkjXMTmaTIbMPZmaVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7/ERwpTH+tgorq2vrG8XN0tb2zu6eXd5vqjiVlDVoLGLZ9oligkesobkWrJ1IRkJfsJY/up76rQcmFY+jOz1OmBeSQcQDTok2Us8uY+eiq3nIFHLxfXZWnfTsCnbwDGiZuDmpQI56z/7q9mOahizSVBClOi5OtJcRqTkVbFLqpoolhI7IgHUMjYhZ5mWz0yfo2Ch9FMTSVKTRTP09kZFQqXHom86Q6KFa9Kbif14n1cGVl/EoSTWL6HxRkAqkYzTNAfW5ZFSLsSGESm5uRXRIJKHapFUyIbiLLy+TZtVxsePenldqp3kcRTiEIzgBFy6hBjdQhwZQeIRneIU368l6sd6tj3lrwcpnDuAPrM8fGiiShg==</latexit>
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3
<latexit sha1_base64="Kbb+If+vydSXn9hU3VRq7OKODcE=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwoMuOCnoMePEYwTwgWcPsZDYZMju7zPQqYc2nePGgiFe/xJt/4+Rx0MSChqKqm+6uMJXCgO9/O0vLK6tr64WN4ubW9s6uW9qrmyTTjNdYIhPdDKnhUiheAwGSN1PNaRxK3ggH12O/8cC1EYm6g2HKg5j2lIgEo2Cljlsint8GEXODiX+fn56POm7Z9/wJ8CIhM1JGM1Q77le7m7As5gqYpMa0iJ9CkFMNgkk+KrYzw1PKBrTHW5YqapcF+eT0ET6yShdHibalAE/U3xM5jY0ZxqHtjCn0zbw3Fv/zWhlEV0EuVJoBV2y6KMokhgSPc8BdoTkDObSEMi3srZj1qaYMbFpFGwKZf3mR1M884nvk9qJcOZnFUUAH6BAdI4IuUQXdoCqqIYYe0TN6RW/Ok/PivDsf09YlZzazj/7A+fwBFWeSgw==</latexit><latexit sha1_base64="Kbb+If+vydSXn9hU3VRq7OKODcE=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwoMuOCnoMePEYwTwgWcPsZDYZMju7zPQqYc2nePGgiFe/xJt/4+Rx0MSChqKqm+6uMJXCgO9/O0vLK6tr64WN4ubW9s6uW9qrmyTTjNdYIhPdDKnhUiheAwGSN1PNaRxK3ggH12O/8cC1EYm6g2HKg5j2lIgEo2Cljlsint8GEXODiX+fn56POm7Z9/wJ8CIhM1JGM1Q77le7m7As5gqYpMa0iJ9CkFMNgkk+KrYzw1PKBrTHW5YqapcF+eT0ET6yShdHibalAE/U3xM5jY0ZxqHtjCn0zbw3Fv/zWhlEV0EuVJoBV2y6KMokhgSPc8BdoTkDObSEMi3srZj1qaYMbFpFGwKZf3mR1M884nvk9qJcOZnFUUAH6BAdI4IuUQXdoCqqIYYe0TN6RW/Ok/PivDsf09YlZzazj/7A+fwBFWeSgw==</latexit><latexit sha1_base64="Kbb+If+vydSXn9hU3VRq7OKODcE=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwoMuOCnoMePEYwTwgWcPsZDYZMju7zPQqYc2nePGgiFe/xJt/4+Rx0MSChqKqm+6uMJXCgO9/O0vLK6tr64WN4ubW9s6uW9qrmyTTjNdYIhPdDKnhUiheAwGSN1PNaRxK3ggH12O/8cC1EYm6g2HKg5j2lIgEo2Cljlsint8GEXODiX+fn56POm7Z9/wJ8CIhM1JGM1Q77le7m7As5gqYpMa0iJ9CkFMNgkk+KrYzw1PKBrTHW5YqapcF+eT0ET6yShdHibalAE/U3xM5jY0ZxqHtjCn0zbw3Fv/zWhlEV0EuVJoBV2y6KMokhgSPc8BdoTkDObSEMi3srZj1qaYMbFpFGwKZf3mR1M884nvk9qJcOZnFUUAH6BAdI4IuUQXdoCqqIYYe0TN6RW/Ok/PivDsf09YlZzazj/7A+fwBFWeSgw==</latexit><latexit sha1_base64="Kbb+If+vydSXn9hU3VRq7OKODcE=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwoMuOCnoMePEYwTwgWcPsZDYZMju7zPQqYc2nePGgiFe/xJt/4+Rx0MSChqKqm+6uMJXCgO9/O0vLK6tr64WN4ubW9s6uW9qrmyTTjNdYIhPdDKnhUiheAwGSN1PNaRxK3ggH12O/8cC1EYm6g2HKg5j2lIgEo2Cljlsint8GEXODiX+fn56POm7Z9/wJ8CIhM1JGM1Q77le7m7As5gqYpMa0iJ9CkFMNgkk+KrYzw1PKBrTHW5YqapcF+eT0ET6yShdHibalAE/U3xM5jY0ZxqHtjCn0zbw3Fv/zWhlEV0EuVJoBV2y6KMokhgSPc8BdoTkDObSEMi3srZj1qaYMbFpFGwKZf3mR1M884nvk9qJcOZnFUUAH6BAdI4IuUQXdoCqqIYYe0TN6RW/Ok/PivDsf09YlZzazj/7A+fwBFWeSgw==</latexit>
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3
<latexit sha1_base64="UDhrFijKVD35vczcC+WFJXK2+3I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhYbEB7osuHFZwT6gjWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feEyScKe2631ZhaXllda24XtrY3Nrescu7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw+uJ33ygUrFY3OlRQv0I9wULGcHaSF277DoXHc0iqpDn3mcnZ+OuXXEddwq0SLycVCBHrWt/dXoxSSMqNOFYqbbnJtrPsNSMcDoudVJFE0yGuE/bhgpslvnZ9PQxOjRKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq88jMmklRTQWaLwpQjHaNJDqjHJCWajwzBRDJzKyIDLDHRJq2SCcGbf3mRNE4dz3W82/NK9TiPowj7cABH4MElVOEGalAHAo/wDK/wZj1ZL9a79TFrLVj5zB78gfX5Axutkoc=</latexit><latexit sha1_base64="UDhrFijKVD35vczcC+WFJXK2+3I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhYbEB7osuHFZwT6gjWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feEyScKe2631ZhaXllda24XtrY3Nrescu7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw+uJ33ygUrFY3OlRQv0I9wULGcHaSF277DoXHc0iqpDn3mcnZ+OuXXEddwq0SLycVCBHrWt/dXoxSSMqNOFYqbbnJtrPsNSMcDoudVJFE0yGuE/bhgpslvnZ9PQxOjRKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq88jMmklRTQWaLwpQjHaNJDqjHJCWajwzBRDJzKyIDLDHRJq2SCcGbf3mRNE4dz3W82/NK9TiPowj7cABH4MElVOEGalAHAo/wDK/wZj1ZL9a79TFrLVj5zB78gfX5Axutkoc=</latexit><latexit sha1_base64="UDhrFijKVD35vczcC+WFJXK2+3I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhYbEB7osuHFZwT6gjWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feEyScKe2631ZhaXllda24XtrY3Nrescu7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw+uJ33ygUrFY3OlRQv0I9wULGcHaSF277DoXHc0iqpDn3mcnZ+OuXXEddwq0SLycVCBHrWt/dXoxSSMqNOFYqbbnJtrPsNSMcDoudVJFE0yGuE/bhgpslvnZ9PQxOjRKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq88jMmklRTQWaLwpQjHaNJDqjHJCWajwzBRDJzKyIDLDHRJq2SCcGbf3mRNE4dz3W82/NK9TiPowj7cABH4MElVOEGalAHAo/wDK/wZj1ZL9a79TFrLVj5zB78gfX5Axutkoc=</latexit><latexit sha1_base64="UDhrFijKVD35vczcC+WFJXK2+3I=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhYbEB7osuHFZwT6gjWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feEyScKe2631ZhaXllda24XtrY3Nrescu7DRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw+uJ33ygUrFY3OlRQv0I9wULGcHaSF277DoXHc0iqpDn3mcnZ+OuXXEddwq0SLycVCBHrWt/dXoxSSMqNOFYqbbnJtrPsNSMcDoudVJFE0yGuE/bhgpslvnZ9PQxOjRKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M9rpzq88jMmklRTQWaLwpQjHaNJDqjHJCWajwzBRDJzKyIDLDHRJq2SCcGbf3mRNE4dz3W82/NK9TiPowj7cABH4MElVOEGalAHAo/wDK/wZj1ZL9a79TFrLVj5zB78gfX5Axutkoc=</latexit> 1.
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4
<latexit sha1_base64="3BQmkgpuebbFvFtP6WLlltGc0Gw=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwoCUrBT0WvHisYD+gXUs2zbah2eySzCpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkQKA4R8Oyura+sbm4Wt4vbO7t6+WzpomjjVjDdYLGPdDqjhUijeAAGStxPNaRRI3gpG11O/9cC1EbG6g3HC/YgOlAgFo2ClnlvyKqQLIuIGe+Q+O69Oem6ZVMgMeJl4OSmjHPWe+9XtxyyNuAImqTEdjyTgZ1SDYJJPit3U8ISyER3wjqWK2mV+Njt9gk+s0sdhrG0pwDP190RGI2PGUWA7IwpDs+hNxf+8TgrhlZ8JlaTAFZsvClOJIcbTHHBfaM5Aji2hTAt7K2ZDqikDm1bRhuAtvrxMmhcVj1S822q5dpbHUUBH6BidIg9dohq6QXXUQAw9omf0it6cJ+fFeXc+5q0rTj5ziP7A+fwBFuyShA==</latexit><latexit sha1_base64="3BQmkgpuebbFvFtP6WLlltGc0Gw=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwoCUrBT0WvHisYD+gXUs2zbah2eySzCpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkQKA4R8Oyura+sbm4Wt4vbO7t6+WzpomjjVjDdYLGPdDqjhUijeAAGStxPNaRRI3gpG11O/9cC1EbG6g3HC/YgOlAgFo2ClnlvyKqQLIuIGe+Q+O69Oem6ZVMgMeJl4OSmjHPWe+9XtxyyNuAImqTEdjyTgZ1SDYJJPit3U8ISyER3wjqWK2mV+Njt9gk+s0sdhrG0pwDP190RGI2PGUWA7IwpDs+hNxf+8TgrhlZ8JlaTAFZsvClOJIcbTHHBfaM5Aji2hTAt7K2ZDqikDm1bRhuAtvrxMmhcVj1S822q5dpbHUUBH6BidIg9dohq6QXXUQAw9omf0it6cJ+fFeXc+5q0rTj5ziP7A+fwBFuyShA==</latexit><latexit sha1_base64="3BQmkgpuebbFvFtP6WLlltGc0Gw=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwoCUrBT0WvHisYD+gXUs2zbah2eySzCpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkQKA4R8Oyura+sbm4Wt4vbO7t6+WzpomjjVjDdYLGPdDqjhUijeAAGStxPNaRRI3gpG11O/9cC1EbG6g3HC/YgOlAgFo2ClnlvyKqQLIuIGe+Q+O69Oem6ZVMgMeJl4OSmjHPWe+9XtxyyNuAImqTEdjyTgZ1SDYJJPit3U8ISyER3wjqWK2mV+Njt9gk+s0sdhrG0pwDP190RGI2PGUWA7IwpDs+hNxf+8TgrhlZ8JlaTAFZsvClOJIcbTHHBfaM5Aji2hTAt7K2ZDqikDm1bRhuAtvrxMmhcVj1S822q5dpbHUUBH6BidIg9dohq6QXXUQAw9omf0it6cJ+fFeXc+5q0rTj5ziP7A+fwBFuyShA==</latexit><latexit sha1_base64="3BQmkgpuebbFvFtP6WLlltGc0Gw=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwoCUrBT0WvHisYD+gXUs2zbah2eySzCpl7U/x4kERr/4Sb/4b03YP2vpg4PHeDDPzgkQKA4R8Oyura+sbm4Wt4vbO7t6+WzpomjjVjDdYLGPdDqjhUijeAAGStxPNaRRI3gpG11O/9cC1EbG6g3HC/YgOlAgFo2ClnlvyKqQLIuIGe+Q+O69Oem6ZVMgMeJl4OSmjHPWe+9XtxyyNuAImqTEdjyTgZ1SDYJJPit3U8ISyER3wjqWK2mV+Njt9gk+s0sdhrG0pwDP190RGI2PGUWA7IwpDs+hNxf+8TgrhlZ8JlaTAFZsvClOJIcbTHHBfaM5Aji2hTAt7K2ZDqikDm1bRhuAtvrxMmhcVj1S822q5dpbHUUBH6BidIg9dohq6QXXUQAw9omf0it6cJ+fFeXc+5q0rTj5ziP7A+fwBFuyShA==</latexit>

tūc/h
<latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit><latexit sha1_base64="B1kej5J83D218EmzfQlljloOSoE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02KoMeCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glH/sh1SQbsKvxoFpz6+4CZJ14BalBgdag+tUfJiyLuUImqTG+56YY5FSjYJLPKv3M8JSyCR1x31JFY26CfHHyjFxYZUiiRNtSSBbq74mcxsZM49B2xhTHZtWbi/95fobRbZALlWbIFVsuijJJMCHz/8lQaM5QTi2hTAt7K2FjqilDm1LFhuCtvrxOOo2659a9h+tas1HEUYYzOIdL8OAGmnAPLWgDgwSe4RXeHHRenHfnY9lacoqZU/gD5/MHri2Qyw==</latexit>

Figure 11. Time evolution of friction velocity u∗ of case (α, β) = (0, 2) initialized by different amplitudes
of optimal disturbance E0: Red lines represent transition cases, and grey lines denote that the flow
remains laminar. Dashed line indicates that the flow is in turbulent state.
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3.2. Suppression of Laminar-to-Turbulent Transition

We synthesize a full-state feedback LQR controller. The transient energy growth is significantly
reduced with the corresponding wall actuation, as shown in Figure 12. In the nonlinear simulations,
we update the control input U at each time step using the flow state Xc and the gain matrix K calculated
from the linear analysis. Accordingly, the boundary condition of wall-normal velocity v′±h is modified
based on the control input U. To evaluate the overall performance of the controlled flow in terms of
reducing large transient energy growth, the optimal disturbance was recalculated for the closed-loop
controlled system to evaluate the maximum transient energy growth.

3.2.1. Reduction in Transient Energy Growth

Transient energy growth in each controlled case is observed to exhibit similar features as in
the uncontrolled cases, namely that an increase in initial kinetic energy makes the amplification
of perturbation energy decrease as shown in Figure 12. Using case (α, β) = (1, 0) as an example,
since the amplification of the optimal disturbance is effectively reduced with the feedback controller,
the energy responses with E0 / 1.1× 10−3 almost overlap the linear result, which are denoted by
red dots. This suggests that, as the growth of the disturbance is suppressed to a small magnitude
by introducing control, the importance of the nonlinearity is weakened. Therefore, the results from
nonlinear simulations match the result from the linear analysis as the small disturbance assumption is
satisfied. The kinetic energy density of the controlled flow, initialized from the optimal disturbance
calculated for the uncontrolled system, is also shown in Figure 12. The energy amplification of this
disturbance is less than that of the optimal disturbance for the controlled system with the same initial
amplitude. Indeed, this trend holds true regardless of the initial perturbation amplitude, though only
a single perturbation amplitude is reported in the figure for clarity. This confirms that the optimal
disturbance for the closed-loop dynamics should be considered when assessing control performance
for transient energy growth reduction.
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Figure 12. Transient energy growth (TEG) of optimal disturbance with a range of initial kinetic
energy densities E0 from linear (red dots) and nonlinear (solid lines) simulations for controlled flows:
Red dashed line is the kinetic energy density initialized from the optimal disturbance (OD) associated
with the uncontrolled system.

For each wavenumber pair, a comparison of the maximum of E/E0 initiated from a range of
optimal disturbance amplitudes is shown in Figure 13. For small disturbance amplitudes, the percent
reduction of maximum transient energy remains nearly identical, indicating that the nonlinearity
of small disturbances is negligible as assumed in the linear analysis. Moreover, each wavenumber
scenario reaches the largest reduction of≈ 80% in (E/E0)max for small initial amplitudes of disturbance.
For the case with (α, β) = (0, 2), this large amount of reduction in E/E0 only applies to the cases with
E0 / O(10−5). As the initial disturbance grows in amplitude, the control performance in terms of
suppressing the energy amplification degrades, such that (E/E0)max is nearly unchanged for cases
with E0 > O(10−3). Similar findings are also observed in the other two disturbance scenarios, but the
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reduction in (E/E0)max is maintained for E0 / O(10−4) and E0 / O(10−3) for cases (α, β) = (1, 1)
and (α, β) = (1, 0), respectively.

Figure 13. A comparison of maximum amplified transient energy density (E/E0)max of a range of
amplitude of initial optimal disturbances between uncontrolled (solid lines) and controlled (dashed
lines) cases.

3.2.2. Controlled Flow with Oblique or Streamwise Wave Disturbances

By reducing the transient energy growth using feedback control, the laminar-to-turbulent
transition experienced in the flow with oblique or streamwise wave disturbances has been successfully
suppressed. The threshold becomes higher in terms of triggering the transition process. Here,
we examine how the wall actuation modifies the flow characteristics to prevent the transition in the
uncontrolled flow. Because the control mechanism is similar in the cases with oblique and streamwise
wave disturbances, i.e., (α, β) = (1, 1) and (1, 0), respectively, we will use the flow with oblique
disturbance as an example to illustrate the control mechanism.

As the wall actuation is in the form of Fourier waves in space, here, we show the amplitude of
the wall-normal velocity at [x, y, z]/h = [0,−1, 0] to illustrate the actuation time history in Figure 14.
The wall-normal velocity is normalized by the corresponding

√
E0. For the case with E0 = 1.0× 10−4,

the transition is successfully suppressed by introducing the wall actuation. The wall-normal velocity
is similar to the actuation history of smaller disturbance cases (E0 = 1.0× 10−5). Large blowing
and suction are applied initially during time 0 < tūc/h < 30 when large transient energy growth is
present in the flow. Once the growth has been suppressed, the wall actuation gradually decays to zero.
For the cases with larger perturbations (E0 = 1.0× 10−3 and 1.0× 10−2), the linear feedback control
strategy fails to suppress the transition and the flow transitions to a turbulent state. The normalized
wall-normal velocity deviates from the successfully controlled cases and oscillates longer in time.
In the study of Lee et al. [36], a constant wall blowing and suction in the form of a traveling wave
was investigated, in which phase speed and wavenumber of the actuation may not be the same as the
disturbance examined. Their work uncovered the phase speed relation between the wall actuation and
the flow disturbance needed to stabilize or destabilize the flows via open-loop control. In contrast,
here, we investigate a closed-loop control strategy, in which the phase speed and wavenumber of the
wall actuation and the disturbance are consistent.

The transient energy growth present in the uncontrolled flow is caused by a development of
large-scale coherent structures, which induced streamwise vortices that further cause a transition to
turbulence, as discussed above. A comparison of flow features between uncontrolled and controlled
flows during the transition process is shown in Figure 15. For a fair comparison, both simulations
start from the same optimal disturbance calculated from the uncontrolled flow. In the uncontrolled
flow, large magnitude of the initial optimal disturbance is concentrated near the upper and lower
walls, where coherent structures denoted by Q-criterion gradually grow into large-scale coherent
structures. When the vertical size of the structures increases to approximately the half height of the
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channel (tūc/h ≈ 21), the kinetic energy of perturbation reaches its maximum value. During this
process, streamwise vortices creep in near the walls following the advection of the coherent structures.
After tūc/h ≈ 21, the coherent structures start to decay, leaving the induced streamwise vortices
in the flow; this is especially evident in the vicinity of the channel walls. As these vortices evolve,
break, and interact with each other, the flow becomes chaotic and a laminar-to-turbulent transition
occurs. Therefore, the key factor leading to the final transition to turbulence is the breakdown of the
streamwise vortices. These streamwise vortices are generated by the rapid growth of the large-scale
coherent structures.

Figure 14. Time history of normalized wall-normal velocity vbc/
√

E0 at the lower wall of the case
(α, β) = (1, 1) when actuation is turned on.

Figure 15. A comparison of instantaneous streamwise vorticity ω̃xh/ūc flow fields at slice z/h = 0
between uncontrolled and controlled cases with (α, β) = (1, 1) and E0 = 0.5× 10−4: Black contour
lines denote Q-criterion in a range of 0.01 ≤ Q(h/ūc)2 ≤ 0.05.

Compared to the mechanism observed from the uncontrolled flow, the most apparent change in
the flow by introducing wall-normal actuation is the growth of the coherent structures. As shown
in Figure 16, the actuation on the wall modifies the distribution of high shear in the flow, in which
local areas of high shear stress are created and constrained in the vicinity of the channel walls. As a
consequence, the growth of the coherent structure is confined near the walls. Because the strength of
these relatively small coherent structures is not enough to induce high levels of streamwise vorticity,
the transition observed from the uncontrolled flow is avoided ultimately. (Figure 15 (right)).
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Figure 16. A comparison of instantaneous flow field at slices z/h = 0 and tuc/h = 12 between
uncontrolled and controlled flow with (α, β) = (1, 1) and E0 = 0.5× 10−4: Contours are wall-normal
velocity ṽ, and black contour lines denotes Q-criterion in a range from 0.01 to 0.05 with increment
of 0.01.

3.2.3. Controlled Flow of Spanwise Wave Disturbances

Wall-normal velocity histories at [x, y, z]/h = [0,−1, 0] in the controlled flows for spanwise
wave disturbance are shown in Figure 17. A sharp increase in wall-normal velocity is induced when
the control is turned on; then, the velocity quickly decays to a relatively small value and gradually
decreases later in time. The oscillations in the wall-normal velocity at later times correspond to the fact
that the flow has reached a turbulent state.

Figure 17. Time history of normalized wall-normal velocity vbc/
√

E0 at the lower wall of case (α, β) =

(0, 2) when actuation is turned on.

In the transition process associated with a spanwise wave disturbance (α, β) = (0, 2), the merging
two corotating vortices highly distorts the base velocity profile, as seen in Figure 18. The generation of
high-shear areas introduces secondary instabilities into the flow for the uncontrolled flow. To examine
the control mechanism, we compare the shear flow fields at tūc/h = 50 in Figure 18. In the uncontrolled
flow, high magnitude of shear stress ∂u/∂z is formed between the merged vortices, where we
previously observe instabilities in Figure 9. In the controlled flow, a strong actuation forms small-scale
streamwise vortices near walls, as seen in Figure 18b. The introduction of these new vortices by
control hinders the growth of the merged vortices. Instead, the large streamwise vortical structures
are compressed and centralized in the channel. The high shear stress between the vortices is also
weakened, as revealed by ∂ũ/∂z, providing less chances for secondary instabilities to arise.
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Figure 18. Modification of instantaneous streamwise velocity gradient in spanwise direction ∂ũ/∂z
at slice x/h = 0 and tūc/h = 50 in (a) uncontrolled flow compared to (b) controlled flow: Actuation
velocity is denoted by black arrows.

Although the controller has suppressed the growth in large streamwise vortical structures,
the actuation actually introduces extra high-shear regions. As shown in Figure 19a,b, the areas
denoted by (i) and (ii) indicate induced high shear stress. Accordingly, as seen in Figure 19c, new
secondary instabilities creep in based on the new high-shear regions of (i) and (ii), which ultimately
leads to a transition to turbulence. Hence, the secondary instabilities are introduced by the actuation in
the nonlinear simulations, which are not accounted for in the controller design from the linear model.

Figure 19. Secondary instabilities induced by the actuation in the flow field at tūc/h = 66 of the
controlled case with (α, β) = (0, 2) and E0 = 1.0× 10−4: (a) Wall-normal vorticity at slice of x/h = 0,
(b) spanwise vorticity at slice of x/h = 0, and (c) iso-surfaces of Q colored by streamwise vorticity.

3.2.4. Increase in Perturbation Threshold for Laminar-to-Turbulent Transition

A summary of the cases considered in the present work is provided in Figure 20 based on
the nonlinear simulation results. For all three wavenumber pairs, the LQR controller successfully
suppresses the transient energy growth within linear analysis. In nonlinear simulations, LQR
control increases the perturbation threshold E0 for a laminar-to-turbulent transition by roughly
an order of O(10) in amplitude in the cases of streamwise wave (α, β) = (1, 0) and oblique
(α, β) = (1, 1) disturbances. For the spanwise wave disturbance (α, β) = (0, 2), LQR controller
successfully suppresses the transient energy growth of the streamwise coherent structures. However,
new instabilities are induced by the strong actuation applied on the walls, which leads to
laminar-to-turbulent transition by another route; hence, the perturbation threshold does not change
based on the cases considered.



Energies 2019, 12, 4127 16 of 18

C C CU U U

(↵,�) = (0, 2)
<latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit><latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit><latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit><latexit sha1_base64="AMbjAwxvDtWGt6/kYnUrneD76vI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahhVImRdCNUHDjsoJ9QBPKzXTSDp1MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfcECWdKY/xt5dbWNza38tuFnd29/QP78Kil4lQS2iQxj2UnAEU5E7Spmea0k0gKUcBpOxjdzPz2A5WKxeJejxPqRzAQLGQEtJF69knJA54MoeIFVEP5uoQrtXLPLuIqnsNZJW5GiihDo2d/ef2YpBEVmnBQquviRPsTkJoRTqcFL1U0ATKCAe0aKiCiyp/Mr58650bpO2EsTQntzNXfExOIlBpHgemMQA/VsjcT//O6qQ6v/AkTSaqpIItFYcodHTuzKJw+k5RoPjYEiGTmVocMQQLRJrCCCcFdfnmVtGpVF1fdu4tiHWdx5NEpOkMl5KJLVEe3qIGaiKBH9Ixe0Zv1ZL1Y79bHojVnZTPH6A+szx+l3JNU</latexit>

(↵,�) = (1, 1)
<latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit><latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit><latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit><latexit sha1_base64="GzuU49OsHACxPMsnLmKvBNE7H+I=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VooZREBN0IBTcuK9gHNKHcTCft0MkkzEyEGoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+QcKa043xbK6tr6xubha3i9s7u3r59cNhScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYxupn77gUrFYnGvxwn1IxgIFjIC2kg9+7jsAU+GUPUCqqFyXXarbqVnl5yaMwNeJm5OSihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTidFL1U0ATKCAe0aKiCiys9m10/wmVH6OIylKaHxTP09kUGk1DgKTGcEeqgWvan4n9dNdXjlZ0wkqaaCzBeFKcc6xtMocJ9JSjQfGwJEMnMrJkOQQLQJrGhCcBdfXiat85rr1Ny7i1LdyeMooBN0isrIRZeojm5RAzURQY/oGb2iN+vJerHerY9564qVzxyhP7A+fwCl3pNU</latexit>

(↵,�) = (1, 0)
<latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit><latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit><latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit><latexit sha1_base64="rnBeMU+pTV3iK1WvcKqdi5LPGNE=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiAkEEKPCHoRAl48RjALZIZQ0+lJmvQsdPcIcQj+ihcPinj1P7z5N3aSOWjig4LHe1VU1fMTwZUm5NtaWV1b39gsbBW3d3b39u2Dw5aKU0lZk8Yilh0fFBM8Yk3NtWCdRDIIfcHa/uhm6rcfmFQ8ju71OGFeCIOIB5yCNlLPPi67IJIhVF2faahcl50qqfTsEqmRGfAycXJSQjkaPfvL7cc0DVmkqQClug5JtJeB1JwKNim6qWIJ0BEMWNfQCEKmvGx2/QSfGaWPg1iaijSeqb8nMgiVGoe+6QxBD9WiNxX/87qpDq68jEdJqllE54uCVGAd42kUuM8lo1qMDQEqubkV0yFIoNoEVjQhOIsvL5PWec0hNefuolQneRwFdIJOURk56BLV0S1qoCai6BE9o1f0Zj1ZL9a79TFvXbHymSP0B9bnD6RZk1M=</latexit>

Figure 20. Summary of cases considered in the present work: Solid circle represents that laminar-to-
turbulent transition occurs; open circle denotes that the flow remains laminar. U and C denote
uncontrolled and controlled cases, respectively.

4. Conclusions

In this paper, we examined the laminar-to-turbulent transition in plane Poiseuille flow due to
transient energy growth of optimal disturbances at a subcritical Reynolds number of Re = 3000.
A large domain is used in the present work in order to capture the large-scale dynamics that are
critical to the laminar-to-turbulent transition process. Nonlinear effects on transient energy growth
were investigated by performing direct numerical simulations. We found that, with the presence of
nonlinearity in the flow, an increase in initial energy density of an optimal disturbance leads to a
reduction in amplification rate. Moreover, we uncovered the underlying physics of the transition
process for all the disturbances considered. For disturbances associated with (α, β) = (1, 1) and (1,0),
the transient energy growth corresponds to the development of large coherent structures. The evolution
of these large-scale coherent structures induces a growth of streamwise vortices near the channel walls,
and the breakdown of these vortices leads to a laminar-to-turbulent transition. For a disturbance
associated with (α, β) = (0, 2), the base flow is highly distorted due to the growth of streamwise
vortices, which results in high-shear-stress regions formed between the streamwise vortical structures.
These high-shear areas introduce secondary instabilities that lead to a laminar-to-turbulent transition.

LQR feedback controllers were designed and shown to be capable of reducing transient energy
growth via wall-normal blowing and suction actuation at the upper and lower walls. In the controlled
flow, the wall actuation modified the shear distribution in the flow, such that coherent structures only
formed in the vicinity of the channel walls. For streamwise wave (α, β) = (1, 0) and oblique (1, 1)
disturbances, this resulted in a more rapid decay of disturbance energy than for the uncontrolled flow.
Laminar-to-turbulent transition was prevented because the hindered growth of coherent structures
significantly inhibits the strength of induced streamwise vortices. The control strategy was found to
increase the threshold for transition by approximately O(10) in magnitude. For the case with spanwise
wave disturbance of (α, β) = (0, 2), the controller did not effectively increase the threshold for the
transition; the actuation was found to induce extra instabilities that led the flow to transition from a
laminar to turbulent state.

The present work has shown the capability of feedback control for suppressing transient energy
growth and for preventing laminar-to-turbulent transition. The nonlinear effects and underlying
physics related to transition process have been investigated by performing direct number simulations.
Although LQR control has been shown to suppress transition in past studies, we note that the resulting
reduction of transient energy growth is not sufficient to fully suppress transition due to large amplitude
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perturbations. The nonlinear effects should be considered in control designs in order to improve the
control performance for large disturbance. Moreover, we have identified physical mechanisms that
enable actuation to delay transition, providing valuable insights that can guide the design of future
actuation strategies.

Author Contributions: conceptualization, M.S.H. and Y.S.; methodology, M.S.H. and Y.S.; software, Y.S.;
validation, M.S.H. and Y.S.; formal analysis, Y.S.; investigation, Y.S.; resources, M.S.H.; data curation, Y.S.;
writing–original draft preparation, Y.S.; writing–review and editing, M.S.H. and Y.S.; visualization, Y.S.;
supervision, M.S.H.; project administration, M.S.H.; funding acquisition, M.S.H.

Funding: This material is based upon work supported by the Air Force Office of Scientific Research under award
numbers FA9550-17-1-0252 and FA9550-19-1-0034.

Acknowledgments: We thank Minnesota Supercomputing Institute for providing computational resources.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Stuart, J.T. On the non-linear mechanics of wave disturbances in stable and unstable parallel flows Part 1.
The basic behaviour in plane Poiseuille flow. J. Fluid Mech. 1960, 9, 353–370.

2. Watson, J. On the non-linear mechanics of wave disturbances in stable and unstable parallel flows Part 2.
The development of a solution for plane Poiseuille flow and for plane Couette flow. J. Fluid Mech. 1960,
9, 371–389.

3. Nishioka, M.; A, S.I.; Ichikawa, Y. An experimental investigation of the stability of plane Poiseuille flow.
J. Fluid Mech. 1975, 72, 731–751.

4. Henningson, D.S.; Kim, J. On turbulent spots in plane Poiseuille flow. J. Fluid Mech. 1991, 228, 183–205.
5. Elofsson, P.A.; Kawakami, M.; Alfredsson, P.H. Experiments on the stability of streamwise streaks in plane

Poiseuille flow. Phys. Fluids 1999, 11, 915–930.
6. Thomas, L.H. The stability of plane Poiseuille flow. Phys. Rev. 1953, 91, 780.
7. Orszag, S.A. Accurate solution of the Orr-Sommerfeld stability equation. J. Fluid Mech. 1971, 50, 689–703.
8. Gustavsson, L.H. Energy growth of three-dimensional disturbances in plane Poiseuille flow. J. Fluid Mech.

1991, 224, 241–260.
9. Schmid, P.J.; Henningson, D.S. Stability and Transition in Shear Flows; Springer-Verlag: New York, NY, USA,

2001.
10. Orszag, S.A.; Kells, L.C. Transition to turbulence in plane Poiseuille and plane Couette flow. J. Fluid Mech.

1980, 96, 159–205.
11. Nishioka, M.; Asai, M. Some observations of the subcritical transition in plane Poiseuille flow. J. Fluid Mech.

1985, 150, 441–450.
12. Chapman, S.J. Subcritical transition in channel flows. J. Fluid Mech. 2002, 451, 35–97.
13. Schmid, P.J. Nonmodal Stability Theory. Annu. Rev. Fluid Mech. 2007, 39, 129–162.
14. Hanifi, A.; Schmid, P.J.; Henningson, D.S. Transient growth in compressible boundary layer flow. Phys. Fluids

1996, 8, 826–837.
15. Joshi, S.S.; Speyer, J.L.; Kim, J. A systems theory approach to the feedback stabilization of infinitesimal and

finite-amplitude disturbances in plane Poiseuille flow. J. Fluid Mech. 1997, 332, 157–184.
16. Bewley, T.R.; Liu, S. Optimal and robust control and estimation of linear paths to transition. J. Fluid Mech.

1998, 365, 305–349.
17. Hogberg, M.; Bewley, T.R.; Henningson, D. Linear feedback control and estimation of transition in plane

channel flow. J. Fluid Mech. 2003, 481, 149–175.
18. Ilak, M.; Rowley, C.W. Feedback control of transitional channel flow using balanced proper orthogonal

decomposition. In Proceedings of the 5th AIAA Theoretical Fluid Mechanics Conference, Seattle, WA, USA,
23–26 June 2008; AIAA Paper 2008-4230.

19. Martinelli, F.; Quadrio, M.; McKernan, J.; Whidborne, J.F. Linear feedback control of transient energy growth
and control performance limitations in subcritical plane Poiseuille flow. Phys. Fluids 2011, 23, 014103.

20. Kim, J.; Bewley, T.R. A linear systems approach to flow control. Annu. Rev. Fluid Mech. 2007, 39, 383–417.



Energies 2019, 12, 4127 18 of 18
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