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Abstract

Many decision problems can be formulated as mathematical optimization models. While de-
terministic optimization problems include only known parameters, real-life decision problems
almost invariably involve parameters that are subject to uncertainty. Failure to take this
uncertainty under consideration may yield decisions which can lead to unexpected or even

catastrophic results if certain scenarios are realized.

While stochastic programming is a sound approach to decision making under uncertainty, it
assumes that the decision maker has complete knowledge about the probability distribution
that governs the uncertain parameters. This assumption is usually unjustified as, for most
realistic problems, the probability distribution must be estimated from historical data and
is therefore itself uncertain. Failure to take this distributional modeling risk into account
can result in unduly optimistic risk assessment and suboptimal decisions. Furthermore, for
most distributions, stochastic programs involving chance constraints cannot be solved using

polynomial-time algorithms.

In contrast to stochastic programming, distributionally robust optimization explicitly accounts
for distributional uncertainty. In this framework, it is assumed that the decision maker has
access to only partial distributional information, such as the first- and second-order moments
as well as the support. Subsequently, the problem is solved under the worst-case distribution
that complies with this partial information. This worst-case approach effectively immunizes

the problem against distributional modeling risk.

The objective of this thesis is to investigate how robust optimization techniques can be used
for quantitative risk management. In particular, we study how the risk of large-scale derivative
portfolios can be computed as well as minimized, while making minimal assumptions about
the probability distribution of the underlying asset returns. Our interest in derivative portfo-
lios stems from the fact that careless investment in derivatives can yield large losses or even
bankruptcy. We show that by employing robust optimization techniques we are able to cap-
ture the substantial risks involved in derivative investments. Furthermore, we investigate how
distributionally robust chance constrained programs can be reformulated or approximated as
tractable optimization problems. Throughout the thesis, we aim to derive tractable models

that are scalable to industrial-size problems.
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Chapter 1

Introduction

1.1 Motivation and Objectives

At the time of writing, the world has gone through a period of unprecedented financial tur-
bulence. The crisis has resulted in the collapse of large financial institutions, the bailout of
banks by national governments and severe downturns in global stock markets. Indeed, many
economists consider it to be the worst financial crisis since the Great Depression of the 1930s.
The crisis resulted in the stagnation of worldwide economies due to the tightening of credit and
decline in international trade. It is now often referred to as the Great Recession. While the
global economies are starting to recover from the crisis, its ripple effects are still propagating

through the system and investors are exposed to considerable uncertainty.

The crisis serves us to illustrate the importance of reliable risk management. Investors face the
challenging problem of how to distribute their current wealth over a set of available assets with
the goal to earn the highest possible future wealth. However, in order to decide on the portfolio
allocations, the investor must take into consideration that the future asset returns are uncertain.
The investor’s portfolio allocation problem is traditionally solved using stochastic programming.
Stochastic programming implicitly assumes that the investor has complete knowledge about
the probability distribution of the asset returns. The framework offers a large variety of risk

measures, which are functions that estimate the risk of a given portfolio. Popular examples of
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risk measures are the variance of the portfolio return, and the Value-at-Risk, which is equal to
a given quantile of the portfolio loss distribution. Subsequently, stochastic programming aims
to find the portfolio with the lowest associated risk that satisfies additional constraints imposed

by the investor on the portfolio allocations.

While stochastic programming is a sound framework that effectively enables the investor to
trade off risk and return, the underlying assumption that the investor has full and accurate
knowledge about the probability distribution of the asset returns is often unjustified. Indeed,
typically the investor must estimate the probability distribution from historical realizations
of the asset returns. After observing a limited amount of relevant historical observations,
the investor is often unable to accurately determine the probability distribution of the asset
returns. This drawback is a serious concern when it comes to estimating the risk associated
with a given portfolio. For example, when estimating the Value-at-Risk of a portfolio, we are
usually interested in the losses that occur in the “tails” of the portfolio loss distribution, that is,
the extreme events that occur with a very low probability. However, it is unlikely that we can
accurately estimate these events after observing a limited amount of historical observations. In
fact, the recent market crash, discussed above, is precisely one of such low probability events
that would have been very difficult, if not impossible, to predict statistically. Thus, using
stochastic programming on the basis of inaccurate probabilistic information can yield careless

and overly optimistic decisions.

In contrast to stochastic programming, robust optimization is an alternative modeling frame-
work for decision making under uncertainty that does not require strong assumptions about the
probability distribution of the uncertain parameters in the problem. In the context of the asset
allocation problem, the asset returns are assumed to be unknown but confined to an uncertainty
set, which reflects the decision maker’s uncertainty about the asset returns. Although the in-
vestor is free to choose the shape and size of the uncertainty set, it often constructed on the
basis of some partial distributional information, such as the first- and second-order moments as
well as the support of the random asset returns. Robust optimization models aim to find the
best decision in view of the worst-case realization of the asset returns within this uncertainty

set. It is important to note that this worst-case optimization approach offers us guarantees on
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the portfolio return: whenever the asset returns are realized within the prescribed uncertainty
set, the realized portfolio return will be greater than or equal to the calculated worst-case

portfolio return.

A closely related modeling paradigm to robust optimization is distributionally robust optimiza-
tion. Distributionally robust optimization is similar to stochastic programming, but explicitly
accounts for distributional uncertainty. In this framework, it is assumed that the decision maker
has access to only partial distributional information, such as the first- and second-order mo-
ments as well as the support of the random asset returns. The investor then considers the set
of all probability distributions of the asset returns that match the known partial distributional
information. Subsequently, the problem is solved under the worst-case distribution within this
set. Whenever the “true” (but unknown) distribution lies somewhere within this set, the in-
vestor is guaranteed that the actual risk will be lower that the calculated worst-case risk. This

worst-case approach effectively immunizes the problem against distributional modeling risk.

The main aim of this thesis is to employ (distributionally) robust optimization techniques to
elaborate new decision making models for investment problems that: (i) avoid making strong
assumptions about the probability distribution of the random parameters in the problem, (ii)
provide guarantees about the risk the investor is exposed to, and (iii) are tractably solvable
and therefore scalable to realistic problem sizes. More specifically, the objectives of this thesis

are to address the following problems:

(1) How can derivatives be incorporated into the robust portfolio optimization framework with-
out compromising the tractability of the problem? Furthermore, robust portfolio optimiza-
tion only provides weak guarantees when the asset returns are realized within the uncer-
tainty sets. We therefore wish to explore how the derivatives can provide insurance against
unexpected events when the asset returns are realized outside the uncertainty sets. How
does the insurance affect the portfolio performance and what can be said about the tradeoff

between these weak and strong guarantees?

(2) Value-at-Risk is a popular financial risk measure, but it assumes that the probability distri-

bution of the underlying asset returns is known precisely. Furthermore, it is a non-convex
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function of the portfolio weights, which makes it intractable to optimize. These difficulties
are further compounded when the portfolio contains derivatives. We wish to investigate
how the Value-at-Risk of large-scale derivative portfolios can be optimized in a tractable
manner, while making few assumptions about the probability distribution of the underlying

assets.

(3) In stochastic programming, we often wish to express that a system of constraints must
be satisfied with a given probability. The arising chance constrained programs are usually
intractable to solve. We wish to explore how distributionally robust optimization techniques
can be used to find conservative but tractable approximations of such chance constrained

programs.

1.2 Contributions and Structure of the Thesis

In this thesis, we investigate how robust optimization techniques can be used for quantitative
risk management. In particular, we study how the risk of large-scale derivative portfolios can
be computed as well as minimized, while making minimal assumptions about the probability
distribution of the underlying asset returns. Our interest in derivative portfolios stems from
the fact that careless investment in derivatives can yield large losses or even bankruptcy. We
show that by employing robust optimization techniques we are able to capture as well as
minimize the substantial risks involved in derivative investments. Furthermore, we investigate
how distributionally robust chance constrained programs can be reformulated or approximated
as tractable optimization problems. Throughout the thesis, we aim to derive tractable models

that are scalable to industrial-size problems.

Apart from a review of the background theory in Chapter 2 and conclusions in Chapter 6, the

thesis is divided into three chapters, which can be summarized as follows.

In Chapter 3 we investigate how simple derivatives, such as put and call options, can be
incorporated into the robust portfolio optimization framework. Robust portfolio optimization

aims to maximize the worst-case portfolio return given that the asset returns are allowed to vary
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within a prescribed uncertainty set. If the uncertainty set is not too large, the resulting portfolio
performs well under normal market conditions. However, its performance may substantially
degrade in the presence of market crashes, that is, if the asset returns materialize far outside of
the uncertainty set. We propose a novel robust optimization model for designing portfolios that
include European-style options. This model trades off weak and strong guarantees on the worst-
case portfolio return. The weak guarantee applies as long as the asset returns are realized within
the prescribed uncertainty set, while the strong guarantee applies for all possible asset returns,
including those that are realized outside the uncertainty set. The resulting model constitutes a
convex second-order cone program, which is amenable to efficient numerical solution procedures.
We evaluate the model using simulated and empirical backtests and analyze the impact of the
insurance guarantees on the portfolio performance. The contents of this chapter are published

n

1. S. Zymler, B. Rustem, and D. Kuhn. Robust portfolio optimization with derivative insurance

guarantees. Under revision for the European Journal of Operations Research, 2010.

In Chapter 4 we study how the Value-at-Risk (VaR), a popular financial risk measure, of large-
scale derivative portfolios can be minimized while making weak assumptions about the prob-
ability distribution of the underlying asset returns. Portfolio optimization problems involving
VaR are often computationally intractable and require complete information about the return
distribution of the portfolio constituents, which is rarely available in practice. These difficulties
are further compounded when the portfolio contains derivatives. We develop two tractable
conservative approximations for the VaR of a derivative portfolio by evaluating the worst-case
VaR over all return distributions of the derivative underliers with given first- and second-order
moments. The derivative returns are modelled as convex piecewise linear or—by using a delta-
gamma approximation (a second-order Taylor expansion)—as (possibly non-convex) quadratic
functions of the returns of the derivative underliers. These models lead to new Worst-Case
Polyhedral VaR (WCPVaR) and Worst-Case Quadratic VaR (WCQVaR) approximations, re-
spectively. WCPVaR is a suitable VaR approximation for portfolios containing long positions

in European options expiring at the end of the investment horizon, whereas WCQVaR is suit-
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able for portfolios containing long and/or short positions in European and/or exotic options
expiring beyond the investment horizon. We prove that WCPVaR and WCQVaR optimization
can be formulated as tractable second-order cone and semidefinite programs, respectively, and
reveal interesting connections to robust portfolio optimization. Numerical experiments demon-
strate the benefits of incorporating non-linear relationships between the asset returns into a

worst-case VaR model. The contents of this chapter are based on

2. S. Zymler, D. Kuhn, and B. Rustem. Worst-Case Value-at-Risk of Non-linear Portfolios.

Under revision for Operations Research, 2010.

In Chapter 5 we develop tractable semidefinite programming based approximations for dis-
tributionally robust individual and joint chance constraints, assuming that only the first- and
second-order moments as well as the support of the uncertain parameters are given. It is known
that robust chance constraints can be conservatively approximated by Worst-Case Conditional
Value-at-Risk (CVaR) constraints. We first prove that this approximation is exact for robust
individual chance constraints with concave or (not necessarily concave) quadratic constraint
functions. We also show that robust individual chance constraints are equivalent to robust
semi-infinite constraints with uncertainty sets that can be interpreted as ellipsoids lifted to the
space of positive semidefinite matrices. By using the theory of moment problems we then obtain
a conservative approximation for joint chance constraints. This approximation affords intuitive
dual interpretations and is provably tighter than two popular benchmark approximations. The
tightness depends on a set of scaling parameters, which can be tuned via a sequential convex op-
timization algorithm. We show that the approximation becomes in fact exact when the scaling
parameters are chosen optimally. We further demonstrate that joint chance constraints can be
reformulated as robust semi-infinite constraints with uncertainty sets that are reminiscent of the
lifted ellipsoidal uncertainty sets characteristic for individual chance constraints. We evaluate
our joint chance constraint approximation in the context of a dynamic water reservoir control
problem and numerically demonstrate its superiority over the two benchmark approximations.

The contents of this chapter are based on

3. S. Zymler, D. Kuhn, and B. Rustem. Distributionally Robust Joint Chance Constraints with
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Second-Order Moment Information. Under review for Mathematical Programming, 2010.

1.3 Statement of Originality

This thesis is the result of my own work and no other person’s work has been used without due
acknowledgement in the main text of the thesis. This thesis has not been submitted for the

award of any degree or diploma in any other tertiary institution.



Chapter 2

Background Theory

In this chapter we summarize various definitions and results relating to convex optimization and
decision making under uncertainty. In particular, we give an overview of stochastic program-
ming, robust optimization, and distributionally robust optimization. We also give a general
description of portfolio optimization and risk measures. The selection of presented topics is
dictated entirely by their use in subsequent chapters. For a thorough review of convex and ro-
bust optimization the reader is referred to [BV04] and [BTEGNOQ9], respectively. We emphasize
that each of the subsequent chapters also contain introductions with more specific background

references.

2.1 Notation

Throughout this thesis, we will use the following notation. We use lower-case bold face letters
to denote vectors and upper-case bold face letters to denote matrices. The space of symmetric
matrices of dimension n is denoted by S". For any two matrices X, Y € §", we let (X,Y) =
Tr(XY) be the trace scalar product, while the relation X = Y (X > Y) implies that X —Y is
positive semidefinite (positive definite). Random variables are always represented by symbols
with tildes, while their realizations are denoted by the same symbols without tildes. For z € R,

we define 7 = max{x,0}. Unless stated otherwise, equations involving random variables are

8
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assumed to hold almost surely.

2.2 Convex Optimization

A convex optimization problem is a minimization problem of the form

minimize fo(x)

subject to  fi(x) <0, Vi=1,...,m (2.1)
Ax =0,

where A € RP*™ and each of the functions f; : R™ — R is convex. The function fy is referred
to as the objective or cost function. As usual, (2.1) describes the problem of finding an «

that minimizes fo(x) among all the x that satisfy the constraints f;(x) <0, i =1,...,m and

Ax =b.

In the remainder of this section, we review important classes of convex optimization problems

which we will focus on throughout this thesis.

2.2.1 Linear Programming

A linear program or LP is a problem of the form

T

minimize c'x
xeR"
subject to Gx < f (2.2)
Ax =0,

where A € RP*" G € R™*" ¢ € R", f € R, and b € RP. Problem (2.2) is convex since it

only involves linear constraints.
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2.2.2 Second-Order Cone Programming

A Second-Order Cone Program or SOCP is a convex optimization problem of the form

minimize c'x
xcR"
subject to ||Bixz +di|s < flx+g;, Vi=1,...,m (2.3)
Ax =0,

where B; € R™*" d;, € R™, f; € R", g; € R, and ||y||» = /y"y denotes the L? norm of y.
Note that when B; and d; are zero for i = 1,...,m then the SOCP (2.3) reduces to a linear

program. Thus, the class of SOCPs encapsulates the class of LPs as a special case.

For any ¢ = 1,...,m, the constraint

|Bix +di||2 < sz$+9¢ (2.4)

is referred to as a second-order cone constraint, since it is the same as requiring the affine

function (B;x + d;, f'x + g;) to lie in the second-order cone in R™*! see Figure 2.1.

It is known that SOCPs can be solved in polynomial-time using interior point algorithms, thus,
SOCPs are tractable problems, see [AG03]. Furthermore, the reader is refered to [LVBL9S] for

a detailed survey on the applications of second-order cone programming.

2.2.3 Semidefinite Programming

A Semidefinite Program or SDP is a convex optimization problem of the form

T

minimize c¢c'x
weRn
subject to Fg+ ZFZIz =0 (2.5)
i=1
Ax =0,

where each of the matrices F; € R"*" is symmetric.
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L)
Yy, 77/
LR A AP
LT ALTT

Figure 2.1: Boundary of the convex second-order cone {(x,y,2) : /2% +y? < z} in R3.

The constraint

F(x)=Fo+ )Y Fr; =0 (2.6)
i=1

requires that the linear combination F(x) of the matrices F; is positive semidefinite and is
refered to as a linear matriz inequality or LMI. An LMI constraint of the form (2.6) is a convex
constraint on @ since {x € R” : F(x) = 0} is a closed and convex set. In Figure 2.2 we plot

the boundary of the positive semidefinite cone

The following lemma is often useful to rewrite general matrix inequalities as LMIs or to simplify

SDPs.

Lemma 2.2.1 (Schur Complement) Consider the matriz X € S"™, which can be partitioned
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Figure 2.2: Boundary of the convex positive semidefinite cone in S2.

as

A B
BT C

then the following results hold:

(i) X = 0 if and only if A = 0 and (C —BTA™'B) = 0.

(ii) If A = 0, then X = 0 if and only if (C —BTA™'B) 3= 0.

It is known that SDPs can also be solved in polynomial-time using interior point algorithms,
see [VB96]. Furthermore, any LP and SOCP can be formulated as an SDP. However, it is
generally recommended to reduce SDPs to LPs or SOCPs if it is possible to do so, since they
exhibit better scalability properties than SDPs [AGO03], and the solver implementations for

these problems are more mature.
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2.3 Decision Making under Uncertainty

Many real-world optimization problems involve data parameters which are subject to uncer-
tainty or cannot be estimated accurately. Failure to take this uncertainty into account may

lead to suboptimal decisions. Consider for example the following convex optimization problem.

minimize f(x, &)
subject to g(x,€) <0 (2.7)

xreclX,

where é denotes the uncertain or random vector of data parameters and X C R™ is some
convex set that is not affected by uncertainty. Note that the cost function f and constraint
function ¢ depend on the random vector é . This model essentially represents a whole family of
optimization problems, one for each possible realization of é . Therefore, (2.7) fails to provide
a unique solution. In the remainder of this section we briefly review alternative modeling

paradigms to disambiguate (2.7).

2.3.1 Stochastic Programming

Stochastic Programming assumes that the decision maker has full and accurate information
about the probability distribution @Q of the random vector é Subsequently, stochastic pro-

gramming enables us to disambiguate problem (2.7) as follows.

mizimize B (f(.6))
subject to Q( (z,€) < ) >1—¢ (2.8)
T e X,

where Eq(-) denotes the expectation with respect to the random vector € given that it follows
the probability distribution Q. The stochastic program (2.8) aims to find the optimal solution
x € X that minimizes the expected value Eg(f(x,€)) of the cost function. Furthermore,

the problem requires that the uncertain constraint g(z,€) < 0 is satisfied with some high
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probability 1 — €. This is formulized by the chance-constraint

Q (g(w,é) < 0) >1—¢ (2.9)

where € € (0,1) denotes the risk factor that is specified by the decision maker. Note that as
the value of € decreases, the chance constraint has to be satisfied with a higher probability.
Chance-constrained programs of the type (2.8) were first discussed by Charnes et al. [CCS58],
Miller and Wagner [MWG65] and Prékopa [Pre70].

Computing the optimal solution of a chance-constrained program is notoriously difficult. In
fact, even checking the feasibility of a fixed decision x requires the computation of a multi-
dimensional integral, which becomes increasingly difficult as the dimension of the random vector
é increases. Moreover, even though the constraint function g is convex in «, the feasible set of

chance constraint (2.9) is typically nonconvex and sometimes even disconnected [Pre70, NS06].

Thus, chance-constrained programs are generically intractable to solve.

Furthermore, in order to evaluate the chance constraint (2.9), full and accurate information
about the probability distribution Q of the random vector é is required. However, in many
practical situations Q must be estimated from historical data and is therefore itself uncertain.
Typically, one has only partial information about @, e.g. about its moments or its support.
Replacing the unknown distribution @ in (2.8) by an estimate Q corrupted by measurement
errors may lead to over-optimistic solutions which often fail to satisfy the chance constraint

under the true distribution Q.

2.3.2 Robust Optimization

In order to disambiguate the problem (2.7), robust optimization adopts a worst-case perspec-
tive, see Ben-Tal et al. [BTEGNO09] for a thorough exposition on robust optimization. In this
modelling framework, the random vector é remains unknown, but it is believed to material-
ize within an uncertainty set U. To immunize problem (2.7) against the inherent uncertainty

in é , we minimize the worst-case cost, where the worst-case is calculated with respect to all
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realizations £ within the uncertainty set /. This can be formalized as a min-max problem

minimize max f (%5)

xreR™ 132
subject to g(x,&) <0 V&€elU (2.10)
T edX.

Problem (2.10) is often refered to as the robust counterpart of problem (2.7). For any fixed
x, the function maxeey f(x, §) computes the worst-case realized cost given that & can obtain
values within . Note that this quantity depends in a non-trivial way on the decision variable
x. Thus, the aim of the above problem is to minimize the worst-case cost. Furthermore,
problem (2.10) requires that the constraint g(x, &) < 0 is satisfied for all realizations of £ € U.

This is formulized by the semi-infinite constraint

g(x, &) <0 VEel, (2.11)

which, in the context of a robust optimization problem of type (2.10), is sometimes refered to

as a robust constraint.

The shape of the uncertainty set U should reflect the modeller’s knowledge about the distri-
bution of the random vector é , e.g., full or partial information about the support and certain
moments of the random vector é Moreover, the size of U determines the degree to which
the user wants to safeguard feasibility of the corresponding explicit inequality constraint. The

robust semi-infinite constraint (2.11) is therefore closely related to the chance constraint (2.9).

For a large class of convex uncertainty sets, the semi-infinite constraint (2.11) can be refor-
mulated in terms of a small number of tractable (i.e., linear, second-order conic, or LMI)
constraints [BTN98, BTN99]. Consider, for example, the rectangular uncertainty set defined
as

Upox ={€€R" 1 I <E&<u},
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where [, u € R" and I < u. Then, the following equivalences hold.

mTé S 0 vé € ubox

= Ozgé%i({wa : lgggu}

— 0> min{wTu—l—)\T(l—u) A<z, )\SO}
AeRn

~— dAeR" : mTu+)\T(l—u)§0, A<z, A<0

The equivalence in the third line in the above expression follows from strong linear program-
ming duality, which holds since the primal maximization problem has a nonempty feasible set,
see [BV04, §5] for a thorough review on convex duality. Note that by employing this dualiza-
tion technique, we effectively reformulated the semi-infinite constraint in terms of a tractable
system of linear constraints. Similar dualization techniques will be employed throughout this

thesis to find tractable reformulations of robust constraints.

2.3.3 Distributionally Robust Optimization

Distributionally robust optimization is closely related to both stochastic programming and
robust optimization. In contrast to stochastic programming, the distributionally robust opti-
mization framework assumes that the decision maker only has partial information about the
probability distribution Q of the random vector €, such as the first and second moments and its
support. Let P denote the set of all probability distributions that are consistent with the known
distributional properties of Q. Similar to the robust optimization framework discussed above,
distributionally robust optimization adopts a worst-case approach. Only now the worst-case
is computed over all probability distributions within the set P. Thus, distributionally robust

optimization disambiguates problem (2.7) as follows.

minimize sup Ep ( f(a, é))

zeR™ PP
subject to 1g>117f)IP’ (g(w,é) < 0) >1—ce (2.12)
S

xe X
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For any fixed @, the function suppcp Ep(f(z, £ )) computes the worst-case expected cost, that is,
the highest expected cost evaluated over all probability distributions P within the set P. The
aim of problem (2.12) is to minimize the worst-case expected cost. Furthermore, problem (2.12)
requires that the uncertain constraint g(z, é) < 0 is satisfied with some high probability 1 — €
under any probability distribution P € P. This is formulized by the distributionally robust
chance constraint

IED(g(a:,é)so) >1-¢ YPeP ian(g(m,é)go) >1—e (2.13)

PeP

It is easily verified that whenever @ satisfies (2.13) and Q € P, then « also satisfies the chance
constraint (2.9) under the true probability distribution Q. Thus, by adopting a worst-case ap-
poach, distributionally robust optimization effectively immunizes the stochastic program (2.8)

against uncertainty about the probability distribution Q.

For certain choices of P, the distributionally robust optimization problem (2.12) can be re-
formulated as a tractable convex optimization problem. Scarf [Sca58] applies distributionally
robust optimization to a single-product newsboy problem and shows that, when only the first-
and second-order moments of the demand are known, the problem can be reformulated as a
tractable optimization problem. More recently, Bertsimas and Popescu [BP02] use semidefi-
nite programming to derive tight upper and lower bounds on option prices given that only the
moments of the underlying asset prices are known. El Ghaoui et al. [EGOO03] prove that the
worst-case Value-at-Risk of a financial portfolio can be optimized by solving tractable SOCPs
and SDPs by assuming that only the first- and second-order moments as well as the support
of the asset returns are known. Delage et al. [DY10] incorporate confidence intervals for the
first- and second-order moments within the distributionally robust optimization framework.
We refer the reader to Ben-Tal et al. [BTEGNO09] for an overview on tractable reformulations

of distributionally robust chance constraints.
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2.4 Portfolio Optimization and Risk Measures

Investors face the challenging problem of how to distribute their current wealth over a set of
available assets, such as stocks, bonds, and derivatives, with the goal to earn the highest possible
future wealth. One of the first mathematical models for this problem was formulated by Harry
Markowitz [Mar52]. In his Nobel prize-winning work, he observed that a rational investor does
not aim solely at maximizing the expected return of an investment, but also at minimizing its
risk. In the Markowitz model, which is also refered to as mean-variance optimization, the risk

of a portfolio is measured by the variance of the portfolio return.

Although mean-variance optimization is appropriate when the asset returns are symmetrically
distributed, it is known to result in counter intuitive asset allocations when the portfolio return
is skewed [FKDO07]|. This shortcoming triggered extensive research on downside risk measures.
In this section we give a brief overview on portfolio optimization, describe some popular risk

measures that will be used in this thesis, and review the concept of coherent risk measures.

2.4.1 Portfolio Optimization

A general portfolio optimization problem can be formulized as

minimize p(w'7)
weR™ (2.14)
subject to w € W.

In the above problem, the vector w € R™ denotes the portfolio allocation weights, namely the
percentages of wealth allocated in different assets, and 7 denotes the R™-valued random vector
of asset returns. The set YW C R™ denotes the set of admissible portfolios. The inclusion w € W
usually implies the budget constraint w'e = 1 (where e denotes the vector of 1s). Optionally,
the set YW may account for bounds on the allocation vector w and/or a constraint enforcing a
minimum expected portfolio return. The random return of the portfolio is computed as w'7.

The risk measure p maps the random portfolio return to a real number which represents the risk

of the portfolio w. Thus, problem (2.14) aims to determine the portfolio with the lowest risk



2.4. Portfolio Optimization and Risk Measures 19

from the set W of admissible portfolios. A recent survey of portfolio optimization is provided

in the monograph [FKDO7].

2.4.2 Popular Risk Measures

In finance, risk measures can be subdivided into two main categories: moment-based and
quantile-based risk measures, see [NPS09]. Moment-based risk measures are related to classical
utility theory, whereas the theory of stochastic dominance has spurred interest in quantile-based
risk measures [Lev92]. In this subsection we review three commonly used risk measures: mean-
variance, Value-at-Risk (VaR), and Conditional Value-at-Risk (CVaR). The VaR and CVaR

measures will be used throughout this thesis.

Mean-Variance

The most popular moment-based risk measure trades off the expected portfolio return and

variance of the portfolio return. It is defined as

pw's) = —w'p + Iw' Zw,

where g denotes the vector of mean asset returns, 3 represents the covariance matrix of the
asset returns, and the parameter A characterizes the risk-aversion level of the investor. As A
increases, the risk measure puts more weight on the variance of the portfolio return and therefore
results in a higher risk estimate. The use of the mean-variance risk measure can be traced back
to Markowitz’ seminal work [Mar52]. Although mean-variance optimization is appropriate when
the asset returns are symmetrically distributed, it is known to result in counter intuitive asset
allocations when the portfolio return is skewed. This shortcoming triggered extensive research

on quantile-based risk measures, which we discuss next.
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Value-at-Risk

The most popular quantile-base risk measure is the Value-at-Risk [Jor01]. The VaR at level € is
defined as the (1 — €)-percentile of the portfolio loss distribution, where € is typically chosen as
1% or 5%. Put differently, VaR.(w) is defined as the smallest real number  with the property

that —w'F exceeds v with a probability not larger than e, that is,
VaR (w) = min {y : P{y < —w'7} <e}, (2.15)

where P denotes the distribution of the asset returns 7. Note that (2.15) constitutes a chance-
constrained stochastic program which is non-convex under general probability distributions P,
see Section 2.3.1. Thus, VaR optimization is generically intractable. We shall investigate this

issue in much greater detail in Chapter 4.

Conditional Value-at-Risk

The Conditional Value-at-Risk, proposed by Rockafellar and Uryasev [RU02], is an alternative
quantile-based risk measure which has been gaining popularity due to its desirable computa-
tional properties. The CVaR evaluates the conditional expectation of loss above the (1 — €)-
quantile of the portfolio loss distribution, and can be formulized as

CVaR.(w) = min {ﬁ + %JEP (—wTF - 5)*} . (2.16)

BeR

In contrast to VaR, the CVaR is a convex function of the portfolio weights w. Moreover, it
is known that CVaR.(w) > VaR.(w) for any portfolio w € W. Thus, CVaR can be used to
conservatively approximate the VaR of a portfolio. We will use this property in Chapter 5 to
derive tractable approximations for chance constrained optimization problems. Furthermore,
CVaR is known to be a coherent risk measure. The next subsection reviews what coherent risk

measures are.
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2.4.3 Coherent Risk Measures

Consider the linear space of random variables
V={w'r:weR"}. (2.17)

The function p : ¥V — R is said to be a coherent risk measure if it satisfies the following four

axioms:

(i) Subadditivity: For all 01,0 € V, p(91 + 02) < p(01) + p(02).
(ii) Translation Invariance: For all o € V and a € R, p(0 + a) = p(?) — a.
(iii) Positive Homogeneity: For all o € V and a > 0, p(av) = ap(?).

iv) Monotonicity: For all v1,0, € V such that v, > 09, p(v1) < p(v2) (where v; > U5 means
P P

that 01(w) > 09(w) for all elements w of the corresponding sample space).

The four axioms that define coherency were introduced and justified by Artzner et al. [ADEH99].
The subadditivity axiom ensures that the risk associated with the sum of two assets cannot
be larger than the sum of their individual risk quantities. This property entails that financial
diversification can only reduce the risk. Translation invariance means that receiving a sure
amount of a reduces the risk quantity by a. Positive homogeneity implies that the risk measure
scales proportionally with the size of the investment. Finally, monotonicity implies that when

one investment almost surely outperforms another investment, its risk must be smaller.

From all the risk measures discussed in the previous section, only the CVaR is a coherent risk
measure. VaR fails to satisfy the subadditivity axiom and the mean-standard deviation risk

measure does not satisfy the monotonicity axiom.



Chapter 3

Robust Portfolio Optimization with

Derivative Insurance Guarantees

Robust portfolio optimization aims to maximize the worst-case portfolio return given that the
asset returns are allowed to vary within a prescribed uncertainty set. If the uncertainty set is
not too large, the resulting portfolio performs well under normal market conditions. However,
its performance may substantially degrade in the presence of market crashes, that is, if the asset
returns materialize far outside of the uncertainty set. In this chapter, we propose a novel robust
optimization model for designing portfolios that include European-style options. This model
trades off weak and strong guarantees on the worst-case portfolio return. The weak guarantee
applies as long as the asset returns are realized within the prescribed uncertainty set, while the
strong guarantee applies for all possible asset returns. The resulting model constitutes a convex
second-order cone program, which is amenable to efficient numerical solution procedures. We
evaluate the model using simulated and empirical backtests and analyze the impact of the

insurance guarantees on the portfolio performance.

22



3.1. Introduction 23

3.1 Introduction

Investors face the challenging problem of how to distribute their current wealth over a set
of available assets, such as stocks, bonds, and derivatives, with the goal to earn the highest
possible future wealth. One of the first mathematical models for this problem was formulated
by Harry Markowitz [Mar52]. In his Nobel prize-winning work, he observed that a rational
investor does not aim solely at maximizing the expected return of an investment, but also at
minimizing its risk. In the Markowitz model, the risk of a portfolio is measured by the variance
of the portfolio return. A practical advantage of the Markowitz model is that it reduces to a

convex quadratic program, which can be solved efficiently.

Although the Markowitz model has triggered a tremendous amount of research activities in
the field of finance, it has serious disadvantages which have discouraged practitioners from
using it. The main problem is that the means and covariances of the asset returns, which are
important inputs to the model, have to be estimated from noisy data. Hence, these estimates
are not accurate. In fact, it is fundamentally impossible to estimate the mean returns with
statistical methods to within workable precision, a phenomenon which is sometimes referred to
as mean blur [Lue9d8, Mer80]. Unfortunately, the mean-variance model is very sensitive to the
distributional input parameters. As a result, the model amplifies any estimation errors, yielding

extreme portfolios which perform badly in out-of-sample tests [CZ93, Bro93, Mic01, DN09].

Many attempts have been undertaken to ease this amplification of estimation errors. Black and
Litterman [BL91] suggest Bayesian estimation of the means and covariances using the market
portfolio as a prior. Jagannathan and Ma [JMO03] as well as Chopra [Cho93] impose portfolio
constraints in order to guide the optimization process towards more intuitive and diversified
portfolios. Chopra et al. [CHT93] use a James-Steiner estimator for the means which tilts
the optimal allocations towards the minimum-variance portfolio, while DeMiguel et al. [DN09]

employ robust estimators.

In recent years, robust optimization has received considerable attention. Robust optimization is

a powerful modeling paradigm for decision problems subject to non-stochastic data uncertainty
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[BTN9S8|. The uncertain problem parameters are assumed to be unknown but confined to an
uncertainty set, which reflects the decision maker’s uncertainty about the parameters. Robust
optimization models aim to find the best decision in view of the worst-case parameter values
within these sets, see also Section 2.3.2 for an introduction to robust optimization. Ben-Tal
and Nemirovski [BTN99] propose a robust optimization model to immunize a portfolio against
the uncertainty in the asset returns. They show that when the asset returns can vary within
an ellipsoidal uncertainty set determined through their means and covariances, the resulting
optimization problem is reminiscent of the Markowitz model. This robust portfolio selection
model still assumes that the distributional input parameters are known precisely. Therefore, it

suffers from the same shortcomings as the Markowitz model.

Robust portfolio optimization can also be used to immunize a portfolio against the uncertainty
in the distributional input parameters. Goldfarb and Iyengar [GI03] use statistical methods for
constructing uncertainty sets for factor models of the asset returns and show that their robust
portfolio problem can be reformulated as a second-order cone program. Tiitlincii and Koenig
[TKO04] propose a model with box uncertainty sets for the means and covariances and show
that the arising model can be reduced to a smooth saddle-point problem subject to semidef-
inite constraints. Rustem and Howe [RH02| describe algorithms to solve general continuous
and discrete minimax problems and present several applications of worst-case optimization for
risk management. Rustem et al. [RBMOO] propose a model that optimizes the worst-case port-
folio return under rival risk and return forecasts in a discrete minimax setting. El Ghaoui et
al. [EGOOO03] show that the worst-case Value-at-Risk under partial information on the moments
can be formulated as a semidefinite program. Ben-Tal et al. [BTMNOO] as well as Bertsimas
and Pachamanova [BP08| suggest robust portfolio models in a multi-period setting. Recently,
the relationship between uncertainty sets in robust optimization and coherent risk measures
[ADEH99] has been described in Natarajan et al. [NPS08] and Bertsimas and Brown [BB0§],
see also Section 2.4.3 for an introduction to coherent risk measures. A recent survey of applica-
tions of robust portfolio optimization is provided in the monograph [FKDO07]. Robust portfolios
of this kind are relatively insensitive to the distributional input parameters and typically out-

perform classical Markowitz portfolios [CS06].
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Robust portfolios exhibit a non-inferiority property [RBMO00]: whenever the asset returns are
realized within the prescribed uncertainty set, the realized portfolio return will be greater than
or equal to the calculated worst-case portfolio return. Note that this property may fail to
hold when the asset returns happen to fall outside of the uncertainty set. In this sense, the
non-inferiority property only offers a weak guarantee. When a rare event (such as a market
crash) occurs, the asset returns can materialize far beyond the uncertainty set, and hence the
robust portfolio will remain unprotected. A straightforward way to overcome this problem is
to enlarge the uncertainty set to cover also the most extreme events. However, this can lead to

robust portfolios that are too conservative and perform poorly under normal market conditions.

In this chapter we will use portfolio insurance to hedge against rare events which are not
captured by a reasonably sized uncertainty set. Classical portfolio insurance is a well studied
topic in finance. The idea is to enrich a portfolio with specific derivative products in order to
obtain a deterministic lower bound on the portfolio return. The insurance holds for all possible
realizations of the asset returns and can therefore be qualified as a strong guarantee. Numerous
studies have investigated the integration of options in portfolio optimization models. Ahn et
al. [ABRW99] minimize the Value-at-Risk of a portfolio consisting of a single stock and a put
option by controlling the portfolio weights and the option strike price. Dert and Oldenkamp
[DO00] propose a model that maximizes the expected return of a portfolio consisting of a
single index stock and several European options while guaranteeing a maximum loss. Howe
et al. [HRS94] introduce a risk management strategy for the writer of a European call option
based on minimax using box uncertainty. Lutgens et al. [LSK06] propose a robust optimization
model for option hedging using ellipsoidal uncertainty sets. They formulate their model as a
second-order cone program which may have, in the worst-case, an exponential number of conic

constraints.

By combining robust portfolio optimization and classical portfolio insurance, we aim to provide
two layers of guarantees. The weak non-inferiority guarantee applies as long as the returns are
realized within the uncertainty set, while the strong portfolio insurance guarantee also covers
cases in which the returns are realized outside of the uncertainty set. The ideas set out in

this chapter are related to the concept of Comprehensive Robustness proposed by Ben-Tal et
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al. [BTBNO6]. Comprehensive Robustness aims to control the deterioration in performance

when the uncertainties materialize outside of the uncertainty set. Our work establishes the

relationship between offering guarantees beyond the uncertainty set and portfolio insurance.

Indeed, we will show that in order to control the deterioration in portfolio return, our model

will allocate wealth in put and call options. The premia of these options will determine the

cost to satisfy the guarantee levels. The contributions in this chapter can be summarized as

follows:

(1)

We extend the existing robust portfolio optimization models to include options as well as
stocks. Because option returns are convex piece-wise linear functions of the underlying
stock returns, options cannot be treated as additional stocks, and the use of an ellipsoidal
uncertainty set is no longer adequate. Under a no short-sales restriction on the options, we
demonstrate how our model can be reformulated as a convex second-order cone program
that scales gracefully with the number of stocks and options. We also show that our model
implicitly minimizes a coherent risk measure [ADEH99]. Coherency is a desirable property

from a risk management viewpoint.

We describe how the options in the portfolio can be used to obtain additional strong guar-
antees on the worst-case portfolio return even when the stock returns are realized outside
of the uncertainty set. We show that the arising Insured Robust Portfolio Optimization
model trades off the guarantees provided through the non-inferiority property and the
derivative insurance strategy. Using conic duality, we reformulate this model as a tractable

second-order cone program.

We perform a variety of numerical experiments using simulated as well as real market data.
In our simulated tests we illustrate the tradeoff between the non-inferiority guarantee and
the strong insurance guarantee. We also evaluate the performance of the Insured Robust
Portfolio Optimization model under “normal” market conditions, in which the asset prices
are governed by geometric Brownian motions, as well as in a market environment in which
the prices experience significant downward jumps. The impact of the insurance guarantees

on the portfolio performance is also analyzed using real market prices.
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The rest of the chapter is organized as follows. In Section 3.2 we review robust portfolio opti-
mization and elaborate on the non-inferiority guarantee. In Section 3.3 we show how a portfolio
that contains options can be modelled in a robust optimization framework and how strong in-
surance guarantees can be imposed on the worst-case portfolio return. We also demonstrate
how the resulting model can be formulated as a tractable second-order cone program. In Sec-
tion 3.4 we report on numerical tests in which we compare the insured robust model with the
standard robust model as well as the classical mean-variance model. We run simulated as well
as empirical backtests. Conclusions are drawn in Section 3.5, and a notational reference table

is provided in Appendix 3.6.1.

3.2 Robust Portfolio Optimization

Consider a market consisting of n stocks. Moreover, denote the current time as ¢t = 0 and the
end of investment horizon as ¢ = T. A portfolio is completely characterized by a vector of
weights w € R", whose elements add up to 1. The component w; denotes the percentage of
total wealth which is invested in the ith stock at time ¢ = 0. Furthermore, let 7 denote the
random vector of total stock returns over the investment horizon, which takes values in R”.!
By definition, the investor will receive 7; dollars at time 7' for every dollar invested in stock ¢

at time 0. The return vector 7 is representable as
T =W +E, (3.1)

where p = E[7] € R’} denotes the vector of mean returns and € = 7 —E[] stands for the vector
of residual returns. We assume that Cov[r| = E[€€T] = X € S" is strictly positive definite.

The return 7, on some portfolio w is given by

s T T T
) =W T=wW U+ W €

In this chapter, we will only use total returns because doing so considerably simplifies the notation and
mathematical derivations. In Chapter 4, however, we will use relative returns, which are more commonly used
in the literature.
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Markowitz suggested to determine an optimal tradeoff between the expected return E[7,] and
the risk Var[r,| of the portfolio [Mar52]. The optimal portfolio can thus be found by solving

the following convex quadratic program

max {w'p —w'Sw|w'e=1,1<w< u}, (3.2)
weR™

where the parameter A characterizes the investor’s risk-aversion, the constant vectors I, u € R"

are used to model portfolio constraints, and e € R™ denotes a vector of 1s.

3.2.1 Basic Model

Robust optimization offers a different interpretation of the classical Markowitz problem. Ben-
Tal and Nemirovski [BTN99] argue that the investor wishes to maximize the portfolio return
and thus attempts to solve the uncertain linear program

max{wTF]wTezl,lgfwgu}.
weR”

However, this problem is not well-defined. It constitutes a whole family of linear programs. In
fact, for each return realization we obtain a different optimal solution. In order to disambiguate
the investment decisions, robust optimization adopts a worst-case perspective. In this modeling
framework, the return vector = remains unknown, but it is believed to materialize within
an uncertainty set U,.. To immunize the portfolio against the inherent uncertainty in 7, we
maximize the worst-case portfolio return, where the worst-case is calculated with respect to all
asset returns in U,.. This can be formalized as a max-min problem

max {min wrlwe=11<w< u} : (3.3)
weR” | rel,

The objective function in (3.3) represents the worst-case portfolio return should 7 be realized

within U,.. Note that this quantity depends in a non-trivial way on the portfolio vector w.
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There are multiple ways to specify U,.. A natural choice is to use an ellipsoidal uncertainty set
U= {r:(r—p)"E(r—p) <5}. (3.4)

As shown in an influential paper by El Ghaoui et al. [EGOOO03], when # has finite second-order

moments, then, the choice

§= 1p forpe[0,1) and 0=+4occforp=1 (3.5)
—-Pp

implies the following probabilistic guarantee for any portfolio w.?

P {'wa > min wTr} >p (3.6)

TEI/{T

The investor controls the size of the uncertainty set by choosing the parameter p. For p close to
0, the ellipsoid shrinks to {u}, and therefore the investor is only concerned about the average
performance of the portfolio. When p is close to 1, the ellipsoid becomes very large, which
implies that the investor wants to safeguard against a large set of possible return outcomes.

Thus, the choice of uncertainty set size depends on the risk attitude of the investor.

It is shown in [BTN99] that for ellipsoidal uncertainty sets of the type (3.4), problem (3.3)

reduces to a convex second-order cone program [LVBL9ISg].

max {'wTu -0 HZI/QwHQ

weR?

we=11<w< 'u,} (3.7)

Note that (3.7) is very similar to the classical Markowitz model (3.2). The main difference is
that the standard deviation HEI/ 2wH o = VwTSw replaces the variance. The parameter 0 is
the analogue of A, which determines the risk-return tradeoff. It can be shown that (3.2) and
(3.7) are equivalent problems in the sense that for every A there is some ¢ for which the two

problems have the same optimal solution.

2In Chapter 4, we will go into much greater detail about the probabilistic guarantees associated with the
size of the uncertainty set. For now, we only use (3.5) as a rule to select the uncertainty set size, without
emphasizing the probabilistic interpretation.
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3.2.2 Parameter Uncertainty

In the Introduction we outlined the shortcomings of the Markowitz model, which carry over
to the equivalent mean-standard deviation model (3.7): both models are highly sensitive to
the distributional input parameters (g, X). These parameters, in turn, are difficult to estimate
from noisy historical data. The optimization problems (3.2) and (3.7) amplify these estimation
errors, yielding extreme portfolios that perform poorly in out-of-sample tests. It turns out that
robust optimization can also be used to immunize the portfolio against uncertainties in g and
3. The starting point of such a robust approach is to assume that the true parameter values
are unknown but contained in some uncertainty sets which reflect the investor’s confidence in

the parameter estimates.

Assume that the true (but unobservable) mean vector p € R’ is known to belong to a set
Uy, and the true covariance matrix 3 € S" is known to belong to a set Us. Robust portfolio
optimization aims to find portfolios that perform well under worst-case values of g and X
within the corresponding uncertainty sets. The parameter robust generalization of problem

(3.7) can thus be formulated as

max {min w'p — § max HEl/szz ‘ we=1,1<w< u} ) (3.8)
weR™ | pely, Yels

There are multiple ways to specify the new uncertainty sets U,, and Us,. Let f1 be the sample
average estimate of w, and 3 the sample covariance estimate of 3. In the remainder, we will
assume that the estimate 3 is reasonably accurate such that there is no uncertainty about it.
This assumption is justified since the estimation error in f& by far outweighs the estimation
error in 3, see e.g. [CZ93]. Thus, we may view the uncertainty set for the covariance matrix
as a singleton, Uy, = {2} We note that all the following results can be generalized to cases in
which Us; is not a singleton. This, however, leads to more convoluted model formulations. If the
stock returns are serially independent and identically distributed, we can invoke the Central

Limit Theorem to conclude that the sample mean fi is approximately normally distributed.
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Henceforth we will thus assume that
i~ NpA), A=(1/B)S, (3.9)

where F is the number of historical samples used to calculate fi. It is therefore natural to

assume an ellipsoidal uncertainty set for the means,
U,={p: (p—0)"A(p—p) <k}, (3.10)

where kK = 1/q/(1 — q) for some ¢ € [0,1). The confidence level ¢ has an analog interpretation
as the parameter p in (3.6). Using the above specifications of the uncertainty sets, problem

(3.8) reduces to

max {w' i — r || A 2w]], — 6

weR”?

21/2wH ‘ w'e=1,1 gwgu}, (3.11)
2

see [CS06]. By using the relations (3.9), one easily verifies that (3.11) is equivalent to

TA K $&1/2
- 5 Hz/
gleel}gg{wu <\/E+ ) w

wTezl,lgwgu}.
2

This problem is equivalent to (3.7) with the risk parameter ¢ shifted by x/v/E. Therefore, it is
also equivalent to the standard Markowitz model. Hence, seemingly nothing has been gained

by incorporating parameter uncertainty into the model (3.7).

Ceria and Stubbs [CS06] demonstrate that robust optimization can nevertheless be used to
systematically improve on the common Markowitz portfolios (which are optimal in (3.2), (3.7),
and (3.11)). The key idea is to replace the elliptical uncertainty set (3.10) by a less conservative
one. Since the estimated expected returns fi are symmetrically distributed around p, we expect
that the estimation errors cancel out when summed over all stocks. It may be more natural

and less pessimistic to explicitly incorporate this expectation into the uncertainty model. To
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this end, Ceria and Stubbs set
Uy ={p: (n—p) A (p—p) <K’ e (n—p)=0}. (3.12)
With this new uncertainty set problem (3.8) reduces to

max {wTﬂ —K HQI/Q'wH -0
weR”? 2

2”%0” ‘ w'e =1, lgwgu}, (3.13)
2

where
1
eTAe

Q=A- Aee'A, (3.14)

see [CS06]. A formal derivation of the optimization problem (3.13) is provided in Theorem 3.6.1

in Appendix 3.6.

Example 3.2.1 We demonstrate the significance of parameter uncertainty on the optimal port-
folios with a simple example. Consider a market consisting of two stocks. We assume the their

returns are jointly normally distributed with mean vector p and covariance matriz 3 set to

1.10 0.04 0.024
p= , and X = . (3.15)

1.10 0.024 0.04

Thus, both stocks have a mean return of 1.10 and volatility of 0.20, and are positively correlated

with coefficient 0.6.

Of course, in reality, these parameters are not known precisely and must be estimated from
historical data. To this end, we draw E = 250 samples from the normal distribution with the

above parameters and compute the sample means and covariance matrix by which we obtain

1.0891 ,\ 0.0427 0.0228
o= , and X = : (3.16)
1.0970 0.0228 0.0369

Note that the estimated parameters are close but not equal to the true parameters due to esti-

mation errors.
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Next, we assess the impact of the parameter estimation errors on the optimal portfolios. To
this end, we first solve problem (3.7) with A = 1 using the true parameter values in (3.15) and

by constraining the weights to be nonnegative. Thus, we solve the following problem.

maximize 1.10w; 4 1.10ws — /0.04w? + 0.048w;w; + 0.04w?

wy,w2

subject to w; +wy =1

w1207 WQZO

The above problem is solved using the SDPTS optimization toolkit [TTT03] and we determine
the optimal portfolio weights to be w},,. = [0.5 0.5]T. The equally weighted portfolio solution

makes sense since both stocks returns have the same mean and standard deviation.

We now solve the same problem using the estimated parameters values in (3.16).

maximize 1.0891w; + 1.0970w, — 1/0.0427w? + 0.0456w; w; + 0.0369w3

w1, w2

subject to wy; +we =1

wy =0, wy=>0

The optimal portfolio solution of the above problem is determined to be w*,, = [0.374 0.626]T.
Note that wi,, is significantly different from wj,.,. due to the estimation errors. In fact, the

. * * _
absolute error is |w*,, — w;. .| = 25%.

We now focus on problem (3.13), which explicitly accounts for parameter uncertainty in the

means. Firstly, we compute the Q matriz using equation (3.14) and we obtain

3.382 —3.382
QO — x 1075,

—3.382  3.382

Nezxt, we solve the following instance of problem (3.13) with k = 2, which indicates that we are
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uncertain about the mean estimates.

maximize 1.0891w; + 1.0970wy — 2 X 10_5\/11.437911)% — 6.7640wywy + 11.4379w3

w1, w2

— /0.0427w? + 0.0456w,w; + 0.0369w3
subject to w; +wy =1

wy >0, wy >0

The optimal portfolio solution of the above problem is w?,, = [0.495 0.505]7. Note that w?,,
lies significantly closer to wy},,, than w?,. In fact, the absolute error is |w?,, — wi.,.| = 1%.
This simple example demonstrates that the robust portfolio optimization model (3.13) produces

portfolios which are less sensitive to estimation errors.

3.2.3 Uncertainty Sets with Support Information

For ease of exposition, consider again the basic model of Section 3.2.1. When the uncertainty
set U, becomes excessively large, as is the case when 6 — +oo or, equivalently, when p — 1
(see (3.5)), U, may extend beyond the support of 7, which coincides with the positive orthant
of R™. The resulting portfolios can then become unnecessarily conservative. To overcome this

deficiency, we modify U, defined in (3.4) by including a non-negativity constraint
U ={r>0:(r—p)'s'(r—p) <s}. (3.17)
It can be shown that problem (3.3) with U, replaced by U, is equivalent to

Jnax, {,uT(w —8)—9¢ HEl/Q(w — S)H2 ’ we=158>01<w< u} : (3.18)
Remark 3.2.1 (Relation to coherent risk measures) Problem (3.18) can be shown to im-
plicitly minimize a coherent downside risk measure [ADFEH99] associated with the underlying
uncertainty set, see Section 2.4.3 for an overview of coherent risk measures. Natarajan et
al. [NPS08] show that there exists a one-to-one correspondence between uncertainty sets and

risk measures (see also [BB0S]). In what follows, we will briefly explain this correspondence in
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the context of problem (3.18). Introduce a linear space of random variables
V={w'r:weR"}, (3.19)
and define the risk measure p : V — R through

p(w'F) = max {—w'r | r e U} (3.20)

=min—p"(w—8)+0 HEI/z(w —s)|,-

>0

It can be seen that problem (3.18) is equivalent to the risk minimization problem
min {p (w'7) |[e'w=1, 1 <w<u}. (3.21)

Since the feasible set in (3.20) is a subset of the support of ¥, the risk measure p is coherent, see
[NPS08, Theorem 4]. Moreover, p can be viewed as a downside risk measure since it evaluates

to worst-case return over an uncertainty set centered around the expected asset return vector.

As in Section 3.2.2, model (3.18) may be improved by immunizing it against the uncertainty
in the distributional input parameters. Using similar arguments as in Theorem 3.6.1, it can be

shown that the parameter robust variant of problem (3.18),

max{miny,T('w—s)—(SmaX H21/2('w—3)H2 w'e=1, s> 0, lgwgu},

w,s pnely Yecls

is equivalent to

max {ﬂT'v —K Hﬂl/QvH2 — 0 ||ZV %

w,s,v

’ ‘wTezl, w—s=wv, §>0, lgwgu}. (3.22)
2

We note that we could have directly obtained (3.22) from the basic model (3.3) by defining the

uncertainty set for the returns as

U, ={r>0:3pcll,, (r- p) 'S r—p) <6} (3.23)
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where U,, is defined as in (3.12). The uncertainty set U, , accounts for the uncertainty in the
returns whilst taking into consideration that the centroid p of U,", as defined in (3.17), has to

be estimated and is therefore also subject to uncertainty:.

Problem (3.22) implicitly minimizes a coherent risk measure associated with the uncertainty
set U," .- Coherency holds since Z/l,ff .. 1s a subset of the support of 7, see Remark 3.2.1. Some
risk-tolerant investors may not want to minimize a risk measure without imposing a constraint
on the portfolio return. Taking into account the uncertainty in the expected asset returns

motivates us to constrain the worst-case expected portfolio return,

: T
min w p Z ,utargeta
MEU,

where [itarger TEpPresents the return target the investor wishes to attain in average. This semi-

infinite constraint can be reformulated as a second-order cone constraint of the form

w' i — k|| Q2w > firarget (3.24)

The optimal portfolios obtained from problem (3.22), with or without the return target con-
straint (3.24), provide certain performance guarantees. They exhibit a non-inferiority property
in the sense that, as long as the asset returns materialize within the prescribed uncertainty set,
the realized portfolio return never falls below the optimal value of problem (3.22). However,

no guarantees are given when the asset returns are realized outside of the uncertainty set.

In Section 3.3 we suggest the use of derivatives to enforce strong performance guarantees, which

will complement the weak guarantees provided by the non-inferiority property.

3.3 Insured Robust Portfolio Optimization

Since their introduction in the second half of the last century, options have been praised for

their ability to give stock holders protection against adverse market fluctuations [Mac92]. A



3.3. Insured Robust Portfolio Optimization 37

standard option contract is determined by the following parameters: the premium or price of
the option, the underlying security, the expiration date, and the strike price. A put (call) option
gives the option holder the right, but not the obligation, to sell to (buy from) the option writer
the underlying security by the expiration date and at the prescribed strike price. American
options can be exercised at any time up to the expiration date, whereas European options
can be exercised only on the expiration date itself. We will only work with European options,
which expire at the end of investment horizon, that is, at time 7. We restrict attention to
these instruments because of their simplicity and since they fit naturally in the single period

portfolio optimization framework of the previous section.

We now briefly illustrate how options can be used to insure a stock portfolio. An option’s payoff
function represents its value at maturity as a function of the underlying stock price Sy. For

put and call options with strike price K, the payoff functions are thus given by

V;)ut(ST) = maX{O, K — ST} and ‘/;all(ST) = maX{O, ST - K}, (325)

respectively. Assume now that we hold a portfolio of a single long stock and a put option on

this stock with strike price K. Then, the payoff of the portfolio amounts to

V;)f<ST) = ST + Vput<ST) = maX{ST, K}

This shows that the put option with strike price K prevents the portfolio value at maturity
from dropping below K. Of course, this insurance comes at the cost of the option premium,

which has to be paid at the time when the option contract is negotiated.

Similarly, assume that we hold a portfolio of a single shorted stock and a call option on this

stock with strike price K. Then, the payoff function of this portfolio is

Vot (S1) = =51 + Vean(Sr) = max{—Sr, —K},

which insures the portfolio value at maturity against falling below — K.
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Although we focus on European options expiring at time 7', all models to be developed in
this chapter remain valid for American options exercisable at time 7. We emphasize that the
timing flexibility of American options cannot be exploited in the single-period setting under
consideration, and therefore American options are usually too expensive for our purposes.
Nevertheless, if there are only very few European options expiring at the end of the investment
horizon, it may be beneficial to include American options into our portfolio to increase the

spectrum of available strike prices.

3.3.1 Robust Portfolio Optimization with Options

Assume that there are m European options in our market, each of which has one of the n
stocks as an underlying security. We denote the initial investment in the options by the vector
w? € R™. The component w¢ denotes the percentage of total wealth which is invested in
the ith option at time t = 0. A portfolio is now completely characterized by a joint vector
(w, w?) € R"™, whose elements add up to 1. In what follows, we will forbid short-sales of
options and therefore require that w? > 0. Short-selling of options can be very risky, and

therefore the imposed restriction should be in line with the preferences of a risk-averse investor.

The return 7, of some portfolio (w, w?) is given by

7 =w' 7+ (w7 (3.26)

where 7% represents the vector of option returns. It is important to note that #¢ is uniquely

determined by 7, that is, there exists a function f: R™ — R™ such that 7¢ = f(7).

Let option j be a call with strike price K; on the underlying stock ¢, and denote the return and
the initial price of the option by 77;-1 and Cj, respectively. If S§ denotes the initial price of stock

i, then its end-of-period price can be expressed as Si7;. Using the above notation, we can now
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explicitly express the return f;l as a convex piece-wise linear function of 7;,

1 v
fi(F) = = max {0, Si7; — K, }
Cj
" : K S
=max {0,a; + b;7;}, with a; = ——= <0 and b; = = > 0. (3.27a)
Cj Cj

Similarly, if f;l is the return of a put option with price P; and strike price K; on the underlying

stock 7, then 7*;-1 is representable as a slightly different convex piece-wise linear function of 7,

K; ;
Fj- >0 and b; = _5% < 0. (3.27b)

j P

f](,”:) = Imax {0, aj —+ bjfz} y with &j =

d

Using the above notation, we can write the vector of option returns 7* compactly as

7 = f(¥) = max {0, a + BF}, (3.28)

where a € R, B € R™*" are known constants determined through (3.27a) and (3.27b), and

‘max’ denotes the component-wise maximization operator.

As in Section 3.2.3, we adopt the view that the investor wishes to maximize the worst-case
portfolio return whilst assuming that the stock returns 7 will materialize within the uncertainty

set U5 as defined in (3.17). This problem can be formalized as

max{ min w'r+ (w)rt | eTwt+ewt =1, 1<w<u, w>0y, (3.29)
w7wd 'I‘GZ/{;"'
ré=f(r)

which is equivalent to

maximize ¢ (3.30a)
subject to weR", wleR™, ¢eR
w'r+ (wh)r? > ¢ vr c U, r* = f(r) (3.30Db)
e'w+e wt=1 (3.30¢)

I<w<u, w?>0. (3.30d)
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Note that the worst-case objective is reexpressed in terms of the semi-infinite constraint (3.30b),
and at optimality, ¢ represents the worst-case portfolio return. In the remainder we will work
with the epigraph formulation (3.30) instead of the max-min formulation (3.29) because it

enables us to incorporate portfolio insurance constraints in a convenient way, see Section 3.3.2.

The constraint (3.30b) looks intractable, but it can be reformulated in terms of finitely many

conic constraints.

Theorem 3.3.1 Problem (3.30) is equivalent to

maximize o (3.31a)
subject to weR", wreR™, yeR™ scR* ¢cR
p'(w+Bly —s)—§ H21/2(w +Bly — S)H2 +a'y > ¢ (3.31Db)
e'wt+ewl=1 (3.31c)
0<y<w? s>0 (3.31d)
l<w<u, w*>0, (3.31e)

which 1s a tractable second-order cone program.

Proof Assume first that § > 0. We observe that the semi-infinite constraint (3.30b) can be

reexpressed in terms of the solution of a subordinate minimization problem,

min  w'r + (w?)'r? > ¢. (3.32)
ré=f(r)

By using the definitions of the function f and the set U, we obtain a more explicit represen-
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tation for this subordinate problem.

minimize w'r 4+ (w?) r?
subject to r € R", r?cR™
S —p)|, <0
H B .
rd >0

r®>a+ Br

For any fixed portfolio vector (w,w?) feasible in (3.30), problem (3.33) represents a convex
second-order cone program. Note that since w9 > 0 for any admissible portfolio, (3.33) has an
optimal solution (7, r¢) which satisfies the relation (3.28). The dual problem associated with

(3.33) reads:

maximize p'(w+ BTy —s)—46 HZW(w +Bly — s)||2 +a'y
subject to y € R™, seR" (3.34)

0<y<w? s>0

Note that strong conic duality holds since the primal problem (3.33) is strictly feasible for
d > 0, see [AGO03, LVBL98]. Thus, both the primal and dual problems (3.33) and (3.34) are
feasible and share the same objective values at optimality. This allows us to replace the inner
minimization problem in (3.32) by the maximization problem (3.34). The requirement that the
optimal value of (3.34) be larger than or equal to ¢ is equivalent to the assertion that there
exist y € R™ s € R" feasible in (3.34) whose objective value is larger than or equal to ¢. This
justifies the constraints (3.31b) and (3.31d). All other constraints and the objective function

in (3.31) are the same as in (3.30), and thus the two problems are equivalent.

We now assume that § = 0. Then, by definition, the uncertainty set U} = {u} and ¢ = f(u).
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Therefore, constraint (3.30b) reduces to

plw + () w? > ¢
T T, .d
<— p w+ (max{0, a + Bu}) w®>¢

— p'w+ max {a'y+u' BTy} >¢

0<y<w?

<= max {uT(w + By —s) + aTy} > o,
0<y<w?
s$>0

where the last equivalence holds because g > 0. Constraint (3.30b) is thus equivalent to (3.31b)
and (3.31d). i

Observe that in the absence of options we must set w® = 0, which implies via constraint (3.31d)
that y = 0. Thus, (3.31) reduces to (3.18), that is, the robust portfolio optimization problem

of a stock only portfolio.

We note that Lutgens et al. [LSK06] propose a robust portfolio optimization model that incor-
porates options and also allows short-sales of options. However, their problem reformulation
contains, in the worst case, an exponential amount of second-order constraints whereas our
reformulation (3.31) only contains a single conic constraint at the cost of excluding short-sales

of options.

Example 3.3.1 Consider a market consisting of a stock and a European put option written on
this stock. Assume that the stock has an expected monthly return of 1.01 and monthly volatility
of 9%. The initial price of the stock is So = $100. The option matures in 21 days and has a

strike price of K = $100. Furthermore, we assume that the price of the put option is P = $3.58.

In this example we wish to compute the optimal portfolio containing these two assets using
model (3.31). We assume that the modeler assigns p = 70% uncertainty to the stock return.

Thus, using equation (3.5), we obtain 6 = 1.53. Now we compute the option specific multipliers
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a and b, see (3.27b). More specifically, we have

=—=2793 and b=-——=—-—=—-27.93.

“= 353 P 358

K 100 So 100
P

We now insert the above parameter values into model (3.31) and we obtain

maximize [0)
subject to weR, wleR, yeR, seR, ¢eR

1.01(w — 27.93y — ) — 1.53]|0.09(w — 27.93y — s) + 27.93y]|, > ¢

We solve the above problem using SDPTS3 [TTT03] and we obtain the optimal solution values
w* = 0.9654 and w®™ = 0.0346. Thus, the majority of the wealth is invested in the stock whereas
the remainder is invested in the put option to hedge away the downside risk. In fact, the optimal
amount of units of the stock in the portfolio is w*/Sy = 0.9654/100 = 0.0097 and the optimal
amount of units of the put option is w® /P = 0.0346/3.58 = 0.0097. Thus, the optimal solution

18 to match the investment of stock with the option precisely.

As in Section 3.2.3, one can immunize model (3.30) against estimation errors in f. If we replace
the uncertainty set U," by U,", defined in (3.23), then problem (3.30) reduces to the following

second-order cone program similar to (3.31).

maximize ¢

subject to fi'v — K Hﬂl/QvH2 -0

2”%”2 taTy>o (3.35)

w+ BTy — s = v, and (3.31c), (3.31d), (3.31e)

This model guarantees the optimal portfolio return to exceed ¢ conditional on the stock returns

7 being realized within the uncertainty set I,",. In what follows, we will thus refer to ¢ as the



44 Chapter 3. Robust Portfolio Optimization with Derivative Insurance Guarantees

conditional worst-case return.

3.3.2 Robust Portfolio Optimization with Insurance Guarantees

We now augment model (3.35) by requiring the realized portfolio return to exceed some fraction
0 € [0,1] of ¢ under every possible realization of the return vector #. This requirement is

enforced through a semi-infinite constraint of the form

w'r 4+ (wh)r? > 06 vr >0, r* = f(r). (3.36)

Model (3.35) with the extra constraint (3.36) provides two layers of guarantees: the weak
non-inferiority guarantee applies as long as the returns are realized within the uncertainty
set, while the strong portfolio insurance guarantee (3.36) also covers cases in which the stock
returns are realized outside of ;" ”.3 The level of the portfolio insurance guarantee is expressed
as a percentage 6 of the conditional worst-case portfolio return ¢, which can be interpreted as
the level of the non-inferiority guarantee. This reflects the idea that the derivative insurance
strategy only has to hedge against certain extreme scenarios, which are not already covered
by the non-inferiority guarantee. It also prevents the portfolio insurance from being overly

expensive. The Insured Robust Portfolio Optimization model can be formulated as

maximize o) (3.37a)
subject to weR", wleR™, ¢eR
w'r+ (wh)rd > ¢ vr el ,, v = f(r) (3.37b)
w'r+ (wH)'r >0  Vr>0, rt=f(r) (3.37¢)
e'w+ewt=1 (3.37d)
I<w<u, w?>0. (3.37¢)

3In reality one has to also consider counterparty risk of the options, but this is beyond the scope of this
thesis.
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Note that the conditional worst-case return ¢ drops when the uncertainty set Z/{,ff ., increases. At
the same time, the required insurance level decreases, and hence the insurance premium drops
as well. This manifests the tradeoff between the non-inferiority and insurance guarantees. In
Proposition 3.3.1 below we show that when the highest possible uncertainty is assigned to
the returns (by setting p = 1, see (3.5)), or the highest insurance guarantee is demanded (by
setting # = 1), the same optimal conditional worst-case return is obtained. Intuitively, this
can be explained as follows. When the uncertainty set covers the whole support, then the
insurance guarantee adds nothing to the non-inferiority guarantee. Conversely, the highest

possible insurance is independent of the size of the uncertainty set.

Proposition 3.3.1 If u > 0, then the optimal objective value of problem (3.37) for p = 1

coincides with the optimal value obtained for 6 = 1.

Proof Since u > 0, there are feasible portfolios with w > 0. Thus, ¢ > 8¢ > 0 at optimality.
For p = 1, the uncertainty sets in (3.37b) and (3.37c) coincide, which implies that (3.37c)
becomes redundant. For §# = 1, on the other hand, (3.37b) becomes redundant. In both cases

we end up with the same constraint set. Thus, the claim follows. [ |

Although we exclusively use uncertainty sets of the type (3.23), the models in this chapter do
not rely on any assumptions about the size or shape of U, . and can be extended to almost any
other geometry. We note that for the models to be tractable, it must be possible to describe

L{: ., through finitely many linear or conic constraints.

Problem (3.37) involves two semi-infinite constraints: (3.37b) and (3.37¢). In Theorem 3.3.2

we show that (3.37) still has a reformulation as a tractable conic optimization problem.
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Theorem 3.3.2 Problem (3.37) is equivalent to the following second-order cone program.

maximize ¢
subject to w eR", seR", wleR™ yecR™ zeR™ ¢eR

Ao — 2], 5

a'z>0¢
w+Bly—s=v
w+BT2>0
elw+ewl=1

d d
0<y<w? 0<z<wd,

s>0, wdz(), Il <w<u.

Proof We already know how to reexpress (3.37b) in terms of finitely many conic constraints.

Therefore, we now focus on the reformulation of (3.37c).

As usual, we first reformulate (3.37c) in terms of a subordinate minimization problem,

m>1£1 w'r + (w)Trt > 0¢. (3.38)
rd=f(r)

By using the definition of the function f and the fact that w? > 0, the left-hand side of (3.38)

can be reexpressed as the linear program

minimize w'r + (w?)"r?
subject to r € R", r%cR™

r >0 (3.39)
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The dual of problem (3.39) reads

maximize a'z

subject to z € R™
(3.40)

Strong linear duality holds because the primal problem (3.39) is manifestly feasible. Therefore,
the optimal objective value of problem (3.40) coincides with that of problem (3.39), and we
can substitute (3.40) into the constraint (3.38). This leads to the postulated reformulation in

(3.38). W

Note that problem (3.38) implicitly minimizes a coherent risk measure determined through the
uncertainty set

{(r,v") :r cU,, r*= f(r)}. (3.41)

T,

Coherency holds since this uncertainty set is a subset of the support of the random vector
(7,7%), see Remark 3.2.1. A risk-tolerant investor may want to move away from the minimum

risk portfolio. This is achieved by appending an expected return constraint to the problem:

E[r,) = w'p+ (wd)TIE[maX {0,a + B7}]| > fitarget- (3.42)

For any distribution of 7, we can evaluate the expected return of the options via sampling.
Since sampling is impractical when the expected returns are ambiguous, one may alternatively

use a conservative approximation of the return target constraint (3.42),

w'p+ (wh) T (max {0, a + Bpu}) > firarget- (3.43)

Indeed, (3.42) is less restrictive than (3.43) by Jensen’s inequality. To account for the uncer-
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tainty in the estimated means, we can further robustify (3.43) as follows,

maximize u'(w+BTq)+a'q
<k Z :utarget \V/M S Z/{uv

subject to 0 < g < w?

which is equivalent to

waxiize T(w + BT) - 5[[0%(w + BTg), +aTq
geR™ >
- ,utarget'

subject to 0 < g < w?
As a third alternative, the investor may wish to disregard the expected returns of the options
altogether in the return target constraint. Taking into account the uncertainty in the estimated

means, we thus obtain the second-order cone constraint
wTﬂ — K HQI/Q'UJH2 Z Htarget (344)

which is identical to (3.24). The advantages of this third approach are twofold.

Firstly, by omitting the options in the expected return constraint, we force the model to use
the options for risk reduction and insurance only, but not for speculative reasons. Only the
stocks are used to attain the prescribed expected return target. In light of the substantial risks

involved in speculation with options, this might be attractive for risk-averse investors.

Secondly, the inclusion of an expected return constraint converts (3.38) to a mean-risk model
[Har91], which minimizes a coherent downside risk measure, see Remark 3.2.1. However, Dert
and Oldenkamp [DO00] and Lucas and Siegmann [LS08] have identified several pitfalls that
may arise when using mean-downside risk models in the presence of highly asymmetric asset
classes such as options and hedge funds. The particular problems that occur in the presence
of options have been characterized as the Casino Effect: Mean-downside risk models typically
choose portfolios which use the least amount of money that is necessary to satisfy the insurance
constraint, whilst allocating the remaining money in the assets with the highest expected return.

In our context, a combination of inexpensive stocks and put options will be used to satisfy
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the insurance constraint. Since call options are leveraged assets and have expected returns
that increase with the strike price [CS02], the remaining wealth will therefore generally be
invested in the call options with the highest strike prices available. The resulting portfolios
have a high probability of small losses and a very low probability of high returns. Since the
robust framework is typically used by risk-averse investors, the resulting portfolios are most
likely in conflict with their risk preferences. It should be emphasized that the Casino Effect
is characteristic for mean-downside risk models and not a side-effect of the robust portfolio
optimization methodology. In order to alleviate its impact, Dert and Oldenkamp propose the
use of several Value-at-Risk constraints to shape the distribution of terminal wealth. Lucas
and Siegmann propose a modified risk measure that incorporates a quadratic penalty function
to the expected losses. In all our numerical tests, we choose to exclude the expected option
returns from the return target constraint. This will avoid betting on the options and thus
mitigate the Casino Effect. As we will show in the next section, our numerical results indicate
that the suggested portfolio model successfully reduces the downside risk and sustains high

out-of-sample expected returns.

3.4 Computational Results

In Section 3.4.1 we investigate the optimal portfolio composition for different levels of risk-
aversion and illustrate the tradeoff between the weak non-inferiority guarantee and the strong
insurance guarantee. In Section 3.4.2 we conduct several tests based on simulated data, while
the tests in Section 3.4.3 are performed on the basis of real market data. In both sections,
we compare the out-of-sample performance of the insured robust portfolios with that of the
non-insured robust and classical mean-variance portfolios. The comparisons are based on the
following performance measures: average yearly return, worst-case and best-case monthly re-
turns, yearly variance, skewness, and Sharpe ratio [Sha66]. All computations are performed
using the C++ interface of the MOSEK 5.0.0.105 conic optimization toolkit on a 2.0 GHz Core
2 Duo machine running Linux Ubuntu 8.04. The details of the experiments are described in

the next sections.
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3.4.1 Portfolio Composition and Tradeoff of Guarantees

All experiments in this section are based on the n = 30 stocks in the Dow 30 index. We assume
that for each stock there are 40 put and 40 call options that mature in one year. The 40 strike
prices of the put and call options for one particular stock are located at equidistant points
between 70% and 130% of the stock’s current price. In total, the market thus comprises 2400

options in addition to the 30 stocks.

In our first simulated backtests, we assume that the stock prices are governed by a multivariate

geometric Brownian motion,

dsi —.
~it:ufdt+afdﬂft’, t=1...n,
St (3.45)

E [de de} —pfdt, di=1...m,

where S? denotes the price process of stock i and Wi denotes a standard Wiener process. The
continuous-time parameters pf, of, and pf; represent the drift rates, volatilities and correla-
tion rates of the instantaneous stock returns, respectively. We calibrate this stochastic model
to match the annualized means and covariances of the total returns of the Dow 30 stocks re-
ported in Idzorek [Idz02]. The transformation which maps the annualized parameters to the
continuous-time parameters in (3.45) is described in [Meu05, p. 345]. Furthermore, we assume

that the risk-free rate amounts to 7y = 5% per annum and that the options are priced according

to the Black-Scholes formula [BS73].

In the experiments of this section we do not allow short-selling of stocks. Furthermore, we
assume that there is no parameter uncertainty. Therefore, we set ¢ = 0. In the first set of tests
we solve problem (3.38) without an expected return constraint and without a portfolio insurance
constraint. We determine the optimal portfolio allocations for increasing sizes of uncertainty
sets parameterized by p € [0,1). The optimal portfolio weights are visualized in the top left
panel of Figure 3.1, and the optimal conditional worst-case returns are displayed in the bottom
left panel. For simplicity, we only report the total percentage of wealth allocated in stocks,

calls, and put options, and provide no information about the individual asset allocations. All
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instances of problem (3.38) considered in this test were solved within less than 2 seconds, which

manifests the tractability of the proposed model.

Figure 3.1 exhibits three different allocation regimes. For small values of p, the optimal port-
folios are entirely invested in call options or a mixture of calls and stocks. This is a natural
consequence of the leverage effect of the call options, which have a much higher return potential
than the stocks when they mature in-the-money. As a result, the optimal conditional worst-case
return is very high. Large investments in call options tend to be highly risky; this is reflected

by a sudden decrease in call option allocation at threshold value p ~ 7%.

We also observe a regime which is entirely invested in stocks. Here, the risk is minimized

through variance reduction by diversification, and no option hedging is involved.

At higher uncertainty levels, there is a sudden shift to portfolios composed of stocks and put
options. This transition takes place when the uncertainty set is large enough such that stock-
only portfolios necessarily incur a loss in the worst case. The effect of the put options can
be observed in the bottom left panel of Figure 3.1, which shows a constant worst-case return
¢ > 1 for higher uncertainty levels. Here, risk is not reduced through diversification. Instead, an
aggressive portfolio insurance strategy is adopted using deep in-the-money put options. The put
options are used to cut away the losses, and thus ¢ > 1. For high uncertainty levels, maximizing
the conditional worst-case return amounts to maximizing the absolute insurance guarantee

because the uncertainty set converges to the support of the returns, see Proposition 3.3.1.

The Black-Scholes market under consideration is arbitrage-free. An elementary arbitrage ar-
gument implies that the maximum guaranteed lower bound on the return of any portfolio is
not larger than the risk-free return exp(r;7"). The conditional worst-case return in problem
(3.38) is therefore bounded above by exp(rfT") already for moderately sized uncertainty sets.
This risk-free return can indeed be attained, at least approximately, by combining a stock and
a put option on that stock with a very large strike price. Note that the put option matures
in-the-money with high probability. Thus, the resulting portfolio pays off the strike price in
most cases and is almost risk-free. Its conditional worst-case return is only slightly smaller

than exp(r;T") (for large uncertainty sets with p < 1). However, investing in an almost risk-free
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portfolio keeps the expected portfolio return fairly low, that is, close to the risk-free return.

In order to bypass this shortcoming, we impose an expected return constraint on the stock part
of the portfolio with a target return of 8% per annum, see (3.44). The results of model (3.38)
with an expected return constraint and without a portfolio insurance constraint are visualized
on the right hand side of Figure 3.1. Most of the earlier conclusions remain valid, but there are a
few differences. Because the stocks are needed to satisfy the return target, we now observe that
all portfolios put a minimum weight of nearly 90% in stocks. For higher levels of uncertainty,
the allocation in put options increases gradually when higher uncertainty is assigned to the

returns.

The optimal conditional worst-case return smoothly degrades for increasing uncertainty levels
and now drops below 1. Here, we anticipate a loss in the worst-case. Recall that the (negative)
conditional worst-case return can be interpreted as a risk measure, see Remark 3.2.1. In order
to satisfy the expected return constraint, the optimal portfolios have to take higher risks than
in the absence of an expected return constraint. As a result, the optimal conditional worst-case
return is now lower (due to the higher risk) than before. This is a natural consequence of the
risk-return tradeoff. For p 2 90%, the conditional worst-case return saturates at the worst-case

return that can be guaranteed with certainty.

Next, we analyze the effects of the insurance constraint on the conditional worst-case return.
To this end, we solve problem (3.38) for various insurance levels # € [0,1] and uncertainty
levels p € [0, 1), whilst still requiring the expected return to exceed 8%. Figure 3.2 shows the

conditional worst-case return as a function of p and 6.

For any fixed p, the conditional worst-case return monotonically decreases with 6. Observe that
this decrease is steeper for lower values of p. When the uncertainty set is small, the conditional
worst-case return is relatively high. Therefore, the inclusion of the insurance guarantee has a
significant impact due to the high insurance costs that are introduced. When the uncertainty
set size is increased, the conditional worst-case return drops, and portfolio insurance needs to
be provided for a lower worst-case portfolio return at an associated lower portfolio insurance

cost.
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Figure 3.1: Visualization of the optimal portfolio allocations (top) and corresponding condi-
tional worst-case returns (bottom), with (right) and without (left) an expected return con-
straint.

When 6 = 1, the portfolio is insured against dropping below the conditional worst-case return.
That is, the optimal portfolio provides the highest possible insurance guarantee that is still
compatible with the expected return target. This optimal portfolio is independent of the size
of the uncertainty set, and therefore the worst-case return is constant in p. For p 2 80%, the
uncertainty set converges to the support of the returns, and the resulting optimal portfolio is
independent of 6, see Proposition 3.3.1. Note that if the expected return target is increased,
then the guaranteed worst-case return for # = 1 decreases. In fact, in order to satisfy the higher
expected return constraint the cost of insurance has to be decreased. The cost of insurance can
only be lowered by decreasing the allocation in put options, which implies a lower guaranteed

worst-case return.
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|
co ooo
R L

conditional worst-case return (¢ — 1)

insurance level 6 0.8 1 1

Figure 3.2: Tradeoff of weak and strong guarantees.

3.4.2 Out-of-Sample Evaluation Using Simulated Prices

A series of controlled experiments with simulated data help us to assess the performance of the
proposed Insured Robust Portfolio Optimization (IRPO) model under different market condi-
tions. We first generate price paths under a multivariate geometric Brownian motion model
to reflect “normal” market conditions. Next, we use a multivariate jump-diffusion process to
simulate a volatile environment in which market crashes can occur. In both settings, we com-
pare the performance of the IRPO model to that of the Robust Portfolio Optimization (RPO)
model (3.22), and the classical Mean-Variance Optimization (MvO) model. The optimal MvO
portfolio is found by minimizing the variance of the portfolio return subject to an expected
portfolio return constraint. In this case the estimated means and covariance matrix of the asset

returns are used without taking parameter uncertainty into account.

Backtest Procedure and Evaluation

The following experiments are again based on the stocks in the Dow 30 index. The first test

series is aimed at assessing the performance of the models under “normal” market conditions. To
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this end, we assume that the stock prices are governed by the multivariate geometric Brownian

motion described in (3.45).

We denote by 7, the vector of the asset returns over the interval [(I — 1)At, [At], where At is
set to one month (i.e., At = 1/12) and [ € N. By solving the stochastic differential equations
(3.45), we find

c\2

where {€ },en are independent and identically normally distributed with zero mean and covari-

ance matrix 3¢ € R™" with entries X, = pf;070] for i,j =1...n.

To evaluate the performance of the different portfolio models, we use the following rolling-

horizon procedure:

1. Generate a time-series of L monthly stock returns {r;}% | using (3.46) and initialize the
iteration counter at [ = E. The number £’ < L determines the size of a moving estimation

window.

2. Calculate the sample mean fi; and sample covariance matrix 33, of the stock returns
{ri}l_,_p.1 in the current estimation window. We assume that there are 20 put and 20
call options available for each stock that expire after one month. The 20 strike prices
of the options are assumed to scale with the underlying stock price: the proportionality

factor ranges from 80% to 120% in steps of 2%.*

Next, convert the estimated monthly volatilities to continuous-time volatilities via the
transformation in [Meu05, p. 345] and calculate the option prices via the Black-Scholes
formula.® For the IRPO model we then calculate the necessary option related data a; and

B, defined in (3.28).

4This set of options is a reasonable proxy for the set available in reality. Depending on liquidity, there might
be more or fewer options available, but the use of 20 strike prices oriented around the spot prices seems a good
compromise.

5In reality, one would use option prices observed in the market instead of calculated ones. An empirical
backtest based on real option price data is provided in Section 3.4.3.
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Model £k Type p q 0 ‘Modelk Type p q 0

1 MVO - - -

2 rRPO 050 0.80 - 17 IrRPO 0.70 0.80 0.00
3 RPO 0.60 0.80 - 18 IrRPO 0.70 0.80 0.70
4 rpO  0.70 0.80 — 19 IrRPO 0.70 0.80 0.80
5! RPO 0.80 0.80 — 20 IRPO 0.70 0.80 0.90
6 rRPO 0.90 080 - 21 IrRPO 0.70 0.80 0.99
7 IRPO 0.50 0.80 0.00 22 IRPO 0.80 0.80 0.00
8 IRPO 0.50 0.80 0.70 23 IRPO 0.80 0.80 0.70

9 IRPO 0.50 0.80 0.80 24 IRPO 0.80 0.80 0.80
10 IRPO 0.50 0.80 0.90 25 IRPO 0.80 0.80 0.90
11 IRPO 0.50 0.80 0.99 26 IRPO 0.80 0.80 0.99
12 IRPO  0.60 0.80 0.00 27 IRPO 090 0.80 0.00
13 IRPO 0.60 0.80 0.70 28 IRPO 090 0.80 0.70
14 IRPO 0.60 0.80 0.80 29 IRPO 0.90 0.80 0.80
15 IRPO 0.60 0.80 0.90 30 IRPO 0.90 0.80 0.90
16 IRPO 0.60 0.80 0.99 31 IRPO 090 0.80 0.99

Table 3.1: Parameter settings of the portfolio models used in the backtests.

3. Determine the optimal portfolios ('wlk,'wld’k) corresponding to the models £ = 1,...,31

specified in Table 3.1.

4. For strategy k, the portfolio return rf; over the interval [IA¢, (I + 1)At] is given by:
le—&-l = (wf)TrHl + (max {0, a; + Bl T1+1})T 'w;i’k.

Since 741 is outside of the estimation window, this constitutes an out-of-sample evalua-

tion.

5. If | < L — 1, then increment [ and go to step 2. Otherwise, terminate.

In all backtests we set L = 240 and use an estimation window of size £ = 120. We set the
risk-free rate to ry = 5% per annum and the expected return target to 8% per annum. We
allow short-selling of individual stocks up to —20% and do not impose upper bounds on the

portfolio weights.

The rolling-horizon procedure generates L — E returns {r}}/~ ., for our 31 portfolio strategies
indexed by k. For each of these strategies we calculate the following performance measures:

the out-of-sample mean, variance, skewness, Sharpe ratio, worst-case and best-case monthly
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return.

L
. 1
ok = T Z e (mean)
I=E+1
1 L
(62)F = T 51 Z (rk — p*)?, (variance)
I=E+1
] L
A= T & > ((rf =iy /ehy, (skewness)
I=E+1
—~k ak —
Sk =~ Akrf, (Sharpe ratio)
o
=min {rF: E+1<1< L}, (worst-case return)
# _ max {rf:E4+1<1<L}. (best-case return)

By assuming an initial wealth of 1, we also calculate the final wealth &% of strategy k as follows

L
oF = H .

t=FE+1

We repeat the rolling-horizon procedure described above R = 300 times with different random
generator seeds and calculate averages of the performance measures. We also estimate the
probability of the different portfolio strategies (with k& > 1) yielding a higher final wealth
than the Markowitz strategy (with & = 1) by counting the simulation runs in which this
outperformance is observed. Finally, we compute the excess return of any strategy k relative

to the Markowitz strategy, w* /&' — 1, averaged over all simulation runs.

A property of the geometric Brownian motion price process is that there are almost surely no
discontinuities in the price paths. In reality, rare events such as market crashes can occur,
and therefore the Jump-Diffusion model introduced by Merton [Mer76] may be more suitable

to describe real price movements. Under Merton’s Jump-Diffusion model, the stock prices are



58 Chapter 3. Robust Portfolio Optimization with Derivative Insurance Guarantees

governed by the stochastic differential equations

~. Nt
d5? o~ -

SS; = (uf = Xm) dt + o AW +d) (V; 1), i=1...n,

t j=1 (3.47)
E [de d’Wg} — pf, dt, ij=1...n,

where N is a Poisson process with arrival intensity A¢, and {}N/j} jen is a sequence of independent
identically distributed nonnegative random variables. N, denotes the number of jumps, or
market crashes, between 0 and time ¢, while the }7] represent the relative price changes when

such crashes occur. W, and N, are assumed to be independent.

For simplicity, we assume that all stock prices jump at the same time. Moreover, instead of
making the jump sizes stochastic, as in the general formulation above, we assume that all prices
experience a deterministic relative change of n = —15% when a crash occurs. We set \¢ = 2,
indicating that on average there are two crashes per year. Solving the stochastic differential

equations (3.47) we obtain the following expression for the stock returns

c\2 NlAt
f;’:eprg—%—xn)m%;\/m] I v i=1.n (3.48)

j=N(z—1)Az+1

where N, follows a Poisson distribution with parameter A°At and Y; = e for all j. We now

repeat the previously described rolling-horizon backtest by using (3.48) instead of (3.46).

Discussion of Results

The results of our simulated backtests based on the geometric Brownian motion model are

summarized in Table 3.3.

In comparison with the nominal MvVO portfolio, we observe that the RPO portfolios exhibit a
significantly higher average return at the cost of a relatively small increase in variance. This is
also reflected by the Sharpe ratio values, which are higher than that of the Mvo portfolio for

all levels of p. When p increases, we notice a slight decrease in variance and expected return
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because the portfolios become more conservative. We see that the non-insured RPO portfolios
outperform the Mvo portfolio with probability 75%. This indicates that taking the uncertainty
of the mean estimates into account results in a considerable improvement of out-of-sample

performance.

Next, we assess the performance of the IRPO portfolios. For a fixed insurance level 6, we observe
that the worst-case monthly return (Min) increases with p. In most cases, it also increases with
0 for fixed p. However, this is not always the case. At p = 80%, for instance, the worst-case
return for 8 = 90% is higher than for 8 = 99%. The reason for this is that a large portion
of wealth is allocated to the options in order to satisfy the high insurance demands. Because
there are no price jumps, these options have a low probability to mature in-the-money. The
options have a noticeable effect on the skewness of the portfolio returns, which increases with
p and 6. This is because the put options are effectively cutting away the losses and therefore

cause the portfolio return distribution to be positively skewed.

Finally, for all tested values of p and #, the IRPO portfolios accumulate a higher final wealth
than the nominal MvO portfolio in about 65% of the cases. In terms of Sharpe ratio, the IRPO
portfolios perform comparably to the RPO portfolios. However, the non-insured RPO portfolios
have an increased expected return and a higher probability of outperforming the nominal MvO
portfolio in terms of realized wealth. Note that, although the IRPO portfolios have a lower
probability of outperforming the MvO portfolio, they achieve higher excess returns than the
RPO portfolios because the options help preserve wealth over time. We conclude that under
normal market conditions the non-insured RPO model seems to generate the most attractive

out-of-sample results.

The results of our simulated backtests based on Merton’s jump diffusion model are summarized
in Table 3.4. The following discussion highlights the differences to the results obtained using

the geometric Brownian motion model.

The RPO portfolios still have a significant probability of outperforming the Mvo portfolio in
terms of realized wealth. Due to the crashes, however, this probability now decreases to 65%

(as opposed to 75% in the absence of crashes). Notice that the worst-case monthly returns of
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the RPO portfolios are of the same order of magnitude as those of the MvO portfolio. We also
observe that the realized returns for the RPO and MvO portfolios are highly negatively skewed

because of the downward jumps of the prices.

The IRPO portfolios have an increased expected return and lower variance with respect to the
MVO portfolio for all tested values of p and #. This is also reflected by an improvement in
Sharpe ratio, which for p = 60% and 6 = 99% is 60% higher than that of the Mvo portfolio.
The IRPO portfolios exhibit increased skewness relative to the MvO and RPO portfolios. The
skewness of the IRPO portfolios becomes positive for values of p > 80% and 6 = 99%. The
worst-case return gradually improves with increasing values of p and #, and for p = 90% the
worst-case is 50% higher than that of the nominal MvO portfolio. Finally, the IRPO portfolios
achieve a higher realized wealth than the MvO portfolio in about 77% of the simulation runs.
Notice also that the excess returns monotonically increase with 6. The increase in realized
wealth is due to the option insurance which helps preserve wealth during market crashes. In

contrast, the crashes cause large losses of wealth to the MvO and RPO portfolios.

In conclusion, the simulated tests indicate that the IRPO model has advantages over the MvO
and RPO models when the market exhibits jumps. It typically results in a higher realized wealth

and Sharpe ratio.

3.4.3 Out-of-Sample Evaluation Using Real Market Prices

Simulated stock and option prices may give an unrealistic view of how our portfolio strategies
perform in reality due to the following reasons. Firstly, it is known that real stock returns are
not serially independent and identically distributed. Secondly, real option prices deviate from
those obtained via the Black-Scholes formula by using historical volatilities. Finally, we are
restricted to invest in the options traded in the market, and our assumption about the range

of available strike prices may not hold.

Therefore, we now evaluate the portfolio strategies under the same rolling-horizon procedure

described in the previous section but with real stock and option prices. Historical stock and
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Ticker Name

XMI  AMEX Major Market Index
SPX S&P 500 Index

MID  S&P Midcap 400 Index
SML  S&P Smallcap 600 Index
RUT  Russell 2000 Index

NDX  NASDAQ 100 Index

Table 3.2: Equity indices used in the historical backtest.

option prices are obtained from the OptionMetrics IvyDB database, which is one of the most
complete sources of historical option data available. We limit ourselves to the equity indices
shown in Table 3.2. These indices were chosen because they have the most complete time-series
in the database. As before, we rebalance on a monthly basis, and at every rebalancing date
we consider all available European put and call options that expire in one month.® Because
the IRPO strategy is long in options, we use the highest option ask prices to make sure that we

could have acquired the options at the specified prices.

The time-series covers the period from 18/01/1996 until 18/09/2008. We use an estimation
window of 15 months.” Moreover, we allow short-selling in every equity index up to —20% of
total portfolio value but impose no upper bounds on the weights. The target expected return
is set to 8% per annum. The range of tested p and 6 values is the same as in the previous

section, see Table 3.1.

Discussion of Results

The results of the backtests based on real market prices are given in Table 3.5. Similar to the
out-of-sample results based on simulated prices, the RPO portfolios produce higher expected
returns than the nominal MVO model, while their Sharpe ratios are more than twice as large

as that of the Mvo portfolio for all tested values of p.

The IRPO portfolios also outperform the MvO portfolio in terms of expected return and Sharpe

Tn order to avoid the use of erroneous option data, we only selected those options for which the implied
volatility was supplied and which had a bid and ask price greater than 0. We found that this procedure allowed
us to filter out incorrect entries.

"Different estimation windows yielded slightly different out-of-sample results. However, the general conclu-
sions are independent of the choice of the estimation window.



62 Chapter 3. Robust Portfolio Optimization with Derivative Insurance Guarantees

ratio for all values of p and #. However, compared to the RPO portfolios, they have a slightly
lower expected return on average. This decrease in expected return is due to the cost of insur-
ance. We also observe that the IRPO portfolios have smaller variance than the RPO portfolios
for all tested parameter settings. On average the IRPO portfolios also produce slightly higher

Sharpe ratios than the RPO portfolios.

In Figure 3.3 we plot the cumulative wealth over time of the MvVO portfolio, an RPO portfolio
with p = 50%, an IRPO portfolio with p = 50% and # = 70%, and an IRPO portfolio with
p = 50% and 6 = 99%. The 1RPO portfolio with 6§ = 70% performed better than the MvO
and RPO portfolios. However, we emphasize that the performance of the IRPO model is highly
dependent on the values chosen for p and #. For example, it can be observed that with p = 50%
and 6 = 99% the IRPO portfolio is outperformed by the RPO portfolio due to the high cost of

msurance.

For all tested parameters values, the IRPO model yields a higher worst-case monthly return than
the RPO model and a significant increase in skewness for levels of p > 60%. The worst-case
return monotonically increases with p. However, it is not always increasing in #. High insurance
levels of § 2 90% lead to large investments in put options which expire worthless with high
probability. This is also reflected by a significant drop in expected return and an associated

decrease in Sharpe ratio.

The reasons for this are twofold. Firstly, the strong insurance guarantees are more expensive
in reality than in the simulations. This is because the Black-Scholes formula underestimates
the prices of far out-of-the-money put options when historical volatilities are used. Secondly,
we are limited to invest in the options that are traded in the market and are therefore unable

to invest in options with strike prices that would have resulted in better portfolios.

To conclude, we note that for this particular data set the RPO and IRPO portfolios systematically
outperform the nominal MvVO portfolio in terms of expected return and Sharpe ratio. On
average the RPO portfolios achieve higher expected returns than the IRPO portfolios, whereas
the IRPO portfolios obtain slightly higher average Sharpe ratios. We also conclude that the

performance of the IRPO model is highly dependent on the chosen values of p and 6. The
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Figure 3.3: Cumulated return of the MvO, RPO, and IRPO portfolios using monthly rebalancing
between 19/06/1997 and 18/09/2008.

insurance levels should therefore be tuned to market behavior. Higher insurance levels can help

preserve the accumulated portfolio wealth when the market is volatile and experiences jumps.

Lower insurance levels are preferable in less volatile periods since unnecessary insurance costs

are avoided.

3.5 Conclusions

In this chapter, we extended robust portfolio optimization to accommodate options. Moreover,

we showed how the options can be used to provide strong insurance guarantees, which also

hold when the stock returns are realized outside of the prescribed uncertainty set. Using conic

and linear duality, we reformulated the problem as a convex second-order cone program, which

is scalable in the amount of stocks and options and can be solved efficiently with standard

optimization packages. The proposed methodology can be applied to a wide range of uncertainty

sets and can therefore be seen as a generic extension to the robust portfolio optimization

framework.
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We first performed backtests on simulated data, in which the asset prices reflect normal market
conditions as well as market crashes. In both cases the option premia are calculated using
the standard Black-Scholes model. The simulated results indicate that the insured robust
portfolios have lower expected returns than the non-insured robust portfolios under normal
market conditions but have clear advantages with respect to Sharpe ratio, expected return, as

well as cumulative wealth, when the prices experience jumps.

Since the Black-Scholes prices might not reflect realistic option premia, we also performed
backtests on historical data. We observed that on average the RPO portfolios achieve higher
expected returns than the IRPO portfolios, whereas the IRPO portfolios obtain higher Sharpe
ratios. The results also indicate that the performance of the IRPO model is highly dependent
on the values chosen for p and §. When the insurance level is set too high, the cost of insurance
causes the performance to deteriorate. Therefore, the level of insurance should be tuned to the
market; to preserve wealth, higher insurance levels can benefit the portfolio when the market
is volatile and experiences jumps. Lower insurance levels are preferable in less volatile periods

since unnecessary insurance costs are avoided.
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3.6 Appendix

3.6.1 Notational Reference Table
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Number of stocks

Number of options

Total portfolio return

Risk-free rate

Weights of the stocks and options, respectively

Vector of ones

Lower and upper bounds on the weights of the stocks

Total stock and option returns, respectively

Mean vector and covariance matrix of 7, respectively

Sample mean and sample covariance matrix of 7, respectively
Covariance matrix of fi

Modified covariance matrix of fi

Risk-aversion parameter

Portfolio return target

Probabilities of 7 and f& to be realized within their respective
uncertainty sets, respectively

Uncertainty set for #

Uncertainty set for 7 including support information
Uncertainty set for p

Uncertainty set for # and p including support information
Size parameters for the uncertainty sets Z/l:{ . and Uy, respectively
Conditional worst-case portfolio return

Insurance level

End of investment horizon

Price of stock 7 at time ¢

Standard Wiener processes

Poisson process

Arrival intensity

Relative price change during crash
Instantaneous drifts, volatilities and correlation rates, respectively
Size of the time-series

Size of the estimation window

Strike price of option

Price of option 4 if it is a call/put option
Parameters of function f

Function relating # and 7#¢
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3.6.2 Proof of Theorem 3.6.1

Theorem 3.6.1 For U,, defined as in (3.12), and Us = {3}, problem (3.8) is equivalent to

the following second-order cone program,

max {w' i — k|2 2w]|, - 6

weR”

21/2wH "wTezl,lgwgu},
2

where

Q=A— Aee'A.

eAe
Proof Because Us; is a singleton, it is clear that problem (3.8) is equivalent to

max{min wTu—éHfll/QwH ‘ w'e =1, lgfwgu}. (3.49)
2

weR™ | peldy,

When k = 0, the claim is obviously true. In the rest of the proof we thus assume that x > 0.
Using the definition of the uncertainty set U,,, the inner minimization problem in (3.49) can be
rewritten as

min  w’ i)
HER™

s. t. HA_l/Q(u — [L)Hz <K (3.50)
e'(p—p)=0.
For any fixed portfolio w, problem (3.50) represents a second-order cone program. We proceed

by dualizing (3.50). After a few minor simplification steps, we obtain the dual problem

max w' L — K HAI/Q(w — qe)H . (3.51)

Strong conic duality holds since the primal problem (3.49) is strictly feasible for x > 0. Thus,
both the primal and dual problems (3.49) and (3.50) are feasible and share the same objective

values at optimality. Since x > 0, the optimal dual solution is given by

w'Ae

* : 1/2 . —
q arqgerEm HA (w qe)H Ao
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By substituting ¢* into (3.51) we obtain the optimal value of (3.50), which amounts to
TA 1/2
Wi - k[ ],

We can now substitute (3.52) into (3.49) to obtain the postulated result.

(3.52)
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kE  Av.Return (%) Variance (%) Skewness (%) Min (%) Max (%) Sharpe Ratio Win (%) Excess Ret. (%)
1 8.71594 2.00607 2.68932 -10.29675  11.7450 0.264210 0.00 0.00
2 10.3755 2.55062 3.43910 -10.5330 13.5163 0.341027 74.6 10.5
3 10.3113 2.51639 3.39247 -10.4717 13.4097 0.340005 75.3 9.29
4 10.2613 2.49331 3.35748 -10.4334 13.3355 0.338927 74.6 8.29
) 10.2244 2.47738 3.33970 -10.4134 13.2856 0.338070 74.6 7.47
6 10.1915 2.46703 3.32159 -10.4009 13.2520 0.337030 74.6 6.85
7 9.75114 2.37732 6.37693 -9.82254 13.5763 0.312815 65.0 22.7
8 9.76275 2.35325 6.86229 -9.63240 13.5286 0.315774 66.5 21.7
9 9.95955 2.35109 7.14115 -9.51791 13.5508 0.330269 67.9 21.6
10 10.4537 2.58300 9.11501 -9.48632 14.4127 0.350974 70.6 24.7
11 11.1375 3.69973 15.8147 -9.43376 17.9969 0.318184 62.9 34.0
12 9.70266 2.33910 6.74911 -9.70263 13.5173 0.312973 64.9 22.7
13 9.71800 2.32261 7.20889 -9.54075 13.4913 0.315523 65.6 20.9
14 9.89839 2.32169 7.50994 -9.42003 13.5127 0.328530 67.2 21.6
15 10.3990 2.52040 9.03305 -9.44218 14.2191 0.351144 70.9 24.1
16 11.1357 3.64071 15.6969 -9.41962 17.7885 0.321900 63.5 33.5
17 9.70377 2.32215 7.50623 -9.56143 13.5511 0.314441 64.5 22.8
18 9.71463 2.31140 7.94322 -9.41865 13.5345 0.316258 64.9 21.4
19 9.85969 2.31282 8.27716 -9.30624 13.5606 0.326427 65.6 22.0
20 10.3427 2.47753 9.56243 -9.31501 14.1313 0.348963 70.2 23.3
21 11.0978 3.54072 15.6044 -9.36810 17.5359 0.325626 63.2 324
22 9.83033 2.37172 9.79252 -9.25168 13.8913 0.317983 63.5 23.3
23 9.83828 2.37367 10.2294 -9.12943 13.9154 0.318421 64.2 24.0
24 9.91845 2.38374 10.5327 -9.04900 13.9499 0.323221 65.9 22.6
25 10.3096 2.53120 11.6889 -8.96272 14.4386 0.339619 69.9 24.3
26 11.0432 3.45595 15.5965 -9.23531 17.3043 0.325910 65.6 30.4
27 10.5568 3.07095 15.6408 -8.67166 16.4439 0.311806 61.9 32.0
28 10.5757 3.09742 15.7754 -8.64120 16.5136 0.311775 62.2 31.2
29 10.5787 3.11860 15.8493 -8.63573 16.5691 0.311006 61.5 30.5
30 10.6744 3.20165 15.9592 -8.67983 16.7601 0.312786 62.2 31.2
31 11.0842 3.61410 15.9569 -9.22338 17.7917 0.317473 63.5 33.0

Table 3.3: Out-of-sample statistics obtained for the various portfolio policies when the asset prices follow a geometric Brownian motion model. All
the portfolios were constrained to have an expected return of 8% per annum. We report the out-of-sample yearly average return, variance, skewness,
and Sharpe ratio. We also give the worst (Min) and best (Max) monthly return, as well as the probability of the robust policies generating a final
wealth that outperforms the standard mean-variance policy (Win). Finally, we report the excess return in final wealth of the robust policies relative
to the mean-variance policy. All values represent averages over 300 simulations.
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k  Av. Return (%) Variance (%) Skewness (%) Min (%) Max (%) Sharpe Ratio Excess Ret. (%)
1 7.31825 2.34178 -9.12004 -16.4139 11.7043 0.151491 0.00
2 11.2927 3.01830 -19.5287 -17.1069 12.3246 0.362207 57.0
3 11.0634 2.87484 -18.3199 -16.9154 11.6224 0.357613 54.4
4 10.9261 2.76526 -17.5850 -16.6864  11.4770 0.356368 53.0
5 10.6595 2.67737 -16.8366 -16.4205 11.4771 0.345881 49.3
6 10.2065 2.59044 -15.8553 -15.9605 11.4771 0.323491 42.7
7 13.1180 2.35028 -6.21748 -11.8770 12.2885 0.529530 80.8
8 12.4548 2.26840 -6.36185 -13.1038 11.6413 0.494968 74.1
9 11.4658 2.29011 -8.42871 -14.8555 11.0644 0.427262 67.6
10 9.69145 2.35543 -9.06444 -14.8548  10.7600 0.305684 41.7
11 8.42547 2.45024 -4.29419 -14.8553 11.9108 0.218834 23.4
12 12.7677 2.25056 -3.73207 -11.4450  11.4077 0.517785 81.4
13 12.1563 2.22157 -4.06279 -12.6428 11.3968 0.480132 68.9
14 11.2310 2.24928 -6.79232 -14.8559 10.9404 0.415466 64.0
15 9.56499 2.30204 -7.52749 -14.8556 10.7594 0.300873 40.0
16 8.44237 2.42517 -4.49501 -14.8549 11.9361 0.221048 23.7
17 12.5775 2.17887 -0.34246 -10.6547 11.4211 0.513348 80.1
18 11.9782 2.16979 -1.84851 -12.3076 11.2077 0.473736 67.4
19 11.0419 2.19461 -5.87528 -14.8556 10.7596 0.407848 62.6
20 9.62988 2.24781 -5.11817 -14.8558  10.9213 0.308809 41.9
21 8.31310 2.43287 -4.38022 -14.8557 11.9830 0.212410 21.9
22 11.5649 2.14677 2.53860 -10.3774 11.6451 0.448060 62.3
23 10.8342 2.16369 0.81466 -12.0324 11.2003 0.396631 53.0
24 10.2051 2.24547 -2.69276 -14.8321 11.6277 0.347358 47.1
25 9.13540 2.25700 -2.25949 -14.8560  12.1547 0.275265 34.0
26 8.19263 2.48381 -2.95234 -14.8556 13.1482 0.202576 20.0
27 10.4035 2.22619 4.54875 -10.2823  13.3358 0.362153 43.9
28 9.87056 2.27988 1.62919 -11.9177  12.6118 0.322569 38.1
29 9.57241 2.32928 -0.41801 -13.9725 12.6016 0.299595 36.8
30 9.07195 2.37072 -1.62395 -14.8547 12.8105 0.264462 33.3
31 8.42897 2.49602 -2.53740 -14.8553 13.3825 0.217040 23.1

Table 3.5: Out-of-sample statistics obtained for the various portfolio policies using the real stock and option prices evaluated using monthly

rebalancing between 19/06/1997 and 18/09/2008.



Chapter 4

Worst-Case Value-at-Risk of

Non-Linear Portfolios

In Chapter 3, we investigated how to incorporate options within the robust portfolio optimiza-
tion framework. In this chapter our aim will be to apply distributionally robust optimization
techniques to minimize the Value-at-Risk (VaR) of derivative portfolios. Portfolio optimization
problems involving VaR are often computationally intractable and require complete informa-
tion about the return distribution of the portfolio constituents, which is rarely available in
practice. These difficulties are further compounded when the portfolio contains derivatives.
Nevertheless, we will show that by employing duality theory and by solving moment problems,
the Worst-Case VaR, which is a distributionally robust version of VaR, can be optimized effi-
ciently even when the portfolio contains derivatives. Interestingly, we will also show that there
exists an equivalence between Worst-Case VaR optimization and robust portfolio optimization,

which we elaborated in Chapter 3.

4.1 Introduction

Although mean-variance optimization is appropriate when the asset returns are symmetrically

distributed, it is known to result in counter intuitive asset allocations when the portfolio return

71



72 Chapter 4. Worst-Case Value-at-Risk of Non-Linear Portfolios

is skewed. This shortcoming triggered extensive research on downside risk measures. Due to
its intuitive appeal and since its use is enforced by financial regulators, Value-at-Risk (VaR)
remains the most popular downside risk measure [Jor01]. The VaR at level € is defined as the

(1 — €)-quantile of the portfolio loss distribution.

Despite its popularity, VaR lacks some desirable theoretical properties. Firstly, VaR is known
to be a non-convex risk measure. As a result, VaR optimization problems usually are computa-
tionally intractable. In fact, they belong to the class of chance-constrained stochastic programs,
which are notoriously difficult to solve. Secondly, VaR fails to satisfy the subadditivity prop-
erty of coherent risk measures [ADEH99], see also Section 2.4.3. Thus, the VaR of a portfolio
can exceed the weighted sum of the VaRs of its constituents. In other words, VaR may pe-
nalize diversification. Thirdly, the computation of VaR requires precise knowledge of the joint

probability distribution of the asset returns, which is rarely available in practice.

A typical investor may know the first- and second-order moments of the asset returns but
is unlikely to have complete information about their distribution. Therefore, EI Ghaoui et
al. [EGOO03] propose to maximize the VaR of a given portfolio over all asset return distribu-
tions consistent with the known moments. The resulting Worst-Case VaR (WCVaR) represents
a conservative (that is, pessimistic) approximation for the true (unknown) portfolio VaR. In
contrast to VaR, WCVaR represents a convex function of the portfolio weights and can be opti-
mized efficiently by solving a tractable second-order cone program. El Ghaoui et al. [EGOO03]
also disclose an interesting connection to robust optimization [BTN98, BTN99, RH02]: WCVaR
coincides with the worst-case portfolio loss when the asset returns are confined to an ellipsoidal

uncertainty set determined through the known means and covariances.

In this chapter we study portfolios containing derivatives, the most prominent examples of which
are European call and put options. Sophisticated investors frequently enrich their portfolios
with derivative products, be it for hedging and risk management or speculative purposes. In the
presence of derivatives, WCVaR still constitutes a tractable conservative approximation for the
true portfolio VaR. However, it tends to be over-pessimistic and thus may result in undesirable

portfolio allocations. The main reasons for the inadequacy of WCVaR, are the following.
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e The calculation of WCVaR requires the first- and second-order moments of the derivative
returns as an input. These moments are difficult or (in the case of exotic options) almost

impossible to estimate due to scarcity of time series data.

e WCVaR disregards perfect dependencies between the derivative returns and the underlying
asset returns. These (typically non-linear) dependencies are known in practice as they can
be inferred from contractual specifications (payoff functions) or option pricing models. Note
that the covariance matrix of the asset returns, which is supplied to the WCVaR model, fails
to capture non-linear dependencies among the asset returns, and therefore WCVaR tends to

severely overestimate the true VaR of a portfolio containing derivatives.

Recall that WCVaR can be calculated as the optimal value of a robust optimization problem
with an ellipsoidal uncertainty set, which is highly symmetric. This symmetry hints at the
inadequacy of WCVaR from a geometrical viewpoint. An intuitively appealing uncertainty set
should be asymmetric to reflect the skewness of the derivative returns. Recently, Natarajan
et al. [NPSO08] included asymmetric distributional information into the WCVaR optimization
in order to obtain a tighter approximation of VaR. However, their model requires forward-
and backward-deviation measures as an input, which are difficult to estimate for derivatives.
In contrast, reliable information about the functional relationships between the returns of the

derivatives and their underlying assets is readily available.

In this chapter we develop novel Worst-Case VaR models which explicitly account for perfect
non-linear dependencies between the asset returns. We first introduce the Worst-Case Poly-
hedral VaR (WCPVaR), which provides a tight conservative approximation for the VaR of a
portfolio containing European-style options expiring at the end of the investment horizon. In
this situation, the option returns constitute convex piecewise-linear functions of the underlying
asset returns. WCPVaR evaluates the worst-case VaR over all asset return distributions consis-
tent with the given first- and second-order moments of the option underliers and the piecewise
linear relation between the asset returns. Under a no short-sales restriction on the options, we

are able to formulate WCPVaR optimization as a convex second-order cone program, which

can be solved efficiently [AGO03]. We also establish the equivalence of the WCPVaR model to a
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robust optimization model described in Chapter 3.

Next, we introduce the Worst-Case Quadratic VaR (WCQVaR) which approximates the VaR
of a portfolio containing long and/or short positions in plain vanilla and/or exotic options
with arbitrary maturity dates. In contrast to WCPVaR, WCQVaR assumes that the derivative
returns are representable as (possibly non-convex) quadratic functions of the underlying asset
returns. This can always be enforced by invoking a delta-gamma approximation, that is, a
second-order Taylor approximation of the portfolio return. The delta-gamma approximation is
popular in many branches of finance and is accurate for short investment periods. Moreover, it
has been used extensively for VaR estimation, see, e.g., the surveys by Jaschke [Jas02] and Mina
and Ulmer [MU99]. However, to the best of our knowledge, the delta-gamma approximation has
never been used in a VaR optimization model. We define WCQVaR as the worst-case VaR over
all asset return distributions consistent with the known first- and second-order moments of the
option underliers and the given quadratic relation between the asset returns. WCQVaR provides
a tight conservative approximation for the true portfolio VaR if the delta-gamma approximation
is accurate. We show that WCQVaR optimization can be formulated as a convex semidefinite
program, which can be solved efficiently [VB96|, and we establish a connection to a novel robust

optimization problem. The main contributions in this chapter can be summarized as follows:

(1) We generalize the WCVaR model [EGOOO03] to explicitly account for the non-linear re-
lationships between the derivative returns and the underlying asset returns. To this end,
we develop the WCPVaR and WCQVaR models as described above. We show that in the
absence of derivatives both models reduce to the WCVaR model. Moreover, we formulate
WCPVaR optimization as a second-order cone program and WCQVaR optimization as a

semidefinite program. Both models are polynomial time solvable.

(2) We show that both the WCPVaR and the WCQVaR models have equivalent reformula-
tions as robust optimization problems. We explicitly construct the associated uncertainty
sets which are, unlike conventional ellipsoidal uncertainty sets, asymmetrically oriented
around the mean values of the asset returns. This asymmetry is caused by the non-linear

dependence of the derivative returns on their underlying asset returns. Simple examples
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illustrate that the new models may approximate the true portfolio VaR significantly better

than WCVaR in the presence of derivatives.

(3) The robust WCQVaR model is of relevance beyond the financial domain because it con-
stitutes a tractable approximation of a chance-constrained stochastic program, see Sec-
tion 2.3.1, that is affine in the decision variables but (possibly non-convex) quadratic in
the uncertainties. Although tractable approximations for chance constrained programs
with affine perturbations have been researched extensively (see, e.g., [NS06]), the case

of quadratic data dependence has remained largely unexplored (with the exception of

[BTEGNO09, §1.4]).

(4) We evaluate the WCQVaR model in the context of an index tracking application. We show
that when investment in options is allowed, the optimal portfolios exhibit vastly improved

out-of-sample performance compared to the optimal portfolios based on stocks only.

The remainder of the chapter is organized as follows. In Section 4.2 we review the mathe-
matical definitions of VaR and WCVaR. Moreover, we recall the relationship between WCVaR
optimization and robust optimization. In Section 4.3 we highlight the shortcomings of WC-
VaR in the presence of derivatives. In Section 4.4 we develop the WCPVaR model in which
the option returns are modelled as convex piecewise-linear functions of the underlying asset
returns. We prove that it can be reformulated as a second-order cone program and construct
the uncertainty set which generates the equivalent robust portfolio optimization model. In
Section 4.5 we describe the WCQVaR model, which approximates the portfolio return by a
quadratic function of the underlying asset returns. We show that it can be reformulated as a
semidefinite program and prove its equivalence to an augmented robust optimization problem
whose uncertainty set is embedded into the space of positive semidefinite matrices. Section
4.6 evaluates the out-of-sample performance of the WCQVaR model in the context of an index

tracking application. Conclusions are drawn in Section 4.7.
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4.2 Worst-Case Value-at-Risk Optimization

Consider a market consisting of m assets such as equities, bonds, and currencies. We denote the
present as time ¢t = 0 and the end of the investment horizon ast = T'. A portfolio is characterized
by a vector of asset weights w € R™, whose elements add up to 1. The component w; denotes
the percentage of total wealth which is invested in the ith asset at time ¢ = 0. Furthermore,
r denotes the R™-valued random vector of relative assets returns over the investment horizon.
By definition, an investor will receive 1 + 7; dollars at time T for every dollar invested in asset
i at time 0. The return of a given portfolio w over the investment period is thus given by the

random variable

Py =w' T (4.1)

Loosely speaking, we aim at finding an allocation vector w which entails a high portfolio return,
whilst keeping the associated risk at an acceptable level. Depending on how risk is defined, we

end up with different portfolio optimization models.

Arguably one of the most popular measures of risk is the Value-at-Risk (VaR). The VaR at
level € is defined as the (1 — €)-percentile of the portfolio loss distribution, where € is typically
chosen as 1% or 5%. Put differently, VaR.(w) is defined as the smallest real number v with

the property that —w'# exceeds v with a probability not larger than e, that is,
VaR (w) =min{y : P{y < —w'7} <€}, (4.2)

where P denotes the distribution of the asset returns 7.

In this chapter we investigate portfolio optimization problems of the type

minimize  VaR.(w)
werr (4.3)

subject to w € W,

where YW C R™ denotes the set of admissible portfolios. The inclusion w € VW usually implies

the budget constraint w'e = 1 (where e denotes the vector of 1s). Optionally, the set W
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may account for bounds on the allocation vector w and/or a constraint enforcing a minimum

expected portfolio return. In this chapter we only require that ¥ must be a convex polyhedron.

By using (4.2), the VaR optimization model (4.3) can be reformulated as

minimize vy
weR™ ~veR

subject to P{y +w'F >0} >1—¢ (4.4)

weW,

which constitutes a chance-constrained stochastic program, see Section 2.3.1. Optimization
problems of this kind are usually difficult to solve since they tend to have non-convex or
even disconnected feasible sets. Furthermore, the evaluation of the chance constraint requires
precise knowledge of the probability distribution of the asset returns, which is rarely available

in practice.

4.2.1 Two Analytical Approximations of Value-at-Risk

In order to overcome the computational difficulties and to account for the lack of knowledge
about the distribution of the asset returns, the objective function in (4.3) must usually be
approximated. Most existing approximation techniques fall into one of two main categories:
non-parametric approaches which approximate the asset return distribution by a discrete (sam-
pled or empirical) distribution and parametric approaches which approximate the asset return
distribution by the best fitting member of a parametric family of continuous distributions. We
now give a brief overview of two analytical VaR approximation schemes that are of particular

relevance for our purposes.

Both in the financial industry as well as in the academic literature, it is frequently assumed that
the asset returns 7 are governed by a Gaussian distribution with given mean vector u, € R™

and covariance matrix 3, € S™. This assumption has the advantage that the VaR can be
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calculated analytically as

VaR (w) = —ptw — & &) VwTZ,w, (4.5)

where ® is the standard normal distribution function. This model is sometimes referred to as
Normal VaR (see, e.g., [NPS08]). In practice, the distribution of the asset returns often fails to
be Gaussian. In these cases, (4.5) can still be used as an approximation. However, it may lead
to gross underestimation of the actual portfolio VaR when the true portfolio return distribution

is leptokurtic or heavily skewed, as is the case for portfolios containing options.

To avoid unduly optimistic risk assessments, El Ghaoui et al. [EGOO03] suggest a conservative
(that is, pessimistic) approximation for VaR under the assumption that only the mean values
and covariance matrix of the asset returns are known. Let P, be the set of all probability
distributions on R™ with mean value u, and covariance matrix 3,.. We emphasize that P,
contains also distributions which exhibit considerable skewness, so long as they match the
given mean vector and covariance matrix. The Worst-Case Value-at-Risk for portfolio w is

now defined as

WCVaR, (w) = min {7 : sup P{y < —w'7} < e} . (4.6)
PeP,

Note that the above problem constitutes a distributionally robust chance-constrained program,

see Section 2.3.3. El Ghaoui et al. demonstrate that WCVaR has the closed form expression

WCVaR (w) = —ptw + k(€)v/wTE,w, (4.7)

where k(€) = y/(1 —€)/e. WCVaR represents a tight approximation for VaR in the sense that
there exists a worst-case distribution P* € P, such that VaR with respect to P* is equal to

WCVaR.

When using WCVaR instead of VaR as a risk measure, we end up with the portfolio optimization

problem

e T 1/2
minimize  — plw + k(e) || Y 2w
527, »

subject to w € W,
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which represents a second-order cone program that is amenable to efficient numerical solution

procedures.

4.2.2 Robust Optimization Perspective on Worst-Case VaR

Consider the following robust optimization problem (see Section 2.3.2 for an intoduction to
robust optimization).

minimize 7y
weR™ veR

subject to y+w'r>0 Vrel (4.9)

w e W.

An uncertainty set that enjoys wide popularity in the robust optimization literature is the
ellipsoidal set,

U={recR™ : (r—pu)"Z r—p,) <6,

which is defined in terms of the mean vector p, and covariance matrix 3, of the asset returns

as well as a size parameter 0. By conic duality it can be shown that the following equivalence

holds for any fixed (w,v) € W x R.
Y+w'r>0 Vreld <= —plw+6|Z w|, <~y (4.10)

Problem (4.9) can therefore be reformulated as the following second-order cone program.

minimize  — pyw + 6 HE:,/Q'wH2
wek (4.11)
subject to w € W

By comparing (4.8) and (4.11), El Ghaoui et al. [EGOO03] noticed that optimizing WCVaR
at level € is equivalent to solving the robust optimization problem (4.9) under an ellipsoidal
uncertainty set with size parameter § = x(¢), see also Natarajan et al. [NPS08|. This uncertainty

set will henceforth be denoted by U..
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In this chapter we extend the WCVaR model (4.7) and the equivalent robust optimization
model (4.9) to situations in which there are non-linear relationships between the asset returns,

as is the case in the presence of derivatives.

4.3 Worst-Case VaR for Derivative Portfolios

From now on assume that our market consists of n < m basic assets and m —n derivatives. We
partition the asset return vector as 7 = (é , M), where the R"-valued random vector € and R™ -

valued random vector 17 denote the basic asset returns and derivative returns, respectively.

To approximate the VaR of some portfolio w € VW containing derivatives, one can principally
still use the WCVaR model (4.7), which has the advantage of computational tractability and
accounts for the absence of distributional information beyond first- and second-order moments.
However, WCVaR is not a suitable approximation for VaR in the presence of derivatives due

to the following reasons.

The first- and second-order moments of the derivative returns, which must be supplied to
the WCVaR model, are difficult to estimate reliably from historical data, see, e.g., [CS02].
Note that the moments of the basic assets returns (i.e., stocks and bonds etc.) can usually be
estimated more accurately due to the availability of longer historical time series. However, even
if the means and covariances of the derivative returns were precisely known, WCVaR would still
provide a poor approximation of the actual portfolio VaR because it disregards known perfect
dependencies between the derivative returns and their underlying asset returns. In fact, the
returns of the derivatives are uniquely determined by the returns of the underlying assets, that
is, there exists a (typically non-linear) measurable function f : R — R™ such that # = f(£).!
Put differently, the derivatives introduce no new uncertainties in the market; their returns are
uncertain only because the underlying asset returns are uncertain. The function f can usually
be inferred reliably from contractual specifications (payoff functions) or pricing models of the

derivatives.

IFor ease of exposition, we assume that the returns of the derivative underliers are the only risk factors
determining the option returns.
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In summary, WCVaR provides a conservative approximation to the actual VaR. However,
it relies on first- and second-order moments of the derivative returns, which are difficult to
obtain in practice, but disregards the perfect dependencies captured by the function f, which

is typically known.

When f is non-linear, WCVaR tends to severely overestimate the actual VaR since the covari-
ance matrix X, accounts only for lznear dependencies. The robust optimization perspective on
WCVaR manifests this drawback geometrically. Recall that the ellipsoidal uncertainty set U,
introduced in Section 4.2.2 is symmetrically oriented around the mean vector p,. If the un-
derlying assets of the derivatives have approximately symmetrically distributed returns, then
the derivative returns are heavily skewed. An ellipsoidal uncertainty set fails to capture this
asymmetry. This geometric argument supports our conjecture that WCVaR provides a poor

(over-pessimistic) VaR estimate when the portfolio contains derivatives.

In the remainder of the chapter we assume to know the first- and second-order moments of
the basic asset returns as well as the function f, which captures the non-linear dependencies
between the basic asset and derivative returns. In contrast, we assume that the moments of

the derivative returns are unknown.

In the next sections we derive generic Worst-Case Value-at-Risk models that explicitly account
for non-linear (piecewise linear or quadratic) relationships between the asset returns. These new
models provide tighter approximations for the actual VaR of portfolios containing derivatives

than the WCVaR model, which relies solely on moment information.

Below, we will always denote the mean vector and the covariance matrix of the basic asset
returns by p and 3, respectively. Without loss of generality we assume that ¥ is strictly

positive definite.
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4.4 Worst-Case Polyhedral VaR Optimization

In this section we describe a Worst-Case VaR model that explicitly accounts for piecewise
linear relationships between option returns and their underlying asset returns. We show that
this model can be cast as a tractable second-order cone program and establish its equivalence

to a robust optimization model that admits an intuitive interpretation.

4.4.1 Piecewise Linear Portfolio Model

We now assume that the m — n derivatives in our market are European-style call and/or put
options derived from the basic assets. All these options are assumed to mature at the end of

the investment horizon, that is, at time 7.

For ease of exposition, we partition the allocation vector as w = (wé, w"), where w® € R"
and w" € R™™" denote the percentage allocations in the basic assets and options, respectively.
In this section we forbid short-sales of options, that is, we assume that the inclusion w € W
implies w” > 0. Recall that the set W of admissible portfolios was assumed to be a convex

polyhedron.

We now derive an explicit representation for f by using the known payoff functions of the basic
assets as well as the European call and put options. Since the first n components of 7 represent
the basic asset returns é, we have f; (é) = éj for j = 1,...,n. Next, we investigate the option
returns 7; for j =n+1,...,m.? Let asset j be a call option with strike price k; on the basic
asset 7, and denote the return and the initial price of the option by 7; and ¢;, respectively. If s;
denotes the initial price of asset i, then its end-of-period price amounts to s;(1 + fl) We can
now explicitly express the return 7; as a convex piecewise linear function of g}-,
fj(é) = imax {0, si(1+&) — k:j} -1

Cj

: i — kj i
= max{—l,aj +b;& — 1} ,  where a; = i 2 and b = 5 (4.12a)

Cj Cj

2The following equations are equivalent to those presented in Section 3.3.1 but where we now use relative
returns. The equations are repeated for clarity of exposition.
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Similarly, if asset j is a put option with price p; and strike price k; on the basic asset 7, then

its return 7; is representable as a different convex piecewise linear function,

fi(€) = maX{—Laj + b6 — 1}, where a; = kj]; % and b; = _p_ (4.12Db)
J J

Using the above notation, we can write the vector of asset returns 7 compactly as

- §

7= f(€) = , (4.13)
max {—e, a+ Bé — e}

where a € R™™", B € R(™*" are known constants determined through (3.27a) and (3.27b),
e € R™™" is the vector of 1s, and ‘max’ denotes the component-wise maximization operator.

Thus, the return 7, of some portfolio w € W can be expressed as

iy =w'F = (w*) "€+ (w")'h

—w'f(€) = (w®)T€ + (w") " max {—e, a+BE — e} : (4.14)

4.4.2 Worst-Case Polyhedral VaR Model

For any portfolio w € W, we define the Worst-Case Polyhedral VaR (WCPVaR) as

WCPVaR (w) = min {fy . suplP {’y < —wa(é)} < e} (4.15)
PEP

= min {’y : ;ugl[”{v < —(wﬁ)Té_ (w™" max{—e,a+ B¢ — e}} < 6} ,

where P denotes the set of all probability distributions of the basic asset returns € with a given
mean vector g and covariance matrix 3. WCPVaR provides a tight conservative approximation
for the VaR of a portfolio whose return constitutes a convex piecewise linear (i.e., polyhedral)

function of the basic asset returns.

In the remainder of this section we derive a manifestly tractable representation for WCPVaR.
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As a first step to achieve this goal, we simplify the maximization problem

;16171319’ {’y < —(w®)T€ — (w")" max {—e, a+BE — e}} : (4.16)

which can be identified as the subordinate optimization problem in (4.15).

For some fixed portfolio w € W and v € R, we define the set S, C R" as
S, ={€cR" : v+ (w)"¢ + (w") " max{—e,a + B¢ — e} <0}
For any & € R™ and nonnegative w" € R™™" we have

(w")T max{—e,a + B¢ — e} = min {gTw’7 :g>—e g>a+Bf— e}

geRm—n

= max {y"(a+BE) —e'w” : 0 <y <w},
ye m—n

where the second equality follows from strong linear programming duality. Thus, the set S,
can be written as

S, = {§ eR” : max {y+ (w*)"€+y ' (a+BE) —e'w’} < O} . (4.17)

0<y<wn

The optimal value of problem (4.16) can be obtained by solving the worst-case probability
problem

Twe = supP{€ € S, }. (4.18)
PeP

The next lemma reviews a general result about worst-case probability problems and will play
a key role in many of the following derivations. The proof is due to Calafiore et al. [CTEG09]

but is repeated in Appendix 4.8.1 to keep this chapter self-contained.

Lemma 4.4.1 Let S C R" be any Borel measurable set (which is not necessarily convex), and

define the worst-case probability my. as

Twe = sup P{€ € S}, (4.19)

PeP
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where P s the set of all probability distributions of é with mean vector p and covariance matrix

3>~ 0. Then,
. T T T
= : > .
me= it {@M): Mzo, [(M[ET1) =1 wees), (420
where
Y+ ppt
- |~ "MK (4.21)
pt 1

is the second-order moment matriz of €.

Lemma 4.4.1 enables us to reformulate the worst-case probability problem (4.18) as

Twe = inf (2, M)
Mesntl

s.t. [€T 1M [€T l]T >1V€: max {7+ (w®)"¢€ +y"(a+BE) —e'w?} <0
0<y<wn
M = 0.
(4.22)
We now recall the non-linear Farkas Lemma, which is a fundamental theorem of alternatives in
convex analysis and will enable us to simplify the optimization problem (4.22), see, e.g., [PT07,

Theorem 2.1] and the references therein.

Lemma 4.4.2 (Farkas Lemma) Let fy,..., f, : R* — R be convex functions, and assume
that there exists a strictly feasible point & with fi(€) <0, i=1,...,p. Then, fo(&) >0 for all

& with f;(€§) <0,i=1,...,p, if and only if there exist constants 7; > 0 such that

fo(€) + Zﬂ‘fi(ﬁ) >0 VEecR"
i=1
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We will now argue that problem (4.22) can be reformulated as follows.

inf (Q, M)
s.t. MeS"™, 7eR, Mx=0, 7>0

g;g};n{v + (W€ +y"(a+BE) - eTw”}> >0 VEeR”
o (4.23)

(€T 1M [¢T 1}T—1+27(

0

For ease of exposition, we first first define

_ . ENT T B S T..0m
h gﬁgoggﬁn{v+(w)£+y(a+ §) —e wh

The equivalence of (4.22) and (4.23) is proved case by case. Assume first that h < 0. Then, the
equivalence follows from the Farkas Lemma. Assume next that A > 0. Then, the semi-infinite
constraint in (4.22) becomes redundant and, since € > 0, the optimal solution of (4.22) is
given by M = 0 with a corresponding optimal value of 0. The optimal value of problem (4.23)
is also equal to 0. Indeed, by choosing 7 = 1/h, the semi-infinite constraint in (4.23) is satisfied
independently of M. Finally, assume that h = 0. In this degenerate case the equivalence follows

from a standard continuity argument. Details are omitted for brevity of exposition.

It can be seen that since 7 > 0, the semi-infinite constraint in (4.23) is equivalent to the

assertion that there exists some 0 < y < w" with
€T 1M 1] —1+27 (v + (w®)Te+y (@a+BE) —e'w?) >0  VEER™

This semi-infinite constraint can be written as

.
I3 0 7(w® + BTy I3
M + ( ) >0 VEeR”
1 T(ws+BTy)T —1+27(v+y'a—ew") 1
0 7(ws + BTy)
— M+ = 0.

T(w*+BTy)T —14+27(y+y'a—e'w")
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Thus, the worst-case probability problem (4.22) can equivalently be formulated as

Twe =1nf  (Q, M)
s.t. MeS"™, yeR™™ r1€R
M>=0, 7>0, 0<y<w" (4.24)
0 7(w* +BTy)

M +
T(w¢ +BTy)T —1+27(y+y'a—eTw")

\
©

By using (4.24) we can express WCPVaR in (4.15) as the optimal value of the following mini-

mization problem.

WCPVaR (w) =inf ~
s.t. MeS"™ yeR™™ 71e€R, v€R
QM) <e, M3>0, 720, 0<y<w” (4.25)

NE 0 7(w® +BTy) 0
T(ws+BTy)T —1+27(v+yTa—eTw")
Problem (4.25) is non-convex due to the bilinear terms in the matrix inequality constraint.
It can easily be shown that (2, M) > 1 for any feasible point with vanishing 7-component.
However, since € < 1, this is in conflict with the constraint (€2, M) < e. We thus conclude
that no feasible point can have a vanishing 7-component. This allows us to divide the matrix
inequality in problem (4.25) by 7. Subsequently we perform variable substitutions in which we

replace 1/7 by 7 and M/7 by M. This yields the following reformulation of problem (4.25).

WCPVaR (w) =inf v
s.t. MeS'™ yeR™™ 71eR, ~veR
QM) <7e, M3>=0, 7>0, 0<y<w" (4.26)
0 wé + BTy

M + 70
(w*+BTy)T —7+2(v+y'a—e'w")
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Observe that (4.26) constitutes a semidefinite program (SDP) that can be used to efficiently
compute the WCPVaR of a given portfolio w € V. However, it would be desirable to obtain
an equivalent second-order cone program (SOCP) because SOCPs exhibit better scalability

properties than SDPs [AG03]|. Theorem 4.4.1 shows that such a reformulation exists.

Theorem 4.4.1 Problem (4.26) can be reformulated as

WCPVaR.(w) = min  — p' (w® +B7g) + k(e H21/2('w£ + BTg)H2 —a'g+e'w, (4.27)

0<g<wn

which constitutes a tractable SOCP.

Proof The proof follows a similar reasoning as in [EGOO03, Theorem 1] and is therefore

relegated to Appendix 4.8.2.

Remark 4.4.1 In the absence of derivatives, that is, when the market only contains basic

assets, then m = n and w = w&. In this special case we obtain
WCPVaR.(w) = —p"w + £(€) || ?w||, = WCVaR.(w).

Thus, the WCPVaR model encapsulates the WCVaR model (4.7) as a special case.

The problem of minimizing the WCVaR of a portfolio containing European options can now
be conservatively approximated by

minimize WCPVaR.(w)

weR™

subject to w € W,
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which is equivalent to the tractable SOCP

minimize 7y
subject to w® € R, w?e€R™™, gcR™", 4R
(4.28)
— pT(w* +BTg) + k(e) | B (w* + BTg)||, —a’g + e"w” < v

0<g<w" w=(ww"), weW.

Recall that the set of admissible portfolios W precludes short positions in options, that is,
w € W implies w” > 0. Furthermore, note that problem (4.28) bears a strong similarity to

the robust portfolio optimization model (3.31), which we derived in Section 3.3

4.4.3 Robust Optimization Perspective on WCPVaR

In Section 4.2 we highlighted a known relationship between WCVaR optimization and robust
optimization. Moreover, in Section 4.3 we argued that the ellipsoidal uncertainty set related to
the WCVaR model is symmetric and as such fails to capture the asymmetric dependencies be-
tween options and their underlying assets. In the next theorem we establish that the WCPVaR
minimization problem (4.28) can also be cast as a robust optimization problem of the type

(4.9). However, the uncertainty set which generates WCPVaR is no longer symmetric.

Theorem 4.4.2 The WCPVaR minimization problem (4.28) is equivalent to the robust opti-
mization problem
b
subject to —aw'r <7y Vr e UP (4.29)
weW,

where the uncertainty set UP C R™ s defined as

W={reR" : R (- p)'SNE—p) <l r=fO)  (430)

3The small differences are due to the facts that we use relative returns and that we do not consider support
information in this chapter.
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Call Option

Stock A
Stock B

Figure 4.1: Illustration of the U? uncertainty set: the classical ellipsoidal uncertainty set has
been transformed by the piecewise linear payoff function of the call option written on stock B.
Proof The result is based on conic duality. We refer to Theorem 3.3.1 for an analogous

exposition of the proof. |

Remark 4.4.2 Unlike the uncertainty set U, defined in Section 4.2.2, the new uncertainty set
UP reflects the non-linear relationship between the option returns and their underlying asset
returns. Because f is a convex piecewise linear function, the uncertainty set is no longer

symmetric around . The asymmetry is caused by the option returns, see Figure 4.1.

Example 4.4.1 Consider a Black-Scholes economy consisting of stocks A and B, a FEuropean
call option on stock A, and a Furopean put option on stock B. Furthermore, let w be an equally
weighted portfolio of these m = 4 assets, that is, set w; = 1/m fori=1,...,m. Thus we have

w =[0.25 0.25 0.25 0.25]".

We assume that the prices of stocks A and B are governed by a bivariate geometric Brownian
motion with drift coefficients of 12% and 8%, and volatilities of 30% and 20% per annum,
respectively. The correlation between the instantaneous stock returns amounts to 20%. The
initial prices of the stocks are $100. The options mature in 21 days and have strike prices of
$100. We assume that the risk-free rate is 3% per annum and that there are 252 trading days
per year. By using the Black-Scholes formulas [BS73], we obtain call and put option prices of
$3.5758 and $2.1774, respectively.

We want to compute the VaR at confidence level € for portfolio w and a 21-day time horizon.
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To this end, we randomly generate L=5,000,000 end-of-period stock prices and corresponding
option payoffs. These are used to obtain L asset and portfolio return samples. Figure 4.2 (left)
displays the sampled portfolio loss distribution, which exhibits considerable skewness due to the
options. The Monte-Carlo VaR is obtained by computing the (1 — €)-quantile of the sampled

portfolio loss distribution.

We also compute the 21-day sample means p, and sample covariance matrix 3, of the asset

returns, which are used for the calculation of WCVaR (4.7) and WCPVaR (4.27). These values

are
0.01 0.0077  0.0010 0.1245 —0.0204
0.0067 0.0010  0.0034  0.0160 —0.0670
Hr = ) and X, = )
0.1165 0.1245  0.0160  2.5466 —0.3028
—0.0856 —0.0204 —-0.0670 —0.3028 1.9580

where the first two entries in w, belong to the stock returns, followed by the call and put option

returns. The entries for the covariance matrix obey this ordering.

Let us now compute WCVaR at, for example, ¢ = 10%. We have £(0.1) = /(1 —0.1)/0.1 = 3.

We now insert the above parameter values into equation (4.7), and compute WCVaRg 1 (w) as

| 0.01 1 -0.25- -0.25- T 0.0077  0.0010  0.1245 —0.0204- -0.25-

B 0.0067 0.25 L3 0.25 0.0010  0.0034  0.0160 —0.0670| [0.25
0.1165 0.25 0.25 0.1245  0.0160  2.5466 —0.3028| [0.25 ’
_—0.0856_ _0.25_ \ _0.25_ _—0.0204 —0.0670 —0.3028 1.9580 | _0.25_

which s equal to 1.4916.

Next, we evaluate WCPVaR at € = 10%. To this end, we first compute the option specific

multipliers a and B, see (4.12). These are equal to

100—-100
100

100
3.5758

0 27.9655 0

and B =
100—100
100

100
2.1774

0 —45.9261

Furthermore, the WCPVaR model only requires the means p and covariance matriz 3 of the
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Figure 4.2: Left: The portfolio loss distribution obtained via Monte-Carlo simulation. Note
that negative values represent gains. Right: The VaR estimates at different confidence levels
obtained via Monte-Carlo sampling, WCVaR, and WCPVaR.

stock returns, which are equal to

0.01 0.0077 0.0010

n= , and X =
0.0067 0.0010 0.0034

We now compute WCPVaRg 1(w) by inserting the above parameter values into problem (4.27),

by which we obtain

T T
_ 0.01 0.25 27.9655¢, 1| |0.25
min — + +
91€R,02€R 0.0067 0.25 —45.9261, 1| ]0.25
T
0.25 27.9655¢, 0.0077 0.0010 0.25 27.9655¢:
+3 + +
0.25 —45.9261g, 0.0010 0.0034 0.25 —45.9261g,

s. t. 0< g1 <025 0<gy<0.25.

The above problem is solved using the SDPT3 optimization toolkit [TTTO03] and we find an

optimal objective value equal to 0.5624.

Figure 4.2 (right) displays the VaR estimates at different levels of € € [0.01,0.2]. We observe
that for all values of €, the WCVaR and WCPVaR wvalues exceed the Monte-Carlo VaR esti-
mate. This is not surprising since these models are distributionally robust and as such provide

a conservative estimate of VaR. Note that the Monte-Carlo VaR can only be calculated accu-
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rately if many return samples are available (e.g., if the return distribution is precisely known).
However, WCVaR vastly overestimates WCPVaR. This effect is amplified for lower values of e,
where the accuracy of the VaR estimate matters most. Indeed, for e = 1%, the WCVaR reports
an unrealistically high value of 497%, which is 7 times larger than the corresponding WCPVaR

value.

4.5 Worst-Case Quadratic VaR Optimization

The WCPVaR model suffers from a number of weaknesses which may make it unattractive for

certain investors.

Firstly, in order to obtain a tractable problem reformulation we had to prohibit short-sales of
options. Although this is not restrictive for investors who merely want to enrich their portfolios
with options in order to obtain insurance benefits (see Chapter 3), it severely constrains the

complete set of option strategies that larger institutions might want to include in their portfolios.

Furthermore, we can only calculate and optimize the risk of portfolios comprising options that
mature at the end of the investment horizon. As a result, investors cannot use the model,
for example, to optimize portfolios including longer term options that mature far beyond the

investment horizon.

Finally, the model is only suitable for portfolios containing plain vanilla European options and

can not be used when exotic options are included in the portfolio.

In this section we propose an alternative Worst-Case VaR model which mitigates the weaknesses
of the WCPVaR model. It is important to note that WCPVaR does not make any assumptions
about the pricing model of the options. Only observable market prices and the known payoff
functions of the options are used to calculate the option returns. In contrast, the new model
proposed in this section requires the availability of a pricing model for the options. Moreover, it
approximates the portfolio return using a second-order Taylor expansion which is only accurate

for short investment horizons.
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4.5.1 Delta-Gamma Portfolio Model

As in Section 4.4, we assume that there are n < m basic assets and m — n derivatives whose
values are uniquely determined by the values of the basic assets. However, in contrast to
Section 4.4, we do not only focus on European style options but also allow for exotic derivatives.

Furthermore, we no longer require that the options mature at the end of the investment horizon.

We let 5(t) denote the n-dimensional vector of basic asset prices at time ¢ > 0 and assume that
the prices at time ¢ = 0 are known (i.e., deterministic). Moreover, we assume that the value of
any (basic or non-basic) asset i = 1,...,m is representable as v;(5(t),t), where v; : R xR — R

is twice continuously differentiable.

For a sufficiently short horizon time 7', a second-order Taylor expansion accurately approximates

the asset values at the end of the investment horizon. For i = 1,...,m we have
- = T/~ 1 . S
vi(8(1),T) = vi(s(0),0) ~ 6T + Al(3(T) = 5(0)) + 5(8(T) — 5(0)) " T(3(T) — (0)),
where

01‘ = 8151)7;(8(0), 0) € R, Az = VSUZ'(S(O), 0) € Rn, and f‘z = V?UZ‘(S(O), O) < S™. (431)

The values computed in (4.31) are referred to as the ‘greeks’ of the assets. We emphasize that
the computation of the greeks relies on the availability of a pricing model, that is, the value
functions v; must be known. Note that the values of the functions v; at (s(0),0) can be observed
in the market. However, the values of v; in a neighborhood of (s(0),0) are not observable. The
proposed second-order Taylor approximation is very popular in finance and is often referred to

as the delta-gamma approzimation, see [Jas02].

By using the relative greeks

0 = ————=0;, A= 7300 diag(s(0))A;, T; = 7300 diag(s(0))'T; diag(s(0)),
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the delta-gamma approximation can be reformulated in terms of relative returns
- S IOV
P~ fi€) =0, + ATE+ 5gTr,-g Vi=1,...,m. (4.32)

Here we use the (possibly non-convex) quadratic functions f; to map the basic asset returns é

to the asset returns 7.

The return of a portfolio w € W can therefore be approximated by
1. .
w'F ~ f(w)+ Aw)"E+ §€TI‘(’w)£, (4.33)
where we use the auxiliary functions

=1 =1 =1

which are all linear in w. We emphasize that, in contrast to Section 4.4, we now allow for

short-sales of derivatives.

In the remainder of this section we derive a Worst-Case VaR optimization model based on the

quadratic approximation (4.33).

4.5.2 Worst-Case Quadratic VaR Model

We define the Worst-Case Quadratic VaR (WCQVaR) of a fixed portfolio w € W in terms of

the Taylor expansion (4.33).

WCQVaR, (w) = min {'y : supIP’{’y < —'wa(é)} < e}
PP

éTr<w>é} < } (4:34)

= min {7 : suplP {7 < —0(w) — A(w)Té_ %

PeP

Note that the WCQVaR approximates the portfolio return w™# by a (possibly non-convex)

quadratic function of the basic asset returns é .
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Theorem 4.5.1 below shows how the WCQVaR of a portfolio w can be computed by solving
a tractable SDP. We first recall the S-lemma, which is a crucial ingredient for the proof of
Theorem 4.5.1. We refer to Pélik and Terlaky [PT07] for a derivation and an in-depth survey

of its manifold uses.

Lemma 4.5.1 (S-lemma) Let f;(€) = €TAE, i =0,...,p be quadratic functions of & € R™.

Then, fo(&) > 0 for all & with f;(§) <0,i=1,...,p, if there exist constants 7; > 0 such that
p
i=1

For p = 1, the converse implication holds if there exists a strictly feasible point € with f,(€) < 0.

Theorem 4.5.1 The WCQVaR of a fized portfolio w € W can be computed by solving the

following tractable SDP.

WCQVaR, (w) =inf ~
s.t. MeS"™, 1eR, veR
QM) <7e, M3=0, 72>0, (4.35)

NE I'w) A(w) 0
A(w)" =7 +2(y + 0(w))

Proof For the given portfolio w € W and for any fixed v € R, we introduce the set Q, C R",
defined through

0.~ {ger" 7 < -9w) - Aw)"e - ¢ Twie]. (436)

As in Section 4.4, the first step towards a tractable reformulation of WCQVaR is to solve the
worst-case probability problem

Twe = sup P{€ € Q. }, (4.37)
PEP

which can be identified as the subordinate maximization problem in (4.34). Lemma 4.4.1
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implies that (4.37) can equivalently be formulated as

me=_inf {(LM): M0, [€T1]M[T1]">1 veeQ}.  (439)

MeSn+l

By the definition of Q, the semi-infinite constraint in problem (4.38) is equivalent to

;T(w)  3A(w)

(€7 1] (M — diag(0,1)) [T 1]" >0 Ve&: [¢7 1] (€7 1]" <o.

sAw)" 7+ 0(w)

By using the S-lemma and by analogous reasoning as in Section 4.4.2, we can replace the
semi-infinite constraint in problem (4.38) by
7T(w) TA(w)
dr>0: M+ =0
TA(w)" —1+27(y +6(w))
without changing the optimal value of the problem. Thus, the worst-case probability problem

(4.37) can be rewritten as

Twe =1inf (2, M)

s.t. MeS"™ reR, M=0, 7>0
(4.39)

M 7T(w) TA(w)
+ = 0.
TA(w)T —1+27(y + 6(w))

The WCQVaR of the portfolio w can therefore be obtained by solving the following non-convex

optimization problem.

WCQVaR, (w) =inf  ~
s.t. MeS"™, reR, yeR
QM) <e, M0, 7>0 (4.40)
T (w) TA(w)

M +
TA(w)" —1+27(y+ 6(w))

%
e}
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By analogous reasoning as in Section 4.4.2, it can be shown that any feasible solution of prob-
lem (4.40) has a strictly positive 7-component. Thus we may divide the matrix inequality
in (4.40) by 7. After the variable transformation 7 — 1/7 and M — M/7, we obtain the

postulated SDP (4.35). i

Remark 4.5.1 In the absence of derivatives, that is, if the market only contains basic assets,
then m = n, and the coefficient functions in the delta-gamma approximation (4.33) reduce to
f(w) =0, A(w) = w, and I'(w) = 0. In this special case, the WCQVaR is computed by
solving the following SDP.

WCQVaR, (w) =inf ~
s.t. MeS"™, 7eR, veR
<Q7M>§T€7 M#O, 7—20

0 w
M + =0

w' —7+ 2y

El Ghaoui et al. [EGOO03] have shown (using similar arguments as in Theorem 4.4.1) that
this SDP has the closed form solution

1—e¢
—

WCVaR(w) = —p'w + k(e )VwTSw, where k(e) =

Thus, the WCQVaR model is a direct extension of the WCVaR model (4.7).

Problem (4.35) constitutes a convex SDP that facilitates the efficient computation of the
WCQVaR for any fixed portfolio w € W. Since the matrix inequality in (4.35) is linear in
(M, 7,v) and w, one can reinterpret w as a decision variable without impairing the problem’s

convexity. This observation reveals that we can efficiently minimize the WCQVaR over all
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portfolios w € W by solving the following SDP.

inf v
s.t. MeS"™, reR, yeR, weWw
QM) <71e, M=0, 7>0 (4.41)

NE I'(w) A(w) 0

Aw)" —7+2(y +0(w))

Remark 4.5.2 Unlike in Section 4./, there seems to be no equivalent SOCP formulation for
the SDP (4.41). In particular, there is no simple way to adapt the arguments in the proof of
Theorem 4.4.1 to the current setting. The reason for this is a fundamental difference between
the corresponding SDP problems (4.26) and (4.41). In fact, the top left principal submatriz in

the last LMI constraint is independent of w in (4.26) but not in (4.41).

4.5.3 Robust Optimization Perspective on WCQVaR

We now highlight the close connection between robust optimization and WCQVaR minimiza-
tion. In the next theorem we elaborate an equivalence between the WCQVaR minimization
problem and a robust optimization problem whose uncertainty set is embedded into a space of

positive semidefinite matrices.

Theorem 4.5.2 The WCQVaR minimization problem (4.41) is equivalent to the robust opti-

mization problem

minimize v

weR™ yER
subject to — (Q(w),Z) <~y  VZelU! (4.42)
weW,
where
Qw) ;T(w)  3A(w) |



100 Chapter 4. Worst-Case Value-at-Risk of Non-Linear Portfolios

and the uncertainty set U? C S"*1 is defined as

X £
U= Z = eSS Q—€Z=0,Z%=03. (4.43)

¢ 1

Proof For some fixed portfolio w € W, the WCQVaR can be computed by solving problem

(4.35), which involves the LMI constraint
M + = 0. (4.44)

A(w)" —7+2(7 + 0(w))

Without loss of generality, we can rewrite the matrix M as

With this new notation, the LMI constraint (4.44) is representable as

- V +TI'(w) v+ A(w) -
£ 1] €T 1T >0 Ve € R”
(0 + A(w)T w7+ 2+ 6(w))
= ' (V4+T(w)€+28 (v +Aw)) +u—7+2(y+0(w)) >0 VE e R"
= 2 €T (VD)) — €7 (0 + Aw)) — faw) — 2 (u—7) VE € R”
L.+ T 1
=z {—55 (V 4 T(w))é — £7(v + Afw)) — fw) - §<u—7>}.

Thus, the WCQVaR problem (4.35) can be rewritten as

inf sup — 2€T(V 4+ D(w))€ — £ (v + A(w)) — O(w) — %(u _7)

€€Rn 2
s.t. ve§", veR" 717e€eR, wuweR
(4.45)
Vv T T
=0, 7>0, (V,E+pp)+2v p+u<re.
vl wu

Note that if V 4 I'(w) is not positive semidefinite, the inner maximization problem in (4.45)
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is unbounded. However, this implies that any V € S" is infeasible in the outer minimization
problem unless V 4+ I'(w) %= 0. Therefore, we can add the constraint V + I'(w) = 0 to
the minimization problem in (4.45) without changing its feasible region. With this constraint
appended, the min-max problem (4.45) becomes a saddlepoint problem because its objective is
concave in & for any fixed (V,v,u, ) and convex in (V, v, u, ) for any fixed £&. Moreover, the
feasible sets of the outer and inner problems are convex and independent of each other. Thus,
we may interchange the ‘inf’ and ‘sup’ operators to obtain the following equivalent problem,
see, e.g., [DM74, Theorem 5.1].
: L.t T 1
max min — 55 (V4+T(w))é—€& (v+ A(w)) — f(w) — §(u —7)

s.t. vVe§S' veR" 7R, ueR
(4.46)

=0, 720, (V,S+pup")+20 p+u<r7e

We proceed by dualizing the inner minimization problem in (4.46). After a few elementary

simplification steps, this dual problem reduces to

max = 5(D(w), €67 +Y) — €7 A(w) — 0(w)
s.t. YeS", aeR, Y =0, 1§a§l
¢ (4.47)
o+ ppl) - (€ +Y) ap—g)

(ap—€)7 a—1

Note that strong duality holds because the inner problem in (4.46) is strictly feasible for any
e > 0, see [VB96]. This allows us to replace the inner minimization problem in (4.46) by

the maximization problem (4.47), which yields the following equivalent formulation for the
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WCQVaR problem (4.35).

1
max — §<F(w)7€€T+Y) —ETA(w) - f(w)
s.t. Ye§S", £€€eR", aeR, Y=0, 1<a<

aX+pp’) - (EET+Y) ap—§
(ap—&)7 a—1

We now introduce a new decision variable X = ££€7 + Y, which allows us to reformulate the

above problem as

— %(I‘(w), X) — €T A(w) — O(w)

s.t. Xe§S", €e€eR", aeR, 1<a<
aX+pp’) =X ap—§

(ap—€)7 a—1
By definition of € as the second-order moment matrix of the basic asset returns, see (4.21),
the first LMI constraint in the above problem can be rewritten as

X
af) — ¢ =0

£ 1
Furthermore, by using Schur complements, the following equivalence holds.

X ¢
X €T =0 — =0

g1
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Therefore, problem (4.47) can be reformulated as

o _< iT(w) A(w) X £>

SA(w)T  O(w) €T 1
s.t. XeS", €£€eR", aekR, 1§O&§1
€
X X
af) — ¢ =0, ¢ = 0.
ET 1 ET 1

Since the objective function is independent of o and €2 > 0, the optimal choice for « is 1/¢; in
fact, this choice of o generates the largest feasible set. We conclude that the WCQVaR for a

fixed portfolio w can be computed by solving the following problem.

X & X &
s.t. XeS§", €£eR" Q—ce =0, =0

g1 ¢ 1

The WCQVaR minimization problem (4.41) can therefore be expressed as the min-max problem

: _ 7, 4.48
min max — (Q(w), Z), (4.48)
which is manifestly equivalent to the postulated semi-infinite program (4.42). | |

It may not be evident how the uncertainty set U? (defined in (4.43)) associated with the
WCQVaR formulation is related to the ellipsoidal uncertainty set U, defined in Section 4.2.2.
We now demonstrate that there exists a strong connection between these two uncertainty sets,

even though they are embedded in spaces of different dimensions.

Corollary 4.5.1 If the constraint T'(w) = 0 is appended to the definition of the set W of
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admissible portfolios, then the robust optimization problem (4.42) reduces to

minimize 7y
weR™ ~ER

subject to  — O(w) — A(w)T€ — %ﬁTI‘('w){ <y VEel. (4.49)

weW,

where U, 1s the ellipsoidal uncertainty set defined in Section 4.2.2.

Proof The inner maximization problem in (4.48) can be written as

max — f(w) — A(w) € — %(I‘(w), X)
s.t. XeS', €cR", X—-¢€£7=0

(X +pp") —eX p—e€
= 0.
(n—ef)" 1—e

By introducing the decision variable Y = X — ££7 as in the proof of Theorem 4.5.2, the above

problem can be reformulated as

max —0(w) ~ Aw) €~ €T (w)E — S (Dw),Y)

s.t. YES', €€R", Y =0
(4.50)

(B +pp’) —e(Y +E£T) p—e
(n—ef)’ 1—e

We will now argue that Y = 0 at optimality. This holds due to the following two facts: (i) for
Y = 0 we obtain the largest feasible set, and (ii) we have (I'(w),Y) > 0 for all Y = 0 because
I'(w) = 0 by assumption. Thus problem (4.50) reduces to
T l.r
max — 0(w) — A(w)TE — 2T (w)e
£ER 2
(B +pp’) — €T p—e
(n—e8)’ 1—e

s. t.

S\
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Using similar arguments as in Theorem 4.4.1 (in particular, see (4.8.2)), we can show that the

semidefinite constraint in the above problem is equivalent to

% E—p
(- ()

70 = (£—p)'T7H(€—p) < k(o)

Thus the original min-max formulation (4.48) can be reexpressed as

B%i?v rg%%{i( —0(w) — Alw) "€ — %ETF(w>£,

which is equivalent to the postulated robust optimization problem. [ |

Remark 4.5.3 Note that the robust optimization problem (4.49) can be reformulated as

minimize vy
weR™ yeR
subject to —aw'r <~ Vr € UP (4.51)

weW,

where the uncertainty set U% is defined as

J€ € R™  such that
UP = qr eR™: (- ™S (¢ —p) < k() and

In contrast to the simple ellipsoidal set U., the set U is asymmetrically oriented around p.
This asymmetry is caused by the quadratic functions that map the basic asset returns & to
the asset returns r, see Figure 4.3. As a result, the WCQVaR model may provide a tighter

approximation of the actual VaR of a portfolio containing derivatives than the WCVaR model.

It seems that a min-max formulation (4.51) with an uncertainty set embedded into R™ is only
available if I'(w) = 0, that is, if the portfolio return is a convex quadratic function of the basic

assets returns. In general, however, one needs to resort to the more general formulation (4.42),
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Call Option

Stock A

Stock B

Figure 4.3: Illustration of the U9 uncertainty set: the classical ellipsoidal uncertainty set has
been transformed by the quadratic approximation of the return of the call option written on

stock B.

in which the uncertainty set is embedded into S”*!; the dimension increase can compensate for

the non-convexity of the portfolio return function.

Example 4.5.1 We repeat the same experiment as in Example 4.4.1 but estimate the portfolio
VaR after 2 days instead of 21 days. Since the VaR is no longer evaluated at the maturity
time of the options, we use the WCQVaR model instead of the WCPVaR model. We use an
analogous Monte-Carlo simulation as in Example 4.4.1 to generate the stock and option returns
over a 2-day investment period as well as the corresponding sample means p, and covariance

matriz 2,.. We determine their values to be

0.0009 0.0007  0.0001  0.0107 —0.0020
0.0006 0.0001  0.0003  0.0014 —0.0068
Py = , and X, = ;
0.0106 0.0107  0.0014  0.1636 —0.0302
—0.0083 —0.0020 —0.0068 —0.0302 0.1514

where the first two entries in p,. belong to the stock returns, followed by the call and put option

returns. The entries for the covariance matrix obey this ordering.

Let us now compute WCVaR at € = 10%. We have £(0.1) = /(1 —0.1)/0.1 = 3. We now
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insert the above parameter values into equation (4.7), and compute WCVaRg;(w) as

| 0.0009 1 _0.25_ _0.25_ T 0.0007  0.0001  0.0107 —0.0020_ _0.25_

B 0.0006 0.25 3 0.25 0.0001  0.0003  0.0014 —0.0068| [0.25
0.0106 0.25 0.25 0.0107  0.0014  0.1636 —0.0302| [0.25 ’

_—0.0083_ _0.25_ \ _0.25_ _—0.0020 —0.0068 —0.0302 0.1514 | _0.25_

which 1s equal to 0.3831.

Nezxt, we evaluate WCQVaR at € = 10%. The coefficients of the quadratic approximation func-
tion (4.33) are calculated using the standard Black-Scholes greek formulas (see, e.g., [Mac92]).

Thus, we have

B(w) = —0.00019513 x 0.25 — 0.00017798 x 0.25 = —9.3276 x 10~
1 0 14.7872 0 3.9468
A(w) = 025| | +025]| | 4025 ~0.25 =
0 1 0 21.6419 —5.1605
128.4907 0 0 0 321227 0
Mw) = 025 +0.25 =
0 0 0 316.5187 0 79.1297

Furthermore, WCQVaR requires the second-order moment matrixz € of the stock returns, which

we compute using (4.21). We have

0.0007 0.0001 0.0009
2= 10.0001 0.0003 0.0006
0.0009 0.0006 1.0000

We now compute WCQVaR ;(w) by inserting the above parameter values into problem (4.35),
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by which we obtain

inf ~
s.t. MeS*, 7€R, veR

0.0007 0.0001 0.0009
0.0001 0.0003 0.0006| ,M ) <0.17, M=0, 72>0,
0.0009 0.0006 1.0000

32.1227 0 3.9468

Y
o

M + 0 79.1297 —5.1605
3.9468 —5.1605 —7 + 2(y — 9.3276 x 107°)

The above problem is solved using the SDPTS3 optimization toolkit [TTT03] and we find an

optimal objective value v* = 0.2899.

Figure 4.4 (left) displays the sampled portfolio loss distribution, which is still skewed, although
considerably less than in Example 4.4.1. In Figure 4.4 (right) we compare Monte-Carlo VaR,
WCVaR, and WCQVaR for different confidence levels. FEven for the short horizon time under
consideration, the WCVaR model still fails to give a realistic VaR estimate. Ate = 1%, WCVaR
18 more than 3 times as large as the corresponding WCQVaR value. This example demonstrates
that the WCQVaR can offer significantly better VaR estimates than WCVaR when the portfolio

contains options.

4.6 Computational Results

In Section 4.6.1 we compare the out-of-sample performance of the WCQVaR in the context of
an index tracking application and analyze the benefits of including options in the investment
strategy. We refer to Chapter 3 for an in-depth analysis of the in- and out-of-sample perfor-
mance of the robust optimization problem (4.29), whose equivalence to our novel WCPVaR

model was established in Theorem 4.4.2. All computations are performed within Matlab 2008b
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Figure 4.4: Left: The portfolio loss distribution obtained via Monte-Carlo simulation. Note
that negative values represent gains. Right: The VaR estimates at different confidence levels
obtained via Monte-Carlo sampling, WCVaR, and WCQVaR.

and by using the YALMIP interface [L04] of the SDPT3 optimization toolkit [TTT03]. We use

a 2.0 GHz Core 2 Duo machine running Linux Ubuntu 9.04.

4.6.1 Index Tracking using Worst-Case VaR

Index tracking is a common and important problem in portfolio management. The aim is to
replicate the behavior of a given stock market index, sometimes referred to as the benchmark,

with a given set of other assets not containing the index itself.

We let 7, denote the random return of the benchmark over the investment interval [0,77]. In
order to replicate this benchmark, we are given m — 1 assets, whose vector of returns is denoted
by 7_;. This set of assets includes n — 1 basic assets as well as m — n options derived from the

basic assets. We denote by w_; € R™™! the asset weights in the replicating portfolio.

Typically, the level of discrepancy between the benchmark and the portfolio is quantified by
the tracking-error E(JwT,#_; — 71|). Note that minimizing the tracking-error penalizes both

under- and over-performance of the portfolio relative to the benchmark.

We adopt a slightly different approach. Instead of minimizing the tracking-error, we are only
concerned about the portfolio falling short of the benchmark. The excess-return of a portfolio
w_; relative to the benchmark is computed as w'# where w = [-1 w',|T and 7 = [/} 71,]T.

-1 1

In order to measure the risk of the replicating portfolio falling below the benchmark, we can
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use the VaR at confidence ¢ = 5%.* The optimal replicating portfolio is found by minimizing

VaR.(w) over all admissible portfolios w € W with
W:{wERm cwh—w =w, e'w  <a+1l, wt>0 w >0, eT'wzo}. (4.52)

The inclusion w € W implies that the portfolio weights w_; sum up to 1 and that the total

amount of shortsales in the replicating portfolio is limited to o = 4%.

Since we include options in the replicating portfolio, we use WCQVaR, (w) to approximate the

VaR objective. The optimal portfolios are found by solving problem (4.41).

We now compare the out-of-sample performance of the optimal portfolios containing options
with those where investment in options is prohibited. Recall that in the absence of options

WCQVaR reduces to WCVaR, see Remark 4.5.1.

We assess the out-of-sample behavior of the WCQVaR model using a rolling-horizon backtest
procedure. The aim is to minimize the under-performance of the replicating portfolio relative
to the S&P 500 index, which is often taken as a proxy for the market portfolio. The replicating
portfolio is based on the 30 stock constituents of the Dow Jones Industrial Average, as well
as some options written on these. We only include options that expire between 30 and 60
days after the investment dates. This ensures that the option payoffs are differentiable and
accurately representable by the delta-gamma approximation. Moreover, longer term options

tend to be more illiquid and are therefore not included.

Daily stock and option data are obtained from the Optionmetrics IvyDB database, which is one
of the most complete sources of historical option data available. We consider a historical data
range from January 2nd, 2004 to October 10th, 2008, containing a total of 1181 trading days.
We use the following rolling-horizon backtest procedure. At every investment date we estimate
the mean vector g and covariance matrix 3 of the stock returns using the daily returns of the
previous 600 trading days. Thus, our backtest starts on the 600th trading day in the historical

data set. We compute the out-of-sample returns of the optimal replicating portfolios using the

4We ran the backtests in this section with different values of e. Although we only report results for e = 5%,
the general conclusions are independent of the choice of e.
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stock and option prices on the next available trading day. This process is repeated for all but

the first 600 trading days in our data set.

For simplicity, we use the mid-prices of the assets to calculate the returns. Furthermore,
the WCQVaR model requires information about the options’ delta and gamma sensitivities.
These are obtained from the implied volatilities reported in the Optionmetrics database and
are calculated using the Black-Scholes formula.” We disregard transaction costs and income

taxes on option returns, which are beyond the scope of this thesis.

The same rolling-horizon procedure is used to obtain the out-of-sample returns of the optimal
replicating portfolios with and without options. On average the optimal stock-only portfolios
are found in 2.1 seconds, whereas the portfolios with options are found in 7.4 seconds. In
total we obtain two sequences of L = 581 out-of-sample portfolio returns, corresponding to the
strategies with and without options, which are denote by {r¢}~, and {ri}£ , respectively. The

returns of the benchmark are denoted by {ry;}5~,.

Since the portfolios minimize the under-performance with respect to the benchmark, it is of
interest to analyze how much wealth the robust strategies generate relative to the benchmark.
By assuming an initial capital of 1 dollar, we calculate the relative wealth wf at the end of

period [ for portfolio strategy k = o, s as

l
wlk — Hm:l(l + T?ﬁz) .
Hin:l(l +71m)

Figure 4.5 displays the relative wealth generated over time by the robust strategies. Both
strategies outperform the benchmark over the entire test period. However, the inclusion of
options improves the performance considerably. Over the test period, the strategy with options
outperforms the benchmark by 56%, whereas the stock-only strategy only outperforms the
benchmark by 12%. The annualized average excess-return of the stock-only strategy is 4.9%

and that of the option strategy amounts to 19%.

5In order to avoid the use of erroneous option data, we only selected those options for which the implied
volatility was supplied in the database and which had a bid and ask price greater than 0. We found that this
procedure allowed us to filter out incorrect entries.
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Figure 4.5: Cumulative relative wealth over time of the robust strategies using daily rebalancing
between 22/05/2006 and 10/10/2008.

The Sharpe ratio [Sha66] is frequently used to assess the performance of an investment strategy.
It is calculated as (1 — ry)/0, where i and & represent the annualized estimated mean and
standard deviation of the out-of-sample returns, respectively, and ry = 3% is the risk-free rate
per annum. The stock-only strategy has a Sharpe ratio of 0.13, while the option strategy
achieves a value of 0.97. These results clearly demonstrate the benefits of including options in

the replicating portfolio.

We observe that all optimal portfolios w satisfy I'(w) = 0, although this was not imposed as a
constraint. This implies that the delta-gamma approximation (4.33) of the optimal portfolio re-
turn is convex in the returns of the underlying assets. Alexander has observed this phenomenon
in a simulation experiment and argues that it is a natural consequence of the risk minimization
process. In fact, a portfolio with a convex payoff loses less from downward price moves and

benefits disproportionately from upward price moves of the underlying assets [Ale08].

We further observe that the optimal portfolios hold both long and short positions in options on
the same underlying asset. It is known that short-sales of options can generate high expected

returns (see, e.g., [CS02]) but they also carry considerable risk. Thus, optimal portfolios always
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cover the short-sale of an option by a long position in another option on the same underlying
asset. On average the optimal portfolios allocate 11% of wealth in options and 89% in stocks.
This implies that the high expected returns generated by the option strategy are not due to
risky positions in options, but rather result from a balanced investment in a mixture of both

stocks and options.

Next, we assess the realized VaRs of the stock-only and option strategies. These are obtained by
first computing the e-quantiles of all out-of-sample excess-returns of both strategies and then
multiplying these values by -1 (recall that VaR measures the degree of under-performance).
For ¢ = 5% the realized VaR of the stock-only strategy amounts to 0.29%, while that of
the option strategy is 0.33%. For ¢ = 1%, the realized VaR values are 0.49% and 0.54%,
respectively. These results indicate that the option strategy has a slightly higher out-of-sample
VaR than the stock-only strategy. However, since the option strategy achieves much higher
excess-returns on average, the differences in VaR are negligible. Interestingly, the worst-case
daily under-performance of the stock-only strategy is 0.78%, whilst that of the option strategy
is 0.61%. Thus, the option strategy performs better in terms of worst-case under-performance

relative to the benchmark.

The WCQVaR model described in Section 4.5 assumes the underlying asset returns to be
the only sources of uncertainty in the market. It is known, however, that implied volatilities
constitute important risk factors for portfolios containing options. In particular, long dated
options are highly sensitive to fluctuations in the volatilities of the underlying assets. The
sensitivity of the portfolio return with respect to the volatilities is commonly referred to as vega
risk. The WCQVaR model can easily be modified to include implied volatilities as additional
risk factors. The arising delta-gamma-vega-approzimation of the portfolio return is still a
quadratic function of the risk factors. Thus, the theoretical derivations in Section 4.5 remain
valid in this generalized setting. However, estimating first- and second-order moments of the
implied volatilities requires the modeling and calibration of the implied volatility surface over
time, which is beyond the scope of this thesis. We conjecture that extending the WCQVaR

model to account for vega risk can further improve the realized VaR of the option strategy.
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4.7 Conclusions

Derivatives depend non-linearly on their underlying assets. In this chapter we generalized
the WCVaR model by explicitly incorporating this non-linear relationship into the problem

formulation. To this end, we developed two new models.

The WCPVaR model is suited for portfolios containing European options maturing at the
investment horizon. WCPVaR expresses the option returns as convex-piecewise linear functions
of the underlying assets. A benefit of this model is that it does not require knowledge of the
pricing models of the options in the portfolio. However, in order to be tractably solvable, the

WCPVaR model precludes short-sales of options.

The WCQVaR model can handle portfolios containing general option types and does not rely
on short-sales restrictions. It exploits the popular delta-gamma approximation to model the
portfolio return. In contrast to WCPVaR, WCQVaR does require knowledge of the option
pricing models to determine the quadratic approximation. Through numerical experiments we
demonstrate that the WCPVaR and WCQVaR models can provide much tighter VaR estimates
of a portfolio containing options than the WCVaR model which does not explicitly account for

non-linear dependencies between the asset returns.

We analyzed the performance of the WCQVaR model in the context of an index tracking
application and find that including options in the investment strategy significantly improves
the out-of-sample performance. Although options are typically seen as a risky investment, our
numerical results indicate that their use in a robust optimization framework can offer substantial

benefits.
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4.8 Appendix

4.8.1 Proof of Lemma 4.4.1

Define the indicator function of the set S as

1 if&Ees,
Is(€) =

0 otherwise.

The worst-case probability problem (4.19) can equivalently be expressed as

me = s [ Is@n(ag

peEMy

s. t. /n pu(dé) =1

En(dg) = p
Rn

(4.53)

s €€ (dE) = + ppT,

where M, represents the cone of nonnegative Borel measures on R™. The optimization variable
of the semi-infinite linear program (4.53) is the nonnegative measure p. As can be seen, the first
constraint forces p to be a probability measure. The following constraints enforce consistency

with the given first- and second-order moments, respectively.

We now assign dual variables yy € R, y € R" and Y € S" to the equality constraints in (4.53),

respectively, and introduce the following dual problem (see, e.g., [Sha01]).

inf  yo+y u+ (Y, +pp')
s.t. weR, yeR", Yes (4.54)

Yo+ y €+ (Y, E87) > Is(€) VEER”

Because 3 > 0, it can be shown that strong duality holds [Isi60]. Therefore the worst-case

probability 7. coincides with the optimal value of the dual problem (4.54).
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By defining
M = Y ow ,
%yT Yo
problem (4.54) can be reformulated as
inf  (Q, M)
Mesn+t (4.55)

st [€T1M[ET1]" > 15(6) VE R

By definition of Is(&), the constraint in (4.55) can be expanded in terms of two semi-infinite

constraints.

€T1M[ET1]" >0 vEeR" (4.56a)

ET1M[€T1) 21 vEes (4.56b)

Since (4.56a) is equivalent to M = 0, the claim follows. [

4.8.2 Proof of Theorem 4.4.1

In order to obtain the postulated SOCP reformulation, we calculate the dual associated with

problem (4.26), which, after some simplification steps, reduces to

WCPVaR,(w) =max (e — ) w"” — 2m w*
s.t. a€eR, 6eR™™, meR", Ze§S"

1 7 m (4.57)
0<a<—, afdx=Y= =0,
2e mT 1/2

6—2Bm—-a>0, 6>0.
Note that problem (4.57) is strictly feasible, which implies that strong conic duality holds

[VB96]. This confirms that the optimal value of the dual problem (4.57) exactly matches the
WCPVaR.
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By the definition of €2 in (4.21), we may conclude that

a4+ upu’)—7Z au—m
al =Y <— ( i) H =0 = a>1/2.

(ap —m)T a—1/2
This allows us to divide the matrix inequality in problem (4.57) by a. Subsequently, we apply
the variable substitution (Z, m,a) — (V,v,y) with V = Z/a, v =m/a, and y = 5~ € [¢, 1].

We thus obtain the following problem reformulation.

v ws
WCPVaR, (w) =max (e — ) w" —
Yy
s.t. yeR, deR™™ weR" Ve§
V o (4.58)
e<y<l1l Q> =0
v’y
B
6> 4a 6>0
Yy

Assume first that y = 1 at optimality. Then, by the definition of €2 and the linear matrix

inequality in problem (4.58), we find v = p, while (4.58) reduces to

Jrﬁax {(e — 5)T’w’7 —p'w® : §>a+Bu, §> O}
6 m—n

= — p'w® — (max{—e,a + By —e}) w"

= — f(p) w. (4.59)

Assume now that y < 1 at optimality. By the definition of €2 and by using Schur complements,

we find
V v S+pup’' -V p-—v
Q5 B p 0
CH (k=—v)T  1-y
= Stpup' - V- —(p—v)(p—v)" =0 (4.60a)
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A similar argument yields the equivalence
LT
=0 < V——vv =0. (4.60b)

By combining (4.60a) and (4.60b), the linear matrix inequality constraints in problem (4.58)
are equivalent to

1 1
Stpp’ ———(p—v)(p—v) = Vi v’

L—y Y
The decision variable V can now be eliminated from the problem, while the linear matrix

inequality constraints in (4.58) can be replaced by

1 1
S+pp’ s ——(p—v)(p—v)"+ -vv'
) )T
1
= Y= —(v—yu)(v—yp)'. 4.61
Ty —m) (4.61)

The above arguments imply that problem (4.58) can be reformulated as

WCPVaR, (w) = max{¢(y) : y € [e, 1]},

where ¢
Hly) =max (e~ 8w — ==
s.t. 0eR™" welR"
. (4.62)
Y ——(w—yp)(v—yp)",
y(l—y)( s )
B
527v+a, §>0.

For any fixed y € [¢,1), we have that y~'(1 — y)~* > 0, and the linear matrix inequality in
(4.62) can be rewritten as

by v —yp

\
<

(v—yu)" y(l—-y)
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Since 3 > 0, this linear matrix inequality holds if and only if
(v—yp)" 7 (v —yu) <yl -y),
which is equivalent to the second-order cone constraint
=72 —yp)||, < Vy(1 —y).

For y € [¢,1), the value of ¢(y) can thus be found by solving the following SOCP.

T,.0€
(y) =max (e — ) w" — "’;"
s.t. deR™" wveR"
(4.63)
=72 (0 —yp)|, < Vy(l =)
o> & +a, 6>0
y

Note that the above problem is strictly feasible for y € [¢,1). By strong conic duality the
associated dual problem has the same optimal value [AG03]. We thus obtain that ¢(y) = ¢/(y)

for y € [¢, 1), where

0<g<wn

1—
P(y) = min - —p'(w +BTg) +/— =2 (wt + BTg)||, - aTg + e w".
Note that for Yy = ]_, we also have Qb(l) — d),(l) since

#(1)= min —p'(w*+B'g)—a'g+e w”

0<g<w”

= —p'w® — (max{—e,a + By — e})"w"

= o(1),

where the second equality follows from (4.59). Maximizing ¢(y) over y yields the desired

WCPVaR value. Since /(1 — y)/y is monotonically decreasing in y, we have y = € at optimal-
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ity. This results in the following optimization problem

1 —
WCPVaR,(w) = min  — p"(wé +BTg) + 1/ — | (w® +BTg)|,—a"g +e'w",
€

0<g<w”

which is the postulated reformulation of WCPVaR as the optimal value of a SOCP. [ |



Chapter 5

Distributionally Robust Joint Chance

Constraints

In Chapter 4, we derived tractable reformulations of Worst-Case Value-at-Risk measures by
solving moment problems. It is important to note that the Worst-Case Value-at-Risk is equiv-
alent to a distributionally robust chance constrained program. In this chapter, we leverage on
the reformulation techniques developed in Chapter 4 to further investigate general distribution-
ally robust chance constrained programs. In particular, we focus on joint chance constraints,
which require a system of uncertainty-affected constraints to be jointly satisfied with a given
probability. Problems involving such constraints are typically difficult to solve. In fact, even
finding a feasible solution for such problems can be intractable. However, we will show that
distributionally robust joint chance constrained programs can be approximated using tractable
semidefinite programs and that the arising approximations can be reformulated as straight

robust optimization problems.

121
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5.1 Introduction

A large class of decision problems in engineering and finance can be formulated as chance
constrained programs of the form

minimize ec'x
xcR”

subject to Q (ai(é)Tm <b(&) Vi=1,... ,m> >1—e (5.1)

x e X,

where x € R” is the decision vector, X C R" is a convex closed set that can be represented
by semidefinite constraints, and ¢ € R" is a cost vector. Without much loss of generality, we
assume that ¢ is deterministic. The chance constraint in (5.1) requires a set of m uncertainty-
affected inequalities to be jointly satisfied with a probability of at least 1 —¢, where € € (0,1) is a
desired safety factor specified by the modeler. The uncertain constraint coefficients ai(é ) eR”

and bl(é) €R,i=1,...,m, depend affinely on a random vector é € R*, whose distribution Q

is assumed to be known. We thus have

k k
a;(€) = a?—l—ZagEj and b, (€) bg—l—beéj.
=1 j=1

For ease of notation we introduce auxiliary functions yf : R™ — R, which are defined through
yf(:c) = (af)Ta}—bf, i=1,...,n, 7=0,...,k.

These functions enable us to rewrite the chance constraint in problem (5.1) as
Q (y?(m) Fy(@)E<O Vi=1,... m) >1—¢ (5.2)

where y;(x) = [y} (x),...,y¥(x)]" for i = 1,...,m. By convention, (5.2) is referred to as an
individual or joint chance constraint if m = 1 or m > 1, respectively. Chance constrained
programs were first discussed by Charnes et al. [CCS58], Miller and Wagner [MW65] and

Prékopa [Pre70]. Although they have been studied for a long time, they have not found wide
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application in practice due to the following reasons.

Firstly, computing the optimal solution of a chance constrained program is notoriously difficult.
In fact, even checking the feasibility of a fixed decision « requires the computation of a multi-
dimensional integral, which becomes increasingly difficult as the dimension k of the random
vector é increases. Furthermore, even though the inequalities in the chance constraint (5.2) are
biaffine in @ and &, the feasible set of problem (5.1) is typically nonconvex and sometimes even

disconnected.

Secondly, in order to evaluate the chance constraint (5.2), full and accurate information about
the probability distribution Q of the random vector é is required. However, in many practical
situations Q must be estimated from historical data and is therefore itself uncertain. Typically,
one has only partial information about @, e.g. about its moments or its support. Replacing
the unknown distribution @ in (5.1) by an estimate Q corrupted by measurement errors may
lead to over-optimistic solutions which often fail to satisfy the chance constraint under the true

distribution Q.

In a few special cases chance constraints can be reformulated as tractable convex constraints.
For example, it is known that if the random vector é follows a Gaussian distribution, then
an individual chance constraint can be equivalently expressed as a single second-order cone
constraint. In this case, the chance constrained problem becomes a tractable second-order cone
program (SOCP), which can be solved in polynomial time, see Alizadeh and Goldfarb [AGO3].
More generally, Calafiore and El Ghaoui [CEGO06] have shown that individual chance constraints
can be converted to second-order cone constraints whenever the random vector é is governed by
a radial distribution. Tractability results for joint chance constraints are even more scarce. In
a seminal paper, Prékopa [Pre70] has shown that joint chance constraints are convex when only
the right-hand side coefficients bz(é ) are uncertain and follow a log-concave distribution. How-
ever, under generic distributions, chance constrained programs are computationally intractable.

Indeed, Shapiro and Nemirovski [NS06] point out that computing the probability of a weighted

sum of uniformly distributed variables being nonpositive is already N P-hard.

Recently, Calafiore and Campi [CC06] as well as Luedtke and Ahmed [LAO8] have proposed
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to replace the chance constraint (5.2) by a pointwise constraint that must hold at a finite
number of sample points drawn randomly from the distribution Q. A similar approach was
advised by Erdogan and Iyengar [EI06]. The advantage of this Monte Carlo approach is that
no structural assumptions about Q are needed and that the resulting approximate problem is
convex. Calafiore and Campi [CC06] showed that one requires O(n/e) samples to guarantee that
a solution of the approximate problem is feasible in the original chance constrained program.
However, this implies that it may be computationally prohibitive to solve large problems or to

solve problems for which a small violation probability € is required.

A natural way to immunize the chance constraint (5.2) against uncertainty in the probability
distribution is to adopt a distributionally robust approach. To this end, let P denote the set
of all probability distributions on R* that are consistent with the known properties of Q, such
as its first and second moments and/or its support. Consider now the following ambiguous or
distributionally robust chance constraint.

. 0 TF . o
I[}}rel?f;IP’(yi(m)—l—yi(m)EgO Vz-l,...,m>21 € (5.3)

It is easily verified that whenever x satisfies (5.3) and Q € P, then x also satisfies the chance
constraint (5.2) under the true probability distribution Q. Replacing the chance constraint (5.2)
with its distributionally robust counterpart (5.3) yields the following distributionally robust

chance constrained program

minimize ¢'x
xTER™
subject to ]}ihn7f)IP’ (y?(a:) +y(x)T€E<0 Vi=1,... ,m) >1—c¢ (5.4)
S
x e X,

which constitutes a conservative approximation for problem (5.1) in the sense that it has the

same objective function but a smaller feasible set.

A common method to simplify the distributionally robust joint chance constraint (5.3), which

looks even less tractable than (5.2), is to decompose it into m individual chance constraints by
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using Bonferroni’s inequality. Indeed, by ensuring that the total sum of violation probabilities of
the individual chance constraints does not exceed ¢, the feasibility of the joint chance constraint
is guaranteed. Nemirovski and Shapiro [NS06] propose to divide the overall violation probability
€ equally among the m individual chance constraints. However, the Bonferroni inequality is not
necessarily tight, and the corresponding decomposition could therefore be over-conservative. In
fact, for positively correlated constraint functions, the quality of the approximation is known
to decrease as m increases [CSSCO09]. Consequently, the Bonferroni method may result in a

poor approximation for problems with joint chance constraints that involve many inequalities.

A recent attempt to improve on the Bonferroni approximation is due to Chen et al. [CSSC09].
They first elaborate a convex conservative approximation for a joint chance constraint in terms
of a Worst-Case Conditional Value-at-Risk (CVaR) constraint. Then, they rely on a classi-
cal inequality in order statistics to determine a tractable conservative approximation for the
Worst-Case CVaR and show that the resulting approximation for the joint chance constraint
necessarily outperforms the Bonferroni approximation. An attractive feature of this method
is that the arising approximate constraints are second-order conic representable. However, the
employed probabilistic inequality is not necessarily tight, which may again render the approxi-

mation over-conservative.

The principal aim of this chapter is to develop new tools and models for approximating joint
chance constraints under the assumption that only the first- and second-order moments as
well as the support of the random vector é are known. We embrace the modern approach to
approximate robust chance constraints by Worst-Case CVaR constraints, but in contrast to the
state-of-the-art methods described above, we find an exact semidefinite programming (SDP)
reformulation of the Worst-Case CVaR which does not rely on potentially loose probabilistic
inequalities. This exact reformulation is facilitated by the theory of moment problems as well
as conic duality arguments. We also propose an efficient sequential SDP algorithm to solve the

distributionally robust chance constrained program (5.4).

Our secondary objective is to gain deeper insights into the relationship between robust chance

constrained programming and straight robust optimization. While it is well known that there
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is a close connection between ambiguous individual chance constraints and robust semi-infinite
constraints (see, e.g., Ben-Tal et al. [BTEGN09]), the representability of ambiguous joint chance
constraints as straight robust constraints has not been thoroughly investigated. We show that
robust joint chance constraints can indeed be reformulated as robust semi-infinite constraints
and thereby develop a natural extension of the theory of ambiguous individual chance con-

straints. The main contributions in this chapter can be summarized as follows:

(1) We prove that a distributionally robust individual chance constraint is equivalent to a
Worst-Case CVaR constraint if the underlying constraint function is either concave or
(possibly nonconcave) quadratic in €. We also demonstrate that this equivalence can fail
to hold even if the constraint function is convex and piecewise linear in &.

(2) We show that a robust individual chance constraint can be reformulated as a robust semi-
infinite constraint involving a new type of uncertainty set embedded in the space of positive
semidefinite matrices. This uncertainty set can be interpreted as a lifted version of an
ellipsoid in the &-space.

(3) We develop an SDP-based approximation for robust joint chance constraints and prove that
this approximation consistently outperforms the state-of-the-art methods described above.
We show that the approximation quality is controlled by a set of scaling parameters and
that the approximation becomes exact if the scaling parameters are chosen optimally.

(4) We present an intuitive dual interpretation for the joint chance constraint approximation
and prove that a distributionally robust joint chance constraint can be reformulated as
a robust semi-infinite constraint. The corresponding uncertainty set is intimately tied to
the lifted ellipsoidal uncertainty sets discovered in the context of robust individual chance

constraints.

(5) We analyze numerically the performance of the new joint chance constraint approximation

when applied to a dynamic water reservoir control problem.

The remainder of this chapter is organized as follows. In Section 5.2 we review and extend
existing approximations for distributionally robust individual chance constraints and investi-

gate the relation between individual chance constraints and Worst-Case CVaR constraints. In
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Section 5.3 we elaborate a new approximation for joint chance constraints. We show that the
approximation quality is controlled by a set of scaling parameters and prove that the approx-
imation becomes exact if the scaling parameters are chosen optimally. We also show that the
arising approximate constraints can be reformulated as robust semi-infinite constraints. In
Section 5.4 we analyze the performance of our joint chance constraint approximation in the

context of a dynamic water reservoir control problem.

Notation. We use lower-case bold face letters to denote vectors and upper-case bold face
letters to denote matrices. The space of symmetric matrices of dimension n is denoted by S".
For any two matrices X,Y € §", we let (X,Y) = Tr(XY) be the trace scalar product, while
the relation X > Y (X > Y) implies that X — Y is positive semidefinite (positive definite).
Random variables are always represented by symbols with tildes, while their realizations are

denoted by the same symbols without tildes. For x € R, we define 27 = max{x,0}.

5.2 Distributionally Robust Individual Chance Constraints

It is known that robust individual chance constraints can be conservatively approximated by
Worst-Case CVaR constraints. In this section, we first show how the theory of moment prob-
lems can be used to reformulate these Worst-Case CVaR constraints in terms of tractable
semidefinite constraints. Subsequently, we prove that the Worst-Case CVaR constraints are
in fact equivalent to the underlying robust chance constraints for a large class of constraint
functions. Finally, we illuminate the relation between robust chance constrained programming

and classical robust optimization.

Distributional Assumptions. In the remainder of this chapter we let p € R* be the mean
vector and ¥ € S* be the covariance matrix of the random vector E under the true distribution
Q. Thus, we implicitly assume that Q has finite second-order moments. Without loss of
generality we also assume that 3 > 0. Furthermore, we let P denote the set of all probability

distributions on R* that have the same first- and second-order moments as Q.
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5.2.1 The Worst-Case CVaR Approximation

For m =1, (5.3) reduces to a distributionally robust individual chance constraint

nf P (s (@) +y(@)E<0) 21—+, (5.5)

whose feasible set is denoted by

1cC _ no.os 0 TZ B
X _{:ceR .ﬁg%]?(y(sc)ij(w)fSO)Zl e}.

In the remainder of this section we will demonstrate that X' has a manifestly tractable
representation in terms of Linear Matrix Inequalities (LMIs). To this end, we first recall the
definition of CVaR due to Rockafellar and Uryasev [RU02]. For a given measurable loss function
L : R¥ — R, probability distribution P on R*  and tolerance ¢ € (0,1), the CVaR at level €

with respect to P is defined as

P-CVaR, (L(&) = inf {ﬁ NG 5>+)} | (5.6)

BER

where Ep(-) denotes expectation with respect to P. CVaR essentially evaluates the conditional
expectation of loss above above the (1 — €)-quantile of the loss distribution. It can be shown

that CVaR represents a convex functional of the random variable L(§).

CVaR can be used to construct convex approximations for chance constraints. Indeed, it is well

known that

P (L(&) < P-CVaR,(L(§)) > 1,

for any measurable loss function L, see, e.g., Ben-Tal et al. [ BTEGNO09, §4.3.3]. Thus,

P-CVaR(L(€)) < 0 is sufficient to imply P(L(€) < 0) > 1 —e. As this implication holds for
any probability distribution and loss function, we conclude that

sup P-CVaR, (yo(:c) n y<x>Té) <0 — infP (yo(:c) ty(x)TE< o) >1—e  (57)

PeP Pe
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Thus, the Worst-Case C'VaR constraint on the left hand side constitutes a conservative ap-
proximation for the distributionally robust chance constraint on the right hand side of (5.7).

The above discussion motivates us to define the feasible set

Z1CC = {:c e€R" : supP-CVaR, (yo(a:) + y(a:)T(‘;:) < O} : (5.8)
PEP

and the implication (5.7) gives rise to the following elementary result.

Proposition 5.2.1 The feasible set Z'°C constitutes a conservative approximation for X1,

that is, Z'°C¢ C x1°C,
We will now show that Z'°C has a tractable representation in terms of LMIs.

Theorem 5.2.1 The feasible set Z'°C can be written as

3(8,M) € R x Sk,

oo o M =0, [+3(Q,M)<O0,
=4 cC :

The proof of Theorem 5.2.1 relies on the following well-known result about worst-case expec-
tation problems, which will play a key role in many of the subsequent derivations. We relegate

its proof to Appendix 5.6.1.

Lemma 5.2.1 Let f : R¥ — R be a measurable function, and define the worst-case expectation

Owe as

e = sup s ((£(€))") (5.9)

PeP
where P represents the usual set of all probability distributions on R with given mean vector
p and covariance matrix 3 > 0. Then,

Oy = inf {(Q,M> . M=0, [ET1]MIET1] > f() vgeR’“},

Me§k+1
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where

L +pp’ op
QO —
w' 1

1s the second-order moment matriz of é

Proof of Theorem 5.2.1: By using (5.6), the Worst-Case CVaR in (5.8) can be expressed as

sup P-CVaR, (yo(az) + y(az)Té> = sup inf {B + %EP <(y0(w) +y(x)"E - 5)+>}

PP pep PER

=t {5+ Lsups (@) +v@E-9)7) L 510

BER € pep

where the interchange of the maximization and minimization operations is justified by a stochas-
tic saddle point theorem due to Shapiro and Kleywegt [SK02], see also Delage and Ye [DY10]
or Natarajan et al. [NPS09]. We now show that the Worst-Case CVaR (5.10) of some fixed
decision & € R™ can be computed by solving a tractable SDP. To this end, we first derive an

SDP reformulation of the worst-case expectation problem

sup B ( (4 (@) + y(2) "€~ 6)*)

PeP

which can be identified as the subordinate maximization problem in (5.10). Lemma 5.2.1

enables us to reformulate this worst-case expectation problem as

inf  (Q,M)
MeSk+1 (5-11)

st M=0, [€T1M[¢T1] > ') +y(@)E -5 VEeR-E

Note that the semi-infinite constraint in (5.11) can be written as the following LMI.

T

M — ¢ >0VEeRF «— M-
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This in turn allows us to reformulate the worst-case expectation problem as

inf (2, M)
MeSk+1
0 Loy(x (5.12)
s.t. Mz0, M- 2¥/(®) = 0.

By replacing the subordinate worst-case expectation problem in (5.10) by (5.12), we obtain

sup P-CVaR, (yo(w) + y(m)Té) — inf B+ 1(Q,M)
PeP

s.t. MeSk! BeR

M=0, M- =0,
and thus the claim follows. [ |

5.2.2 The Exactness of the Worst-Case CVaR Approximation

So far we have shown that the feasible set Z'“C defined in terms of a Worst-Case CVaR
constraint constitutes a tractable conservative approximation for X™°“. We now demonstrate
that this approximation is in fact ezact, that is, we show that the implication (5.7) is in fact
an equivalence. We first recall the nonlinear Farkas Lemma as well as the S-lemma, which
are crucial ingredients for the proof of this result. We refer to Pélik and Terlaky [PT07] for a

derivation and an in-depth survey of the S-lemma as well as a review of the Farkas Lemma.

Lemma 5.2.2 (Farkas Lemma) Let fy,...,f, : R¥ — R be conver functions, and assume
that there exists a strictly feasible point & with fi(€) <0, i=1,...,p. Then, fo(&) >0 for all

& with f;(€§) <0,i=1,...,p, if and only if there exist constants T; > 0 such that
p
fo(€) + ZTifi(E) >0 V¢&eR:
i=1

Lemma 5.2.3 (S-lemma) Let f;(€) = €T A€ with A; € S™ be quadratic functions of € € R"
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fori=20,...,p. Then, fo(§) > 0 for all & with f;(§) <0,i1=1,...,p, if there exist constants
7; > 0 such that

p
=1

For p = 1, the converse implication holds if there exists a strictly feasible point € with f1(€) < 0.
Theorem 5.2.2 Let L : R¥ — R be a continuous loss function that is either

(i) concave in €, or

(11) (possibly nonconcave) quadratic in &.

Then, the following equivalence holds.

sup P-CVaR, (L(g)) <0 < infP (L(g) < 0) >1—¢ (5.14)

Proof Consider the Worst-Case Value-at-Risk of the loss function L, which is defined as

WC-VaR,(L(€)) = inf {7 : mfP(L(é) §7> > 1—6}. (5.15)

vER PeP

By definition, the WC-VaR is indeed equal to the (1 —€)-quantile of L(&) evaluated under some

worst-case distribution in P. We first show that the following equivalence holds.

inf P (L(€) <0) > 1-¢ < WC-VaR, (L(&)) <0 (5.16)

Indeed, if the left hand side of (5.16) is satisfied, then v = 0 is feasible in (5.15), which

implies that WC-VaR(L(€)) < 0. To see that the converse implication holds as well, we

note that for any fixed P € P, the mapping v — P(L(§) < ) is upper semi-continuous,

see [PAS09]. Thus, the related mapping v H;n7f) P(L(&) < ) is also upper semi-continuous.
S

If WC-VaR.(L(§)) < 0, there exists a sequence {v, }nen that converges to zero and is feasible

in (5.15), which implies

inf P (L(é) < o) > limsup inf P (L(é) < %) >1—e

PEP oo PEP
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Thus, (5.16) follows.
To prove the postulated equivalence (5.14), it is now sufficient to show that

sup P-CVaR, (L(é)) — WC-VaR, (L(é)) .

PeP

Note that (5.15) can be rewritten as

vER PcP

WC-VaR,(L(£)) = inf {7 . suplP (L(é) > 7) < 6}. (5.17)

We proceed by simplifying the subordinate worst-case probability problem sup P(L(&) > ),

PeP
which can be expressed as
inf {<Q,M> c M0, [ETIM[ET 1] >1 V€ y—L(E) < o}, (5.18)
Me 1

see Lemma 4.4.1.

We will now argue that for all but one value of  problem (5.18) is equivalent to

inf (Q2, M)
s.t. MeSHL 7eR, Mx=0, 7>0 (5.19)
€T M[ET 1T~ 1+7(y— L) 20 VEER

For ease of exposition, we define h = EiEanky — L(&). The equivalence of (5.18) and (5.19) is
proved case by case. Assume first that h < 0. Then, the strict inequality in the parameter
range of the semi-infinite constraint in (5.18) can be replaced by a weak inequality without
affecting its optimal value. The equivalence then follows from the Farkas Lemma (when L(§)
is concave in &) or from the S-lemma (when L(§) is quadratic in £). Assume next that h > 0.
Then, the semi-infinite constraint in (5.18) becomes redundant and, since €2 > 0, the optimal
solution of (5.18) is given by M = 0 with a corresponding optimal value of 0. The optimal value
of problem (5.19) is also equal to 0. Indeed, by choosing 7 = 1/h, the semi-infinite constraint

in (5.19) is satisfied for any M > 0. Finally, note that (5.18) and (5.19) may be different for
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Since (5.18) and (5.19) are equivalent for all but one value of v and since their optimal values

are nonincreasing in 7, we can express WC-VaR,(L(€)) in (5.17) as

WC-VaR (L(§)) = inf 7~
s.t. MeSkH! 7c€R, v€R
(5.20)
(M) <e, M>=0, 7>0

[ET1M[ET 1] 14+ 7(y—L(£) >0 VEE€RE

It can easily be shown that (€2, M) > 1 for any feasible solution of (5.20) with vanishing 7-
component. However, since € < 1, this is in conflict with the constraint (€2, M) < e. We thus
conclude that no feasible point can have a vanishing 7-component. This allows us to divide the
semi-infinite constraint in problem (5.20) by 7. Subsequently we perform variable substitutions
in which we replace 7 by 1/7 and M by M/7. This yields the following reformulation of
problem (5.20).

WC-VaR (L(£)) = inf ~
s.t. MeSHl 7ecR, ~eR
QM) <7, M»0, 7>0
(€T M1 —74+7—L(€) >0 V&R

Note that, since 2 = 0 and M = 0, we have %(Q,I\/D > 0. This allows us to remove the
redundant nonnegativity constraint on 7. We now introduce a new decision variable g = v — 7,

which allows us to eliminate .

WC-VaR(L(€)) = inf B+7
s.t. MeSk! r7eR, BeR
M) <7, M0
[€T1M[ET 1] +8-L(&) >0 VEeRF
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Note that at optimality 7 = (€2, M), which finally allows us to express WC-VaR, (L(€)) as

WC-VaR(L(€)) = inf B+ QM)
s.t. MeSHL BeR, M0 (5.21)
(€T 1M [T 1]"+8—L(£) >0 VEeR-

Recall now that by Lemma 5.2.1 we have

. . 1
sup P-CVaR, (L(é)) ol ! {5 + s Ep ((L(E) - 5)+)}
= inf S+ 1{(Q,M)
s.t. MeSHL BcR, M=0

(€T M[ET 1T+ 8- L(&) >0 VEeRF,

which is clearly equivalent to (5.21). This observation completes the proof. |

Corollary 5.2.1 The following equivalence holds

sup P-CVaR, (yo(az) + y(az)Té> <0 <= ];nf P (yo(a:) +y(x)TE < 0> >1—¢,
PeP Sl

which implies that Z'°C = X1,

Proof The claim follows immediately from Theorem 5.2.2 by observing that L(£) = y°(x) +

y(x)T€ is linear (and therefore concave) in €. B

In the following example we demonstrate that the equivalence (5.14) can fail to hold even if

the loss function L is convex and piecewise linear in &.

Example 5.2.1 Leté be a scalar random variable with mean p = 0 and standard deviation
o = 1. Moreover, let P be the set of all probability distributions on R consistent with the given
mean and standard deviation. Consider now the loss function L(§) = max{{ — 1,4¢ — 4},

and note that L is strictly increasing and convexr in &. In particular, L is neither concave
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nor quadratic and thus falls outside the scope of Theorem 5.2.2. We now show that for this
< 0 is violated even though

PeP

particular L the Worst-Case CVaR constraint sup IP—CVaR%(L(é)
the distributionally robust individual chance constraint Einn7f3 P(L(§
€

)
) <0) > 1/2 is satisfied. To

this end, we note that the Chebychev inequality P(§€ — > ko) < 1/(1 + k2) for & = 1 implies

;16171319’@2 1) <% — supP’(L(f) > L(1) =0> S%

where the first equivalence follows from the monotonicity of L. Assume now that the true
distribution Q of € is discrete and defined through Q(f = -2) =1/8, Q(f~ =0) = 3/4, and
Q€ = 2) = 1/8. It is easy to verify that Q € P and that Q—CV&R%(L(@) = 0.25. Thus,

sup P-CVaR 1 (L(§)) > 0.25 > 0. We therefore conclude that the Worst-Case CVaR constraint
PeP

18 not equivalent to the robust chance constraint.

5.2.3 Robust Optimization Perspective on Individual Chance Con-

straints

There exists a close relationship between distributionally robust chance constrained program-
ming and straight robust optimization, a powerful modeling paradigm for decision problems
subject to non-stochastic data uncertainty, see, e.g., [BTEGN09, BTN98, BTN99]. In order to

elicit this connection, we consider the following semi-infinite constraint.
V(@) +y(2)TE <0 VEelU. (5.22)

In contrast to the chance constraint (5.5), which requires the underlying linear inequality to
be satisfied with a certain probability, the above semi-infinite constraint forces the inequality
to be satisfied for all realizations of é within a prescribed uncertainty set U.. The shape of the

uncertainty set should reflect the modeler’s knowledge about the distribution of the random
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vector é, e.g., full or partial information about its support and its moments. Recall that in
our current setting only the first- and second-order moments of é are assumed to be known.
Moreover, the size of U, should be chosen in such a way as to guarantee that the set of all

x € R" feasible in (5.22) approximates X1C.

Chen et al. [CSSC09] have derived an uncertainty set with these desirable properties. Inspired
by their approach, we derive an uncertainty set with the strong property that (5.5) and (5.22)

are indeed equivalent. The following theorem constitutes a first step towards this goal.

Theorem 5.2.3 For any fized x € X, the robust chance constraint (5.5) is equivalent to the

semi-infinite constraint
0 Lly(z
< 2(),A>§O VA e U}, (5.23)

where the uncertainty set Ul C SF*1 is defined as
1

w:{AeyﬂzA>o,—ﬂ—A>m M%Hpq}. (5.24)
€

Proof: The equivalence between robust individual chance constraints and Worst-Case CVaR
constraints holds for any fixed * € X'. The Worst-Case CVaR can be computed by solving the

SDP (5.13). After a few elementary simplification steps the dual of problem (5.13) reduces to

sup < 0 Qy(a:) ,A>
Aesk+1 ly(x)T (=) (5.25)

1
S.t. A >f‘ 0, —Q - A >; 0, Ak‘-i—l,k’-i—l == 1
€

Note that strong duality holds because the primal problem (5.13) is convex and the dual
problem (5.25) is strictly feasible for any ¢ € (0,1) since > 0 (as a result of ¥ > 0).
Constraining the Worst-Case CVaR to be nonpositive is therefore equivalent to requiring that
the optimal objective value of problem (5.25) is nonpositive, which is manifestly equivalent to

the semi-infinite constraint (5.23). 1
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Next, we demonstrate that the uncertainty set ¢!, which is embedded in the space of positive

semidefinite matrices S**1, is closely related to an ellipsoidal uncertainty set in the &-space.

Corollary 5.2.2 For any fized x € X, the robust chance constraint (5.5) is equivalent to the
semi-infinite constraint

P(x) +y(x)€ <0 VEeu, (5.26)

where

ufﬂz{seRk WS NE ) < 1‘6}.

€

Proof: By expanding the trace in (5.23), we can reformulate this semi-infinite constraint as

y(z) +y(z)"€ <0 VE € proj(U}),

where proje(24!) denotes the projection of the uncertainty set ¢, to the space R* and is defined

as

X 1 X
£T 1 € ET 1

The equivalence of proj(U!) and U follows directly from Corollary 4.5.1. 1

Lemma 5.2.2 allows us to interpret the uncertainty set U} defined in (5.24) as a version of the
ellipsoidal uncertainty set U lifted to the space of positive semidefinite matrices S¥*1. We
emphasize that the simplification of (5.23) to (5.26) in Corollary 5.2.2 is only possible because
the inequality in the chance constraint (5.5) is linear in the random vector €. We further
remark that the semi-infinite constraint (5.26) can be expressed as a single SOCP constraint,
see, e.g., El Ghaoui et al. [EGOO03]. The importance of the lifted uncertainty set ¢! will
become evident in the next section, where we will show that the uncertainty set associated
with a distributionally robust joint chance constraint of type (5.3) is not ellipsoidal but can be

interpreted as a generalization of U!.
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5.3 Distributionally Robust Joint Chance Constraints

We define the feasible set X7“C of the distributionally robust joint chance constraint (5.3) as

xICC = {a:eR": 1anP>< () +yi(x)T€E<0 Vi=1,. )21—6}.

PeP

X7CC and to elaborate tractable

The aim of this section is to investigate the structure of
conservative approximations. We first review two existing approximations and discuss their

benefits and shortcomings.

5.3.1 The Bonferroni Approximation

A popular approximation for X7¢¢ is based on Bonferroni’s inequality. Note that the robust

joint chance constraint (5.3) is equivalent to

inf P <ﬁ {y?(w) +yi(x) € < 0}) >1—¢€ <= supP (CJ{ )+ yi(x)T€ > 0}) <e

i=1 PeP i1

Furthermore, Bonferroni’s inequality implies that

(@{ )+ yi(z T£>O}> Zj: ( ) + i@ )Té’>o) VP € P.

For any vector of safety factors € € £ = {e e R : Y, ¢; < €}, the system of distributionally

robust ndividual chance constraints

. 0 ) T o ) s
I})g%l?(yi(m)—i—yz(m) ESO)Zl ¢ Yi=1,...,m (5.27)

represents a conservative approximation for the distributionally robust joint chance constraint (5.3).
By Theorem 5.2.1, we can reformulate each of the individual chance constraints in (5.27) in
terms of tractable LMIs. In fact, as explained at the end of Section 5.2.3, we can further reduce

these LMIs to SOCP constraints, but this further simplification is irrelevant for our purposes.
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Thus, for any € € £, the assertion that € Z3°“(€), where

3(B;, M;) € R x Sk+! Vi=1,...,m,

Z¥Ce)={xzcR": ’ :

M 0 %yl(w)
\ sYi(@)T yl(x) - 5,

=0 Vi=1,....m

is a sufficient condition to guarantee that @ satisfies the original distributionally robust joint

chance constraint (5.3). The above arguments culminate in the following result.
Theorem 5.3.1 (Bonferroni Approximation) For any € € £ we have Z3°C(e) C X7CC,

A major shortcoming of the Bonferroni approximation is that the approximation quality de-
pends critically on the choice of € € £. Unfortunately, the problem of finding the best € € £
for a generic chance constrained problem of type (5.4) is nonconvex and believed to be in-
tractable [NS06]. As a result, in most applications of Bonferroni’s inequality the “risk budget”
e is equally divided among the m individual chance constraints in (5.27) by setting ¢, = €¢/m

for i = 1,...,m. This approach was first advocated by Nemirovski and Shapiro [NS06].

The Bonferroni approximation can be overly conservative even if € € £ is chosen optimally. The

following example, which is adapted from Chen et al. [CSSC09], highlights this shortcoming.

Example 5.3.1 Assume that the inequalities in the chance constraint (5.3) are perfectly posi-

tively correlated in the sense that

yi (@) = 6’ (®) and yi(x) = d;5()

for some affine functions 7° : R® — R and 4 : R® — R* and for some fived constants &; > 0
fori=1,....m. In this case, it can readily be seen that the joint chance constraint (5.3) is
equivalent to the robust individual chance constraint

inf P (yo(:c) +y(x)TE< 0) >1—e (5.28)
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Thus, the least conservative choice for €; which guarantees that (5.27) implies (5.3) is €¢; = €
forv =1,...,m. However, this means that the ¢; sum to me instead of € as required by the
Bonferroni approximation. In fact, the optimal choice for € € € is ¢, = €¢/m fori=1,...,m.
This example demonstrates that the quality of the Bonferroni approzimation diminishes as m

increases if the inequalities in the joint chance constraint are positively correlated.

5.3.2 Approximation by Chen, Sim, Sun and Teo

In order to mitigate the potential over-conservatism of the Bonferroni approximation, Chen
et al. [CSSCO9] proposed an approximation based on a different inequality from probability
theory. The starting point is the observation that the joint chance constraint (5.3) can be

reformulated as

%néIP’ ( max {Ozi (y?(m) + yz(w)Té>} < 0) >1—¢ (5.29)
S 1=1,....,m

for any vector of strictly positive scaling parameters o € A = {a € R™ : a > 0}. Note that
the choice of a € A does not affect the feasible region of the chance constraint (5.29). Although
these scaling parameters are seemingly unnecessary, it turns out that they can be tuned to
improve the approximation to be developed below. We emphasize that (5.29) represents a

distributionally robust individual chance constraint, which can be conservatively approximated

by a Worst-Case CVaR constraint. Thus, for any a € A, the requirement

x € Z'Cq) = {a: €R" : supCVaR, ( max {oz,; (yg(w) n yi(w)Té) }) < o} (5.30)

PeP 1=1,....m

implies that & € X7¢C¢

, see Proposition 5.2.1. It is important to note that, in contrast to the
chance constraint (5.29), the Worst-Case CVaR. constraint z € Z7°C(a) does depend on the
choice of @ € A. Thus, the Worst-Case CVaR constraint in (5.30) is not equivalent to the

robust chance constraint (5.29) since the max function in (5.29) is convex piecewise linear, see

also Theorem 5.2.2 and Example 5.2.1.

The following theorem due to Chen et al. [CSSC09] provides a tractable conservative approxi-

mation for Z7°¢(a).
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Theorem 5.3.2 (Approximation by Chen et al.) For any o € A we have Z{“(a) C
ZICC(a) € XI°C where
( 3
IBeR, w’eR, weRF {M;}n,cSkH!
0 %w
B4+ ({2 M) <0, M, — =0
lw™ w -3
ZI%a) =z e R": ?
0 1 ;Y () —w
M, — 2 (Cyi(@) = w) =0 Vi=1,...,m
(aiyi(z) —w)T oy () — w°
L MZ¢0 Vz’zO,...,m,)
(5.31)

Proof The inclusion Z7°C(a) C X7°C follows from Proposition 5.2.1. To prove ZJ““(a)

C

ZICC (), we note that the constraint € Z7°C(a) is equivalent to J(z, a) < 0, where

J(x,a) = supCVaRe(max

PeP

BER

1
= inf {B + —sup Ep

i=1

€ Pep

{0%' (y?(w) + yi(a:)Té) })
(L_Hllaxm {ai (y?(m) + yi(m)Té>} - 5} +> } < 0. (5.32)

-----

Due to a classical result in order statistics by Meilijson and Nadas [MN79], we have

=1,...

PeP

IN

PeP

= G(wo,w,ﬂ,a,m)

sup Ep (L_nllaxm {ai (y?(:c) + yz‘(w)Té)} - ﬁ] +>

sup Ep <(wo LwTé - 5)+> n isup Ep <[aiy?(m) — w4 (yyi(x) — w)Tqu)

‘] Pep

for any fixed (w® w) € R x R¥. This estimate provides the following upper bound on the

Worst-Case CVaR.

J(@a) < J(z a)

= inf
BER, wO€ER, weRk

{B + %G(wo,w, B,a,x)} (5.33)

The evaluation of J (z, ) involves the solution of m + 1 subordinate worst-case expectation
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problems, all of which have equivalent tractable SDP formulations of the type (5.12). This

enables us to reformulate J (z,a) as

J(x,a) = inf B+%<Z(9,Mi>)

1=0

s.t. weRF, weR, BeR, M, eS! Vi=0,...,m

0 lOZZ' L) — W
M, — a(0yi(®) ) =0 Yi=1,....m (5-34)
%(Oéiyi(w) —w)" oy (x) —w’
0 %'w
MO_ ?0, Ml?-‘() VZ:O,,m

1, T ,0
sw w =3

Thus, the assertion € Z{°C(a) implies £ € Z7°C(a), and we conclude that ZJ*“(a) C

ZIC%a) forallae A. K

Note that, since the feasible set Z}““(a) constitutes a tractable conservative approximation for
X7C for any a € A, the union J,, , Z{°°(ev) still constitutes a conservative approximation for
X7CC. Chen et al. [CSSC09] prove also that their approximation is tighter than the Bonferroni
approximation by showing that Z5°“(€) C |, 4 Z{7“(a) for all € € £. Unfortunately, similar
to the Bonferroni approach, the approximation by Chen et al. depends critically on the choice

of a, while the problem of finding the best o € A for a generic chance constrained program of

the type (5.4) is nonconvex and therefore believed to be intractable.

5.3.3 The Worst-Case CVaR Approximation

Both approximations discussed so far rely on inequalities from probability theory, which are not
necessarily tight. In this section we show that the set Z’°“(a) has in fact an exact tractable
representation in terms of LMIs. This result relies on the solution of a moment problem that
allows us to determine an exact reformulation of the Worst-Case CVaR in (5.32), and it leads

to a tighter convex approximation for the feasible set X7¢C.
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Theorem 5.3.3 For any fixred x € R™ and a € A, we have

( )
3(B,M) € R x Sk,
B+ {Q,M) <0, =0,
2% a) =z cR": : (5.35)
0 say;i(x
M — 1,....m
%azsz ’lyz 6 )

Proof As in Section 5.2, the first step towards a tractable reformulation of the Worst-Case

CVaR in the definition of Z7°“(a) is to solve the worst-case expectation problem

sup Ep (L_mlfgf {ai (y?(w) + y@-(%‘)Ta} - ﬁr) : (5.36)

For any fixed ¢ € X, f € R, and a € A, Lemma 5.2.1 enables us to reformulate (5.36) as

Miré£+1 (€2, M)
st M»0, €M > max {oi (@) + w(@)E)} -5 vEERE

-----

(5.37)
We emphasize that (5.37) represents a lossless reformulation of the worst-case expectation
problem (5.36). The semi-infinite constraint in (5.37) can be expanded into m simpler semi-

infinite constraints of the form

[ETMIET 1] > s (1 (@) +yi(a)T€) =B VEERN i=1,....m.

Using similar arguments as in Section 5.2, these semi-infinite constraints can be equivalently

expressed as the following system of LMIs.



5.3. Distributionally Robust Joint Chance Constraints 145

We can therefore reformulate the worst-case expectation problem (5.36) as

inf (2, M)
MeSk+1
s.t. M=0, M- =0 Vi=1,....m.

%Oéiyi(w)T ay} (z) — B

Substituting (5.38) into (5.32) yields

1
j(mv a) = inf B + _<Qv M>
€
s.t. MeSH pgeR
(5.39)
0 lO{i A\
Mi=0, M- 70:Y:(®) =0 Vi=1,....m,

%aiyi(w)T Oéiy?(w) -

where J (x, ) is defined as in the proof of Theorem 5.3.2. Since Z27°“(a) = {x € R" : J(z, a) <

0}, the claim follows. N

Theorem 5.3.3 establishes that Z7°C(a) has an exact representation in terms of LMIs. We have
already seen in Section 5.3.2 that Z7°C(a) C X7°C for all @ € A and that Z{°°(a) C Z27°C(a),
see Theorem 5.3.2. Thus, Z7°“(a) constitutes a tractable conservative approximation for X7

which is at least as tight as Z{°°(a).

Remark 5.3.1 As a consistency check, we can verify that the constraints in (5.31) imply the
constraint in (5.35). To this end, assume first that x € Z}°°(a) for some given o € A. This
implies that there exists some (3, w’, w, {M;}™,) that satisfy

0 laiyim
M, + M, — 30 Yi(®) =0 Vi=1,....m, (5.40a)

soayi(e)T il (x) — 6

and

B+ % <i<ﬂ M@->> <0, (5.40b)

1=0

see (5.31). We now prove that x € Z'°°(at) by showing that o, f, M = > ' M;, and = are
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feasible in (5.35). Firstly, since M; = 0 for i =0,...,m we have that M = 0. Secondly, it is

easy to see that the inequality (5.40b) is equivalent to
1
B+ -{(Q,M) <0.
€

Finally, since M =Y"" M, = Mo+Mj; forall j =1,...,m, the inequalities in (5.40a) imply
that
0 Toy(z
M — 20U (®) =0 Vi=1,...,m.
%Oéiyi(m)T Oéiy?(m) - p

Thus, all the constraints in (5.35) are satisfied. i

Recall from Section 5.3.2 that Z1“(€) C J,cu Z07°() for all € € €. Moreover, we have
ZI%a) C 27°C(a) € XICC for all a € A. This allows us to conclude that our new approxi-

mation is at least as tight as the two state-of-the-art approximations discussed above.

Remark 5.3.2 In contrast to the classical Bonferroni approximation, the new approximation
behaves reasonably in situations in which the m inequalities in the chance constraint (5.3) are
positively correlated. Indeed, by choosing o :=1/6; > 0 for alli=1,...,m in Ezample 5.5.1,

the constraint x € Z'°C(a) is equivalent to

3 e R, M e S . B+1(Q,M> <0, M=0, M-

‘ (@) Y(x) - B
which can easily be identified as the SDP reformulation of the individual chance constraint (5.28).
This implies that Z7°C(a) = X'°C for all o € A in Example 5.5.1, see also Theorem 5.2.1.
Thus, by choosing a appropriately, our method can provide tight approximations for distribu-
tionally robust joint chance constraints, even in situations when the m inequalities are positively

correlated.
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5.3.4 Dual Interpretation of the Worst-Case CVaR Approximation

In this section we explore a different way to find a tractable conservative approximation for the
chance constraint (5.3). Subsequently, we will prove that this approximation is equivalent to

the Worst-Case CVaR approximation.

Consider again the robust individual chance constraint (5.29) which is equivalent to the robust
joint chance constraint (5.3) for any fixed a € A. Instead of approximating (5.29) by a Worst-
Case CVaR constraint, we can approximate the max-function in the chance constraint (5.29)

by a quadratic majorant of the form ¢(¢) = £€TQ€ + £7q + ¢° that satisfies

q(€) = max {a; (4 (z) +yi(x)'€)} VEER,
T (5.41)

— q(ﬁ)zai(y?(m)+y,~(m)T£) VEERF i=1,...,m.

Replacing the max function in (5.29) by ¢(&) yields the distributionally robust (individual)

quadratic chance constraint
inf P (éTQ£+ g+ < o) >1—e (5.42)
€
For further argumentation, we define

JQ € S¥, g € R¥, ¢° € R such that
200y = daerr: 2001 ! (543

q(&) = €TQE + €7 q + ¢° satisfies (5.41) and (5.42)

Proposition 5.3.1 For any fired o € A the feasible set Zécc(a) constitutes a conservative

approzimation for X°C, that is, ZX°°(a) C X7°C.
Proof Note that any x feasible in (5.29) is also feasible in (5.43) since

i=1,....m

P (éTQé +E€Tq+q" < o) <P < max {ai(y?(cc) + yi(ar:)Té)} < o) VP e P.

Since x is feasible in (5.29) if and only if £ € X7°C, the claim follows. |
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Theorem 5.3.4 For any fired x € R™ and o € A we have

IQeSk, qgeRF, "R, BeER, MeSH!,

Jce B+1{(Q,M)<0, M0, M- 1
Zy (a)=qzeR": T B

Q %(q — a;yi(x))

%(q — a;yi(x))

Proof Note that the constraints in (5.41) are equivalent to

Q %(q — a;yi(x))
(@ — (@) ¢° - aiy(x)
Moreover, by Theorem 5.2.2, the robust quadratic chance constraint (5.42) is equivalent to the

Worst-Case CVaR constraint

sup P-CVaR (ETQ€+ £Tq+ qo) = inf {ﬁ + 2 supEy ([ETQ€+ £q+q - B} +) } < 0.

PcP € Pcp
(5.44)

As usual, we first find an SDP reformulation of the subordinate worst-case expectation problem

sup Ep ([§Q5+§q+q°—6r>-

PeP

By Lemma 5.2.1, this problem can be rewritten as

inf (2, M)
Mesk+1 (5.45)

st M=0, [T1M[¢T1] > ¢'Qe+¢Tg+¢" -5 VEER:

Note that the semi-infinite constraint in (5.45) is equivalent to

.
1 1

¢ M — Q24 ¢ >0 VEeR «— M- Q¢ =0,

1 1q" - 1 q" -5
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which enables us to rewrite (5.45) as

inf (2, M)
MeSk+1
1 (5.46)
s.t. Mz0, M- Q a9 = 0.
54" " —p

Substituting (5.46) into (5.44) shows that the robust quadratic chance constraint (5.42) is

equivalent to
0 > inf A+ 1(Q,M)

s.t. MeSkH! BeR

M0 M- = 0.

Thus, the claim follows. |

In the following theorem we show that the approximate feasible set Zécc(a) is equivalent to the
set Z7°C(a) found in Section 5.3.3. This implies that the approximation of a distributionally
robust joint chance constraint by a Worst-Case CVaR constraint is equivalent to the approx-
imation of the max function implied by the joint chance constraint by a quadratic majorant.

Note that both approximations depend of the choice of the scaling parameters .

Theorem 5.3.5 For any o € A we have Z5°(a) = Z27°C(a).

Proof By defining the combined variable

,.<

I
N[
L)
< D=
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the set ZJ°“(ax) can be rewritten as

Y € S¥, BeR, M e Sk,

B+ QM) <0, M:3>0

ZI% a) = x eR": )
0 0 0 Ty ()

M + =Y = Vi=1,....,m
o' %Oéiyi(w)T Oéiy?(w)

It is easy to see that Y may be eliminated from the above representation of Zécc(a) by
rewriting the last constraint group as

0 lOéi i\
M — 70 Yi(®) =0 Vi=1,...,m.

%Oéiyz‘(m)T gy (x) — B

This observation establishes the postulated equivalence. | |

5.3.5 The Exactness of the Worst-Case CVaR Approximation

So far we have shown that, for any fixed a € A, the feasible set Z7°“(a) constitutes a tractable
conservative approximation for X7°C. This implies that the union of all sets of the type Z7““(a)
for o« € A still constitutes a conservative approximation for X?¢C. We now demonstrate that

this improved approximation is in fact exact.

Theorem 5.3.6 The Worst-Case CVaR approximation is exact if o is treated as a decision

variable. Formally, we have

XJCC — U ZJCC(CX).

acA

Proof Recall from Section 5.3.1 that the feasible set X?CC can be written as

XICC = {:13 e R" : supP (U {y?(m) + yz(m)Té > 0}) < e} .

PeP  \,T)
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By Lemma 4.4.1 we may thus conclude that
M € SHH QM) <e, M0,
X' ={zeR": <T >
[€T1M[gT 1] =1 vee UL, {w (@) + ()€ > 0}
The semi-infinite constraint in the above representation of X?CC can be reexpressed as
(€T 1M 1] >1 V& : () +ui(x)TE>0, Vi=1,...,m,
which, by the S-lemma, is equivalent to
0 lO./Z' i\
Ja >0, M- 20U (®) =0 Yi=1,...,m.
soiyi(e) " gyl (x) +1
Thus, the feasible set X7CC can be written as
( 3
IM e S¥1, a e R™,
(M) <e, M>=0 >0,
X =Lz ecR": (5.47)
0 lai i\
M — 20U (®) =0 Vi=1,....m
saiyi(2)" oyl (x) +1

Note that we require here without loss of generality that « is strictly positive. Indeed, it can

be shown that no feasible a has any vanishing components. By Theorem 5.3.3, we have

38 € R,
B+ (9,
U 2% )=z cR":
acA
M —

McSkHl acA

M) <0, M0,

0 sYi()

=0 Vi=1,...
laiy] ayd(x) — B

(5.48)

Note that any feasible 4 in Z7°“(a) must be nonpositive since 8 + %(Q, M) <0, M = 0, and

Q> 0.

It is clear that X'°C C |J, .4 Z279“(e) since we are free to set f = —1 in (5.48) and since
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—1+ (2, M) < 0 is equivalent to (€2, M) < e. To prove the converse inclusion, we select an

arbitrary € |J . , Z27°“(a) and a corresponding (3, M, ) satisfying the constraints in (5.48).

acA
Assume first that 5 < 0. Since all constraints in (5.48) are homogeneous of degree 1in (5, M, at),
the scaled variables (8',M',a’) = (—=1,—M/8, /) are also feasible in (5.48). Moreover,
(x, 3, M', &) is feasible in (5.47), and thus & € X’°“. Assume now that 8 = 0. Then, the

constraints in (5.48) imply M = 0. Since a > 0, this in turn implies that

W(x)+y(x)T€E<0 VEERY, Vi=1,....,m

— %}n%]P’(y?(w) +yi(x) €<0 Vi= 1,...,m) =1
€

XJCC

These observations make it clear that x € , which concludes the proof. |

Theorem 5.3.6 implies that the original joint chance constrained program

minimize e¢'x
reXNXJICC

is equivalent to

minimize ¢'x (5.49)

zeXﬁZJCC(a)
acA

Unfortunately, optimizing jointly over z € X N Z7°C(a) and a € A in (5.49) involves Bilinear
Matrix Inequalities (BMIs). It is known that generic BMI constrained problems are NP-hard,
see [TO95]. Similar nonconvexities arise also in the approximations discussed in Sections 5.3.1
and 5.3.2, which underlines the general perception that problems with distributionally robust

joint chance constraints are hard to solve.

Recall, however, that for any fixed a € A, the set Z7CC(a) is representable in terms of tractable
LMI constraints involving the auxiliary variables § and M. In particular, the constraints
in (5.48) are convex in 5, M, and « for any fixed a, and convex in « for any fixed 5, M,
and x. In Section 5.3.8 we will use this property to propose an algorithm for solving (5.49)

approximately.
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5.3.6 Robust Optimization Perspective on Joint Chance Constraints

In Section 5.2.3 we have shown that robust individual chance constraints are equivalent to
robust semi-infinite constraints involving an uncertainty set that can be interpreted as an
ellipsoid lifted to the space of positive semidefinite matrices. In this section we show that there
exists also a close relationship between robust joint chance constraints and robust semi-infinite

optimization.

We first show that one can construct a robust counterpart for the constraint € Z7°¢(a).

Theorem 5.3.7 For any fived x € X and o € A we have € Z7°°(a) if and only if

s¥i@)" vl (x)

Zai< 2¥i(T) 7Ai> <0 V(Ay,...,A,)eUr, (5.50)
i=1

where the uncertainty set U™ C (S¥1)™ is defined as

Ai=0 Yi=1,..,m
Ur=q (A Ay) € (Y™ 1 S A =0 . (5.51)

mooAg _
Zizl Ak+1,k+1 =1

Proof In the proof of Theorem 5.3.3 we have seen that z € Z'¢C(a) if and only if the optimal
value of the SDP in (5.39) is nonpositive. After a few elementary simplification steps, the dual

of this SDP reduces to

Wi@)" ()

m 0 = iw
sup Zai< Qy() 7Ai>
=1
k+1
s.t. Ay,..., A, €S (5.52)

%Q - ZAi 70, ZAZJrl,kJrl =1
i=1 i=1

Using similar arguments as in Theorem 5.2.3, it can be shown that strong duality holds. Thus,
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x € Z'°“(a) if and only if the optimal value of problem (5.52) is nonpositive, which is mani-

festly equivalent to the postulated semi-infinite constraint (5.50). W

Remark 5.3.3 Note that for m = 1, the uncertainty set U™ defined in (5.51) reduces to U}
defined in (5.24), which is the uncertainty set associated with a distributionally robust individual

chance constraint. In this case, the robust counterpart (5.50) adopts the form

0 1
a< 2Y ,A>§O VA e Ul
1 0
2

Lyt oy

The scalar o > 0 can be divided away by which we recover the semi-infinite constraint (5.23).
This shows that the robust counterpart (5.50) of the joint chance constraint (5.3) encapsulates

that of the individual chance constraint (5.5) as a special case.

In the next theorem we show that one can also construct a robust counterpart for the constraint

x € ZI“(a), see Section 5.3.2.

Theorem 5.3.8 For any fived x € X and o € A, we have z € Z{F%(a) if and only if

m 0 l im ~
Zai< Qy( ) ,Az> <0 V(A1a~-->Am) Euem, (553)
=1

s¥i(@)T gl ()

where the uncertainty set U™ C (SF1)™ is defined as

A, =0 Vi=1,...,m
U= (Ar, M) € (S 1o - A =0 Vi=1,....m

mooAg _
Zi:l Ak+1,k+1 =1

Proof The proof relies on deriving the dual of the SDP (5.34) and then follows the argumen-

tation in the proof of Theorem 5.3.7. | |

The semi-infinite constraints (5.50) and (5.53) both represent (conservative) robust counter-

parts for the distributionally robust joint chance constraint (5.3). Note that (5.53) with the
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uncertainty set Z]g” is generally more conservative than (5.50) with the uncertainty set U™
Indeed, it can easily be seen that U C Z/A{Em since the inequalities A; = 0 for ¢+ = 1,...,m and
10— 3" A; = 0 imply that 2 — A; = 0 for i = 1,...,m. Note that U is generically a

strict subset of 24, which is consistent with Remark 5.3.1.

5.3.7 Injecting Support Information

In many practical applications the support of the (true) distribution Q of é is known to be a
strict subset of R*. Disregarding this information in the definition of P can result in unnec-
essarily conservative robust chance constraints. In this section we briefly outline how support
information can be used to tighten robust chance constraints and their approximations devel-

oped in Section 5.3. To this end, we first revise our distributional assumptions.

Distributional Assumptions. The random vector é has a distribution Q with mean vector
p and covariance matrix ¥ = 0. We assume that Q is supported on = = {& € R¥ : [¢T 1]W,[¢T 1]T <
0Vi=1,...,1}, where W; € S¥*! for all i = 1,...,1. Thus, we have Q(€ € Z) = 1. We
define Pz as the set of all probability distributions supported on = that have the same first-

and second-order moments as Q.
In this section we are interested in tractable conservative approximations for the feasible set

éCCZ{weR" - nf P (@) + (@) E <0 v@‘=17---7m>21‘6}‘
€P=

As before, we study approximate feasible sets of the form

1C(a) = {w €R" : sup CVaR, (max {oi (v¥(@) +yi<w>Té)}) < o}

PeP= i=1,....m

for a € A. By using similar arguments as in Section 5.2.1, one can show that Z1°“(a) C X2°C

for all a € A. However, the sets Z2°C(a) have no longer an exact representation in terms of

INote that every finite intersection of half-spaces and ellipsoids in R¥ is representable as a set of the form =.
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LMIs. Instead, they need to be conservatively approximated.

Theorem 5.3.9 For any fived o € A, we have Y2(a) C ZI°C(a) C X2IC, where YI°C(a)

has the following tractable reformulation in terms of LMIs.

IMecskH, BecR, T cR,
+_ 9 =~ 3 Ti_ 1 = 7...,/n/L
B+ 1{Q,M) <0 >0 Vi=0
écc(a): xecR": M+Z§-:1707jo>;0
0 Toy(z

M+ Y 7 W, — 22:0:(%) =0 Vi=1,...,m

1 T 2/0 _

QOQyz(m) aGY; (CL‘) 6

Furthermore, for | =1, we have Y2“(a) = ZZC(a).

Proof The proof widely parallels the proof of Theorem 5.3.1. The only difference is that R¥
is replaced by Z and that we use the S-lemma to approximate (for [ > 1) or reformulate (for

[ = 1) the semi-infinite constraints over = by LMI constraints.

Remark 5.3.4 While Z'°C(at) is ezactly representable in terms of LMIs in the absence of sup-
port information, Theorem 5.3.9 only provides a conservative LMI approzimation for Z3°€(ar).
Nevertheless, it is easily verified that Z7°C(a) C YI°“(a) and therefore YI°“(a) constitutes a
better approzimation for Z2°C(a) than Z7°C(a). In fact, by setting 7; = 0 for alli =0,...,m,

(5.54) reduces to (5.39).

Remark 5.3.5 Support information can also be used in a straightforward way to tighten the

approzimations discussed in Sections 5.3.1 and 5.3.2.
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5.3.8 Optimizing over the Scaling Parameters

By Theorem 5.3.6, the original distributionally robust chance constrained program (5.4) can
be written as

minimize ¢'x
zER™ ac A

subject to J(z,a) <0 (5.55)

x e X,
where the Worst-Case CVaR functional J(x, ) is defined as in (5.32). Unfortunately, as
discussed in Section 5.3.3, J(x, ) is merely biconvex, but not jointly convex in & and c.
Thus, optimization problem (5.55) is nonconvex. By Theorem 5.3.3, however, the problem

becomes convex and tractable when the values of the scaling parameters ¢ are frozen.

For the further argumentation we define the set A = {a : « > Je}, where e denotes the
vector of ones and § > 0 represents a small tolerance, which we set to 10~7. Note that, unlike

A, the set A is closed. Consider now the following optimization model where v € A is fixed.

T

min c'x

xR

st J(x,a) <0 (5.56)
rxeX

We emphasize again that by Theorem 5.3.3 (5.56) is equivalent to a tractable SDP and that
any x feasible in (5.56) is also feasible in the original chance constrained problem (5.4). In the
remainder of this section we develop an algorithm that repeatedly solves (5.56) while system-

atically improving the scaling parameters a.

The main idea of this approach, which is inspired by [CSSCO09], is to minimize J (&, ) over
a € A with the aim of enlarging the feasible region of problem (5.56) and thereby improving
the objective value. To this end, we introduce the following optimization model which depends

parametrically on ¢ € X.

min  J(x, )
e (5.57)

s.t. aec A
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Theorem 5.3.3 implies that (5.57) can also be expressed as a tractable SDP.

Assume that z* is an optimal solution of problem (5.56) for a given a € A. By the feasibility
of * in (5.56) we know that J(x*, ) < 0. Keeping «* fixed, we then solve problem (5.57) to

obtain the optimal scaling parameters a* corresponding to *. By construction, we find

J(x"a") < Jx¥a) <O0. (5.58)

The above inequalities imply that the optimal objective value of problem (5.56) with input a*
must not exceed c¢'x*. Therefore, by solving the problems (5.56) and (5.57) in alternation, we
obtain a sequence of monotonically decreasing objective values. This motivates the following

algorithm, which relies on the availability of an initial feasible solution @i, for problem (5.56).

Algorithm 5.3.1 Sequential Convexr Optimization Procedure

1. Initialization. Let xi,, be some feasible solution of problem (5.56). Set the current
solution to &° < i, the current objective value to fO < c¢"x°, and the iteration counter

tot <+ 1.

1

2. Scaling Parameter Optimization. Solve problem (5.57) with input '~' and let o

denote an optimal set of scaling parameters. Set a' < a*.

3. Decision Optimization. Solve problem (5.56) with input o' and let * denote an

optimal solution. Set x' < x* and f' + c'x'.

4. Termination. If (f* — fI=1)/|f7| <~ (where v is a given small tolerance), output =

and stop. Otherwise, sett <—t+ 1 and go back to Step 2.

Theorem 5.3.10 Assume that T is feasible in problem (5.56) for some o € A. Then, the
sequence of objective values {f'} generated by Algorithm 5.3.1 is monotonically decreasing. If
the set X is bounded, then the sequence {x'} is also bounded, while the sequence {f'} converges

to a finite limit.
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Proof By the inequality (5.58), an update of the scaling parameters from a'~! to o in Step
2 of the algorithm preserves the feasibility of '~! in problem (5.56). This guarantees that the
sequence of objective values {f*} is monotonically decreasing. Furthermore, it is readily seen
that the solution sequence {x'} is bounded if the feasible set X is bounded. Since (5.56) has
a continuous objective function, the monotonicity of the objective value sequence implies that

{f*} has a finite limit. ]

Remark 5.3.6 Algorithm 5.3.1 can also be used in the presence of support information as
discussed in Section 5.3.7. In this case, the Worst-Case CVaR functional J(x, ) has to be
redefined in the obvious way. Algorithm 5.3.1 can further be used in the context of the approz-
imation by Chen et al., see Section 5.3.2. In this case, J(x, ) is replaced by its conservative

approzimation J (x, a) defined in (5.33). Details are omitted for brevity of exposition.

We emphasize that Algorithm 5.3.1 does not necessarily find the global optimum of prob-
lem (5.55). Nevertheless, as confirmed by the numerical results in the next section, the method

can perform well in practice.

5.4 Numerical Results

We consider a dynamic water reservoir control problem for hydro power generation, which is
inspired by a model due to Andrieu et al. [AHR10]. Let € = (&, &,..., &) denote the
sequence of stochastic inflows (precipitation) into the reservoir at time instances t = 1,..., 7.
The history of inflows up to time ¢ is denoted by & = (&,...,&), where €' = ¢ Welet p e RT
and ¥ € ST denote the mean vector and covariance matrix of é, respectively. Furthermore,
€ is supported on a rectangle of the form = = (I, u]. However, we assume that no further
information about the true distribution of é is available. As usual, we let Pz denote the set of
all distributions supported on = with matching first- and second-order moments. We denote by

2,(€") the amount of water released from the reservoir in period ¢. Note that the decision z,(€")

is selected at time t after & has been observed and is therefore a function of the observation
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history. We require a:t(ét) > 0 almost surely for all P € Pz and t = 1,...,T. The water level
at time t is computed as the sum of the initial level [, and the cumulative inflows minus the

cumulative releases up to time ¢, that is,

o+ Y &= (&)
i=1 i=1

We require that the water level remains between some upper threshold Iy (flood reserve) and
some lower threshold [, (dead storage) over all time periods ¢t = 1,...,T with probability
1 — ¢, where € € (0,1). The water released in any period ¢ is used to produce electric energy
which is sold at a periodic price

1—1¢
¢, = 10 + 5sin [%] Vi=1,...,T

The worst-case expected profit over all time periods is computed as

T
Piengg Ep (; Ctmt(ﬁ)) .

In order to determine an admissible control strategy that maximizes the worst-case profit, we

must solve the following distributionally robust joint chance constrained problem.

T
maximize  inf E e (€
21 () () P@EP<§:tKEO

t=1

t t
. . = z 5.59
subject to PlengEP <l10w <ly+ E & — E xt(ﬁt) <lhigh VE=1,... ,T) >1—c¢ ( )

=1 i=1

(€)Y >0 Pas. VPePsz, t=1,...,T

Note that (5.59) is an infinite dimensional problem since the control decisions z;(-) are generic
measurable functionals of the uncertain inflows. To reduce the problem complexity, we focus
on policies that are affine functions of é . Thus, we optimize over affine disturbance feedback

policies of the form

(8 =2+ /P& Vt=1,....T, (5.60)
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where 20 € R, ; € R* and P, : RT — R’ is a truncation operator that maps £ to &'

By focusing on affine control policies we conservatively approximate the infinite dimensional
dynamic problem (5.59) by a problem with a polynomial number of variables, namely, the
coefficients {2, z;}1_,. For more details on the use of affine control policies in robust control
and stochastic programming, see, e.g., Ben-Tal et al. [BTEGNO09], Chen et al. [CSS], and
Kuhn et al. [KWG09].

By applying now standard robust optimization techniques [BTEGNO09], the requirement that

z,(&€Y) > 0 holds almost surely can be expressed as

4+ xPE>0 VECE

!

. 0 T .
Ogsrreller%{mththtE : l§£§u}

!

0 < max {2} +2/Piu+ A (1—u) : A >Plx;, A\ >0}
At€R

!

INERT A+ x/Pu+ A (1 —u) >0 A\ >Plx, A\, >0.

By substituting (5.60) into (5.59) we thus obtain the following conservative approximation

for (5.59).

T
maximize E Ct (x? + a:tTPtu)
t=1

subject to A\ € RT, x, e RY Vt=1,....T

t t
=1

i=1

Pin;f P t t >1—e€
c€P= ~ ~
how — lo — Y & + (Zx?ﬂ:}Pg) <0 Vt=1,...,T
i=1 =1
o) +xfPu+ A (1 —u) >0 v 1 -
A >Plxy, A >0
(5.61)

Note that the joint chance constraint in (5.61) involves 27" inequalities that are bilinear in the
decisions {a,}T_, and the random vector £. Problem (5.61) can therefore be identified as a

special instance of problem (5.4) and is amenable to the approximation methods described in
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Section 5.3. In the remainder of this section, we compare the performance of these approxima-

tion methods.

In the subsequent tests, we set T' = 5, ly = 1, liow = 1, and lign = 5. The mean value of ft is
assumed to be 1, while its standard deviation is set to 10%, over all time periods. Furthermore,
we set the correlation of different stochastic inflows to 25% for adjacent time periods and 0%
otherwise. Finally, we assume that = = [0,2]7. All tests are run for a range of reliability levels

€ between 1% and 10% in steps of 1%.

We first solve problem (5.61) using the Bonferroni approximation by decomposing the joint
chance constraint into 27" individual chance constraints with reliability factors ¢; = €/(27") for
i = 1,...,2T. The resulting optimal objective value is denoted by V¥, and the associated
optimal solution is used to initialize Algorithm 5.3.1. We run the algorithm using our new
approximation as well as the approximation by Chen et al. described in Section 5.3.2. We
denote the resulting optimal objective values by VM and VY, respectively. In both cases the

algorithm’s convergence threshold is set to v = 1075,

In Table 5.1 we report the optimal objective values and the improvement of VM relative to
VU and VB. As expected, all three methods yield optimal objective values that increase with
€ because the joint chance constraint becomes less restrictive as € grows. At € = 1% the
objective values of the different approximations coincide. However, V™ exceed VY and V® for
all the other values of €. In this particular example, our method outperforms the Bonferroni

approximation by up to 24% and the approximation by Chen et al. by up to 11%, see Table 5.1.

5.5 Conclusions

In this chapter we developed tractable SDP-based approximations for distributionally robust
individual and joint chance constraints. We first showed that distributionally robust individual
chance constraints are equivalent to Worst-Case CVaR constraints if the underlying constraint
functions are concave or (possibly non-concave) quadratic in the uncertain parameters. We

also showed that individual chance constraints can be reformulated as robust semi-infinite
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e [VITVU[VE VI _VO)/VU (V™ _VB)/VB
1% |44.3 | 443|443 0.0% 0.0%
29 | 44.9 | 44.3 | 44.3 1.3% 1.3%
3% | 49.4 | 46.4 | 44.3 6.4% 11.4%
A% | 52.4 | 48.6 | 44.5 7.8% 17.6%
5% | 54.5 | 48.8 | 45.2 11.7% 20.5%
6% | 56.3 | 52.0 | 46.0 8.3% 22.5%
7% | 57.8 | 54.2 | 46.7 6.5% 23.6%
8% | 58.9 | 55.8 | 47.3 5.5% 24.5%
0% | 59.9 | 57.1 | 47.8 4.8% 25.2%
10% | 60.7 | 58.2 | 48.8 4.3% 24.5%

Table 5.1: Optimal objective values of the water reservoir control problem when using our new
approximation (V*), the approximation by Chen et al. (VV), and the Bonferroni approximation
(VB). We also report the relative differences between VM and VU as well as VM and V2.

constraints involving uncertainty sets that can be interpreted as ellipsoids lifted to the space of

positive semidefinite matrices.

Subsequently, we used the theory of moment problems to obtain a new approximation for joint
chance constraints. We prove that this approximation is tighter that the classical Bonferroni
approximation as well as a more recent approximation suggested by Chen et al. [CSSC09]. The
approximation quality is controlled by a set of scaling parameters. We also showed that the
approximation becomes exact if the scaling parameters are chosen optimally. Unfortunately,
however, optimizing jointly over the decision variables of the original problem and the scaling
parameters leads to a BMI constrained problem and is therefore nonconvex. We therefore
proposed a sequential convex optimization algorithm that guides the choice of the scaling
parameters. The new approximation also enables us to reformulate joint chance constraints as
robust semi-infinite constraints whose uncertainty sets are reminiscent of the lifted ellipsoidal

uncertainty sets characteristic for individual chance constraints.

We evaluated the new joint chance constraint approximation in the context of a dynamic water
reservoir control problem and demonstrate numerically its superiority over the state-of-the-art

approximations.
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5.6 Appendix

5.6.1 Proof of Lemma 5.2.1

Proof The worst-case expectation problem (5.9) can equivalently be expressed as

ewc = sup HlaX{O, f(€>}pl<d€)

peEML  JRE

s. t. / u(dg) =1
R (5.62)
. §u(dg) = p

5 E€T(dE) = + pp',

where M represents the cone of nonnegative Borel measures on R¥. The optimization variable
of the semi-infinite linear program (5.62) is the nonnegative measure p. Note that the first
constraint forces p to be a probability measure. The other two constraints enforce consistency

with the given first- and second-order moments, respectively.

We now assign dual variables 3o € R, y € R¥ and Y € S* to the equality constraints in (5.62),

respectively, and introduce the following dual problem (see, e.g., [Sha01]).

inf yo+y pu+ (Y, S+ pu’)
s.t. yeR, yeRF, Yesk (5.63)

Yo+ y €+ (Y, £€7) > max{0, f(£)} V& eRF

Because ¥ > 0, it can be shown that strong duality holds [Isi60]. Therefore the worst-case

probability 6. coincides with the optimal value of the dual problem (5.63).

By defining the combined variable

N
<
<
o
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problem (5.63) reduces to

inf (2, M)
Mesh+t (5.64)

st [€T1]M[¢T 1]" > max{0, f(£)} V&€ R"

Note that the semi-infinite constraint in (5.64) can be expanded in terms of two equivalent

semi-infinite constraints.

[€T1IM[¢T1] >0  vEeRF (5.65a)

[T M 1] > f(6) VEeR: (5.65b)

Since (5.65a) is equivalent to M = 0, the claim follows. N



Chapter 6

Conclusion

6.1 Summary of Thesis Achievements

The main achievements of this thesis can be summarized as follows.

In Chapter 3, we extended robust portfolio optimization to accommodate options. Moreover,
we showed how the options can be used to provide strong insurance guarantees, which also hold
when the stock returns are realized outside of the prescribed uncertainty set. The arising model
can be interpretted as a fusion between robust portfolio optimization and classical portfolio in-
surance. Using conic and linear duality, we reformulated the model as a convex second-order
cone program, which is scalable in the amount of stocks and options and can be solved effi-
ciently with standard optimization packages. The proposed methodology can be applied to a
wide range of uncertainty sets and can therefore be seen as a generic extension to the robust
portfolio optimization framework. Through extensive numerical backtesting, we observed that
on average the non-insured portfolios achieve higher expected returns than the insured portfo-
lios, whereas the insured portfolios obtain higher Sharpe ratios. The results also indicate that
the performance of the insured portfolios is highly dependent on the required level of insurance.
When the insurance level is set too high, the cost of insurance causes the performance to de-
teriorate. Therefore, the level of insurance should be tuned to the market; to preserve wealth,

higher insurance levels can benefit the portfolio when the market is volatile and experiences

166



6.1. Summary of Thesis Achievements 167

jumps. Lower insurance levels are preferable in less volatile periods since unnecessary insurance

costs are avoided.

In Chapter 4, we generalized the WCVaR model by explicitly incorporating the non-linear re-
lationships between derivatives and their underlying assets. To this end, we developed two new
models. The WCPVaR model is suited for portfolios containing European options maturing
at the investment horizon. WCPVaR expresses the option returns as convex-piecewise linear
functions of the underlying assets. A benefit of this model is that it does not require knowl-
edge of the pricing models of the options in the portfolio. However, in order to be tractably
solvable, the WCPVaR model precludes short-sales of options. The WCQVaR model can han-
dle portfolios containing general option types and does not rely on short-sales restrictions. It
exploits the popular delta-gamma approximation to model the portfolio return. In contrast
to WCPVaR, WCQVaR does require knowledge of the option pricing models to determine the
quadratic approximation. Through numerical experiments we demonstrate that the WCPVaR
and WCQVaR models can provide much tighter VaR estimates of a portfolio containing options
than the WCVaR model which does not explicitly account for non-linear dependencies between
the asset returns. Using historical backtesting, we analyzed the performance of the WCQVaR
model in the context of an index tracking application and find that including options in the
investment strategy significantly improves the out-of-sample performance. Although options
are typically seen as a risky investments, our numerical results indicate that their use in a

robust optimization framework can offer substantial benefits.

In Chapter 5, we developed tractable SDP-based approximations for distributionally robust
individual and joint chance constraints. We first showed that distributionally robust individual
chance constraints are equivalent to Worst-Case CVaR constraints if the underlying constraint
functions are concave or (possibly non-concave) quadratic in the uncertain parameters. We
also showed that individual chance constraints can be reformulated as robust semi-infinite
constraints involving uncertainty sets that can be interpreted as ellipsoids lifted to the space
of positive semidefinite matrices. Subsequently, we used the theory of moment problems to
obtain a new approximation for joint chance constraints. We prove that this approximation

is tighter that the classical Bonferroni approximation as well as a more recent approximation
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suggested by Chen et al. [CSSC09]. The approximation quality is controlled by a set of scaling
parameters. We also showed that the approximation becomes exact if the scaling parameters
are chosen optimally. Unfortunately, however, optimizing jointly over the decision variables
of the original problem and the scaling parameters leads to a BMI constrained problem and
is therefore nonconvex. We therefore proposed a sequential convex optimization algorithm
that guides the choice of the scaling parameters. The new approximation also enables us to
reformulate joint chance constraints as robust semi-infinite constraints whose uncertainty sets
are reminiscent of the lifted ellipsoidal uncertainty sets characteristic for individual chance
constraints. We evaluated the new joint chance constraint approximation in the context of a
dynamic water reservoir control problem and demonstrated numerically its superiority over the

state-of-the-art approximations.

6.2 Directions for Future Research

Possible directions for future research are outlined as follows.

Stochastic Volatility. The WCQVaR model described in Chapter 4 assumes the underlying
asset returns to be the only sources of uncertainty in the market. It is known, however,
that implied volatilities constitute important risk factors for portfolios containing options.
In particular, long dated options are highly sensitive to fluctuations in the volatilities of
the underlying assets. The sensitivity of the portfolio return with respect to the volatil-
ities is commonly referred to as vega risk. The WCQVaR model can easily be modified
to include implied volatilities as additional risk factors. The arising delta-gamma-vega-
approximation of the portfolio return is still a quadratic function of the risk factors. Thus,
the theoretical derivations in Chapter 4 remain valid in this generalized setting. It would
be interesting to investigate if extending the WCQVaR model to account for vega risk

can further improve the performance of the model in historical backtests.

Reducing the Conservatism of Distributionally Robust Optimization . In this the-

sis, we only assumed that the first- and second-order moments as well as the support of
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the true probability distribution were known. It would be worthwhile to investigate if
more distributional information can be injected into the distributionally robust optimiza-
tion framework without impairing the tractability of the models. As more distributional
information is included, the set of compatible probability distributions is reduced and the

distributionally robust optimization problems become less conservative.

Modeling Nonlinear Dependencies through Copulas. In this thesis, we modeled the non
linear relationships between derivative and their underlying assets. Copulas are a different
approach to model nonlinear dependencies. It would be interesting to investigate whether
copula information can be incorporated within the distributionally robust optimization

framework in a tractable manner.

Practical Applications. It would be beneficial to further apply the developed theory of ro-

bust chance constraints to real-world applications.
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