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fr
INTRODUCTION"

do'

The text Analy,ticGdrie.tt had its beginnings in 1962 when a small

committee of mathematicians and teachers met to discuss the question as to

whether there was a need for a new text in analytic geometry for high school,

and whether the School Mathematics Ctudy Group should undertake to write one.

Since the conclusion was affirma44ve, some guidelines were prepared to indicate

the form and content desired.

In the summer of 1963 an experimental text and accompanying commentary

,rre prepared by an SMSG writing team consisting of university mathematicians

and high school teachers. During the following school year this text was used

by about 30 teachers in schools distributed from California to New England,

but mostly in 2 centers where the teachers had the benefit of conferencds

with each other and with an interested colege professor. The complete re-

vision of the text and commentary in the summer of 1)64 took into account both

the comments and criticisms of these teachers, and the recommendations of an

advisory committee of the SMSG Board. We are deeply indebted to those who

helped with suggestions, especially to the teachers who used the experimental

text.

Analytic Geometry is intendcd for use as a one-semester course in the 12th

grade. It is expected that the students would have completed SMOG Intermediate

Mathematics or the equivalent. If it is planned to use llemetItU5 Functions

with the same class, it.is suggested that that text be used before the Analytic

Geometry. However, knowle.ge of Elementary Functions has riot been assumed in

this text.

The suggested time schedule here is only tentative; the teacher will ada4

it to the particular class. Certain topics are presented here for complete-

ness; for example, some of the work on forms of an equation of a line, on conic

sections, or on vectors, will have been studiedppreviously Ly many classes.

Very little time need be spent on familiar work, giving'more time'for new

topics or for supplementary work.

We believe that a reasonabl, well-prepared class of the students who elect

12th grade mathematics can complete our basic text (Chapters 1 to 10) in a

111semester. Tle material in the supp entary chapters was placed there because

it was not felt essential to the continuitynuity of the course. However, we feel
.qr

that this is important and interesting material; we think that it is within

the gra of able students and will broaden their mathematical background.

1 6



It is hoped that good classes and individual able stu'ents will use the supple-

mentary chapters.

Following the opening remarks for each chapter in this Commentary, you

will find running comments keyed in the margin to the pages of the student's

text. These -ontain further explanation and background which we hope be

useful to you.

0

A WORD ABOUT THE EXERCISES

Come of the exercises are designed to provide just exercise, bdt you will

find that some others are far from routine. Within each set of exercises the

arrangement is usually from the more routine to the more complex problems.

The most difficult problems are listed separately as "Challenge Problems".

A few problems have been included which extend the material beyond the regular

textual treatment. We advise you to look at each such problem before assign-

ing it to a student so teat you may ascertain whether it is appropriate and

how much time it will consume.

We ca...iot suggest appropriate class assignments since they will vary with

the preparation and ability of the class. 'f course, enough drill work should

be included to fix the fundamental skills and concepts. In the case of a

well-prepared class, the drL11-type problems might be omitted entirely on any

topic previously studied. While the particular problems assigned will vary

with the class and perhaps even with the individual pupils, it is hoped that

all students will bt assigned some of the problems which may be more time

consuming but which will show them some of the "fun" of Analytic Geometry.

Solutions for the exercises appear at the point in the running commentary

corresponding to the placement of the problems in the student's text. Any

given problem ma) have several acceptable solutions; therefore, the solution

presented here should not be considered as the "right", or only, solution.

The student is encouraged frequently to use his own judgment in pursuing a

solution; hence, if he presents a solution AOich is correct, it should be -

accepted.

7
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A SUGGESTED TIME SCHEDULE

The basic text (Chapters 1 to 10) was designed to be covered In one

semester of eighteen weeks. The timeschedule Moen below is the result of

combining the opinions of the authors with the experience of the teachers who

used 'the preliminary edition.

If you find that your class is falling behind the suggested schedule,

you may wish to compensate by treating some topics in less depth or by assign-

ing fewer exercises. ,If this procedure is not satisfactory, you probably

should consider cutting short, first on Chapter 10 and then on Chapter 9. The

text was designed so that the least loss to the students would occur in this

circumstance.

Chapter ". . No. of aniumulative

'Days Total

1. Analytic Geometry
r.

1 1

2. Coordinates and the Line 10 11

3. Vectors and Their Applications 12 23

k. Proofs by-Analytic Methods 8 31

5. Graphs and Their Equations .
. 9 140

.., 6. Curve Sketching and Locus Problems 11 51

7. Conic Sections 9 60

8. The Line and the Plane in 3.-:4pace 7 67

9. Quadric Surfaces 10 7

10. Geometric Transformations 8 85

3 8



Chapter 1

ANALYTIC GEOMETRY

1-1

Chapter 1 is a brief introduction to the tpt. It is intended to give N..

the students al. idea of what analytic geometry is and to show them they

already know something about the subject. If possible, they'shoui: read it

before the first meeting of the class and reread it at intervals during the

course.

11\

Si ce coordinate systems are so important in analytic geometry, it is

advisable \t o discuss in class some of the examples mentioned. The students

should be asked to explain latitude and longitude, which are mentioned but

not defined in the text. They might be invited to suggest other coordinate

systems fora line, a plane, space, a spherical surface, and a torus. How-..

ever, the coordinate systems which are important in the course are treated in

detail later, so not much class time should be spent on them at this point.

Chapter 1 also includes a discussion of the reasons for studying analytic

geometry. It is felt that students should know something of the role of

analytic geometry among the various branches of mathematics, and that they

should realize that their main goal is not information about the particular

topics studied, but rather understanding of and ability to use the techniques

of analytic geometry.

Analytic Geometry really began when it was realized that every geometric

object and every geometric operation can be referred to the number system and,

hence, to algebra. The most significant steps in this arithmetization of

geometry were taken by two French mathematicians, Pierre Fermat (1601 - 1655)

and Rene Descartes (1596 - 1650). Fermat began work on analytic geometry in

1629-but his treatise Ad Locus Planos et Solidos Isagoge was not published

until 1679. Chief credit, therefore, is given to Descartes whose Geometrie

was published in 163: and who influenced the work of many rnthematicians. In

the Gaketric, one finds the earliest unification of algebra and geometry.

'Apollonius and other Greek mathematicians had used coordinates to locate pofnts

in a geometric figure. It was Descartes who introduced the algebraic represen-

tation of a curve or surface by an equation involving two or three variables.

5
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Descartes' book dope of contain a systematic development of the subject
o'

such as you fl

statements in

work included

for lines and

nd in Is text: The method must be constructed fAisolated
different.parts of the treatise. It is interest ng tNat Fermatis

'the equatIons,y= nut , xy =k, x2 4 y
2

= )x2 taA3s 2
b
2

conics.

Many mathematicians extended Descartes' work. Among these were JAI

Wallis in his'Tractatus de Cectionibus Conics and John DeWitt in his ledeuta

Curvarum Lirtearum. Most of the work of Descarte and his Contemporaries

concerned with the geometry of Apollbnius. Newton worked with algebraic

equations in'his study of cubic curves in 1703. The first analytic geometry\

of conic sections divorced from `the work of Appollonius was developed by Eulq

in his Introductio in 1748._
a

Since that time the methods of Analytic Geometry have become the most

significant in the study of.geomw,ry. In more advanced mathematics they have 1,

essentially replaced the synthetic method. More recently vector methods have

been incorporgted in Analytic GeOmetry and are being used more and more

widely in nathematical applications.

6
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Teachettd Commentary

Chapter 2

COORDINATES AND 1111ELINE

4

This chapter is futaaMental to the reLt of the book, In

coordinate systems for a line and a plane. We also\treat the

geometry of lines in a plane, A good deal ofc'the material'in

-2.1

it we discuss

analytic

the,chapter

is familiar from previous courses; it is repeated herd for purposes of

review and completeness, You will probably find that tne material of SectiOns

2-1, 2 -2, 2,3, and 2-5 may be covered very quickly, It is likely that the

material on polar coordinates, dtrection on a line, angles between lines, and

the normal and polar forms of an equation of a line will be'new to most

students, The majority of the class time should Je spent on these topics.

Many examples have been interspersed throughout the text. Though these

increase the number of pages in th6-chapter, hopekully they will help the

student to proceed more rapidly and decrease the need for classroom explanation

and discussion, Many more exercises have been included.than any given class

might be expected to do.. nu will probably find it advisable to break the

chapter into two units for testing purposes. For this reasona set ofirevrew

exe-lses.has been included after Section 2=5.

7-15 If the students are to get anything out of this section, they must

'understand clearly the treatment of distance -n SMSG Geometry, By the

Distance postulate, to every pair ofdifferent,points there corresponds a

Unique positive number, It is called the distance between the points because

it is the.'tofficial""version of the intuitive notion of distance. The'Ruler

and Ruler Placement Postulates enable us to make any point on a 11ne the

origin of a coordinate system, and to mak? either direction'from that point

the positive one. However, we can not choose'the scale. It is already there

in -the geometry. Betweenness and congruence are defined in terms of coordin=

ates, and thus coordinate systems are fundamental in the development of the

-MSG Geometry,

Nevertheless, intuition tells usthat scale doesnst really matter. If

,two boats are equally ong, their lengths expressed in meters are 000, just

as their lengths expressed in feet are equal. Let a, b, and c be the

711



2-1

Icoordinatesof the points A, 13, and C- on a line, in a certain coordinate

systcm, and a < b < c . Then if we change the size of the units (but nothing
else) in our coordinate system, and a', b), and c' are the new coordinates

of the same points, we should find that at < b' < c' . We have not attempted

to prove that we do have this freedom in the text. In order to get started

on the task before us, we hElve offered examples illustrating the ways in which

we normally assume thielceedom in applying geometry. The examples themselves

are trivial in difficulty and were deliberately chosen so; their purpose is

to illustrate the many assumptions we make in solving even a simple problem

as well as the importance of these assumptions.

9 The techniques of analytic geometry are more saleable if we exploit to

the fullest the freedom to choose various coordinate systems. When the

occasions arise to mention this freedom, we shall make much of it, usually by

invoking a grandiose principle as we do here in the Linear Coordinate System

Principle.

In this principledlwe are actually postulating a theorem we could prove,

but the proof is difficult for most students. We have included material in

, the supplement to Chapter 2, for able students who are well versed in SMSG

Geometry and the concept of function, and who arg interested in the deductive

nature of mathematics.

Note that the symbol "d(R,S)" is defined in terms of a fixed coordinate

system. It would be nice if our notation showed this, but that woule. make

. it ratheP complicated. It is advisable to stress this point when the symbol

is introduced, so the students will be reminded of it every time they see it

later.

10 The definition of a 'directed segment will probably seem rather unnatural

to the students. They will feel that the idea of the segment AB considered
as running from A to B is quite clear and they will wonder why we give

this strange definition. It may help to ask them to try to define the concept

in terms which are "official" in our formal system. They will find that any

definition of this kind, and no other kind is permissible, seems unnatural.

This is not the first time the students have seen such a definition.

They undoubtedly felt they knew what the inside of a triangle was before they

studied geometry, and most.of them were probably surprised to find out how t3

much trouble it was to give an acceptable definition.

O

812



2-1

p

Exercises 2-1

1. There should be some agreement between the numbers obtained by comparing

these measurements and those numbers in the text. However, the degree

of agreement will depend upon how well Lhe subdivisions of the units are

estimated. The constants of proportionality should be consistent.

2. The side is measured to 2 place accuracy and the results are correct

to 2 place accuracy. The discrepency between 2.53 and 2.54 is

not significant because they are the same to 2 place accuracy.

3. Hopefully, students will be able to anticipate that the proper units

are feet; the computed answer (12n ft. = 37.6992) seems so idealized

to be meaningless.
0

4. The answer will depend upon the source of the information as to the

distance from New York to San Francisco. The answer should be close

to 400 miles to the inch.

5. 1 inch represents R030 miles; the "line" from New York to San Francisco

would be approximately 9.2 inches long.

6. The bicyclist travels at the rate of 8 mi/hour. The friend travels

at the site of 32 km/hour or 20 mi/hour.

a) 8t - 20(t - = distance apart at time t One hour after the

friend begins (t = 3) the distance apart is 4 miles:

b) When the distances both have traveled are equal, 20(t - 2) = 8t

1
and t = 3-

3
hours, The distance is (apprOximately) 27 Niles.

7. Rate of bicyclist A is 4 miles/hour.

Rate of bicyclist B' is 5 miles/hour.

Rate of preposterous be is 10 miles/hour.

a) 10t + = 30

15t = 30

t = 2 hour

Distance bee traveled = 2 x 10 = 20 mi.

b) 4t + 5t = 30 '

9t = 30

10
t = or 33 hour:.

1 1
Total distance bee traveled = 3-

3
x 10 or 33,7 mi.'

9 1 3
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16 The statement of the Linear Coordinate System Principle clearly indicates

that the measures of distance are proportional, but it is perhaps not so

clear that the criteria for order, or betweenness, also carryover in the

coordinate systems which we consider. It is not a trivial matter to show

that it does. Unfortunately, any numerical example would be hopelessly

artificial. -An illustration of this idea can be found in physics. The

boiling point of alcohol 4s between the boiling point of water and the

freezing point of water. The relationship of betweenness would hold for the

corresponding temperatures at these points, whether indicated in the

Fahrenheit or the Centigrade scales.

18 The notion of a point of division may be extended to include the endpoints

of the segment and points external to the segment, but directed distance

should be used in this case in order to pssure uniqueness. If in the equation

d(P X) -op

- t, we define d(P,X) to be the directed distance from P to X and

d(PIC1)
:!P

d(P,Q) to be the directed distance from P to Q we may write

t
q p

In this case, when 0 < t < 1, we still obtain internal points of division.

When t = 0 we obtain the coordinate of P ; when t = 1 we obtain the

coordinate of Q. When t < 0 we obtain the coordinates of points in the

ray QP which are external to PQ; when t 1 we obtain points in the ray

PQ which are external to PQ ,

18 If your students are like ours, they will comprehend the notion of a

weighted average even more clearly when it is applied to test grades which

are "weighted" in calculating the final average.

20 There is aaditional material on linear combinations in the Supplement

to Chapter 3 and in SMSG Intermediate Mathematics on pages 374-376 and page

4L'

The parametric representation is equivalent to the extension of the

notion of point of division given in the note on page 18,' If the SMSG

Geometry with Coordinates is available, you may wish to look A the material

on pages 107-111.

21 The material on the analytic representations of the subsets of a lthe is

more important as an introduction to later work than it is in, itself. It

provides a review of the notion of the graph of an equation and a reminder
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that conditions other than equations also have grails. If the students are

not familiar with the properties of inequalilie:;, it may be necessary to

speild a little time on them at this point.

Exercises 2-2

(a) -2 -I 0 I 2 (i) -10 5

IIII14111,11111 1.1111141111N011

(b) (k)
0 I 2 3 4 5 0.4 0 667 OS 1.0 1.2 1.4 1.579

I I I HI I 141'1'1 I I

(c) 0 I 3 5 (1) -5 -3 -I 0 I 2 3 5 7

IHk"+44÷11[1111
L

(a) -3 -2 -I 0 1234567 (m) -2 -I a 0 I 2

*1.1"111/11.11(H11 1111+1+1111111i

( h )

-6

-2 0 2 4

-2 0 I 2 4 6

-2 012 4 6

0

(n) 0 I 2

(0)
0i 6I 26 6

a
3

(p)
-3 -2 0 2 3

(q)
1.91 205 2.35 2.55 2.79

3 'lin -1 0 I 2 2.79

+++CII)."1"1"111.+4111".1÷1."111*+
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2. (a) 3 < x < 4 (f) (x+ 2)(x i 1)(x- 1)(x-3)(x-77 1) < 0)-(77
Alternative (x- 3)(x- 4) <0

(b) -2 < x < 2 (g) Ix 21 < 2--
5 5

(c) if b > a:
1

Alternative: < x < 3

x > a + 2(h - a) = 2b - a 5 5

1
(a) x < x2 + -2-(x2 - x1)

(h) x < 3

(i) sin it x / 0
(e) (x+1)(x)(x-1)(x-3)il < 0

Alternative: -1 < x < 0

or 1 < x < 3

sin e > 0

3. (a) 3a , -3a

(b) All values of x such that 0 < x < 1 .

4. (a) m= 2 a = 6 b = 92

(b) i n = a = 3 b = 82

11

1(c) m = r a = r + -5s b = r -5s

(d) m = (r + t) + 1 a = (r + t) b = (r + t) + 2

2(e) m = r +t a =
4
?- + t b = ?- + 2t

1 4
b =

8r -
1s(f) m = ir + s a =

7
r.. + s

2 i .-.1* 3 3

2(r2
s2 2(1.2 lts2-s%

3(r2
-0a = ) b =3 3 3 i

3(32

1 2(h) m = 2--(r + s) a = -2-,r + -i-s b = .1 ..r + 3s
2

5. (a) x = Q

(b) X= P

(c)

(a)

(e)

(f)

X is between P and Q

Q is between P and X

P is between X and Q'

Q is between P and X

12
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6. (a) t -1

1t =
3

(b) t =
3

t = 2

(c) t = 3

t = -1

(d) t = -1

7: (a)

(b)

(e)

8. (a)

t = 1

1 11 - 2.-,
d(A,B) 2 = 7 1
d(B,C) 11 21 - 1 -2-

2 2

1 1
d(B,C) - 2-

2 2 -1 1
d(C,D) 21. -2

2 2

1
- 1

d(C D) 2-
2 2 -2 4

d(D,E) 71 9
2 2

b = 3a F 3c

2(b) c =
3

b -
3

d

9 4
(e) d = 13c .4- 2.3 e

9. (a) T1 = 12 T2 = 2

(b) T1 = 22 T
2 2

= 3-1

41(c) = Y- T2 =

310. P =
4
- or

4
9

Q = 1 or
R = 6 or 12

13 1 7



2-3

26 The teacher will have to use his own judgment as to how much time should

be spent on coordinate systems in the plane not of the type we define.

For example, if we conbider two mutually perpendicular lines and on each

of them a perfectly arbitrary linear coordinate system, then by the method

described in the text there is established a one-to-one correspondenze

between the points in the plane and the ordered pairs of real numbers.

However, many things become more complicated. The distance between two

points, for example, is no longer given by the usual formula. Probably

no pore than a few minutes should be spent on this in class, after which

Challenge ExerLise 4 on page 54 can be assigned. (See Supplement C for

more on this subject.)

27 We may, of course, extend the notion of point of division as we did on

page 18.

29 If the SMSG Geometry with Coordinates is available, you may want to

look at pages 543-550, where there is an alternative development of the

parametric representation of the points on a line.

1. (a) M = (3,4)

A = (2,3)

B . (4,6)

(b) M = (5,72)

A = (4,6)

B = (6,9)

(c) M = (4)4)

A = (54 5:1)

2

'

2
B = (5-

3
-
3
-)

,

(d) M = )

A = (- )

14 17
B= (- )

3'

Exercises 2-3

18



(e) M = (0,0)

A = (-2,-1)

B = (2,1)

1 1
(1) H (-4

2

A = (-4,-5)
B = (-5,-4)

(g) = -P1 4
q1

P 2 + c12

2 ' 2

2p, + q1 2p2 + q2
A= ""

3 3

p1 + 2q1. p2 + 2q2
B- 3 , 3

(h) M =

A =

3 8, 3 )

(1) M = +

A

,B

s s1-

7r
3 3

3 ' 3

2. (a) x = 2a + 6b

y =3a + b

(b) x = -I a + 2b

Y = 5 71)

(c) x = -ia - 6b

y= 16a ÷ 4b

3. (a) x + lit

Y 2t -.

(b) x = + 6t

y 5 - 12t

(c) x =:-3 - 3t
y = -6 + 10t

3.5 ,1 9

2-3
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A. If, in equation (2) , x0 = xl or y0 = yl

dX
+ cx

0
x -

c + d .

or

cY0 cY(11

c + d

Simplifying, x x0

or Y = YO

These are conditions describing points on lines parallel to the y-axis

or x-axis respectively.

(a) Substituting7.into equation (1) we see that

7 - (-3) 0 - (-6)
22 - (-3) 9 - (-6)

Check:

10 6

25 15

2 2

5 5
:. Points A , B C are collinear.

d(A,B) = - (-3)2 + (0 = (-6))2

VIT6 = 21/Ti

d(B,C) = I(( -3) - 22)2 + ('(-6) - 9)2

= AT55 =5

d(A,C) 1(7 - 22) 2 + (0 - 9)2

VS-67 3-57

d(A,B) + d(A,C) = 2154 + 3154' =. d(B,C)

(b)

A, B, C

-1 - 3

must be collinear

? 4 -

-5 -"3

-4

-6

8/ 1p 7

- ( -l1)

not collinear

Check:
d(A,B) = 1((-1) - 3)2 + _(_02

d(B,C) =1(3 - (-;)2 + ((-14) - (:,6))2

= VER5 -
d(A,C) = 11((-1) - (-5),)2 + - (-6))2

= =4IT
d(A,B) + d(B,C) / d(A,C)

This verifies that the points are not collinear.
162()
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6. Given that: A (1,-1) ,

B (4,7) , and

P (h,-3)

1 - 4 -1 - 7
1777 -3 - 7

-3 -8
17:7 -10

-8h + 32 = 30

- 8h = -2

h =1

30-38 Polar coordinates are a new topic for most students and care must be

taken in their presentation. The primary difficulty is the multiplicity of

the pSlar representations of a given point.

31 Other examples of the physical application of polar coordinates occur

in air and sea navigation. The path of a racing sail boat beating up to a

mark may appeal to some students. The paths across newly planted lawns on

corner lots bee: this out, too.

1.7

31 In the definition of the polar angle it may be necessary to stress that

the terminal ray of the angle need not contain the point. This is a recurrent

pitfall in verbal descriptions. The angle POM is not the only pole" angle

of the point P .

32 , The fact that (r,P) and (-r,6 + n) both,represent the same point

is worthy of emphasis. A student of thecalculus must exercise particular care

in the use of polar coordinates. If a curve is symmetric witti respect to the

origin, it is all too easy to sum up the area bounded by the curve on one

side of the origin--and at the same time subtract away an equal area on the

other. A judicious use of symmetry and boundaries is essential in such cases.

35 Once again we want to stress the freedom to choose our analytic framework

in any way which will make algebraic manipulation as painless as possible.

In general, if P and Q are any two distinct points in any plane and if

(p1,p2)
and (g1,g2) are any two distinc' rdered pairs of real numbers,

there exists a rectangular coordinate system in that plane in which

P = (pp2) and Q = (gi,q2) . Furthermore, if we let (r1,01) and (1'202)

NN
be any wo distinct urdered pairs of real numbers, there exists a polar

coordinate ystem in the plane in which P = (r,01) and Q = (r2,02). (Note

that-th change rom (p ,p
2

) and (ql,q2) to (r1,61)
1

and (r
2' 2

) was

cA-7 21-
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unnecessary; any two distinct ordered pairs of real nunfJers may he coordinates

of P and Q in coordinate systems of each type. If at least one of the

points is not on an axis, the coordinate system is unique.)

35 A moment's thought should convince you that the usual equations relating

polar and rectangular coordinates are completely dependent upon a particular

orientation of both coordinate systems in the same plane. If either coordinate

system should be introduced differently into the plane, we would have to

develop new equations of transformation.

36 The ordered pairs (r,e) satisfying equations (2) describe two distinct

points, but once the Ltudent Las developed some facility with polar coordinates,

it will be easy to choose the appropriate ones. If the students are familiar

with the inverse trigonometric relations, they may prefer some equivalent of

the follwoing definition,

P = ((r,e) : where r = 242 + y / 0 , e = cos -I x
r

-1 y
= sin

r

where x
2
+ y

2
= 0 , r = 0 and e is any real number.) Hopefully, a student

will ask what to do when x - 0 , since one of the equations of transformation

is not defined. Some other student should be able to point out that in this

case e = 2 + nit , where n is any integer.

37 'Example 5 is worth some attention, for the application of the Law of

Cosines as a distance formula in polar coordinate;, is often convenient.

Again there is a loophole, for it may not be apparent that the Law of Cosines

still applies if el = e2 + nit , where n is any integer. In Section 2-7

we shall have ocmpion to point out that the relationslp described still hold

even when the"vertices of the triangle" are collinear.

38 -140 There is a wealth of practice exercises '.sere. Exercise 5 would require

seventy different answers if all parts were done; Exercise 10 has over thirty

answers. You will probably want to pick and choose within this set of

exercises, but there is plenty of extra drill available for students who need

it.

182 2



Exercises 2-4

1.

2.

19 23

(5,135°)( -5,315o)

,(5,495°)
(_,,_450)

2,900)(-2,2700)

(2,4500)

(-4 r°14(f-2,-9°°),s4,-135°)

(4,225°)

(-4,405°)

f(3, -120 °) %.3,60°)

(3,240°)

(3,600°)

2-4
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.

i. .
. .

-
.

t a lP f ( r , 0 ) : 8= 45°1

f(r,0): r = 4}

"444IlDlilk

r
24



A(2,270°)4

B(3,300°)

0(4,330°)

D(5,0°)

E(6,30

F(7,60°)

G(8,900)

H(9,120°)

1(10,150 °)

J(i, 180°)

, 2100 )

f

L(2
'

240°)

M(5,285°)

N(6,315°)

(d) , -12E )

(2,-.90°)

(3, -6o °)

(14,-30°j

(-2,900)

(-3,120°)

14,150?)

2-4

(2 if)
et C (- 2,90 °)

(3 411) ..(-3,120°)

17(
(14

1
vt(74,150°)

(5,-0°) (-5,180°) (5,0) (5,0°)

(6,-330°) (-6,210°) (6,ji) (6,30°)

(7,-300°) (-7,2140°) (7 , (7,60°)

(8,1270°) (-8,270°) (8, (8,90°)

(9,-2110°) (-9,3006) (9 (9,120°)

(10,-210°)

(i,-180°)

, -150°)

(;, -120°)

(5,-75°)

(6,-45°)

(-10,330°)

(- 1, 0°)

(- 2, 30°)

(- 60°)

(-5,105°)

(-6,135°)

(e) (-r,o)
(r) (o,I)
(g)

(h) , -45.)

(e) (2,150°)
(f) (2,2110°)

(g) (117,22°)

( h ) ("FT, 166°)

'21 2 5

(10,150°)

(- 2, 0°)

(- 30°)

(- ;, 60°)

(-5,105°)

(-6,135°)



2-4

..

.4.

8. (a) d(A,B) when A A. (2,150°Y and B (1;,2L0 °)

= .42)2 + 001 - vor. (:10° - 150°)..

Using rectangular coordinates
Ma.

-

A = (2,150
o

) in rectangular coordinates. (-7,1).

B = (4,210°) in rectangular coordinates (...i4L-)

d(A,B) = 4-1/3 - (-215))2 + (-2))2

1/(8)2 + (3)2 =

(b) Using rectangular coordinates:

A =(5,i5Tn) in rectangular coordinates (- 1571T,- 4")

B = (124n) in rectangular coordi.mtes (61,-647) .

9. (a) d(A,B) =

(b) A = (2,37°) , B= (3,100°)

d(A,B) = + 9 - 2(2)(3) cos (100 - 37)

d(A,B) = + 9 - 12(.454)

d(A,B) = 1/4 + 9 - 5.45 = = 2.75

(c) d(A,B) = 15T,

(d) d(A,B) ,= if

(e) d(A,B) =

(r) d(A,B) =.515

t



10.

AU

13T

CE

1,00, Me)

EY CF CE EY BE BD

-2-4

AD AC

C C
112J7 -,101

/

(5,6o°) (123 /,(10°) A

0 (5 180°) ('),0°) .0 'D

(12/ 270°)
3

(5,a0f).
.4

E

,
11 1. )

(5,240° 0

.3,32Y0P)
0; 3

4
( 150

o,
)

'

B

F .

(2-:2- 210°)
'3, '

- CF:

v.

This chart shows the pyints

*of intersection pf the dfa-

gonals of a hexagon inscribed

in circle with radius 10

one vertex at (10,0°).

.

The twelve iaerior points of intersection different.
.

ftom 0 are
.

11-2,./7 ;10°) (4/7 ,90°) (1217, 150°)
. \ 3 ' ' ' ' . 3 J J

(127
,io ,

(1-217 ,-100\3 210°) k---113 270°)
a , 3 3 '-' ' ''''

)

(5 , 0°) (5' 60°) (5., 120°)

(5, 180°) (5 , 240°) (5;300°)

23 2 7
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11. (a) ((-1)kr0 ,(e0 + 180k)°)

(b) ((-1)kr
0'

e
0

nk,

41-49 Students should find little if any new material in this section. It ir

included for review and completeness.

41 Thr, geometric form is useful in developing equations for a line, since
-.

it is closely allied both to the Geometric picture and, since the denominators

are direction numbers for the line, to the parametric reprcs.intation for the

line. It corresponds,to the symmetric equations for a line in 3-space.

43 Inclination is defined geometrically, since our point of view is

geometric. This definition may also prepare the student for the definition

of direction angles in the following section.

114 Note that inclination is defined even when slope is not.

49 Since the general form of an equation of a line does not reveal

immediately the geometric characteristics of the line, it is worthwhile to

develop facility in interpreting the geometric properties from the coefficients.

Exercises 2-5

1. y + 3 = 2(x - 2) 2x - y - 7 = 0 P = 7

2/ 1
2. y - 5 =- kx 3) P = -6 q = -

4 3

P
7 - b .

3. ,y = 3x + ,b q = 15 + b
,= 3

4
.

2
. y - 5 = - 4) The two limos are parallel.

5. y = k(x - a) y-intercept at (0,-6)

6. ax + by = 0 a, b real numbers.

5x ,± 3y = 0 contains (-3,5)

7. Slope of OA is slope of OB is -

3 5

''Two lines are perpendicular if and only if

(a) the product of their slopes is -1 or

(b) one has no slope and the other zero slope.

x + 8 y - 8

-3

28



( 4 )

x 4 y - 8
= _5

5x + 6y - 28 = 0

y - 8 = - i(x

15
y = - +

3

4

+4)

(5) -13:17 2 -= 1T T
(6) -3 8y _ 8 _ 77(x + 4)

2 + 4
(7) x + 4 _ (y - 8)

5Slope: - x-intercept: 7
28

y-intercept:
14

3

a
y - x -

10. (a) If b = 0 , ac / 0 , line is vertical, through (- fa-, 0)

(b) If a = 0 , be / 0 , line is hori_ontal, through (0)- 17c))

(c) If c = 0 , ab / 0 , line has slope - , through (0,0)

11. (a) y = -
3 x

+ 5

(b) y = x - 5

(c) y.= - x +
17

7 7

(d) y = -x - 2

1/3
(e) y = -7Tx +

3

x
12.

- 3 y - 2
(a)

(b) The midpoint of BC is

Median from A can be represented by

x - 1 y -(-2)

3 r=r7-
or 10x - y - 12 = 0 .

2

MO,

2-5

(c)- The midpoint of AC is (-
1

'

1) . And from (b) midpoint of BC
2

is 2(2' Line joining these two points is represented by

1
x

3 1 3_l,02 2x - y = 0 .

2 2

25 29
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13. Given the conditions of the problem, it appears that there are.thrce

possible soltions. .(ketch below)

Triangle (15: This triangle is not' satisfactory, since its area must

be greater than 40 ; that is, its area includes that of the rectangle

with 0 and P as opposite vertices, and adjacent :Ades on the axes.

Triang,.! OD: The area of the triangle is
1

. The slope ofa 2b1

BP . slope of AB and

Solving for a, ,

8
a,

b b
1 1

8b

a2 5 b1

Substituting into -2
1
e
2
b
1

, we find that the positive root is 5(b
1

= 5) .

8b

Using a2 - , we find a2 4 .

1

Theequation of the line through (0,4) , (-5,0) , and (5,8) using'

the symmetric form is

0 + 5
or 4x - 5y + PO . 0

17:7 '

30



O

,Triangleriangle (3): Area of triangle 3 is -abi

. Sloye of PB = slope of AB

2
8 --_a-

5 _ bi si

Solving for a2 , we see that

8b
1

a
2 5 b

1

20
Substituting in area formula, b1 = iT and a2 = 8 .

The equation of the line through (0,-8) , , 0) and (5,8) in

symmetric form is

x - 0
5 - o

Y -( -8) , or 16x - 5y - 4o = o .

d

,

Since this is such a long chapter, you muy 4ant to test the students at

this point. With this in mind we have included a copious set of review and

challenge exercises from which selections may be made.

Review Exercises - Section 2-1 through Section 2-5

1 . (x: 1 < < 2)

L I I I I I

-2 -1 0 3 4 5

2. (x: (x - 1)(x + 2) = 0)

-4 -3 7-2 7-1-0---1-123-711

27 31



3. (x: 1x1 < 3)

(x: Ix 41 > 2)

1 A ....-6 -5 -4 -I -2 -I 0 I 1 4 6

One-space: A point four units to the left

of the origin.

Two-space: A line parallel to the y-axis

four units to the left of it.

6. The empty set.

7. ,,One-pace: A segment of the x-axis

between, but not including the.points

x =2 and x = 6.

A portion of the xy-plane

between but excluding 1nes x = 2

and x = 6.

8. One-space: The portion of the x-axis

to the right of 2 including x = 2

and to the left of and including x = -2.

2-space: The portion of the plane to the

right of and including the line x = 2 and

the portion of the plane to the left of and

including the line x = -2.

32 28

I I

'4..4 2 . 0 X

0

y

.:2 2 x



9. One-space: A segment of the x-axis be-

tween and including the_points -x- = 6

and x= -6.

2-space: The portion of the plane

between and including the lines

x = 6 and x = -6.

-6 0 6

10. Let m represent the midpoints and t.
'

t
2

represent the trisection

11.

12.

points.

(a) m =
1

t
1

= 0 and t
2

= 1

(b) m = -2

ti = -3 and t
2

= -1

(c) m =

1
t1 = - and t2 = 13

(a) (2, i)

(b) (2,

(c) (5,-53°) ,

(a) (2I ,21)

(b)

(c) (11,11)

approximately.

13. 3x + 4y = 14

14. 8x - lly + 46 = 0

15 5x- 2y +10 =0

(d) (iZ,236°) , approximately

(e) (1,0)

(f) (1, i)

(d) (311f,3/,7)

(-51/ -51/)
' 2 ' 2

(0 CZ 1)
2 '2

29
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17. y = 6

18. x = 4

19. The equation for is y = -1/7 x + 61/3

The equation for BC is y = .5)3

The equation for CD is y = x + 6I

The'equation,for rE is y x 61/3

The equation for EF is y = -3117.

The equation for FA is y = x - 6I

20. The equation for rE is I x + y - 613 = 0

The equation for BC is y - 31 = 0

The equation for CD is 15 x , y 61q . 0

The equation for DE is ,q x + y + 61q . 0

The equation for EF is y + 3)3 y = 0

The equation for FA x y - 6I = 0

x - 6 Y
21. The equation for 17 is

-3
315

The equation for BC is not defined

The equation for CD is

The equation for DE is

x + 6 y

3
315

x + 3 y + 315

-3
315

The equation for rE, is not defined

3 Y + 315
The equation for FA is

22.
-

3

3

3

is the slope of AC .

is the slope of BD

is the slope of AE

is the slope of DF

3
315

30

34



. Let t
1

and t
2

represent the trisection points.

For AB , ti = (5,I) and t2 = 0,25) .

For IT , t1 = (1,3%/5) and t2 = -1,3%/5) .

For CD , ti = (-4,2,/5) and t2 = ( -5,J)

Fbr CE , t1 = and t
2

=

For Ell t1 ,= (-1,-3,./5) and t2 = (1,-3.15)

For FA , t1 = (4,-2,/5) and t2 u (5,-/5) .

24. (a) P = (4,215 ) or (8,-21/5)

(b) Q = 3V3) or (21,3/5)

(c) R = or (9,15,/5)

25. The inclinatibn of AB = 120
o

The inclination of AC == 150°
.*

The inclination rf AE = 30°

The inclination of AAFF = 60°

26. Symmetric form.

displays direction pair does not exist for lines

parallel to either axis

General form.

always exists

displays direction pair

ease in computing intersections

conceals intcrcepts

ease in telling if. L contains (0, 0)

Point-slope form.

displays slope does not always exist

ease in testing if P is on L

Slope-intercept form.

displays slope and intercept does not always exist

intercept form.

displays intercepts does not always exist

displays, a direction pair

Two-point form.

usual way of finding line must be used in different form

if P
1
P
2

is vertical,through two points

determines slope

3135



(a) general form

(b) intercept form

(c) general form

(d) slope-intercept form

27. A square es shown in the figure

(e) slope-intercept

(f) symmetric

(g), symmetric

(h) symmetric

t

28. It is interesting to have students note what happens as the constant

term shrinks to zero. At this instant the square shrinks to a point.

The teacher might ask what happens when the constant is negative.

n. The half-plane above and excluding the line x- y = 1.

30. The half-plane above and including the'line x - y = 1.

31. The "triangular" portion of the plane below and excluding the lines
0

x - y = 1 and x + y = 1.

Graph for Exercise 17.

Cross hatch shows intersection set

yr

36, 32
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32. The graph of R1 in 2 -space is the vertical strip of the plane between

and excluding-ythelines x = J an x = 4.

Y -

1.,k V% 4

1A-k-AW'

.M.!1

:$NVOkI.

The graph of R2 in 2-space is the horizontals strip of the plane between

and excluding lines y = 4, y = -4. The cross -hatch in the graph

' represents Riff R2.

In one-space Ri is a segment betWeen and excluding points x = 4 and

x = -4; for R, the same situation prevails on the y -axis.

(The line for points y may be any line.) R
1
r) R

2
is a single point,

provided the x-axis intersects the y-axis.

'4- In 3-space we can visualize Ri and R2 as the path of the 2-space graph

for each separate set as it moves perpendicular to the plane of the page;

R
1
(1 R

2 as a rectangular solid perpendicular to the plane of the page.

The bounding planes are excluded from the graphs.

33. If < is replaced by < the graphs would be as in Exercise 18 except

the boundaries would be included in every case. For R1 1..) R2 apply

definition of union of sets. The instructor may very well use this

group of exercises as an informal introduction to families of curves.

Note the role of the parameter.

34. Use two-point or point-slope or otherwise to obtain F = 2c 4. 32 and
5

C = 9(F - 32). Science students need not memorize the forpula; they can

derive it.

33
-4
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35 The separate graphs ELI to R6 are labeleddj figure.

R4(-) R5(1 R6 is the set of all points on t1 triangleand its interior



Challenge Exercises

1 Good students should enjoy this confrontation with ideas that go beyond

the routine.

(a) Set of lines parallel to y-axis through points (x, 0) where x

ranges the integer;.

(b) Set of lines parallel to the x-axis through points (0, y) where

y ranges over the integers. -

(c) The set of all lattice points of the plane.

(d) Includes all of R1, R2, R3. A grill such as paper ruled in

cross section.

(e) Boundaries on the heavy sides are included.

'(f) Same graph moved k units to the right.

(g) and (h) Notice effect of placement of minus signs.

(a) R1 = ((x, y) :[x) = x)

.4 -I 0

-2

-3

2 3 X

(b) R2 = ((x, y):(y) = y)
.

3

,2

-3 2 -/ 0 / a 3 X

-2

35
3 9

-3



(c) R
3

((x, y):(x) ) (1 ((x, Y):

y

y)

3

2

/

-3 2 -1 0 / 2 3

-Z

-.3

X

(d) R4 = R, U R2 (e) R5 = ((x, Y):(x) (y))

3

2

-3 0 5

-/

-2

3

X

(f) R6 = ((x, y):[x] = + ki)

3

2

/

I 0Y

LILL

-2

-3

; I 2 3 X

36

40-

(g) R7 = ((x, Y):(x) = (-y))



fh) .t(x; y):(x]*--. -tyl)

2. ((r, 0):r = 0)

3. ((r, 0):r2 = 0)

(dotted line accounts for negative values of r)

37
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r 2
4. (a) d(P1,P2) = /(x2 - xl)-

2
+(t) (y2 - yl)

2

2

(b) d(P1,P2) = -1/(r) (x2 -
x1)2 y1)2

(c) PQ and RS must either be parallel or have supplementary

inclinations.

Let a = I . From part (a) we know that for d(P,Q) = d(R,S) we must

have (1)1 ql)
2

a
2
(P2 92)

2

(r1 51)

2

a

2

(r2 52)

But also (p1 - qi)
2

+ (p2 - (ri - si)
2

+ (r2 - p2)
2

.

,Thus (1 - a
2
)(p2 - q2)

2
= (1 - a2 )(r2 - 82)

2
. Since r / s , we

/ /

know a2 t 1 . Therefore, 1 - a
2

t 0 and we may divide by 1 - a
2

.

From the result we see that the distances in the y-direction must be

equal. But then the distances in the x-direction must be equal. These

conditions are,satisfied.only when N and RS are parallel or when

they have supplementary inclinations.

The line may be written

in a simpler analytic

representation.

4x + 3y - 5 = 0 .

6. The graph of (ax + by + c)k = 0 is the same as the graph-Of

ax + by + c = 0 . A simpler representation is ax + by T c = 0 .

42,
38



l ,

7.

8.

9.

C

. 3x + 2y - 1 = 0

Y - 73-x + -1-

2. 2 3y + 2 = 0
2 x +

3

2y =

1 2
- -3x +

...- x +
2

1x =
13

8
y = 13-

(3x + 2y - 1)(2x - 3y + 2) = 0

(x + y)(x y) = 0

39 4 3

3



,..;,-F'

r

10. 5,

Y

xy = 0

v

11. (a) rational

(b ) rational

(c) real
.

(d) complex

12. (a) R may be any line containing the point

L = ((x,y) : x + y + 1 = 0

(b) S may be any line containing the point

L = ((x,y) : 3x - 2y + 2 =

(c) T may be any line containing the point

(-
4 is
5' 5'

4 1)

' 5)

4

5)

13. (a) U is the whole plane except for the points of

other than

L = ((x,y) :

4 1

(- 5 5,)

x + y + 1)

(b) V is the whole plane except for the points of

L= ((x,y) : 3x - 2y + 2 = 0 )

It 1
other than ( 5' 5)

(c)- W is the whole plane.

44 40

except

except

---- -..



14. There are two poisibilities: Lo = ((x,y) : a0x + bow + co = 0 )

and Li = ((x,y) : a1x + b1y + c1 = 0 ) may intersect at a point

(x0,y0) . In this case,

(a) R may be any line containing (x
0
,y
0

) except L
1 '

(b) S may be any line containing (x0,y0) except' L0 ,

(c) T is the whole plane except those points of Li other than (x0,y0) ,

(d) U is the whole plane except those points of Lo other than (x0,y0)

(e) V may be any line containing (x0,y0) , and

W is the whole plane.

Lo and Li may be parallel. In this case,

(a) unless R is empty, it is a line parallel to Lo and Il except

Li , when k = 0 , R = Lo ; when 0 < k R is between Lo and T-

;

when -1 < k < 0 , Lo is between Li and R ; when k = -1 , R :is

empty (the null set); when k < -1 , Li is between L0 and R .

(b) The same argument holds for S , but the roles of Lo and Li are

reversed.

(c) T is the whole plane except Li

(d) U .is the whole plane except Lo .

(e) unless V is empty, it is a line parallel to Lo and Li . When

n = 0 , V = Lo ; when m= 0, V . Lo .

(f) W is the.whole plane.

15. (a) the null (or empty) set.

(b) the whole plane.

We include a copious set of Illustrative Test Items from which we may

wish to make selections.
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Illustrative Test Items for Sections 2-1 through 2-5

1. If P and Q have coordinates 3 and -5 respectively in One linear

coordinate system on the line and corresponding coordinates -2 and 3

respectively in a second linear cocAinate system, what are the

corresponding coordinates of points with the following coordinates in the

first coordinate system?

If M , A , and B are the midpoint and trisection points of PQ ,

find m , a , and b when

(a)` p 3 , q =12

(b) p = -3 , q = 1

(c) p = -2 , q = 13

(d) p = 2r + 3s , q = 3r - 2s

3. If the coordinates of P , Q , and R are 2 , x , and 12 respectively,

find the value(s) of x such that

(a) d(P,Q) = d(P,R)

(b) d(P,R) = 2d(P,Q)

(c) d(P,Q) =5d(P,R)

(d) d(P.Q) =2d(R,P)

(e) d(Q,P) = 22:d(P,R)

4. If M , A , and B are the midpoint and trisection points of PQ ,

find tfie coordinates of M , A , and B when

(a) P = (2,1) , Q, = (-4,-2)

(b) P = (7,1) , Q = (-2,1)

(c) P = (-2,5) , Q = (7,12)

(d) P = (P1,132) =,(q1,c12)

(e) P = (1,r) , Q = (g + r,2s - 3)

46



5. P , Q , and R are points in a plane with a rectangular coordinate

system. Determine whether the three points are collinear if

(a) P = (-5,5) , Q = (0,0) , R =

(b) P = (-1,5) , Q = (8,-3) , R = (-7,-6)

(c) P (1,2) Q = (9,1u) , R = (-3,-2)

(d) P = (9,-10) , Q = (-8,5) , R = (0,-2)

2
6. A line-with slope -

3
passes through (-3,4) . If the points (p,7)

and (5,q) are on the line, find p and q .

. Sketch the graphs of the sets of points on a line with the following

analytic representations.

(a) (x: -1 < x < 4)

(b) [x: Ix - 51 < 2]

(c) [x: (x - 1)(x - 3) < 0]

(d) [x: x(x + 2)(x - 3) = 0)

8. Find analytic conditions which describe the illustrated sets of points.

(a)

(h)

-7 -6 -5 -4 -3 - -I 0 I 2 3 4 5 6 T

74-741-71.14 -3 -2 -1 0 23-"--4-15-67---
(c)

4 4 4s I t )7

(d)

-6 -5 -4 -3 -2 -I 0 I 2 3 4 5 6 7

9. Find three polar representations for the point with rectangular

coordinates

(a)

(b)

(c)

(d)

(3,3)q)

(-2,-2) -

(-1,)q)

(-2)-5,-2)

(e)

(r)

(g)

(h)

(4,-4)

(6,0)

(0,-12)

43
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10. Find rectangular coordinates for the point with polar coordinates

(a) (4,0)

(b) (1/,45°)

(c) (6,-120°)

(d) (5,-5611)

(e) (-3,- 111)
.

lly)

11. Without changing to rectangular coordinates find the distance between

the points whose polar coordinates are

(a) (5,0) and (124)

(b) (6,0) and (6,-10'.
,

(c) (4,45°) and (5,-135°)

(d) (3,3) and (4,1)-

(e) (-6,- and (55i)

(0 (-3,-90°) and (6,90°) .

12. Find an equation in the indicated form for the line which

(a) contains (5,3) 'and (6,4) ; symmetric form.

(b) contains (0,4) and (3',0) ; intercept form.

(c) contains (7,-6) , slope - 3 ; point -slope form.

(d) contains (13,-6) and (-2,12) ; general form.

3(e) contains (0,-5) , slope E ; slope-intercept form.

(f) contains (9,10) and (-Z,4) ; two-point form.

(g) contains (-5,12) , inclination ; point-slope form.

(h) contains (5,7) and (5,-3) ; two-point form.

(i) contains (3,-6) and (-3;3) ; interceptform.

(j) pc- intercept 2 ; y-intercept 4 ; general form.

(k) x-intercept 5 ; inclination 60° ; slope-intercept form.

(1) contains (-5,7) , slope 767- ; symmetric form.

(m) contains (-5,-4) inclination 45° ; general form.

(n) contains (7, -2) , slope 7
; symmetric form.

4'8 44.
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(o) contains (6,.-5) and (-3,2) ; two-point fom.

(p) contains (3,4) , slope -2 ; intercept form.

(q) contains (6,1), and (-2,5) ; slope-intercept form.

(r) contains (9,3) and (9,12) ; general form.

(s) contains (2,3) and (-7,3) ; general form.

(t) contains (-5,4) , inclination
2n
75- ; point-slope form.

13. Show that the triangle ABC is a right triangle if

A = (-1,-3) , B = (11,8) , and C = (-3,4) .

14. Find an equation in general form of the line containing the median

to side BC of triangle ABC if A = (-2,7) , B = (3,4) , and

C = (1,-2) .

15. Find the area of the triangle determined by the lines

L
1

((x y): 2x - 8 = 0) ,

L
2

= ((x,y): 12x - 5y - 53 = 0) ,

L
3

((x,y): 4x - 5;'r + 19 = 0)

16.. In triangle ABC , A = (0,0) , B = (6,0) and C (0,8) .

(a) The bisector Z A divides the segment BC in what ratio?

(b) The point D at which the bisector of L A intersects BC?

(C) Find d(B,D) and d(C,D) .

17. FinT the coordinates of the potnts in which the line that contains

(-8,3) and (3,-2) intersects the axes.

Answers



2. (a) m = , a = 6 , b . 9

(b) m = -1 , a = - 1_32.
1

b = -

(c) m = , a 3 , b = 8

5r + s
a

7r + 4s b- 8r- s
,

2 3 3

3. (a) 0 , 4

(b) -3,7

.(c) -48, 52

(d) -18 , 22

(e) -3,7

4. "(a) M = (-1,-- 2) A = (0,0) B = (-2,-1) .

(b) M = (4,1) ' A = (4,1) B = (1,1)

(c) M = (211, A = (1,7i1) B = (4,91)

(d) M -
(r1 ql p2 4. q2) A -(2P1

ql 2P2 q2) -(131+2q1 p2 +2q2\

2 ' 2 3 ' 3 3
, 3

(e) -
(r+s +1 r+ 2s -3)

A -(r+s+
2 2s - 3) 2r+ 2;+ 1 r+ hs-6\

2' 2 , 3 ' 3 3 ' 3 )

5. (a) Yes ;Determine the distances between the

(b) No pairs of points; the points are collinear

(c) Yes if and only if the sum of the two shorter

(d) No distanceS equals the longer. 2,,ore simply,

use slopes; the points are collinear if

and only if the slope of PQ equals the

slope of PR .)

4
6. p = q -)r 3

50
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7. (a)

(c)

76 :411-717:2-tr21111L137mir5

1-..-1LL---45 I 1 I 16--1-1.L
0 1 2 3 4 5 8. 7 8' 9 10

-3 ---1-71.2

(d)
I I I I i I

-5 -4 -3 -2 -I 0 ' 1 2 t 1

t

4 5
4 4

8. (a) (x: -2 < x < 4; , (x: Ix : 11 < 3) , (x: (x + 2)(x - 4) < Or ,

or the equivalent.

(b) (x: -5 < x < 1) , (x: Ix + 21 < 3) , (x:
- 1(x

+ 5)(x-1) < 0),
x 1 , x

- 1 x -

or the equivalent.

(c) (:: x(x +.3)(x - 2) = 0) ,(-3,0,2( , or the equivalent.

(d) (x: x < -2 or x > 3) , (x: Ix - ?tI > 2.--1 ) , (x: (x + 2)(x - 3)>0),

, \ or the equivalent.
%N.

9. (There are, of course, unlimited possibilities for the answers to this

question; we give only a few.)

(a) (6
'3 3
1) , (-6,1t21) , (6,64 °) (-6,20) .

(b) ,(2k, 2) , , (2&225°) , (-2&45°).

(c) (241) ,

(d) (4,7i) ,

(e) (41,1)

, (2,120°) , (-2,300°)

(_4,g) , (4,210°) , (-4,30°)

, (-41/Q1) , (4Z,315°) (-1411,135°)

(0 (IL (_ (2,30°) (- 4,210°)

15 15 15 V3

(g) (6,0) , ( -6,n) , (6,o°) , (-6,180°)

(h) (12c2n) , , (12,270°) , (-12,90°)

51,



4

,

10 (a) (4,0)
(b) (1,1)

(c) ( -3,-3/5)

. 12. (a)

- ..: .........

(b)

x - 5 y - 3

x y
+ W I

2(c) y + 6 = -
3
-(x - 7)

(d) 6x + 5y,- 48 = 0

(e) Y = 3-x - 5
.

2

(f) 4 - V) , %Y - 14 = kx 9)
-If' -9

(g) y - 12. = -1(x + 5)

(h) x - 5 = 5 5 (5' - 7)-3 -7
111 x y = 1
1 ' -1 3

2

(j) 4x - 2y - 8 = 0
(k) Y = /5 x ..- 5IT

x I- 5 y - 7
2 + 5 13 - 7

(m) x - y + 1 = 0
x - 7 y-+-.2(n) 20 -7 5 + 2

(0) Y + 5 = .T.7-.6.2 5 (x - 6).

(P) 5 +0=+ i-. 110

1(q) y = -
2
-x + 4

(r)
(5)

(t)

x = 9
Y = 3

.11 - 4 = -15(x + 5)

, a '.,

.1).. ..

.

, 4

"
(d) ( , '4) )45

J.

if Z e 4

(f) '( -21rj,2)

11.

.
(d) ' if5 -

I..
(e) AT-

(f) 3

4

11

3

o

,

o

1

s

c.%

.
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13. .(a) (4(A0))2 =

-(d(11;0)2-=

(d (A,0)2 =

Since (3(A,B))2:= (d(B,C))2 + (d(A,C))2 , by the converse of the

Pythagorean Theorem, triangle ABC is a right triangle with L ACB

the right afigle.1

(-1 - 11)2 + (-3 - 8)2 = 265

(11 + 3)2 + (8 2 4)2 = 212

(-1 4- 3)2 + (-3 - 4)2 . 53

2-6

(b) -If youNpermit students to use, the fact that the product of the

glOpessis' -1 it and only if lines are perpendicular, the proof

follows more readily from the fact that

14.

15.

16.

17.

m
AC

3x + 2y 8 = 0

20

(a) 3 to 4

(b) (31, 3.1)
7 7

(c) 144 ;

The line intersects the

the line intersects the

m = (- 2).()
BC Yr

=

7
x-axis at (-5 ,0)

Y-axis at (0,-
11
-)

;

57-63 Most students willpro'bably believe they have, a clear intuitive under-
.

standing of the idea of the:two directions on a line and may feel the

discussion here is pointlesS. P.s with the notion of a directed segment, it

may help to ask them to try to explain whet they mean accurately, using

terms with clear geometric meanings. When they find that this v?. dot at

all easy, they,may be convinced, that our approach is worth studying.

57 The open 4uestion of lines:without slope is considered'in Exercise 5

on page 64. At this point We assume that the student recalls that parallel, ,

nonvertical lines have the same slope. In section 2-7 we shall reafirm this

fact.

57 We shall use the idea of equivalent direction numbets for a line a great

deal; if a student does not'grasp this idea now, he may find it a frequent

stumbling block.

49 3
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2-6

58 You may well note that had we chosen directed angles to describe the

lines in the plane, a single angle would suffice. However, a pair of

nonnegative angles is conventional and leads to symmetric representation; it.

is also desirable, since a triple of direction angles is much neater in

3-space. The extension to spaces of higher diMension is immediate with the

approach adopted here.

59-60 The fact that the pair of normalized direction numbers and the pair of

direction cosines are equal is extremely convenient.

61. The context which specifies a direction for a line varies and is, of

course, frequently quite colloquial, as "the line from P to Q".

6Exercised 6 on page 64 asks for a justification that the alternative
.//

direction angles for a line are respectively supplementery.

62 The information developed in the solution to Example 4(b) is quite

useful. The student should develop facility in extracting from a general

form of an equation of a line dircztion numbcrs and direction cosines for

the line.

63 The importance of Examplc5 :nay not be apparent. It provides what little

initial motivation there is for the normal form of the equation of a line.

64 Exercise 7 might well be discussed briefly even if it is not assigned,

for it develops a relationship which is useful in relating the equations of

a line in polar and rectangular coordinates.

1. (a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(-3,4)

(4,1)

(0,6)

(-5,0)

(1,1)

(2,2)

(-1,1)

-(-4,4)

Exercises 2-6

or (3,-h)

or (-4,-1)

or (0,-6)

or e(5,0)

or /(-1,-1)

or (-2,-2)

or (1,-1)

or (4,-4)

a
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2-6

2. (a) (- !!) or (2 - 11)5'5 5' 5

4 1 4 1
)(b) ( ) or (

$117' if7 ArTt ift
(c) (0,1) or (0,-1)

(d) (-1,0) or (1,0)

r2"

(f)

(g)

(h)

3. (a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(-

-L)

..L.)

or (-
i

_ 1-)

or _ /.)r
or ,-

a = 127° , = 37° ; or

a =

a =

a =

76° ,

90°

180°

= 14° ;

= 00 ;

, = 9o° ;

or

or

or

a =

a'Ll:

a =

45° ,

45° ,

135°

R = 45° ;

= 45° ;

, R = 45° ;

or

or

or

6 = 135° , R = 45° ; or

a = 53° ) = 143° (approximately)

a = 104° , . 166° (approximately)

a = 90° , = 18o°

a = 0° , a = 90°

a = 135° , R = 135°

a = 135° , R = 135°

a = 45° , R = 135°

a = 45° , R = 135°

4. (a) (3,-1') (2,0) (0,-3) (-1,2) (-2,1)
4 1

-
3

0 not defined -2 -
2

(b) ' 5
(2 - -12) , or any equivalent given by (22 ' 5

- c / 0 .
5

a = 53° :143° ; or a = 127° , = 37°

(1,0) , 4411any equivalenti;t. fc,0) , c / 0.

a = 0° , = 9o° ; or a = 180° , = 90°

(0,-1) , or any equivalent by (0,-c) , c / 0 .

- a = 90° = ; or a 7-90° , = o9

(_
) , or any equivalent given by (f'112--) , c / 0 .

15'15

a = 117° , = 27° ; or

(_

V5 15

, or any equiV:;lent

15' 15
a = 63° , R = 153°

given by (- , c / 0 .

V5

a = 153° R = 63° ; or a = 27° , = 117°

51



2-6

(c) and (d)

a

5. A pair of direction numbers determined by P
0

and P
1

are

(21,mi) (°,Y1 yo) mi 71 70 / 21 °

A pair of direction numbers determined by Po and P2 are

(i
2'
m
2
) = (0,7

2
- 7

0 '

) m
2
= 7

2
- 7

0
/ 0 and 1

2
= 0 .

Since ml / 0 and m2 / 0 , both

m
2

mi

c
1
= -- and c

2
=

mi m
2

are defined and not equal to zero. Thus,

(c121 cimi) = (22, m2) and (c212, c2m2) = (11, mi)

(0,71 - y0) and (0,y2 - y0)

are equivalent pairs of direction numbers for the vertical line.

6, cos a _ cos 0 =
-112 m2 Vi2 m2

cos a' cost; -mVi2 m2 A2 2+m

So cos a' = - cos a cos e= - cos 0

Hence a' = + a + pn 0'= + 0 + qn p, q odd integers but a, a;

a, and e are between 0 and n, so the only solutions are

e +0 = n, a'+ a = n.

5,6 52



2-6

7. (a) 1. In the Figure 2-13a , w = - p + 2gn . Therefore

sin w =
2

sin
(g

- p) but since the sine of an angle is

equal to the cosine of its complement,

sin w . cos p

2. In Figure 2-13b w = p - 2:21 + 2gn. Therefore

sin w . sin (0 - i)

sin w = sin (- - p))

sin a) = cos (-p)

sin w = cos p

3. In Figure 2-13c, w +
2
+ p = 180 + 2gn and w =

Jr

- p 2gn .

The result is the same as part 1 above.

4. In Figure 2-13d, w - p =
2
+ an and w =

2
+ p + 2gn .

Therefore sin al = sin (-f + p)

in w = sin cos p + cos E sin p
2 2

Since sin
2

= 1 and cos
2

0

sin (.1) cos (3

(b} 1. If the positive ray lies on the positive half of the x-axis,

GU= an and p =
2

Since we wish to show that sin w = cos p , we may substitute

and see that

sin 2gn = cos
2

= 0

53 57



2-7

2. If the positive ray lies on the positive half of the y-axis,

n

2
2nn and p = 0 and sin = cos 0 = 1

2

3. If the positive ray lies.on the negative half of the x-axis,

= n 2nn and' p_= 7 and sin n = cos = 0

4. If the positive ray lies on the negative half of the y-axis,

3n 3n
= 21in , a =n and sin cos n = -1

8. (a) (-2,2)

(12 ,
15- 15-

a = 153° = 117°

(b) (-2,1)

a = 153° = 63°

(c) (6,5)

(6
5

a = 400 500

65 It is traditional to talk about the angle between two lines, but present

standards of precision require that we take account of the fact fiat at least

four angles are formed when two lines intersect. These angles can be distin-

guished in a diagram by various methods, but all of these methods must induce

a sense along each of the lines.

58- 54
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ti

67-68 The second solution to Example (2) is given as a suggestion to the

student that once he has recognised the form of the equations of the lines

normal to a given line, he may write immediately the equation of the normal

containing a given point.

68 Sometimes the results of our analytic approach describe additional

situations not usually approached in the sum;, way gebmetrically. The

situation here furnishes,a nice example of this..

69 Example 3(b) is also offered to show the student how he may use an

equation of a given line in general form to, write immediately an equation

of a parallel line containing a given point.

70-71 Since (b1,-a1) and (b5,-a2) are pairs of direction numbers for the

lines L
1

and L, respectively, we also note that

cos e= 2
i
2

i m
2
2 102 +m22

£122 + m
1
m
0

or; cos 0
1

?\

2
F 11.

1
112 .

In Exercise 12 on page 7h the student is asked to develop this relationship.

It has some merit when the lines forming L 6 are directed lines. In this

case Z 6 is the angle formed by positive rays of L
1

and L
2

with

endpoints at the point of intersection (if any) cf Li and L2 . Exercise

15 on page 87 also calls for such an interpretation.

71-72 Example :; is really a lemma to be used in the development of the normal

form of an equation of a line in the following section.

Exercises 2 -7

1. (a) d(A,C) = d(B,C) d(A,B) , by the definition of Letweenness for

points. This is equivalent to

d(A,B) d(A,C) - d(B,C) ,

which implies

(d(A,B))" (d(A,C)) 2 F (d(B,C))` - 2d(A,C) d(B,C)

since cos C cos 0° 1 , we may write

(d(A,B) \2 (I(A,C))2 (d(B,C))2 - 2d(A,C) d(B,C) cos C
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(b) Here we have

d(A,B) = d(A,C) + d(B,C)

which implies

(d(A,B))2 = (d(A,C))2 + (d(B)C)2 + 2a(A,C) d(B,C) ;

since cos C = cos 180° = -1 , we may write

(d(A,B))2 = (1(A,0))2 + (d(B,C))2 - 2d(A,C) d(B,C) cos C

/

2. (a) Equation (6) states that

ala2 + blb2
cos 3 -

4
1

2

1

2 4 22 b22

Substituting into Equation (6) ,

a
1
a
2

cos/0 -
/ 2

a
1

a
2

'+ b
2

2

t a
2

cgs e -

4
2
2 + b

2

2

Let a be the inclination of L2 . Then the measures of the

angles e between L
1

and L
2

are 90
o
- a and 90

o
+ a

cos e = cos (900 - a) = cos 90° cos a + sin 90° sin a = sin a

or

cos e cos (90° + a) = cos 90° cos a sin 90° sin a = sin a .

Also we have tan a =
sin a

a
2

cos a b2

b
2

sin a = -a
2

cos a.,

and b
2
2 sing a = a

2
2 cost a = a02 (1 - sin

2
a) .

2
a

This is equivalent to sin a -

and'

a
2

2
+ b

2

2

+ a
2

sin a = - cos e

6 0 56
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+ b

2

2
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(b) cos 0 -

41-
1 2

a/a2

0 = 0
o

or 180° , which is the case for parallel lines.

5. L
2

and L
5

are the same lines

Li and Lit are the same lines

is perpendicular to Li and L

4. (a) e = 7°

(b) 8 = 90Q

(c) g = 45°

(d) e =.83°

(e) e = e (lines are parallel).

(f) 0 = 906

a5. The slope of OP is
b

and the slope of OQ is :v .

Since m m = -1 , Opj_OQ .
OP OQ

6. (a) 2x - 3y = 0

(b) 3x + y - 8 = 0

(c) 3x + 2y - 17 = 0

(d) x - 3y - 5 = 0

7. (a) 2x - 5y + 31 = 0

(b) 2x - ,y + 17 = 0

(c) 16x - 6y - 13 = 0

(d) y =7

(e) x = 5

8. D = (4,-8)

3 possibilities; (12,2) and (-2,12) are the others.

9 The slope of Li is .14.

3

4,
y + 2 =

3
kx - 1)

61
57
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fg

10. (a) AB k, 2x + 7y - 17 = 0

BC : x y - 1 = 0

: 3x + 8y. - 23 = 0

(b) mom=

mgc--= -1

CA

m LOA = 151°

2 7
cos e, = _ .674

1/17-4717-1/4 49

e = 29°

The angle desired is the supplement of e
1

or 180° - 2 or 151°

m ZBCA

cos e, =
3 + 8 _ .910

64

e
2

. 24°

m

6 5
cos e, =

6
.997-

' 114 49 1/- 64

(d) Altitude to side AB

7x- 2y 29 = 0

Altitude to side BC

x - y - 4 = 0

Altitu'e to side AC

8x - 3y 25 = 0

11. (a)

e
3

=

L1 = ((x,Y): b1x - aly = 0 )

L2 ' = ((x,Y): b2x - a2y = 0 )

(b) :. cos e =

aa 4-b
1 2 1

b
2

and using Equation (6),

4- 2 b
1
2 4

2
2 b

2

2

1

6 2 58



cos -
blb2 + ala2

bi )2 + (-a)2 422 ( -a2)2

cos e = cos 0

If is is 1 .to L
1

and L2' is j_ to L2
I
then the measure

of an angle between L.
1

and L
2

is eqUal to the measure of an

angle between andand L2! .

12. (a) LI = [(fcg):

L2 = ((x,y):

-but

41Y
0)

2x
+ P2y + c2 = 0)

?\ + p
1'2 1 2

cos e -
42 2. 22 112

1. P1

2 2 2 2
Al 41 7'2 42 1

cos e = ?\12 + ply2

.11

(b) If cos a is positive 0° 4. e 4909 and Le is the least angle

foimed by Li and L2 .

Assume L
1

L
2

(c)

and

"Tn2

1:*, / 2\
So v7-) = -1 and

7,

2

n12 D
2

= -1

7'17'2 4142

1
T
2
= -

1 2
= 0

Conversely assume ?\12 + 11142 = 0

but A1A2
4242 °

cos e

and cos e = 0

e = 9o° and

t L1 1 L2

59 6 3
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75-78 The normal form of.an equation of a line is troublel.k.me tc develop, for

students have usually not considered the characterization of a line by a

normal segment from the origin. Therefore, the argument for bothering to

develop it at all must rest upon its applications; it ie not at all a natural

extension in the studentst eyes. With this in mind, befoi-e beginning this

section it might be helpful to challenge the students to find the distance

between a line and a point not on the line. Once they have been forced to

the trouble of finding (a) the slope of the perpendiculars to the given line,

(b) an equation of the perpendicular containing the given point, (c) the

point of intersection of this perpendicular and the given line, and (d) the

distance between the point of intersection and the given point, they pay be

more in a mood to pursue a development which solves this problem more easily.

76 The conventional notation does lead to confusion here. It is easy for

the student to confuse the coefficients in the normal form with the direction

cosines of the line itself. Emphasis on the reason for the name "normal

form" may shorten the period of confusion. Then, too, an oral -drill on the

following information to be gleaned from the normal form may help.

If A > 0 and 4 > 0 , the line extends above the origin from upper

left to lower right; if A < 0 and 4 > O, above the origin from lower left

to upper right; if T < 0 and 4 < 0 , below the origin from upper left to

< 0 , below the origin from lower left to

4 = 1 the line is horizontal and above the

, horizontal and below the origin; if 4 - 0

and A = 1 , vertical and to the right of the origin; if 4 = 0 and A = -1 ,

vertical and to the left of the origin.

lower right; if A.> 0 and 4

upper right. If A = 0 and

origin; if A = 0 and 4 = -1

To make sense of this information a student will have to keep in mind

that (A,p, ) is the pair of direction cosines of the normal segment.

77 The fact that authorities differ in the case of lines containing the

origin has a backhanded sort of,significance. There seems to be little

reason to recognize a difference which does not make a difference. E.g.,

1.0 = 0.9 ; there is no numerical difference.

78 If your students are already versed in the parametric representation

of lines, there is a neater approach to the problem.

The line FP
1

has the parametric representation

64

x = xl + At

y = y
1

+ 4t .

6o



2-8

With this representation Itl is the distance between (x,y) and

Pi = (x1,y1) In particillar, if we let F = (x0,y0) , for some t , F

has a representation

Then

and

x
0

= x
1
+ Ttl

+ p,t
YO

=
Yl 1

.

xo - xi = 7\ti

-
YO' Y1 tl '

dA.,F) 1(x0 '1)2 + (Yo Y1)2 = 4Wt1)2 (11t1)2

= 1t11 42 112 = Itil

Since the point F = (x0,y0) satisfies the equation ?x r py - p = 0 ,

we have

?\(x1 + + + 41) - p = 0 ,

which is equivalent to

+ µY1 - p = -(A2 + µ2) ti = -ti .

Thus,

d(Pl/F) = Itil = INxl PY1 PI

With this approach we do not have to consider the five different cases.

79-82 The amount of classroom explication necessary on the polar form will

depend upon the studentst background in analytic trigonometry. Some

familiarity with the addition formulas is essential. These are developed in

SMEG Intermediate Mathematics, pages 605-610, and, of coarse, in any standard

trigonometry text.
;

79 At tINis-point-you-may wish to consider that since P = (-r,0 + n) , the

line also has the polar representation

-r cos (e + (n - (0) = p

This opens a question to which we shall return in Chapter 5, when we consider,

related polar equations.

80 Although the polar angle which contains the normal segment to L is

the same set of points as the direction angle a and La = La , our

conventions for measuring these angles are different. The measure of h4,

6 5



2-8

%

may be any real number, while 0 < a < (or 0 < a < 1800) Thus, even if

we choose an Lw such that kid is minimal, we still are assured only

that kid = a , or w = t a . However, since w = t a -I- 2nn for any integer

in,the case we describe) we do have cos w = cos (2nn * a) = cos a .

The test should read w = t a + 2nn for any integer n .

81 Students may not be familiar with the technique of "normalizing"

coefficients in order to rewrite

where

a cos e + b sin 9 as i40-77 sin(6 oi) .

sin
a

- and cos al -

b2 )7;7

or as Lag to cos (e - pi) where

cos pi
a

- and sin p1 -
b

,10--77 ava + b7

Therefore, you may wish to consider other examples than Part (e) of Example 5.

84-85 In assigning exercises you may well wish to consider Exerciaes 7 through

9, which suggest a further application of the normal form, and Exercises 12

through 17, which furnish practice in transforming equations from representa-

tions in one coordinate system to the other.

These last exercises open questions which will be considered in detail

An Chapters 5 and 6. In the algebraic manipulation of polar equations we

may frequently do some rather wild things which would get us into trouble

in rectangular representations. The freedom we exploit stems from three

considerations:
1

i) the multiplicity of the polar representations of`a point, ti

ii) related polar equations, (See Chapter 5.)

iii) "factoring" equations. (See Chapter 6.)

For example, in Exercise 13 we suggest multiplication of both members of the

equation by r . In rectangular representations such multiplication by a

factor containing a variable is quite likely to add points to the graph, but

here the points (o,e) , which might be added, are already included by the

%

n)original representation as (0,(n
1n)

) where n is any integer.

66 62
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In Exercise 12 we first obtain

2,=r ,= 36 , or r2 36 = (r - 6)(r 6) = 0.

Now the equations obtained, by setting the factors of the left member equal

to zero,

r = 6 ana r = 46

are related polar equationS (as defined on page 167 of the text), for they

each have the same graph as r
2

= 36 Since each is a simpler representation

of the graph, later on we Shall prefer either one to the first equation,

In Exercise 17 we firSt obtain

(r2 r sin 9)2 = r2

If we divide both members by r2 , we obtain

(r sin e)
2
= 1 ,

but we have not lost any, p4ints from the graph, The pole is the only point

we might have lost, and itlis still represented by

(0,(n
2)m)

,

where n is any integer, Then we may factor to obtain

(r sin e - 1) (r sin e + 1) = 0 ;

the equations

r = 1 - pin e adid r = -(1 sin e)

which are suggested by the factors of the original equation4 are related

polar equations, Their graphs are identical to the graph of the original

equation, and either one* afar simpler representation.

In summery, multiplicaion or division of both members of an equation

by u factor containing the variable and taking the square roots of both

members of the equation, are techniques which are fraught with danger and

seldom desirable in rectangUlar representations, They are more freqUently
I

acceptable and even desirable in polar representations.

However, we are not s4gestingithat the teacher should open these questions

no,r, They will be considered in Chapters 5 and 6. To discuss them now

would probably only confuse the students. We prefer that the answers to the

exercises here be left in the original form obtaped w4.thoul, any attempt at

Simplification, Rather we include this discussion to alert the .reacher to

the questions laid open andto prep.:a. nim or. her for the questions that may

arise from curious and inquiring students,

63 6 7.
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Exercises 2-8

4 3
1. (a) -

5
X+

5
Y - 3 = 0

(b)
T3.5 T3_12

(c)
3 6

0
'47

(d) -5 12

1317

(e)
3x- 1y- 7 =0

VDT) Vito

Ir 17Y 17 °

4x - 3y + 15 =0

Ot course this is not an efficient way to draw the graph.

ex'rcise was put in to help familiarize the students wit4 this form

of equation for a line.

(g) 13x 13 Y

(h)
Y
7 °

(i) 15

9

5x 12y 6o0) T5 - 13, - 13 = o

(k)

(1)

8 15 120
17x. 17Y 17

ix _ - i= 0

= 0

5x + 12y - 65 = 0-

The

3. (a) r sin e = 4 (e) r cos (e - 300°) =

(b) r cos e = 4 (f) e = 45° , or e=

(c) e =.6o° , or e
(g) r cos (e - 150°) = 2

(d) r'coc (e - 315°) = 3 (h) r cos (e 135°) = 2

4. (a) cos e -4 = 0

(c) e - 9o° , or e=

(d) r cos e + r sin e + 2 = o

(e) 3r cos e - 2r sin e + 6 =tiaz,

(f) r cos e +.13

(g) 15r sin e -

r sin e 7'2 0

8r cos 18 4 34 = 0

64'



5. (a) If P1 is on L , then 17\xl 11Y1 PI = 0

from P
1

to L is zero when P
1

is on L .

2-8

But the distance

(b) P1 is on the same side of L as 0 ; P1 is closer than. 0 to

L . In this case d(P1,1) = p - p
1 = 1 11Y1 PI

(c) P
1

is on the same side of L as 0 ; P
1

and 0 are equidistant

from L In this case Li contains the origin, p
1

,0 and

d(P1,F) = p - P1 = INx1 PY1 PI

(d)

58

13

22

5

20

177

5)

(e) 0

7. A point
.

P
o
= (x

0
,y

0
) on the bisector if the distance from P to

is equal to the distance from P to L2 .

8.

Then from our distance formula, we have

11 . 11?, 11

5 5 3' 1

Taking both choices for the signs yields the two desired equations:

and

and

21x 77y - 130 = 0

llx - 3y = 0

7x 9Y_ 152 =0

99x 77y - 144 = 0

9. 1?Ix MlY P11 = h` 2x 112Y - p21 gives us

)2)x (Ii - p.2)Y - (p1 - p2) = 0 and

?2)x (111 P2)Y (P1
p2) 0

6569
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10. x 3 = 0

11, r cos e r sin = 0

12. r
2

= 36 I

13. r = 4 cos

r
2
= 4 r cos e

(x2
y2) = 4x

x
2

- 4x + y
2

= 0

When 0 . ,
r = 0 . Thus the pole is in the graph of the original

I

equation. One must make this cneck because both sides of the equation

have been multiplied by r ; r = 0 is then a root of the new equation.

14. r = 2a cos e

Note that the pole is

or x2 + y
2

= 2ax ,

15, (a) y = x

(b) y + 4 = 0

42 y2

x
2

4. y
2

= 25

in the graph of the equation. Then r
2
= 2ar cos 0

16, (b)

(a)

O

(c)

7 U 66
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17. (a) r
2

- 4r cos 0 = 0

(b) Note that the pole is in the graph of the equation. Then

r
2

= 5r cos e - 3r sin e

x
2
+ y

2
- 5x 3y = 0

( c ) - y 4 ,

or y = -4 .

(d) (r + r sin (9)2 = r2

Review Exercises - Section 2-6 through Section 2-8

1.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

direction numbers

(7,-10)

(25,24)

(-6,5)

(7,6)

(3,-3)

(4,7)

(1,2)

(-2,1)

direction cosines

7 10

direction angles
(approximately)

a = 550 , R = 145°

a = 44° R . 46°

a . 140° 3= 50°

a - 41° , 13. - 49°

a . 45° , 13. - 135°

a = 60° , R =30°

a . 63° , R = 27°

a = 153° = 63°

117 A-7

25 24

V7E'115 VE7

-6 5

Vg.

7 6

1 iL)

(-1±-,4)
Yo5

2)

/5 /5

(:2,

15

a

6'

i



2. The points

have the

(a)

(b )

(c)

are collinear

same slope.

13-1

if two line segments determined b the points

12 4

15

4
points are collinear

5

3

6
po:nts are not collinear

10 2

-5- 1

18 3

7
points are collinear

30 3

-76=

11-;-4)

13 - 5 8

11 - 1 10

-2 7 -9
T-775)-

-2 - (-12)

1

17

- 6

- (-I)

23

17

- (-1)

- (-13)

23

3.

4.

(Vi) -4 - 8 -12
4

points are not collinear

= d(B,C) = 243

-
(-3) 3

-4 - (-11) 7

0 - 5 7

d(A,B) = 171. d(A,C)

AB : 4x - 5y + 17 = 0

111.0.

AC : 2x + 7y - 1 = 0

BC : 3x + y - 11 = 0

5. 19length from Aof altitude :

17.5

38length of altitude from B :

157

38length of altitude from C :

'Tr

6. area (ABC) = 19

7. (a) x(2 - 4) + y(7 + 7) - ( + 17)(5) = 0

(b) x(4115 + 3171) Y(-5475 147) (1755 - 11117) = 0

(c) x(256 +.3157) Y(7475 + /57) - (115 + 11,(5) = 0

7 2
68



8. (a) d(A,L
1

) =

(b) d(B,L ) = 5vi7

(c) d(C,L
1

) =
1/13

d(A,L
2 5

) =
17

14
d(B,L

2
) =

5

4
d(C,L

2 5
) =

d(A,L3)

d(B,L3)

d(C,L3)

9. (a) x(10 - 31/15) + y(-15 41) (30 + 121/15) . 0

x(10 + 31/1.) y(-15 + 411.3) (30 121/13) = 0

(b) x(21/5 - ITS-) y( -3I 21U) + (615 - 4IT3) = 0

x(215+ ITS) + y(-3I5 - 2ITT) (6,5 + 4113) =0

(c) x(315 - 5) + y(41/5 + 10) + (-1215 - 20) = 0

x(31/5 =- 5) y(41/5 - 10) + (-121/5 20) = 0

10. (a)
6

11-73-

11.
87 92P (

A 17' 17

10.
1

82°

e2
980

)

11

63 8
P (-

17
)B 17'

13. L
1

hay be written 3x + 5 - 19 = 0

L2 may be written 7x - 3y 7 - 0

If ala2 + b1b2 == 0 the lines are perpendicular

Substituting

and

(3)(5) + (5)(-3) - 0

Ll L2

10

14. Find the angles 1,etween I,1 and L,, , where L
1

contains the points

and L, contains the points (-4,6) , (3,0) .

Sinze no sense is imposed on L
1

and 1.4

2
we will find their

angles of intersection.

We may take as direction numbers for Ll (h.) and for I,2 , (-(,6) .

73



(Why?) Thereftife:

(4)(-() + (5)(6)
Cos 0 - .034

42 52 1/(02 62

88°.

We may, most simply, find the other angle of intersection as the supple-

ment of e , but it is instructive to use equivalent direction numbers

for 1, which have the effect of reversing the sense induced by the

first choice. We use now (-4,-5) and (-7,6) as pairs of direction

numbers and get

Cos e, = (-4)(-7) + (-5)(6)

. A' :11 92°

+ (-5)
2

I( -7)
2

+ 6
2

which As we expected, supplementary to 0 .

15. cos 6 -
(E)1)(*) 4.(A)(*) .647

A
1 /49 9

+5 1 7 7
e 1300

16. A = (3,4) B = (-2,7) C = (6,9)

7 - 4 3
m - = -
TE -2 - 3 5

9 - 7 2 1

m
BC

= 7-77 8=

9 - 4 5

AC 773 3

3 \Since m
AB

m
AC 5 3

= (- )(-5) = -1

AB 1 AC and DABC is a right triangle

, 6

70
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17. (a) - -i-x 4. -1-y - =0
-158 155 V5/1

-20 21
(b) -

29 29
x + y - 42 . 0

53 ,
x - 5y -

24
= u(c)

(a)
3

x -

)5i3 V.57

(e) x - 5 = o

18. (a) r cos (e - 60) = 1

(b) r cos 0 . -4

(e) 6 = 147°

L9. (a) 1r5 x + y = _5

(b) 3y - 4x = 12

20. (a) r (8 cos 0 i 7 sin 6) = 56

(b) r (15 sin 5 - 8 cos (9) = 18o

Challenge Exercises

1. 3x - 4y + c = 0 or ax f by + c 0 , with = .

21.
a 44x + 3y + c - 0 or ax + by + c = 0 , with = .

3. ax + by =O

4. y 3 = m(x - 2)

5. 3y = - 4) . (Fixing4 the value of m reduces the family to one member.)

6. y = -3x + b (a pencil of lines.)

7 Let LI: ax + by + c = G and L2 : mx + ny p = 0 be two intersecting

lines. The equations of the lines of the angle bisectors are then

a m

a2 n2 a+2 b2a2 + 432 2277 2

n c _2 0
J,F2:7

+ y
42 n2 2 b2 )F7 42 7717 4777

773-



4

Their slopes are
a,./T72

b m + n -

The product of the slopes is

a m2 +
n2

na2 +b2

-mliETT7 _

bym + n +

amt +n2

na2 +b2

_m2(a2+b2)+ a2(m2+ n2) -m2132 a2n2

b2(m2+ n2) n2(a2 b2) m2b2_ a2n2

Hence, the lir..s of the bisectors are perpendicular.

8. L = ((x,y): ax by c = f(x,y) = 01 and

LI ((x,y): axi + byl + c = f(x1,y1) = 01

The direction numbers of each line are (a,b) . Therefore the lines

are parallel.

9. Given L1ABC with vertices A(0,0) , B(1,0) and C(a,b) .

To prove that the altitudes are congruent at a point H and find the

coordinates of H .

C(a,b) the slope of AB is 0

the slope of AC is
a

the slope of BC is

A(0,0) 8(-1T0)

The slope of the altitude from A is
a - 1

b

The slope of the altitude from B is - 12;

The altitude from A is represented by y -
a - 1

b

a - 1

The altitude from B is represented by y = - 11(x - 1)

-
If the altitudes are concurrent, -

a 1
x = - 11(x -

and x = a and Y
a(a -

b

the equation of the altitude from C is x - a and tie point of

intersection of the other two altitudes is clearly on this line.

76

72
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10. The midpoint of AB = (2,0)

The midpoint of BC = (414)

,a b\
The midpoint of AC = (2 '2)

The median from A is represented by

y= + 1)x

The median from B is represented by

y=
b

a - 2
(x - 1)

These two medians intersect at the point

(a 1

The median from C is represented by

Y =
b 1

1
(x - 7)

a - -2-

and the point (a-=-2, 11) is contained in this line.
3 3

Therefore the medianr are concurrent at
,,a + 1 b\

3 3

11. The bisector of LA. is given by

bx - ay
Y

iar
and solving'for y ,

bx
Y -

(1)42 b2

The bisector of LB is given by

b - bx - (1 - a)y
y and solving for y ,

12 a)2

b(1 - x)
Y

14)2
+ (1 - a)2 - a + 1

73

77
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12.

Equating (1) and (2)

bx b(1-- x)

,4777
+ a

2
+ (l - a)2 + 1 -a

Solving for x we get,

a
)7Y----

+ b + a

42
(1 - 4i2 + 1 +0g7(7

Substituting x into equation (1) ,

Y
b

42 + (1 - a)2 + 1 + 4777

So the point of intersection is

a2 +b2 +a b

h 2 +(1 a)2 + 1 + 1a77i-b2 + k / l - a)2 + 1 +

C(o,b)

Midpoint of AC = (a
2' 2

12) = D

Midpoint of BC =
a + 1 b,

- F

Midpoint of AB = (2,0) = E

Slope of AB = 01

Slope of AC =
a

Slope of BC -
a - 1

'7 8

74 .;

b
2

a
2

1-



Equations of perpendicular bisector through D

a a
2

y = - +2b +2

Equation of perpendicular bisector through E =

1
x

2

Equation of perpendicular bisector through F =

Y =
a,- 1

x +
a
2

- 1 b
2b 2

(1)

(3)

If x =
1

Is substituted into ^quation (1) and (3) the values of y

are the same. Therefore the perpendicular bisectors are concurrent at

(1 a
2

- a b\

`2' 2b 2'

13. H= (a,-1213- a))

G =
a +l b

(1 a
2

+ b
2

- al

2 2b

The slope of HG

The slope of HE -

a - a
2

b
b

_

3 3a - 3a
2

- b
2

a + 1
(2a - 1)b

a
3

a a2 a2 + b2 - a

b 2b 3a - 3a
2

- b
2

a
-1 -(2a - 1)b

2

Therefore, the points are collinear. An equation of the line is

(3a2 b2
3a )x + (2ab - b)y + a - a3 ab2 = 0 .

'5
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Illustrative Test Items - Sections 2-6 through 2-8

1. Find a pair of direction nuMbers for the line PQ .

(a) P . (2,3) , Q = '(4,5)

(b) P (1,-4) , Q = (7,4)

(c) P = (-2,7) , Q . (4,3)

(d) P= (-2,-3) , m = -1 .

(e) P = (-1,7) , 'a - 1500

(f) x-intercept 4 ; y-intercept 3 .

2. Find a pair of direction cosines fo: a line,

(a) L = ((x,y):. x - y +.2 = 0) .

(b) containing (3,5) and (1,7) .

(c) with slope .

\ (d) with inclination a = 30° . ,

I (e) parallel tothe x-axis .

(6 perpendicular to the x-axis

3. Find direction angles for -

(a) the line containing (71,-3)' and (-3,-1) .

(b) the ray emanating froiEthe origin and containing the point (6,-6)) .

(c) the line with equation 1 x y - 7 = 0 .

(d) the normal segment to L = ((x,y): x + y + 7 = 0) .

4.k Which, if any, of the lines with the given equations are parallel?

perpendicular? the same line?

2 f 2 1
4 Li: y - ,

kx 124:

y x+ 2 y- 1
5: 1 + f 3 - 1

L
3'

3x + 2y 3

5. Find the cosine of the least angle between the pairs of lines with the
1

indicated equations.

(a) x + 3y - 1 = 0 ; 2x + jy - 7 = 0 .

.(b) 2x + 4y - 5 = 0 ; 3x + 4y - 1 =.0 .

(c) x y + 13 = 0 ; 5x + 3y + 12 = 0 .
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6. Let L = ((x,y): 4x 7y + 13 = 0) . Write an equation in general

form of a line

(a) parallel to L and containing the point (3,2) .

(b) perpendicular to L and containing the origin.

(c) parallel to L and with x-intercept 4 .

(d) ..perpendicular to, L and containing the point (3,2) .

7. Find an equation of thetierpendicular bisector of AB , where

A = (12-3) , B\ (74)

8. Let A = ('21) , B = (8,3) , and C = (5,8) Find the area of

triangle ABC .

9. A line Li makes an angle whose cosille is i 5 with

L2 = ((x2y4: 2x + y - 7 = 0) . What is the slope of Li ? Find

an equation of L
1

if it contains the point (-422) .

10., rind thesnormal form of each, of the following equations.

(a) - 4y + 15 = 0

2 4
(b)

y 1

- 2 2 + 1

(c) 11(x +

(d) + 1
5 12 -

8'
(e) y = T5- x - 2

rf\ x +3 - 4

' 21 + 3 -

(g) 7x - 2y

(h) 7 - 3y =.

11. Find the dist

(a) P45210)

(b) P = (52-1)

(c) P = (624)

(d) P =-(7,-3)

ce between P and 1,\:

; L = ((x,y): 3x - 4y + 10 - 0) .

; L = ((x,y): 12x - 5y + 26 - 0)

; L = ((x,y): x + 2y - 4 :4: 0) .

; L = ((i,,y): 2x - 3y + 5 = 0)
-10

8 1
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12. Find equations of the line:, bisecting the angles formed by

(a) LI ((x,y): 3x - hy 4 5 0) and L 4- ((x,y): 5x - 12y 4. 26 = 0)

(b) LI = ((x,y): x 4 y - 1 0) and L, = ((x,y): 8x - 15y I- 34 0) .

13. Write' in polar form the equationc of the following lines:

(a) parallel to the polar axis and 2 unite above it.

(b) perpendicular to the polar axis and i units to the right of the

pole.

5n 3n(c) containing the point ( -2,!) and having inclination Tr

(d) through the pole with slope -1 .

.r° 14. Transform each of Tic following equations into polar coordinates.

(a) 3x - 2y + 5 0

(b) 7x +8y - 56 = 0

(e) x2 + y2 , 25

(d) y - x2 F 4x + 4

15. Transform ca2h of the follow' 'equations into rectangular coordinates.

(a) r cos 0 . 4

(b) 2r cos 8 +`5r in 6 . 6

(c) r = 3 sin 0

/1"

(d) r cos (e - 11) - h

16. Let the vertices of the triangle ABC be A . (-4,2) , B . (6,6) ,

c = (4,-4) .

(a) Find the lengths of the sides.

(b) Find the equations of the lines containing the sides.

(c) Find an equation of the perpendicular bisector of side AC .

(d) Find an eauation of the line containing the altitude to side AC .

(e) Find the length of the altitude to side AC

(f) Find an equation of the line containing the median to aide AC .

(g) Find the length of the median to side AC .

(h) Find' the area of the triangle. 5

Find the centroid of triangle ABC (intersection of the mpdiars).

(j) Find an eLiaation of the line containing the bisector of Z. A .

78
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Answers

1. (a) (2,2) , or equivalent pair

(b) (6,8) , or equivalent pair

(c) (6,-4) , or equivalent pair

2. (a ) (1, -1-), or (-

,/"- 127

(d) (1,-1) , or equivalent pair.

(e) , or eauivalent pair.

(f) (-4,3) , or equivalent pair.

lq 1 lq 1
(d) (1-7- , , or (- , -

(b) (1 ,1) or (- 1 ,1) (e) (1,0) , or (-1,0)

, If IT2

(c) , or (- (f) (0,1) , or (0,-1)

3. (a) a =. 135° = 45° ; or a - 45° p 135°

(b) a - 60° , 0 - 150°

(c) a = L20° , 5 = 30° ; or a - 60° , 5 L 150° .

(d) a = 120° , 5 150° .

4. L
1

and L
5

are the same.

L
'

L
4 '

and L
5

are parallel

Li, and L
3

are parallel

, , and L5 are perpendicular to and L3 .

(a) 11

6. (a) 4x - 7y + 2 - 0

11
kb),

515

(b) 7x + 4y - 0

(c) 4x - 7y - 16 0

(d) 7x + 4y - 29 - 0

7. 3x + 2y - 10 - 0

8. 4).07

9. m - -
3

3x + 4y t 4 _ 0

1

1(177



10. (a) - x 4- 7 y - 3 _ 0

(b)
- -Y 0

(c)
-7 3 49

,57; i5g /53

12 22_ 6o
(d) x

13y- 13

(e)
715 3o

x - T7 y - T7 o

0

f-, 7 24 117
sI) 25 25 Y 25

(g) x - y = 0

1/573 153

(h) y 7 . 0

_IL (a)

(b) 7

(c)

(d)
ViT3

12. (a) 14x + by - 65 = 0 and 61x - 112y + 195 = 0

(b) x(17 - blf) + y(17 + 151E) - (17 + 341§) = 0 and

x(17 + 8%/) + y(17 - 15,/,7) - (17 341/;:') = 0

13. (a) r,cos (0 - 2) - 2

(b) r cos 0 = 3

(c) r cos (e - 2) = 2

(d) e

14. (a) 3r cos 0 - 2r sin 6 + 5 = 0

(b) 7r cos 0 + Br sin 0 - 56 - 0

,
(d) r sin e = r

2 2
cos 4+ r cos

8o
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------,

',,,,\

15. (a) x = 4
(b) 2x + 5y = 6

(c) x2 + y2 = 3y
(d) y = 4

)

16. (a) d(A,B) .= 2-1- ; d(B,C) = 2 V ; d(A,C) = 10 .
.4.

(b) AB: 2x - 5y + 18 = 0

BC: 5x - y - 24 = 0

AC: 3x + 4y + I. = 0

(c) 4x - 3y - 3 0

(d) 4x - 3y - 6 = 0
46(e) -5- = 9.2

(f) 7x - 6y - 6 - 0

( g ) 185

(h) 46

(i) (2,)

(J ) x(3-12 - 10) + y(4/ + 25) + (14 - 90) o

81
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Chapter 3

VECTORS AND THEIR APPLICATION

3-1. Why Study "Vectors"?

3-1

91 In the opening paragrarhs reference is made to the increasing importance

of vectors and vector methods in the fields of applied mathematics, science,

and engineering. You need only pick up any text in these subjects to be

assured of the accuracy of this statement. Most recent books in calculus

(e.g., Calculus and Analytic Geometry by G.B. Thomas) make considerable use of

vector methods, You may like to read Analytic Geometry: A Vector Approach by

Charles Wexler for an extensive treatment of this subject.

It is quite likely that most of your students will go on to study calcu-

lus and more advanced mathematics. Most students in science and engineering

are now encouraged to take courses in vector analysis and linear algebra. The

latter course starts with vector algebra and uses it to approach the subject

of matrices. In this context, a vector is a row pr column of a matrix. Our

approach is from the geometric point of view (as is vector analysis) but the

two are clearly closely related.

The beginnings of this subject can be found in the writings of Aristotle,

and later in the works of Galileo (1564-1642, Italian). However, serious

study of the subject began with William Rowan Hamilton (1805-1865, Irish) and

Herman Grassmann (1809-1Ji7; German). Their work was dependent upon the

earlier development of analytic geometry. Hamilton was inspired by problems

arising from Newtonian physics and astronomy. In solving problems related to

the motion of particles, Hamilton needed a non-commutative algebra. The

2
j
2

quaternion A = ao + ali + a2j + a,k (where i = = k
2

= i,k = -1 and

the ats are real), provided the answer since, for example, i. j = -j. i .

The quaternion led to the vector and, in the cross-product of vectors,

A X B = -B X A , (See this Commentary on Section 3-7).

Grassmann approached the subject of vectors from the algebraic point of

view. He was seeking an algebraic method of extending geometry from three

into n dimensions, A vector in two dimensions is defined as an ordered
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3 -2

pair of real numberp and in three dimensions as an ordered triple of real

numbers. In n dimensions, a vector is an ordered n-tuple of real numbers.

This is the approan used todv in thc study of vector spaces hi modern

algebra.

If your students already studied vectors in SMSG "Geometry with

Coordinates", "IntermediatE Matmatii!s", or "Matrix Algebra", a are par,

of the material in this.,chapter will\?crv( as a review: Some time shouldlte

spent, hcweyer, in _analyzin.the different approaches to thc .subject. In this

way to students will review the topic from another point of view. Some of

the subject matter and many of the problems are new to all.

3-2. Directed Line Segments and Vectorb.

92 For more information regarding directed line segments, you 3houLq read

the SMSG "Intermediate Mathematics", p. 29-(34.

0

Probably the most distinctive part of our approach to the study of vec-

tors lies in our definition of a vector. Since there is no way to distinguish

any directed line segment from another with the same magnitude and sense of

Jirection, it is therefore reasonable to define a vector as an infinite set

of equivalent directed line segments. Any member of the set can be used to

represent this vector. The origin-vector (a new term created here) is very

often used to represent the set because of its conVenience in gcometr;c

proofs and in the study of vector components.

Unless specific geometric conditions obtain, our approach to the subject

also gives us the freedom to use free vectors or Lound vectors as we choose.

The "Origin Principle" on page 93 and the "Crigin-Vector Principle" on page

96 are carefully and explicitly stated to make this point clear.

93 The question of equality or inequality of vectors refers only to sets.

When we say "two vectors arc equal" we are only talking about the same in-

finite set of directed line segments. Thus "equality" really means "identity".

The use of the term in this sense is consistent with its use in all other SMSG

texts. For example in earlier texts, if AB = CD , then Ai and CD are

identically the same segment, with A = C and B = DJ.

However, in applications of vectors, it is convenient to use the term

vector, as we state in the text, to mean a single member of the se' We con-

sider it proper to do this when there is no danger of ambiguity. The students

will then be on more fahiliar ground when they meet vectors other courses.
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3-2

96 The discussion surrounding the origin-vector principle is of greatest

importance. You will have many occasions to refer to it in the succeeding

sections, particularly ix Chapter 4, where many proofs of geometric theorems

are discussed.

1.

Exercises 3-2

(3,2)

2. FE and JI ; LK and UT ; QE , OP and MN , QS and TV

Each set is a representation of the same vector.

3.

4.

888

DC and AB
_s.

CD and BA

AD and BC

DA and CB

(a) A = m
Jr J...
e = b

d

h = k

(and others)

(b) a =

f = -c

g = -n

h = -f

(and others)



3-3

5

m

6. Motion of a car, winds, weight, momentum, angular momentum, electrical

and magnetic fields, etc.

3-3 Sum and Difference of Vectors. Scalar Multiplication.

91 The definition presented on this page is concerned only with the sum of

two non-zero vectors not lying in the same line.

If A and B lie in the same line and have the same sense of direction,

then A + B is a vector in the same line with the same sense of direction and

with magnitude + IBI . If A and B have different senses of direction

and, let us say, > IBI , then A + IT, will have the direction of A and

magnitude 1171

98 By part (2) of the definition of the sum of

vector with magnitude twice the magnitude of -P.

a vector with magnitude 3 times the magnitude of
ea.

two vectors, P f P is a

Similarly (P is

1. Thus the definition

of rP generalizes naturally from what we think 2F and 3P should be

(neither being defined at this point).

99 An emphasis on subtraction of vectors defined in terms of addition should

be made. This should be done not only for purely algebraic - reasons, but also

to simplify finding the difference of two vectors in a vector diagram.
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Exercises 3-3

1. (a) C

(b) C

(c) E (requires assumptions that vector addition is associative and

that diagonals of a parallelogram bisect each other)

(d) 2 (requires second assumption in part c)
:..

(e) C

_.
2. (a) e = -a

..1. .6.
d = -b

3.

S. J. S.
e = a + b

--. ...

(b) (i) e = a - d

(ii) -'4"= Z 4 S.

(iii) e = b - c

(iv) e . -c - d

(c) (i) 0

(ii) 0

,.:

(a) b + c

(b) b - c

(c) c - b

c

(d) IT + 17
...

+c

4

87 $)0

1



3-3

a + b = c
.411. JS

It can also be seen that -a + c = b b = c - a

6.

Jo.
From the diagram above--a = b and c = d

also b+ d= t and a+ c= t .

14 = 12

= 15

15ZI = -15

..a+c=b4d

8. Since a = b , a and b are representatives of the same infinite set

of equivalent directed line segments. Thus

lai = ibl and Ziri7

Jo.
Now and ara is r times as large as . Also rbilb and

is r times as large as b . Thus

Iral = Irbl and rallrb

. . ra = rb

9. 'kb, is equal to the magnitude of a .

9 j 88
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3-3

...

10. (a) b = e

h = p
__

g = -n

d = -a

c -f
--.

2 = m

11.

(b) i - k = b
....

6+ b = a 4 m
.4.. ..... -.. .....
2 -c-i g 0

h 4n=24 k
b 4 e 2n
..S. ..1.. .....
e 4 h - -a

(and others)

r

S --" Q
(4,6)

R

One example: One could follow the path from P to R , from R to S

from S to Q .
V

12. (a) not necessarily

ib) yes

899 2
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13.

14.

is.length of a

is length of .17

is length of a + b

A.
Since c is equivalent to a then 1cl tal .

Since the sum of the lengths of two sides of e triangle is,greater than

or equal that of the third, we have

r(I 4 > 1.;7

ral 1171 > 171

4 M i

B

93 (39a

%.1 =

li1=

2"

1 II

2
2

C is the resultant

ro

/
1 , representing approxi-

mately 3
2

miles in the

direction indicated,



3-3

15. Let the speed and direction of the

current be represented by C along

the y-axis. Let the actual speed

and-direction of the boat be repre-

sented by We want to find the

vector B representing the boat's

motion in still water which when added

to C represents the combined ef-

fect of current and engine on the

boat. R= C B. 1 B 1 represents

6 m.p.h. at ZROB.

A and B are distinct vectors

Let A have coordinates (a,b), B coordinates (c,d)

Then ' -B has its terminal point at (-c,11)

and -A has its terminal point at .

Thus It - B has its terminal point at (a - c, - d)

and B - A has its terminal point at (c - a, d - b).

CaSe one: b / d.

Then slope of line Ati is given by
b - d
a - c
(b - d) -0 b- d

and slope of line OC is given by
(a - c) - 0 a - c

Therefore the lines are parallel.
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o- Case two: b = d.

Then,line AB has no slope defined, but it is parallel to the line

x = 0, which is the line OC.

4

4

3-3

The proof that B - A lies on a line parallel to the line through A

`and B ib similar.

-If b/d then m ( A B )

(d d - b
a n d

So the lines are parallel.

<L.).
If b = d, then AB

14.
is parallel to the line x which is OD.

Alternatively, we heed not use coordinates:
o

Let D = -B and E -A. A - B is

the vector determined by the vector

opposite 0 in the parallelogram

formed with OA and OD as sides.

\ B Hence F = A - B. But d(F,A) = d(D,0),

and d(D,C) = d(0,B) . So

d(F,A) = d(0,B) . Because OD = OB

and M I I OD, we see that.

FAO = ZBOA. With d(0,A) = de(tA,O)

we now know that n FAO ; n BOA.

We get d(F,O) = d(a,B) which tells us that OFAB is a parallelogram

since we already have d(F,A) = d(0,B) . So F = A - B lies on a line.4-
paralle1 to AB .

/

G

19. Given thht a , b , c and d , are conTeeutive vector sides of a

quadrilateral. We wish to prove that the figure is a parallelogram if

and only if b + d = 0 . We must show that:

.1111.

(1) if ;b + d = 0 , then the quadrilateral is a parallelogram and that
I

(2) if the quadrilateral is a parallelogram,,, then b + d = 0

Proof: 1

(1) AssUme b + d = 0

13

b and d are parallel, have the 'ame magnitude and are

opposite .ides.

Quadrilateral is a parallelogram.

(2) Assure the quadrilateral is a parallelogram. Then the olTosite

sidel3 must be equal and parallel; i.e. b = a .

ob. ...Or

o*o d 0 .



.1 3-3

19.

20.

The diagram above shows labeling which leads to a simple proof.

To prove: The sum of six vecttx: drawn from the center of a regular

heagon to its yerticos is zero.

a + (-.7a7) + b.+ (-b) + c +

(1) Let AB = a , BC = b , CD . c PA = p .

(2) Note that for triangle ABO , we have

AB + BO - OA

AL + BO + OA = 0

(3) Then if we divide our polygon into triEu.les as shown, we have:

(AB + 136 + OA) + (7Z 1=-6B 4- at) ... AO =

But AO = -OA , BD = -DB , etc.

a + b + c + + p 0 , or r i + BC + PA =O.t) .

9296 .
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3-4

Przperties of Vector Operations.

104 The purpose of this. section is to develop come algebraic structure for

the operations of vector addition and scaler multiplication.

Perhaps the best way )f showing the associative property by means of

Fie 3-9 is to consider the quadrilateral whose vertices are the terminal

points of Q P + Q, Q + R, and

each of a pair of opposite sides

the length of R. Similarly the

and P + (Q + R) arz. vertices of a parallelogram (opposite sides equal in

length and parallel to P). Thus the two parallelograms are identical and

the fourth vertices must coincide.

(P + Q) + R It is a parallelogram since

is parallel to R and has length equal to

terminal points of it + 71;

107 A nicer proof depends on the one-to-one orrespondcnce between points in

the plane and ordered pairs of real numbers. It appears in the solution in

Exercise 17, Section 3-6.

THEOREg 3-4. The vectors (rs)7 an0 r(CT) both have terminal point X

such that d(07X) - rs d(07P) .

Exercises 3-4

1. (a) Show that: B 4 - _-

If B:+ (A - 13) = A 7

then ff 4 (-ff 4 1
(B4(-B))4A =A

and A 2 A .

Since this last statement is true, the steps can be reversed to

prove that T3- + CZ -1;) .-- A .

(b) If

then

and

AI..

(A - B) + B A 7

A ((-E) 4 B)

A A . (3ee remark in part (a))





3. (a)

3-4

(b) A - B = r(B - A) for r =

Let 0 be the origin and points P, Q ,R determine vectors P,Q and R,

Let A be the vertex opposite 0 in the parallelogram determined by

R and Q, i.e., A = -13 .4- 4.

Let B be the 'vertex opposite 0 in the parallelogram determined by

Q. and II, i.e., 13' = IF.

Let rt' = "it and T =P +B

= (P .4) 71 =r+ (Q, R)

We wish to ptove T = It is enough to show that T and T' coincide.

By using Exercises 3-3, Problem 17, AT II OR II QB and

d(A,T) = d(0,B) = d(Q,B) .

Thus ATBQ is a parallelogram so BT QA and d(B,T) = d(B,T).

By construction of A OP II QA and d(OP) = d(QA) .

By construction of T', BT'
I I OP and d(B,T') = d(0,P) .

Therefore BT II BT' and d(B,T) = d(B,T').

So we must have BT = BT'.

Whence T = T' and "1" = T. Q.E.D.



3-5

5. + = -f-

-P
// ..... ..... // .. N -'' // ... C1,...

/..-

// ,0::,,.'"al) //- Q
/ .t. k' // ...." .. r // . '' /

ifr °. _Allo.

6. If

then

and

r(-) 2

(-r)1 = ,r[(-1)(P)j

(-r)13 (r)(-1)(1))

(-r)l = (-r)l .

Since' this last statement is true, the steps can be reversed to prove

that LOP = r(-P) .

C.

3-5. Characterization of the Point on a Line.

109 In the proof of the distributive laws (Theorem 3-6), we left two items

as unfinish&I business. The first was the proof in the case where P and Q

are collinear and have opposite senses of direction.

_b

In this case, assume IPI > IQI Then:

(1) By the same definition we used earlier, P + Q has the same direc-

tion as P and has magnitude Ill - IQ' .

(2) If r > 0 , then r(P Q) has the same direction as (P + Q) ,

and, by (1) above, the same direction as P The magnitude of

r(-17 + = I r(TD + I = r + QI and is, by (1) above, equal to

r( IP] - ) The distributive law gives the magnitude as

rIPI - rIQI .

(3) We now consider rP and rQ , which, since r > 0 , hae the same

directions respectively as P and Q . By our hypothesis, P and

Q have oppoSite senses of directions, and therefore so do rP and

rQ . Since we have assumed 111 > IQI we have 41 > rig' ,

and, therefore IrPI > Ir4i1 .

o 0
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(4) Our definition for the sum of vectors now requires that rP + rQ

have the same direction as rP and thi,, is the same direction as

P . The same definition requires that the magnitude of rP + rQ

be IrPI -IrQ1 ; but this, latter expression can be writtcn as

r(IP1 - RI .

(5) Since we have shown that the vectors r(17+ Zi) and rP + rZ, have

the same magnitude and the same sense of direction, we have shown

that they are equal,

The second item we did not discuss concerned the proof when r < 0 2 In

this case, our figure must be changed to the following:

C

,/
N

N.

/ N.
N.7'

N.
N.

P + Q

r

-ft. ......N /N A = rQ
N.

N. e ..... .....
^. /

s, / B = rP
N
N /

N.
N

/
N.

.. /

Sincc r < 0 rP and rQ have directions opposite those of P end Q

respectively. The proof for the case r > 0 in the text will need to be

modified as follows in order to hold when r < 0 .

In step (1) , since r is negative and the absolute values positive,

IAI = -rat and Ilq = .r111 .

In step (2) = _121

-rill al

101 97
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In step (5) , d(0,D) Ird(0,C)1

In step (6) , since the vectors are in opposite directions, D = rC
44it.

110 When teaching this section, we would recommend that at first specific
--

numbers be used for p and q . As an example, consider the line

411.1. 1
AB = (X:X DA 4 qB , where p + . 1) . Let p = -3- , q . Then

1" 2--
X =

3
A-- +

3
B .

1--
Take any vectors A and B . Find the sum of

3
A and -;;B and verify, by

4 1
construction, that X lies or AB . Then let p . 7 and q - and

see if the statement still holds.

Such experiences will help the students visualize what is really taking

place.

111 In Chapter 2, a formula was developed for finding the coordinates of a

point which divides a line segment in a given ratio. A comparable result for

vectors is derived in Theorem 3-8. It may be of inttrest to the student to

compare the derivations and the applicapons of the results.

1.

Exercises 3-5

(a) if A is the zero vector, -6 = cig- and

if B is the zero vector C = pA

Jb.

(b) if C = A , p = 1 , q = 0.

981 02 .
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(b)

I
3-6

4. Prove: (r + s)P.-= rP 4 61;"

We note that (r +.$)P II rP + sP

Case 1: r > 0 , s >.0 .
0

r > 0 , s > 0 imply r + s > C . Thus (r is)P and ri", + sP

have the same sense of direction, and

I ( r + s )11 = ( r 4 s)11,1= sil,1= I r;I -4 I sTI = IrP + sPi .

Case 2: r > 0 , s_< 0 . r > Is!

Then r + s > 0 and l(r + s)Pf = (r 4 = (r - Is1)171

rlPI - IsIP = IrPI - IsPI = 14 + sPI

Case 2: r> 0 , s < G', r < Isl

Then r + s < 0 and I(r + s )PI= -(r s)I1I 4 1501P1 =

IsIP= -141 + IsPI = IrP + sPI .

Case 4: r>0,s< 0 , r = Isl

l(r + s)7,1 = 0 and IrP+ PI = 0

Case 2: r = 0 or s = 0 The proof follows from the definition of

scalar multiplication.

3-6. Components.

113 The notation introduced in this section si-plifies vector manipulations.

A component is itself a real number and not a vector.

What is actually done in this section is to establish an isomorphism

between vectors with certain operations and ordered pairs of real numbers for

which certain operations are defined. This leads eventually to vector spaces

_ 105 101
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which are :shara-:.erized abotrasitly by postulating theha.VIZ pi:Dpeistier,' ex-
.

hilited in this treatment. A sct,of postulatos,.for vector ,an be

found in ;.',MSC; Intcrutediate athemati,:!s, or an text on modern
.

algebra or 1 inedr'algelp:a.
s .

Cin,p the 'origin-vector is unique, the vector 4a,b) equals* the vector

[c,d] if and only if a = ,s and b d . This des:ripe:on of tquali.ty is

used throughout' the rest of the text and in many. problEAst

115 Part of the material presented earlier on the topic of. Linear combina-
.

tions (see pages 10C)-109) is especially pertinent here. The unit veztors

i ..-e'[1,0) and j = [0,1] in two dimensions and ice= (Z;0,01 , j = (0,1i0]

and k = [0,G,11 In three dimensions are used in most.apialications of vector

analysis. The i , j , k vectors are discussed in Chapter 6.

".54

4.

(a) [7,3)

(b)

(c) [20,24)

(a) i-2e,-24)

(a) (1) [1,5]

(2) [11,-8)

(3) [13,-7]

(b) (1) 7= 714. IT- Z= (0,-2]

:2) = 3i3 - 46) = ( -1,- -
5 5

( 3 ) X = C - 3A 4 3B = [ - 3, )

(4) 7 = (B. -A) - 2 111)
3

(5) 7. -2C- 3T,-'[-1,-24],

(6) - A' - .113- - L'
3 2 3

0

(a) if

(b) 5

Exercises 3-6

(e) [-5;-6)

(i) .(-5,-61

(g) [10,9]

(h) [14,-3)

(4) (2,-16,1

(5) 112,-22)

(6) (-10,76)

.(c) b2

(d) 1

kft

1



5:

= + 2j

73 4 5i - j
,

= ; A (5 -4-)i+ (-1 - 2)j

= - 3j

6. Z. = +

-7. The midpoint of the line segmentAj9ining (2,5) 'and (5,9 is

8 .
-

(a) P =-2 1+

)1 1

(c) = 1/i - 3j
5 5

-13
9. (a) x =

(b) x = -5

(c)
27

x =

(b)

y
23

8
=13 c

3-6

-1 - r
(d) x =

2
for each reg number. The real numbers

0 -form an infinite set.

10..4(a) [a,b] ~ a[1,0] + b[0,1]

(b) [a,b] = 2ij-[1,1] + b a1-1,1]

(c) [sib] = t 1) + (b a)[-1,0]

11. T
x

25-,/ lbs. 43.3 lbs. T = 25 lbs.



Ze.

3-6
4

' 1 etting 1 lb. .2orrespond to 1 unit, set up a coordinate system.

/."'k 'A -1C= [Ax,nyl = [ Ilk.1 cos 37 °, In in

sr 4+6)
.-.- [20 20'

]

11 302 lbs
0 5 ' 5NI e
30 lbs iBx, By (131cos( -30°) , 1131 sin (_30°)]

30(- --)]
2

7+ 1r = L16,12] + [1513, -15] = [16 151, -3] = [l!2, -3] .

13. (a) 24° , below x-axis in lath quadrant. The components of the second
.11ft.

vector, B = [26, -12]

(b) 32° from y-axis in 2nd quadrant. The components of the second

37o]

vector, B = [- 16,30]

14. 24°30'

15. (a) 21.3 lbs.wacting 3° north of west.

(b) 31.3 lbs. acting 2° north of west.

In part (a) the components are (-15& 151/ - 20]

In part (b) the components are (-10 - 1512',15J - 20]

16. 14.6 lbs.

17. THEOREM 3-1. Let P = (a,b] rt.= [c;d]

-4-= [a ; c , b + d] and Q 4 P'= (c + a , b + d]

But addition in the real numbers is commutative 30 a + c = c + a ,
A

b + d = d + b'. Therefore (a + c ,b + d] = [c + a, d + b] which

means P+Q=Q+P.

THEOREM 3-2. 1=[a4,131 Q = [c,d] R = [e,f]

cr. = [(a + c) + e , (b + 4 f)

/74. (75: + = [a + (c + e) , b + (d +

But addition 4.1 the reels is associative whi^h means

[(a + c) + e , (b + d, + f] = [a + (c + e) ,b + (d +

Hence, ( = ( +

r) .

THEOREM 3-6. r and s are real numbers. P = [a,b] , R = [e,d]

(1) r ( C + 4 ) = r([a + c , b + cl])

= [ra + rc, rb + rd]

[ra,rb] + [rc,rd]

= rP + rQ

0

3.01 G 8 .



3-6

(2) (r (r s)[a,bJ

= [(r + s)a, (r + s)b)

. Era 4 sa ,rb + sbJ

= [ ra,rb) E [sa,sbJ

= rP i sP

18. THEOREM 3-10. If X = [a,b) and r is a real number, then

rX = [ra,rb) .

Ca:.;. 1: a = 0 . Then X lies along the y-axis. By definition, rX

lies along the y -axis also with terminal point at rb . So

rX = Er 0, rb) = [ra,rb) .

Case 2: b = 0 . By,same argument rX = [ra,rb) .

('ase 3: a / 0 and b / 6 . DJ

We get 0 OXA OZC

and A OXB 0 OZD .

0

So
a(o,x) d(0,A) d(0,B) 1

d(0,Z) d(0,C) d(0,D) r

r

C

Let 'A rX .

X = (a,b)

But 0,A) = a d(O,B) = b

Therefore d(0,C) = ra d(0,D) and Z = (ra,rb) .

(alternatively)

If X = [a,bJ , define A = [a,0) B =i [0,1)) so that X r A + B .

TX = fA + TB

By Cases 1 and 2, rA = [ra,0J , rb [O,rbJ .

So rX [ra,0J [O,rbJ , [ra,rbJ .

19. The vector representation of each set below is written so that if r = 0

we obtain A and if r = 1 we obtain B .

(a) ([2 - 6r , 3 4 2r] r is a real number)

(b) ([1 4 2r, 3 + 6r] : r is a real number)

(c) ([4, -7 9r1 r is a real number)

(d) ([2 4 rJ : r is a real number)

(e) ([ -3 + 4r, 2 - 4r] : 0 < r < 1)

(f) ([1 4 rJ : 0 < r < 1)

(g) ([3 - 5r,4 - rJ : 0 < r < 1)

(h) ([1 - 4r, -2 -4.4r) : 0 < r)

(i). ([2 - r) r)

(J) ([3 - 5r r] : 0 < r)

(k) ([-2 + 5r, 3 r] : r < r)

10 9
lo5

to
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(1) ([2 - r] : 0 < r)

(m) ([3 - 5r , it - r] : 0 > r)

(n) ([ -3 + 4r , 2 - 4r] : 0 < r <

20. (a) 5= [3,6) , 1'1 = [2,4) [4,8]

) - 3 , , , - z:p]

..,,,T._ [al a2 bl b .2] )

1,
2 21

3

2a + b 2a b

,a, 2b1 a2 + 2b2

2 [ 3 ' 3

21., (a) [2,8)

(b) f7l

(c) [0,0]

d) 12 2)3' 2

(e) [39A 4 21-2 26n 4

26(I + n) 39(r2 g)

(f) [7]

3-7. Inner Product,

121 Q1though it is desirable algebraically to have some kind of vector

multiplication, it is a little more difficult to introduce in a geometric

framework. It would be possible to start by simply defining the inner product

of two vectors by

[al,a2]. [bi,b2) = aibi 4 a2b2 .

This is itlite satisf-ctory from the algebraic point of view, but does not

connedt very well with our development of vectors to this point. Hen'ce a

geometric approach is used by applying the law of cosines to the triangle

formed by X ands, Y . The definition of inner product is then made in terms

of the resulting expression. The physical concept of work is one of the

simplest applications of the inner product. It is included here..to show that

the inner product has relevance to a practical problem in science.

123 Theorem 3-13 establishes the connection between the geometric definition

of inner product and its representation by components of the vectors. Either

form can be used as indicated by a particular situation.

461 0
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124 We did not present the vector product (or cross-product) a X b because

some limitations had to be set for this chapter. The magnitude of

a X b = 1111q sin e ; its direction lies along a line perpendicular to the

plane determined by a and b ; and its sense of direction is determined by

the motion of a right-hand screw when a is rotated into b .

41.

c=axb

You should note that a X b = -b X a because the sense of direction is

reversed. Thus the commutative law fails. la X bl is the area of the

parallelogram with a and b as sides.

Your interested student: may like to investigate this topic in a standard

text on vector analysis.

1. (a) 0

(b) 0

(c)

(d) 1

2. (a) -11

(b) -66

(c) i8

(d) -11C

(e) 29

3. (a) 900

(b) 80°

(c) 109°

(d) 60°

4. (a) rti2 = 25 ,

Exercises 3-7

1 i 1 107

(e)

(f)

(g)

(f)

(g)

(h)

(i)

(j)

(e)

(f)

(g)

(h)

(b)

0

-7

ac + bd

-205

-76

0

347

64

132°

34o

180°

11112 = 169



5. (a)

(b)

-16

3

16

3

(c) -3

(a) It.

(e) -16i + 12j ; 16i - 12j

6.

B
4(3,6)
'I
/

I

B/

' IC

0 /

(0,0) / I

;Ch.' A
(2, -I)

7.

A

(a) A B = (2)(-2) + (-3)(1) = -7

6A0B is a right 6 .

If C is as shown,

C = B - A

C = i + 7j

A = 2i - 3j

B = 2i + j

Ii] cos e

7rom = 1Z11171 cos e , we find that cos e = -.863

B is approximately 150°

(1)1 Since W = F. S and F = A = 2i - 3j

+ oi ,
11.

we have W = F S = ala2 + blb2 , and

W =7(2)(2) + (-3)(0) = it (in proper units



8. (a) 940 ft. lbs.

(b) , 8660 ft. lbs.

10.

(a) ft.

(b) 588.2 ft.

3-8

ao) = ,Jos
2

2e + sin e = 1 , . cos` 0 +- sl,h2 = 1 , and

A. B = IAI IBI cos 4/ where 4/ is the angle between A and B .

(b) In this case 4' = o - 6

A B = IAIIBI cos (0 - e) = I l cos (e, - e) = cos (4) - e) .

Using components A. B = cos 0 cos e sin p sin e .

Thus cos (0 - e) . cos t cos e + in p sin e .

11. To show -1 <
X Y

< 1 .

r71

This expression is defined only if X / 0 and Y./ 0 , In this case

5!.7-is defined as PIM cos e . Now -1 < cos e < 1 for any angle,

XOY , IXIIYI 0 so we may multiply through by

1 = IXIIxI getting -1 < <

IX1111 nfl

12. There is no associative law for inner products. The inner product of

two vectors is a scalar.

3-8. Laws and Applications of the Inner (Dot) Product.

128 Most of the proofs of geometric theorems have been left for Chapter 4.

r.nese two proofs are given here to demonstrate that an abstract concept, such

as the inner product of vectors, can be useful. The proof of the concurrence

of the Altitudes of a triangle is, we hope, impressive.
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129 A bright student mw, ask why BE must intersect CF or why Ali must

intersect BC . The answer is far from simple and involves a number of

theorems involving the concepts of order, incidence, and betweenners. P.

careful treatment of such questions is given by E.E. Noise in hi; book

Elementary Geometry from an Advanced Viewpoint. A careful non-vector droof

of this theorem is in :MSG Geometry with Coordinates, p. (00-601.

131 A second derivation of the formula for the area of a triangle,

K lxiy2 - xpyil in as follows:

(1) Consider WYY and the rcalted non-zero vectors X [x x
P

] and

ryi,y] and the angle e between them. Applying the trigo-

nometric form for the area of a triangle, we have

K = 1)111TI sin

(2) Since ixilyi cos e we have -iti 171
X Y
cos 9

, and

K = ;6.1) tan 0 , 9/2
(If the vectors are perpendicular, K = .11.1171).

(3) To write the result in terms of components, we observe the following:

(a) x1y1
x2Y2

cos e -
x1Y1 ^4 x2Y2

171 M
41

2

x2
2

/

/

Y,

2

r Y2

2

(c) sin e = - cos2e =

±(x1Y2
x2y1)

42

1 4 X22 412 4 Y22

(4) Thus °K = 21x1y2 - x2y11 .

(x1Y1 x2712)

(x12 + x
2

2
)(y

1

2
+ y2

2
)

2

t(x1Y2 x2y1)

IXIIYI



Exercises 3-8,9

1. X = [2,4) Y = (-1,-3) t = 5

( t5Z) 7 = tot 7) = (-Z) (t7

[10,20) [-.1,-3) = 5([2,4) [-1,-3)) = [2,4) . (-5,-15)

-10 - 6o = 5(-2 - 12) = -10 - 60

-70 = -70 =

2. If X = [xl,x2)- and Y = ryiy2] , prove that

(M 1r ; (t7) for any scalar t .

Proof: (t5) = 5. (t7) if

[tx,,tx2) [yiy2) = [xl,x2)(ty1,ty2) or

txlyi + tx2y2 = txiyi + tyly2 .

Since this last statement is true, the steps can be reversed to

prove the original, statement of the theorem.

3. To prove:

X (aY + bZ).=Za(X.Y) + b(X Z) wt. note .

that 5E ( a) 4. X. (b2) = a(5. 7)

and a(7. 7) + b(7 7,) = a(7 + b(7;.;)

4. (a) (A A.) (A _ Ti) (1 + A - (1 B.

(Theorem 3-14a)

(Theorem 3-14b)

(Theorem 3-14a)

= A) 4- Cri. ) -(A - (Theorem 3-14a)

1112
113
1.7!.12

1 (Commutative Property of Liner

Product and the fact that

-Z= IAI2 , B. B = 1112y

(b) Construction: Two lines are parallel or intersect at a point.

(1) Theorem 3-12 and Theorem 3-1a .

(2) Same reason.

(3) Equality of real numbers and the commutative property.

(4) 'Additive property of equality.

(5). Theorem 3-14a and Theorem 12.

(6) a lies on 75 and (C7- IT) lies on BC

11 5



5.

B
4(2,6)

0

6. (a)
715
5

117
(b)

7

13

-11A
(3,-I)

7. (a) x direction, 151

y direction, 151/

(b) 26.0

(c) 29.4

6

K =
11

- x2y1l

1
= 118 + 21

. 1201 = 10
2

Check by alternate method : 0A10B

since
OA

is the negative

reciprocal of m-- OB is an
OB

altitude of .OAB .

d(0,A) = 115 and d(0,B) = A5

t---
A =

2
(y10)(45) = 10



CHALLENGE PROBLEMS

1. Let- P be any point not on D ABC.

'Let X, g, g intersect

sides f36, respectively

at points Q, R. S.

d(A S) d(B:Q) d(C,R)
To show

dkS,B) d(R,A)

- R1 d(A,S)

xIAITake origin at A.

Then R-
oc,A,C) C d(A,B)

CS contains points xan + (1 - x); = xC +
d) BBs

BR contains points yB + (1 - y)R = yB +
(1

d(A,C)

For intersection
x) d(A,S) (1 d(A,R)

d(A,B) " d(A,C)

d(A,R) d(SiB)
which reduces to x = d(A,B) d(A,C) - d(A,S) d(A,RY

d(A,S) d(R,C)

y d(A,B) d(A,C) - d(A,S) d(A,R7

d(A,S) t d(R,C)
Thus P

d(A,B) d(A,C) - d(A,S) d(A,R) B 4

d(A R) d(S B)

d(A,B) d(A,C d A,R C

But Q is on g, so for some t we have

tP = B + d(B,C)
) (-6

( 1 )

(2)

(d(A,B) d(A,C) - d(A,S) d(A,R- B,C d B,C "whence t
d(A,S) d(R,O) d(B C) - d(Q B) d(Q C) (3)

d(A,R) d(S,B) d(Q,B)
and t\.`e,A,B)

d(A,C) - d(A,S) d(A,R)) d(B,C)
(10

Substituting the expression for t obtained from (3) into (4) and

simplifying we get

d(A,R) d(S,B) d(Q,C) d(B,C) d(B,C) d(A,S') -d(R,C) d(Q,B)

d(A,S) d(C,R) d(Q,B)
which gives - 1

117
113



2.

Take origin at D, x-axis

Consider A ABC

CD AB

P is a point C4 CD

Pt intersects AC at N

intersects BC at M"4-o.

.141.

along AB, y-axis along CD.

A = (a,0) B = [bp()) C = (0,c) P = (0,0

(This exercise considers only the case D strictly between A and B

11arc ')so that a < 0 < b

c

If (x, y) is on AC, then y =
a

(x - a)

441.

If (x, y) is on PB, then y = b (x - b)

Solving these to find coordinates of N we get

N -
Iab(p - c) cp(a - b)]

ap - bc ap - bc
- IN ,N )x y

de,

If (x,y) is on BC , then y = (x - b)

If (x,Y)

iHr
is on PA , then y = a (x - a),

Solving for'the coordinates of' M we get

M
rab(p - c) ap(b - a)1

bc ap ' bc - ap x y

Because both LNDC and LMDC are smaller than 900 angles they are

congruent if (sin ZNDCI2 = (sin 2yMCI for which it is enough that

(sin ZNDCI2 = (sin piC12. But this follows from

2

(sin LNDC( =
a2 INx I
2b2( C - p)- (be - ap)2

d2(ND) (be -
ap)2 a2b2(c

-
p)2 c2p 2(b - a)2

,
.

ImXI2
-

and (sin JMDCI2..
a2b2(p - c)2 (bc - ap)2

'

d2(MD) (bp - acJ-2 a2b2(c -
p)2 c2p2(b a)2



0

Consider B as origin.

Let be any line which does not pass
thro an:y vertex of A ABC.

intersects n, X6, tZ at P Q, R ,

respectively. _(This contains implicit

assumption that Al is parallel to none
of the sides of A ABC.)

I, d(B,P) -: ;" d(B,R) ;
d(B,A) d(B,C)

Q is on AC so for some x, 4 = xA + (1 - .)-6
Q is on PR so for some y, Q = yP + (1 - y)R

'_021 CA + (1 - Y)2Yd(B,A) am110

LE1(1 - x) = (1 - y) A
ATt,ej

Hence x = y d(B,P)
d(B,A)

From these we get

d(B,P) d(B,C)
A + d(B,R) d(A,P)d(B,C) d(B,P) - d(B,A) d(B,R) d(B,C) d(B;P) - 3(B,A)- d(B,P)

(1)

Q is a defined point only if the denominator is not zero, ,.which is the
condition that excludes ,e parallel to a side.
-Similarly we may write

-A' 4%0 d(Q,A) -6-
70077 d(A,c)

Then the coefficients of A and C in (1) must be equal respectivelyto the 'corresponding
coefficients in (2). From which we find

. d(A,Q) d(C,R) d(B,P)

1d(Q,C) d(R,B) d(P,A)

(2)



x2y2)2
(x12 x22)(y12 y22)4. (a) To show (xiyi +

( xlyi + x2y2 )2 = x12 y12 + 2xlyix2y2 + x22 y22

fx 2
+

e)( 2 2)
=

2 2
+

2 2 , 2 2, 2 2
1. 2 ' Y1 Y2 '

xl yl x2 yl + xl y2 + x2 y2

Thus we need to show that

o o
2x1yix2y2 < xi y22 + x2 yi

But this is true because we always have

N
(xly2 - x2y1)2 = x12 y22 - 2x1y2x2y1 + x22y12 > 0

(b) Let X = [xl, y1), Y = fx2, y2) in 2-space.

Then we write 1-,-,12 1.12
IAI

2 ''i2
I-'12(c) (A Y) = 'xi Y1 if and only if xly2 = x2y1, that is, if

arid only if 1.= rY, r / 0

Review Exercises

1. (a) 7= 7+ - = (o,-23

(b) X =1(2Z + - 146) _ .11)
5 5

(c) x = C - 2:i7+
3 3
Eg = r- 11

3

-`-^

-A) r_ 2

7';

141

' 3
(e) IF = - 3B = (-1,-24)

(f) :Z = - 113 = r- 1
4

3 3

2. Prove: A + X = 0 is satisfied by

X(- 1)A = -A

Proof: A + X = A + (-217) : (Substitution)

- = (Definition of (=l)7)

= 0 ( -A is additive inverse

of -A)

3. (rs)P = r(s1)

- Proof: (rs)!F and r(s.f) are parallel and have the same sense of

direction.

1(rs)-i9 = Irs1 = = IrIIsrl = Ir(sP) I .

a

'x`620



(a) (14,-33
(b) ( -7,16)

(.c) (-2,17)

5. (a) ( -6,-2)

(b) - 2L2.]
5

(c) 1 1(- 3 ' - 3)

6.. (a) -0

(b) 0

(c)
(d) -36
(e) 0

7. (a)

(b) 2117 .7
(c) 214-7.3 3i1.15

(d) (6,0)
(e) (14,10)

(f) (-18,-4)

(d) (0,- I)

(e) (-7,0)

(f) -38
(g) 243

(h) -4

(i) -192

(j) -11

( h ) 0

(1) 36

(j) 329

(a) -it.; (k) 225

(e) (1) 26

ITO (m) 105

(g) 5147 (n) 52

(a) 2(2i + 3j) t 3( 3i 2j) ( + 3j) = 41 + 6j 9i - 6j + i - 3j'

A.

(b) -71 + 16j

(c) -2i + 1.71

(a

(e) 14i + 10j

(f) I- itS

2 1 , 117

=14i - 3j

fl



9,. (a)
. -

(I)) 2(2i + 3j) 4 3( 31 2j) )1( 33) 4 5( i x2j)

4 6j + 91 - 6j 12j + 5x11 + 5x2j

171 : 12S = 5y 4 5x2j

5x1 =11

xl
11
5

5x2

12x2 = -

17 12X = .-

() j t.
3 3

(d) 21 + 3j + 2(xii 4 x2j) 3i - - 4 3j -

,21 + 3j + 2x,j =3i - 2j - + 3j -
c

7= 6i - 2j

(e)

(f)

*

= 71

X

of + 2j = -3x1i - 3x2j

xl
=0

-3x
2

= 2

2
-=

x2 3

" 2X = -
3
j

xii x2j

xi' x2j

10. (a) (2i + 3j) (31 - 2j) = (2)(3) + (3)(-2) = 0
(b) 2(2i + 3j) 3(3r - = (4i 4. 61) (91 = (4)(9) + (6)(-6)=o
(c) 21

(d) -36

(e) 0
(0 -38
(g) (3(21 + 3j) + 5(31 - 2j)) (3(31 - 2j) - 2(.1, + 3j))

(6i + 9j + 151 - 10j) (91 - 6j + 2i - 6j)
j) (lli - 12j) (21)(11) (-1)(-12) = 213

(h) -4
(i) -192

(j) 36
12

os



4.

11. (a) m 'ABC = 90

m "BCD = 100

111 LCDA = 55

m 'DAB = 115

Xb) Area of 60AB = 9

Area of 60BC = 8

Area of 60AC = 7

Ir

( in degrees)

Area of 6ABC = Area of 49DAB + Area of 60BC Area LIOAC

= 9 -I- 8 - 7 = 10

,o

Area of AAOB = --Ia.
1
b
2'

-a2 b1 l

1
,Ares of 6B0C =

2
--lb

1
c
2

- b
2 1
c- I

Anea,of &AOC = 2la-1c2 - a2c1l

9

From the diagram' above: Area of 6ABC = Area of AAOB + Area of

GIBOC - Area of 6A0C .

11
Area of .6ABC = -

1
Ialb2 - a2b1 I + v bic2 - b2c1

i
I - ll,c

2
- a

2
c
1

1

2

', ;., 1 , ik

Area.of .A13.?-=
1

,:lait,2 - a2b1 +b ic2 -b 2c1 - alc2 + a2c11
---.
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13.

Area of MOB = 21a
1
b
2

- a
2
b

11

Area of BOAC = 2(Area of MOB) =
lalb2 - a 2b11

15. (a) 6A.BC = AB U BC 0 CA

= ((2 - 3r 3 r) : 0 < r < 1)

Region ABC = (i+r(A-)3)+s(E-B): 0

= ([-1+3r+25, 2+r+25]

U([ -1 + 2r , 2 + 2r] : 0 r 1)

U([1 + r , 3 + r1 :0 < r < 1)

< r < 1, 0 < 5 < 1 , r + s < 1)

:0 <r <1,0 <s<1,r+s <1)

Int.(Reg.ABC) = (13+ r(A - B) +5(C; B) : 0 < r < 1, 0 < s < 1, r +5 <1)

= ((-1+3r+25, 2+r+2s): 0<r<1, 0 <5 < 1 ,r+5<l)

1.(b) '[1,3) = (-1 + 3(1 ) 2(r) , 2

0 <r=--1 <1 , 0<s

So [3,1] E Int.(Reg.ABC).

+ (I) + where we certainly have

.
= <1 and r'+ =

3 <1

(c) (1,1) = (-1>+ 3r + 2s , 2 + r + 2s)

s = - 5
. So clearly [1,1) does not satisfy the conditions to

be in Region ABC .

if and only if r = - 3
2

120
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(d) Segment lc = , 1 + 2t1 : 0 < t < 1)

From graphical considerations, we show P,r 7
C

intersects AB which

is a subset of .ABC . The conditions
0 < r < 1 , 0 < t < 1 , (2 - 3r , 3 - = (1 , 1I- 2t] are met for

t5 ,r= 1
-3-

r 8,
= . Hence the segments intersect in the point .

16. Region ABCD = Region BADURegion RDC U Region BAC- -
tB+ r(A -B) +s(C-B)+ t(D -B): 0 <r< 1, 0 <s< 1,0 <t< 1, r+s < 1,

s+t < 1, r+t < 1)
= (I-1 + 3r f- 2s+ 3f, 2 +r+ 2s+ 2t): 0 <r<1, 0 <s< 1,0<t<1,r + 1

s + t < 1, r <1)

Note: the commas indicate logical conjunction of the six individual
conditions.

17. Region ABCD =
_ -

(B+r(A-B)+s(C-B)+t(D -B): 0 <r< 1, 0 <s< 1, 0 < t < 1, r + s < 1,
s+t<1,r+t< 1)

18. (a) 90°

(b) 97°

(c) 45°

(d) 61°

19. CAB = 90°

LABC = 45°

ZACB = 45°

20. ZPSR = 135°

ISRQ = 135°

,_15°

ZUS 45°

Trapezoid
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Chapter 4

PROOFS BY ANALYTIC METHODS

This is the first of what some students refer to as "fun" chapters.

There is nothing new to learn in the sense that there are no new theorems or

definitions. The students have accumulated a variety of tools; now they will

set how these tools may be ased. In spite of the groans and complaints one

hears from the class, most students thoroughly enjoy this type of thing.

Our primary concern in this chapter is that each student develop a

systematic approhch to solving problems.by coordinates or vectors. We feel

that a satisfactory beginning can be made by writing analytic proofs of

familiar geometric theorems. It i$ also our aim that, while he is operating

with these analytic tools, each student realize and appreciate the power

available in the application of these tools. These methods represent a

tremendous advance in mathematics, and the students should be aware of their

heritage.

After a discussion of three methods of proof--by rectangular coordinates,

by vectors, by polar coordinates--the chapter culminates in a section where

the student must make a conscious choice of method. In order that the student

not be denied this valuable opportunity to develop mathematical maturity, the

teacher, must avoid the temptation to decide for the student. EVery student

is entitled to learn what happens when he makes a poor choice. Furthermore,

his chdice may be, for him, the best.

The exercise solutions are given in the form we think is Lhe most

natural; but, to follow the spirit of the text, the teacher should accept

any presentation which is mathematically sound. Then if the teacher feel's

that the student could have produced a simpler or more direct proof by using

anotherlmethod, this could be pointed out.

12 6 123-



11.-2

4-2. Proofs Using Rectangular Coordinates.

This section,section, which is concerned with proofs using rectangular

coordinates, may be skimmed or swiftly reviewed if the class has already

covered this material in another course. Some time might be saved in this

way since the time allotment for this chapter assumes that most of the

students have had little or no experience in this area.

The techniques we recomiend are developed by means of examples.

Following Example 1, we have suggested a short outline of systematic steps a

student may follow for the problems which seem particularly' suited to

rectangular coordinates. To facilitate the study of the examples, we suggest

that each student copy the figure and supply coordinates for it as the proof

proceeds.

Among other things, Example 1 illustrates a rather delicate choice the

student must make. On one hand, he must select coordinates which make the 4111°*

figure perfectly general; on the other hand, he should choose coordinates

which make use of the information given in the problem. If he does this

improperly,_in the first instance he may have a proof which is valid for

only a special case.; in the second instance he may have a very complicated

proof where a simple one would suffice. Example 1 showp how the choice of

coordinates may be improved without losing generality in the figure.

142 We use the fact that d(A,C) = d(B,C) to show that CD has no slope.

or

g777 v(1) _ 2a)2 + c2 ,

b2 b2 - 4ab + 4a
2

.

Therefore, 4ab = 4a
2

,

and, if a / 0 , then a = 0 and CD is vertical.

142 Regarding the choice of coordinates for A. and B in Figure 4-4, we

deliberately chose "-a" to the right of "a" so that some students who need

the reminder may note that -a does not necessarily represent a negative

number. It means the opposite of a; hence, when a is negatiVe, -a is

positive.

To show that C lies on the y-axis, we note that

d(A,C) = d(B,C) ,

or
a)2 c2 1(1) (-a))2

c2

1 2 7
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_ _ n

or
-

b
2

- 2ab + a
2

b
2

+ 2ab + a' .

Therefore, 0 - 4ab, .4

and; if a / 0 , then b = 0 .

143 We justify the choice of abscissa for point C in Figure,4,-5 in the

,following way. Let D = (b,c) and C = (d,c) . Since BCI1AD , their

sropeli are equal. Thus

c

d - a

and

or

c , (a / d) ,

= d - a ,

d = a b .

4-2

We are dealing with well-known and previously proved properties of

geometric figures; therefore, some confusion may exi-t in the class as to

which of these properties may be assumed in choosing coordinates for the

figure. Although the teacher is at liberty, of course, to set up his own

"ground rules", we recommend that only thoAe properties ascribed to

geometric figures by their definitions or by the hypothesis be allowed when

selecting the coordinates. For the purposes of this section, we have also

allowed the theorems (after proof) of Exercises 4-2. The teacher is not

bound this. Our reason for the exception is to make it unnecessary for

a student to prove the same thing in two separate exercises.

144 To complete the proof of Example

3, we note that for the conclusion,

d(A,C) = d(B,C) , to be true, we must

have

14a2 + 4c2 = Ab2 + 4c2 .

This will hold is a
2

b
2

. From the

hypothesis, we have d(A,N) = d(B,M) ,

or

C= (0,2c)

M N

(o,c) (b,c)

O

- 2a)2 + c2 = J(2b - a)2 + c2 .
A= (20,0) B = (2b,0)

This simplifies to Figure 4-6

b2- 4ab + 4a
2

+ c
2

= 4b2- 4ab + a
2

+ c2,

or 3a
2

= 3b
2

,

from which we have a
2
= b

2
as reouired.
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144 We include a sample synthetic proof for Example 3:

Hypothesis:

BM and AN are medians.

BM ; AN .

Conclusion:

AC = BC .

1. BM and AN are medians. 1.

2. M

N

is the midpoint of AC;

is the midpoint of BC.

2.

3. MNIIAB.

4. Introduce MD and NE

perpendicular to AB.

5. MD = NE.

6. BM = AN.

7. LBMD and LANE are right

triangles.

8. ata6 = 6ANE.

9. LDBM,= LEAN.

10. AB =

11. 6ABM = 6BAN.

12. AM = BN.

A

Hypothesis.

Definition of median.

3. The line joining the midpoints of

two sides of a triangle is parallel'

to the line containing the third

4. There is a unique perpendicular to

a line from a point not on the,line.

5. Parallels are everywhere

equidistant.

6. Hypothesis.

7. Perpendiculars form right angles.

8. Hypotenuse - leg theorem.

9. Corresponding angles of congruent

triangles are congruent.

10. Reflectiye property of congruence

for segments.'

11. S. A. S. theorem.

12. Corresponding sides of congruent

triangles are congruent.

Definition of congruence.

Definition of midpoint and

multiplication property of equals.

Definition of congruence.,

13. d(A,M) = d(B,N). 13.

14. d(A,C) = d(B,C). 14.

15. T7 ; 15.

3162



4-2

145 It is not anticipated that the teacher will assign all of the parts of

Exercises 4-2 to a single student. The excess exercises' may be used for test

items. It is suggested that exercises 10, 13, 16 be assigned to everyone.

These theorems are proved by vector methods in the next section, and the

students may profit from a comparison of the two methods of proof.
_ -

Exercises 4.2

(Note: Formal proofs arc not presented here. We merely indicate the
; .

essentials of one possible solution for each problem.)

1. M = (a,c); N = (b,c).

Slope of MN . 0;

slope of AB = 0.

MN I I AB

d(M,N) = I(a - b)2 = la Id*

d(A,B) = (2a - 2b)2 = I2a-- 2b1

= 2Ia - bl .

2. M = (a,c); since".

MP HAE, P = (x,c).

.-P lies on BC; therefore, slope

of PC = slope of BP;_that is,

-c -c

x 2b - x

Thus, x = b and P = (b,c), the

midpoint of BC.

3. Part I. -If d(A,P) = d(B,P), then

.14x a)2. y2 Ax 102
Y
_2

x
2

+ tax + a
2

+ y
2

= x
2

- 2ax + a
2
+ y

2

and 4ax = O.

Therefore, if a / 0, then x,=

and P lies on the y-axis, the

perpendicular bisector of AB.

Atz(23,0)
x

E3:(2b,0)

Part II. If P lies on the perpendicular bisector of AB, then x = 0

= 111T+7 = A-a)2 + y2and d(A,P) = d(B,P).
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4. By definition OCI1AB and their
y

slopes are equal. Thus

( a b ) ,

c b - a 2

and b = a+ c . Therefore,

d(B,C) = g lal = d(A,O)

and d(C,O) = )77:7? = d(B,A).

5. B = (a + c,d) because

d(B,C) = d(0,A) and BC 110A.

Slope of OC = = slope of AT;

therefore, OC 1 1AB.

6. Midpoint of OB = (12 0
2 2

midpoint of AC
ra + c

\ 2

e\.

7' 71 (-27)'Since
(

' -2-b

d\ a + c e

b a + c and d =e.

This satisfies the conditions for

the theorem of Exercise 5.

7. Since OABC is a parallelogram, it

may have coordinates as in

Exercise 5. Since d(0,B) = d(A,C),

+ c)2
d2

Since

//

-
)2 d2

a
2

+ 2ac + c
2
+ d

2
a - 2ac + c

2
+ d

2
,

and 4ac = O.

If a / 0, then c = 0 and B = (a,d);

therefore, LOAB is a right angle.

1231

C=(c,d) tioqb,d)

A= (0,0)
x

y

0. .0
.0/ \

..0 \
N..

.**

I

B=tD,d)

0

__ 'o,0)

C=(c,d) 13:(o+c,d)

A= (o,0)

x



8. The coortinates shown in the figure

take account of the fact that a

rhombus is a parallelogram with

congruent sides.

The slope of AC is

the slope of OB is

175
a - c

c - a

- c2
a 4. e

C::(cdat-ct) B=Ia4c0:12F:"A

A=(3,0)
2
- cThe product of the slopes is - 1 ; hence, the diagonals are

c -

perpendicular.

,9). The slope of AC = ; the
c - a

dslope of OB - Sincea f c

ACIOB, d
--1 .-a a+ c

Therefore, , - , or

a
2

- c d' . Hence,

177:77
d(0,u) -' d(0,A).

10. 'IP = (a,0); Q = (a f o,d);

R = (b + c,d + e); S (c,e).

d Slope of PQ = slope of RS

slope of PS slope of ifq

11. P (a,0) (a + b,d) ;

R (b + c,d + e) ; S = (c,e)

Midpoint of RP =

d

c - a

+b+c d+ e)
2 /

/

a
+b+c d+ e)midpoint of Sq - k
2 \ ' 2 /

1 3.429
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4-2

12. d(A,C) = 1(c - a)2 d2

ha- - 02 d2

= d(0,B) ,

D = (c,d); E =(a + b,d).

Slope of DE = 0 = slope of 75A

and slope of BC.

d(0,A) = d(C,B) = 2a 2b - 2c

= 2(a + b - c).

d(D,E) = a + b - c.

0

14. D = (c,d); let E = (e,d).

Since E lies on AB, the slope

of BE = the slope of AE; hence,

d d
2e = 2a + 2h,

2b-- e e - 2a '

and e = a + b. Therefore

E = (a i b,d), the midpoint of A.

15. Let the acute angle be at 0.

(d(A,B))2 = (b

= b
2

-

- a)2 + c
2

Also (d(0,B))2

2ab + a
2
+,c

2
.

- 2d(0,A)b

(b2 c2) a2
2ab

= b
2

- 2ab + a
2

+ c
2

.

313 3

C=(c,d) B=(a-c,d)

e

e

eee

A= (a,0)

C.-I(2c 2d) B=(2b,2d)
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16. K
- (3a +2 "' 6 ;

b
L= (? ) -3i-);

M *)

The point (a + b,c) divides each

of CK, BM, and AL in the ratio

2:1.

17. Since AP 1 BC, the slope of

b
AP = since BQ ± AC , the

slOpe bf BQ = .

A P = ((x,y): y = - a)) ;

BQ = ((x,y): y = - b)) .

Since the intersection must lie on

the y-axis, x = 0', and_the point.is

1112N
lU,

4-2

18. In the solution of this exercise we wish to make use of the

''proposition: The segInent joining the center of a circle to the midpoint

of a chord of the circle is perpendicular to the chord.. We. dispose of

this propoSition first.

Sinde d(0,A) = d(O,B),

Aa2 + 4c2 = )177717 ,

or a2 + c2 = b2 + d2 .

The slope of
17B

a b '
the slope of

(714- c + d

a + b

__The product of these slopes is

c
2

- d
2

and, since

e2 - b
2

,

.

a2 + c2 = b2 + d
2

, c2 - d2 = b2 a2.
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'4-2
L.

'Substituting in the product of the slopes obtained Above, we have

o

therefore, OM ± AB .

b
2

- a
2

- -1 ;
2

-
- 2

a b

We return "to the first problem and seleC't a coordinate system a*

depicted in the figure. We nave placed the origin at the midpoint of

PC , and we let M = (x,y).

We then hdve d(P,M) =,-)4(x + a)2 y2

d(M,C) = 4:777 . y2

and d(P,C) = 2a .

By employing the Pythagorean Theorem in LPCM we obtain

n
(X + a)

2
+ y

2
+ (x - a) +

.

y = ha

x
2

4. 2ax + a
2

+ y
2

+ x
2

- 2ax + a
2
+ y

2
= hat,

2x
2
+ 2y

2
= 2a

2
,

or x
2

4- y
2

= a
2

.

We recognize this.as an equation of. the cir cle of radius a which has

its center at the origin. However, the entire circle is not the locus

in the case we have depicted. The locus is the arc 3f this circle which

isccontained in or on the fixed circle. This is the case for which the

radius, r , of the fixed circle is less than ai; the point P is exterior

to the fixed circle. If r = 2a , P is on the fixed circle; if i > 2a ,,

is inside the fixed circle. In both of,these latter two cases, the

entire circle x
2,

+ y
2

= a
2

is the locus.
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4-3. Proofs Using Vectors.

The purpose of, thLi ection lz to stow another method of provitig

geometric porpoitioh.. It inuirropriate to say that one method is .uperior

to another. For a partiuLar'irobiem, one mctnod may be simpler than another

methcd, but the joint Cre to increase the diversity of available methods.

Using vectors may bc.ah approach whi_h, trough new to many students can be of

considerable interest to them. If the teacnet (or any student) wishes to.

pursue tnis topi of vector, aiplied to geometry, he may ,_onsult Elementary

Vector Geometry by Seymour Schuster.,

147 A reference to tnc dis.:ution of i.igure j-8 in Chapter 3 may help some

students to understand the vector addition performed in Example 1. This

example is Exercise 13 of the preceding set.

An application of vector addition

wnich max interest some students involves

tne sum around a ,closed region. For,I .
. examplo, c One of

Kirchhoff's Laws, which .is widely used

in dealing with electrical

.:tates thatsthe sum of the potential

(vortage) drops around a closed ...Prcuit

is zero.

147 . The students should dicov-r that altering the directions of any of the

vectors in Figure %ill not e.,:.ehtially change the proof--only some details

iii be mddified. Tnc st,ltdcnt may'cncounter some difficulty, however, if

they are careless in the, spy they label the vectors. For example, since E

is the midpoint,of AD and we chose iito designate the vector from A to

E, the vector from E D is also labeled a. But if we used the vector

from 'D to E,'it would be labeled -a. 4

148 Example is Exercise 10 of Exercises 4-.. We have suggested to the '

student,that he copy Figure 4..). We should like to emphasize this suggestion.

We think this 'will help t student to see that the choice of an origin is

completely arbitrary, and the drawing of the origin-vetors as the proof 11

proceeds may aid in visualizing the steps of the proof.

149 .Example 3 is Exercise 16 of Exercises 4-2. Note that a particular

choice of.origin (aided by a Frior knowledge of the result) greatly

simplifies the proof.
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4-3

In solving any sort of problem it is difficult in general to tell

beforehand what will "work" and what will not. This is true of the more

complicated exercises where a particular choice of the roigin may give

simpler calculations than occur with another choice. In general, an origin

should be selected which allows the hypothesi, to be expressed simply. It

should also be chosen so that the number of independent evertors needed is as

small as possible. Apart from this, experichct- gained froM trial and error

is a valuable help. If calculations tog down with one choice, perhaps another

choice should be made. .However, some propositions simply do not possess short,.

elegant proofs.

151 The centroid of an area or a volume can be defined in mathematical terms

using integral calculus. The center of gravity of a thin uniform si:ect or,of

a uniform mass is the centroid of the correspond'ng mathematical area or

volume.

Physically, the center of gravity of an object will always lie on a

vertical line through a point of suspension of the object. Thus the center

of gravity of a triangular object can also be determined experimentally by

suspending it from -2 different points, say vertices, and then determining,

where the lines of suspension intersect.

151 There may be some mystery surrounding the choice of unit :vector:, in

Example 4. Of course, we always can say, "It works!" But we can gil/e a more

sound justification. The fact that we need an angle bisector could lead

someone to think of the diagonals of a rhombus, and the congruent oldes of a

rhombus, could lead someone to think of unit vector.. Student:, (and tca6heru)

should not be discouraged if they* not think of things like this; years of

experience and/or a little luck play a large part in these activities.

153 Exercises 5 and E of Section 1,-3 are the same theorems used in Examples

3 and 1 of Section = + -,. These may be assigned for purposes of comparing the

two methods of proof.

Exercises 4-3

(Note: Formal proofs are not presented nere. We merely indicate the

essentials of one possible solution for each problem.)

134 3 7



4_3

1. Let E be the midpoint of DB..

We have p = a + m and

q = m + a ; therefore, p= q

and point E bisects AC.

2.

O

Consider the diagram at the left.

AY .74 YC 7f

We wish to show that OY and OX

trisect AB, and that AP passes

through points of trisectioli of OY

and OX.

0
Any point on AB can be represented by ?I+ (1 - 0 < z < 1.

Any point on OY can be represented by yY, 0 < y < 1.

Any point on OX can be represented by xX, 0 < x < 1.

We wish to find values of x and z such that zA + (1 - z)B = xX.

''' N

But we also know X =
2

+ B) and C = A + B
1so we want zA + (1 - z)B =
2
-x(A + B +

7,t+ + (1 - = 2xA + xB

2
so we find z =3 x = -3-

Thus the intersection is at 14i+ 2.P7=
3 3 3

We find by similar computations that AB intersects OY at 1--1- 2-1-=
3 3 3

This means OY and OX trisect AB and also that AB passes through

points of trisection of OX and OY.
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3. Using A as the origin, we have

1
4-

-
2

P = -(B C),

- 1
Q

R = 7B.

)The intersection of means BQ .

.and CP can be located by finding

the values of x and y which

solve

xB + (1 - x)Q = yC + (1 - y)R .

Substituting, we obtain

1 -
xB + -C - -xC = yC +

1
-

1

") 2

B

Equating corresponding coefficients, we have

Figure 4-12

1 1

2
x -= 7(1 - y) and y = -(1 - x),

from which we obtain x = y =
1
7 .

This tells us that the intersection of BQ and CR is 1$+ ,

which is rtrioection point of each of these medians. A trisection

point of AP is

3 3

4. Since
d(C,B) r

, the vector

-
from C to P is c -

1-a.

c )

The vector from C to A is

(a - b), and we wish to find

- b) = the scalar multiple

of it. The vector from 0 to Q

:Me

may be expressed as (b + 1) or

as a scalar multiple of the vector

C) .

1313 9



,
. We therefore have

b r d m(b

+ n (a- 17) m (-1; + ,

.
b na - nb mb +

m
a.

r

Equating corresponding coefficients gives us

n= and m (1 - n);

for these equations we find n -
r + 1

. Therefore,

(Z - 7), and d(C/Q)
r

1
+ 1 d(C,) r + 1

5. From the diagram we see that the

vector from N to A is 2a - b

and the vector from M to B Ls

- 17. Since d(N,A) = d(M,B),

we have 12.;:- b1 = 12b -

Using the Law of Cosines, we may

write this as

,/ +1712+ 11712 + 4Z4o. )41712 + 1712 + 4rD.; .

This equation simplifies to

ITD-12 4r-12
la I /

or 311,12 = 311712.

4-3

From this we see that ;''M = 21b1, and LABC is isosceles.

This vector proof of Example 3, Section 4-2, is somewhat artificial'

because of the use of the Law of Cosines. It may be profitable for the

students to compare this proof with the re.tangular coordinate and synthetic

proofs appearing in Section 4-2 of this commentary. It can be noted that

applying vectors to equal lengths may become awkward if the vectors are not

parallel.

P37
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6% The vector from C to D may

1
be expressed as -5 a + b , and

2

the vector from A to B may

be expressed as b - a . The

product of these two vectors is

(b - a ) "r7 + 1:)

1 4. 4. 1 .4. 4. 1 .4. 1 4. 4.=ab --aa+bb- ,ab
2 2 2

= 2 (11712

Since the isoceles triangle has lal = Ibl, the vector product is zero,

-and CD AB .

7. Let ABCD be .a quadrilateral; i.e., A, B, C, D are distinct.

M =
2

F =
2

+ 13)

+ 5)

IT = !('
2

= ( 5
2

+ 6)

+

M, N, P, Q are the midpoints of the sides.

We wish to show MP bisects NQ.

Points of MP: A+ (1 - x)Ir 0 < x < 1

Points of NQ: yri + (1 - y)Q

Intersection requires that

+ (1 - x)f.' = + (1 _ y)Q

x(21 IB) (1'- x)(la + 16) = y(ig kJ) + (1 - y)(15 2Z)
2 2 2 2 2 2 2 2

so 2x = 1(1 - y) and 2(1 - x) = 2-f5r

hhence. x =
1

Y = =

Thus MP intersects NG in a point which bisects both.

aPip

b. x = -a c b ;

.111.

X = a - b .

Adding, we have

1
2x = c, or x f c .

138
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9. ( + ) . ( )b -

= ; + - - D

= rq2
1z12

Since 171 = ibl , ii>12 lal2 = 0

10. As in Example 4, we use unit

vectors to express the angle

bisectors. Then, taking the

r vector product, we -obtain

11.

b -17 a

1;1 171 1171 171

ET 1> a a
111.

a b

1.1;12

- -1;11171

la 1

2
171.1111

-172.

11712 1;12

4-3-

a = 2r + q = + -5

a = 2p - q = 2Eit -

= 2r + 211- = 2q - 21-

a+--b-+c=r+p+q-r-p

142 139

q =

= +

"c's = -

2-6" = -217 - 2-cr
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4-4. Proofs Using Polar Coordinates.

Polar coordinates are not particularly adapted for proving theorems of

the type we have been discussing. The beauty and usefulness of this form

will be more apparent in later chapters. Exercises using polar representation

are, therefore, dFferred. We have included two examples to illustrate the

possibilities for polar coordinates at this point of our progress and to

set the stage for the next section.

4-5. Choice of Method of Proof.

This section, which contains rather specific directions for problem

solving, should be carefully read and dis.2ussed. Most of the Review Exercises

which follow may be used to Give the students experience in choosing and

following through with some particular method. The solutions we present are

merely the ones which occurred to us; they are not put forth as the only

ones available or even the best of the many poz,sibilities. As was said before,

any mathematically sound presentation should be acceptable.

Review Exercises

. d(O,M) = 42 +

d(A,M) = d(B,M) = A2a - ar_t b"

a2rF b2

2. Let the fixed points be on the

x-axis, as indicated in the figure.

By multiplying the slopes of the

sides of the angle we have

Y . Y
x - x + a ,-

1 ,

y
2

-x
2

+ a
2

or x
2

+ y
2
= a

2
.



3.

B C
(0,b) (o,b)

A
0 (0,0)

d(0,C) = 147717 and d(A,B)

The coordinates of B are (a + b d).

(1(0,A))2 + (d(A,B))2 + (d(B1C))2 + (d(C,0))2

a2 d2) a2 d2)

= 2(a
2

+ b
2

+ d
2)

(d(0,B)) 2 + (1(A,C))2 = ((a b)
2

+ d
2)

+ ((a - 13)2 + d2)

= 2(a2 + b
2

+ d2).

5. D = (a,0) ; E = (2a , c,d) ;

F = (a,2d) ; G = (c,d) .

From Exercise 10 of Exercises 4-2,

we know that DEFG is a parallel-

ogram; from Exercise 9 of Exercises

4-2, we know that DEFG is a

rhombus if DF J GE. tt is evident

from the coordinates offthe midpoints

that DF is vertical ap1 GE is

horizontal.

144 141
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6. D = (b,d) ; E = (a + c,d) .

It is evident from the coordinates

that ,OA , BC , and DE are

horizontal and, hence, parallel.

d(0,A) - d(B,C) = 2a - (2b - 2c)

= 2(a - b + c).

d(D,E) = a + c - b.

7.

0 a a

A

The vector from D to G is a - b ; the vector from H to B is
-a. -Is

2a -b-a=a-b; hence, . The veCto: from A to E may

be represented by (1 - x)b or by y(27'+ b). Setting these

equal we have

xa + (1 - x)t"; = 2itt+ yb .

Equating coefficients results in x = 2y, y = 1 - x . Solving these

1
equations together gives us y =

3
. The. vector from A to F may be

represented by x(2717) + (1 - x)ri Or by y(,'-;". fli). Equating

these, we obtaid
2

y = .

3

114 5



8. Let D, E, and F be the midpoints

of the sides, and let the perpendicuLar

bisectors of AB and BC intersect

at the origin. Since D is

perpendicular to the vector from A to B,

-(Z + ib3.) ( - 71) - 0 , or

1 -A*

7(B. B - A' A) = 0; therefore

M2 =

Since F
-2-

A F +
1

(AA - C-C)

= '274Z12 n2)

But since 17i12 = 17112 I W ) = 0

Similarly, lAr - n2'

C

A

4-4

B

and F is perpendicular

to the vector from C to A. Com.equently the perpendicular bisector

of AC intersects the other two perpendicular bisectors at 0.

9. Let M and N divide AC and BC

in the same ratio, r . Then, M -

..--(rZ+ (1 - r) ) - (1.17+ - riC)

rfis - r1"" = KA.* - -17).

A

10.

1).-

x=a+c-b
A*
X . -a + d -( -b) .

Adding, we obtain 2x = c + d , or x =
2

Z)

143
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11.

We Are given parallelograms ABCO; AEFD, FGCH.

Define numbers d, h such that t = dA; H =

We will express everything in terms of d, h, A, C and assume all points

are distinct.

The line through DE contains points xf + (1 -

or x(d7C) + (1 - x)(Z + h'6) .

The line through HG contains points yH + (1 - Y)6

or yh-6 + (1 - y)(F + di)

For these two lines to intersect, we must have

(xd + 1 - a+ (1 - x)hC = (1 - (yh + 1 - y)t.. 1.

Thus we must have

yh +1-y=h- xh
x4 + 1 - x.= d - yd.

Solving this system we get, under condition that h / 1 - d,

d - 1 h - 1
Y 7

x -h+d- 1 h + d - 1

1.hich puts the intersection at X such that

hd hd -e- hd
+ CD

h + d - 1 h + d - 1 h + d - 1.

From this we see immediately that X lies on the line containing OB

since A + C = B.

The restriction h / 1 - d arises,because in the case h = 1 - d, we

A
get = h = 1 - d -

and the diagonals parallel.

which makes the parallelograms similar

14 7



12. Since d(A,P) d(Q,B), P can

be rdi.esented by A + 1(13 -

and Q by T3 f p(7 -

= k(a- - 11) and 7c.- o:1",

so that

- ,

+ k + B - q(1 t p (IT -

A F kii - q( - p

Equating coefficients, we have

1 = q(1 - p) pnd k qp;

therefore,

k- --2-- and "nx .- -P--- .
I.- p I p

A similar argument gives us Y- T 4 .

1 1>- p

Thus,

lenee,

}7_7 P 17 -1-2 71.
I p p

(I - 1415)(A 6) ;

77 at ,

13. The sum of the square: of the

lengths of the four sides is

(2b,2d)

(20,0)

(2a)2.4. (,21) - 2a)2 + (d)` + (21, - )2
+ - ?e) +

(,'c)2
+ \2e)2

8a' 4 8b' + 8e2 + 8(1' + 8e' - Bab - 8bc - 8de

The sum of the squares of the lengths of the diagonals is

(2b)` + (2d)` + (2c - 2a)` + (2e)
2

4a
2

+ 4b' + + + - Sac .

Subtracting these sums, we obtain,

ha
2

4b
2

+ 4c2 + 411' + 4e- + 8ac - 8ab - 8bc - 8de
9 2 2

. 11(a' + b- + c +d + e2 + 2ac - :2ab - 2be - 2de) .

The square of the length of the line segment joining the midpoints of the

diagonals is

(a + c - b)2 + (e - d)2
a2 b2 c2

+ d2 + e2 + 2ac - 2abi- 2bc - 2de .

0

4-4
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14. We select coordinate:, for the

two rocks and the tree as shown
Pi )

in the diagram. After marching

the required distances and directions

from the rocks, the-positions

P
1

and P
2

are located. -The

1%
midpoint of PiP2 is (]1p-f) ;

therefore, the buried treasure is

located it the center of the square

whose side is determined by the two

rocks:. (The location of the tree

is unimportant.)

Fs

a

=(Iib,ILa)

144 9
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? Chapter

GRAPHS AND THEIR EQUATIONS

5-2

The material of this chapter starts with familiar content including much

that has been encountered is earlier courses. The treatment is broader and

deeper here than before. It is broader because we now have analytic repre-

sentations in rectangular,' polar, vector, and parametric forms. It is deeper

because we take account of some troublesome details and special cases that

are not adequately treated on a more elementary level. The work is conse-

quently a bit more difficult, but also more rewarding.

We call partifcular attention to the treatment of related polar equations,

and of paths, as distinguished from curves. Neither treatment is met in a

traditional first course in analytic geometry, but we feel that they Muni-
.

hate some significant mathematical content that is appropriate to this work.

There are many exercises, but, as has been mentioned before in 1,±i; book,

they need not all be assigned. We particularly.urge the teacher to exploit

a viewpoint we recommended to students. Stress the dynainic aspect of the

relationship between geometry and algebra. Come appropriate questions here ,

are, "What would be the effect in the graph if we changed this 5 to 25?";

"What change would we have'to make-in the equation if we wanted to raise the

graph 3 units?; if we wanted a large. circle?; if we wanted only the portion

4Ln the first quadrant?"; "What kind of graphs would we get if we replaced this

6 by a variable m , and then took larger and larger values of m ?".

1. y = 3 1.

7

2. x = -5

3

11.

X

Exercises 5-2

and y = -x ; or x2=

y = ± 2x ; or y
2
= 4x

2

a

5.. r =a ; or x
2

+ y2 =a2

6. (x - 3)2 + (3; + 2)2 = a2

2
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7. x -1

8. 3x - 7Y - 14 = 0

9. 1/51.x + y - 21 = + 2y + 21 ; or

(V5 4V-2)x + (V5 + 21f)y - 2V5 + = 0 , and

(V5 - If)x + (V5 - 21)y - 2V5 - 21 = 0 .

10. y = 8x

11. If P = (5c,y) is a point,of the locus, then the distance fro...7P to the

I2x + y + 21
line is , and from P td the point (2,0) .is

i5

12.

'13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

2It.

25.

-
2)2

1)2 The statement

yialds our equation: x2 - 4xy +

9x
2

+ 25y
2

= 225

7x2 - 9y2 = 63

18x2 + 48xy+ 7y2 - 156x - 68y r

5x - 6y + 17 = 0

- x1)2 + (Y Y
1
)2X; x2)2

-3 < Y < 3

x
2

+ y
2
> 25

-1 < x < 1

, 2 , 2
(x - 1) + (,y - 3) < 2

2
, or x2

y > 5
2

n
x
2

+ oy > 16

y
2
< 100 - 20x

-6 < x < 6 ; or H <6

X2 4 Y2 < (8.08)2 or x2 f y2 <

of equality of these tut distances

4y2- .28x + 6y + 21 = 0 .

142 = 0

(y - y,)2) = k2 , k.> 0

y2 - 2x - 6y + 6 < 0

65.2864
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5-3. Parametric Representation.

The content and treatment of the material in this section arc closely

related to the physical and schntiele appli,.ations tint pupils will meet in

other classes and in later work. :leiLnce t(-a21A,r:. in tin_ school should be

shown this section, and their cooperation solieLted in devisi.g laboraLxy

experiments along the lines suggest,Id.

Exercises

t 0 1 2 3 4 -,-, k', 10

x 0 2 16 3; ',0
2

)`2, 128 102 200

Y 0 3 12 2; 4,-' 5 1(s .4, 19.) :043 300

t 0 1 2 -) 4 5 7 " 9 10

x 0 1(6 352 523 04 000 1056 1232 1408 l5'_34 l(b0

y C _O 64 144 l46 400 5,6 :84 1()2 4 1"nF 1e00

3 j x = 5t ,

1Y - 2

5.

6.

y=

,

-4-

x .3t ,

y = .4t
.

x = -6 4 t,

y ,

4 L
7

1. Eliminating the parameter gives y = x With the usual placement of

the axes this means that the point starts from rest at the origin and

moves steadily to the right as it moves more and more rapidly upward.

Its path is along a parabola whose vertex is at the origin and which

concave upward. Since we assume t 0 , the point travels on only the

right half of the parabola. 25.9 units.
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8. For the line 4x - 3y i C have direction numbers for the normal,

(4,-3) . Therefore we nay take direction numbers for the line as either

(3,4) , or Since no sense of direction along the line is

specified we musi, consider both. If we use direction consines then the

displacement along the line wit' ue one unit fOr each unit interval of

the parameter t , Since the given rate is 10 units per second we

must now, take direction numbers ten times the direction 'osines, i.e.,

(10(3),! 10(!1)) Since the point goes through 1,2) at the time when

t - 3 ; the elapsed time after that 's indicated 1,y t ; . he have,

in the first case; therefore,

x 1 (t - 3)
or

x -

-

1 / (tt

y - i) : 1 Y 't

x
and ill the second case,

t

In the first case, when t C th( rogition is arc wi-en

t = 10 the posit:on is .

position is (1),2, ) , and when

9. Refer to the solution of , anovc.

x =
l'

_......:::

/13

y 0 - -.1-(= t

r,

1C. Asrume

and 01.-,2,Alon

or

scoond case, aheti t U the

t po..;it ion is .

I f - t .

177,

. PlreL,tion numl,crs for the is arc - a -

( (I -

, ,

The %,-ocity of the point'aloIr tae rine is
- a) d - h)

t, - to

and this i3 the wh: ' 11( Must, .]tip': tit ,'1:et101: .osin(o so

that unit interva]s of :he parameter ,.orri,spond properly to dis-

placements along the line. :'ince tie point goer, thro,wh (a,b) at time

t
0

we indicate With our parameter t the elapsed Lim( since 114,11,

t - t
0

. Therefore we have the parametric equations:

1 5 3
150



1/(c - a)2 4 (d - b)2
x = a 4

t
1

- to

1/(c - I (d - b)2y = b ;

t
1

- to

c - a
(t - t )

0 '

(c - a)2 l(d - by

d - b

/(C
-)

(d - b)

These formidable equations become:

x 7 a ; - t0) ,

t - t
0

-
y b

td -

b

t(t t
0

) .

l 0

You may easily verify from these equations that when t t0 the posi-

tion is (a,b), and when t t

1
the position'is (c,d) .

(t - t0) .

5-3

11. Assume t in seconds. The point moves from the point (1,0) to the

p point (-1,0) and back again, making a round trip in 2n seconds. It

starts from rest at (1,0) , increases its speed until it reaches the

origin, then slow' klown,until it comes to rest momentarily at (-1,0) ,

then reverses +ne process endlessly. Its maximum speed occurs each time

at the origin. (By methods of the calculus this maximum speed can be

shown to be me unit per second at that instant.) Such motion is called

a "simple harmonic motion" and has many phy.fical applications.

t 0 1 2 3 4 5 6 8 9 10

x 1 .540 -.418 -.990 -.652 .287 .961 .52 -.150 -.913 -.836

At the end cf one minute t = 60 , and Table II does not give correspond-

ing values for cos t . We use the fact that cos t is periodic, of

period 2n . (These matters will be developed further in the next

chapter.)

We express 60 as a multiple of it and a remainder less than s

which we find by dividing 60 by a suitable decimal equivalent of it .

Tables I and II are given correct to three significant figures and

a careless student may then take 3.14 as a proper equivalent of it .

However, any inaccuracy in this approximation will be multiplied by a

factor of about 20 -and will give us a seriously inaccurate answer.

It is not our intention to enter into an extended discussion of

significant figures and accuracy of computation, but in this ext.acuse

we caution that-we must choose an appropriate, approximation of s

11g1
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We assume t = 60 = 60.0000 , and use A = 3.1416 and obtain

60.0000 = 19A + .3096 , which we write briefly as 60 = 19A + .310 .

Therefore cos 6o = cos(19g + .310) = - cos,.310 = - .952 .

In the same way we assume t for one hour to equal 3600.0000000 ,

not 3600 , and then take the proper approximation, A 74 3.141593 Then

3600,0000000 = 1145A + 2.876015 , or 3600.0000000 = 114611 - .285578 ,

which we write more briefly as 3600 = 114611 - .286 . Thus

cos 3600 = cos(1146% - .286) cos(-.286) = cos .286 7, .959

You need not belabor the details of approximate computation, but

this is a good place to show the need for a proper approximation for A .

It is also a good place to show that when we are working with measure-

ments and we add zeros to the dividend in division we are assuming more

and more accuracy in its determination. A measurement of 10. inches is

less accurate than one of 10.0 inches which is in turn less accurate

than a measurement of 10.00 inches. We particularly warn against the

error of dividing a 10 inch length into three equal parts and writing

the length of one part as 3.3333.... inches!

12. The motion could be that Di' an object dropped from'an altitude of 500

feet, in which case we assume no air resistance, and a value of 16 feet

per second per second as the acceleration due to gravity. A value of y

represents the altitude, in feet, above the surface of the earth, at

corresponding time t , in seconds after the instant of release. The

change of sign of y in the interval t = 5 to t = 6 can be inter-

preted to mean that the object reaches the surface of the earth in that

interval. The negative values of y afterwards would indicate the depth

below the sur.face, if the fall continued down a vertical shaft.

t 0 1 2 3 4 5 6 7 8 9 lo

y 500 484 436 356 244 100 -76 -284 -524 -796 -1100

13. Refer to the solution of Exercise 12) This equation could represent

the motion of an object hurled upward at 64 feet )er second from an

altitude of 120 feet.

t 0 1 2 3 4 5 6 8 9 to

y 120 168 184 168 120 4o -72 -216 -392 -600 -84o

152/ 5



5-4

fer to tr( so' t:00 oI I y j Of 1 This equation co;1a describe a

d 1 mp c harmon I mot i on '.. I oh the:4 .ond i Lions; Th( point starts from a

pnsition or r( at i crii ni0,( ot in the n( xi 7 30,.onds, to its

rar+ 14 ,t r I po ; i ti on at ( 4 , 'h( it hal to momentari 1 y and re-

v( rs(.1 11 '(0 ion to move to it.; ,l(tt .'o.lition at (-4,(. ,

arril i n. tn( r( in an 'old I ti oval 7 .4 .onds. It neel crate o rrom f h to)

to th( or i in 'her it titt4in3 maximim velocity,then decelerates

from th( origin to / -4,(1 , and .;() on mr,line a round trip in (( seconds.

equ,lt:ons of t,_'Lloas c, .c,;r in thk..,tndy of vibrations, and of varia-

tion:, or N al ternal in;' rvIrrent.

t. 0 1

, 4
L,

.

r ,

, ) 10

x 0
., .

-1.104 '.J'y - .1 -'.1 '4 --;. .9,4 L ! .1.9;

.

_ ,-) .,0 3.668

(Pere'. to the soist ion Oi X( r i.m . Ii l( point non start:; Pr-

1 tO) and Inov( 3 to ;, and OW-4 / ( 1brc round trip

in "( sc

I-. We must -,,sft;me they .1t./:r! an Alt /,ar,l(- instant, in lthich case the

variabl( t ha the .;ar:q internr( tat i or it both equations. Therefore

'();; t from ( t, I find t , 41;

... Ior t ht op VW 1.1( :; of t , therefor( the points start

together at ' , 0) and -rndecy;s4 t re r. every "n seconds thereafter.

5-4. 'arametri F1uat, I 011:; of the Ci rc ( and the Fl 1 ipso.

Focal phenomena are famil iar ( no'igh to ihy:3ica, but it is interesting

to see how the associated mathematical analy.;is can be used in other situa-

tions. Authors in recent publication have applied these concepts in such

areas no: epidemiolort,y, to study the spread and -ontrol of disease; demo-

graphy, to Stacy the distributions of ,!ronp of people; bacteriology, to

study the spread or control of bacterial growth; communication theory, to

study the distribution of "information", and no on. We leave these fdr later

years, and concern ourselves now with the simplest and most natural of the

appi ications of parametric equations of the circle, that is, circular paths.
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The teacher is urged to make a simple

visual aid: ,The essential featu'res are

two movable radii OA 'and OB mounteu

on a panel of suitable size. Two students

can then, give independent motions to points

ox the -rim of the circle. This model will

be particularly useful when you get to

problems of "meeting" or "overtaking".

Exercises 5-4

1. ix = 10 cos e ,

y 10 sin e .

2. We assume t in seconds. A clockwise rotation means that as t in-

creases from 0 , e decreases from 0 , and in this case a rate of 4

rps gives the angular displacement, -81t . The equations are

j x = 10 cos(-Trt) ,

1 y = 10 sin(-Bgt) .

3. Consider x ='a cos(b + wt) . Since the radius it., 6 inches, then

a = 6 and we arecommitte:1 to inches as the measure of x .

Since the numbers 0 and are assigned to the 12 o'clock posi-

tion the units of rotation in this problem are intended to oe minutes.

The angular position of any point on the rim can be given in terms of

these m-units, measured from the 12 o'clock position, or in terms of the

usual e , in radian units from the polar axis. Thus the 2 o'clock posi-

tion can be described 1) m = 10 and also by e = Since we rotate

clockwise at the rate of one rotation in f.,0 minutes we have the

di'-_cted rate of angular displacement, equal to 1 m-unit per minute,

,

30
radians per minutes.

if in the eqation x = a -osrb f at) we use radian units for b

we have b = , since we start from the 1:1 o'clock position. Finally,

since we are asked fo the path during one hour, we take 0 < t < 60 .

The result uf all this discussion is the following pair of equations:

x = 6 0s(E - 1t)
? 30

( t < 0 .

y = 6 sin(1 - 1--t)
2 30

t is the time in minutes, x and y are in inches, and the angle is

measured as usual in radians, counterclockwise from the polar axis.
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4. x = 4 + 3 cos 6) ,

Y = 3 sin 8.

5. i x = Cos e,

1 y = 6 +4 sin 8.

6. ix = 4 4 3 cos(- - 4gt),

)y = 3 sin(- 2 - 4gt)

Note: These equations supply information about the starting position

(- 2) , and the direction and speed of rotation (-4g) , but for purposes

of computation they may be replaced by the equivalent equations,

1

x = 4 + cosi +.4gt) ,

y = -3 sin(2 +. 45t)

These latter equations show that the path of the point P of

exercise 6 is the reflection in the x-axis of the path of the point

P' whose equations are

)x' = 4 i:cos(1. + 4gt) ,

) y' = 3 sin(2 + 4gt)

The point P' starts at the highest point of its path and moves counter-

clockwise, as.we should expect the reflected point to do:

7. x = 4 cos(2 + 6gt) ,

)y = 6 + 4 sin(2 + 6gt) .

8. The point moves around a circle whose center is the origin and whose

radius is 4 . The point starts from the 3 o'clock position and moves

counterclockwise at the rate of
1

rotation per. second.

9. The point moves around a circle whose center is the origin and whose,

radius is 6 . It starts from the 12 o'clock position and moves clock--

wise at the rate of
1

rps.

Note: In Solutions 10-16 the paths are all circular, ind we shall

condense the information which could be written out in full as in (8) and

(9) above.
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10. Circle; center, origin; r = 8 ; start, 9 o'clock position; direction,

clockwise; rate, 3 rpo.

11. Circle; center, origtrr; r = 10 ; start, 6 o'clock position; direction,

counterclockwise; rate, 5 rps.

12. Circle; center, (4,0) ; radius, 1 ; start, 3 o'clock position; direc-

tion, counterclockwise; rate, 3 rps.

13. Circle; center, (0,-3) ; radius, 1 ; start, 3 o'clock position; direc-

tion, counterclockwise; rate, 4 ,rps.

14. Circle; center, (2,5) ; radius, 1 ; start, 3 o'clock position; direc-

tion, counterclockwise; rate, 6 rps.

15., Circle; center, (a,c) ; radius, b ; start, 3 o'clock position; direc-

tion, counterclockwise; rate, 1 rps.

16. Circle, center, (p,r) ; radius q ; start, at the angular position

- a on the circle; direction,counterclockwise if n < 0 , no motion

at all if n = 0 ; rate, n rps.

17. (a) Circle;,center, origin; radius, 6 ; start, 3 o'clock position;

(b)

direction, counterclockwise; rate, ,2 rps.

t 0 0.1 0.2 0.3 0.4 0.5 o.6 0.( 0.8 0.9 1.o

x

Y

6.00

0

1.84

5.71

-4.88

3.49

-4.88

-3.49

1.84

-5.71

6.00

0

1.84

5.71

-4.88

3.49

-4.88

-3.49

1.84

-5.71

6.oc

0

(c) x = 6 cosi + 4gt

y = 6 sin(? 4y(t)
2

(d) ix = 6 cos(-2gt) ,

ty = 6 sin(-2gt) .

(e) Since the first and third points move in opposite directions, they

will meet when the sum of their angular displacements equa1r, their

original separation, and, after that, when their additional angular

displacements add to an integral multiple of 2n . That is,

+ 4gt = 0 , since they start together, from which t = 0 , and

the points are at (6,0) . After that, at + 4gt = 2g , 4, , 6n ,

2
,

1 -that is, t =
1
- 3 - . The points start together,3

4

1
and meet every second thereafter. The corresponding points are

(6,o) , (-3,-5.1961 , (-3,5.196) , (6,o) , (-3,-5.196) , .

1561
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(f) As in the previous part, we add the angular displacements, and find

the first meeting point when this sum is equal to &ell original

angular separation: that is, when 2nt 4 lint = 27!- . Thus they meet

first when t =
1

, at the point (5.196,-3). Then we find, as

above, their sub6equent meetings take place every
1

- second, which

should be expected, since the first and second points are traveling

at the same rate. The meetings therefore take place when

t
12
1 ,

12
5 ,

12
, 13 , ,-at (5.196,-3) , (-5.196,-3) , (6,0)

(5.196,-3) , .

1
,

t)r.
iti. (a) x ,L cos,7 n - rt L) ,

A: 11 r 2

2A 3

y = 7- sin(- A - -A t) .

2A 6 3

/ 11
X COS( -

B:
1 . ,11 1

y
2A 6

= sink--1 - 7,A L) .

/1
x =

1
cosk-A -A

2A 5

C:
1 ,1

y = sink7A 4 7: A t) .

7

k,

/5 1,
(b) A: When t = 0 , 3 , 6 , , position is - , TT) ;

When t = 1 , 4 , 7 , 10 , position is (0,

0(5
When t = 2 , 5 , 8 , position i8 - Tiv

3: When t = 0 , 4 , 8 , position is
1/7 1

- ;

, 1 13
When t = 1 , 5 , 9 , position is 't- TT,

N

;

1 N
When t = 2 , 6 , 10 , position is ( -,) ;

When t= 3 , 7, position is
1 /5

(7- , 7477.)

C: When t = 0 , 5 , 10 , position is (0,.159) ;

When t = 1 , 6 , position is (-.151 , .049) ';

When t = 2 , 7 , position is (-.094, -.129) ;

When t = 3 , 8 , position is (.094 , -.129) ;

When t = 4 , 9 , position is (.151, .049) ;
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(c) By the methods of the solution of Exercise 17 we find;

(1) A and C meet when

(2) B and C meet when

(3) A and C meet when

(4) B and. C meet when

(5) A and C meet When

t = .625 , at (-.112, .112) ;

t = 1.480 , at (-.152, -.046)

t = 2.500 , at (0, -.159) ;

t = 3.700 , at (.159, -.008)

t = 4 375 , at (.112, .112) .

;

;

(d) By the methods already referred to we find that A and C meet in

15E seconds and every seconds thereafter. That is, their

5 15meetings take place at times t = E + -sr-p, where p is a positive

integer. In the same way, we find that B and C meet in
40
27

.

20
seconds and every -ET seconds thereafter. That is, the B and C

20meetings take place when t
47

--9 q , where q is a positive

integer. If A , B , and C are all to meet, there must be a time

at which the A , C , and the B , C meetings occur si,multaneously.

That is, there must be positive integral values of p and q such

5 15 4o 20that E -.
o e, y

q. This equation is equivalent to

81p - 96q = 3! . In this equation, however, the left member is

evenly divisible by 3 but the, right member is not, therefore

there can be no integral values of p and q to satisfy it. There-

fore there can be no common meeting of A , B , and C .

19. Since the points move in reflected paths with respect to the y-axis,

the second point must start from the position symmetric to A , that is,

At (-n,0) , where the angular displacement from A is n . Therefore

the equationsfor the second point are

j x = r cos(n - lint) ,

1 y = r sin(IT - 41tt) .

20. (a) Assume a unit circle, time in seconds, and angular velocity in

`radians per second. The 10 o'clock position, T , has an angular

57'displacement of --6- . Since point

P arrives at position T in 10

seconds, its angular velocity is

.571 or
it

.0 In the same way the

angular velocities of Q , R, and

n n 2A nS are 7 - Tio.. , and - To- or - 175- .

151 ,
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Therefore, as before, the equations of motion are:

P:

x cos t ,

y = sin
1
^t .

x cos(L,11
300t)

y = sin( 30t)

( x cos(n - 26-10 t )

R:

I y sin(n - at) .

x = cos(4-1 - t ) ,

S:
y = sin(LI - 7Lt ) .

(b) By the methods of the solution of the previous exercise we find

that the meetings of the following pairs take place at the indicated

times (where a , b , c, d, are positive integers):

Q and R , when t
1

. 10 1 h0a ;

r Q and S ; when t2 = 10 4 20b ;

P and R , when t3 = 10 1 20c ;

4o
P and S , when t4 = 10 1- Td .

We verify that when a b , c , d are all zero, the values of

, t2 t3 , t4 , are all equal to 10 , as required by the

statement of the problem. If there is to be a simultaneous meeting

at another time, thei.e must be values of a , b , c', d other than

zero for which these times are equal. Clearly, if we take d = 3

or any multiple of 3, we can find such values. When .d = 3, then

t
4

= 10 + 40 = 50 . Successive multiples of 3 as values of d

give values of tip : 10 , 50 , 90 , 130 , 7.. , and these are

clearly possible values of t1 , t2 , and t3 , also. That is, the

simultaneous meetings take place every 40 secohds after the first

such meeting. The angular positions of these,meetings are found to

5n 25n 15n 130n
be -- , 12 "*"

I (J 2, "9
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Questions of meetiag or overtaking on circular paths are related to

important problems in spape exploration. Consider the complications that

arise: the paths in space are not circular but essentially elliptical; the

paths are not along the same ellipse, and the different ellipses are not

usually in the same plane, so that we must not consider the meeting points

(they would be catastrophic), but the points of nearest approach; the veloci-

tier along thede paths are not uniform but variable in very complicated ways.

The solutions to the exercises in our text are essential first steps in

arriving at the level of ability needed to solve the difficult problems of

astrogation that arise in space, travel.

5-5. Parametric Equations of tae Cycloid.

The physical ap)lications of the cycloid are interesting indeed but

their ,analysis is beyond the scope of this book. Students who are interested

in photography can make photographs of a cycloid by taking a time ,exposure of

a flashlight attachea to an automobile wheel as it rolls along the road.

We give another derivation of the equations of the cycloid which uses

the idea of a transformation of coordinates. You may wish to lea7e this

derivatiOn until you have reached the more complete treatment of transforma-

tion in Chapter 10.

y
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since d(0,T) length of pr = ae,, the,coordinates of the center of

the citelc are ;ae,a) . Wc. take this point ds origin by an xt- , y'- coordi-

nate system, hence, P (x,y) becOmes

P (x',Y1) ,

where
x = x' ae

( y 9 y' t a

But in this new coordinate system

e

Since 0
3g 4 e we have

cos o

therefore

/ x' = a'cos 0 ,

y, - a sin 0 .

'C

-sin e and sin -cos e

xl -Apin e

1 y' -a cos e ,

Therefore, finally

x -a sin e-, ae ,

1 y _ -a'cog e , a ;

1.. ix == sin e ,

1 y = 1 - cos e

y- a(e - sin e)
or

1 y a(1 - cos e) .

Exercises 5-5

The intervals suggested 'indicate degree measure, 1- t.it would be an -

error to use these measures in the equations above; since the eqeitions

were derived on the basis of radian measure for e revise the

formulas to suit 'egr measure, or convert the into s to radian .

measure. The latter pro 0,re is the easier and the o e we follow.

e degrees 0 30 60 90 120 150 180 210 240 270 J00 330 360

e radians
,
v

it

z
it

7
it
-.

2g
7-

5n
-6- g

(g--
411T 3g

7-2-
5g

, T llg6- ..:

dg

X 0 0 .2 .6 1.2 2.1 3.1 h.2 5.1 5.( 6.1' 6.3 6.3

Y '
0 .1 .5 1.0 1.5 1.9 .2.0 1.9 1.5 1.0 .5' .1 0

44' / (4 if 161
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The values of x and y are computed to the iearedt tenth, and

the graph is sketched below.

2. The height of the rectangle is the diameter of the genact",ing circle

Whose radius is therefore equal to 3 . The base of the rectangle is

as long as the circumference of that circle and is therefore 6% . The

equations of the cycloid are

ix = 3(0 - sin 0) ,

y = 3(1 - cos 0) .

3. We have a = 3 inches, and equations for the graph,

x = 3( o - sin 0) ,

y = 3(1 - cos 0) .

The angular velocity is given as 4 rps which means that w = 8g

radians per second. Since e = wt the equations above become

ix = 3(8mt - sin 81(t) ,

ly = 3(1 - cos 8gt) .

t.1 .2 .3 .4 .5

x 5.7( 17.93 19.75 28.38 37.68

y 5.42 2.08 2.08 5.42 0

To compute these values we had to find functions of angles whose

radian measures exceeded 1.60 , which is as far as our Table II goes.

We must use the procedure explained ix. the solution to Exercise 5-3,

Number 11. Thus sin .8g = sin 2.51 = sin(% - 2.51) = sin .63 .589

and so on.

P will reach its first high point at the end of the first half turn

which will occur at the end of the first 7 second. When t = .125 ,

P = (9.4 , 6) .

168 5,
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4. (a) All cycloids have the same shape, therefore an accurate scale

drawing requires any carefully drawn cycloid and a properly chosen

scale. The width of one arch is 2na , and the height is 2a ,

where a is the radius of the generating circle. Tn this case the

/ base line represents 66 inches, or 21ta . Therefore

a = 10=
2

inches. We suggest a scale of 1:12 which means that

1 3the drawing should be 5 inches across aid 1T inches high.
2

(b) We have

inches

x = a(0 - sin 0) ,

y = all - cos 0) ;

3I
4

inches .

x

a - 1 07,
1

.

We must correct the linear rate of 30 mph into an angular rate

of rotation for a Wheel Witt 66 inch circumference. A rate 'f

30- 5280. 12 6. 5280
30 mph = inches per minute - rotations per

6o 66
5110 10560

minute 2n radians per minute. Therefore w and

61050
e = nt . Finali

ty

we have the equations of motion with values
11

for x and y in inches, and t in minutes:

21(10560 10560
nt - in --TT gt) ,

x 2 11

y = 21(1 - cos
1110560

nt
)

You may wish V present the following "paradox" and solicit explanations

from the class:

A
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Suppose a nickel and a dime are firmly attached concentrically, and the

'ntkel is rolled one full turn without slipping along the line AB . Then

d(A, ) is the cirramference of the nickel and since d(A,B) = d(P,Q) the

circumferences are equal. Aren't they?

Answer. (Don't tell the class too soon.) Of course the circumferences

are not equal. If the nickel doesn't slip aim- AB thin the dime must slip

along PQ .

Challenge Exercises for Sections 5-3 5-4, 5-5

1. From Figure 5-1:), since d(0,G) = length of FC = , the coordinates

of C are (a:,a) . If P = (x,y) is a point of the locus, then

x , ay - b sin

y a - b cos .

in Figure 5 -14 the point q less coordinates (0,k) To find k

we first find .:, from 0 loo - 6 sin We can do this only approxi-

mately, from the tables and the fact that in t 7c. From Table II

we have sin i.50 O.)), and in i.48 . A reasonable estimate

gives 0 z within the limits of accuracy of this table. Therefore

k z 4 - os 1.,0 or 4 - . C,3. 1 .

A. h ;et., larger in ,-cmparison with a thc lower loops tact ,

relatively larger, and tlic J,raph look:, as II' it were being compressed

horizontall. The lower' wil)1 irt(oeot aril overlap and tae

will !ook more and mon- lilr a plant o:e2tion of a ti:nt he 12a; sprint:,

or likr an elai,oate doodle.

2. mhio drawing sha,:d akc dear

thr relationo:

x d 0,C; -

t'J a - b

The equations for trio cqrtat(

cj,:lold are cxa ;11:: the oamc ri-

thooe for thc proia'r

) x - t sin

- t, coo

16 7



The distinguishing feature for their graphs is in the relative

sizes of a and b , as indicated in the text.

3. (Refer to Figure 5-15 in the text.) Since length of All length of BP,

We have ap = be . Also, C i b) cos Q (a 4 0) sin e) . If

P - (x,y) is a point of the locus then

x = d(0,E) - d(P,D) :a + b) cos e - a sin ip ,

1 y = d(C,E) - d(C,D) = (a + b) sin e - a cos w.

Since 6 4 p ; w , we have sin st, == cos(0 + t) , and

= sine f p) thus we may eliminate )1' from the equations above

and write

x ;a + b) cosh- a aoa(e -

y (a + b) sin 6 - a sin(e + p) .

Finally, since e = e we ray eliminate p from the equations above
a

and get

x = (a + b) cos 6 - a cos(6 + 12-e ) ,

1

a

y = (a + b) sin e - a sin(6 f 26 ) .
a

These are usually written

x = (a + b) cos e - a cos (a + ) e) ,

ia

1 Y = (a f b) sin 6- a sin(a 4 b 9) .

a
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4. The analysis here is closelj related to that of the previous solution.

We furnish a diagram and essential steps only.

= be .

- e = 4

d(P,D) = a sin V/ ,

d(C,D) = a cos V/ .

P = (x,y)

x - a) cos e a sin 4,,
y = (b - a) sin e - a cos ty .

Ix = (b - a) cos e a cos(12-=.1-26),

) y - a) sin 6 - a sin(L:
a
=16).

Symmetric in y- ..xis 0,--y1 a, x rovers all reals asimptotic to

x-axis, tanjent to y 'a Fo -,et the analytic representation, connect

points D , A . L'raw I to the x-axis. Ihen in 'Z

(ISOD) e m1IA() ; y c1 D,.') d'0,1') sin e ; dk0,1') 'a 6 -

fnerefore, y sin 6 x 'a cot 6 . Th'se t:re parametri,.

equations for tL(

x :a cot e .

1 :in 6 -

la eliminn:( .rtameter we may q,ar6 toth membfis of cI 1irnt

egaat, t', 1.-1c with the 3eond to of tai.. cventual',,

x , or y

1,- 1 6 9



6. Choose coordinate system so that

P = (b,0) , P
2

(-b,0) . Then

we get the condition

x2 y2 = a2 - b2 . 1r lal < Ibl

there ar_ no point:, in locus. If

lal ' Ibl , the locus is the point

(0,0) If Ial > Ibl , the locus

is a circle with origin at (0,0)

and radius )7717 .

x

Square (a,a)(-a,a)(a,-a)(-a,-a) , constant
4k2 x2 y2 k2

2a2 .

0
If k

2
< 2a , locus is empty set. If k

2
= 2a

2
, locus is point at

(0,0). If k
2

> 2a
2

, locus is a circle with center (0,0) and radius

- 2a
2

.

8. Same square: side x = a , x = -a , y = a , y = -a , constant 4k
2

,

0 2
y = 2k

2
- 2a

2
. If 'n

2
< a

2
, locus is empty set. If k

2
= a

2
,

locus is (0,0) . If k2 > a
2

, locus is circle with center (0,0) and

radius 12k2 - 2a2 .

9. (2c)x + (a + b)y = c(a + b) (The sides of the triangle may be extended to

allow values of y and x ou.side of the triangle.)

10.
y2 ci)2

-
(2\2
2, . Q does lie on the locus.

11. (Refer to Figure 5-17 in the text.)

d(P,S) = d(0,R) = 2a cos e
, from right WAR .

d(0,S) = 2a sec e . Therefore

r = d(0,P) = d(0,S) - d(P,S) = 2a(sec e - cos e) .

This is a polar equation for the graph. An equivalent form for this

equation is . = 2a sin e tan e . To change to rectangular coordinates

it is convenient to multiply both members by r and obtain

r
2

2a(r sin e)(tan e) , which yields x
2

4 y
2

= 2a(y)(Z) , which can

3
be written, x(x

2
y
2.

) = 2ay
2
, or y

2
=
2a

x

- x

140



The procedure of multiplying

both members of the equation by

r is convenient, but we must check

that the graphs of

r = 2a sin 8 tan e and

r
2
= 2ar sin 8 tan 8 are the

same. The only points that might

be on the graph of the latter but

not on that of the former are

pOints for Which r 0 , but the

pole, which is the only such point,

is already on that graph. The

equations therefore do have the

same graphs. The escape the studea. unless they think about

such simple example.; as x y and x- ey , whose rlaphs are different.

The situation for polar coo,dibatch'can to stated an f9llows. 2uppose

the pole lies on the rraph of the eqation f(r20) 0 . Then the araphs

of that equation and the equa4lon rf:r09) - 0 are identical. Fhe same

thing can occur when we arc deali%g with rectangular coordi.ates. For

example, the equations x xy and x x y have the same graph. The

expi at on it; ess ent r al lhe same as it was for polar coordinates. All

the points which would c;,,ervise have heen added to the graph when we

multiplied both memlers Cr. its eq,tion hy x , wel.e already points of

the rraph of x xy . -

!,efer to '.wure ,bf the text.)

A ;olr equation for the locus of t ; r

equations for i.e! '0 of 1 and 1" are

r
a

cos 6

The trisection of un angle it; one of the great classical problems in

mathematic:, under the usual conditions, allow.ng only compasses and

unmarked straightedge, the problem is plovaLly insoluble. (See e.g.,

What is Mathematics, Courant and Robbins.) However, by the use of

special curve.; which cannot be drawn solely with compasses and unmarked

straightede the problem can be solved. Any such curve used for this

17 ,
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purpose il called a trisectrix.

To show the use or the conchoid

as a trisectrix we proceed a::

follows:

We are given any LABC .

From 0 , any point in BC , draw

OE j AB . Construct the left

branch of the conchoid an in the

text, using d(Q,B) as length 2 .

(This is the step which is barred

under the classic restriction.)

Now construct a circle with B

a:: center, and 2 as radius, to

cut the conchoid at P Draw
11.
OP to cut AB at, Q . We assert

that - Low) 1
-m(

,

LOBA) .

Proof: Draw PB . Then, from

isosceles triangles FQB and

PDO we can verify the relations

indicated in the diagram.

2a

.

E

Note that if i is greater C -

than the distance from the point

to the line, then the left branch

of the conchoid has a loop, as in

the text. If 2 equals the

distance from the point to the

line then the left branch has a

cusp as in the illustration here.

If 2 is lens than the distance

from the point to the line, the

left branch will have an indenta-

tion toward the fixed point.

1.492

P
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13. (Refer to Figure 5-19.)

Through T draw lines parallel

to the axes as indicated.

d(P,T) = a6

X = a(T,M) - a( 0,N) ,

1 y = d(P,M) a(T,N) .

P
(x,y)

x = ae c00(e - .7-5) I- a cos(n - e),

) y = a& sin(e - + a sin e .
a sinoi

Therefore

x = a cos e ae sin e

y= a sin 6 - a6 cos e .

14. Students sometimes refer to this

problem as the "hula-hoop" problem.

Figure 5-20 in the text contains

lines which are not pertinent to

this solution. Please ignore them

and refer to the figure at the

right:

d(C,T) = d(C,P) = b ; d(0,T) = a;

'0,C) = b - a .

AT = ae = b pe.

F = (x,y) .

N

x = d(0,F) d(D,P) = (b - a) in (0 - #) 4 b sin # ,

1 y = dOD,C) - d(F,C; =b cos # - (b : a) cos (0 - #) .

Cince e = o - # 4
2

II-

'

we may eliminate b :

sin(0 - #) = sin(6 - = -cos e

nos( - #) = cos(e - 1-,;) = sin ;

in # = - e = n0s(c: - e) = nos(e - 0) ,

cos q, cos( - e = -Gin(o - e) sin(e 0)

1701 t



- a) cos 0 b cos(0 -
/

= b sin(& -_0) -(b - a) sin 0 .

Finally, since 0
a
E ,

-
x = -(b - a) dos e b cos

b

b

a
,

) y . -(b - a) sin e + b sin ae .
0

5-6. Parametric Equations of a Straight Line.

5-6

4

The material in this section uses methods developed in this chapter to

extend and apply the content introduced in Chapter 2. We recommend here and

throughout the book that students be required to refer backwards and forwards.

To prepare for this section students should be given, in the preceding few

days, some home-work exercises from the latter half of Chapter 2, and that

you continue giving some home-work exercises from that chapter as you go on

through this section. A systematic overlapping of such assignments is a

feature of what is called "spiral" assignments, which we recommend.

The geometric version of the assumption that xi = x0 is that the two

points are equidistant from the y-axis, the geometric version of the conclusion

(that the equations are x = x0 , y = y0 + mt) , is ;,hat the line through these

points is parallel to the y-axis. In the second case the assumption is equi-

valent to saying that the points are equidistant from the x-axis, and the

conclusion is equivalent to saying that the line through them is parallel to

the x-axis.

It makes no difference what letter is used for the parameter in

parametric equations for a line. Thus we could have represented the lines

L
1

and L
2 of Example 2 as follows:

L
1

: x = 4 -.2t L
2

: x = -3 - t
-1

y = 2 - 6t y -1 3t

If a student asks whether the tfsro t's are equal, it must be made clear

that the question is meaningless. They are bot4 variables and can take

any real value. Suppose we had used the representations above and had then

tried to find the intersection of the lines by splving the simultaneous

equations

17 4



5 -6

° 4 - 2f = -3 - t

2 6t = -1 + 3t.

The question we would really have been trying to answer is whether there are

any values of t which give the same point on both lines, and this is not

the question we started with. This point comes up again in Example ,.

1. (a) = 5 - 3t

y = -1 + 4t

(b) fx = 0 + 1+t

1 y = 0 + lt

(c) Ix = 2 + Ot

= 61.

(d) x = -1 - 5t

t y = + of

(e) x = 1 + 1 t

ly=l+ 1 t

(f)) x = -1 + at

1 y = -1 + at

(g) x = 1 - 1 t

1 y = 0 + 1 t

(h) x = 2 - 4t

1 y = -2 + 4t

2. (a)

1

Exercises 5_6

j X = 2 + 3f

1 y = 3 - 4t

i x = 4 - 4t

1 y = 1 - it

i x = 2 - Ot

1 y = 3 - 6t

x = -6 + 5t

1 y = 4 + Ct

x = 2 - 1 t

ly = 2 - 1 t

ix = 1 - 2t

ly = 1 - 2t

fx = 0 + 1 t

ly = 1 - 1 t

ix = -2 + 4t

ly = 2 - 4t



(c)

(d)
(-11,4) (-6,4),:-.1,4 (4,4) (-11,4)(-6,4)(- (4,4)

t 0 t -1 t -1 t=0 t= t--2

t 2 (2,9)

t

t 0 (2,-3)
-6

t -1 (2,-9)

(e)

t=2
3,3)

t=1 (2,2)t=-0
(1,1)

0,0) I I I

t=-1/
t=0 (2,2)

(14)
I I0,0)

'I76



5-6

(g)

(-1 2)
t=2

t=1 (0,1)

(1,0) 1

t 0

t=-1
(2,-1)

3 (a) (-14,21)

(b) The lines arc parallel; their pain> of dirc7Lion nuxihers are

equivalent: (6,-4) (- 2( -3), -2(2))

(c) The lines are coincident; their pairs of direction nuimers are

equivalent and they have at least one point (-;,2) in common,

174 1 77
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4. Using points (1,1)(4,? ) on the line I, : - ;y 1 0 .

/

1 +

.'

5. - 1(1,1 - t2), yl - y2 m(t, -

d(P P
2

) -112(t
1

- t`)2 1 r.:` (t
1

7"

4k,Vn( t 7.7t
1
)2

-

N/f2 m2

= It
2

- t
1

1

6. x = 16 + t(-24)

1
y = 2 + t\0,015.

7. (a) Substituting

t2)-

x = Xt, y = pt into a:: f by. - a`b gives

a), t bp2t 2 a2b2

t2(a) 4 bp2) - a2132

("If 02 4 bp2 /.0

a2b2

a X2 4- bp2

if aX
2

+ bp
2 >0

t = +

6)-6

hence line intersects figure at points equidistant from 0 under

conditions mentioned.

:(b) Putting x = ?t , y = Into y - ax's , we get t a'A3t3 . If

a >0 for 4 / 0 , / 0 and considering only t / 0 r,. get

2 °L1,
t =

3

If 11! 'A > 0 , t 1 -1\- /(FiT and-intersections are symmetric.

If < 0 , there are no intersections for t / 0

Thud-the origin is the center.

(2) a < 0 , for a /.0 , ')\ / 0 and considering t / 0 we get

0 3 a



If p X > 0 , there are no in sects for t / 0 .

If p X < 0 , then there re intersections for

t =/ 1- 'P PI7 aT

Again the origin is the ,center.

(c) Putting x= T t, y t into y
x3

x
2

- 1

A3t3
we get g t = which is not defined for X t = 1

)1 t
2 -1

If g i 0

if t / 0

2t3 t 1130.

2
t
3

- t = Az

2
t
3

;

2t2
- 1 = µ2t2 ;

t2(?\2 p2)

2 2 2 1
If p p X t

X
2

-
2X2 -K2

If X
2

> I/
2

, then the line intersects the curve for

t = 4.

X
2

1
, that is, symmetrically.

There is no value of t if X
2

< p,
2

. Thus the curve has the origin

as its center.

We suppose that a bounded set r, has two centers, and show that we get

a contradiction. We call these centers 0 and I and establish a

coordinate system with origin at 0 , with x-axis along OI , and I as

the point (1,0) . If 0 and I are centers then 0 has a symmetric

image, 01 in I , and 01 = (2,0) . 01 has asymmetric image 02 in

01 and 02 = (-2,0) . 02 has a symmetric image 03 in I , and

03 = (3,0) , and so on. The points 01 03 , 05 , , are all members

Of S and their coordinates, (2,0) , (3,0) , (4,0) , , indicate that

they are farther and farther from the origin. Clearly they cannot all

be enclosed by an finite rectangle, which means that S cannot be

bounded.

The statement is not true for unbounded sets; for ex-_,,ple any point

of a line is a center of the set of points of that line.
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9. We express the line in parametricc, form using direction cosines:

j x = 0.8t

1 y i + C.ot

When t = , (x,y) - (5.8, ) ;

when t -1 , (x,y) = (4.2, .4) .

10. X = C 3t ,

I y = 9 4 ht, .

It is simplest here to use d(A,B) units along the line. When t 5 ,

(x,y) = (15,29) ; when t -5 (x,y) = .

Review Exercises

In the answers to these exerciscL; we supply, in most cases, the simplest

and most directly achieved answer. It is always'to Le understood that a

given graph has infinitely many ana:yti2 representations. Some of these may

be trivially related as: y - 5 and , 10 ; some non - trivially as:

x + 2y - I1 = 0 and

j x 5 ,

y - ^t .

The teacher is particularly urged in this chapter to consider carefully any

pupilts answer which may differ from the one presented here. It may be

correct, but written in unfamilicr form, and tic student may, with benefit,

carry the burden of showing the equivalence of the two.

When we are asked for an analytic description of a set, for example,

2(a) below, we will usually write our answer in the form in which it appears

in the literature:

x = 0 ,

instead of the longer form:

((x,y) x - hy + = 0)

1. (a) The lines: y x and y -x ; or y
2

= x
2

.

(b) The line: x = 8 .

(c) The line: y = 4 .

(d) The line: 3x - 4y - 8 = 0

(e) The circle: ;x- 5)2 (y - 8)2 = 9 which can also be written:

x
2

y
2

- 10x - 16y 4- 80 0 .

(f) The lines: x = 2 and x = 8 .

177
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,g) The lines: y = 1 and =

'h) The lines: 3x - 4y + 22 = 0 and 3x - 4; - 8 = 0 .

(i) The lines: x = k + h and x = k - h .

(j) The lines: y-q4p,y.q-p.
o

/(k) If ax + by 4 c = 0 represents a line, then a- + / 0 ana the

distance from P = (x
0'

y
0

) to this lines is given by

(1)

(m)

lax
0

4 by
0

cl

d = . This equation is equivalent to
/2
la

ax + by
0 0

I , therefore the locus of all such points

P = (x,y) is the pair of lines represented by

ax + by /c + 6077 = 0 , and ax + by 4 c - da2/77fb2 . 0 .

The distance from P = (x,y) to A = (5,0) is )(x -
5)2 y2

and to B = (11,0) is (x - 11)2 y2 . The condition is

equivalent to; 1(7- 5)2 y2 = 2)(x - 11)2 t y2 . This equation

is an answer to the exercise, but it can be written more simply PS

x
2

4 y - 26x,+ 143 = 0 , or as (x - 4 y
2
= 4' . This last

equation yields the additional information that the graph is a

circle with center at (13,0) and with radius .

The condition yields directly: y = - 5)2 (y - 8)2 or more

simply x - 10x - 16y 4 89 = 0 . This can also be written

(x - 5)2 = 16(y - 4) , which can be interpreted to be an equation,

of a parabola with vertex at (5,4) , axis along the y-axis, and

open upward.

(n) As above, we get the parabola: y
2
- 8x + 24 = 0 .

(o) The distance from P = (x,y) to D = (5,3) is v(x - 5)2 4 (y - 3)2.

The distance from P = (x,y) to the line 3x - 4y 7 = 0 is

lax - 4y +)7I
. An answer to this exercise is given by the state-

)777
ment of equality for these two distances,

-
5)2 (y 3)2 I3X 4y + 71

This can be written some-
)77477

what more simply as 16x2 + 24 + y + 9y2- 292x - 94y + 801 = 0 We

state that the graph is a parabola with an oblique axis perpendicu-

lar to the given line, but we leave any further discussion of this

equation and graph for Chapter 10.

a78.1.8.1



(p) As in the previous exercise, an answer is given by:

- r)2 (y s)2 laX + by F cl
which can be written also as:

a2 ± b2

(ax + by
c)2 (a2

) k

,

x - r) 4 (y - s)2 , or, as a poly-

nomial in x and y :

, \b2x 2 - 2abxy + a
2
y
2
-2kac+ a

2r+b 2
r)x- 2(bc+ a

2
s+b 2

s)y

, 2 2 2 2 2 2 2.+ kar +as +br 4bs - c-) =O.

We state again without proof that the graph of this equation is a

parabola with its axis perpendicular to the given line.

In (a) - (i) we give our answers in both

forms; either or both may be use,3_.

(a) x - 4y + 7 = 0 ; or

1

(b) x - 4y 4 7 = 0 , x > -3; or

1

( c) x - 4y + 7 = 0 -3 < x < ; or

1=

(a) x + 2y - 11 = o ; or

(e) x + 2y - 11 = 0 , x < 5 ; Or j

(f) x + 2y - 11 = 0 , 1 < x < 5 ; or j

1

(g) x - y + 4 = 0 ; or

(h) x - y + 4 =0 , x < 1 ; or

(i) x - y + 4 = 0 , -3 < x < 1 or

reetangular,and parametric

rx = -3 + 8t ,

y = 1 2t.

rx = -3 + 8t ,

t >0
y = 1 + 2t ,

x = -3 f- 8t ,

0 < t <
y 1 2t,

x = 5 - 4t

y = + 2t.

X = 5 - 4t ,

t >0 .
y = 3 + 2t ,

x = 5 - 4t ,

0 < t <
y 2t,

( x - 4t,

1 y = 5 - 4t .

x = 1 - 4t,
t > 0

y 5 - 4t ,

(x = 1 - 4t ,
0 < t <

1y = 5 - kt ,

1.

1.

1.

.
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(j) This, and the next fo r parts of this exercise are Most readily
2

done with parametric representa-

tions or vectors. The interior

of LUC can be described as

the set of points of the in-
.-1.

terior of all rays BP , where

P is a point of the interior

of CA In that Case

P = (x,y) ; where x = 1 - 4t , y = 5 - 4t , 0 < t < 1 , from (i)

above. We need another parameter to give us the interior of BP .

Thus direction numbers for BP are (1 - 4t - 5 , 5 - 4t - 3) ,

or (-4 - 4t , 2 - 4t) . Thus, for a point Q = (x,y) of the

interior of BP we have x = 5 4 s(-4 - 40 , y = 3 + s(2 - 4t) ,

s > 0 . We present this answer more neatly:

((x,y) : x = 5 - 4x - 4st , y = 3 + 2s - 4st , s > 0 , 0 < t .< 1) .

In vector form, if P is an interior point of CA then,

p = c + , 0 < t < 1 . If Q is an interior point of BP ,
" --

then q = b + s(p - b) , s > 0 . In terms of a,b,clwe have

= ; + sCc + t(Z - - 1;) , q = (st)-Z + (1 - s)i3 + (s - st)-C. ,

with s > 0 , 0 < t < 1 . Note that the sum of the scalar multi-

pliers is 1

We can show the equivalence of the vector and parametric forms

by expressing each vector in terms of its components and then com-

bining, retaining the parametric conditions s > 0 , 0 < t < 1 .

Thus: q = [x,y] , a = [-3,1] , b = [5,3] , c = [1,5] . Then

[x,y] = st(-3,1] + (1 - s)(5,3] (s - st)(1,5] ,

[x,y] = (-3st + 5 - 5s + s - st , st 4- 3 - 3s 4 5s - 5st] ,

[t,y] , (5 - 4s - 4st , 3+ 2s - 4st] .

Therefore

Ix = 5 - 4s - 4st ,

1y = 3 +- 2s - 4st ;

and these are the parametric equations we found before.

(k) If P is a point of the interior of AB , then

P = (-3 4 8t , 1 + 2t) , 0 < t < 1 . Proceed as in the previous

solution and obtain the answer,

((x,y) : x = 1 - 4s + 8st , y = 5 - 4s , 2st , s > 0 , 0 < t < 1) .

In vector form p a 4 - , 0 < t < 1 , and t, the vector

to any point Q of the interior of LBCA is given by
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(9 )

(m)

q = c + s(p c) , s > 0 . This can be'written in terms of
.11

a , b , c as was done in the previous soll:tion:

q= (s - + + (1 - s).C. , s > 0 , 0 < t < 1 .

Note the resemblance to the result in the previous exercise.

The component forms of these vectors can be used to relate

this result to the parametric equation found a few lines

earlier.

(Refer to the two previous solutions.)

.5 + -07 - , 0 < t < 1;q=afs(5-7i),s>0.
q = (1 - s); + (st)b + (s - s > 0 , 0 < t < 1 .

The parametric form is

((x, Y) : x = -3 + 4s + Est , 1 + 4s - 2st , s > C , On< t < 1) .

The interior of AALC is part of the interior of LABC . If

we refer to the solution of part (j) of this group we need

now use only the interior points of BP where P is an in.

terior point of AC . We can effect this result by a simple

change on the parameter s which we now take 0 < s < 1 . Our
0

solution in vector form is therefore:

= (s07. + (1 - s)17.; + (s - st)C- , with 0 < s < 1 , O.< t < 1,

We could use the results of (k) and (I) above, and obtain

q = (s - st)7i. + (stl; + (1 - , 0 < s < 1 , 0 < t e 1 ;

= ;1 - s)7): + (s1)17 + (s - st)C" , 0 < s e1, Oet <1.

The similarity of,these expressions leads to a more

symmetric formula, if we note that the scalar multipliers' are

non-negative and have the sum 1 . We may write a vector

formula for the interior of MBC thus:
aa. aft

q = as + 010 + 7 c , where a , , 7 are non-negative and

a + + 1 = 1 .

11) x + 2y + 1 = 0

(o) x - y - 2 = 0

(p) x - 4y + 19 = 0 .

(q) 2x - y + 7 = o .

(r) x + y - 8 = 0

(s) 4x + y - 9 = 0

(t) x - 2y + 5 = 0 .

(u) y = 3



(v) x = 1 .

(w) The line y 1 is parallel to the x-axis, and the line

. -3 is parallel to the y-axis.

(x) 4x + y - 6 r 0 .

(y) 2x - y - 2 = 0 .

(z) If the center of the circle is at (11,v) then

,)2.1.(5.
(5 -u)2

(3...v)2
= (3 +u)2

(1- v)2 r2

Solving these equations gives the coordinates of the center,

4 2
(-3-, 7) , and the length

circle has the equation,

may be written also as

A75
the radius, Thus

10
the

, which

0 .

of --- .

4
(x - 7)

2
(y -

P)2

3x
2

+ 3y
2

- 8x - 4y - 50 =

3. The abbreviated sketch we supply for each part of this exercise

should indicate the answers requested originally. Other brief

comments are supplied as seem necessary.

(a)

line

(b)

0

25

( c)

pair of

vertical

lines

0

(d)

line circle

4

15

182

183-



A

( e)

3

4

ellipse

(f)

hyperbola

(j)
Pair of

vertical

lines

0 2 8

(k)

The region

between but

not including

-9 -5 -I
1

the vertical
1

1
lines.

(g) (2)

parabola

(h) (m)
parabola

(i)

t

(Same as (g)

turned 90°)

186
183

(n)

0 a-b

1

cab

0

The entire

plane except.

The x- and

y-axes.

The two lines
-1,

inUcated

x = 1 , and

I y . -2 ,



(0)

(p)

-2 0 5

(q)

x
2

- 3x - 10 = 0

x - 5)(x+ 2) = 0

The pair of vertical lines.

The region below the line y = x .

The shaded region between the

lines y = ± x , as shown .

0

x
2

< x
2

is

equivalent

to

x
2

- x > 0 ,

or

x(x - 1) > 0 .

This inequality is true for all

x except for O< x < 1 . The

graph is the entire plane except

region between the ver ical lines.

4. We do not supply full answers here: but only en ugh in sketch or comment

to make contact with familiar material.

(a) Circle with radius 3 and center at the pole.

(b) The-interior of the circle in (a) above.

(c) Since there is no negative restriction on r , the set is the

entire plane. If 0 < r < 3 the set would be the same as (b)

above.

(d) The plane outside the circle of (a) above.

(t) line Lhe axi; oia ai--zac of

measure 2 .

(f) Since there is no negative restriction on e the set is the

entire plane.

(g) If r > 0 the graph is a spiral sailer to that of Figure 51 but

opening more rapidly. It contains the pole and crosses the polar

axis to the right at 4A , 8% , 12A , , and to the left at

(abscissas) -2A , -6A , -10A , . if r < 0 the graph is the

symmetric image with respect to the pole of the path just describel,

thus the entire graph is a double spiral opening counterclockwise

and crossing the polar axib at (abscissas) 0 , 2A =2A , 4A ,

6A , r 6g , . .
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(1) The entire plane. Compare the polar and rectargular conditions:

x- y gives a line, and x< y a half- plane; r= e a spiral,

and r < e the whole plane.

(i) Two lines through the origin, e = 2.1 and e = 1.9 .

(j) The annular region between two concentric circles of radii

4.9 and 5.1 with centers at tile pole.

In the next few solutions we supply a familiar equivalent equation in

rectangular coordinates related in the obvious way, to polar coordinates.

The graphs for parts (k) (q)- are all liner, and in each case the

absolute value of the numerator is the distance from the pole to the line.

(k) The line y 6 .

(j) The line x . -3 .

(m) The line x = -2 .

(n) The line x . 5 .

(o) The line through (1,0) with s14 1 .

(p) The line through (-4,/,0) with slope 1 .

(q) We take 0 < b < 2if . If b - 0 the graph is the line

y a ; if b = 2g the graph is the line y = -a . If b.=

3nor 2 the graph is the line x = -a or x = a , respectively.

If b has any other value in the indicated domain the graph is

the line through (-a csc b , 0) , with the slope tan b .

(r) Polar inequalities must be carefully analyzed. In this case

if 0 < e < g the graph is the region above the line y = 1 .

If e = 7 there is no value-of r for which

1
r >

sing sin e
since 1 is not defined then. If g < e < 2g

then the graph contains every point which is beloW the line

y = 1 and on any line which intersects the line y . 1 and

which goes through the origin. That is, this part of the

graph is the region below the line y = 1 , excluding the two
3

half-lines along the x-axis: y = 0 , x > 0 , and y = 0

x <'0 . To summarize, the graph of

r >7.170- is the entire plane except the points of the line

y = 1 and the points of the two half-lines along the x-axis:

y 0 , x > 0 , and y = 0 , x < 0 It is instructive to

investigate, but we will not, the relation between r <
1

and r sin e < 1 , noting that this second inequality is

related to y< 1.
'185 1 8 8



,$) We consider 0 = e < 20 . If e = 0 the graph is that part

of the x-axis to the left of x 2 . If 0 < e 7 we get,

for 0 < r s
co 6 ,

the vertical strip above the x-axis and
s

between the y-axis and the line x = 2 . For this 7ame domain,

if r 0 we get the origin and all points in the third

vadrant. If 7
in

6 < we get the region to the right of

the line x r 2 . ince is not defined for e = , or
cos 6

t7 there is no value of r defined for these values of 6 .

If < e < 2s and 0 < r <
cos 6

we get the vertical strip

hclow the x-axis and between the y-axis and th.E line x = 2 .

For this same domain if r < 0 we getthe origin and all

points in the second quadrant. To summarize, the graph we want

is the entire plane except the line x = 2 , and the two half-

lines along the y-axis; x 0 , y > 0 , and x = 0 , y < 0 .

It is instructive to investigate, though we will not, the

0

relation between r >
cos e

and r cos e > 2 , noting that

this second inequality is related to 4x > 2

(t) The pole.

5. In the discussion of related polar equations in Section 5-2 we used the

fact that the point P = (i.,6) has also the Coordinates (-r, e 4- n)

Thus, if P is on the graph: of r = f(6) we must also have P on the

graph of -r f(6 n) . Then we obtained the equivalent equation

r e) , but this step cannot be carried through so easily with

inequalities,, If the point (r,6) is on the graph of r f(6) , then

that sang poYit, now indicated cy (-r,6 4 n) , is on the graph of

-r > 1'(6 s. , but this last inequality is equivalent to r < -f(6 + n)

and this is t t
related polar inequality of r > f(6) . However, the

,,original inclus:ttycan
frequently be written in the form g(r,e) > 0

for which, the related polar inequality is e # g) > 0 and is
4

usually easier handle.

(a) r- 9

,(b) r2 < 9

(c) > -3

(d) r <

184 8 9



e . 2 - n

e < -

r = -2(e + n)
r > -(e + n)

JO n - 21 = .1
j-r - 51 < .1 , or + 51 < .1

6
r - sin e

- -3
cos

(-In) r - -2
cos e

(n) r= 5
cos e

(o) r - 1

cos(e +

a
(q) r sine -b)
(r) r< -s- It-6

(s) r> 2
cos e

(t) r = 0
6. (a) y = x2 - 2x + 2

(b) x - 2y +. = 0
( c) 2y = x + xy

(d) x3 = y2 + xy

(e) y = x2 - 2
2 2x y(P) 276 =

(x - 2)2 (y - 4)2(g) - 1
9 25

2(h) Ity,, = x 2(4 - x2
)

(i) 2 4.
1
2 = 1x y

(.1) x" - 1Cy2(1 - y2)(1 -

x = 3 - 5t,
5

y = 7 - 4 t.
5

° '8190



8. x = 84t ,

y = 288t .

. (8,0) ,

. (14,-2) ,

9. When t = 3 , 'A

When t 7 5 , A

10. When t = 2 = (x1 + 221

= (-1,110 , d(A,B) = ,1777 .

B = (-5,16) , d(A,B) = )785 .

' Y1 f 2m1) ' P2 (x2 21'2' Y2 24:12) '

d(Pi 1°2) = Ax - x2 221 - 222) 2 4 - Yp

11. (a) x = cos(21 + ant) , y = sin(1:4 6t) .
2

(b) x = cos(- 1-L - 4gt) , y = 4gt) .

ye). x = cos( - . 4 2gt) y = sin( -
o

2gt) .

(d) x = cos(g - 8gt) , y = sin(g 8gt) ."

(e) x = cos(4 gt) , y = + gt) .

a
2

)

2.

12. We give, the time in seconds and the angular position in terms of e
,

only. The rectangular coordinates of the osititn,are (cos .8", an e).

13, Assume that it starts from its farthest right position

x =.4 4 3 cos lint ,

y = 5 4 3 sin Itgt

. .

If, witen t = 0 it starts from the angular post ion 8 relative to its

centev, thenthe equation' of mbtion are

1 ,a Assum

Then

x = 4 + 3 cos (itnt e)

y = 5 + 3 sin Volt + e)

it starts from the angular position e relative to .its center.

f x = -1 + 2 cos (i) 2gt) ,

Y = sin (8 - 2nt) .



) ' '

15. These are a1 .circular paths with center at the centerof the clock. We
. give the radius, angu.tr positi6n of starting point, direction of rota-

tion, and angular veloc n rAvolutions per minute.

(a) , C , cuunterclock. rym.

(b) A , counterclockwi, rpm. J t.

(c) 10 , n , cl'ockwise, 5 rpm.

(d) 8 , g , countercloekvise; 2 rpm.

(e) The given equations are equivalent to

X :- 2 cos' (1,1 - 27(0

y = 2 sih (1,-; - ._At) ;

therefore the m)tion is as above: n IT

2 , 7, 7

16. (a) x = cor09

1 y = 3 sing .

clockwiale, 1 rpm.

(b) ix 3 cos e

1 y , 4 sin +9.

(c) cos ,9 ,

: rl5sin9.

(a) The path of P is a cycloid with parametric equations
o

x a(6 - sin.e) ,

1 y = 3,/,1'.- dos 0) .

We assume the following; a = 12 inches; the wheel rolls filoM
felt ',to right; x is measured in inches along the road to the
right from the first contact point of P ; y is measured in
inches above the road; e is the angle of rotation measured
clockwise from the 6 o'clock poaitior to the position,of P ;

19 = at where t is measured in seconds aril o) = 3 rps = 6g
'radius per second. Our equations are:

f x = 12(6At - sin Ent) ,

1 j = 12(1 - cos Ent) .

(D) The path of Q is a curtat& cycloid whose' equations were derived
in' the solution to Challenge Exercise 2 on page 18.

tions of the path of Q are

(x = 12(6nt) - 6 sin (6nt)

y = 12 - 6 cos (610 .

1 9 2 189/1q0
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6-1

Chapter 6

CURVE SKETCHING AND LOCUS PROBLEMS

This chapter explorLs in detail the relation between a curve and its
analytic representation. We present some methods of curve-sketching which
are probably new to the students, particularly

the addition and multiplica-

tion of ordinates and the addition of radii. These relate the graphs of

certain types of equations to the more familiar graphs of simpler equations.

We then discuss some geometric properties of the curve and see how they
can re deduced from its analytic representations. We see how the choice of

coordinate system casts its particular light on our analysis, and explore the
advantages and disadvantages of each in a variety of situations. The geo-
metric properties we consider are symmetry, extent, periodicity, intercepts,
and asymptotes. The treatment is careful but not exhaustive, and students

should be encouraged to see any open questions that we leave, and to try to
supply some answers. This is the essence of research, and should be so pre-
sented.

We suggest some topics that may be explored as extensions of the content
of this chapter: asymptotes which are oblique lines; asymptotes which are
other curves; "phase displacements", which may be considered additions of

abscissas; properties of families of curves; envelhpes of families of curves;

self-intere?cting curves; extensions to three or more dimensions; applications

of this content to physics, particularly to periodic phenomena such as radio
broadcasting; the relations among period, frequency, velocity of propagation,
and wave length; resonance and interference, both in sound and in light; the
Doppler effect in sound and in light; and so on. Students are pleased to

recognize the Doppler effect in the changing pitch of an automobile siren as

it approaches, passes, and recedes from them. They are also pleased to ob-

serve the interference of light as they look through an almost closed space
between thumb and, forefinger.

,4111e teacher is referred to any recently written text in physics, and

particularly to the members of the science department in the school. The

topics mentioned are suitable for joint investigation through experimental

1 9 391



6-2 '16".

and theoretical approaches. Both students and teachers can benefit from a

systematic investigation in depth of any of the topics mentioned, and the

opportunity to check experiment with theory and vice versa.

The sine curve is particularly suited to exhibit such matters as bounded-

ness and periodicity. The polar graph of r = sin 6 exhibits boundedness in

-f
1

that it is entirely contained in a circle of radius more than . The

periodicity is shown by the fact that as e increases without limit, the

point P will go endlessly. around the circle as shown.

Exercises 6-2(a)

It is to be understood that when we ask for bounds for a graph we want

the "best" bounds, that is, the most restrictive. Thus, for 1(a) ,

y = 2 sin x , we certainly have bounds t 10 ; "better" bounds are 5 , but

the "best" bounds are 2 as indicated below.

1. We use the fact that 0 < sin 6 < 1 and 0 < cos 6 < 1 for any 6 .

(a) -2 <-y. < 2 for any x.

(b) -1 < y < 1 for any x .

(c) 1 < y < 3 for any x .

% 1 1
(d) y for any x.

(e) Since 0 < sin 6 < 1 for any e , we have 0 < 2 sin(3x LL) < 2 ,

and -2 < y < 6 .

(f) We know 0 < 10.6 sin xl < 0.6 , and 0 < 10.8 cos xl < 0.8

therefore we have bounds 0 < y < 1.4 ; but we can do better, since

the two terms in the sum, being related, do not reach their maximum

(or minimum) values for the same value of x .

Note that (.6)
2

(.8)
2

1 therefore we may take 0.6 cos t

and 0.8 = sin t , and write y = sin x cos t + cos x sin t , with

t as above. Therefore y = sin(x t) and we now have

-1 < y < 1 These are the best bounds, and the solution to this

exercise.

1921- 9



6-2

(g) Y = 2 nin x 4 3 cos x . PT--- co:, x
32 2 3

-, ,

sin x +

1-7---22' 4- 3- 2 4 3

= 2r----a- ,2
+ 3, (sin cos t + cos x sin t) 2

where cos t = --- ,
/17

and so on.

Since y = 117 sin(x t) we have the solution,

< y < /175

,(h) y = a sin x b cos x = 2 b2 a
sin x cos x

g-T-77 a2 4 b2

= 1474-77 (sinxcostfcosxsin t) =a7---fb2 4sin(x t) ;

as in the previous solution. Therefore

)-a 4b <y<a77 b
7

(i) 0 < y < 1

(j) y = sin
2
x - cos

2
x.= - cos 2x . Therefore -1

2. Bounds: a- Ibl <y<al Ibl

Period: Since sin(cx 4 d) = sin(cx 4 d f 2gn)

= sin (c(
,

(x.4 f d) , there will be no
Pgn

change in y if 1 is inc 2gn
easeu by for integral n . Therefore

the period is
2g

.

6-2(b), Symmetry.

We deal only with point and line symmetry. The content of this section

is essential to some important transformations of the plane, which will be

dealt with in Chapter 10 and its supplement. Students should be cautioned

against replacing the phrase "symmetric with respect to the x-axis", by the

non - equivalent, "symmetric with the x-axis", Come authors use "wrt" to

replace "with respect to". We usually confine the domain of e thus:

0 < e 2n , since the generali7ation beyond this domain is usually simple.
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193



6-2

Exercises 6-2(b)

1. This question repeatsNumber S of Section 5-6, to whose solution you are

referred.

2. An ellipse, or a rectangle which is not square; ca equilateral triangle;

a square.

3. A circle, a line, the plane, a half-plane.

4. Yes. In review exercise humber 17 at the end of this chapter we ask for

the proof of a somewhat stroiger statement, that symmetry with respect to

both of two perpendicular lines requires symmetry with respect to their

intersection.

5. No. Consider t'.e graph of xy = 1 , or y = x3 , or the letter S .

C. We summarize the results by tabulating for parts (a) , (b) , (c) , (d)

(e) , (h) ,-(i) , (j) , the answers to these questions: Is the graph

symmetric with respect to the x-axis?; the y-axis?; origin?; the line

y = x?; the line y =L-x?

(a) No, yes, no, no, no.

(b) No, no, yes, no, no.

(c) No, yes, no, no, no.

(d) No, no, no, no, no.

(e) No, no, no, yes, no.

(f) This equation is equivalent to (x + y)2 f- 2(x + y) 4 1 = 2 or

(x 4 y 4 1)2= 2 , whose graph is the pair of lines

x 4 y 4 1 4- = 0 . These lines are parallel and are symmetric

with respect to (1) the line midway between them: x + y + 1 = 0 ;

(2) each point of this line, that is, each point

((x,y) : x = -t t y = t - 1 , for all t ) ; and (3) each perpendi-

cular to this line, that is each Tine of the family x - y + k = 0 .

o(g) This equation is equivalent to (x 4 y 4 5)(x y - 2) = 0 , whose

graph is the pair of parallel lines: x f y 4 5 = 0 and

x + y - 2 = 0 . They are symmetric with respect to (1) the line

midway between them, x + y + = 0 ; (2) each point of this line,

that is, each point ((x,y) :x= -t ,y=t- , for all t) ;

and (3) each perpendicular to this line, that is, to each line of

the family x - y + k = 0 .

(h) No, no, no, yes, no.

1 9 G
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(i) Yes, no, no, no, no.

(j) If n is even: yes, yes, yes, yes, yes;

if n is odd: no, no, no, yes, no.

For parts (k) - (t). We consider only symmetry with respect to the

pole and any line through the pole. We present our answers in this

order:

Is the graph symmetric with respect to the pole?

What lines through the pole are axes of symmetry for the graph?

(k) Yes; e = o , e =

(2) No; 13= 0 (since the related polar equation is r = - sin
2

,

e= .

No; e = 2 . (This curve'is an ovaloid through the points (2,0) ,(m)

(1,2),(2yg),(3,4).)

(n) No; e = 0 (This curve is a parabola.)

(o) No; e = 2 . (This curve is an ellipse. It has symmetry with

respect to its center, the point (4,i) , and the lines along

its axes. These lines are most easily represented in rectangular

coordinates: x = 0 , which has already been found, and

3
y = -5 . This last result could be folind by polar methods but

will not be discussed further.)

(p) Yes; e = 0 , e = (This locus is a pair of parallel lines and

has, beside the axes of symmetry already mentioned, any line

parallel to the polar axis, that is, any member of the family

a
r -

sin e

(q) Yes; e = , e = T . (This locus is a double loop in the first

and third quadrants, crossing at the pole.)

(r) No; e = , e = , e = (This locus is a three-leaved

rosette, with loops out to (2,i) , (2,4) , (2, 4).)
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6-2

(s) No; e = 2 . (The graph is an ovaloid,curve through the points

(3,0) , (1,i) , (3,g) , (5,41))

(t) No; e = 2 . (The graph is an ovaloid curve through the points

(a,0) , (a + , (a,g) , (a - b, -321-c).)

Challenge Problems

P1P2 must be on L , therefore a

1. Given a point P in space and a plane M which does not contain P .

The symmetric image of P with respect to M is the point P' sucn

that M is the perpendicular bisector of PP' , The question of figure=

reversal in a mirror can raise some interesting problems. The fact is

that there is a top-bottom reversal, as is seen by the reflection of a

mountain in the surface of a lake. We could easily see the top-bottom

reversal in our persons if we stood on a mirror, or sat at a mirror-top

desk. Our normal position of viewing establishes an unconscious vertical

plane of reference, usually the perpendicular bisector of the segment

joining our eyes. When we lie on our sides this plane is no longer

vertical, and the reversal is now from top to. bottom. You may grasp

th1se ideas more clearly if you close one eye to.help remove the un-

conscious vertical plane of reference and then consider various relative

positions of the mirror, the eye, and the reflected object.

2. The problem is trivial if L is horizontal or vertical. Assume that it

is neither. L is the 1 bisector of 77-T-
'

therefore the ,aidpoint of
1 2

+x
+ b

+y
2) + c = 0 or

..4----4.

2 ,

axi + ax2 + byi + by2 + 2c = 0 . P, P2 1 L , therefore

2 Yl b
- , thus, bxi - bx2 - ayi + ay2 = 0 . We solve these two

x2 -xi a. P

equations for x2 and y2 , and find

(a
2

- b
2
)xi + 2ab y

1
+ 2ac 2ab xi + (b

2
- a

2
)yi + 2bc

P2
a
2

+ b
2

a
2 . 2

O
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6-2(c). Extent.

The discussions of the examples in the text are done in sufficient detail

to meet the requirements of a text at this level. The ideas of this section

are a good foundation for the topic of continuity which is so significant in

the calculus. We do not discuss functions whoat graphs have serious dis-

continuities; nor the "pathological" etirves of higher mathematics. However,

it'is salutary for the class to discuss the graph of, say, y = (-1)x which

is totally discontinuous and consists of an infinite number of the points

of the lines y = 1 and y = -1 .

eMe

In this chapter (Page 214), the term "asymptote" has been used with

reference to a line to which the points on a graph approach more and more

closely, but which contain no points of the graph. This is always true

of the vertical asymptotes, i. e. the y-axis or lines parallel to tne y-axis.

In the second example (see Figure 6 - 9), we note that the x-axis is crossed

by the curve at (0,0) but acts as an asymptote f.r the points of the graph

where x > 1 and x < -3. In common practice such a line is also referred

to as a horizontal asymptote. Ho fer, it can be proved that such horizontal

szymptote may hai* only a finite number of points, in common with the curve.

It is also important to note that it is possible to have asymptotes

which are not lines. For example, the parabola y = x2 acts as an asymptote
P 1

to the curve y = x + . You may like to assign this to your better

students after discussing the graph of y = x +
1

on page 220.

Oe
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6-3. Conditions and iraphs (Rectangular Coordinates).

We have taken a good deal of dime and space to show how to sketch certain

graphs which are related to familiar graphs. .students soon "catch on" and

quickly develop a fine%competence in this part of their work, often reporting

later that this was the most useful part of the course in later applications.

We suggest a.ain a dynamic approach to graphing. Typical questions are,

"How could'we chtuge the equation to raise the graph 2 units?" "What

happens to the graph if we reverse these signs?" , etc. As in.all exercises,

the tore, the better, but please do not assign all the exercises of Exercise

6-3. You may, of course, use some of them for test items.

Students are always interested in applications of these ideas that come

within their immediate experience. You should point out that the graph of

the equation y=a+bsin cx is a simplified version of broaacast waves

that are received by their radio and television sets. An increase in a has-

the effect of raising the "bias". Roughly this is what is done on the TV set

when we increase the'"brightness". An increase in b has the effect of in-

creasing the amp'itdde. On the TV screen the lights would get lighter and

the darks would get darker. This' is what is done when we increase the

"contrast". -

The equation y = b sin cx also represents roughly the motion of a point

on a vibrating string. When we strike a piano key lightly, then heavily we

increase the loudness but not the pitch., This situation would correspond in

the equation, to increasing b , but keeping C constant.

When we strike two piano keys evenly we have the same loudness but

different pitch. This would correspond in the equation to keeping b constant

but changing c .

The relationships among mathematics, physics, and music were investigated

by the great Greek mathematicians. We leave for individual investigation the

extension and development of these ideas to include harmony, resonance, inter-

i,,ence, beats, etc., all of which are referred to in any current book on

physics.
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. Exerdlses 6-3

11. ' y = 2

2

Y 4. x = h

7..

2

Y
.

/
t' 0

y-intercept:

/

2

2 X

O .1

2 X

x-intercept: none

2. y = -3

I

0

4
-2

Y

/ 2 3

1 1 4

-3

y-intercept: -3

x-intercept: none

3. x = -1

Y

2

0 I

.t X

Y-intercept: none

x-intercept: -1

y-intercept: none

x-intercept: 4

5. y = -x + 3

y-intercept: 3

x-intercept: 3

20 1.

y-intercept: -1
1

x-intercept:
2

6-3



6-3

7. - 2y + 3 = 0

y-intercept:

.x-intercept: -3

8. 2x + 3y - 5 = 0

5
y-i`ntercept s-

x-intercept:

9. _ Z =
2 3

10.

.

y-intercept: -3

x-intercept: 2

y+
=

y-intercept:

x-intercept: 3

11. y = -
3

+
7%

Y

y-intercept:'i

7
0 x-intercept:

1
12. y = - x- 2

2

y-intercept:

x-intercept: -4

(x - 2)2 + (y + 1)2 = 1

y-intercept: none

x-intercept: 2

center: (2,-1)

bounded .

4
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14. (x + 1)
2

Y
2
= 4

y-intercept: +

x-Intercepts: -3,1

center: (-1,0) .

bounded

15. (x + 1)2 + (y - 1)2 = 0

which is x = 1 and y = 1

Y.

/ 0 X

Thelocus is a single point.

16: y2 = x(x - 2)t* - 3)

y- intercept: 0

x-intercepts: 0 , 2 , 3

curve is not connected

symmetric in, x -axis

no asymptotes

6-3

17. x
2

= (y + 1)(y - 1)(y - 4).

y

y-inteicepts:

x-intercepts:

curve is not connected'

symmetric in y-axih

co no asymptotes

18. xy
2

- 2y - x =.0

y-intercepts:i

x-intercept: 0

not connected'

symmetric in point (0,0)

asymptotes: y = 1, y = -1,x = 0

19. y = sin 2x

y-intercept: 0

x-intercepts: 2

-1 < y 1



20. x = sin y 23. y = 1 i/c9sX

y-intercepts;..-

x-intercept: 0

-1 <x **< 1

: 21. y = 2 sin x

y-intercept:

x..intercepts:

-2 < y < 2

22: x = cos y

nn

y-interceptg: +

x-intercept: 1

24.

.4"

y-intercept: 2

"x,- intercepts: (2n + 1)11

y-intercept: 0

x-intercepts: ng

2n
asymptotes: x -

+1
2

g

y-intercept: 1

x-intercept: none

asymptote: y = 0

404



y-intercept: 1

xmintercept: none

a-4mptote: y = 0

2
27. y = 2

x

y-intercept: 1

x-intercept: none

symmetric in y-axis

3x3

-4 x-

y-intercept: 1

x-intercept: none

ao

29. y = inx

2

0

y-intercept: none

'x-intercept: 1

30. y = inx2

4

2

4 A

X

y-intercept: none

x-intercepts: 1 , -1

symmetric wrt y-axis

31. y = lcg2 x

205
203

y
4.

2

y-intercept: none

x-intercept: 1

asymptote: x = 0 -
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32. y = 5x - 1 and x > 1

6

4

2

2 4

o intercepts

no points in left or below (1,4)

no intercepts

asymptotes: x = 0 , y =0

34. x
2

+ y2 = 2
2

,
35. 4x

2
+ y

2
= lo

y

y-intercepts 4 , -4

x-intercepts 2 , -2

symmetric in both axes

-4 < y < 4 -2 < x < 2

36. x= 3 cos3 8 y= 3 6in3

x
2/3

y
2/3

= 9
2/3

y-intercepts: 3 , -3

x-intercepts: 3 , -3

symmetric wrt both axes

tangent to axes at corner points

37. x + y = 1 0 <y <1

Y < x < 1

y-intercepts: 2 , -2 0 , X

x-intercepts: 2 , -2

center: (0,0)

symmetric wrt any line through 0 .
y-intercept: 1

x-intercept: 1

2(6
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L.

38. y = x - 1 and x > 1 and y > 0 41. (y - 2)
2

< 2(x + 1)

3.
a.
I

y-inte:cept: none

x-intercept: 1

restricted to first quadrant

39. Y > x2 y

0 2 4 - X

symmetric wrt

unbounded

2 2
x y

40. <

y-axis

Y

2

3\-2 -I 0

bounded

I 2 13

symmetric wrt both axes

x

207 ?05

4

unbounded region

synmetric wrt y = 2

42. (x 4. 2)2 f. (y 4. 3)2 > 4

unbounded region

center at (-2,-3)

43. y2 = x3
y

.4

2

y-intercept: 0

x-intercept! 0

symmetric wrt x-axis

4

x

6-3.

7



2
x
3 9

4 xy- -
.

0

y-intercept: 0

x-intercept: 0

symmetric wrt x-axis

4

x
3

+ xy
2

3x
2

F y
2

= 0

y-intercept: 0

x-intercepts: 0 , 3

asymptote: x = -1

46. x-y 4- 4y - x 0

y

2

y-intercept: 0

x-intercept: 0

asymptote: y 0

symmetric wrt origin

y <

4 4
7. x y = a

y-intercepts: lal , -lal

x-intercepts: lal , -lal

symmetric_ wrt both axes

X

6-4. Graphs and Conditions (Polar Coordinates).

The use of an auxiliary graph in rectangular coordinates, as shown in

Example, 3 is probably .new to the class. It is a useful technique and should

be practised in a fev exercises until it is understood and becomes a familiar

tool. The same may be said for the technique of addition of radii, shown in

the same example. We may think of this last technique 'in a dynamic way,

considering the radius, r as changing, or modulating, as 0 changes. Thus,

in Figure 6-29(a), as the ray OP rotates counterclockwise the Q-points along

2(2 0 8
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that ray also move counterclockwise, but have an extra radial motion,, the

modulation of the radii. The class might discuss the graphs of 1 4 3 sin e ;

1 b sin e ; 2 + sin e ; a stn e ; and finally a 4 b sin e , for changing

values of a and b .

The special 'ambiguity in the polar coordinates of the pole is an extra

ingredient to consider in diccussing the intersections of polar graphs. The

situatfon has a geographic analog which students find interesting. If you

are at the north pole, Which direction is south? The answer is more semantic

than factual. If by "south" we mean directly toward the Bout. end of the

earth's axis then the answer is: straight down along that axis. If by "south"

we mean an available direction of travel aiong the earth's surface, then the

answer is: any direction. If "north" and "south" mean "directly to the ends

of the earth's axis", then an object droiped to the surface from a point above

the "north pole" will travel simultaneously both north and south:

Exercises 6-4

1. r = 3, r = -3

Circle: center 0 , radius 3

x
2

+ y
2

= 9

'2. r = -2 r -2
Circle: center 0 , radius 2

x
2

+ y
2

= 4
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3 e = e = 711
6 ' -6-

Line through 0

y
J3x
3

5. r = 3 sin e , related equation the

same

Circle: center 44 , radius

"Ibis circle is described twice as

the radius vector rotates through

21t .

3\2 9
x
2

+ ky - =

4. =0 - T3A '
e = -

g

Line through 1

x = 0

6. r = sin 2 (9 , r = - sin 2 0

The graph is a four-leaved rose.

2 2
3/2

(x + y ) = 2xy



7 r = cos 2(1 , r = - cos 2 e

Four lea fed rose

Symmetric with respect to origin

and lines P=0,0= ,O=

\

(x
2

4' Y )
3

- (x
2

y2)2

8. r = sin 5e, related equation the

same

Five leafed rose

Symmetric with respect to origin

and lines C=47 ,n =1,3,5,7,9

2 3/ 2 . /4

(x + y 5x y - lox

9. r cos P - - j , related equation

the :.Amt:

Si-richt line

x -3

10. r cos (0 170Q) -

equation the sstve

Straight ilne

y i3x 6

3 related

211
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11. r
3

12.

-3
- cos 0 ' r 1 + cos e

ParauoJa focus 0 directrix

x = -3

Unbounded. Symmetric with respect

to polar axis

2
y + 9

9
r- b- 5 cos 0, r- 4 5 cos 0

Hyperbola with e =

foci at 0 and (10,n)

Center at . Unbodnded._

Symmetric with respect to center,

line x = -5 and polar axis.

9('Z +'S)2 16(y)2 = 144

The asymptotes are: y = + 5)

-9

13. r= 2(1 + sin 0), r = 2(sin 0 - 1)

Cardiod: Bounded

Symmetric wrt 0 = PO°

(x2
+
y2)2

4x2(1 y) - Ity
3

= 0

14. r = 2 tan 0

"Kappa Curve" so called because of

its'resemblance to the creek

letter kappa,

Unbounded. Symmetric ,wrt origin,

0 = 0 , A =900

Vertical asymptotes x =

x
4

= y
2
(4 - x

2
)

r= -2 tan e

2
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15. r = -t-;, r -

Spiral. Unbounded.

(Solid line corresponds to posi-

tive r)

Not defined at 0 = 0 or r = 0

16. r = 2 cos 0- 1 r = 2

Limacon. Bounded.

,..,Symmetric wrt, 0 = 0

17. r = 2 - 3 cosh, r = -2 - 3 cos e

Limacon. Bou 'ed.

Symmetric wrt 0 = 0

(x2 + y2)2+ 6x(x
2
+ y2) + 5x

2
- hy

2
=0

cos e+i 18. r = 2 + sin 0, r = sin e - 2

Cardiod. Bounded.

Symmetric wrt 0 = 90°

(x2 + y2)2 - 2y( x
2 +-2) -y2 -2x2 =0(x2+y2)2_

4x( x2 + y2) + 3x2 - y2= 0

1
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19. r
2

= cos 2e, related equation

the same

Two leafed rose

Symmetric wrt e = 0 , 8 = 90°.

Bounded, restricted to segments.

-45° < e < 45°,135° < 8 < 225°

(x
2
+ y )

2
= x

2
- y

2

21. r = 4 tan e sec 8, related equation

the same

Parabola.

Symmetric wrt

1 2y = Fx

Unbounded.

8'=
900

V

20. r = 4 sin 2e , related equation

the same

Two-leafed rose

Symmetric wrt e = 45°

Bounded, restricted, to

0 < 8 < 90° , 180° < 0 < 270°

(x2 4.,y2)2
= 8xy

and
"Th.

0

r = 2(1 + sin2 8), r = - 2(1 + sin2e)

Bounded.

Symmetric wrt 8 = 0 , 8 = 9 0°

(x2 y2)3 2 y2 y)2
4(x-



23. r
5

1 4- cos n r cos 6 - 1

Parabola. Jnbounded.

Symmetric wrt 0 -r 0

x = -0.1y
2

F 2.3
Jb

2/3. r < 2 , r>

The whole plane; oxery point

(r,e) in the plane may be ex-

pressed with negative r .

25. Irl < 2, related equation the same

Disk, boundary included.

Bounded. Symmetric wrt 0

2 2 ,

x- y < 4

26. 2 < r < 3, -3 r < - 2

Annulus, boundary not included

Bounded. Symmetric vrt 0 .

4 < x- y- < 9

2 J. 5..
213
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27. o<e<f7, n<0<-51?. 28. 0 < P < 114- and r 0 ,

Unbounded. Symmetric
< 0 < , and r < 0 .

wrt 0 and line 0 r- -1
Unbounded. Symmetric

wrt line 0 =

6-5. Intersections Of Graphs (Rectangular Coordinates).

This topic has been net in earlier courses and is here treated with.a
little more genei.ality. The method of linear combination.7 of functions id
used briefly here and more thoroughly in Jection 6-7. The exercises arc
limited to linear and quadratic equations only and present no special diffi-
culties. Higher degree equations have more complicated graphs and present
much more difficulties when we consider their intersections.

The order, n , of a curve is the maximum usber of pointp or'intersec-
tion that it may have with a straight line. St dents may enjoy discussiAg
the following questions about the orders of curves: What is tne relation
between the order of a curveaud the degree of an equation of it? (Note that
we say "an equation', because

ye have already seen that a curve may have more
than one equation.) What is the maximum number of intersections between two
curves of orders or and n ? Discuss the order of a closed curve, a self-
intersecting curve.

. 216
214
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Exercises 6-5

1. The point of intersection is (2,0).

1 I ' , rn- T
I -T-

1

r--7 . 1

1.----L--..----1-_-4.---__..-- -.±.--1_ 1

. ' 1 I '- 1 , I 1-7--T1-
----71-7- --'1----1---1-1--- --; -7,-.1-7-71-1-1- -T1i ..._, i...__., r .

!........
I " 1 -1-4 1--.1_

! I ;

,, ;

;

T I I

-I------4- - - '- ---i
,

,

I -71--Hi It Thy)
4.

1

, x i; --7- , ---1 --1-1- I

-4____t______- ..._1_ _4_ _i__ -._____.1 - L I -I- .. 1I; I

1,___,,--..-1.
1 t i I

1

1
(44)i I I _11 I

0 2 3 4 1 ; i ;

;
1 1 ;

.._._.,..__

1 --:---.-.----.-----4---.-.___-J-_t..

_._; _- -.- T

' 1 1

i - i ---- :

. t___ii._...i _.. _

! I i

-

2. The point of intersection is (2,3).

.14

, 7
!-----7-- --1---1--

____,___- t___. _ i___ ....

-7----,---t--,---

i,.._. .____,...._________

1

--i-
1

,

-51,-----r-
r-

--v--; ,

if,.
(13}i-

--1-:

7- r
4---;-/--1.-------;---4----

i'

1 )

T-1
-1---r----1-----

...____

Il
,

1

I

I

' __I

1

1

1--/--

7- i ---.--.--i ,---1--r

,

,

---i-i----'---1,---
,

____

I

I i

i ci

1;,
--'f

i 1.----

______

4. ,

I _.,______

-

1 1 i

X

i

,

, i ,

1

1 Li---f. f

! , i ,1,1
1 1 1

--1- T T--

I

0 f 2 3
.,

--;---t ..-..-----

71
I

is
--1---

I 1 I;
1 1

1

1

1111111111

1.911
11111111

1

.

2 17
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YIP

3. The point of intersection is (-1,2).

I I I I 17 I I

*3
7rh I.

I! I I i 4,i. 1,i,11r-i--T
1 ,...A

,. , , . :

, I ! , i.
'1111.

..,

114

I

-1

,

\,.1

!

1---,

,

r .17 1 I !7 i 1 1 7;
111-1711

6.
Ii

1!1111111.
II 'IL

X

: 7

1111H1111
iiiill!'l
;i1 il'ti
111,1!1iiiiii-ii;

1 III1..his.11

III II+TH1E-IiiIIIH11_;
4. The point of intersection is (1 §-.).

--.1 , i

f---f
I11111

1,. --f,

:

t

i-
t- mr eiAsII immeEranomiagrammilioussama

LIMN
RRIr1111 MI

11111111111Milliiimmlim

i

:

L.

IIIIPMR1111
IPAI

i

IP' 1111111

1 II
IIIIIIIIIIII
1111111110111101111
NMI

sir am=
'IIL111111111.

IIIIIIIIIIEIIIII$11111i
II IHI II

II
IR

218



.
The intersection is the null set.

2 , 4

6. The points of intersection are ( ) and k-- )

1/ 5 . Ty /5

;

. _ t

t

I

fr , 7 ; ; T ;

.r- 7,- 1- t,

I 1 1

1 I

;

Z

.X
T 4-- -

4f?.- . /-

*0--
____. , __._ ... ._

-4----r--7 --+1 i. ,-----1 ; 1-

(

,.. t I

'.

r i 7
i 1 1 1 ' i 1

t----I.,1 T
/--t-1 /

' I ' I I I I

7 -7--- - 7'
, I ,

ro,

-1-- -r-;
L

2 1 9
233
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Q.



6-5

7. The points of intersection are (1, -11 and (-1, 1).

1

I

L.-- I- -1 ---1..- 1' i 1 -
7 r

1 I 1 tI

:.

,-- ,--
, i_

1

_, 1

1 -1

f --i-
. _1 ..4 1___ L...4 ...:

1 I

;

... _. - 1.- I - -- - I- -.

y',...`i

7-

I

I i i

7- -i----i 7'4 ----4- --i
! I I

I

;

I I r I 1

-t--- ._-.4- ,. - : 4 t

I

i
; I ,

-(1.4) _ ._- -1 :

I ,

8. The point of intersection is (1; -2).

24,0
218
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9. The intersection is the null set.

1 L
! V

i

.

51
1

1

I

r
.

: I t

I t

t
I

-I

----:--

v

! --I

:49

72-

----T -_

;

T--
]

-1

1 7 ,

1

I

7
7-'

i

T7t H

,

!

r

10. The points of intersection are (1,2) and (9,6).

MIII.
Mill

OPO Ail
Mille Agg millm

111111101111131 I
pMF MUMAll' mom ma
min iimmsamm

mum mommilmmplomm
magma imummummum
mommommilsompumms

111111b11._...............
rasimmumm...milmillimmum .. m.mum= ....... mil ..
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11. The points. of intersection. are (1,1) and
. 1 1

. li j .1 1 I 1

I Iil 1

1 i ,

', I

1

' I

T I I

i

1 I

1 I

T----T
I

1

i I ,.!. 11 I 1

I

r TI I I

i

, 1

,

i---
i

,

t -r
' I 1 I ,

i---7- 1 , Ti,
, 1

. ,

'
7 i

40 1 1 I

I/ / 1 I 1_____I___; $

(/. () I I i

11111

I f

. L1 I

7
i I

1 1__1__ill1 $

1 1..-- 1

---.1')S1
...._.2.,L_L\

1

,

I 11-1
I

\ 3i;\

1 I 1 ;

I

'

I

efr---1
I L

1-- 1----
I 'L__,,,__;___L_,_ ___L__.
1 1 --*/ T 1

e. !

i 1

! 1

---- 1

! \' 1 !
1

, I

1 ;

'

1

s -t. 4-- '

1 1 I -4
1 1 I. 1

1 I 1
! f , 1

1

: I 1 ! i

1

'
1 I

1 1 I

I 1 i 1

I

I 'r , 1
1 1 i

t-
i

1 1I 1

11 , I 1 ';t11111 ,I
12, The points of intersection are (2 + ' -1 115)

and (2
- -1 - 1E5) 3' 3

1 T " 1

I 1 1

i f----- I

i

I

,

I I

--,

1 1

I

I I 1 I I 1,11,
T-

II
1 I.rI I 41'_-_I-

;

1 -1,4
I

I l

...ar
a

t-I
,__ 1 ,...1

,

-1-1
1

I

A-P1, t --t-no-)

1

i
I ', 1 1 v I 1

1

iI 0 A ' 2 1 1 1I ,

i -4

I I 11I

_ i rz-lwr3 -1'
;1

.N..
/

1 I

,

i

i ? '--- 1

1"-Y-Ft
,- ,

, i 1 '

, ,, i
1 ,

, ,

t -t-
1 1 ! I

' 71 1 11 ,

1

,

i

---T
1 I 1

I t. l !

1 II,,
1 I I I 1

14--

1I, ,, L_I 1 it,:i II i
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13. The points of intersection,are'(.'4 ,2-4) and
2 2 2 1 2

1

I . , ' ,

1

r- 7 ;"---1 1

, I , /..4 ) ,......,_,_, ____:_i____, 4 4- - , .2,....:-E. 4.......,_ , , : , ...,
: !

, r-- T--
I I '_ 4 -- --, -- - ; -:

, I

----7--t- 1

T I-7-7
, i

_._______' ,,...

i 1 1

1 !

i r

:

'

11. The points Of intersection are

and (-3, -Z).

(3, ,g) , (3, -1-6), (-3, 16),

TTi4 Lf
, ! 1 '

! t
-- r ,

I I )
, i

1 1 1

/F4114111!11.1 I I

+ , t
I 1.' i , Ojr2

1 ! 7 .---- 7--t- 1 T

, I I ! \ s L
1 1

1 4---
1 L I ; I I

, T

1- 1-

i
Ii I. 1 41_1

-t7 1 7 r- 1! ,

----
I-,

i 0
1 , 3 4 x

, I
1

, , t
1

1 f Iir__
!I I I N

I --1 1 1

i

1_
.,

I (1- 1

H
41 I

ill&

I

111111

I 1 MIMI I . 1
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15. The points of intersection are (2,2) , (1,1) and (-2,-2).

I

1

1 Li
__IL

'

I I

:A/94411_ LT_LIY
2-'&9 -itifiit, i

4_, i -I

.i a NIt

i I

--i--__0_7-1.
! ( 1 1 I !

I rl, ,
1

t I", 1--

,

'1

, T

1 ..__.t.ii r
t

1 ..
H

'-.7
i

I 1 '. i I (J)
1 1 i i

ii
i

1 1 z 3
It - 4 01 _I

71 i-
, ,

-RT:-.2r-
1 IT

1 1

4--,-,---
----f-i

16. The points of intersection qre (1,1) and (-1,1).

-g

1 I 1 , ' !
' 1

1 i ,

-'---- --; -r-,--i -7.- -1- -7-- ---1-
--4- -1-

' 1 __: _. ,...___ __________, . ,z.iiii
' S---f X : ', 't .

..... -....- -......_ .......,_t___i.......r. ,
1.11

: 1 j !

, t

0 '

1,
3

,, L

L
4

4-

,
'', 1, 4 x, 1: !,

-
1

-,-- H- tiI i
J,

i

-f I --
,

, ,
i , i t,

f r.

_i-----,
, , -----i

---
r----,1 I ; i---,. -----T

, t t l ,..

C)*; A
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For Problems 17 to 19, the intersection is the shaded region.

17.

18.

((x,y) y >

It 3

(1-A3;84.)\/1'

x2 and

1

fri;445
eel/.

(
.1
1

y < x

I /

/ ,
3

1)

4.4F )

1/4 2 2

X'440

((x,y) : x >

/

y2 and

2

x <

19.

v".

Y

t

:.

A

/an..mairimmduiL.iimmaimitimm
.......ria..7 um
mampromsmil min
ummadminumh-su

WINVIIIMA MMINESSIM MUM
OMR MMIIMMEMSO MI

INIMMUMMEMMEMOMMIII
EMARMINIMOMMEMMO

IMIUMMEMMOMMINIMMEM
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6-6. Intersection of Loci (Polar Coordinates).

Any adequate treatment of this'topic must give careful consideration to

the special situation at the pole; and to the multiple representations of

polar graphs. We have done this in the text, and found the concept 'of re-

lated polar equations particularly useful in finding all intersection points.

Intersections of the graphs of polar inequalities are not treated here

because they lead into content beyond the level of this book.

1.

Exercises 6-6

2

etaktt
V"(4- 3,30

2
Related equations' are r and (3

1 - cos e

9

22
6

/6

e

4



2.

11,412(8-it,t1",/ 35')

( -8 -4T, 135.)

r

=_i/6

it

The related equations are r =
sin

and 0 = 315

3 (0i0) and (4, 45°)

Related equations are the same.

rw 42.sm

(as 6)

2 4. K5

4. (0, e) , 60°) (-32' 300°)

The related equations are

r = cos g and r = - 1 - cosi .

O
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5. (o,e) (/5 ,30
0) (/5 150 °)2

The related equations are r = cose aid

f = 2 9

6. (!, 3o°) (2, 150°)

-orsine

1-=

7. (1,90°) (1.,2700.),

The related equation.; are -1 and

4rsine 1.

ram
/-COSe;

-1
r

1 + cos e

6-7, Families of-CUrVeb.
,

This topic is u necessary foundation for parts .if the usual calculus

courses. We expand flit id(a of linear oomhinations of functions and treat

families of curves:: more generally. A one-paramtcr family is related to the

physical concept of one "degree of freedom" and so on. It is instructive to

develop tliis briefly, :.bowing how the restriction of each degree of freedom

is equivalent to title assignment LI a specific value to on Parameter. Thus,

drawing a circle on. the LlackLuad involvcs three degrees of freedom: locate

it horizontally, locate it vertically, determile its radius. These determina-

%stion.; arc made, and the degrees of freedom arc r tricted, by assigning

Specific values respectively t.. a , b r in the three-parameter family:

a724
b)2 r2

_The method of choosing a particular member of a family is often more

complicated than assigning numerical values to the parameters. The'particular

member may be determined by a condition whose application may be quite in-

direct, There will be future applications of the method shown for picking

2e
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out a tangent linc, by imposing the condition that such a line has a double

contact point. Algebraically this means that the ''cquation which gives the

abscissas of thc intersection points must have multiple roots. If the
\

cqaation is quadratic, as in the text, this condition means that the discrimi-

nant of the quadratic equation must equal sero. This is what gives us the

equation from which we pick out, the values of the parameter for the members

of the family that satisfy our condition.

The review exercises at thc en of thc chapter furnish many oppoi.tunities

to write families of curve:;, mw,t17.1ines and circles. We did not include

exercises in which the student is asked to pick out a particular member of

th( family to satisfy a given condition. These are simple .to improvise, and

mar take any of the following forms: Find thc member of the family which

goes through a given point; find the member of the family that haS a given

slope; find the member of the family that is tangent to a given circle; etc.--,

It is instnuctive to consider each family as a set of curves; then the

quostion of finding a particular curve that satisfies two conditions is

equivalent to thc question of finding the intersection of two sets of curves.

Note carefully that we use the word "intersection" here to mean the curve

(or curves) common to the two sets of curves that comprise the two families.

1.

2.

x = a.

y = a.

Exercises 6-7

3. y + 1 = k(x - 2)

4. y = kx + b

1)2 2)2 a2

6. (x - a)2 + (y b)2 = 16

x
I. = y

2

a

8. y + k = 0

9. x - k= 0 .

10. cos4 +i sin t - 5 = 0 .

11. x cos* + y sin t - p = 0 , p > 5 .

12. x
2

+ y
2

- 2hx - 2ky = 0 , h
2

+ k
2

= 36 ; or

2
x
2

- 2hx - y = 0 .

<

2

22 9
27

O



13. (x - h)2 (y - k)2 = 1 , h2 Y2 > 1 .

y = 4x - 12 .

/

15. 3x - 3y + 2.01 = 0 .

4x + 5 = 0.

17. The fama of all lines throu,0h the intersection of the given lines is

represented -a(x - 2y 4 3) 4 b(x 4 3y - 2) = 0 Picking a and b so"

that (1,1) lies r the line and simplifying we get y = 1 .

18. (a b)x
2

+ (a 4 b)y
2
-,2(a - b)x + Jiby - 35a - h4b 0

For each pair (a,b) this equation represents a circle through thr

intersection' of the given-two. The whole family of circles is called

a coaxial family.. Their centers are all on the- licrpendicular bisector

of the common chord of any two of these circles. If a = 1 b = 0 we

get the first circle; if a = 0 , b = 1 , we get the second circle; if

°a = rb we get a line, the line along this common chord. This- line may

be considered a degenerate circle. It has the propcity that from any

point on it the. tangents to all members of the coaxial family have equal

lengths.

19. x + 3y - 7 = 0 .

20. 3x + 4y - 15 = 0 .

-72 72
" 21. y - 5 = ---(x - 2) a represents the x-intercept: the y-intercept.

a
2 a

,

-72 1,
Thus is the slope, and --ka)(-72 ) the area of the triangle in the

a
2 2

first quadrant.

22. x = 5 and 3x - 4y 4 25 = 0 Any line through the intersection of the

given lines can be represented by a(y - 10) b(2x - y) = 0 , that is,

by 2bx + (a - b)y,- 10a = 0 The distance from such a line to the

origin is
12b(0) + (a - b)0 - 10a1 110a1

16

that'is

2 + ( a - b)2 42 - 2ab + 5b2

If this distance is

-

5 then 12a1 = 2 - 2ab + 5b2 . Thus

°

3a
2
+ 2ab - 5b

2
= 0 . Set a = tb and we get 3t

2
+ 2t - 5 = 0 and

t = 1 or -
5

. These give us the solutions aboVe.
3
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Review Exercibes

1: First, we fiid the coordinates of the intersections of the two given

lines with all lines parallel to the x-axis. For . line parallel

to the x-axis, the y-coordinate& of the two intersectitall pre thf- same.

a
Y1

Thus we have 7 - 8 = -y
1

and dx - 1 yo = yi , or x2 - 17

xi + X - Y'
2. 1

Adding gives
2

locus is x =
17 -

- Hence the equation of the_ desired

or y = -4x + 17 .

2. In the same manner as in 1 above we find the equation

0
3. d(P,A)".. 1(x 1 4)2 + = 2d(P,B) 21(x - 4)' 4 y- which gives

us upon simplifictaion 3x
2
.4 3y" - 40x + 48 = 0 which ib the

equation of a circle.

(b) Ax 4 4)2 4 y"" 4 1/10C - 102 t y2 10 whichi gives

which .is the equation of an ellii

Cc) . i +)24 y2-
i(v. 4)2

+ y2 2 which gives

2

Y 4 Y 1
25 9

2

x -
Y

= 1
15

which is the equation of a hyperbola.

(d) If the lines are perpehdicular, the product of their slopes is -1

#

therefore

(e)

Cr)

y - 0 y - 0
777 -x - 4

2
. . y It x , or x I

This Is an equation of a circle.

y - ,,,y 0
777 ". T-77 ' y= 0 ; or x := -12 .

I,

Theo-locus is the pair of lines whose equations are given above.

y - 0
x

y - 0
+ 0 therefore xy - hy . x2 - 16 f xy 4y .

This equation may be written

of a parabola.
.

.
2 3 1229

x
2

f By - 1 r 0 , and is an equation



5.;

(g) Let a be the inclination of PA and P be the inclination of
.

PB . If mi. , m2 are their respectilve slopes then

tan LAPB= tan(B - a)
,,

Y Y
m2 ml - 377 37-7 8y... 1 -
1 +

°2m1

or 1 -
y y

_
2

. .

1 + 1-77-7. 37-5 ' 16 + Y2

.2This equation may be written more simply as x..-1- (y - 4) = 32

and is an equation of a circle.

(h) In the same way A.8 in (g) above. we have

m2 ml 8y
Lan LAPB = tan 60° = 11 . This equation

1 + m2m1 x2 - le + Y
2

may be written x
2

+ y
2 8

- ---y = 16 and is 'an equation of a rcircle.15
.-,

..7

s(i) Area =4b; d(A,B) =8 .*. 18h = 20 ... h = 5 .
.

.

Since the distance from P to the x-axis must be 5 , the locus of

P is the pair of lines whose equations are y =+;,5 , y = -5 .

1(x 4 4)2 + y2 < 1(x -
h)2 y2

means that x < 0 .

4
x 4. 6 + 0

'
. Let M = (r,$) be the midpoint of AP . Then r =

2 ' 13*-

y

2

r7 .% x = 2r - 6 and y-=2s . Since P = (x,y) is on the circle

x2 + y2 = 36 , we have (21. -'6)2 + (2s)2. - 36 or r2 - 6r + 9 + d? = 9 .

This may be written r
2

+ s
2

- 6r ..- 0 or x
2

+ y
2

-.6x = 0 and is an

equation of a circle, which is the required locus.

5. Let P = (r,$) . Then x =
r

2
0

' Y

s 5'
Since x

2
+ y

2
= 25

+

(4 472- 1.1:222.)2 = 25 or' r2 + (s 5)2 = 100 . This :equation may
2 2

be written x
2

+ y
2
+ lOy - 75 = 0 and is an equation of a circle, which

is the required locus.

2°J2
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6." Let D = (x,y) , E = (20,t) and M ,.the midpoint of DE = (r,$) From

similar triangles,
x + 10 '

t - +010. We have r
x 20

''

= Y
2

t x = 2r - 20,, y 2s - t = 2s 3°Y
x + 10

. These
'

r -
equations yield x = 2(r - 10) , y -

2sr (+

10
5)

Since D is on tha

.

circle x2 + y2 =100 , we have' (2(r - 10))2
(2s(r - 5)) 2

= 100, or,
r + 10

10)2
2 (r - 5)

2

Cr - 10)-
s

, 25 . This may be written
Cr + 10)'

(r - 10)2(r2 - 20r + 100 - 25) + s2(r - 5)2 = 0 , or.

10)2(r s2(r 5)2
which is equivalent to

(r - 15)(r + 10)
2

+ Cr - 5)5
2

= 0 . Therefore an equation for the

required locus is (x - 15)(x + 10)2 + (x 5)y2 = 0 .

However, a much simpler solution is available in polar coordinates. Take

the pole at C and the polar axis to the right along the x-axis. Let

D = (p,8) , F = (q,e) , and M , the midpoint of DE = (r,e) . Then

cos e , 12 = cos e and r = l(p + q) =1(20 cos e 30 sec e) .

20 2 , 2

Therefore ar equation for the required locus is r = 10 cos P + 17 sec e.

We may show the equivalence of these two solutions by us:ng the relation-

ship: r
2

= x
,2

+ y'
2 x'

, cos e = , and x' = x 4 5., y = 5

.4,2 yia

The computation is elementary but tedious.

Any line parallel to y = 3x + 5 has an equation y = 3x + d , and.will

intersect the circle x
2

+ y
2

- 4x + By = 0 in two points whose abscissas

are the roots Of x2 + (3x + d)2 - 4x + 8(3x + d) = 0 . If the midpoint

1
of this chord has coordinates (r,$) , then r'=

2
the sum of the

abscissas of the endpoint, that is,
1

the sum of the roots of this

equation, and this result can be found from ti.- coefficients directly

without solving the equation. Thus 10x2 + (20 + 6d)x + d2 +,8d = 0 ,

1010 +
,

3d 30

10

d
and r = s = 3r + d = "Eliminating d from

these two equations yields r + 3s + 10 = 0 , therefore an equation for

the required locus is x + 3y + 10 = 0 .

231
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8. In the same manner as in Exercise 7, we find x - 9y = 0 as an equation

fqr the locus.

9. (a) The line
a b
+ Z = 1 has intercepts a and b . The conditions of

the problem requires that ab = ± 24 . Therefore
a 24

24 = 1 is a

pair of equations representing two one-parameter families of lines,

the solution we require. Of course a / 0 .

(b) As in 9(a) ;we need + = 1 and a + b = 6 , that is

+ - 1 with a / 0 , 6 . We may consider that a line

parallel to an .7xis has just one intercept whose "sum" is itself;

in which case we may include in our solution the lines x = 6 ; and

y = 6 .

(c) (x a)2 b)2 a2

(d) (x
a.)2 b)2 b2

(e) The distance from the center (a,b) of one such circle to the line

4a + 3b - 2
4x + 3y - 2 = 0 is

5
, and, by the conditions of the

problem, equals ± 1 . The centers must lie therefore on the lines

4x + 3Y, - 7 = 0 and 4x + 3y + 3 = 0 , which are parallel to the

original lines. The families of circles are therefore

(x - a)
2

+ (y - b)
2

= 1 where (a,b) must satisfy one of the

equations of the lines just found. In terms of a single parameter

7 4tre answers are (x - a'
2

+ (y -
7
+ a)2

= 1 , and
3

4
(x - -1 (y + 1 + 7-3)

2
= 1 .

(f) The two families are (x - a)2 (y

(x - b)2 + +5r -
3

2

3

b)2 r2

5r

3

+ 2 4ax2 2
+ = r

3

(g) (x - a)2 + (y - b)2 = 36 where a2 + b2 < 36 .

(h) (x - a)2 ( b)2 a2 b2

'i) The distance from P = (x,y) on the circle to the center (a,b)

must equal the distance from (12,5) to the same center. Therefore

the circles we want have equation:

(x - a)2 + (y - 1))2 = (12
a)2 b)2



(j) (x a)2 -,b)2 r2
where a2 4 b2 < r2

(k) (x - a)2 4/ (y b)2 = 25 where a2 r b2 > 25 .

(/) The two families are (x - g)2 4 (
da ib -c- air

= d'

a
0

b 4c; 1
and (x - h)

0 d f

+ 4
2 where g and h

are arbitrary.

(m) A point (a,b) on a bisector of the-angles formed by the two lines

must e equidistant from them, therefore

I3a - la)

1 5
.1

Ia - 3b 4 9

5
. These bisectors have, therefore,

the equations 3x - 4y 4 5 = lax - 3y ; 9 ;and

3x - 4y + 5 = -4x 1 3y - 9 ; that is, x y 4 = G , and

x - y + 2 = 0 .

(Note that these lines are perpendicular to each other.)

Therefore b = -a - h , or b = a + 2 . The families of circles:

(x a)2 ( - b)2 = r2 , become

4)2 = (1-^ 2;h2 ;(x a)2 + (y + a ; and

(x a)2 - a - 2)2 = (a 4 3)2.

(a of Fbh4c )2
(n) The families are (x - g)2 4 (y - h)2 - 1

1 1'

a
2
g + c

2

/
va

2

2
+ b

2

2

h -

+ b 12

b
1

1a12 + b
2
+ b

2
2

and for the other family

a2g + c2 aig + cl

/' 2
va

2
+ b

2

2 4 2 + b,
2

h
L

b
1 2

412 b12 V 2
a
2

+ b
2

2

2.3 i.7) 233

where
2 2

al + b
1
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(o) (x - a)2 + (y - b)2 = r
2

,where b
2
< r

2

(p) (x - a)2 + (y - b)2 = r
2

where a
2>

r
2

.

(q) 02 2 =r2
where

lga + hb + el

/7 72
-

a + o

(r) (x - a)2 + (y - b)2 = r2 where 0 < r , and A2 ----1-b2 4- r < 10 .

(a) (x a)2 + (y - b)2. = r2 where r > 0 and 1 r - 11 < /a2 +112 < r +1 .

d
(t) ax + by + d = 0 where < 1 .

427:72

(u) (x '8:12 (Y - b)2 = r
2 where 0<a, 0 <b,a4-b<10 , and

r < the smallest of (a la b - 101_,
, b

(v) (x - a)2 + (y - b)2 = r
2

where r
2

> a
2

+ (10 7 b)2 ,

r2 > a2 + b2 , and r2 > (a - 10)2 + b2 .

(w) (x - a)2 + (y - b)2 = r
2

where jag + b2 4 r = 10

(x) (x - a)2 - b)2
r2 where= r b2 - r = 10

(y) (x - a)2 F (y b)2 = r
2

where r - fe2 +72 = 10 .

2 2
2 lag + bh + el

(z) (x - g) + (y - b.) = R where - and

b2

(r - g)2 + (s - =R2
.

10. (a) .,

* 1 7 i --/- '

! I : 1 i- -1

i ' t
- I-- -:- 1 - H 1 1 1 I
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: I : .- 1 .- L --: -.

i- i :11 1`

X

, 4 - 4- 4 -4 -4 4- i ._.1 _i, k . ,
1 I 1. i _i ._ __. 1---4----i 2.

I

1 i
;

4 4
i 0 1 2 3 t xi

; ___ ...__.

1.4i L.
i 1 i -J- - 1---1-

4_4._ 1-11--- I '
,..._ 4_ __14 4 _ I I 1,

i. i--- 1
1

i f

_i_f 1 f I _4 --i- 4 ---4---
, 1

--1-- -i411_11--I-F I L I rt__ 4
1

_ 4 ; 4 _44_.
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(b)
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(h)

(i)

. . .

I 1-1-7
I- ..f ---
1

1 t I. 1 I

1 1
I

Xa- X = 20 I k

1 j Il

- X-200 i_.
r ,f

X
.

1 z...i...... i
I

(x--)(x+4)=0



(j)

k )
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i ,
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1
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i i,_.
i 1

,

. I

I i i
, 6

,

1

Ti
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i

Li f

X

...

The given condition is equivalent

to xy + 2x - y - 2 > 0 or

(x - 1)(y + 2) > 0 . Therefore both

factors must be positiVe, or both factors

must be negative. These conditions require x > 1 and y > -2 ; or

x < 1 and y < -2 .
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(p)

(q)

The graph is the set"of all points on the circle,

and all point3 on the y-axis, as shown.

111i; 1
----1--1-1-1-1- -I
1121__1___T__:

-144(1-4-- ---1 -----1-1

-L._ -- - t--.

I 1

-..-- 1,--- -4

_i -11-

lyj 7-1-'1
I 1 -I

,
; ;x 1 1

1

i

1 t I ! 1

r--,--r -1--- t --1 t- : {

i1.__ ,.._4_ _4_4_..1._....;

Iiiii
4

I --t --7- T-t"H t-- ir f -,- -1-
1Itt--4-

--t---.---t---t--+- --It .- -.- a- . : --I - 1.-- -1 -,---: _ J. ----/

r
I

I r

--tX

The graph is the set of all points on the circle, all points

on the x-axis, and all points on the y-axis, as shown.
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( h)

From y = t
2

we have t = + y and x > + 2 y. There y 0, and

our locus is the set of all points above the x-axis and to the right

of either branch of the parabola x
2

= 4 y. It is sufficient to take

all points which are both above the x-axis, and to the right of the

left branch, as shown.
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12. (a)

r = cos 2 6 . Four leafed rose, symmetric with respect to the pole,

and with respect to the lines 9 = 0° , 9 = 90° , 6 = 45° , 9 = 135°.

Symmetry with respect to the last two lines can be shown if we use

the related polar equation, thus: the points (r,45
o

- a) ,

('r,45° + a) are symmetrically situated with respect to the line

6 = 45° , but cos 2(45° - a) cos 2(45° + a) . However, the point

(r,45° + a) is on the curve for which we have the equation

r = -cos 2(P - 180°) , and we now have

cos 2(45° - a) = -cos 2/45° + a + 180°) , as can easily be shown.

In the same way we could show symmetry with respect to the line

9 = 135° by showing cos 2(135° - a) = -cos 2(135° + a + 180°)

250
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'''"" -1'

(b)

.

,

r = cos(t9 + 2)
-..

1 1
Circle of radius --, with center at (7 ,-2):,

-,

2513

6-7
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(c)

r = sin U) - 11) = -
2

Circle of radius

cos

1 . I

")
with center at

2522 1



(d)

;

r = 2 sin 3 6

Three leafed rose symmetric with respect to

and e = 270° .

300 1500

This last line has also the equation e = 90° .

2'0 J253

.
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(e)

r = 3 sin 20

Four leafed rose symmetric with respect to e = 45° , e = 1350',

oo
and 6 = 90° . It is also symmetric with respect to the

Pole.

2 5 (3
251i



Cardiod symmetric with respect to 6 . 900 .
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(g)

.:,

_______ ,. .

r . 2 - cos e

Limacon symmetric with respect to 6 = 0°

As 8

..,

.t.

,



(h)

r = 1 + 2 sine

Limaon symmetric with respect to

2 5 to

6-7
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Review Exercises

13. y = x
2

y = x4

y-

Ir

a

m > n

for 1x1 < 1 , x2m
On

2m '2n
for 1x1 > 1 , x > x

14 y = x y = x' y = x5

x

0

Generalization.

Let m , n Le odd integers,

0 < n < m.

Then for

x < -1 we get xm < xn < -1

X = -1

<x <0

Y = 0

0 < X < 1

X =

I <x

- ..1x = x -

-1 <xn < xm <0

x
n

x
m

= v

0 <xM<xn <1

x
m'

= X
n

= 0

to
1 xn.< x

a



15. y = 3 sin x + cos x y = sin x cos x))

We know that sin (IX+ A ) = sino( cos ig

Let arccos 3 = 9 =-1 5 .

/i

Then sin (x +9 ) = 35 sin x + cos X.

Soy = 5 sin (x +9)r5 sin (x + 53°) .

16. If y = a sin x + b cos x we may write

+ sin

Y =
2 ab2( sin x +

\A a2 +
b2 a2

+ b
2

or letting = arcccs

a2 + b2

= a2 + b2 sin (x + 0)

2 61 259
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17. Let L1 : ax44. by + c = 0

and L2 : -bx ay'+ d = 0

be two perpendicular lines. Let

S be a set symmetric with Li

and L, .

Denote the intersection of L
1

and L
2

by P. .

P -
- ac -ad - bc

.

2 2 ' 2 ')

a 4. b- a 4. b-

We need to show that for any Po in S its reflection in P. is

also in S.

If If Po = (p0,q0) is in S , then the reflection Pi = pi,q1) of

P
0

in L
1

is still in S . Since L
1

I L2 , the point P1 is

determined by equations

(1)

( 2 )

apt
bql c

ap0
bq0

1,42 b"

-bpi + aqi f- d

a2 b2

a2 4 b2

-bp
0

4. ap Ot d

0
1/a' f

i.e., the conditions; d(P0,10 = d(P,,Li) and Pi , Po on opposite side:,,

and d(P0,L) = d(P,,L,) and Pi , Po on same,

Solving these we find

p,(b2 - a2) - 2ac q (a2 + 1)2 - 2bc
0

Pi = (1),,q1)
/

,

, a
2

4- b
2

a
2

4 b
2

Since P1 is in S , the reflection P, of P, in L is in S.

Setting up and solving equations analogous to (1) ani (2) we find

P
2

= (p
2
,q

2
) -

(
2

a 4. b
° PO ' qd

a 4. b

(bd - ac) ,-bc - ad

Recalling some theorems of earlier chapters, we see that Pi is the

midpoint of PoP2 , hence that the reflectiolt of Po in P iN P? .

Thus for any P in S its reflection in Pi is the reflection in L2 .

of the reflection of P in L
1

and is therefore in S .

,?6o 262
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11, : I(')) ; tti rraL

rrc oV - r(1---=-1)
a

/ 0

.t 4 , :41.'1 q = f(t)

..;,LcT. r:nd ^111,,

n - b
rr q

(p,q) A Thin

1 -nndit ,t1 (p,,1) 6 B . Thu.) (p,q) A LC

lnl -)nly it (1,,,I) 6 , i.e., A = B .
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19. (a)

,y .2 3 ..cn (ex 4-1)

0



(b)

.....

... .........

......

2-6 j 263
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(c)

- --- - ... .. _ .

......
a - 7

' 7

9_,--.--372.5:1(ex.# ..,--3,E)

i

_ ../
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CHALLENGE EXERCISES

1. The graph Of y = sin 4x sin x may be thought of as a "rapidly"

oscillating sine curve. yl = sin 4x, modulated by a "slower"

oscillating sine curve, y2 = sin x . Then, as in Example 8,, the

'graph of =y y
2

will be constrained between the graphs of

y
2

d.= sin x an y = sin x . .Phe graph of y will touch the graph
3

wi 511
of y2 whenever yi = , that is, when x = , .

The graph of y will cross the x axis when either yl or y2 iequals

g 3g
zero, that is, at 0, , , 4 , .:

(different scales on the axes) :

The graph looks like this

w.
4.4

266



6-:

The graph of y = (6 4- sin x) sin 12 x is also a rapidly oscillating,

curve y2 = sin 12 x modulated by a slower oscillating curve

yl = 6 + sin x . The graph of yl is a sine curve elevated 6 units

above the x-axis. It is bound between 5 and 7 , therefore the graph

of y = yl y2 is constrained by symmetric curves yl = 6 4- sin x and 0

y
3

= - 6 - sin x which bound a horizontal strip of periodically

varying width, narrowest from 5 to - 5 and widest from 7 to - 7 .

The rest of the analysis of the graph is similar to that of the previous

'paragraph. The graph is drawn below (different scales along the axes).

,.....-----......,
Ns ///' Ns

...4.

1--4T

,
-.4

-/,,
,......"'

269
267

4-
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The graph of y = sin (1000 7r t) sin (1000 000170 will not be drawn

but it may be analyzed in the same 44ay as the others. We have a

rapidly oscillating curve, y2 sin (1000000nt) modulated by aislower

I
oscillating curve y1 = sin (1000/It). Physicists would say that the

first curve has a frequency of 500,000 cycles or 500 kilocycleor

.5 megacycles per second. This AS a reasolAble radio frequency (RF).

:0.

The second curve then has a frequency of 500 cps which is a reasonable

audio frequency (AF). A further discussion of cycles and frequency

would lead us too far into physics, and is left for further investigation

there.

/0
268



Teachers' Commentary

'Chapter 7

CONIC SECTIONS

0

7,1

The student of Intermediate Mathematics has studied conic sccti witL

equations. given in simile form in rectangular coordinates; here we begin with

something different. After taking up the introductory material in Section 7-1

and 7-2, if you feel that there is time,, you may want to take next the first

five sections of the Supplement to. Chapter 7. In this you will find a careful

development of the geometry of .the plane sections of a right circular cone.

This development relates the geometric properties of the conics to the cone,

the cutting plane, and the sphere tangent to both of them. It is shown that,

fOr a given conic section, the ratio of two cosines is a Constant; this ratio,

of course, is the eccentricity.

Section 7-3 develops equations in polar for for conics with focus at the

pole, first with directrix perpendicular to the polar axis, and then with

.directrix parallel to the polar axis. (Cases in which there is rotation about

the pole will be considered in Chapter 10.) The polar form emphasizes the

essential similarity of the locus condition for.the ellipse, hyperbola; and

parabola. Transformation of polar equations to familiar,f_rms of the equations

of the conics in rectangular coordinates is dealt with in Section 7-4. The

exercises in both of these sections provide desirable review of polar coordi-
,

nates.

The four, positions of a conic considered in the text of Section 7-3, in

Example 2, .and in EXercises 9 and 10, give four forms ,of the equation which we

summarize here.

r
ep

-
1 t e cos e,

r sin e

' directrix' 1 polar axis

+ if directrix contains'. 1-(3,0)
,

- if directrix contains k-p,O)

directrix 11 polar axis

+ if -directrix contains (p,i)

= if directrix contains (-pry i)

In all these cases the focus is at the pole.

2 269



7-3

The students should be urged, in doing Exercises 7-3, not to use point-

by-point plotting alone. If they first rewrite the equations in a standard

form, as indicated in Examples 3 and 4, they can tell what-kind of conic sec-
.',

Then they should find intercepts, a few more points, andtion is represented.

symmetry.\ use

For the convenience of the teacher in making assignments, most of the

are arranged so that even and odd exercises are

es not include the applications toward the end of

xercises in this chapter

r ughlj comparable. This

ce tain sets, or th-e challe

an 2 of Exercises 7-6, or

lis s of lettered parts, (a) ,

(f)

1.

,2.

'r

4

problems. In the case of exercises such as

1 and 2 of the Review Exercises, with long

(e) ... are comparable to (b), (d)

Exercises 7

2

1
- cos e

0

r - 1 - .cos e
3

ti

0

4. r
1

1 -
3
- cos 6)

2

2702.7 2 ,
. ,



4.

. 3-
L -.4 cos. e

r -fiesin- e
'

6. r 12- 1 - 31cos e
. ep. -r 1 +se sin e.

ep.r -.1 + e cos e

4
11. i(a) r e

.12

1

7. r = 1 - sin e
a

.

(b) r - 35

l'+ sin e



2
31 +
5

cos e

SI

13. r 10
1 -.sin 9-

Parabola,

474

4

a



14. r- It

2
-

3
- cos

Ellipse

15. r =
1 - cos 6

Hyperbola

Trp

r i - ain

rarabol'i

3
1 47 os0

Hyperbola

7-3



irr

\ 7-3

18.
3

cos e

Parabola

1). r

0

-2
1 - sin e

Farabola'

ep
20. The path is an ellipse with equatio% r Two points of

the path arc given: 1,000, and 11G(O, J:1°) ke substitute

these coordinates in the equation and solve tht resulting equations

simultaneously to obtain e , p j0,:(0 The least distance is

5000 mi.; the greatest, when 6 ( is .A ,C) mi.

In 3ection -4 emphasis is on the algara involved in, transforming from

olar equations of tI4 .onio --t1ohr, to the ,.orrespoudini. reotangnlar

orm. In the text -we bquare both mcmuers o6an eq..itt'an.to obtain Equation

(2). : Jt is important that stLdent4 understand iii is permissible; no

dpubt they have been warned that no doing may intradw..c. joints not in the

graph of tine orieina, equation. rhe justification in the text depenls on

showing that, squaring, in effeA, introdu,..es a new equation which is the re-

lated polar et.1.,ation of theioriejnal equation and heLue Ian the same graph.

You might prefer a different proof, somewhat as follows.

?I76
0



Parabola: Since 'r cos .; , os, = .

Then

becomes

p
1 - cof,F 0

1 - =.

r

r0

This is the case if 'r-xp
or 10.

(It would appuar that we have divided Li di by r dt I hi. ipt. This

would mean that, we would lose the solution r 0 . Powevr r. nec

cos , and r-on.'cquently 1 not defined fur r 0 ialue was not

included in +he or: i no I f vat I on. In the f')11(p4 to cp ve 'irrf in effect

multiplyinc by on alt( rnot ive equal ion wit h i to "cri( rap.)

We square both rides to (.h,ain

and substitute f,)" r' to ohtain

Or

x' .y nv p

which is a recocnizable form for a parab7)11 with vertc'v at

Ell!ose: If

then

ep
A

-
, where 0 < e < 1 ,

e cos o

CD

r-

or r -
ern

r - ex

2 7 7 275
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7-4

This is the case4f

r - ex = ep

0

or r = e(x + p) .

,

(Once again we have removed the solution r = 0 which did not satisfy the

.original equation:. In the following step we are again multiplying by an

alternative equation with the same graph.)

We square both sides to obtain

2 2, 2
r = e. 2px + p

and substdtutefor r
2

to obtain

x
2
+ y

2
= e

2
(x

2
+ 2px + p

2
)

This is Equation (4) in the text.

We call your attention to the way in which directions for Exercise 7-4

have, been written. Depending on what kind of practice your class needs, you

would assign all of parts (a) , (b) , and (c) , or just the parts you wish
0

to emphasize:

Exercise 7-4

The graphs are routine and will not be drawn.

1. x
2

+ y
2 = 9 r = _ 3

2. x
2

+ y
2

= 81 , r = -9

-
1)2 y2

related equatiori the same.

4. x2 + y2 - x - y = 0 , related equation the same.

5. y
2

= lo + 8x r _
1 + cos e

6. y2 = 9 - 6x r -3
1 1 - cos e

(x.+ 2)2 y2
- 3 , r = -3

7.
1 3 1 + 2 cos e

8.
(x - 2)2 y2

1 , r=
-6

16 12 2 cos e

O



2

9
.'

(x - 2) y
2

1 r -
.-5

4 , ,

9 . 3 + 2 cos e

. (x 4. 3)2 y2 -510. _ r
2 t 3 cos e

T.L. (x2 y
2

- x)
2

. x
2

4. y
2

-2
12. x

2
= 4 - hy , r

1 4- sin e

cardiod curve, r = cos 9

C

o

13. 7x
2
.4 16y

2 ,

-- '2x - 1t4 0 , r = 74- 3
-12

cos e

' 14. 9y
2

- 16x
2
- 200y 4- 400 = 0 , -

-20
4 5 sin e

re

7-7

Students of MSG Intermediate Mathematics will have nwered most of the

material in Sections 7-5 through 7-8; it is in this text for convenience of

reference. Ease in handling the simple forms of the equations of the conics

is an important skill.

With able and well-prepared students, only a brief review of the text of

these sections will be necessary. However, a number of the exercises should

be done, both to reinforce previous learnirg and to develop further some of

the properties and applications of conic sections. With such groups the

teacher may want to take up the sections of the Supplement to Chapter : which

deal with the general second-degree equation.

If the students are not familiar with the equations and basic properties

of the conic sections summarized in the first paragraphs of these sections,

the teacher will want to take time to develop this material with the class.

Intermediate MatheAtics would be helpful here.

While the amount of time that should be devoted to these sections will

vary greatly with the training and ability of the class, it is urged that the

time be sufficient for the students to develop some facility both with use of .

thC locus definitions and with the standard forms.

( lThe answer for Exercises 7-5 through 7-8 do not, in most cases, include

le sketches the students are asked to make. However, use of the listed in-

f rmation about the curves will make it easy to check the students' sketches.

1
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7-54.4

4).(
N.4

\1*Y4'
1. ti;4ti on

-74

(a) x2 =

(b) y2 = 4(4 )x

c) x2 = 44(7)y

( '6' V = l(- .-')(

(e) k.4,- 2)2 = It(g)(

(f) fx.4.411a/ '41:1V,s,

2. (a) Case (a),

Case (b).

a-.

4b) 'Mee cp
,c\ the co

3. (a)'"(z .4,

-Fe

:4~4
LT

,

ExerciOs "`

---J VerCex,/ - \-ipe u;?" is-''' \plrep,trix .

894x- .27)

y - 1)

,hae-b2

/--75. '

-(0,0)

(0,0)

89t5
(N,i)

(2,1)

(0,-4) --,x.=

PIM

0-'-3 ) '20

"(535 )

D.(2,-8-)

0

Y = 0

xi= 0

--, v
-'. 5

Y = 2-

x = 2

b
-76.

y = 4

x = -h :4

y - 1-
. - 20
/"------1-25

`x

5y =

1ae-b2-1
t b 4ae-b21

\-2a'--4--. '
t b 1Iae-b2+1
\-75.' :a ' Y- la'

EquaVpLn x). = 0 . The y-axis.

Equation: (,- h)2 = 0 . A line parallel
to the)y-at s.

,
s ocrefr&tting

e.
2 -

(b) (x 2t1`\)-

(c) y2 = -20x

(d) (y - 5)2 2 h(x - it)

4. Same answers as for Problem

5. (a) y2

(b) (x - 2)2 = -12(y 4- 3)

2 49y
2

(a) (x 2)2 = -16(y - 3)

3.

x-axis.

plane vox:tains an element of

2782 0'
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6. The equally spaced rulings permit locating points thatcare equally

distant from a fixed line (L0) and a fixed point (F.) . Thus P
e

is two units from L
0 (since it is on the second ruling away from L

0
)

and it is two units from F (since the radius ,sed to deter ine it was

two units, with F' as center).

7. For every position of the pencil point P , the distance froM P\ to

the fixed line (L) is eqdal to the distance from P to the fixe

point F .

Challenge Problems

,1. The focus of the parabola is F = (0, v : the slope of the line contain-

2ing P and F is
4aa - 1

. Using this and the slope of tile tangent line

(2a) , we find that the tangent of the angle these lines form is
2a

To avoid the problem presented by a yertical line, we use the fact that

the angle between the tangent line and the parallel to the axisfof the

parabola is the complement of the angle formed by the tangent line and

the x-axis; tangent of this last angle is 2a ; hence the tangent of its

complement is
1

.

2a

2. (a) The tangent perpendicular to the line y = 2ax - a
2

must have
1

slope - ; therefore its point of contact is P 1. = (- T ,2a
1 1

ta los

A test for collinearity can then be applied to the coordinates

of P , Pt , and V .

(b) Using the previous results, we obtain the equation of the tangent

at Pt: Sax 4- 16a2y 4- 1 = 0 . We apply a test of concurrency to

this equation, the equation of the tangent at P , and the equation

of the directrix (4y + 1 =.0)
.

2 8 1 279
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Example 2 of Section will give an opportunity to review with the

students the technique of completing the square. Here the coefficients are

numerical; When the method was used in Sect'on 7-4 the coefficients were

literal. Since the technique will continue to be useful here and elsewhere,

we recommend that the teacher check that the students have fac:lity with it.

The, should be able- to handle riot just tie simplest cases :like the first ones

in the exercise set), byt also ones like 1(g) , (h) and 5(c) of this set,

and 3(g) , (h) of Exercises 7-7.

Exercises 7-6

1. (a) (x -
4)2 y2-=

16

(b) - 3)2 4. (Y 3)2 = 1

(c) (x - 2)2 4- (3" 4)2 = 0

(d) (x.-L
7)2

2)2
.341

(e) (x- 2)2+ + (Y + )2 =2 2

(x a)2 + (Y- b)2 =0

+. 5)

(x -
22...)2 b)2

3
25

a
2

+ 2ab b2

2. (a) x
2

y
2

- 6x 4. lOy - 15 = 0

(b) x2 y
2

4. 10x - 24y = 0

( c ) x
2

y
2

- 6x - 4y + 9 = 0 and x
2

+ y
2

- 6x -.4y 4 = 0
p

(d) The center is (2,1) or ( -1,+) .

0

Equations: x
2

4. y
2

- 4x - 2y - 4 = 0 and x
2
4-zr

2
4 2x - 8y 4. 8= 0

(e) r
17

Equation: 25x
2

+ 25y
2

- 50x - 100y - 164 = 0

4

c= (4,o)

C -(3,5)

r = 4

r = 1 -

Locus is the point (2,-4)

C=(-74) r = 20

= - r =

Locus is the point (a,b)

r

1/3
5

a 4. b

(t) If equation is written x
2

y
2

Dx + Ey + F = 0 , substitution

Ns, of the coordinates gives equations 2D + 3E F 13 . 0 ,

5D E F 4. 26 = 0 , 3E F + 3 = 0 . Final equat'on:

x
2

4. y
2

- 5x - y = 0

.)r,
2
8264



43. (a) Slope of radiuo to (3,-4) is - ; thetefore slope of tangent

isi . Equation: 3x - hy - 25 = 0

(b) Proceding as in part (a), equation of tangent is

xlx + ylY = xl
2
+ y12 . Since (x,,Y1)

7 - 6

is a point of the circle/

2x
1
2

+ y
1

2
= r

2
; thus the desired equation is xlx + yly = r .

4. (a) Since the center (0;0) , the point (3,7) , and a point of

contact of the tangent -leteimines a right triangle, the Pythagorean

Theorem can be. used. Length of tangent = V58 - 25 = 137 .

) (See part (a)) c(- D

' 2

E_ _)
, 2
r = 1-vD2

+
2

t2 = (x1 +
D
7)

2
+ (y

1 2
+

E 2
- (UP + E

2
-

2
--.: xi + .Y 4.

EY1 F

(c) If t2 = 0 , the point (x
1
,y

1
) is a point of the circle. If

t
2
< 0 , the distance from the center to (x1,y1) is less than

the radius; hence the point (x1,y1). is a point of the'interior

of the circle.

5. (a) a(x2 + y2 - lox - 2Y 35) + 1--x2 + Y2 + Ly 49) = 0

(b) Substitution of x = 0 , y = -6 in (a) gives 13a = -23b . If

we let a = 23 and b = 13', an equation is

4

5x2 + 5y2 - 141x + 16y - 84 = 0 .,

(c) The terms containing x in the equation of part (a) are

(a + b)x
2

+ (-10a + 4b)x .

Thus the x-coordinhte of- the center (which we know is -.5) is

5a - 2b
From this we find 10a = -3b ; we let a = -3 , b = 10 .

a + b

Using these values, the equation is 7x
2

+ 7y
2

+ /0x - 54y - 385 = 0

283 24



7-6

6. Let the circles have equations (x - h)2 + (y - k)
2

= r
2

and

(x - h
1

)

2
+ (y - k

1
)2 = r12. Then an equation of the radical axis

, ,

is (-x - h)2 + (y - k)2 - r2- ((x - h1)
2

+ (y - ki)
2

-
2)

= 0 .

For either circle, the square of the length of the tangent from the

point (x,y), to the circle is the square of the distance fiom the

point 6o the center, minus the square of the radius. The condition

that these two lengths be equal is

, ,

(x + (y - k)
2

- r
2

= (x - h1)
2

+ ky - kl)
2

- r1
2

But this is exactly the condition shown above, that the point (x,y)
/

is on the radical axis.

7. As shown in Problem 6, ,the required point must be on the radical axis

of each pair of circles. We find equations of two of the'radical

axes (say 6x - y = -8 and 4x - 3y = 11) and solve; the point is

( .

8. Using the circle., with equations in Problem 6, slope of line .of centers

k
1

- k
is From equation of radical axis (also Problem 6), slope is

h
1

- h

h
1

- h

k
1

- k

h
1

= h , first line is parallel 'to y-axis and second to x- axis, and

alse,they are perpendicular; opposite case if .,k1.= k

the negative reciprocal of slope of line of centers. (If

.)

D F,
2

P
1
2

D + - 4
1 1 2 1

Fl.

9. For the first cir:ae, we have C1 '- --= - -)1 - 2 ' 2' rl 4
,

D
2 2

D
2

2
+ E

2

2
- hF

2
for the second, C2 = (- 7, , r2

4
. BI- the

definition of orthogonal circtes, ,- + = d(C C...).
2

this condi-
,

'1

2
,-

'2

2

1 e

D 2 F 2 - hF
1 1 1

D
2

2
+ E

2

2
- 4F2 D1 D 2 E.o E2 2

tien is
4 4 2 + (- 2 4--2)

When simplified, this is the desired condition.

10. Use the condition in rroblem 11.; in (b) both members of the equations

must be divided by 2 before the condition applies.

11. (a) k = -2

(b) k = 18 (EquatioLs must be rewritten in proper form.)



7-64

Challenge Problems

1.. Let the equations of the circles be

Ci x
2

+ y
2

+ Dix + E
1
y + Fi = 0

C2 x
2

+ y
2

+ D2x + E2y + F2 = 0

x2 y2x +y tDy+F = 0C3 .
3
x+E

3
F3

.

Then equations of the common chords of C1 and C2 , C2 and C3 ,

and C
1

and C
3

are, respectively,

.

Li : (D1 - D2)x + (El =.2)y +.F1 - F2 =0

L2 : (D2 - D3)x + (E2 - E3)y + F2 - F3 = 0

L3 : (D1 - D3)x - E3)y + F1 - F3 = 0

The family of lines thrOugh the intersection of L
1

and L
2

has as an

equation

,.,a((D
1 -D 2)x+(E 1-E 2)y+F 1-F2)+13((D 2-D 3)x + (E 2-E 3)y+ F2

- F3) = 0

\

For the values a = 1 and b = 1 this equation becomes

(D
1.

- D
3
)x + (E

1
- E

3
)y + F

1
- F

a
= 0.

But this is exactly the equation we had for L3 ; hence the lines are

coricurrent.
9

(Note: Thia is, course, not the only way to make this proof. it is

possible to assign coordinates to the vertices of the triangle, and :Ind,

in terms of these coordinates equationepf the common chords and coordi-

---nates of their point of intersection.)

2. The proof given here for Challenge Problem 1 also polds here; so would

any other that did riot use the fact that in Problem 1 the circles

- intersect.

(



The student is asked to explain the variation in shape of the ellipse

from the fact that b = a-A777:' . He should be able to see that the nearer

1

the value of e is to zero, the closer ,A-777, is .69, 1 ; in such cases the

minor axis differs very little from the major axis. But if values close toy, 1

(but less than are selected for e , 47? can be made as small as one

wishes, and'nd hence the minor,apas can be made small as compared with the major

axis.

1.

Exercises 7-7

\--7-77--- ,

3)2
,

2)2
. /(x

3/ + Y .!' c/ 1 ; F(3 .+ 2)/5,4 , F1(3 - 2'6,2)*, V(9,2) ,36 16

),
V'( -3,2); x = 3 +

18
-5-y7 15.

2 2
2.

"57x + Y =,1

3 Equation e F,F1 Directrices

(a)

x2 ;

y-
2

+ -7
1 - 2

152 (0,4)
o

(0,2),(0,-2)

2 2

I. -7 =
5 .2. 5- (+,/n,6.) (+5,o) x = + ;51gr

x
2 P. 2

+ Y - 1

(1/) 03) 3
f0,+1) (0,43) Y = +3

(d)

2 2
x y

-r7 1
15-

Qt :12 o)

(e)

2

6'
(4,_3 vrt) (4,3);(4,-9) Y = -3 61'

36A1

(f)

, _.2 , ..2
-

3 2 3
(-5 '+ y5,-1) (= , -a ), C-8,-1)

(g)
(x - 2)2 y2

2 -7 1
2

(2,45) (2, 3) ;4(2,-3

9 P- °x = -5 + -y5- 5

Y = +.3-/5

(x
)2

(Y - 5)2°
1

22
:

42 '

-7 (-1,5 ± 21/3) ( -1,9),( -1,1) Y = 5, -+ -38/3

Locus is the point (1,-3

2811286



.i2 2

76

(b
71
x2 -I\Z! = /

(c)
(x - 3)2 (Y - 5)2

. 25 . 4' 600
49

(a) :(x - le (Y 12+)2

= 1

- 1

5. The la:tus rectum of an ellipse is either of the twa chards

perpendicular to the major axis at a focus:

of an ellipse

If in-Eqdation. (a) of Figure 7-4, we set x,7 ae , we find,

2b
2'2

. .

y =.:131-e = thus, the length ofala Srectum is
0

a ' a

(The same result is obtained in each oP.the other4forms4

x2
2

Zr
,.

6. 'For the ellipse equation + - 1 ,

a
2

a
2
(1 - e')

r

r + -14= )(x:2 aer7+ y2 + 4x + ae )2 + y
2 &

-e.,

\
1

i. '

= ',Tx - 02 + (1 - e
2
)(a

2
- x2) + Ax ,t ae)? + (1 ,:- e2)(.d..-- x2)

= - t:Lx + e`x + la2 + 2aex.± ed x2

= a - ex tsa. + ex,

= 2a .
, .

4c,

It should be noted that the first radical expression is equal to 'a - ex

rather than .ex 1 a be2ause the largest 'Possible x . is a , and e

. -

is less than hence 'a - ex is positive,
N\

7. If P(x,y) is aqy, point on the ellipse, the fixed points are

F(c,0) , F'(-6 and the constant is, 2a(a > c) , then
.1

(1) PF + PI" = 2a

+ y24 x + + ,y2 = 2a

,After eliminatin radicals in the usual way, this becomes

2
- c

2
iy

2
+ a

2
y
2

= a
2
(a

2
- c

2
).

2 (387.



I-

Or, wP let = a
2

- c
2

b2x2 a2y2 = a20

2- 2' -7

7
x y

+ 7 = 1
a b

This sketches the proof that if the coordinates of a point satisfy' (1) 2

they satisfy (2) . For the converse, we retrace our steps, but Must

use both signs when the square root is taken, so that there are four
4

equations,

'' + y2 + +!c)2 \I- y2 = 2a .

It can easily be shoWn,,because of th requirement that a, > c and

the faCt that the two radicals reprect.nt two sides of a triangle of

ird side has length 2c , that only the positivewhich the t

can be ufe

Each poi4 is located so that the sum of its

pOintd! ( F4) is a constant (the length of

length of Fr)

d'stanees from

VVI , greater

. See Problem 8. As the distance between the tacks increases',

becomeb more elongated; as it decreases, the ellipse becomes

circle.

10.
41)

5x
2

+ 9y
2

- 40x - 54y 4- 116 . 0
.

(b) I 8x2 - 4x5. + 5y2 ... 38x - 58y 4 242 = 0

the fixed

than the

If

the ail
0

more e

11. e = 0 ; the foot- -directrix definitilon cannoi be used for a circle,

. 2 2 .

12. The ellipse has luat5.on
y

--1, + 2- = 1 and is symmetric with respect to
a ,b

th oftgin and to both of the coordinate axes. Therefore (-c,0) and

$ ,--7-
the lire x = -

a c--
= - are also a focus and directrix of the ellipse.

e
e
2

. r .
-(See Figure 7-4 part (a)). . -

286:288
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6
13. We. may recognize r - as an equation of an ellipse, and rewrite

2 - dos e

the equation in rectangular form for the purpose of discussion as in

Example 1. Instead, we shall carry, out the discussion in polar coordi-

nates in order to illustrate the procedure in that system. We may re-
,

write the equation as

2
(6)

r
1

1 -
2
- cos e

and see that the graph is an ellipse with one focus at the pole, with

eccentricity e = , and with

diredtrix six unity to the left of

. the pole and perpendicular to the

line 'Long the polar axid. From the

definition of eccdntricity we have

1
d(F

32_
V
1
) dCF

l'
V
2

)

e -
2 d(V d(V2,Q)

Since d(F1,Q) = 6 , we have d(F1,V1) = 2 , d(F1,V2) = 6 I Therefore

the vertices are V
1

= (2,g) ind V
2

= (6,0) . Since

,d(F2,V2) = d(F.1,V1) = 2 , we have the coordinates of the other focus,

F2 = (4,0) , Since the center'of the ellipse is the midpoint of F1F2 ,

we have C = (2,0) . We readily find the major axis, 2a = d(V1,V2) = 8

-and the focal distance, 2c = d(F1,,,F2) = 4 . (We verify that

e = = = .) From the relationship b2 = a2 - c2 , we have

b
2

= 4
2

- 2
2

= 12 and b = 215 , which gives the minor axis, 2b = 4 .

The length of a latus rectum (only one, RS, is drawn in the figure) can

be found from the fact that it is twice the polar distance to the point.

R , for which 6 = . Substitution in the original equation gives for

this distance

d(F
1
R) =

6
- 3 ;

2 - cos
2

therefore each latus rectum is of length 6 . Using these values, we

complete the sketch.

238 9



7-8..

X2

2 2

14. Using the representation = 1 , the desired proportion
a a

2
(1 - e

2
)

is

tae 2a = 2a : 2
a

.

This can be verified immediately.

In the first'four problems in Exercises 7-8, you will notice that the

lot,atiOrn of the transverse axis has been specified, but it has not been

indicated-which of the lengths given for the semi-axes is that of the trans-
_

verse axis. This is deliberate, and it is suggested that you not make-any

additional specification in assigning the problems to the students. They

- should discover for themselves that two different hyperbolas meet the condi-

tions in each, problem, and should realize how this case differs from that. of

tile ellipse, where the longer of the two axes must be the major axis.

Exercises 7-8

2 2
il3

1. x -9Y = 1 e = V(2 0) v'( -2,0),0) , F = (A7,0) , 1". = (-117,0)

D
t,--

: x =
4: x = 3 , D' : x = -

4

3
A : y = ux , A' : Y = - ux

A

or

2 2
-

irs
C = -- , v(3,0 , , F(3,0) r(-AT,o)

D. x =;-1/13 , D' x ,= - 111/13



2-- 2
2. x + = 1

11- 9 #

1/7.3 ..e = P V(0,3) , , F(0,113) , F1(0,-1T.3)

D.: y = 9 13, D' : y = :;47
A : y = , A' : y = -

Or

2 2x + -4- 1

e = .1/73 V(0 2) Vt(0 -2) F(0 173) F1(0,-117)2 f , , ,

D : = 14311-3 ,D' : y = - 4

2A : y = 2 , A'

3.
(x+ 2)2 (y - 3)276 9

e.= , V(2,3) , V'( -6,3)

= (3,3) (-7,3)
6

D x =_26

A : 3x - 4y + 18 0

: 3x + 4y - 6 = 0

Or

(x + 2)2 (Y- 3)2 -1
9- 1-76

e 5

7-8

v = (1,3) , vq-5,3) , F(3,3) , F'(-7,3)

D : x = DI x = _ _19
5 5

A 4x 3Y + 4.7 = 0 , A' 4x + 3y - 1 = 0

r

291
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2)2 (y _ 3)2 -

5e = ,..v( -2,6) , v'(72,0) , F(-2,8) , F'(.2,-2)

24D: y= D' : y= 6

3 x - 4 y 4.- 18 = 0 , A' : 3x y = 0

Or

(Y_- 3)2
9 lb

=e - ; V = (-2,7) , V '(-2,-1) , F = (-2,8) , Fl(-2,-2)"

31 - y -

A : 4x 3y- = 0 , A' : 4x + 3y - = 0

5: -See the next page.

6. x2 y2 4

(b) X2 y2 7 4

(c) =4x2 + 93,2 = 36

(d) .25x2 - 144y2 = 3600

(e)
43,2 4x + 24y - 48 = 0

7. 16x2 = 9y2 144

8. 2xy, = 1 ; e = Vf

9. It will be easier to do this proof. if the coordinate syStet is-choden

in such a fashion that the origin is the midpoint Of the line begtent

detertined by the two. fixed;points.

10. The latUS rectum of a hyperbola is eitherof the two focal chords

2h
2

perpendicular to the transverse axis; its length is a

11. The points 1odated by the construction lie on a hypekboia because the

construction determines each one so that there is a constant differeCce

(2a) in its distances to the two fixed points:

2 _2

12. titination of the parameter gives 45 - Zn = 1 .

b'

et'

9



(24,0) (-24,0) (2,0)

(b) 2 (0,0) (0,?4) (o,-21g)

b

) (o,o) (rs,o). (-Alm (3',0)

(a) OM (0,13) 0,-13) (0,5) (o, -5)
3 12

0

) '5 (2,3) (2,3 + 245) (2,3 - 2)

-2,0), = +4/E y = +x

= 44-2- y = +x

A,A

2_
= t: 32".

a 5
(.4

= 3 ± - 2y + 4 =.0,x + 2y - 8 = 0



7 -8

13. Draw concentric circles, center

(m) , radii a and b , any

angle e . DraW tangent at B

(intersecting OD at C) and

tangent at D (intersecting

x-axis at E) . From C and

E draw parallels to the x- and

y -axes .respectively, intrr-

'secting at P(x,y) . Then

x = OE'=-e-sec e and

y= CB = b tan 6'.

2 2

Hense
x

-
y

= sec
2

e - tan
2

e = 1
a? b

. (a) xy = -21

(b) -x` y`
n

= 40

15. Locus-is a pair of intersecting lines (the asymptotes of

.x2 y2
= 1)

Review Exercises

1. (a) Circle with center at pole and radius of I .

(b) Circle with_center at (1,0°) and radius Of 1 .



sr*

(c) Parabola with vertex at (40) , focus at 0 and directrix

perpendicular to polar axis and 8 units to left of pole.

Hyperbola with eccentricity-

at (0,0°) and (- 00) ,

and directrices r cos e = -

of
3

, center

vertices at (

and rcos

,

at (- .153 0°)

4 0
180 ) and (-4,00)

e = -
15
52

Pnnt

9

2 .9_6 293

0-a



7-8

4.

(e) Ellipse with eccentricity of
1

, center at (1,0°) , foci at

(2,0°) and (0,0°) , directrices r cos 0 = 5 and r cos 0 = -3 -

vertices (3,0°) and (1,180°) .

0

(f) parabola with eccentricity of 1 , focus at pole, vertex at (21180°),

and- directrix r -cps- e =_ -4 .

' -2 , 7
294

7).



7-8

-
72

(g) Ellipse with eccentricity 4., center at (-T,
o

) foci at

(0,0°) and t, 0o.
) , vertices at (24,0°) and. (c,180°). ,

144

7

the length 0 the minor axis is
18

, and the directrices are
It

2016
r cos 6 and i cgs

-

e . -8 .

7

O

(h) Parabola with eccentricity 0 , vertex (2,0) , focus at the pole,

and directrix.the line r sin 0 = 4 .

0



(1) Hyperbola with eccentricity 2 , center at -(2,180°) , vertices at

(1,180°) and (-3,0°) , the foci are at (4,180°) and at,the pole,

and the directrices are r cos e = - 3 and r cos 0 = -
5

2

(3). The graph is the point (2,-3) .

(k) Hyperbola with center at (0,0) ,. vertiee.? at (4,0)

foci st ()5,0) and (-)5,0) , eccentricity of V , directrices
-,k

x =
2 2

and x = - , and asmototes y = andand y = - /--x.
2

r
.

( e) Parabola with vertex at (-2,3) , focus at (-4,3) and directrix

X =0

(m) Ellipse with centeiatC1C.71X(1ertices at (78,-4) and (4,-4) ,

toci at (-2 ,-4) , eccentricity of -- , and directrices

x = -2 36

)1.1

(n) Ellipse with center at 1,1,-2) , vertrces at (1 8-, -2) ,

VD5'
,eccentricity -of

'
foci at (1 t S, -2) , and directrices

x = 1 4. -2 and x = 1 - 5 .

(o) The graph is :the point (3, -5) -.

296



(q)

Hyperbola with center at. (4,-1) , vertices at (It 4 1/T7 , -1) ,

(2,-1) and (-10,;1) , eccentricity of .L , directriOes

,rj
foci at

7:8

X
1

= 7, and xc

Hyeerboll with

eccentricity -of

-
-2

, and asymptotes x + 4 + V3(y 1, 1) = 0 .

center at (-2,3) , vertices at (3,3) eid (-TO) ,

13
, foci at (11,3) and

1 -51x = -15 and x = and asymptotes
13

9
.Y = . -

12
N r 3

5

2. (a)
-y2

= -20x

(1)) , 1)2 = 32(Y - 6)

(c) Four circles, centers CI 7 , 5) ,

directriees

12x 39
and7 5

.
Equations; x

2
+ y

2
- 10x _ lOy + 25 = 0 , x2 + y2 4 10X t lOy +25=0.

(d) r = 2112., -Equatiop; x2 + y.2 - 2x + 8y + 9 = 0

(e) C = (0,4) , r = . Equation: x2 + y2 = 8y 4 = 0

(t) x2 + y2 - 1.2x + 8y - 48 0

(x - 2)2 4(Y = 3)2
(g) _ +

3)2_1

_(x + 3)2 - 3)2
(h)--- _. 1'

(X 2)2 (y - 1)21) _ . 1

:-9x
2

16y
2.

'319 -319

(k); 2x2 - y + 5 = 0

3, (x + 1)2 = 16y t.

4. (.1r< + 1)? = 4( X . Each center is equally distant from a fixed

point (1,_71) and a fixed line (the line x .

51

. , . . 2 , 2
x,

-Elimination og-the parameter g1yes-9 +
y9 =,1 .,,

9, b -. *- -

'a()0 297

-0 4
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o

5?-4-6x - ihy + 6 . 0
.

,

04:
.'1. -Ctioose axes :so that .equation

.
,

of- curve =is b2x2 -;=
aasr! =a2b2

;
. --

r...- +
'

then-asymptotes are y = -x .a
..

Then -write. expressions, for.dis-
k,,,!

#inces,-from P = (x,y) to
.

.
-,..

asymptotes;.

--,, -

d(-1),Q)-, cy(i);-R) _It._ -.ayr :Ihx_.;. ay_lIT"
a. + b

3-- i 2, i 2 al
, lb' x .-.a:-y -1

,4 , . = '2 -72-- 2- 2
a + la -. a +b

b.
..

.(a) .tlf .- = 2, b = 2a . Then.
-a

..

(b) In similar fashion, e = 1 -1-7- it?

: ;; ', ,-,;(1'
i,,44,_,

,,4 2-irt2r2 4.,,.r2,

1.0,,,, ..(a.)-, Since x`l + y' . ., ,,:; _ ,. we' get x4.-1- y =r
1 4-, t

_
(1i) If only ,poSittie .(Or only ,negative) signs are used, the graph is..

-only ore-fourth of a circle.; which part depends on the signs used,

and alno. on, _whether r and t are positive or negative. If '+

-signs- are used and r and t are both,positive, it ia the 'part

in the first quadrant; if + signs aze used,, and. r > 0 , t 0 ,

ds, the -part in the second quadrant; and so on.

-(o) Iii order for X. to be +r , _t = +1 , This is impossible,

4 A

for il.4- = t only If t Ô' ,and then x' = 0 : Thus to be ,.- ?
.. ---

precise we, would pay that .the Parametric equations represent a
, . o

circle. with _tWo point, a missing.

,.. -

-z r

42 --.1.-
2

4-

ali.r71-b?.._ , .12 ._.._-r .a2b2

0 '0 e 'a + b-

11;

, 301
. 298

i
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(x - a
2 +

k2
"(y - b)2 ,

12. This is a circle with center (a,b) and

radius Ikl'.

If k were zero, then the locus would be reduced to the point (a,b)

25
13. Computed height.at edge of road is -

01
ft. (z 14.9 ft.).

l& 20 feet

Let the equation of the hyperbola be x2 - y2 = a2 ; then e = 1ff ,

F = (ae,0) , F' = (=ae,0) , and for a point (x,y) on the curve,

7-8

= - al/)2 x2 - a2 =x = - ae 2 y2 Il(2x2 4-a2) - 2alff x

similarly

r' = 1/4(2x2 a2)'+, 2alff x

r r' =1)(2x2 e 2 -) 8a2x2

= 44X4 - !tax- +
0

12:0 a2i
= 2x2 - a2 .

The square of the distance from the point to the center (0,0) is

x
2

y
2
= x

2
x2 - a2 = 2x

2
= a

2

16. (a) Ope possible form

4 ) 2 2

(b) 4 1
225 3u

2 2

(c)
25 3,

+ = 1

17. (a)

2 2 -<°'
x yis

5". "6a2 +

The equation of the circle is

x2 y2 a2x y = a and the equation

of the chord is y = p . If

y = p , then x
2

= a
2

- p
2

or

x =-"
A2 p2

Then d(E,N) = 42 - p2 and d(P,N) =

to 30 2 299

2 2- p .



7-8

a

O

x2 y2 a2

d(-P,N) = 47=7, d(M,P) =a - p ,

and d(P,Q) = a p

Then
d(MHP) d(P,N)

d(P,Q)

q

(cY Let (0,0) be one point and P = (p,q) be the other.

iix - 02 + (y - q)2 = k2 x2

(k2 - 1)x2 + (k2 - 1)y2 + 2px + 2 clY = ,
2 2
P

2 2 !2
2p )2 __23___)2 k (p_ + q )

2
k - 1 k2 - 1

(k2 1)2

This is the equation of a circle.

We must restrict k so that is positive and not equal to one.

Challenge Problems

2
y
2

X21. Let the hyperbola have equation - = 1 . Then the equations of

a
2

b2

the three lines named are, in order, y =
a

2
x x=.,y= -a(

- ap) .

These lines can be proved concurrent in any of a variety of ways.

2. If- P = (x,y) is the point where the explosion takes place, the 5-second

time difference at A and B. gives the-condition

which becomes

Ix/2' + y2 - )/(x - 2)2 + y2 = 5(.2) ,

(x - 1)
2

Y
2

_1
.25 .75

The 8-second difference at A and C gives the condition

x2+Y2 x
/2

+ (y - 4)2 = 8(2) ,

- 2)2 2

which becomes .64 - 1 .

a
If we write equations of the appropriate asymptotes (the ones we want -

have positive slope), we have y = I(x - 1) and

300 .303

f



tl

y =
2x + 2 . Solving these equations simultaneously, we find that
II

the point of intersection is approximately (2.9,3.3) . While-a point

of intersection of the asymptotes is not a point of intersection of the

curves, it is probably satisfactory here since there was only one

significant figure in the times given.

3. If the suggestion is followed, the condition is

d(P,W2) - d(P,Wi)°> 20

which is + 15)2 + y2 - . 15)2 +.y2 > 20 .

x2

1

y2

100
This becomes 1 . The locus has As its boundary the part of78
the hyperbola for which x is positive.

4. From the statement of the problem

and the diagram, we must show

OPQ = ok.. But m < 6PQ = e - a .

Therefore we must show a = 9-- a or ,,.

e = 2o(, -Rectangular coordinated of

P are ( -r cos e) ; the

equation of the parabola in

rectangular coordinates is
-

= 12N'+,3)', The,point-slope

form-of the equation of a line

through P 'With slope m is
4

y - r ;in e = 11(X - r, cos e) ,

or

4 = mx +44 sin 9 m cos e)

This line will in general intersect

the parabola in two points, but if

it is-a tangent line there will be just one such point. The coordinates

of the intersection points can befound by solving simultaneously the

a equations of the line-and parabola.

Thus by substituting we get a single equation for the x-cdordinate,

(mx r(hinfi - m cos 9)2)2 = 12(ce+ 3)
) I

0
5

1)1
o



7 -;8
-.

m2x
2

(2mr(sin e - m cos e) - 12)x +- r
2
(sin e - m co

Tangency requires that the roots of this equation be eq

the discriminant of the eqUation must equal iero. Hence

0 2,
(nr(sin e - m cosce) - 12)

(2
- 4m' r ksin e-= m cos 0-

°
-

his equation can be eventually simplified to

3m3 - mr(sin e - m coS e) + 3 = 0 ..

0)2

al; therefore,

36) = 0

6
But for this parabola r substituting this in

1 - cos e

just above, we obtain, with some more simplification,

2 ,

(1q- cos e)m - (2 in e)m + 1 cos e = 0 .

Solving this for m gives the single value, m =

But this-is identically equal to tan Since m is the tangent ofe,theiirigleofi-rlcnnatimn,LYwetoavea--or e = 2 a, Whtbb IS

sine
1 + cos e

the equation

what, we wanted tr,

5. We indicate herer one possible position

'.:of the triahgle; and indicate a Method

of proof. There are many other
r,

possibilites.

';'^`

In triangle Apc-, we select

_one altitude as y-axis, and place

theorigin kt the foot of'the

altitude. Then let the Vertices

be, A= (2a,0) , B = (0,2b)

= (2c,0) . The midpoints are

Ai = (c,b) B1 = (a-+ c, 0)

'CI = (a,b) .

_Altitude CF lied in the line

with equation

-

y = f(x - 2c)

0.3-5
302,

A40,11.,-4*



7-43

It intersects altitude BO in point H = (0, ) Hence the midpoints

of CH and AH are R = (c
ac)

and P = ( ,a - 1E)

The center of the circle through R , P , and Cl would lie on

the perpendicular bisectors of RP and PC' ; the point in which they

intersect is

(a b2 - ac)
2 ' 2b

Now we verify that the remaining six points (0,D,F,Q,BI,Al) lie

on the same circle. One way would be to find the radius,

r 1 '/(a2 + b )0)2 c2)
2b

arid.,verify that it is equal to the distance from N to each bf these

points.

Illustrative Test Items

I.."Ideittify and sketch the curves whose equations are given.

(a) ,5 = 0 (g)- c. 4y - 4 =1. 0

(b) r = 2 sin-1) (h -) 11x2 25y2 = 400

3 . , 2 L 2 .
;(c) r J) 9x + Lly - 3ox + 32y ± 100 = 0-

-'

k

cos e

(d) r
2 - cos e (j). x2 - 25y2 + 2x + 100y - 99-= 0

2 2
;

(e) r --
4 - 8 cos e (k) 16x - -9y + 32x + 54y - 209 ,,,.. 0

-

*(f) 3y2,- 4x2 = 12
'r

1.
(2) 9x2 +1y2 - 18x + 16y - 11 = 0

2. Sketch the graphs of the following polar equatiOns.3 --
.-

Write the equations in rectangular form.

(a) 2-1. - 7 = 0 (c) r sin_ e - 2 =

5(b) r
r 3 - 2cos ecob 9

3. Identify the following conic sections; give the eccentricity.

(a) r (c) 5 = 0
3 - c6os- 9

(b), 2r cos e - -12 =-o (a) r = 4 r cos e

3°33 0 6



k/t

7-8

-4. The directrix of a parabola is the line y = x , and the focus is

(4,-4) What are the coordinates:Of the vertex?

5. The eccentricity of a-hyperbola is 2 and the-distance between the fOci

is 8 . Find the lengths of the semi-axes,

6. Write an equation of _the- tangent to the ,circle x2 + y2 = 2", at the

_point (-3,4)

7. 'Find an equation of the radical axis of the circleS with equations

3)2
2)2 = 4 and x2 + y2 = 9 .

8. What kthd of symmetry do the graphs of the following equations have?

If -there is point-SyMmetry, give,the'coordinatea of the point; if line-

give an equation of-each axis of-symmetry.

6
(d)

.(X. - 2)2 + 4)2
(a) r

3 3.cos e
(u, +

/)2 (y - 1)2
(b) r = cos e + sip e

(e) 25

(e) -25x2 - 4y2 = 100 (f)
/
x
2

--6x - y + 7 = 0

. Write an equation of a circle with center (3,-1) and tangent to the

line wi'th the equation 2x +.5y -- 5 = 0 .

10. The axes of an ellipse have lengths 10 and 6j, what is its

eccentricity?

Find:th-distance,beween the foci of the conic section with equation

2 2-
x

9
y

12, The vertex of a parabola!is_ (1,5)" and the focus is (4,5) . What is-
?'

an equation of the - directrix?

13.. The directrix of a parabola is the line with equation x = 2 , and the'

endpoints of the latus-rectum are (6,6) and (6,-2) . Write .an

equation-of this parabola.

lir. 'Write an equation-of the circle having the segment with endpoints

(-1,3)- and (3,-3) as a diameter.
r

1
3

What is_ an equation of the conic with eccentricity of and foci at

(3,8)1 and ( 3,2)

304 3 (57



7-8

16. (a) Write an equation of the family of-hyperbolas With center at (2,-3)

2
and asymptotes with slopes and -

(b)' Find an equation of -the member of that family Which contains the

point (22,7)

Answers for Illustrative Test Items

1.: (In some routine cases the graphs are omitted.)

(4 Circle, center (0,0) , radius 5

CO Circle, center (1, radius 1 .,

,

(c) Parabola r
3

1 , cos' e

3 U 8 305

'1 0







A

2 ?
(h) Ellipse a + Tr =

(i) Point- ellipse (2,-4)

9(x - 2)2 + 4(y + 4)2 = 0

(9) (x + 1)2 -v 25(y - 2)2 = 0 or (x + 5y - 9)(x - 5y + 11) = 0

Two lines, equations X L+ 5y - 9 = 0 and x - 5y + 11 = 0 .

(k) Hyperb'ola
(x + 1)2 (y. - 3)2

9 1

40



_

.

. (A)
(x - )21

+ (1 + 2)

2

- 1.

Ellipse .

2% (a) =Circle; x2 y2
49

(b) Hyperbolp '

(x 2)2 y2 .

1 3

7

I

3 309



(0 Parabola x
2

= 4(y 4- 1)

(d)

(x - 2)2 +Y 1

9 5

t-

\ I

0.

3. (a) e

(b-) Hyperbola;
\ 3

Circle;-no eccentricity (o;

e

(d) Parabola; e = 1
Ir

1

0
343

31



4.

:5.

6.

V = (2,-2)

.=. 2 , b

y - = i(x + 3) , or 3x 4- 25 = 0

7. 3x - 2y - 9.= 0

--

Parabola; line symmetry,
1

e = 0

Circle; point symmetry;
} (4, i)

the center.
Hyperbola; point syminetry,'(0,0)
Ellipse; -point symmetry, (2,.;.4) ;

Hyperbola: -,,*int symmetry! (-3,1)

.Y = a:
'Parabola; line symmetry, .x = 3 .

line symmetry, every line -through

;'line symnietry, x 0 and y
line symnietry, x = 2. -, y -4%

;,Line symmetry, x = -3 and

9. 312 +
1)2 1 2( 3 ) ..1)

51

47-f5

or 2 2-
29x 4-'29y - 174x + 5Py Y 27=0: 0

10. e =

' 11.. 2ae = 21f3

12. x = -2

3:3.

.a . .

(b) (X 6 2)
2

Or + 3)
2

= -925

(y. - 2)21=43(x - 4).

14: c-= (1,0) ; r.= 1.F3

(x.:. 1)2 + = -13

2
16

/

1 .

15. Hyperbola; ae = 3 a = 2 b = ; c = (3,5)

(x - 3) lY = 5)2.2 (y-)2 =1
5 1;

16. (a) - 2)2 (Y T 3)e k
2

.314
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Chapter 8

THE iiiiit-AND THE-H;ANE

t.

/ 8=1

Parts of thig. 'Chapter will be familiar to. some classes. Time saved wheii_

Ulla is the ease they permit study -of some of the supplementary chapters.

Many teaaherg;ha've a favorite,thethOd
If you do; not -have such -a

_preferredr-MothOdi -you-might like to try

itaVe the s'tUdentS use Squared

Datilei:. tell theth-to draw -oT horizontal,
iside'Oa Vertiddl, and OX at an angle of

_

6 with the -negative end- of the yzaicis,
chne0e-d-suitit751.6 length .for the unit on-

the _Y= and axis, and on the iizaxis' let'
_. the,diagonal of the unit uare measure

two uriitai way of

Of teaching 'students to -Make sketches

A

:getting Units, and- makes a rather
,SatiSfactOry cirttiring.

It

f

0

4

The _tormulai'' föi point Of division in SectiOn 8.12 -a-ptay for both internal

and external points of diviSion:- In Exercise 9'; art (4` to (-,f)- oi'''

kxetcies the distances are considered to be ,directeci, and' twO points are

found: -

,Eicerdiges

er,

.4 . t;''

- , ar,

(4=
z

"

1
/

(= i,i)
91:

0 0



z '(f)

y

z

4- --
Cr!. -;)

_

z

Al

/
,/' I

X--41 (-3, 1, 1)

z

2. d( 0,P) 7 /It , d(0,Q) = -T.ii , d(P,R) = 0 , a ( Q,13 ) = .

1
'3. Midpoint of' OP = (2 , midpoint of PR = (12 , - , 2) .

(b)



T.

6.
(- 5,0,0)i

/ (-t 4,0)

(0,0,0) I V-,

(-5;0;3)

1

h
i

(0,0,-3)fr _ (0,4,-3)

(a)

315



(b) Projection

8. y

O

on,x-axis

on p-aXid

on_z!,axis_

on xy-plane

on yz-plane

on xz -plane

P1 P
2

(2,0,0) . (-1,0,0)

(0,-3,0) (0,3,0)

(0,0,4) (0,01.:2)

(2,-3,0) (-1,3,9)

(0,3,-2)

(2,0,4) (-1,0,-2)

O

..1entzths-Of projections

on x-,y-, and z-axeS-: 3,6,6

on xy-, yz-,, and xz-planes: 314, 61/E,

a

3,5

(b)' Pr jecions

in

oln

x-axis

y-axis

xy-Plane

n yz-plane

n.xz-plane

P1

(-3,0,0)

(0,5,0)

(0,0,T)

(-3,5,0)

(- 3;0,7)

A

P
2

(3,0,0)

(0,0,0)

(0,0,-3)

(3,0,0)

(0,0,-3)

43,0,-3)



(c)

lengths of projections

on x- , y- and z.-axes 5, 10

on , yz- , and xz-planes V6f, 5)5, 21/T

9. (a)

(b) ( - --) or
4 5 10

- 3

(c) 281", 3)

(d)
'8,

1) or (

lr ,. ,
1. 3

(8,

Or
(22. 7,18)

(e) 1 §-) or (6, ---,--41 i't

' 5

r5i or (- 23 22)

3 ' ' 3

10. d(A,B) = 1111

"O(A,C)= V-31.

lq(740, .

Right-triangle.,

Challenge Problem

8-2*
N

'L
1

The question of how we know there are three mutually perpendicular-lines

through a point in space is intended as a warning to the students against the_

unaritical-use-of intuition. It is not a trivial question. In terms of the

development in the SMSG Geometry it can be answered as follows. By a poistu-

late, there are at least four points in space, so we can select 0 and another

_point, P . By another postulate there is a unique line

and P By a theorem, there exists a unique plane a
41.

lar to OP . By a postulate there is another point Q

there is _a unique line L2
through 0 and Q , and it

OP . Finally, by a theorem there is a unique line in a through 0 perpendi-

euler to L2 , and by another theorem it is perpendicular to L too.
1

, containing 0

through- 0 perpendicu-

in a. By a pOstulate

is perpendicular to

349!31T

1

4,



The argument by which the parametric representation is obtained is

rather tricky and should probably be gone over in class very carefully. It'

may help to show that

for suitable

will do. In

for L and

Z ='ZQ + s(z, - zo)
',.3, z - zo

s by noting that zl. - z0 L 0 and hence s -
Z. . 41 r O

the final step the argumerit is that from the parametric equations

.L" 1.re_see that'

YO-+ s(Yl --YO)

toP suitable t and that

Y = YO + s(Y1 YO)-

_for_ suitable_ .s.----Sinceyi = yo -0',

YOs= -t.
YO

Htudents are often intri ued ion space, so

ey may enjoy our brief discussion of the notion- If 1,t is taken up, you

should try to Make it clear that we are not introducing a coordinate system

intaia space which is given (by a system :of postulatds) tut instead are r

defining a "space" which is in many ways like the space of ordinary geometry.

In 3-space, as in 2-space, a --line Las not 'just one, but many represents-

tions. Only one is given in thiscoimnentaryteicen_ct where the direetions-

speciti..:ally-ask for two.- A student should be allowed to write any correct

-representation,, but should be able to show that his representation is equiva-

lent to any desired representation.

In,Exercise 2 of Exercises 8 -3, you may want to haVe the students con-

sider further the cases in Which symmetric representation is not possible.

In part (d) , for example, since one of the direction numbers is zero,

symmetric equations cannot be written. However, t can be eliminated and

the equations.of two planes containing the line written: z - 1 = 0 ,

x 4 5y 13 = 0 . In part (a) , with two direction numbers equal to zero,

v!. ; bare at once the equations of two such planes: y.= 2 , z = 3 .

4

33:8. 3;4



1. (a)

1

2.

(c)

X = 1 4 t(1)

z = 3 + t(0)
= 2 + t(0)

x = -:31 'e(0)
y = -2 + t(0)
z = 1 + t(1)

x =1 + t(-4)
y = L+ t(-4)
z =.3 + t(-2)

(a) x = -3 + t(5)
y = t(-1)
z = 1 + t(0)

y = 0 + t(-4)
(e) 0 4: t(-4)

z 0 + t(-2)

The symmetric form exists

x.- -1 3/_- 2

(e) 7:5

(g)

(1,cr,o)

-(0,0,1)

1,, 0)

V56' 156

Exercises, 8-3

(f)

(g)

x. -

lx = -0 + t(5)
y = 0. t(-1)
z = 0 + t(0)

x=
y=
z

rt(1)
o + t(-2)

O + t(3)

(h) x = 1 + t(-1)
{'y = 2 + t(-2)

-7.. z = 3 + t(o)

(1.) x = a. + t(5)
y = 2 t t(-1) ..

.z = 3 + trO)

(j) -x = 2 + t(-4)
y = -3 + t(-4)
z = 1 + t(-2)

.1-4.-r-

in parts, .(a) , (e).3 , (g) and "(j)



8-3

(h 1 2.(- - ,,O)
, .

(
5 1 0)

2 2 1(j) (- -3-, - 3, - 3)

i
It- (a) x = 1 + t(-1) x = 0 + t(1)

= -1 + t(2)
z = -2 + t(r)

3+-ly .7 1 + t( -2)
z =,,..71 + t(-1)

Y = -1 + t(0) y = -1 + t(0)
x....= -2 + t(1)(b) x .= -1 + t(-1)

z =1-1 + t(2) z = 1 + t(7.;2)

= + -t. -3) ..

z : 1 4. t(3)
y 2 + t(-4) cr^.----", 3,---44:.- Oft':

(d) - x = -3 + t(4),
y = 1 + t(1)
z = 1 + t(-2)

I.

x = 1 + t(3) (-2, -6, 7)

(b)

'(e)

z = 4 + t(-3)

x = 1 + t(-4)
y = 2 + t( -1)
z = -3. + t(2)

(5, 3,- -3)

22.4 , 145° 66° . (2:-
16

- ; 66° 35° 114°
16' . "

O

(1.1.
--2-); 117° , 90°, 27°. . 2-); 63°, 90°, 153

v-5 75-- v-5
, ,

, 121° , 133 °, 59 °, (L- , , 59° ,."47°, 121°
-134 -%434,.- 434 1'34*

,.4 1 -2 N. _ o o ro -4 -1 2 ), 1510(d) , 7t-), e9 , 77 , . , 103°, 64°

6. x-axis (1,0,0
y -axis t` (0,1,0)
z-axis (0,0,1)

7. (1-,1--

3



-8! (e)_ No

(b) Yes-

(c) Yes-

. (d) Yes

9. Line's with equations (a) and

10.
x-.2

3- -2- -1

x - -3 _ + 5, z
L3 a -3

( f) are parallel; so are

x + 1 - 2 z

1 2 -1

L cannot be written in symmetric form,

(b) and

d(pi,P2) = 4-((x0 +,eti) - (x0 +.e t2))2 + [(yo +

( ) .

1 (Y0 4.'mt2))2

[(z0 + nt
1

)
'

- (z
0
A-nt

2
))
2

= J (it/ !g t2). + m - mt 2 + (nt
1

- nt
2
)2'

(L2
+ m2 n2)(t1

/./ 2 In2 +n2

The distance between any two-points-one line with the given Parametirc,

(--42+40 + n)representation is_a_-"Onstant multiple of the _absolute

value of the difference of the-values of the parameter that give the --;

points. If the direction numbers are normalized, the-distance is equal

to the_absolute value of the difference-of the parameters,

1 ._,Suitose L parallel to the xy-plane. In that plane, L would

havethe Parametric representation

x -= x0 + t(x.i - x0)
4

Y = YO t(Yl '''YO)

The z-coordinate of every point on L would be thesame number, So

z = z
0

Thus Equations (3) would represent the line -L 1

they would_ represent a line parallel to either of the other coordinate

.

planes.

3 2=3' 321.
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<

Challenge Problems

1. For all values of t the x-coordinate of the point on L will be 2 so

the line is- in the plane x = 2 . Similarly for everypoint P(x,y,2)

in the plane 3y - z = -5 there is a value of t such that y -1 + t

and z = 2 + 3t
x = 2 , -y = -1 + t , z = 2 4 3t lies in the inters'action of the

planes x F-- 2 and 3y - z = -5 .

2. x = 2 z = -1

3. x = xo + t(x.i. -

:'
Yov

)

z = zo.+ t(zi - zo)

w0 t(wl W0)-

If P2( x2 y2 z2 , w2) is on L

N t
2

PO such that

'But then

then there is a_number

x2 = x0. + t2(xi - x0)

2 '0
12(31'.-

z
2

= 20 +. t 2(21 - z 0)

X2 = X0 + 12(X1 - w
O.
)

= xo + (1. )(x2 - xo)
2

Y (--
1

r
Y0),

0 t 0
2

I
;:' 20 4 )(22

2

w0 2)(w2 w0)

So pi is' on the line through Po and P2 .

4. On the coordinate axes, (x0,0, (0) , (0,y0,0,0) , (0,0,z0,0) , (0,0,01;w0) t

On the coordinate, planes, (x0.0Y00 ),(o,y0,z0,o),(o,o,zo,v0),

(x99,0,-40), (x0,0,,z0,0), (0,y0,0,w0)

On the coordinate hylierplanes, ( xo, yo, zo, ) ( 0,yo, zo,w0) ( x0,0,y0, zo)

(x0,5r0,°,wo)

32232 4
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01.

r. 8=4

In 3-space V - E + F = 2 where

,V is the number of vertices, E,

the number of edges, F, the number

of faces.

In 4-space the polyhedron is made up of vertices (0-dimensional), edges

(1-dimensional), faces (2-dimensional), and hyperfaces (3-dimensional).

IT the picture the hyperfaces are represented as truncated pyramids with

bases, on faces of the figures that appear as inner and outer cubes. .

- 0

1. - y - 4z + 6 = 0

2. x + 5z - 6 - =0

Exercises 8-4

/,

. 3.

,_

Intereeptd Traces in

z- lane xz-plane

k-,(c)

---,

-

_z-plane

I

_____

t.

-

(a)

(b)

.

__

Ca)

( e)

-f)

(g).

(11)

(1)

(j)

2 -4

5 2 10

I
2 7.-, -5 -2

. __,_

-2- 3 -6
4 -3- none

none -4 2
2

,:. -

0 -O._ 0

done- 07 .0

7 n6ne none

hone none - ;

3x + 2y - 6 = 0
2x + 5y - 10 = 0

2x - -y - 5 = 6

3x --, 2 y . + 6 =
3x - 4y , 12 ,=

y + . 4 =

x.-;2y = .

y = 0
x - 7 = 0

none-

4y ., 3z - 12 = 0

5y+ z - 10 = 0

2y + 5z + 10 = 0

--2y + -z-+ 6 = 0,

y -i. 3, =

4
5y -- ,8z + 20 =-

-3Y + i-i-- 0

' 3y - 5z = 0

None

2z +, 9 =

2x

2x+

-4x

3x

+ z - -4=0

z - 10= 0

- -5z. , 10= 0
_ .. _ ___

+ z+ 6= 0
x - 4= 6

-2z 4- 5 =0

_3x + 2Z_= 0

- z= 0

x - 7 = 0
4a + 9=0



8-11

a.) 6x + +_ - 12 =

rJ

(a). 3x - 2y z 6= 0

(b) 2x + -5y z - 10 = 0 (-e) 3x_- ky-12=
10 Z

O

5

-. 5z 10=-0 ( f )- 5y - 8z._+ 20 = Q

324 326



t. 

A 

z - 
o = 6 + za (c) 

L - X 0 

.ti 

0 = p -÷ + rEt 

0 P + zo.+ 

= + Sq + 

0 =P,* 
tS 0 = P + zo 

0 = 0 + Sq. + 

A 

o = zg - f5 -00- 
(04,18)i 

(91`0) z- 
0 = - (a) 

x O 

s. 

ti 

t'S 



5. (a) -

(b)

A

6". (a)

O
1.)

0(5,1,3) EN/
(1,4,5) '

7

. ...'

4

;' 4 '

......
k

,
.

z.

A= (212;3)
A .

I I

PO

9.

326 4-4f.k.
_ .4.'s;"! -

- .
.e.
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' -g (T) 
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.1£/ 
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L 
zz 

691 

ijz 
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wt 
(A 411. NO, f 
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11. (a), ,8x + 3y - 7z + 23 = 0

(b) 2x - 3z - 1 = 0

i2. (a) 3x - 2y + z + 4 = 0

(b) x + 5 = 0

-413., Let the equation of the plane be ,Ax + By + Cz + D = 0 .

-Since the ,plant contains (a,0,0) , (0,b,0) , and (0,0,c) , we have

Aa + D = 0 or A = - a,
'

Bb + D = Os! Or B = - ,

and Cc D = 0 Or . , °C = - - .
c

y
Thus 'f =

x
, an equation is +

c
= 1 .

14. (a)
z
= 1

(b) 2 + -5, 4- =
3

15: ( -a) x - 12y + 3z - 7 =0

1-- //,,,,Cb),3Z+ 8y + 2z 15 = 0,

16. One method vould be to find an equation of the plane determined by points

A , B,, C (2x - y + z - 1 = 0) and then check that point. D is a point

of this plane.

17., (a) x + y 2z - 2 = 0

(b) 3y - 2z + 1 = 0

18. The proof given in Intermediate Mathematics, may be familiar; it follows.

Let P = (x,y,z) be any point on the plane that is the set of points

equidistant from 0 = (0,0,0) and Q = (ka,kb,kc) where

k = -2d

a
2

+la
2

+ c
2

Then, since d(P,O) = d(P,Q) ,

x2 + y2 + z
2

= (x - ka)2 + (y - kb)
2

+ (z - kc)
2

,

0 = -2kax + k2a2 - - 2lic + k2c2or 2kby + k2b2

which becomes 2k( ax + -by + cz)
k2(a2 132 c2)

t

/ .

Or ax + by + cz -
k

a
2

+
c
b
2
+ c

2
) .

2

''r

1



,8-5

By substituting the value of k , this equation bedomes

ax + by + cz + d_ = 0 .

/

This argument is reversible. This means that any point P whose

coordinates satisfy ax cz d = 0 is equidistant from the points

ix and Q Hence ax 4. by 4. cz d = 0 is the eqUation of a plane.

Note. If d = 0 , it follows that k = 0 ; the two points coincide,

.
Alnd-no plane is determined. In this case-we use the symmetric points

(a,b,c) and (- a, -b, -c) and carry through the same steps as aboVe.

8-5 The definition of a vector as a set of equivalent directed segments

makes the extensionto 3-space almost trivial. Since any member of the set

may represent the vector, we are free to choose those representatives which

most simplify our models or diagrams. In Chapter 3 we stressed the freedom,

but we did not attempt initially to pursue all the consequences of this

freedom. At this point it may be helpful to review the earlier material

briefly and to point out that all vectors which have representatives on

parallel lines also have representatives on the sameline. Once this property

of vectors is understood, the approach to.3Tspace should follow more easily.

The proof of Example 1 assumes no more knowledge of prisms than the

.material presented in the SMSG Geometry. If students have had additional

training in solid geometry, they should be able to develop a more concise

proof.

In Chapter 3 we approached vectors from a purely geometric point of view

before introducing any analysis using components. Here we have adopted the

.same approach, but in almost any application of vectors it is more convenient

to use representations in-component form.

For simplicity we use i., j , and k, to represent basis vectors with-

out the usual symbols indicating vector quantities. Consequently it may be

necessary to Stress that these are indeed vectors.

.3:311 329.



1. (a) 0

s(101 0

(c)- 'o

.(a) 1

2.- (a) 0

(b) 0,

-(c) -0

(d) 1

Exercisev, 8-5

(e) 1

(P) 1

(g) 0

(h)

(e) 1

(f) 1

(g) 0

IFT
(h) or

6

3. -r = t

(a)

(b)

(14,-3,3)

f-7,16,-9)

[-2,17, -9 I

(6;-2,2)

(d)

(e)

(f)

(a)

[6,0,2]

(14,10,-23

f-18;-4,-61

[0,- 3, 0)5. (a)

(b)-, ;-)

(c) (-1, 1,-1]

6. (a) -1

'lb) -6

(c) 24

(d) -50

(e) 0

7.
.

is a

between

11712

real number defined

Z. and ; i.e., a

and 1713

convention about

e.g., (71./Z).t =

are real numb

the order of

AO (-7,0,1)

(f)- E- 14, 0, -
. -

-70

257

4

t231

42

RI cos e where e is the Rngle

= .0° ." So t t = 1/7.1-170 = 1112 .

ers. ir. is not defined unless ,aN/

muiliplication.is made, but in any case,

M2 A , the product is a vector, not a number.

3392 3.2

ti



8.

10.

P

IPI

a
+

a + b + c
2 2 2

C
2 JO b2 c2a2

k =

1

k*.

A vector-of magnitude one in the

direction of P .

11. The line segment joining the endpoint of A. and B is parallel to

A - B . But A - B = i + itj which lies in .the xy-plane. Hence AB

it- parallel' to the -xy-plane.

12. If- cla and clb , we mus sow that .q(r). +.1).) or that ; + S.) = 0

But S- (r. + S.) = + *17 . Since .7cirt , aa..= 0 , and since

b = o' . Thereford, "C +.1;) ='0 and Zi(ro. + t)

13.. (0)Q; t 1) or t. k .

14. -7i + 6j k

7ci - 6cj ck , where .c / 0 .-

15. LA = 124°

LB .= 32°

LC = 24°
oa.

b
16. P +110,1,!.. -j) is a parametric representation of a line through

P = [a,b,d] / [0,0,0) which is perpendicular to P ; i.e., there is

such a line for each r .

17. We wish to prove that rA = [raj., ra2 , ra3] .

Since A = [a
1
,a

2'
a
3

.1 ,

rA = a2,a3] .

Does r[ava2,a3) = [raitra2,ra3) ?

If two vectors are equal, their magnitudes and directions are equal.

-g

1.1



e

8-5

magnitude of rf a2, a3 I r I + a22 a32

Magnitude of rerra2,ya3) = Yr/2 2 + r a2
2

+
r2 a32

rrlia1 2 + 2
2

'3

2

If r is positive or negative the directions of the two .:,re equal.

Therefore the vectors are equal.

18. (a) We wish to piove that

1. AN. A.. a A. -lb.

X (Y ZO) X. Y + X Z .

We &pand the left- hand' member to obtain

k1,x2,x3) '.1y1 + zl , y2 + z2 y3 + z3)

= xi(Yi,+"ii) + x2(y2 + z2) 4,x3(y3 z3)

= xizi + x2y2 + x2z2 + x3y +
x3z3

= xiyi + x2y2 + x3y3 + xizi + x2z2 + x,z,
"'

Ara.

,.XY+XZ.
-.-

This is the right-hand side of the equation and the proof is

complete.

"(b) To -prove ( t7) 1%'= t(7 7).
The ,left-hand member is expanded to obtain

(tx.i,tx2,tx3-.1 [Y1,Y2,73)

tx2y2 tx3y3

, ,
= t(x.iy]: +.x2y2 + x3y3) '

which, by Theorem 8773, is t(c Y)

Prof is complete.

Corollary. To prove that

A. Ai.

(a7 = a(X. y) b(t

expand the left-hand member to obtain

[x1,x2,x3j [ay1 + ay2 + bz2 + ay3 bz3)

axlyl + ax2y2 + bx2z2 + ax3y3 + bx3z3)

= a(x1y1 + x2y2 + x3y3) + b(x1z1 +
eG

+ x
3
z
3

)

= a(X Y)".+ b(X Z) , or the right-hand member.

Hence, the proof is complete.



8 -6 Although there are not many new ideas in this sectioT., some of the argu-

ments require close attention. The postulates and definition mentioned are

from the SMSGJPeoMetry.

We note that even though_ P and P1 are in the plane M , P .

denotes an origin-vector Which does not lie in M unless 24 also contains

the .origin..

Example 3 through Example 6 are not essential to the development, but are

included to show students that'entire regions or their boundaries may be

-described concisely with NectorW:

Exercises 8-6

1. (a) 7x -. 3y + 5z =15:

2. We assume the plane in question contains the given poirits in each of the

follOWing.

(-e) .2x - 3y +.z - 14 .

(b) 2x - 4y 7z + = 0

(c) 3x - 5y 4z - 50 = 0

(d) x + y - 6z + 38 . 0

3. (a) 2 or =5-(17
AT

(1.i) 'IL or 11438

,
919

(c) if d= 0 : 0

if d
lal

42 + b2 + c2
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8-6

4.

PITI,141
rt***

(a)

A,B,C, and Dare the four vertices of

the tetrahedron and P,Q,R,S,T and U

are the midpoints of AB,BC,CD,DA,BD,

and CA respectively. Thus

P
"

=
1

(
2

. 1
A + B) Q = + C)

2

.11.1 = ("a + -115 ) S = 2(5 + "A)

3-(j3 + 1(1 + -6)2=
- 2

46-11. +4.

To show that QS , , and PR are concurrent. QS is represented'

by :4+ (1 - x)r, or 1.((1 xt+.(1 - x)D) . UT is

represented by y17 + (1 - y)72'.
2

or -1-(Yr + (1- y:)17+ (1- y).t+

.For-these to intersect there must be x and y such that

-,x) = y and (1,- y) = x
1But x = y = meets this

3313-3*

condition so -0A +.B + C.+ D) is on both QS and UT . But

3. 1 1 1
+B +C+ D) =,2(7(A + B) + -dc + D)),= + (1 '-. )11

which is on. PR . Hence the three lines are concurrent..

(b), We wish to show that QUST and PURT are'parallelograms. First

we must show that QUST and PURT are plane figures. However,

from "'(a). we know that QS intersects UT and that PR intersects
4,11:

UT , so we have eoplanarity.

Then - = - =I - S , so d(Q,U) = d(B,A)

-A. 1...1.

2

-I.
3 and Q - T (C - D)

r

.216

U - S , so ,:d(g,T) = d(U,S)

Thus QUST has two pairs of opposite sides of equal length and is

thus a parallelogram. We could not get from QUIIBA and TSIIBA

to QUIITS' without assuming or proving the theorem in solid

geometry that for any lines a , b , and c , allb and blIc imply

elle The proof that PURT is a parallelogram procedes similarly.
41-k.

FR, intersects UT , so P , U , R , and T are coplanar. We

show that P - T =
1

- D) =U - R

and -
2
1(iT - C) =TLR

so that .d(P,T) .= d(U,R) and d(P,U) = d(R,T) .

Hence PURT is a parallelogram.

(c) Since in (a) we shew.that x = y = , the point of concurrency

is the midpoint'of"the segments involved..

3343,3e



8-6A

5. Let D be the normal vector from Pi. to M

tl-= [X - , 3r, - Yl, z

The ,unit .vector normal to *M is

z1)

Then the distance from P
1

to M is found from

d = 171131 = [X,P4V1 [X

[ax - NX2. + py
.

(a) AB= (x x= (1, 9p - ,

(b) AB : 3 "c 513;4

'.(c) AB = x = (3 - 5P;

(a) T31.= (x .31= (3 7 5p ;14-

Pz - z1

-2.1) + 5)).

p + p)

- P., 2

- P P)

,

- _ P= I lx1 µY1 + vz3.

, 0 <p < 1)

p >0)

P <0)

2 4.

7; (a). Midpoint M = (3, 6 -

trisection points T1 = (2,11.,5) and T2 = (4,4,10) .

(b)

15].an-d- = LS, 32.
=

""`". 3

( c): = ;[41. + 0.2 + b2 , a34- b]

1-

b2, 2a
3

+ b 3] and

772 -ifal 2b1 a2 2b2, a3

8. (a) X = (0;0,0)

2
, 2(b) X,= (-

3
2-
1
' -5-)

2

335

+ 2b
3)



8-67

1 ;

e-

9., (a) The triangular region is (Y = [1 + p- - 2q + 2pq,

4 -p 2q + 2pq, -2 + 3p + 6q- 6pq) where' 0 p < 1 and

0<q<1) .

The 'interior 1.6 the same except 0 < p < 1 and 0 < q < 1 .

The triangle is Cr :7=41 p - 2q + 2pq , 4 - p-- 2q +

=,2 +-3W+-6q. 6pq) where (p = 0 and- 0 < q < 1) or (q =0.and
v .

0 < p < 1) or (q = 1 and 0 <-p < 1)) .

1
in the above gives the- desired Point 41,3,1) . Hence,

[1,3,1) must be an'iriteridr point.

(c)- If 1-4,-5,-6) is in the triangular region, then p - 2q + 2pq = -4

and 4 - p 2q + 2pq = -5 If we solve this, we find 'p = 2 and

hence [4,-5,-6) cannot be in the triangular region. 4'7

),)

336
308

1

a

4;



1. z = 5

2. x2 = 25.

2 -` -z23. x =

4.; y2 + -z2

2 2' 2 . 25.: x + z F-a

6. (x: 2)2 + ,(y + 3:)

3.)2 2)2

8. z - 6 = 0

9, x + y - 4 = 0

Review Exercises.

.0

rz2 4. 2

4 + 5 = 0'

r

a

11. 4x + 9y r 6z + 36 = 0 -
6 z

12. x-y+z+ 3 =0

8-6



13. x =,5 3t

y = 2 4. t

z,= 3 - 4t

l5.

- 5 y - 2 z - 3

-2 4

II is11.1
0 3

x

One-space: a point 3 unite to

the right of the origin.

2-space: a line perpendicular

to the x-axis and '3

units to the right of

the origin.

3pspace: a plane perpendidular

-o the-x-axis and 3

_ units in the positive

airection rom the origin.

338. ,

40.
a

31'
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16.

4-7t

114.-111
-1 0 3

One space: a segment between, but not

including, the points

x = -1 and, X = 3.

2- space: a portion of thexy-plame-

between, but not including,

the lines x = -1 and

x = 3 .,

3-space: a portioli of'apace between,

but not including, the

planes x = -1 and x = 3.

(It may be visualized as the

path made by moving a plane

parallel to the yz-plane.)

x
-3. 0 3

oi

One-spacei,, two points, x = 3 and

x = -3

2-space: two lines, x = 3 and

x = -3 .

3-space: two planes,, x = 3 and

x = -3

.341

y

1

..-
.. 11 "- . ...,

I1. .'-..

I. , ,i

1 I 1_1.1 x
-11, - -:1'

1 -I.

. 1 .-. .,1

I

.

131.1 1 1 I '1 313,

O

876

1

4

O
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18.

I

19..

".

--1--i--1--1-4--4e X
-3 0 3

One-space: theTortion of the x-axis

2.24p4e:

3-space:'

to the right of, and including

x = 3 , and to the left of

and including\x = -3 .

the portion of the pldne to

the right of and including

the line x'.= S ,\and to ,the

left of and including x = -3.

the portion of space beyond

(in the positivedii:ection)

and including the plane

x = 3 , and the portiOn beyond

(in the negative direction) and

,including the plane x = -3 .

4 44110
5

1t1t*--X

One-space: a segment between and

4Cluding the points
x = -5 and 'x'= 54.

2-space: a portion of the xy-plane

between and including the

lines x = -5 and x = 5 .

3-space: a portion of spacd between and

including the planes x = -5

and. = 5 .

-3

v

-5

3'43,42

It

y

1111

*.

y

t. t:

to



1 1 _1 X
-2 0 I

One- space: the points X- -?

x = 0 , and x 1 .

2-space: the lines x = -2 , x = 0

and 'x =

3-spaCe: A the planes x = -2 ,

x = 0 , and.' x = 1 .

: tx1 < 2)'21. R =

.6

1 941411 X
-2 0 2

t

I.

1 4-:ft.' 1.! 1 I X
c21.. 9

t

..;

e

011 1 X

f.

One-space: 'a segment between but

excluding the points

x = -2 and x = 2 .

2-space: a portion of spacp between

but excluding the lines

x = -2 and x'= 2 .

3-space: a portion of space between

but excluding the planes

xt= -2 and x -4 2 .



.8=6

R
2 = /((x ,y) : lyi < 2)

2

1-

-2

i-

f.

C
I 3- space: a portion of spare between

but excluding the planes

( y = -2 and y = 2 .

/. ,J

One space (if we choose they-axis):-

a segment between but

excluding the pqints

y = -2 and y = 2 .

2-space: a portion of the plane

between but excluding,the

lines y = -2 and y = 2 .

3142.34,



.R =R fl

"t= 1!

One-space: R3 is the null set t

2-space: the interior of the square

bounded by x = -2 , x = 2

y = -2 , y = 2 .

3-space: the interior of the prism

bounded by the plane

x .7 -2 , x = 2 , y = -2 ,

y = 2 .

22. If, in Exercise 21, < is changed to < the graphs include the points,

lines, and planes which are only boundariet and are not included in

Exercise 21. RI U R2 is the union of the first two graphs'and would

include all points in R or R2
1

343h3
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23.

24. Distance A B

5(a) M1 0
le

-/....-T

(b) 1
b.. - --.,

1'12 , /15 ;57

(c)1 M3' 7 13

1-37. ID+

(d) M 5 , 5

The graph of x2 y
2

z
2

< 1

represents a sphere with the center

at the origin and all the points

within the sphere. (Only a portion

of the graph is shown.) if < is

changed to < , the graph includes

only the points within the sphere.

C 0

2 17

ilEIT
2 0...7

3

ifT5 /5-5 ;15

13 9 2

;15 ;TXfiV

1 3 1

ti

25. (a),.. , -
-7

(d) = Y 5
z-

25.
7

x + 11 z - a8

(,\ z - 2 x 2 zz_-_3. z
1 1 1 5 _ -2

t=2.. x -2 y - 1 z - 2
(c), .4 3

Z (f)

5 2 3.

26. (A) Ex,Y,z) [-11,0,181 ti5,1,-71

(b) Ix,y,zl = (0,2,2) + t[1,1,1)

(c) [x,yrz] = (1;2,0] t(4,-3,1)

(d) (x,y,z) = (0,5,4) + t[-1,11,7]

(e) (x,y,zl = (2,3,0) + t(3,5',-2)

(x,y,zl . (2,1,21 + t(5,2,31

344 3.46



8-6

A-110

27. . One method is to find direction numbers; for AB and Db direction ,

numbers are (-2,2,6) , hence they are parallel. Direction numbers for
*lb
BC and Al) are (5,-4,-4)

28. Parametric equations of the medians'

from A x = -ti , y = 3ti , z = .

from B x = 2 - lit
2 '

-y = 4 - 3t2 , z. = 6 - 10t
2

from C , x = -4 4' 5t3 y = 2 , z = -8" + 11t3 .

The medians are concurrent in the point (- 2, 2, - )

3 3

29. a = 7

30., a = -3

3 47 345 31-11,



Teachers' C8mmentary

Chapter 9 r.

QUADRIC SURFACES

Since many of the students who study this course are likely candidates

for college-level mathematics, this chapter has been included to give the

students help in -vizualizing and handling the types of objects they will en-

counter in later courses. Our sights are particEarly set on the calculus.

Even in the elementary applications of calculus, one encounters solid, or

3- space, figures of the non-rectangular variety. It might aid some students

if you were to roughly describe calculus as a sortlbf super-algebra which

-enables as to handle areas of objects with curved sides and.volumesof objects

with curved surfaces. Ordinary algebra is generally powerless with objectq

which do not have straight sides or flat surfaces. Of course, this would not

be a complete description of the power of the calculus, but some such dis-

cussion could be used to motivate the study A this chapter.

. Except for the Challenge,Problems,and an occasional natural extension in

the Exercises, we have limited the discussion to very simple forms of surfaces.

In most cases the origin is chosen as the center of the figure, and the axes

or elements of the figure are oriented along some coordinate axis.

simplifies the drawing techniques and the algebraic manipulations.

complicated forms are obtained by simple extensions.

:

Quadrics hold much the'same.place among Surfaces that the conics occupy

This

More

among curves and, next to the plane,

surfaces.

are by far themost important types of

It is usual to identify nine species of quadric surfaces, but in order to

keep life in this chapter simple we have presented only six of these in the

students' text. The other three types (numbers 5 , 7 , and 8 in the list

below) appedr in Challenge Problpms. For completeness we list theoine.speCies

with an example_ equation for each.

3473 4 8-



1

11. Ellipsoid.
x2 y2- z

2
2 - + 2. = 1 .

a b c

2 2 2

2. Hyperbaloid of one sheet:
x y z

a
2

b
2

c
=

3. Hyperboloid of two sheets.

4. Ellipticparaboloid.
a b

x
2

y
2

- - cz 0 .

a b

2 2

. Elliptic cylinder.
x2

4.

y

a b

2' 2 2
x z

2 2 '

a b

x
2 2

y
4 7 c z = 0 .

5., Hyperbolic paraboloid.

7. Parabolic cylinder.

Hyperbolic cylinder.

. 9. Elliptic cone.

x2- cz = 0 .

x y
2 y2

a2, b
2

2 2 2
x y

- = 0 .

a
2

b2

z

2
c

It is of considerable interest to note how the surface changes when the

equation is altered by changing a sign, or by changing the power of a variable,
r._ -

or by changing the value of one or.more,of the constants:' However, we felt

that this material would make the course tou long, so we somewhat reluctantly

restricted the quadrics to the six simplest ones.

For the sake of variety, some of the spheres in Exercises 9-2 have been

located away from the origin. If the coefficients of x
2

, y
2

, and z
2

are

all equal, then the quadratic represents a sphere. One May then complete the

square for each variable'and obtain an equation of the.form

(x - x0)
2

+ (y - y0)2 (z - z0)
2

= r
2

.

The point (x0yo,z0): is the center and -r is the radius.

4

348 3 4. 9
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Exertises 9-2

3,5.0 39

t

A sphere.

Center: origin

Radius:

traces\ are, circles.

A sphere.

Center: origin

3
Radius.

2
:

. .

All traces are circles.

r

f

9 -2.

4.



-9=2

-

1-*A point-sphere. 0

Center: origin

Radils: 0

The origin is the only point

of the locus.

I 0

A prolate spheroid.

Center: origin

The xy- and yz- tIaces are ellipses.

The xz-trace is kcircle.

350 3 51):'



1'

5.

6.

1

5.2

9-2

C.

A prolate.spheroid.

.Center: origin

The xz- and yz-traces are ellipses.

The xy-trace a circle.

A prolate spheroid.

Center: origin

The xy;- and xz-traces are ellipses.

The yz-trace,is a circle.



H 7T

:2

z

'I
;

I

An oblate heroid.

_Center: origin

The xy- and Yitraces are ellipses.

The xz -trace i\a circle.

1 .1, ,I
',

;.;

An oblate spheroid.

Center: origin

The and yz-traces are ellipses.

The xy-trace is a circle;

352 *38s



9. ,z

tir

3,ors 353

9-2

A prolate spheroid.

Center:- origin

The xy- and xz-traces are ellipses.

The yz-trace is a circle.

An ellipsoid

Center: origin

All traces are elliges.



:"9-2

12.

C I

.43

An ellipsoid;

Center: origin

es are ellipses.

An ellipsoid.

Center: origin

All traces are ellipses.

35h 3 5 s



- Y.0)2 (y -
0

(z - z )2 r

b..(x x0)2 y0)2
,or (z - z)2 = r2.

G
C

9-2

2 2
14. x2 /1-:- y - ,%ryo 4 ,,y02 + z

2
- 2zz0 z02

v, v

or x2 + y2 + z 2 )x - (ro)y - k2z0)z (x024
y02:1. z0.2 r) 0:.

Since (x0,y0,z0) represents any point and' r > 0 , the given 'equation
.

represents F1 sphere with radius r and center at .(x0,y0,z0)

15. .(a) x2 +.1
2,4

z
2

- 4X -.2 - 6z = 11 = 0..

(b) x2 + y2 + z
2

+ 2y - + i =

(c) .x2 +
y2 z2

2x -; 6y + 4z + 12 a0.

2 2 2
(d)'2, x + z - 3x + 2y - za = 0 ,

or 36x2 ÷ 36y 2 + 36z2 24X + 72y - 36z `.4 = 0 .-

5 "
x2 + y2 + z

2
- x -

1 v+ z + = ,

or 16)e + 16x2 + i6z2 - 16x - 8Y + 16z = 0 .

2
x
2

+ y
2' 5 z - .25 = 0

or 4x
2
+ 4y + 4z

2
- 12x + 4y- 20z - l'= 0 .

16. (a) Center: origin. Radius: r3 .

.(b) ,Center: (1,-2,3) . Radius:

(c) Center: (0,2,-1) .,:`,Radius: 5 .
(d) Center: (-3,4,,,-7). Radius: 12 .

(e) Center: (-2,3;0) ....Radius:. 0 . (a point-sphere.)

(f) Not a vhere.,

Center: Z2, 3, Radius:

(h) Center: ( 2 4) . Ra'ius: '2, 7.2 ius.
2

17. Center: (0,1,5) . Radius:. 16.

kquation of the sphee: :x2 + y2 + z
2-

2y - 10z + 20 = 0 .

1.

0'



z
-18: -- + = 1 , or 1225x

2
+ 225y2 + 441z2 = 11025 .

Challenge Problems

(x (Y + 1)2 . (z - 2)2 -1
36 16 144

or 1ix 2 + 9y 2 + z
2

- 24x + 18y - 4z - 95 = 0 .

.2. Substituting the coordinates of the four points into the eqLat;_(: of

general form, x2 + y2 z2 Dx f Ey + Fz + G'= 0 , results in

(1) 3E + F G = -10 ,

(2) -2D o + 2F + G = -8

(3) D+ -E + 4F 4 G = -18 ,

(4) -3D + 3E 2P + G -22 .

From these le obtain

'(2) -2D + 2F + G = -8 ,

(5) (1) - (4) F = 12 ,

(6) 3. (3) - (1) 3D + 11F + 2G = -44 .

,Then we have

(7) (6) 2 (2) 7D + 7F = -28 ,

(8) 7. (5) 21D - 7F = 84 , and

(9) (7) + (8) 28D = 56 .

Therefore, D = 2 , F = -6 , G = 8 , E = -4 , and the equation is

x
2

+ y
2

+ z
2

+ 2x - 4y - 6z + 8 = 0 . This can be written

(x 4 1)2 (y - 2)2 + (z - 3)2 = 6 , showing the center and radius of

the sphere.

As an alternate method, find the center of the sphere as the intersection

of the perpendicular bisecting planes determined by pairs the given points.

The radius may.thenbe found as the distance between the center and one of the

given points.

Four points determine a sphere if the points are not coplanar and if no

three points are collinear.

4
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2.

Exercises 9-3

-----A paraboloid of revolution.

Axis: x-axis

Vertex: origin

The xy- and xz-traces areparabolas.

Sections parallel to the yz-pI ne are

circles, (These sections are not

drawn because they interfere ith

other parts of the figure.)

/

35.84:

A paraboloid of revolUtion.

Axis: z-axis

Vertex: origin

The xz- and yz-trace?; are parabolas.

Sections parallel td the xy -plane are

circles (not shown).

/

357

e-



.11

A paraboloid of revolution.

Axis: y -axis

Vertex: origin

The xy- and yv.traces are parabolas.

Sections parallel to the xz-plane
.

are circles.

An elliptic paraboloid.

Axis: y-axis

Vertex: origin

The xy- and yz-traces are parabolas.

Sections parallel to the xz-plane

are elli,Jes (not shown).

a

358 35.9 4 ,



6.

16.1). 359

9-3

An elliptic paraboloid.

Axis: y-axis

Vertex: origin

The xy- and yz-traces are parabolas.

Sections parallekto the xz-plane

are ellipses (not shown).

Pm elliptic parabOloid.

Axis: x-axis

Vertex: origin

The xy- and xz-traces are parabolas.

Sections parallel to the i^-plane

are ellipses.



9-3

7.

8.

A hyperboloid of revolution (one sheet).

Axis: z-axis

The xy-trace is a circle of radius 2 .

The and yz-traces are hyperbolas.

A hyperboloid of revolution (one sheet).

Axis: y-axis

The xz-trace is a circle of radius 2 .

The xy- and yz-traces are hyperbolas.

360 361
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0

9-3

An elliptic hyperboloid (one sheet).

The xz-trace is an ellipse

The xy- and yz-traces are hyperbolas.

A hyperboloid of revolution (one sheet).

Axis: y-axis

The xz-trace is a circle of radius 5 .

The xY- and yz-traces are hyperbolas.



11.

12.

An elliptic hyperboloid (onesheet).

The xz ..tlace is an .ellipse.

Thr. xy- and yz-traces are hyperbolas.

A hyperboloid of revolution (one sheet).

Axis: y-axis

The xz-trace is a circle of radius 1 .

The xy- and yz-traces'are hyperbolas.

362 t9:33



]-3. In Section 7-7 we have e -
/2

-

a

b2
< 1 as the eccentricity of ana

ellipse. Applying this to the equation of the xy -trace of Equation (3),

2
y
2

= 1 ,,we
V5

e find e = . For any section of the hyperboloid

parallel to the xy- plane, say when z = k we have

x2n
4 1.

x-
2

y2
-- =

2
y

1

=

1

1

k
2

25

1,

.

k
2 . ,

Let 1 47---
25

= q
2

, q > 0 , the equation then becomes

Evaluating the eccentricity gives us
1

,19.

;-

2
9q

16q2 12 jr7

e
rj

3q 3

363 The Challenge Problems which follow contain work on hyperbolic paraboloids,

which were omitted from the basic text. An aia to identifying several of these

surfaces is in their names. The first part of the name (an adjective) indicates

the.kind of sections we find parallel to one coordinate Plane; the Le ,.and word

(a noun' .indicates the type of sections which are parallel to the other two

coordinate planes.

,1.. (a)

Challenge Problems

it will be noted that these 2saddkp'.

2 shapes" are difficult to sketch.

The yz-trace and the sections parallel

to it are parabolas opening downward.

The xz-trace and the sections parallel

to it are parabolas opening upward.

'The sections parallel to the xy-plane

are hyperbolas, which degenerate to a

////
pair of intersecting lines as the

y v-trace.



9-3 13/

2.

el

The planes shown in part (b) inter-

sect on the z-Axis and are determined

by this axis and the xy-trace. These

planes serve in an asymptotic capacity

with respect to the hyperbolic

paraboloid. A section parallel to the

xy-plane (a hyperbola) will have as

asymptotes the section of these two

planes formed by the horizontal

cutting plane.

If students encounter difficulty

vizualizing this surface, have them

look at the region between two

knuCkles of a clenched fist.

The sections parallel to the xz-plane

are parabolas opening downward. The

sections parallel to the yz-plane are

parabolas opening upward.

The sections parallel to the xy-plane

are hyperbolas, except for the

xy -trace which is a pair of interscct-

ing lines.

364
4 365.



The sections parallel to the xy- and

xz-planes are parabolas; the sections

parallel to the yz-plane_are hyperbolas,

except for the degenerate yz-trace.

i611 A cylinder need not be "round". Any curve (or line) may be a directrix-

lie have purposely included in the basic text only ,2,losed cylinders. Other

types, including sinusoidal ones, are fOund in the Challenge Problems.

36

Exercises' 9-4.

Axis of revolution: z-axis

The.xy-trace arid sections parallel to

the xy-plane are circles of radius 8 -

The xz- and yz-traces are lines

parallel to the z-axis.

365



Z.

9-11-

2.

11.

Axis of revolution: y-axis

The xz-trace is,a circle of radius

The xy- and yz-traces are lines

parallel to the y-axis.

5

Axis of revolution: x-axis

The yz-trace is,a circle of radius- 6 .

The xy- and xz-traces are lines

parallel to the x -axis.

3663 6 7.



4.

5

The xy-trace (and sections parallel,

to it) is an ellipse.

The xz- and yz-traces are lines

parallel to the z-axis.

O

The xz-trace is an ellipse.

The xy- and yz-traces are lines

parallel to the y-axis;



--v

9 -4

6.

il

X.
.

The yz-trace is an ellipse.

The xy- and yz-traces are lines

parallel to the x-axis.

,

The xy-trace is an elli

The fz- and yz-traces

parallel to the z-axi

368
369

r

se.

are lines



8.

9.

The xz-grace is an ellipse.

The xy- and yz-traces are lines

parallel to the y-axis.
0

O

J

The xy-trace (and sections parallel

to it) is a hyperbola.

The xz-trace is a pair of lines

parallel to the z-axis.

There is no yz-trape, but planes

parallel to the yzLplane which

intersect the sv.rface cut off lines

parallel to the z-axis.

a



9-!

10.

The xy-trace is a hyperbola.

The xz-trace is a pair of lines

parallel to the z -axis.

There is no 7z-trace, but planes.

/
parallel to the 7z-plane which inter-

sect the surface cut off lines

11.

12.

(b)

(c)

(a)

y2 =

x2 4: 0 ='36

)c214. y2 =

72 z2 =

81

16

9

.

(0 x2 4- z
2

= 25 .

(c) x2 4. 72 = 100

13.

14.

X
12

z
2

=

:7
2

4. z
2

=

100 .

144 .

c.,

.0 . 15. x
2

z
2

= 4 .

16. 25y2 4. 4z 2 = 100 .

parallel to the z-axis.

.370 3 7

R,0



1.

Challenge Problems

C

\'

A parabolic cylinder.

The elements are parallel to the

y-axis, 1

The directrix is aparabola.

A parabolic cylinder.

The elements are parallel to the

x-axis.

The directrix is a parabola.

372.
371

911



9-4

3.
A hyperbolic cylinder.

The elements are parallel to the x-axis.

The directix is a hyperbola.

A hyperbolic cylinder (only one

branch shown).

The elements are parallel to the

z-axis.

The directrix is an equilateral

hyperbola.

373
372

4.



v

9-11

A circular cylinder.

The elements are parallel to the

y-axis.

A4directrix is a circle of radius h

having its center at (0,0,3) .

,.

A circular cylinder.

The elements are parallel to the

z-axis. .

A directrix is a circle of radius 3

having its center at (-3,2,0) .

G

-,

37
373



9-4

7.

8.

.4;

The elements are paraN.el to the

'y-axis.

The directrix is a sine curve.

0

The elements are parallel to the

x-axis.

The directrix is a cosine (or

displaced sine) curve.

<-7

RI+



1.

(y + 2)2 + (z - 5)2 = 16 , or

y
2

4- z
2
+ 4y - 10z + 13 .= 0 .

Exercises 9-5

Axis: x-axis -

Intercept: origin

Sections parallel to the yz-plane

are circles. (One nappe only is

shown.)

3 '7 05

0

9-5
-.

o



975

, 2.

3.

V

F!

1'

o

Axis: y =xis

Intercept:\origin

_Sections parallel to the xz-plane

are circles. \

\

Axis: y-axiS

Intercept: origin

Sections parallel to the xz-plane

are circles.

e.



.52

5. Z

.

,

Axis: x-axis

Intercept: origin

Sections parallel to the yz-plane

are circles.

Axis: z-axis

Intercept: origin

Sections parallel to theoxy-plane

are ellipses.

9-5

.

.



.6.

7.
x2 :437,2 z2

8. -4x
2

+ Ity
2

+ 9z
2

= 0 .

9. 16x2 + 16y2 - 9z2 = 0 .

16. 225x2 - 16y2 + 25z2 = 0

Axis: y-axis

Intercept: origin

Sections parallel to the xz-axis

are ellipses.

x2 z2
11. The section in. the plane y = 1 has the equation -4-- + .-T = 1 . The

75
eccentricity. of this ellipse is e = l ig--7 4

. For any section of
3

the cone parallel to the xz-plane, say when y = k , we haVe

. -

2
= k

2°
, or = 1 . Evaluating the eccentricity gives

z
2 2

4k2 9k2

us e = AT:T:2. /5
3k. 3

1183' 9



Challenge Problems

4 V3 6 - 20
1. Since a = 6 , e = .6 = ----6--- ; therefore, the ellipse in the plane

2 2 2 2
y z y

x = 1 either has equation 7 + 0. = 1 ,or has equation .0 + .. = 1 .

9-6

The cone is either -180x
2
+ 5y

2
+ 9z

2
= 0 or -180x

2
+ 9y

2
+ 5z

2
= 0 .

4 V6 4 -

o
48

2. Since a = 8 , e = - w . ; therefore, the ellipse in the plane

2 2 L'I 2 2

z = 2 either has equation
x y

2
.Th- + = 11 or has equation x Y 1

376 1
-76

The cone is either 4x
2

+ 3y
2

- 48z
2

=
3x2 472 2

48z 0 .

368 .An interesting oral exercise might be interposed in this section. Have

the students try to describe 'the surface generated by revol ing about an axis

t11,1e,,of symmetry the printed capital form of cereain letters of English

alphabet.

Exercises 9-6

1.

a





C.

2x y- z2
L. 2

O



9-6

7.

:,3Q4

_ -

x2 + y2 + z2 = 25

9x2
2

9X ÷ + 4z2 = 36 .







12.

13.

-x 4y2 h-z
2 = 0 .

0

A

loc
2

+
2 - z2 = 16 .

386
385

9-6



r

.r



16.

17.

a

3

2 2 29x + 9y - z = 36 .

+ y2)3 - z2 = 0 .

387

976



8.a;0)

\

19. Since this is .a surface of revolution about- the y-axis, any section-

parallel to the xz-;1..ane wiil'be a circle of radius k with equation

x2
z2 k2 !

'

ThhnuMber k is the ordinate, , of any point on the

curve f(y,i) = OvIn_the yz-plane; -hence, since ic-= x + z , the,

equation of the surface is f(y.-', ITT?) = 0 .

2 6 2x -y +z =0.

372 Projecting cylinders, althOugh time consuming to draw, can-be very

helpful in locating a space intersection. Look, for example, at Numher.48(a)

of the Review Exercises. We have the intersection_of a spheroid and a__

hyperboloid; this is exiremely--difficult to visualize. But when we-employ

projecting _cylinders,_ we see _that the curve lies in a_pair of planes through

the y-axis and that its projection on-the horizontal xY-plane is a circle.

This_ is mu& easier to visualize. By the way, -even if a student should use

a different pair of projecting cylinders than we have used, he will obtain

the.same intersection;



e

1. (a) x
2

4- z
2
= 12 ,

y = -2 .

^- 2
(b) z = -5

x = 3.

; x2 y2 4

z = 0 .

;2 y2 4

z = 0 .

(e)
x2 2

Y = 5

4,>

Exercises 9-7

.

A circle; radius , )1-2. ; center on

y-axis; parallel to and 2 units,

left of the xz-plane.

No intersection. (This -first

equati6n represents an'imaginary

cylinder.), .

A circle; radius, 2 ; center at
---0-

origin; in the xy-plane.

Same locus as part (c) .

A circle; radius, ; center on

y-aXis; parallel to and -5 units

right of the xz-plane.

x2
A pair of lines;tparallel td the

o = 0 . y-axis; 5 units on opposite sides

-of the y-axis,in the-xy-plane.

x2

x y = .

c (h) x
2

4- 8y = 16 ,

A pair of lines; parallel-eo the

z-axis; 5 units on oppOsite sides

of the 2-axis in the plane whiCh

bisects the first octant.

An ellipse; -center on z-axis;

9-7

z = 1 _parallel to and 1 unit-above the

xy-plane.

(i) 3y2 4z2 = 12 , A hyperbola; centei- at the origin;-,

x = 0 . in,pe yo-planei

(j)
2 2

?y 4- 8z = 8 , An ellipse; center at the origin;

x = 0 . in the yz-plane.

(k), x2 + 8z2 =-0 , The point (0,2;0) . (Tbis first

y = 2 . equation represents a degenerate-

elliptical cylinder-7the y-axi;.),



0

(2)

(a)

fi

x
2

.4- y
2

= 2 ,.

= 1 .

(b)

A circle; radius, 1/ ; center on the

z-axisp parallel to and one unit above

the xy-plane. (Hint: subtract the

Second equation from the first. at

sUbsttflts. for .)

(c-)

(a)

91
O





0

0

1

_-1

-0

The point is .14 units above ihp

xy-plane. By eliminatink. x the

equation of the projecting cylinder

with elements parallel to the x-axis

is z F -2(y - 1)2 . The yz-

trace of this parabolic, cylinder is a

paritbola, which shows the. projection

-of-the highest point of the space

cif

curve (1 1, 14) . Interested

Students may wish-to find this point

by observing the projectioh in the

xz-plane.

c'

z' = x
2
+ y2 .represents one project-

ing cylinder, arid - eliminating x from

the other equation gives
a

z
2

2y = 0 , Which-represents a pro.-
-,-

jecting,(parabolic) cylinder 14th

elements-parallel to the x-axis. The

resulting space curre,to6thgr with

the xy--and yz-traces completes the

-outline of the figure

31:192'
c zt

a
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I 4 .ir. ..

.7.7 aince eylindr
. :2. .

ical.andl apherical,coordinatas make use-of polar norms, the
': ,'

.-.
remarks made previously about theambiguity of this type of representation

appl3ylereps.w'elltr:- . ''..,
.1. .. . ..-

.., ,

There is-nothing (except
.
custom) to prevent u's from applying-the polar,

'',

designations to one of the other coordinate planes. Thus, in Figure 9-23, we

might have'designated the poipt as P = (Yty,e) or

We choso. the form which is in commOntuse.'

Exercises 9-8

1...r = p sin b ,

e =eQ, or

z = p cos

4

P r
2
+ z

2

e = e

tanm =

These may be obtained'by,cquating the cylindrical and spherical'fbrms.

in terms of rectangular coordinates. Forexample,

' i cos e = x = p sin4,pos e,

r = p 0 .

y -rosin
tan (9

x sin

tan e
sin e (an
cos e '

e = .

2. (11) (f2, 2/§)-;

, o ; (0-, o

sin e.
cos_Q '

identity);, therefore,

jc) (0,2,0) ;'(2,2, 0)

(d) (0.239s 3.54, 2.160) ; (3.364, 2, 2.160)
4'

(a) 3) ; .59) .

(b) (0,5,0) ; (5 31.
'

.
2 2

(0,0,8) .;-'( 8 , 0) .

- -(0_ -(2.16Q,_3.3611:,,_2)-_:1_("225_,_1, 3411) .

"-*

,3943

d..



_,.

4. a ap = x ,+.y + z2
.

.

tan. ei-=
.

+\\y
2tan (i) -

z.

(473-i98,0)\; (11/5', -04

(b) (; ;.(315\ ?.i,"1-3:1)
4

. (*) (-4 -; (it&
..

(d) (IV, .24, 2) ( "x,`:24, 1.34) .
,

5'. .-(a) =.-25 , or simply r = 5 ; p
2

sin
2

(b) z It tan e ; p cos 43 cot = 4 .

(c)- r = 8 cos e ; p sin .2) = 8 cos e

(d) r2 r- 3z ; p yin,o tan = 3

= 25 p sin =5:

.--

'.6... .(;) x2 + y2 + c-
2.

= 36 .

(b) -x2 + y2 = 36 .
-..

,

'''. (c) x2 + y2 - (z -,6)2 = 0 . .

(d)- x
2

+ y
2

+ z-
2 = 9 ,

.

7, (a) A cylinder of radius 3 whose axis ,is the z-axis.

(b) A plan- e 'containing the z-axis and ,bisecting tile first octant.

(c) A sphere of radius 2 with center ,at the origin.
. -

(d) A-circular cone-whose Vertex is at.the origin and whose axis is

the -z- axis:"

(e) A plane parallel to and' 7 units above the xy-plane.

(f) A plane containing the -y -axis and bisecting the first octant.

(0 A circular cone whose vertex is at theioitigirn and whose axis is

the z-axis. -

(h) A,plane parallel to and 2 units in front of the yz-plane.

.

P39,5'4-

.

r



9-8

8. (a) Let the center of the sphere be the origin and the axis of-the--
r --

,-. cylinder have rectangular equations x
.

LT e , y = 0 ; then the

bounding surfaces are

/

(b)' 'r2 i2 ,

r = 4 cos e

2 cx2 y
2

z = ,

0)2 4

(c) go.= 4 ,

p sin 6 = it cos e,.

Reviel; Exercises

A prolate Spheroid.

Sections parallel to the xz-plane-are

cirdtes:, SectiOns parallel to- the

other coordinate planes are ellipses.

0

O

O

I.



943*

2.

3.

I

A sphere. Radius: 3 .

All sections-are circles;

6.

A paraboloid of revolution.

Sections parallel to the xy-plane

are .circles.'

Sections parallalto:the other

coordinate_ planes are parabOlaa.

,3?6 397
O



4.
An-elliptic paraboloid.

Sections parallel to the xy-plane.

are ellipses.

Sections parallel to the other

coordinate planes are parabolas.
e

An elliptic:paraboloid.

Sections parallel to the xy-plane

are ellipses.,

Sections parallel to the other.

coordinate planes are parabolas.

397

9-8

O

rA



6.,

An oblate spheroid.

Sections parallel to the yz-plane are

circles.

Sections.porallel to the other

coordinate planes are 'ellipses.

A sphere. Radius:
3

399
398

0

,r

a- ------
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9-8

A hyperboloidof revolution _(one

sheet).

Sections parallel to the xz-plane

are circles.

Sections Parallel to the other

coordinate planes are hyperbolas.

it

rAn elliptic cylinder.

Sections parallel to the xz7plane

are ellipses.'

Seation:Parallel to'the other

coordinSte planes are parallel lines.

'399.

"",-



10.

A hyperbolic cylinder ,(two parts).

Sections parallelto the xz-plane are

hyperbolas.

Sections parallel to the other

coordinate planes are parallel lines.

A pair of-planes intersecting on the

z-axis.

40-1
*400

4

49

.



J

o

An elliptic paraboloid.

Sections parallel to the yz-plane,

are ellipses.

Sections parallel to the other

coordinate planes are parabolas.

An elliptic hyperb

Sections parallel

are ellipses.

Sectisns parallel

coordinate planes

t

9-8
-

oloid (one sheet).

to the y.plane

,

other
are hyperbolas.

O



A

1.

A circular cylinder; axis: x-axis;

radius: 10 .-

Sections parallel to the yz-plane

are circles.

Sections parallel to the other

coordinate planes are parallel lines.

A sphere; center: (1,0,0) ;

radius: 2 .

a



0

16.

17.

f '

0

O
1'

The point (0,0,0) .

An elliptic cone.

Sections parallel to the xz-plane:*

are ellipses.

Sections_parallelti) the other

coordinate planes are hyperbolas.

sr

..403

404

9-8



9-8_

i8.

N

(x + 4)2 + (y 3)2 + (z + 5)2 = 16 .

A sphere-with radius 4 and center

at (-4,3,-5) .

"An elliptic cylinder.

Section's ,parallel to the xi-plane

are ellipsesi

SectiOnaloarallel to- the -other

eoordinate_planes are parallel lines

O:

s-

05

" I.

I.

.



1.1

A circular cone.

Sections parallel to the yz-plane

are circles.

Sections parallel to the other

coordinate planes arehyperbOlas.

2 .2 2
x. y z = 200 .

A. 0 6
405 7

9-8



22.

Assume that the ellipsoid has its

center at the origin.

2 2 2y
25 4. " 1 ,

or 100x2 + 225z2 = 3600 -.

y + z
2

7 25 .

lis06 4 0 '7

a



O

24.

25.

12
(0.43)

(2,0.0)

0 3 o

01

943

Assume' the spheroid located as shown'.

-x2 y
2

22

a +.7 +
x2 + 16y2 + 16z2 = 64 ,

or

4.

Assume the spheroid located as shown.

2 2 2
x y z+' + 2, or

9x2 + ify2 + 14.z''6 36

4 0 8

1407'

4 -

r.

4)
e -



9:8

"ds

e.

dr/

25x2 + 16z2 = 400. .

4

4.

A hyperboloid of, one sheet.

2 2 2x y .7- - z
376 + = .L or

2 216x2 - 2y + 16z = 144 .

408 ,





Ahyperholoid of two sheets.

25x! - - 36z? = '900

7

A hyterb'oloid twO,I.aheet=s,

2` 2
3:6)..c 9y 9z =





9 -8

3I .

0

A hyperboloid of_one_sheet---

25x2 + 25y2 - 36z2 = 900

A circular cone.

-25x2 + 16y2 + 16z2 = o

418'



A circular cone.

2.9X
2

- loy
2

4. 25z
2
=

A circular cylinder.

x
2

y
2
= 4 .

ALL
'413

.2

.9-8



t

R.

2 A circular cone.

x2 + y2 4z2 = p

x24. y2 +.z2 - 6x 43r - 2z - 86 = 0 .

x,
2

+-z
2
= 25 .

1. = 12x -.36 .

112. (a) Ellipsoid.
CO _A Point.
c) No -locus.

(d) II.liptic hyperboloid of one .sheet.

(e) Elliptic cone.

(-f) hyperboloid of two sheets.

(g) Elliptic hyperboloid of two sheet's.

(b). Elliptic cone.

(1) Elliptic hyperbolo1'd of one sheet.

g4

4

'1

).



,

bo.ri.o)

(3,ao)

44.

Bet the points be A = (2,0,Q) and

a., B = ( -2,0,0) . The equation is

4x.2)2+y24.z2.(x+.212 +y2+ z2

This-simplifies to
4..9y2 9z2

equationlof-a-prora-CibliiiiRd.

c.1-tt

The equationis

i(x.:2)2+§2.1.z2. 4x+ 2 2 2-+y +z. = 2,

2 2 2or 3x -y -z = 3 .,
an equation of a hyperboloid of two-
sheets.

45. Since the blades of the sharpener.generate a circular cone and the sides

of the pencil are portions of planes parallel to the axis of the cone,
the intersection will be, under ideal conditions, portions ofs-ix

congruent_ hkierbolas.

F,. .rte

4426

WW1.



46.

(0.al)

(1,0,0)

(0,42)

Sl _

A:

0'
-Sine the plane cmntains4 the point

02 , the equafiori_ of(-he

in normal folm is= ''.f

4.1-z ;'°
t.

c., i
3 - t

_x_+ + _The intelyiedtion

the cube is a regularlhexagonliith

=sides of 'length -1-112 t. ""

The_second equation represents_a

circular cylinder whose xy-trace

shown. Subtracting the second

equation _from_the first gives

.z2 + 4y = ; this equation represents

-a parabolic cylinder-whose yi;-trace

is- shown._ The_Spade curve la-the

(0,4o),, intersection of the sphere and*

cylinder.

417

o
(



za,

An oblate. spheroid -and an elliptic

hyperboloid of two sheets.

Equations,* two projecting cylinders

are

-9-8

An oblate spheroid and an elliptic

hyperboloid of one sheet.

.1Noc-projecting,_cylinders-have

equailon6

2 2-
o ^

2 2
'x - z v ,x

O

:c2 3s,r2



A sphere and an oblate spheroid.

These surfaces do not intersect. The

sphere lies entirely inside the spheroid.
6

(a)

(44)

%V.

(0,2,4)

A paraboloid-of reliolUtion and-a

circular Cylinder. Equations of twp
_

projec,iha cylinders are

r. ii .. '2 y 4 , = 4 *.

A,

41 9
41.8



49: (e

2
(b)

-(1,t,2)

(1,0.1)

9-8



50. _.(a). -p4C984-=- 5- .

(b), r cos e k-p sin .:=-4 .cos .0
2

(c) x + 2
= -49_ ;, 7

i- 25 ; p = 5

ke) + y12_+ ; p =3

; z

(g) ,r2( coa2 -sin e ) = 16 ; p2 sir?,

(h) x2;+ y2 -= 2x ; p = 2-cos B

(1) xP.-1: y.2 =.2z "; = 2z

r = 8 -; -p = 8.

(A) "x'= yz ;- = cbt e,.

(cos2 - sin2 0).=_1

Challenge bblams.

A cylinder f`lith ,elements parallel to-

the x=exis and vhoie diredtrixis-a
(I'

sine curve.

f

4

421-

420

-;.

c
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5

9-8

A cylinder with elements, parallel` to

the z-axis and whose directrix is a
.

cosine- curve.

4

A parabolic cylinder with elementd

Parallel to the .

.

4 2 -2 -

' 421

-r

'14

O
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le ....O.'''.

.0,00
.11.1

O

An -ellipsoid-with center at ( .,.

The s parallel, to the x -axis has

h 12 ;'the axis parallel to the

.y-axis has length 8 ; the axis

parallel to the ..z-axis.hat length 4

V

A hyperboloi..4 of revolution of -one

sheet with center at (-01,.-3;l) .

/ /
. 1 //
/ / %I1 / ."

...

..' i ...........'_'*''''''''''''..

.0"

tzi 2 3..
4?2



6.

I

9-8

This-curious surface is a type of

ruled surface. It is entirelymdon-

tained between the planes z = 1 and
o

z-= -1 . It can be vioualized_aA,

being genezated by a_line (minus the

,point on the z-axis) which is always

perpendicular to the z-axis. Starting

in the plane z = 1 -and parallel to.

,,`the -x -axis, the line, rotates as it

drops-until it is- parallel' to the-,

y-axis in the plane, . The

line continues to rotate_as it rises

to its original_position, thus

completing -We surface.

.O

.

a

_ 423, /4424-.
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-Teachers' ComMeniarY

Chapter 10

GE6MEOIC 'TROSFORMATION

1671.. i-Study:dioietric,Transformationst

,Most otthislchater is- en- extension-of Chapters 5 -7 on -curve tracing
, , .

'\), and conics -. Although the.principles,preseted in Sections 10-2 and 10-5

it. are applicable to all eurVes,,we emphaaiied-the straight line.and the Conica,):r..,

beeause.of'Their impoitance and becausethe-students are more familiar w141.16
.-,

,

them..

/10,1

;

The treatment of geometric transformations in this text differs from-most,

other texts in that we look Upon geometric transformations from two pointspf

Vefirst move the axes, keeping the figure fixed; then we move the
-

figure, keeping:the axes fixed. We feel that the student should. become

acquainted with both types. The point transformation has -much wider apPlica-

tiOnthan the transfortation of-axes and Section 6 vas included-to show its

possibilities.

;Groupe of traneformations-are discussed_ina supplementary chapter. Yod

will recall that in 1872, Professor Felix Klein (1849-1925) presented his

famous *anger Program" in; hich he classified all geometrics on the basis

ofthesePToperties invariant under groups of transformations. M ntion is

.made in this Chapter of the set of rigid-motions Which character ze

EUclideanOecmmery-utithout desigoatingihem as a group. You wi I find a good

.treatment -of this subject in Courant and Robbins' book entitled What

Mathematics?

-'10-2.. Translations, .

Oufiidient motivation may be provided for this section, by, requiring the

Stddentto,graph-each pak of the equations listed in the first section.

425
. 425
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, 10-2

('

.

ct

:' 44
, 4

You will note that there are two forms given for the equations of
e. ,

x1'. x + h
translation.I The form is more useful for the translation of axes

50= y + k

becaudemore applications are similar to those presented in Examples 3

.

and 4.

NOTE: Almost all solutions for this chapter are presented without

graphs since they are so familiar to you.

Exercises 10-2

xi = x + 3

yt y 4 ,

(-3,4)

.x +3
'The-equations of translation are

y = yt - 2 .

The new equation is:

2(x + 3)2 - (y1 - 2) - 12(x1 + 3) - 4(y1 -2) + 12 = 0 ,

Which simplifies to 2x'2 - y'2 = 2 .

(a)*
-

4)2
(y' -

6)2 r2
This is a circle.with the same

fildius, and center at (4,6)

=

This 1s a ,congrUent hyperbola with its center at (4,6) and

with its axes parallel to the x- and y-axes.

Neither of the curves undergo a change. They merely have a

new equation relative to the new axes.

The equations of translation are
= x

. The new coordinates
y1 = y + 2%

of the vertices of the triangle are A = (5,2) 0 B = (9,0) 0 and

= (7,6) with reference to the new origin. Two suggested methods are:

-(a) Application of the.Pythagorean Theorem.

(b) Proof that the product of the slopes of AB..and AC equals -1



5.. By completing the square, the equation of the hyperbola becomes

(1) (x.+5)2 - (y - 2)2 = 16

Sub6tituting x' for (x + 5) and y' .for .(y - 2) into (1) , we

hai'e

)

(2) x12 - y*2 = 16.

Equation (2) represents the same hyperbola with reference to the new

axes with origin 0' = (-5,2)

To graph, translate the origin to 0' . Draw the x*-,, and y' -axes

through 0' Then draw the graph of Equation (2) with respect to the

x'- and y*-axeS'.
,

6. Thp students may select any three points. We choose A = (5,0) ,

B = (3,4) , and C = (0,5) . After'translation, the coordinates of

A,= (4,1) ,, B = (2,5) , and C = (-1,6) with respect to the new origin.

The transformed equation is (x' + 1)2 + (y' - 1)2=25 . The new

coordinates satisfy thisequation.

10 -2

s

7. After the first translation, L has the equation 3x' - 2y' + 11 = 0

with respect to the x'- and y'- axes., After the second translation, L

has the equation 3x" - 2y" + 13 = 0 with respect to the x"- and y"-axes.

x = x" + 7

The transformation would have the same effect as the two

Y = Yu + 7

successive ones.

There would be no difference in the final result if these transla-

tions were commuted. (This is true of all translations.)
r

8. (a) Completing the square, the equation becomes (y - 3) = 12(x +-1 ) .

The equations of translation are therefore:

x* = x + 1

Y s Y - 3

The parabola now has the equatioh y'2 = 12x' with respect to the

new origin at 0' = (-1,3) . To graph, draw the x'- and.y*-axes

through 0' and ketch the new equation with respect to, those axes.

The Solution of theother parts is similar to part (a) . The

, new equations and' origin are:

427



10=3'

V

7.-
42 ,2

(b) = 1 ; 0' = (1,-1) .

xt2 =
3y' ; 0' = a' 2 .
2 ,

(d) x'y' = 12 ; 0' =

(01 y'2 = x'34, 6* = ( -2, -2) .

The graph of (e) looks like the

figure to the right. It is called

-a semi -cubic parabola. There is

no 'asymptote.

P=(x,y)

I.Ps=(xl, Y.)

6

From the figure,

x

f = x' + h

1 y = y' +k
Or

xt = x - h

1 y' = y - k .

10-3. Rotation of Axes; Rectangular Coordinates.

i\

Motivation for this section, as ,for section 10-2, could be provided by

asking the students to graph the pair of equationi

8x2 + 213 - 2 9 and xl
2 - yt2 4

Then point out, to them or have them discover that the graphs are identical

except for position.

.428.4 2 8-
.

0



10-3

rr,

.

You will note that we present two forms for the equations of rotation.

The: form chosen for use in solving a given problem depends upon the nature

and form of the problem. The four examples presented in the text should

clarify*thid point.'

Your better students should be encouraged to study the Supplement io

Chapter 7 where the topic is discussed in detail. Among other things, the

student will learn how to determine the angle of rotation in order to arrive

lEt't a new set of axes and an equation containing no xy-term.

402 The "digression" on this page, which discusses the merits of one form

of an equation,-over another for the same curve when both are siSnile, has an

ulterior motive. That purpose is to indicate several scientific areas in
. .

which the equilateral hyperbola, in the form xy = k , is studied. As a

rule, -students are more acquainted with the other conics.

403 We recommend that the details of this rotation be carried out inolassw,

by the instructor. The students may then carry out the details of rotatirig,

the axes through an angle of measure a and arrive at the equation of the

xt
2

+ yt
2

+ Dxt + Eyt + F -=0

with respect to the new xtyt-axes. No xtyt-term should appear. A complete

discussion of the general equation of the second degree is found in the

Supplementary Chapter for Chapter 7 .

Because of the nature of polar coordinates, the rotation of the polar

axis leads to a very simple result. Once again we have restricted ourselves

to the conics. If time permits, you may like to discuss the rose curves,

.lemniscates, spirals, and other curves.,

Exercises 10-3

1. Since a =1500 , sin a = and cos a = - The equations of
2

rotation are

+ y)

. The new coordinates of the vertices.,
x

1) (-513. - 2 -5 + 2.1-31
Of the triangle are A = 2 / 2

and C =(:-31/ -3
2 2

4ID. Using the original coordinates, we
'



10-3

haVe d(A,B) =10 d(K,C) 1/r0 Area of ABC = 10.. 'Using

(the new coordinates, we have

d(A,B) i( -515 2
J2 2/5 2

+ + +
2 2 2

'= 4.2/3 - 1)2 + (-2 + 1/3) 2 .

Similaisly d(A,C) = 1575 , and the area of ABC = 10

2.:: -Since a 4, -30° , sin a = -
13

. The equations Of
, 22:

and cos a = -7-f

..

rotation are thefefore:

1 i-x =dv3. xt + yt)
1

Y = 2( -xt 5'rt

The 'equation of :the line with respect to the.nev akes is:

i ( 3 z ! + yt) + 1(.,xt + yt)-8 = 0,

which. simplifies to (3I - 2)Xt '+ (2I + 3)yt - 16 = 0
air3. - 2 131/5 -21i

'The: slope is

21/5 + 3

xt ,coS- a - yt. sin a = x

1..nin a + yt cos a = y

.xt cos2
a - yt s'in a cos a.* x cos a.

xt sin
2a

+ yt sin a cos y sin a

.Adding corresponding members, \we have

xt(cos2
a + sin

2
a) = x cos.a + y sin a

of xt = lx cos a + y sin a..
Likewise, yt = -x sin a + y cos a .

Since a ;1+5° !, the equations of rotation arq

= 4(xt Yi)

Y
z= Oct 4: Yt) .

1r

The new equation is.
(xt Yt)2 xt + yt

2
which simplifies to

xt 2 - 2xtyt + y 1'2 1/ yt = 0 .

43°4 3.0:



5. Th solution is similar to that of Exercise (4) . The answers are:

(b)

(c)

)02 + 5y12 . 6 .

(Here sin 6 = , cos,0

4,

25x12 + 13y12 = 25 .'

yt2 = 8

.;t2 = -4yt

-After rotation, we have

or

a

215= y..
5

. .

_(xv cos a - .7t sin a) 2 + (xt sin a + yt cOs,a)
2

= r
2

2 -2
xt cos a - 2xjyt sin a cos a + yt2 sing a +

2
,sin-

2 2 2
=

2
xt a +2.xtyt sin a cos a + y2 cos.. a r .

Thus, xt
2-

+ yt
2

=,r
2'

'6
7. (a).. r - r

2 - cos( 60°) .

(b) 10

5-+ 3 cos(e - 120°)

(.c) r
3

1 + sin(6) - 300)



Challenge Problems
f

1. The proof is as follows: after rotation of axes, tte new equittion

,A2x22 2y2 + Cly22 + D2x2 + Ely: + F2 = 0 where

At =A 'cop! a + B sin, a cos a +0 sin2. a

= -2A sin CF, cos a + B cos` a - B sing a + 2C sin a cos a

02 r- A sin" a - B sin a cos a + C cost a

. Df. = L cos -a + E sin a

E2 = -D sin a + E dos a

Fl" -1;4

When you( perfOrm the indicated operations and simplify, you find that

2 2
B -2- 11-A2C2 B 1AC . "

2. x = xl cos a - y2 sin a = (x". Cos e - y" sin- e) cos a

-('x" sin e + y" cos e) sin a

x"(cos e cos a - Pin esin a). - yu(sin a cos a + cos e sin a)

,x = x" cos(e + a) - y" (e + a) .

Likewise, y = x" sinCe' a) cos( e + a)

10-4. "Invariant Properties.

We have already touched upo-the significance of the study of the

geometric properties invariant under certaiii,transformations. When the axes

are rotated or translated, and the figure remains fixed, the question of

.invariant proPerties has only with respect to observers using
, .

different points or lines of reference. -When we study point tradforMations
.-

.in the,next two sections, the questiOn of invariant properties Ilas many more
1

and varied aspects. When the poiritS of a figure are moved, we are frequently

not eertain about. the- appearance of the image; it may or may not be congruent.
to the, original figure.

You may wish to omit the discussion following Theorem 10-3. It is
.

included tp show a.second approach to the problem and to lead to an interesting

challenge:exercibe.

The eXercises for this section were deliberately selected to point out

properties other than distance and ,angle 14hichremain invariant underthe set

of translations and rotations. We encourage you to discass these other.pro-
-

pertiep carefully on the basis of the exercises. The students should. be

eneoura&ed- to find more invariants_ than are .indicated.

482
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Exercises 10-4;

(a) 3x + 2y = 0

(b) The equations of translation are

f xt,= X + 4

1 yt y +-6
or

IX XI - )4
y = 6. .

Thus -A = (6,7) and B = (4,10) -with respect to the new origin.

.Also, with respect to the new origin, the line has the equation.

3(x' 4) + 2(yt - 6) = 8,= 0 , which simplifies to

3XL 0 .

-d(AiB) =, 417 with respect to either pet of axes.

2:- -The equations of rotation are

.4%

(x' = x cos a+ y sin a=

-yt -x cos a + y cos a = -x
V

Thus A = (1,-2) and B = (4,0) with respect to the new axes.

d(A,B) = 45 with respect to either set of axes.

. The. equations "of translation are

xl = x + 1

1y' = y. + 1

(a)

or
= xt

y:= 1

At ,= (1,-3). , Bt = and CI = 0,1) .

r.?

Lt taz the equation 4(xl - 1) - 3(ys - 1) - 12 = 0 , ?hich

reduces to 4x: - 3ys - 13 = 0 .

(b) B is between A and C ,since 1.d(A,B) + d(B,C) = d(A,C) . B' is

between At and C' since d(A:,B1) + d(BI,Ct) = d(2eitI.C1) .

( c) Since d(A',B') + d(BI,C0 F d(A1,01) , the points are collinear.

AnOther way, to prove ,co1.1in6arity is to show that, the .slopes of

PrT3 , and XtUT are, equal since B' is coffimon to

and T47-df .

4. (a) The lines. are concurrent since the point (2,1) lies on all three

lines.

(b) The-equations of translation are:-

xt = x 3

or

x =-xt +3

y yr - ayt: = Y, +; 2.

7453433
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The equations of the three lines with respect to the nel axes are

Lit 4x2 - 3y2 4- 13 = 0

)2 - ?,y2 7=

L32 : 5x2 = 3y2 + 14 = 0

-(c) The lines are concurrent, since the point (-1/3) lies qn all three

.

(d) Point (2,1) maps into under this h'anslation.

(e) When the axes are rotated' through -an angle of 115° the ,equations

of rotation - are

{ice .....

a_- ( x 4. -3r)'

-- --Ir. I

12

Or

x = (x2 = y2)

y= (x1 4. y2) ;

(i) The equations of the three lines with `respect to the new

iaxe4

1 : x2 7yr - 512 = o

L21 : x2 3y!, = -0

2kt = 8y2 = 712 0

. (2) The lines' are concurrent since the point

, --/ lies on all bee lines.

(3)- Point ,( 2/1) maps into' (2. ,- 1) under this rotation.

mi "-2- 7-1.2.,= 5

-
-2

1 +.1n, + m2-

. 3g-
and'its_supplement is

fi

.$



(b) The equations Of translation are

1 = 2
ly = it +

With respect to the-new axes, the equations of the lines are:

Since

t.i 3xt + 2y1 + 2 = 0

L
2

5xt - yi - 1 = 0

mit =
3

nk2

t
2: 5 , et

Challenge Problem

3g) .T

The proof that the measure Of angle is invariant under-rotation may be

presented follows:

. (I). ConSider the angle between. the, lines

: aix + + a3 = 0

L2': tilx + b2y + b3 = 0 .

00

It will be convenient to use the formula for 'the angle between two lines

m2 n
in the form:' tan a.=

1 +m...
2

deVelaped in this text: Thus:
. .

which is equivalent to the cosine form

i.b.,,.
a1--.:..`ba a
2

a.,b, - a2b1

tan a -
.,. ._

albi aibir + a2b2

1 +
a b
2 2

The equations of rotation are

x = xt cos e - yt sin e..
y = xl sin e + y!' cos e

Substituting in -Li and L2 , r have

Lit : cos e + a2 sin,e)xt + (a2 cos e - sin e)s.:

. .

L
2

:\(b1 cos. e + b2 sin e)xt (b
2

cos e - b
I

sin e)yyt

.
The angle between L

1
and L2 is given by



.104.5

tan .a'=

4)

(13.1COSe a2sine) (b2cose - bisine) (a2cose - aisine) CiNcose+b2sine)

(alcosp4a2sine)(blease+b sink) +(a2cose -aisina(b2cose-bisine),
.0

,(3), ThiS complicated expression reduces to

aibt - a21.,1

tan dt = tan' a
albl + a2b

2. A

co s2after several applications of the identity sin
2
.a + cos a = 1

Thus a =6&! for the principal values of tan'a and tan a' .

NOTE: Before offering this problem, you may wish t6 show,the%e4uivalence

of the' two formulas: cos a -
/ 2 /

+ mi 11. + m
2

2

1 + mim2
and tar; a

m2 mi

1. + m;tmi

The equivalence follows from the Pythagorean Theorem and the definitions of

the trigonometric functions.

x

If m6m2

2 2 2
x + (1 znim2 = (I' )( + m2

2

.4 / I Cm2 7 o
Thus x =7 , km2

.n11.)
and tan a

.1.
. This formula gives us the

+

)

mtmi

. angle. and its supplement. We chose 4(m2 - ml) arbitrarily.

i 10-5. Point Transformations.

49

. -
Most of the transformations studied by mathematicians are considered as

point transformations or-mappings. The reason ,foi dicussing the transforba-,

tion of axes first is that this type is most,useful in reducing,a complicated

equation tó-4 simpler form for sketching. Considerable care has been-tiken to

distinguish between the *414-0 sets of transformations and to indicate that

translations and rotations can be effected by either type.



10 -p

The material included here on reflections relates so Closely-to the

discussion of SYsmietry in Section 6-2. that a review of that topic may be

appropriate before proceedingvith this subject.
. .

Euclidean geometry in characterized by the fact that the measures 'of both

distance and angle are preserved under translation and rotation. In elementary

geometry this statement is expressed in the "Postulate for Rigid Motion" which

states thht an object may- be moved in space without changing its size and shape.

We now see that all rigid motion can be performed by a series of no more than
,

three rqlectionsi

The-,SMSG.GeoMetry, Appendix 8, has an excellent discussion on rigid

motion.

The students may wonder Why the.third reflection is necessary in Example

3. Tub-reflections are sufficient if the sequence of points on the line is
.

not considered. You might label seiteral points on AlBt , see where they'fall

on CD , and then observe what happens after the second and third reflections.

An interesting result islbbtained by subtracting thq corresponding

members of the equations of'circles C and C' desCribed on.this page. The

result is 8x + 12y 4 0 or y = fx. This..is the equation of the common

chOrd (or radical axis) Chown:

A reflection is an example of what is called an "involutory transforma-

tion". A transformation is called an involutory transformation if it has the

property that, if repeated once, it produces the'identity transformation.

This can be written analytically as follows: Let (x,y)---1.(xiyi)--1.(x",y")

If x" =, x' and y" = y then the transformation is involutory.
4 +:

Exercises 10-5

1. (a) A = (1,2) maps into At = (1,-2) and El = maps int6

= (3,4) after reflection with respect to the X-axfs.

\
d(A,B) = 2'l/E5 = d(A',B') .

'(b) A'= (1,2) maps into /0 = and B.= (3,-4) maps into

,Bt(-3,-4) after reflection ,With respect to the 56-taxis.

' d(A,B) = 255 = d(A1,B1),

1434 37 '"
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= 5

,(c) A T (1,2), maps into' A' = (r1,-2) and B = (3, =h,) .paps into

11! = (-3,4) after reflection with respect to the origin., .

\d(A,B) =

' (d) A = (1,2) maps into A' =

LT: ( 9, -4) after reflection

= .

11,2) and B. = ( 3, r4Y maps into

with respect to the line x = 6 .

t
. d(A,B). = 2Vt5 = d(A',B') .

0 .

2: We choose the points A = '(2,0) ,. B = (4,0) , C = (7,0) . Under:if:Ia.

transformation, the images of these _points are Al = (44:)_ , B' .-;(6,o)

and -0! = (9,0)". Two invariant properties arethe measure of distance

and the order of the points- on the Tine. The three points on the Line

also remain collinear (a third,, invariant property).
.

4

.3.._ Under the.transformation xt, = '2X , the /images -of the three points are

.A! = -(4,0 , B' = ( 8,0) , and 0 = (I4,0) . Three invariant properties

are: the origin remains fixed, i. e. , ( 0,0) sk 0,0) , the. order of
.

the
i

three on the line, and colIinearity. (Vote .tilgt distance is not

1

an invariant property' under this transformation.)

'4.. The angle between LI and has measure 45° .

rotated'through an angle,pf measure T , the ,equation

When both lines are

of i
L.

beComes
-

50' .= ;! and the equation off' L2 becorims x' = 0 . Th
t

4
f these lines also, has measure 45°'

e angle,between.

(VOTE: This problem gan,of course, be solved by'usin 'th
,

rotation. SiiIce the lines are rotated through an angle-of

the -axes.must ,be rotated through angle of ineasUre - t

e equations of

measure

o achieve

the' same rest4t. ).

The images 'are:*

(a) y
2
= -x. 0

/

(b) x2 =

= 6%

(d):

-2
(e) x. y ity* 4 =,c1

.

_Sr-= -x3

.438
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(h) y = - tan x

-(1) Y

It is rOommenaed that the graph for the original curve and its image

be drawn-on the same set- Of axes.

J
6.. In'this problem. the points are rotated about the origin through an

. '

.4
3

angle e such that, tan e = . In order to achieve the same result
. )

. .

13
we rotate -the -axes through an angle e such 'that tan e = 7 . Thus

5
3'

,

4
sin e'= - cos e =5 ,and -the equations of'rotation are

f
. 5poc , 3y)

. ,.
1,

314 = -.0x + 4.3,) .

5

Bndei this rotation A 7 (-2,1) maps into At = (- -
-.6 5 5

(5, -2) maps into 131 =
(26

, 5'
\ and C = (, an" ' 3,3) maps into

(2. 21)
5' 5

Invariant prOperties are:

(a), Measure of Distance. For example, d(A,B) =158 = (A1,131) .

,(b) Measureof Angle. For example,

ilt

7
3

'

2 it

.- = - - ilt.- =
5
- , cos A =

1
-- , and mbk = .4 .,

AB .. AC
.1/

.

9 23 1
ThAT-_ bki = 74 ., muu -Tx , cos At =-

A
,

-(e) Area of bABC = Area of LAIWCI .

Apply the formula s = is(s - a)(s -b)(s - c) where s is the
. .

\semi-perimeter.

We.do not present the constructions here since the procedure is shown.in

the text. In part (b) , each corresponding pair of lines must be mapped

,separately.

1'
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3:6-5 .
J

Since they points on the curves are rotated through an.,angle of measure

7;; , ,the axes must be rotated through an angle of measure

I

,equations of rotation are, therefore: 4

,3s,/1-(15xt + 50)

y = 22.(.-xt + 15 50) .

(a) ,'The.image of the line 3x + 2y - 8 = 0 is

.6

Ji(/5 x.t. + y') + 2( -xt + 15 y') - 8 c= 0 , which simplifies to
2 2

(315- 2)x' + (215 + 3)50 - 16 = 0 .

(b) The image of the cirble x
2

+ y
2

= 25 is x'2 + y'2 = 25 .

(c The image of the parabola y2 = 4x is

xt2 - 215xtyl + 357.1 2 - 815x1 - 8y' = 0 .

(NOTE: You may wish to excuse your students from sketching this

parabola.)

9. Another way to write this transformation is

1 yt = x + 1
or

X = yt -1
y = -xt -3

I xt = 7y + 3

The

The images of the curves in Exercise 8 are:

(a) The image of the line 3x + 2y - 8 = 0 is

3(y' -1) + 2( -x' - 3) - 8 = 0 which simplifies to

2x' - 3yt + 17 = 0 . Note that these lines are perpendicular.

b), The image of the circle x2 + y2 = 25 is the circle

x'2 + yt + 6x' - 2y' - 15 = 0 which has its center at ( -3,1 )

- and a radius of 5 .

(c) The image of the parabola y2 = 4x is x'2 + 6x' - 4y' + 13 = 0

440



10. Another way,to write this transformation is:

xl = y

:yt = 2x - y

e line L1 : 3x - 2y + 5 = 0

e 557.J - 15 = 0 .

The line L2 : 3x !, 2y 3 = 0

x = 1(xl So)

or-

y --(2x1 - y/)
3

maps into the line

maps into the line

L
2

2 :,):2" 5y/ + 9 = 0 .

L '2
since they have the same slope.

10-6. "Inversions.

The justification for Section 6 was presented inSection_10-1 and in

Scction 10-5 of this commentary. This transformation has been studied by

many outstanding mathematicians and plays a role in the Poincare model of

non-Euclidean geometry. YoU will find an excellent discgssion of inversion

geometry in Introduction to Higher Geometry by William C. Graustein.

An inversion is an involutory transformation as defined in Section 10-5

Of this commentary. If an inversion T carries P--7-4-P1 , a second

application of T will carry .

You may like to point out to the class that as point P approaches the

origin, the image Pt will recede farther and farther out in the plane. For

this reason it is often stated that the center of the circle of inversion

corresponds to the "point at infinity" under the inversion. "This is a useful

concept since we can now, say that an inversion sets up a one-to-one

correspondence between the points of the plane and their images.

One of the most important properties of an inversion is that it trans-

forms straight lines and circles into straight linee circles. Specifically,

we show that,.after an inversion: 4

,71a

1. A line through the origin inverts into the same line through the

origin,, although the points on the line are interclnineg.

2. A line not through the origin inverts into a circle through the

origin.
try



3. A circle through the origin inverts into a straight line not

thrdngh the origin.

4, A circle not through the origin inverts into a circle not

through the origin. .

1reiti may want to precede Example 1 by a similar problem wherein the

constants a b c are specified. You could then draw the unit circle

of inversion, the straight line; and its inverse on the same set of coordinates,

You can thus Verify that, the inverse really does pass through the origin,

This date comment holds for Examples 2 and 3 In ,Example 2, let 7

X =1.1. ,X= 2iy=tl1 y,=2:2 and observe What haPpena,4 It may also

be profitable and interesting to explore with your class the inverses of a

family of circles concentric to the,unit circle; for, example

y2
=

x2.4 y2
9 .44 This could befolloWed by a set of

concentric circles With their centers at (214) or some other point.

If you have studied projective geometry or non-Euclidean geometry you

undoubtedly recall the gross-ratio which appears in Exercise 9. The cross;

ratio is invariant under a projective transformation and certainother

trahsformations as well as under the inversion transformation. This p'roperty

plays a.very important role in the proof,of the consistency of non-Euclidean

-geometry. If interested) you may like to read Chapter 4 of Foun:2ations and

Fuadameritai Concepts of Mathematics by Newsom and Eves,

Exercises 10-6

1. The inverse of the line 3x + 2y - 6 = 0

3?cl. 2Y1
6 -= 0

xt
2

4- 50
2

xl
2

4- yt
2

which simplifies to xt2 yt2 2
3
Z1 = 0 This represents a circle

-)
)42'

with center at (.1.,t) and radius --- The Circle passes through the
12

origin,

2,, The inverde of ti, line y = 5x is the line, yf = 5x' . The line

inverts into itself,

, 442
442



.t
3. The inverse of the line y = 3 is the Ourve

x22

Y

+ y22

_3 which

simplifies to x'2 + y2
2 1

---y2 = 0 . It is a circle which has its
3

P 1, 1
.6center'at and radius . The circle passes through the origin.

10-6

4. The inverse of the parabola y2 = 4x is the curve

----i-
.y

2
. 4x2

,

2 4x23
2 ,_',-.,2)2 2 2 Y1,

1
77:- Eir

which simplifies to
-,-,y (x2 + yt ), ..

NOTE: The graph of this curve may be lefttwa challenge exercise. It

is a cissoid with,the following properties:

(1): Symmetry with respect to the x-axis;

(2) Intercept at '.(0,0) .

(3) Asymptote: x2
1

=.g .

(k) Extent: 0 < x' <

The curve has this appearance

1 X =
1

4

x

5. The inverse of the circle (x - 4)2 + (y - 4)2 = 16 is found as follows:

The equation simplifies to x
2

+ y
2

- 8x - 8Y + 16 = 0 . Apply the
A

transformation and obtain:

(

2
x2

2
Y+ Y

,

x +y .x+ y
82

,2
+ 16 = 0

,2

8x2

,2 t2(x,2 y,2)2 (x,2 y,2)2

t 87
. or . 2

i 8x
+ 16 = 0

50 2 yt 2 27
x2 + y2 xl

2
+ y'

2

444P



16-6

or 1.- 8x' - 850. .1. 16 (ict2 502) = 0

ic' + y -2 12 xl 5r2 1or 0 which represents a circle with center
2 2 +

11 '1
at and radius v.

6. This problem is essentially solved in Example e 2 of the text.

7. The inverse of the line L 3x +,2y 6 = 0 is the circle.

2 xt vi

' We now apply the inverse transformation

- x y
xt =

2 2

y
2

x y

to ,L1 and obtain:

;c2 y2 4

- 0 ,
(x2 y2)2 (x2 y2)2

2cx + y2) 3(x2 Y2)

1 x, - y
or - 0 ,

2 2 , 2 2% , 2 av
X +. y x y ) 3(x2 + --

or 3x + 2y - 6 = 0 , which we recognize asktlie original line L..

A reasonable conjecture is that a second application of the same inverse

transformation yields the original curve. ;Phis verifies the fact that

an inversion is an involutory transorrnation..1

8. If we had not used, a unit circle, we would have had d(0,P) d(0,1:4) = r
2

r2
or d(0,P).=

d 0,1" '
..

d(0,P) x r2.r. 1

Since - r
2
(d(0,P))

2

C1(o,1" ) XI
CI( 0

'

Pt )2
.

r
2
x

2
t r x

we have x= and x' -
)02 ÷ yi

2
X2 +y2 ' )

yt

r2,t 2
r y

Likewise, y - ' and y' -
2

4.
2xt X2 -I-. y2

. 444
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. 'Since r-= 2 , the inverse transformation is

The

: .

v:.4ic
'ce 7

e
_L_

x +' "y.
2

,

Y= __y._
2' 2x +y

. .

inverse points-are as follows!
+

4
= = 03, .5).

B = (1,-1) BI =. (2,-i)

c 2,1) c! = (-
8
5 5

4

D.= (3,3) I. De = (114

d(A,C) = 2)5 , a(A,D) = 3)5 , d(B,C) = )5 , d(B,D) = 2 .

d(A,C) . d(B 2 : :15 4
TOW: d B,D

: 2y7

,

dkAt
8

,ct) = d(A.1,Dt) = 145 , a(Bt,ct) =yE , d(B',D'
3

8 -
ci(A2,c1) . a(Bt,ct) 24. 4
a(At,v) d(B',Dt) 7

32)1(5-..

71 .

=
3

'Tbe.ahOVe verifies that an inversion is a cross-ratio preserving trans-
.-: .

formation.
. 4

o
.

10. he instructions for the construction are given in the text. As in the

proof in the'text l'or the firstconstruCtion:

LORD = LP°R = L°111?

Thus 4BPI0 tORP and

I5.1(M,T)0,pi)

d(0
d(0,P

,1
or d(0,P) d(0,Pt) = r2C
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_Review Exercised

'Before proceeding with'tfie solutions Of this

important to joint out that there are two'vws to

such as Cx (2x;3Y) ,.ittiCh appears in the

set\of problems, we feel it

interpret the mapping symbol,

first exercise.

-In this text, we We adopted the convention.that' (x,y)---a(2x,3y)

merely another way of writing the transformation

xl
x' = .2x , x =

1_Yt = 3Y ;
Y

Y1T
gr

A-second interpretation, which is often Used (but not in

following: wherever an x appears in the, equation,

wherever a y appears, replace it by 3y .

1).

his text), is. the

replEice it by 2x ;

\,
S3r", ;

x'
2=

The first interpretation leads itO the result the second

interpretationleadstotheresultx--2 3
y when applied to Exercise 1(a) .

2

is

Solutions

2 8
= .55T I (See above)

The transformation can be written as

+ 2

i = 3Y ,

or

'

X = X' - 2 '

I y 14..

trds transfOration to the parabola x
2

= 2y ; we have

vt
(x' - 2)

2
='23 , which simplifies to 3x'

2'
- 12x' - 2y! + 12 =.

An invariant property of this transformation is that a parabola

maps into a parabola; i.e., the type of curve is invariant.

(c) The transforlaattanean be written as

xt = x - 1 x =
or

yt = + 2 y yt - 2 .

The parabola x
2

= 2y transforms into the curve:

(xt + 1)2 = 2(y0 - 2) "whiCh we

same parabola ;:ith respect to a :le

ze as the equation of the

gin at (-1,2) .



2. the mapping (x,5/)r .--4(Rx,ky4 can be written as the transformation

xt

i

1x1 = kx ''

or

Tr7 ky Y = /14

In this ease, we let A = 2 t Applying this transformation, in turn,

to each of the curves, we have:

(a) The line 2x + 3y - 6 = 0 transforms to 2x* + 350 - 12= 0 ,

a line parallel to the original line.

(b)- The circle x2 4y2.= 2 transforms to x12 + r12 = 100 , a

circle with the same center but with a radius twice as large.

(c) The parabola .y2 = -4x _transfOrms to the parabola y12 = -8x

Which is "paiallel" to the original curve.

The title is well justified since a figure "similar" to. the original

appedra after the transformation.
ti

. Under, this trandormation, the image of L
1

is the line

)111 :x - 5y -8 = 0 , and the image of L2 is the line

L21: 5x + y - 12 =0. L1 I L2 ,since m2t
=

4. Applying the transformation T to each of the curves, we obtain the

following images:

(. :0a) 132 - 4)050., 205r*2 - 20x' - 2450 + 13 = 0 (An ellipse)

(b) 65x12 172x1y1 - t2 + 232x1 + 112y* - 176 = 0 . (A hyperbola)

(C) x +22y - 28 = 0 .

(11) x +.22y - 17*= 0 .

Lines (c) and (d) are parallel and their images are parallel. A

reasonable conjecture,is that an affine transformation preserves the

property of paralleliJm: does.)

5. The proof follows that given in the text for the mapping

in Section 10 -5.

44.7
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to-= 8

scale preserving,

?. PP.F. -22 = 10

_ 5upplement-to_Chapter 2

Exercisers S2-la

go = 0 r; = -4

order reversing

r; = 26

-sCaXe'aecppesipg, order reparying

3, pt = 4

scale increasing, ordeApreserVing
.t ..

p'- = 15 C18 = -9 r; = -21

i .

Scale degreasing, ordq. reversing

'17 1 1.i ft 7
,

., - 5,- pi F T ' *--- q : .5 1

-
..- .

scale increasing, ode reversing
1

-.:

; =4 1 r; = 2-

.
6,, p'..= 2 (11-= 10 =

scale preserving, order preserving

7. Let 17' be the origin point, the unit' Pol-nt in the original qatemS

i,e,, P = 0

(5) p' = 3

=

(7) =

(8) P/ = g
(9) Pt =i

p;

. 1,

B; = 2

qt. = 2

. 1

9' = -3
9/ 7
qt = 8

448
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8, Let P be the origin of the new system,

151 =,6
q$

(1.5) P =.3 q.i= 2

1
-(6) = q=

.(7) P = 3

(8) = 0 =
1

(9) i4 q = 2

:(1() _15 =

9. Stippose' a = 0 0 in xi =x+b.

2

Q;-the neV unit point3 i.e.,

Then_for any roint P with coordinate p, we would get p' 0 dp -Pbd
,

So-every point in the new system vuuld.haVe coordinate b, thus preserving

neither measure nor order box' betVreennesa,
\\

16. xi = alc3. + b

Let p and ,p' be the intrinsid and the new coordinates of P, and

Similarly for q-land ql, etc. Let d/(15;4) = 1pf - el. Then.
,

.\

0415,Q) T- laP3 + J=;%93 -- bf = lal 1P3 -. 931

E4
.. \

1

1p2 *321 .,i

r = lal I

Similarly 1

I

d(11,8) = tal Ir L sl Ira

,
+ rs +

Suppose ,PQ Zr- RS. Then Ip - ql = 1r - s1. HOwever,. df(P,Q) =,W(R,S).

only if 1p2 + p .2iq = '
1 ir + ra+ s21, which in general is false.

Fol. example, If /p= 1, q = 2, r = 3 and s = 4, then 1p2 + pq + q21 = 7

While 1r2 + rs.-1 s21 = 37. It is also true that we can have

di(PA) = di(R, ) although PQ and RS are not-congruent. The example

p = 04. q = 1L.,! r = 1 and s = 2 shows this. p < q < r always
J i

implies, p3 < q
3
F< 13, so betweenness is preserved:

-ii. x' =é

00,,40 = leP - eq1

di(R,S) = ler -

So P4 74- RS' does not 'always imply df(P,Q) = di(R,S)

P < qi< r does lelwayS imply eP eq < er, sd betweenness

is prieserved.



-:-

=
1

12: xl - '3.f ix 'i 0

=,x if x = 0

If none of p, q, r, s is zero

d'(P,Q) = IP qI

.40- Ir - sl

.S0 Pgi RS does not always imply d'(P,Q) = d'(R,S)., However, if

"P = R.= 0 and PQ ; RS, then 1,91 =, Isl and d'(P,Q) = d'(R,S).

Let p < q < r.. Then betweennes6 is preserved only if q = 0 or

r< 0 or p > O.

13. x' = log10x

This cannot handle points on negative side of the origin Since logio,

is not defined for negative numbers or 0 . Where it is defined

d'(P,Q) = Iloglo
qI

d'(R,S) = Ilog1.0 fl

So, PQ = RS, does not always imply d'(P,Q) = d'(R,S) . Betweenneps is

preserved where log10 is defined.

The notion of a group will mean very little to the students unless they

consider many examples. They should study carefully all those mentioned

in the text and try to think of others., If they know something about contlex

nunibiP, they Ciiim be asked to prove that the three cube roots of 1 form

a'group under multiplication, as do the four fourth roots. These examples

shoe that a group 'may be finite. If the students are asked for other finite

groups,-somp.ok them may suggest the kind of arithmetic that suits clock

faces. 'Finally, no complicgled mathematical definition becomes clear to
e

students until they have thought of examples that don't quite fit. What,

about the integers under multiplication, the non-negative integers-under

addition, and the rational numbers under multipliCation?

450,
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'EXercises S2-lb.-r--

I.

r. Let -f be the function defined by f(x) = ax + b a 1 0. ,

'-.1,et g be the fUnction defined by g(x +.)'= dk d
,.

c it 0.

We wish to prove f(g) is a function defined by (f(g))(x) ='px + t
-,

for real numbers .s A 0 , and te

(i(g))(x) = f(g(x))

= a'.(cX + d) + b
0

= (ac)x + (ad b)

Since7a,AL 6 and c 6 we know that' (ac) jl0.

Thus there do exist real numbers s = ac t,= ad +.b such that

1 (f(g))(x) = sx 4. t

2. Consider f, g, h as three functions in our set:
.

f (x) = mx + n, g(x) = + q, h(x) = rx + s m p, Ac 9

:11

We,wish-to show (f(g))(h) = f(g(h))

We find- that f(g) is_ defined by Wax) = (mp)x +

g(h) is defined by (g(h))(x) = (pr)x + (ps .+q)

Then for all x (f(g))(h)(x) =- (iP)rx + (mp)s + mq + n

for all x f(g(h))(x) = m(pr)x + m(ps + q) n

Hence for all x (f(g))(h)(x) =, (f(g(h)))(x) which is the, necess

and sufficient condition that the functions S, or for each x,

(f0)(h) = (f(g(h))).

Note: this is a special case of the theorem that if h maps set -A into
1

a set' B, g maps B into C, and, f maps C into D then ,

(f (g))(h) = f(g(h)). The general proof follows: If x CA, let

g' = h(x) C B, f = g(y) C C, and f (z) C D.' Let k = f(g) mapping

'B into D, = g(h) mapping A into C. Then

(f(s))(h)(x) = k(h)(x) = k(h(x)) = kty) but k(y)= f(g)(y) = f(y).

Also f(g(h))(x) = (f(ax) = f(z) since (x) = g(h)(x) = g(y) = z.

Therefore (f(g))(h) = f(g(h)).

(mq + n) and that

451 ,
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4.

Y "I

3. Let :f =be defined, by f(x) = ax +b, ai0

g -be defined by g(x) = cx +.4 c # 0. '

Then (f(g))(x) = f(cx + d) = a(cx +-d) + b = (ac)x + (ad + b)
4.;

(g(f))(x) = g(ax + b) ='''(Ca)x + (cb +.d)

f(g) =-g(f) Only if ad + b = cb c1.0

To show that the commutatiAre property does not hold, we need simply

exhibit one:cg'se,when itdoesn't. Take 4 L. 1, c ,, 2, d = 1, b ='1;

then ad + ti = 1 1 + 1 =2 cb + d .7 2' 1 =

(f(g))(x):, 2x + 2 .(g(f))(x) = 2x.+ 3 k(g) ,g(f)

4. To show that in any group the identity,iS'uniqiie:

Let e and. et be identity elements.

-Then for all- a, a(e) = e(a =4 (1)

a(et) = e' (a) a (2)

9 in particular elle) = e(e') = et from (1) letting d

e(e') = (e) = e, from .(2) letting a = e

Which gives us e = e'.

5. To shoW that.i.n any.grouis G the inverse is unique. Let a C G4

Suppose b and bt are both inverses; i.e.,

a(b) = b(a) ='e

a(bt) = tqa).= e

Now consider b(a(b9) = (b(a))(bt) by associativity; but

4 b(a) =e- and a(b',) T so

b(e) =e(1)1);

but e .is the =identity element, so

b = bt.

6. To show that the inverse of the identity is the.A.aCntity, let e be
1

..-'..,.- , ;

the identity, a its'invekse. .

,

.

.1

Then a(e) =.e 'since
a ls'the inverse of , -

but a(e) = a since, e is the identity, therefore a.= C.

C



.

r '

' ,

(a)7 - f8) a x + ab + b- (g) !x_ 3
-,. P P

:n.
- (1).) apx + aq + b (h)

1
,.

ap ap

, 1 + q
(c): ap.x + bp + q (1) x- b a

ap ap

., . 2;, lx p + al
(d), p. x +. pq + q (i) ap ap

. .

;. (e) a3x + a2b + ab + b (k) Ex - 12E + q
,

a a
5

5) 1533X, p2_ q + q + q - + b
P P

*13. -tet.4 be defined--by, f(x) ax +b a 0 .
,

If h(h) = f we -thust. beim p A 0 and q such that

h(h(x)) P2x + pq + q = ax +b = f(x)

'WO p and q must satisfy

.pq + q = b

CI

Cane 1. a < 0 . .,

1,

0

Mete is no real number whose square is negative so there is no

function h such that h(h) = f.

Case 2.. a >0 and a 1 .

Both p = la. and p = - 1 satisfy p2 = a. So we have, in

general, two solutions to h(h) = f.

ha. defined, by h1(x) = x +

h2 defined by h2(x) = - x +

hi is defined for all values of a A 0 and b. However, in the.,special

cue s= 1, h2 is not defined because- 1 - = 1 - 1 = 0. So 'alien

= 1 we get'the unique solution_ h(x) = x +

Although Section S2-2 can be omitted withEut serious loss of continuity,

there are sgood many ideas in it which are important in other branches of

mathematics. If you. do not think there is time to cover it in clasp, perisaps

the better students could study it and do some of the exercises.
sVq,

In earileit coureel, students have studied various number systems and

learned to consider them as sets closed under certain operations but not

under others. The fundamen1.0. operations of addition and multiplication

4b3
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are commutative. In the set of linear transformations of a line onto itself

we have an algebraic operation'whose elements are'not'numbers but functi/Ons.

The onyy operation--composition of functions--is not commutative. Nevertheless,

the operation is associative. There is an element which plays the same role

for composition as zero does, for addition and one for multiplication. For

each linear transformation there is a transformation which "undoe.3" the first,

and thus acts like the reciprocal of a nonzero number when the cpe7tion is

multiplication and like the negative of a number when the operation is

addition.

It is the fact that so many different algebraic systems share' these

properties that led mathematicians to define a group. This concept was

defined earlier, and the example tr4ted,here is one which is very important

in advanced mathematics.

If the exercises on cardinal number are to be assigned, it will probably

be necessary to prepare the way with a brief discussion in class. It can

be pointed out that when we are asked whether two finite sets' have the same

number of members, we can count them. Now counting a set can be described

as setting up'a one-to-one correspondence between the set and part of a

standard sequence of noises. If we do this for sets A and B and discover

that we used the same part of the standard sequence of noises in both cases,

we have set up a one-to-one correspondence between A and B. We could have
pa

done this without counting. Since we can't, in any ordinary sense, count

the members of an infinite sett it is natural to define what we mean when

we say that two such sets have, the same number of members, in terms of one-

to-one correspondences. AlthoUgh the students will probably be a bit dis-

turbed by the fact that the set of positive integers andithe set of odd

positive integers have the same number of members, they will soon come to

realize that no other definition seems reasonable.

The students should be ashet to give detailed proofs, in class, for

one or two cases of the theorem that an image is between two other images

if and only if its pre-image is between the pre-images of the other two

images. This will prepare them for the first exercise in the next set.

Since we are dealing with a necessary and sufficient condition, two implications

must be proved. The proof can be shortened, however, by noting that the

inverse of a transformation of any of the four types is of the same type.

EXercises 3-6 of the following set justify that the linear transformation

of a line onto itself forms a group under the operation of composition.

45 1
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Exercises S2-2a

Let Q be between P and R; i.e.,.either p < q < r' or p > q > r

,where p, q, r are coordinates of P, Q, R on line PR. If T is

a linear transformation, then there are numbers a / 0 and b such

that the coordinate of T(X)*= ax + b where x is the coordinate of ,

X.

T(P ) pt = ap + b T(Q) q' = aq + b T(R) r' = ar + b

If p < q < r and a > 0 then a p < aq < ar and pt <qt < rt.

If p < q < r and a < 0 then ap > aq > ar and pt > qt > rt

If p > q > r and a > 0 then ap > aq > ar and 'pe q:

If p > q > r and a < 0 then ap < aq < ar and pt < qt < rt

kence"in all cases T(Q) is between T(P) and T(R),

Let PQ and RS be congruent segments; i.e., IP ql = Ir sl
Let T be a linear transformation, defined: T(X) = X' has coordinate

= ax + b. '

p' = ap b T(Q) qt = aq + b Ipt-qt1 = lap+b-aq-b1 = Ial Ip -qi

r' = ar b T(S) s' = as + b Irt-stI = lar+b-as-b1 = lal Ir-sI

But PQ ies 1p - ql = Ir - sl. So Ipt - qt1 = Irt - st1

which means P'Q' = R'S'.

3. Let T
1

be arbitrary linear transformations of the line into itself

defined by coordinate equations: T
1
(X) = Xt .xt = ax + b, T

2
(X) = Xt

x' = cx + d. We wish to know whether T
1
(T

2
) is a linear transformation

of the line.

T
2
(X) is a point -I with coordinate cx + d

T
1

is defined at Y; T
1
(y) is a point with coordinates

(ac)x + (ad + b).

But ac / 0 since a / 0 and c / 0. And (ad + b) is a number.

So T
1
(T

2
) is defined for all points X by coordinate equation

xt = (ac)x + (ad + b). Thus it is a linear transformation of the line.

4455



4, To show that composition of linear transformations is associative let

T
1'

T
2'

T
3

by coo nae equations T
1

be defined brditti (x) = ax + b,

.

T2(x) = cx + d, T3(x) ex + f, Then T2(T3) is the linear transformation

taking'. x to (ce)x + (cf + d) and T1(T2) is the linear transformation

takiA x to -(ae)x + (ad + b). Let ,X0 be an arbitrary point with

coordinate x0.

T
3
(X
0
) = Y with coordinate (ex0 + k),

(TI(T2))(Y) = Z with coordinate (ac)(ex0 + f) Oad + b).

So ((111(T2))13)(X0) = Z with coordinate (ace)X0 + (acf + ad + b).

Now (T2(T3))(X0) = y with coordinate v = (Ce)xo + (cf + d),

T1(11) =-Z' with coordinate a((ce)xo + ("cf + d)) +.b,

So (T1(T2(T3)))(X0) = Z' with coordinate (ace)x0 + (acf + ad + b).

Therefore = Z$ since both have the same coordinate which- means

T1(T2(T3)) = (11(T2)1113),.

5, To show that the set of linear transfoituaUpus of a line has an identity

with respect to composition, consider line r and the transposition I

such that 'I(X) = X, I is given by the coordinate equation

1(x) = x = 1x + 0 so I is a member of the set of linear transformations,

This is an.identity, By the definition of I we know

or

SO

(I(T))(x) = I(T(X)) = T(X)

(T(I))(X) = T(I(X)) = T(X)

1(T) = = T

Suppose I' were any other identity.

Then

144

I$(I) = = I since It is an identity,

I(Is) . IS(I) = 11 since I is an identity,

Therefore . I' = I which means I is the unique identity,

It

4))
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6, To show that each element on the set S of linear transformations of

the ling has an inverse with respect to composition, let T be an

arbitrary element of ST(X) is the point Y such that y = asc + b,

b # 0.

If there were an inverse -T
1

to T we would have to have

T-1(1) = T(T-1) =I.

There would have to be numbers .c # 0 and d, such that for all points

S, with coordinate x,

c(ax + b) + d = a(cx + d) + b = lx + 0,

'This requires pax = acs = lx (1)

cb td= ad tb=c1 (2)

1 /

Since a 0 we can choose c =
4

0 to satisfy (1) and then

d -b along with c =
1

y - b will be the inverse of T. and
a

is a linear transformation.

7, We exhibit one counter examnle to show that composition is not commutative.

Consider

Ti Ti(X) = Y/ Y = .2r 4. d(":" iF ren
"defined by"]

T2 ; T2(X) = Y, y = 1.x + 1

11(T2) (T1(T2))(X) = 2(x + 1) + 0 = 2x + 2

T2(11) ;,(T2(11))(X) = 1(2x + 0) + 1 = 2x + 1

Therefore T
2
(T

1
) # T (T

2
).

1.

Suppose we require T1 : T1(X) = Y. y = ax + b and

to be such that

T2 ; T2(X) = Y, y = cx + d

T (T2) = T
2
(T1)/ i.e., a(cr + d) + b =

e(ax + b) d, x

So we must have acx = pax and ad + b = cb + d.

The conditions are (1) a = c = 1 and b and d any real numbers.

(2) a =.c # 1 and' b = d any real number,

(3) a, c any real'numbers and b = d = 0.

A
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8. Let F = Y, y = ax + b be a transformation.

Case .(1)' F= T(E) where E:y= ax T:y=x+ b
V X, E(X) has coordinate ax, T(E(X)) has coordinate ax + b.

Case (2) a < 0. F = T(E(R)) where R:y.= -lx E : y = lalx T :.y = x+b

V X, R(Y) has coordinate -x, E(R(X)) has coordinate

lal(-x) = ax

T(E(R(X))) has coordinate ax + b hence T(E(R)) = F.

'Exercises S2-2b

1. Let the points be R and S. We may assume r < s. The ratio of two

non-zero numbers is positive if and only if both numbers have the same
-

sign. r < s means r - s <
rt

- S
s'

0. Therefore > 0 if and only

if r' - s' < 0. But we have r' - < 0 if and only if r' < s'

which is the condition that the coordinate change be order preserving.

Similarly,'
rt

-
<0 if and only if r' - s' > 0 which is true if

S

and only if the coordinate change is order reversing.
a

2. The coordinate change f determines an equation of the form

f(x) = x' = ax + b. From rt = ar + b, s' = as + b.- We find

a =
r' - s'

-
, b =

rs' - r's
-

(a) f includes a contraction if and only if 0 < a < 1 which is the
r' - s'

condition 0 < - S < 1.

(b) f includes a contraction and reflection if and only if -1 < a < 0
-

which is the condition -1 < xr
s'

- S < 0.

(c) f includes an expansion if and only if a > 1 which is the

condition
r' - st.

> 1.- S
(d) f includes an expansion and reflection if and only if a <.-1

which is
r' - s'

- S

3. The coordinate change f de+ermines an equation of the form f(x) = ax + b.

From p' = ap + b, q' =aq + b we find a - : , b - Pclip

(a) f includes a translation if and only if a = 1 which is the

condition 221 - 1.p q

(b) f includes a.reflection if and only if a = -1 which is the

condition pp q
L:21 - -1.



4. We wish to show that the intrinsic coordinate systems are identical to

the coordinate systems whose defining functions have the form

x' = x + b or x' = -x + b with b any real number.

Pick One intrinsic coordinate system, call is origin .P
0

and lifer to

it as the P0- system.

Conbider any other intrinsic coordinate sjstem (one having the same unit

length) with origin P
1

and the same positive direction.

PO
P1

P0- system 0
1

new system P'0 0

x < y if and only if X is left of Y

xl < 50 if and only if X is left of Y

So 7:1(P
0'

P
1
) = - P'

0
= P

1
- 0 since unit of measure is the same.

tt

Solving P*0 ' = a0 + b and 0 = aP
1

+ b we get x' = x + ( -P1).

So, this (intrinsic) coordinate system has defining function of the form

xl = x + b relative to the P0- system. Conversely for any equation

x' = x + b we cant, find the intrinsic coordinate system whose origin

has P
0

coordinate (-b) and the P
0

positive direction.

Similarly we establish an identity between coordinate systems with

positive sense opposite to that of the P0- system and systems with defining

functions xl = -x + b.

Notice

PO
P1

, I

P
o
-system 0 P

1
x < y if and only if X is left of Y

new system P'0 0 x' < yl if and only if X is.right of Y

17(P0, Pi) is pl - 0 in P0- system, but p'0 - 0 in system with opposite

positive sense.

11 11 pre-images
-2 - i 1 - -TT 0 k .4. - 1 'a 2 3-3 3%

111111111111111111111111111
1 1 2 2 1 1

7
- - - -1 -2-4 0 4 2 1
2 3 3 2 3 images

6. (aY Domain of F(C(H)) = domain of H = (w:w is real)

range of F(C(H)) = (z:0 < z < 1)
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Transformation P(aN) is into the line, not onto.

It is one-to-one.

(b) 8 2 0 -3, -a
Pre-images

.0925 images
5 3 2 3

(c) The cardlnality of,-the interior of a segment is the same as the

cardinalityof the line.

7, (a) .Domain D(R(P)) = (w w is real)

Range D(R(P)) = (z : 0 < z < 1)

D(R(P)) maps the realssinto but not onto the reals.

It is one-to-one.

(b) The cardinality of R is infinite.

. 8, Let the coordinate chance be given by x' = ax + b.

"1" rr sl ar + b (as

p' - .Etp 4 - (aq + (

a

-

b -b r- s

The operations are Justified since r s and a c so that

r s / 0 and
a

= 1.

9. x =
11
2

This may be obtained from the change of coordinate formula, or using

Problem 8, from ratiori of directed distances (letting A =,P,

-B = R = Q, C = S).

1
x(111

-

:_11., abll
0. xl

a ' b - a '

11, Let f be a lineai, transformation of the line into itself such that

for two distinct points X and Y, f(X) = X and f(Y) = Y. We,

wish to show that for all points Z. f(Z) = Z.

f(X) = X and f(X) = y yield coordinate equations

'X =ax +b and y = ay b

which implies a = 1 and b = 0. So for any point Z with coordinate

Z, f(Z) has coordinate

z' =1 z 0 = Z.

So f keeps all points fixed.



Supplement D

(Supplement to Chapters 2,3,8)

POINTS, LINES, AND PLANES-

O

In this chapter the student will face many problems arising from the re-

lative-poditions of points, lines, and planes in space. Among these are the

measurements of angles and distances, matters of parallelism and perpendicu7

and questions of incidence and separation.

Various schemes and devices are suggested as being appropriate in certain

cases, but in the last analysis we believe that a student should not be told

too much. He has many tools; therefore) he should be encouraged to find his

own solution for any given situation.

Here is where a student begins to need some facility with determinants.

There is help in Appendix A. .

If the-equ'tion of a line is Written in the form ax + by + c = 0 , then

the equations

ax
1

+ by
1

+ c = 0

ax
2

+ by
2

+ c = 0

ax3 + by3 + c = 0

may be considered a system of 3 linear homogeneous equations in the 3 un-

knowns a b c . Equation (3) in the student's text is the necessary and

sufficient condition that there are non-trivial solutions of the system.
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Exercises D-2

1. (a) collinear (b) k = 46.5 (c) Ibc - adi (d) collinear

2. ac; -ac; ac; -ac; yesp no. The direction of traverse of the triangle

affects the sign (positive for counter-clockwise, negative for cloqkwise);

the vertex. at whit one-starts does not.

3. Consider the triangle with vertices
i

= (x Jai ) i = 1 , 2 , 3 . We

know that the area :is

4. 181
2

5. (a)

(b)

(c)

xl
K x

2 y 2 1
11 1

1

x3 y3 1

y

1

=
1Ix
2

(Y
2 -73)

ft
i.e. absolute value of determinant

- x2( Yi
y3)

d1
x1y2 - xiy3 - x2y1 + x2y3

1
=
2
I (x

1 2
x2y1) + (x2y3

1
xi

x2 y2

+ x3(yi - y2)1

+ x3y1 - x3y2I

x3y2) + (x3y1 - xly3)1

lx2 Y2I lx3 Y31).x3 Y3 xi Y1

-2 1 1

2 -2 1 = -2(3) - 2(6) + 6(3) = 0

6 -5 1

- A = [4,-3h a - A = [8,-6]

Hence B - A = 2 C -

4

But AB is parallel to the line of B - A , and

AC is parallel to the line of C - -4A which is the line of

So AB

- A .

coincides with AC

d(A,B) = 5 , d(B,c) = 5 ; d(A,c) = 10

By the triangle inequality, this implies B lies on AC .

4 6 26



If 14166 D1 ) I ) L3 meet it a point (xl,y1) , then

alxi + biyi + al

.8.2x1 + b2y1 ± c2 = 0

.0

6"3x1 .13Y1 e3

Thid system of three linear equations in the two unknowns hat a

Common solution only if the determinant of the coefficients is zero; this

Condition is Equation (3) in the stUdentis text.

ft-might be worthwhile to place considerable emphatis on the idea of,

families. This concept will appear later in connection with curves in the

plane and in Space.

1. (a) No

24 (a) 4

(b) Yes,

Exercises D-3

4 .2
`f' 2

(c) No, (the lines are pardilel)

-(b) k3 + 4k - 16 = (k 2)(k2 + 2k + 8) = 0 ; real value, k = 2 .

3 General form, 3x - 2y + 5 + n(x +*4y - 1) = 0
:

(a) 21x - 28y + 43 = 0

(b) 14x + 21y + 6 = 0

(c) 4x + 9y = o

d) 5x - 22y + 19 = 0

(e) k - 3y + 3 = o

'4. 9x- 3y +8 =0

5. This exercise may be done in a variety of gays. If students use the ,

methods in this section, some of the following may be useful in checking

their work.

(a) Centroid
to + c b)

3 '3

(b) Orthoce er, (0)'. Ig!)

Circut. lterl
(a+ c b

2
+ ac

2 /

433
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r

(d) -Byaivate determinant in (3) of text by factoring out 126P from

from C2 , multiplying elements-of R by - -2- and
, '. ,. 2

adding to

0

c

elements

-ac

of

1

1

1

B ,
',.)

a- + ab

2
b- + aca + c

6b

A c

361)

3613-

=0

0 -6ac 1

'1

3 3b
2

+ 3ac 1

0 1

2
24 1

1
0 3ac

2)(3ao 3ac)

(e) yea, beepage by appropriate gbolgs of goordinates any triangle an

)1414 vertieee wtth the coPrdinstes given for A ,.B ,

6, Consider trgpezpid ABQP gn4 choose gogrdinate system so that A = (A,O),

=-(3,0) , c = (0,e) ,j) = (d,,p) The diagonals ars ex + ay - ite = )

px (b d)y bo = 0 , Joining

midpoints of bases is the lino

2ax

g

p

2c

(8. + b * d)y

a

b . d

a i. 1? - d

(a + b)0

*Ag

*be

*(a + b)o

=

=0
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The subject matter of this course can be grouped and developed in various

ways. Although we have used some of the contents of this section in earlier,

sections, we now consider, in a more systematic way, the general topic of. in-
.

tersections and parallelisms.

We make extensive use of determinants, with which we assume some reason-

able familiarity. An appendix presents a brief-treatment of the topic, : rich

Was considered too algebraic to be part of the text. .Mitriceslalso, would

have facilitated our development, particularly the concept of t16,..ymk of a

matrix, an 11,an augmented matrix; but'these ideas were considered to be too far

afield from our central theme, and so do not appear, even in an appendix.

Teachers,and interested students' are referred to the SMSG text on Matrix /

Algebra, or ito any of the recent elementary texts on matrices, We recommend

strongly thdt studpts be encouraged to gain some competence in those aspects

of matrix algebra which apply to the present .content, and perhaps prepare oral

.or written reports on these applications.

Authors', as well as students and teachers, are not pleased with pages

that seem overloaded with letters and subscripts. However, in three dimensions,

equations of lines and planes do require many symbols. We choue to use fewer

letters with different subscripts, rather tha\many different letters, be-

cause we felt that, with a bit of effort, the patterns of relationships. could

be more easily seen. Students should be encouraged to see these patterns, and

to try to extend them to-corresponding situations in higher dimensions, where

subscripts become more significantly necessary. We have avoided here, and

generally throughout the text, the use'of E notation. If students have the

proper background and ability, they migjit be encouraged to'state, as far as

possible, the results of this section that could be generalized to n dimen-

sions, using whatever symbolism they think most appropriate.

Solutions 't00 Exercises D-4

1. (a) parallel
. , '\ (d) skew

(b) skew (e) skew

(c) skew (f) skeW

46 5
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x 3i

(a) y = 2 , t
.

: z- 3 2

x = 1 -.6t

= 3 .±, 4t

,

(b) y = 2 + 2t

../ .

(a) M1 : 4x + 18y - 3z - 34 = 0

M2 : 4x + 18y - 69 = 0

-(b). M.1 : 14x + 24y, + 9z + 69 =0

M2 14x + 24Y + 9z - 35 =0

4. (a) + 18y - 3i - 34 ='0.

) 14X + 24y +.9z - 35 = 0

(a 2x - 8yi- 7z = 0

(b) 11x + 9y + 12z= 0

(c) 22x + y + 8z =0

(d) 3y + 2z =

6. (a) L.J. goes over

+ jt

(c) 2t

z = 3 - 8i.

x = 1 - 3f

(d) 1y.4= 2 +

= 3 -'6t

Note

t

L4 . (c) L2 goes under

(b)
2

goes over L3 (d) L,
J goes under L

4

i

.
q

7. fIf LA goes over LB and LB goes over Lc , then it is sometimes true

0... _ .d.-.

that . goes over La .

8. It is f if LA and LB() are distinct, then LA goes over LB1lse that

.
or LB

roes
over LA . Consider the lilies L

A
x = 1 , LB :%x = 2 .

It is r the case that P1 on LA, and P2 on LB,have the same

9.

i-xrcoordinate,'hencei one criterion is never met.

(a) (1,0,2).+ t(5,11,7) = [x,y,z]

(b) +.t[1,7,7] = (x,y,z]

(c) (1,1-1,01 + t(5,8,1] = (x,y,z]
(d) (3,2,4) + t(7,1,5] = (x,y,z)

(e) (1,:3,1] + t[5,2,.4]f tk= (x,y,z]

(f) + t(8,2,7] = [x,y,z]
0

1468
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11, (a 3x 2y + z =

+ y 3z = 6.

(c) x 2z = 0

(d)- =2,x, +,y +, 2z = Q

4. (a) FT 14 -,1101.2747,

114

.y = bl + m t

al Alt

1

134

-(e)

(a) (2 4 -4, 6]

lx = a2 + 22t

Y = b2 + m2t

Li and L2 'are coincident if and only if'

2
1

*2
2 = 0

and there exists ari

Note; This is aquivalent to the existence of-a t
0

such that

m1 m2

such that

al a2

b
2

-m2 so

22
8o

42 41 11 tO

h -b mt
2 1 .1 0

= 0 .

LI and L2 4S4 parallel if and only if

/
1 121

. 0

ml m2

467
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t,

and there is no so such that

al - a2 22 sO

bl - b2 m2 so
= 0

L
1

and L
2

intersect in a unique point, if end only if

.8 .8

1 2

ml m2

1 It is traditional to talk about the angle between two lineS, but present

,standards
4

of precision require that we take account of the fact that at leeet

four angles are formed when two lines intersect.{ These angles can be distill-

guished in a. diagram by various methods, but all of these methods must induce

a sent along each of the lines. We indicate explicitly in the text that

such a sensing must underly any Method of distinguishing these angles analy-

tically.

It is convenient to carry through the development in the text Using the

parametric forms of equations for lines. We leave to an exercise (Problem 16)

at the end-of this section the develOpment of some of these ideas, using the

usual general forms of the equations of these,lines, in 2-apace. Students

should be encouraged here, as in other places, in the text, to use the, Corrdi-

nate system and method of representation that seems most natural, and,to 'be

prepared to show the equivalence of the results obtained in different ways.

It is not expected that any class complete all the exercises at the end

of this section. We have supplied sufficient exercises to give some variety

in assignments, testing, etc.

Solutions to Exercises it2

1. (a)- /-172° cos 9 =
10 N. 0.9898

(b) '75° cos 0 = 31616 "' 0.263
130

(e). '830 cos 9 =



x = 3 + 3t
y = + t or y - 2 = 1 1

3

x = 3 + 2t
(b) 4

=
1x - 3

y = 5 + t or y - 5
2 2

x = 3 - 2t
(c)

Y = 5 + 3t
or y = 2 +

1.2

3. Lines L
1*

y ± 3x - 11 = 0 direction pairs L1 = (-1,3)
L2 : y-+ 2x - 5 = 0 r,

2
= (-1,2)

Bisectors Bl : (3 - 2Z)x + (1 - 1r2-)y -_11 + 5/2- = 0 Bl = [1.-1,-3+2Z)

B2 : (3 + 2Z)x + (1 + Z)y - 11 - 51rE = 0 B2= (-1-Z,3+2Z).

Let . e be one angle determined by and B2

4) be one angle determineeby L2 and B2

Since Ll , and B2 are in the same quadrant we can be sure that

cos e" = cos implies that Le -L .

cos e
1.2* 1 1 + 71

_

1321 lit! (h7 ),11.5

3/2 r2 7 + 10 +7/
cos _

52 I 12 I (12; -177.1i. )15 ( 20 )

This can also be checked by noticing that cos 9 is the cosine of half
the angle between Ll and L2 .

-40 43il4. (a) Pl = [ 3] P2 11' 11= [-- I P3 = [6,-7]

(b) Alt. from Pi = [11,3) + t[3,1] line through P1 1

r -110Alt. from P2 = 1.71 43 + t[2,1) line through P2 1 L2

Alt. from P3 = [6,-7) + t[-2,31 line through P3 1 L3

5. The lines are parallel. Therefore, e = e.

e71f}.^/



6.

)

(a)

(b)

(c)

2
0 " 80.5° 99.5°

141.7° and 38.3°

130° and 50°

arccos arccos 0.161 and
VI57

(=lb .11 18odarccos arccos (0.786)

(L-) 180°- (0.654)arccos arccos

1757

7 (a) (x,y,z] = (1,2,31 + tia , 3a - 2c , c]

(b)

(c)

tx,y,z] = (1,2,3] + , a + 3c , c]

(x,y,z) 7 (1,2,3] + ,-3c - 2a , c]

for any a

both zero.

and c not

8. (a) N
1 (x,y,z] = t(0,3,1]

(b) N
2 ": ix y z] = tr1,1,1]

(c) N3 : (x,y,z) = b(,11,2]
4"

9. (a)

(b)

-3x + y + 2z - 10 = 0

x - y + 3z - 19 =.0

(c) 2x + y - 3z + 10 = 0

10. (a)

(b)

5x + lly + 2z - 51 = 0

x + y + z - 9 = 0

(c) 5x + 11y + 2z - 53 = 0

(d)

(e)

3Y + Z - 14 = 0

x+y+z- 7 = 0
(f) 3y + z - 10 = 0

11. (a) 86° and 94°

(b). 69° and 111°

(c) 60° and 120°

12. (a)

(b)

7x - y + llz - 55 = 0

x + 3y + Oz - 11 = 0

(c) 3x - 12y + 7z + 2 = 0

(d)

(e)

-8x + 7y + 5z - 62 = 0

x + 7y + 2z - 35 = 0

(f) 3x + Oy - z - 7 = 0

(g)

(h)

2x - y, + Z - 4 = 0

x + 13y + 5z - 47 = 0

(1) 3x 3Y--+ z = 0,,

472
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a

(a). 5k - ly - lia .p

'(b) Ty z = 0

3C4. z =

11i (a) 21°

(b) 25.3°

(c) 4°'

15: Xith xyaitis

"(a) 32.30

(B) 53626

-(p) 1515

16. Cos'

O

411, 2 'IT

4, +b12 2
4 2

2

2

(d) (0- .45,60

(e) 53.6° (h) 4°

(f) 40.4° (i) 21°

53.2° 15.5°

15.5° 32.3°

32.36 53.2°

/4.
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,,Supplement to Chapter 7

Exercises S7=6

1. (a) 27° (a) 36°

(b) 60° (e) 39°

. (c) 22.5° (f) 63°
4

2: (a) X2 + 4Y2 = 4 (c). 2X2 + Y2 . 4

rotation through 45° rotation throtigh 30°

ellipse ellipse.

(b) X2 + 42 = 4

rotate 45°.

translate X =, x + ff

ellipse -

475

(d) 2 X 2 +
2=

1

rotate 0 = 45

translate X = x + Vg °

ellipse

O



z

4X2 - 8172 = 99

/rotate 45°

translate X = x - 3A" ,

hyperbola

\Y

Y = y -

2
/
/

X

4

1112 - =4

rotate arccos
4

5

translate X = x
8- ,

= Y 5

co Y2 = 1

- rotate 45°

translate X = x , y= y +

hyperbola

(h) y2 = -6x

rotate arccos
4

5
translate X=x -s,Y =y +1

parabola

473
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Exercises S7-7a

1. Given that xt = x*-F h

and y' = y + k

and 4x2 + y2 - 8x + 11.y. + 4 = 0-

Find h and k such that the first-degree terms will be eliminated.

4x2 + y2 - 8x + 4y + 4 =0 (1)

x = xt - h

y = yt -k.

Substituting in (1) and grouping terms, we find that the transformed

equation is

4xt2 y'2 + (-8h - 8)xt + (-2k + 4)yt

Solving simultaneously

- 8h -8 =0

-2k + 4 . 0

h = -1

k = 2

The transformed equation becomes

loct2 + yt2 = 4

Ft = -4

+ (11h2 + k2 + 8h 4k + 4) = 0



,

2: (a) 8x2---4xy+512- 24x + 24y= 0

Translate to center (l, -2)

8x'2- + 5y' 2 - 36 = o

Rotate through arctan 2

4X2 9Y2 =36

(b)

(c) 7x2 - 24xy + 120x + 1i 14 = 0

Translate to center (0,5)

7x' 2 - 24x' y' + 144 = 0

Rotate through arctan
4

9r - 1612 = 144

-Y

It/N I/N,

/

3x
2
+1Cocy+ 3y - ox . 22 0 la) 14x

2 8xy + 4y2- 9;0 7Z-37 +14= 0
2 ,

Translate to (3,3

X = 21r2 + 2

Rotate through 45°

Translate to center (-4,3)

3x1 + 3.030y1 + 3y' 2 - 8 = 0

Rotate through 450

4X2 - 4

s 7 5

4'78-

4y'2 - 830.- 2x' + 14 = 0

Parabola: s = 0

Y\4

O
A, . '1

4



Exercises S7-7b

1. Center (2,-5) Axes of symmetry

2. Center (- 4) Axes of symmetry

(y + 5) = +(x 7 2)

(y + ,57) = (rr - 4)(x + 7)
(y + ,5r) = -(11'r .+ 4)(c-+ -1.1L)

Exercises S7-8

1. (a) 0x2 + 6xy + 0y
2

+ - 8y - 4 = 0

0 6 3

A = 6 0 -8 = - 6( -24) - 6(24) = 0

3 -8 -8

Thus ;it is a degenerate conic: (2y + 1)(3x - 14) = 0

Lines: 2y 4- 1 o 3y - 14 =0

(b) 2x2 + 8xy + 0y
2

- x + 4y - 1 = 0

I 41

4 8 -1

A = 8 0 4 = 4(-16) - 8(-12) - 32 = 0

-1 4' -2

Thus it is a degenerate conic: (2x + 1)(x + 4y - 1) = 0

Lines: 2x + 1 = 0 x + 4y - 1 = 0 '

(c) 4x2 - 5xy + 9y
2

- 1 = 0

8 - 0

=. -5 18 0 = 8(-3Q + 5(10) = -288 + 50 0

0 0 -2

Thus it is not a degenerate conic.

(d) 2x
2

- lxy - 6y
2

= 0

=ot

0

0 = 0

So it is a degenerate conic: (2x +, 3)(x - 2y) = 0

Lines: 2x + 3 = 0 , x - 2y'= 0

476
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2. Consider Ax
2

+ Bxy + Cy
2
+ Dx + Ey + F = 0

17_7 __where A = 0 -and S

Case 1. Suppose the factors of the left comber represent dependent

linear. equatins. Then we could-write the left member/as

(Mk + NY + P)(kNix + kNY + kP) = 0 where k 0 .

-i-Toaut then we get

+ LMNxy + kN22 + 2kMPx + 2kNPy +

g. 4(k42)(k112) - (2kmN)2 =,0 which contradicts

Case 2. Supposing the factors represent inconsi

kP
2

= 0

our hypothesis 5

stent equations, we

get .that

(Mk + NY + P)(kMX + kNy + hP) =0 for ki0,hik.

Butagain this implies that S7.= 0 contrary to our hypothesis, 0 .

3. Consider Ax2 + Bxy + Cy2 + Dx + Ey + F = 0

'where

.

A =

and

s =

Then

or

2A D

B 2C E

D E 2F

2A' B

B 2C

= 2F - E(2AE.- BD) D(BE - 2CD) = 0-

-2AE
2

+ BDE + BDE - 2CD
2

= 0

:2AE2 + BDE 2CD2 - BDE = 0
,

Expression (5) is (B2 - 4AC)x2 + 2(BE - 20* + E2 - 4CF .

S. 11.Ac - B2 .= 0 :makes the c.oefficient of x
2

vanish.

It remains to show tat the coefficient of x is '0 .

Fom A = 0 and B2 = 4AC is get

0 = + BDE - CD2

Multiply by -10. and use B
2

= 14AC to get

0= 11A2P2 4ABDE + 4ACD2

o = 4 (AE)2 - 4(AE)(ED) +-4(ED)2

o = (2AE ED)2 .

Hence' BD 2E = 0 which completes the proof.

477
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Exercises S7-10

1 . 8x2 - 12xy + 17y
2

- 20 ='0

= 400 n = .16000

Rotate through r arctan

12 + 4/2 = 4

ellipse

3. 5x
2

- 6xy + 5y
2

- 16x + 16y +,8 = o

S = 64 = -1o24-

4' Translate h = = -1

2. 3x2 + l2xy - 13y2 - 135 = 0

= 81069

Rotate throiigh arctan

X2 . 3Y! = 27 ;

hyperbola .

3

Then rotate thrOUgh 450

x2 + 4Y2 =.4

ellipse

4. 9x
2

24xy + 16y
2

- 26x -.15y =

s =o = -8750

Rotate:through arccos

parabola

RY

y2 . x

2

481s,



rt .

*

9x2 - 24xy +loy2 + o0x - 80y + 100 = 0

5. =0 d =0 J

Rotate through arccos
5.

Translate X=K-2,-X=x
Y = 0

coincident lines

0

2 t

7. 5x2 + 6xy +5y2 - 1.6y+ 8 = o
64 A = -1024

Rotate through 45°

*Translate X = x - Y = y

4x2 +,Y2 = 4

. ellipse

6. 3x + 10xy +3y2 +16x + 16y +24F 0 8. 27x2 48xy +13y2 - 12x +44y - 7.7= 0
= a =512 t

Rotate through 45°
I

. ;

Translate Y=y, X=x+

2
Y- 4x . 4

hyperbola

= -900 A = -196200

otate through axecos 3

14.

34/ Y'= Y

9Y2 - X2 =j9

hyperbola

e X = x 2+

479/
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9. 12x
2
-7xy - 12y

2
- 41x +38y +22 =0 11. 9x

2
- 24xy+ 16y

2
+ 90)c -120y +200= 0

6 = -625 L\ 0 , . s=0 6:=0.. i= Irv.
4Rotate t' rOUgh arccos Rotate through arccos

54
TranslateiX=x,Y=y- 3

Translate X = x - _2_ 1 ,(Y - 1)(y + 1) = 0

Y = y +
13

jiff

(X + r)(x - Y) = 0

Intersecting lines

Parallel lines

y
4 Y X

10. 13x
2
+48xy +27y2+ 44x +12y-77=0 12. lOxy + 4x -

/15y -

S = :900 t = -196200 .5 = -100 A = 0

. Rotate arccos
i

3 Rotate 4j
5 ,

iliff2 14 Translate X = x - , .Translate X=x+ , y=y+
7 #

= 0

9X2 - Y2 = 9
Y

19iff
-75-

(X r)(x - r) =0

intersecting lines
Y.



0
Supplement to Chapter 10

GEOMETRIC TRANSFORMATIONS

In a sense, this -chapter can be thought of as a review-of the early

chapters. It is essentially a summary of the various -treatments of transforma

tions, but now they are -obierved from a more sophisticated point of view. The

concepts of mappings- and groups constitute the background- for the discussion.

.
The titers would be.interested in knowing how the teachers feel about

including tIls,type of material and also, if it is inaluded, whether it should

come earlier in the presentation -- perhaps even near the front of the book.

Exercises S10-2

1, The reflection about the x = 1 line is (x,y) (x1,50) = (-x+:2,y) .

The reflection about the x =.4 line is (xl,y2)--4-(x",y") = (;x14-8-,y1);

Taking x = 1 then x =11. we get

Taking x_ = 1 then x = 1 we get

x" = -xf 4, 2 = -( -x '8)" + 2 = x 6

So they don't comMute.

481
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.2. Mapping of reflection about x = h

= ( -x + 2h, y)

Mapping of refleCtion about y = k

(x,y)-(x1,y11= (x,-y + 2k)

3. Two successive reflections about horizontal lines:

(x,y)---s-(xt,y1) = (x, -y + 2k) , (xt,yt) 2= (x",y") = (x1, -g1 + 2n)

x" = xt = x x" x
= -y' + 2n = y + 2(n k) =Y"

Two successive feflgOtions about vertical lines:
0

(x,y)----1.(x1,y1) = (-x + 2h,y) , y") = ( -x' + 2m, yt)

x" = -x1 + 2m:=

Y" = Yt-= Y

X+ 2(m = h) = x"

Y" =

4. (x,Y) (xt,yt) = (-x + 2h)y , (x1,y1) ",y") = (x' ,-yl + 2k)

x" = xt- = -x + 2h = x"

Y" = -Y1 + 2k = -y + 2k = y"

5. The mappings in (3) will commute only if k = n and h = m .

The mappings in (4) mill commute.

EXercises'S10-3

1. Suppose they have the rotation

0" =-0 + 2(02 -

e = r

'Then_revrite

0" = 202 - (2el - 0).

r" = r

Then let r = r' and 2e
1

- = 0t and we have 0" = 262 - 01 , r" = r

Then we see that the rotation is the product of the line reflections

cr,40--0-(itAt) = (r,201 - 0) and

(r1,01)-41-(r",4?") = (r1,202,- 01)

482
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2. Rem where Rm (r,0)---(r2,02) = (r,292 - 0)

RL (r2,02)---i.(r",0") = (r',291 - Oi)

0" = = =

r"= r

+ 2(01 02) = 0"

r = r"-

Exercises S10-4-

1. (x,y) (xl,y ) = (ax + by, ex + dy) where ad - be 0

Now solve for x and y in terms of x' and y' .

dxt - by'
Then y aZY

. be -ad and x- ad - be

Now substitute these into the line kx + ty + m = 0 and we see that

or

kdx' - kby' + 2cx2 - lay' + m = 0

(kd +2Q)xl + (-kb - 2a.)yi + m = 0

which means that any transformation of the group ioTheorem,S10-3 willvs-1
map a line into a line.

2. (a) (x,y)"D-(2x,2y)

' x' =,2x = 2y

kl
2

-II y12 = 1(x2 + y2) so the circle x2 + y2 = 1

maps into xl
2 ygc- =

(b) .(xi51) ==0.= (2i;351)

xt = 2x , y' =3y
2 2 1 2 9y'2x + y = +

2
= 1 so the circle x2 + y2 = 1

1
maps into the ellipse .gx

2 1
+ t2 =-1

3. (x,y) = (x + y, 2x + 2y)

xl = x + y , yi = 2x + 2y

Consider the point a , 2a on 2x = then a =-x + y and

2a = 2x + y so all points mapped into a point on 2x = y satisfy the

equation x + y - a = 0 This is the equation of a line.

4S3
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4. Show that the angle is preserved between two linel through the origin.

under z = kz

Let z = r(cos e + i sin e) , then let L1 be r(cos e
1

+ i sin e
1

) and

L
2

be r(cos e2 + i sin e2) .- Now the angle between L
2

and LI will

simply be le
2

-
1

1 Under the mapping L
1
a- Lit where' Li' is

Kr(cos-el +:i sin el) and L2---0- L21 where L21 is

.Kr(cos e2.,+ i sin 02) . So we see the angle between L1' and L2' again

equals le
2

-
1

1 . Therefore the angle is preserved.

5. Discuss z -
1

=
z

z = x + iy , Z= z1

SO' x1 -
2
x + y

1 x - iy
x + iy

X2 +y2

d YI = 2 -Y 2
in non-linear coordinates.

x +y
1,2 2 1

Then the circles (x k) + y = ,, are mapped onto x' = k and the

x2
1, 2 1x +Ay + -) are mapped onto y' = k .

4k
2

y
2

Also We haVe
x,2 y,2 x + 1

(x2
, hence the circles

y2)2 x2 y2

x
2

+ y
2 = are mapped onto the circles x1

2'
+ -y'2

l
= - in the. z1

r
,

plrne.

6. (a) It is simplest to consider this problem in polar coordinates then

the solution is (r,$)--11-(rt,P) = (-cht) where the origin is

defihed to map onto the origin.

(b) A-second form would be (x,y)---1.- (x4,y.1)_( 1 Y) where
x(1 + a

2 1

)

y = ax is the line involved. Again the origin would have'to be

defined as mapping onto the origin.

.0
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1. R R

1

0'

le

Exercises S10-5a

6\ (.2.

)1/ k 0 -3

2. (a) Reflection about y =

xt =y=0x+1y
y: = x .= l x + 0 y

(b) Reflection about y

= -y = 0 x + .1

y: = -x = -1 x + 0 y

3. "Reflection in y = x

(qi

.rotation
2

composition is

.. . f 0 -,1

1 0

0 1

(0

1

0

1

=1\

0

9-
r ) =

,k

--1

( 0

-o

;9

4 sin 01 \-

O

s2
cos e2 - sin 02 cos 01

in e cos e sin el ''cos e j

19

1.

cos e
2
cos el-- sin e2 sin e, , -sin e''i. cos e2 - sin e2 cos- 01-

..;
.,.

cos e1 sin 02 + cos e2 sin 021 ,..,sin e1 sin e2 +'cos- el cos e2

)con(ei + 'ea) -sin(ei + e2),

sin(ei + e2) cos(ei + e2) ,(--4

This mapping is the same as a,mapping 'of ai single,rotation through-

ek + e
2

radians.nk.
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5.

(ala3

a2

a4

(a.1

a3

a2

ail.

bi

b3'

1)2

bit

bica.

b3c1 -1-

+ b2c2

c3b4

ci

c3

c2

bic2

b3c2

k

+ b2cit

+ bitch.

Irb

K =

(elbici+.aib2c3+ a2b3cri +a2c3b4 albic2+ aib2cit+ s.2b3c2+ a2b4 cit

a3bici+ a3b2c3 +aitb3ci+ a4c3b4 a3b2c4 ahb.,c2 aitbitciti
"'

and

8.1 b2 c2
i

= .K1
a3 ait b3 bit c3 cit

aibi'-i a2b3 0.31)2 + a2bit ca. c2

Kt =
a3b1 + a4b3 a3b2 + %bit. c3 cit

aibici + a2b3c1 4 aib2c3 +a2b4c3, aibic2+a2b3c2+8.3)2c3t +a2b4cit
K'

a3bici 4- aitb3 ca. + a3b2c3 + a4b4c3 a3bic2 + a4b3c2 + a3b2c4 + a4b4c4

and so we see that ,..K = IV and matrix multiplication is associative.
....-..,

a2 bi 1)2 0"bl + a2b3 811)2 + a2b1t

. = L

a3 a4 b3
't

..

bt. a3b1 t 8.03 a3ts2 + %bit
=.

4

(21.

b3 bit a3 sit

2) (a1
a
2 .

biai + b2a3 b2a.i. + 1)48.2

bpi + bita3 .b3a2 + bolt
= LI

and so we see that L i L' hence matrix multiplication doesn't commute.

/

a
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6. In polar coordinates

rt = r .and 4,t = 2e- -

0

9
(xyr

(X.o)

a

= r cos (2e - 4)>= r.c0s 6 cos 2e + r sin 4, sin 2e = x cos 2e+ y sin 2e

= r sin(2e - 6)= r sin 2e cos 6,- r cos '2e sin 6 = x sii 2e - y cos 2e

hpncethe matrix is:

(cos 2e sin 2e'\

sin 2e cos 26 ,

1
When 0, get which was previously shown to be a

reflection ab6ut the x=axis; when- we gete = whidh was
0)

\--
previously shown to be a reflection in y = x, hen t = we get

1(-71
which is a reflection in the y-axis,when

141

e = --3g we get
O ).

I o
which is a reflection in the y = -x-axis.

A\_-1 0 ".

7.

Sin 282 -cos 2e
2

cos'262 sin 1 2e2 201

sin 2e1 =cos- 2ei

sin 201

(cos 22 cos 2ef + sAn-2e.2...sin 2e1 cos 2e2 sin 2e1 cos 2e1 sin 2e2

cos sin 2e2 - cos 2e sin 2e + sin 2e sin 2e + cos 2e cos 2e2 1 , 1 2 1 2

cos 2(82 - el.) -sin 2(02 - 81)-

sin 2(e2 - el) . cos 2(e2 - el)

This is the matrix of a rotation where e =_2(e2 - el)

487
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1.

2.

Exercises S10 -51;

(

cos a sin a cos a -sin a
Or

sin a -cos a ' sin -a cos a'

By. roblem 7 (510-5a) we saw that the produt of two matrices of the form

a sin cos a -sin a
is of the form

sin a' -cos a sin a cos a w

0

By Problem 4 (S10-5a) we saw that the product of two matrices cf the form,

dbs a -bin a
is another matrix of the same foim.

sin a -cos a

a sin a cos a- -sin a
we see that the product .-

0 sin a -cos a sin a +cos a

, co B sin 0
is of the-form .

siri p -,cos 0

cos a -sin a cos 0
Finally .

sin a. cos a sin 0

(

cos a + 0 sin a +.0

..

sin.a + 0 -cos a + p

+ sin p-

)

is of the form

Hence we see that'the matrix multiplication is closed. From Problem 5

(S10-50- we see that-the multiplication obeys the associative law,, and

1 0
beezube- is included in this set and it is the .identity matrix,

0 1

that -this set forms a group.

(a3
a4 b3

b
2

alb]. + a2b3 alb2 + a2b4

b4 a3b1 + a4b3 a3b2 + a4b4

alb]: + a2b3 a1b2 + a2b4

a2b1 + a2b3 a3b,, e4b4

It

(sibi+a2b3)(a3b2+a4b4) (a3b1 +a4b3)

(aib2-ka2b4-)

= alb:1%1)4 +a2a3b2b3 - a2a3b1b4 - aia4b2b

= (ala4,- a2a3)(bib4 - b2b3)

al
a'2 b

1
b

ar 4 b
3

b
4

488 .
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,5
3. The -matrix

2 1

2

isn't an" isometry as. the vector (0,1) (2,1) ,and

hence distance isn't preserved,yet the det = 1

4. The matrix must be of the form

by Theorem 10-5.

cos a -sin'a

sin a cos a

a

sin a

-sin a
Or

cos a

= cos
2a

+' sin 2a = 1

cos a sin a
-2= QcOs2a - sin a = -1

sin a -eos-a

a

sin a

sin

-cos a

Hence

5. If

2 9
ai =-

if the

tl4e det

a1^ a2

\

-,a3 cll

2
a

'

7 :

sum- of

of the matrix that represents an isometry is 1 or

+ 1 then ale4 - a2a3 = t 1; also,we have\
2

4
2al

2
+ a22

>
= 1 a3 + at. = 1 _and a 22 + a4

2
7 2.

,,,,ro squares = 1, the numbers can be- written as sin

-1 .

Nov,
.-

and

+cos of some angle 9 . Hence we have al = I sin a or

t cos a-

. sin a ,

a2 = t cos a orl\:!. sin -a , a
3
= + sin a or

>

a
'1- a4 = cos a or sin a . Now,from these,we obviously

-get matrices that belong to S but we get other as well:.

-a3 = + sin a or 'I: .cos a , a4 = t cos a or t sin a.. Noy from these

-we obviously get_ matrices that belong -to S but we get others as well:

-cos a. sin a . coii a sin a sin a cos_
'a

sin-a cos a' .
( ) J ,sin a cos a -sin a cos a -cos a sin a cos a- -sin a

sin a -cob a ib
i

cos a
and

I . All of these cases can-be
( cos a sin a ' cos a sin a

I

reduced to members of S by letting a 4 .f3 oL. p + 2 or a = fi
-I- is +

.

Hence, these conditions are enough to make the matrix belong to S .

,

1. Answer4aixen in'text

2. Answers given- in tekt.

. '

Exercises S10-6.
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3. I-1 Reflection in x-y plane

1-2 Reflection in y-z plane

1-3 Reflection in x-z-plane

1-4 Identity-

1-5 Reflection in plane through .x-axis with 45° to.y-axis

1-6 Reflection in plane thro-ugh Y-axis with 45° angle to z -axis-

I -7 Reflection in plane through z-axis with ;45° angle to x-axis

1-8 Reflection in plane through-x-axis with 135° angle to y-axip

1-9 Reflection in plane through -y -axis with 135° angle to z-axis.

I-10 Reflection in plane through z-axis with 135° angle to x-axis

0
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