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ABSTRACT 

 

The application of Model Reference Adaptive Control (MRAC) for train dynamic braking is 
investigated in order to control dynamic braking forces while remaining within the allowable 
adhesion and coupler forces.  This control method can accurately determine the train braking 
distance.  One of the critical factors in Positive Train Control (PTC) is accurately estimating train 
braking distance under different operating conditions.  Accurate estimation of the braking 
distance will allow trains to be spaced closer together, with reasonable confidence that they will 
stop without causing a collision.  This study develops a dynamic model of a train consist based 
on a multibody formulation of railcars, trucks (bogies), and suspensions.   The study includes the 
derivation of the mathematical model and the results of a numerical study in Matlab.  A three-
railcar model is used for performing a parametric study to evaluate how various elements will 
affect the train stopping distance from an initial speed.  Parameters that can be varied in the 
model include initial train speed, railcar weight, wheel-rail interface condition, and dynamic 
braking force.  Other parameters included in the model are aerodynamic drag forces and air 
brake forces.   

An MRAC system is developed to control the amount of current through traction motors under 
various wheel/rail adhesion conditions while braking.  Minimizing the braking distance of a train 
requires the dynamic braking forces to be maximized within the available wheel/rail adhesion.  
Excessively large dynamic braking can cause wheel lockup that can damage the wheels and rail.  
Excessive braking forces can also cause large buff loads at the couplers.  For DC traction motors, 
an MRAC system is used to control the current supplied to the traction motors.  This motor 
current is directly proportional to the dynamic braking force.  In addition, the MRAC system is 
also used to control the train speed by controlling the synchronous speed of the AC traction 
motors.  The goal of both control systems for DC and AC traction motors is to apply maximum 
available dynamic braking while avoiding wheel lockup and high coupler forces.  The results of 
the study indicate that the MRAC system significantly improves braking distance while 
maintaining better wheel/rail adhesion and coupler dynamics during braking.  Furthermore, 
according to this study, the braking distance can be accurately estimated when MRAC is used.  
The robustness of the MRAC system with respect to different parameters is investigated, and the 
results show an acceptable robust response behavior.   
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Chapter 1 

Introduction 

 

1.1 Overview 

      Railway vehicle systems have been gaining more interest over the past few decades.  

However, the study of the dynamics of railway vehicles is complicated, and it can be conducted 

from different points of view depending on the research interest.  Railway vehicle braking is one 

of the most critical subjects that contributes to human safety, equipment design and cost 

effectiveness.  There are numerous research projects that are related to train braking.  The study 

of railway vehicle braking is important to investigate in-train forces, ride comfort, safe operation, 

braking distance and time, and vehicle speed.  Modeling the longitudinal dynamics of trains is 

important to understand the behavior of rail vehicles while in operation.  This can also help with 

better understanding the effects of braking forces and other forces and moments that resist the 

forward motion of the train.   Improving dynamic braking forces results in shorter train stopping 

distance. 

      Train speed control and train braking distance estimation are required to prevent train-to-train 

accidents.   This is one of the most important reasons for applying positive train control (PTC) 

technology to the railway network.  PTC is a GPS-based technology that is designed to prevent 

train collisions and derailments, and to control train movements along the track.  PTC systems 

were being voluntarily installed by some companies prior to October 2008.  A recent act by 

Congress, called the Rail Safety Improvement Act of 2008 (RSIA), mandates the implementation 

of such systems.  This act includes the widespread installation of PTC systems by December 

2015 [9, 26].  The U.S. railroads are currently working on PTC system development, and some 

are adapting their individual PTC systems to increase interoperability [9].   PTC requires 

understanding the longitudinal train dynamics while operating on the railway network.   

Modeling and investigating the longitudinal train dynamics and the train motion resistance are 

some of the key factors for successfully implementing PTC.    
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1.2 Objectives 

      The primary objectives of this research are 

1. to model longitudinal train dynamics using multibody dynamics formulation, including 

train braking dynamics;  

2. to perform a parametric study to better understand how various elements affect the train 

braking distance;    

3. to use the train model for closed-loop control of the dynamic braking forces by 

controlling DC traction motor current; and 

4. to use the train model for closed-loop control of the dynamic braking forces by 

controlling the synchronous speed of the AC traction motor. 

1.3 Research Approach 

      The approach of this research is described as follows.  First, a two-dimensional train model is 

developed using multibody dynamics formulation.  The model includes all forces and moments 

that resist the train motion, beyond braking forces, and the general equations of motion are 

applied to each railcar within the train.  The model is then verified by comparing the simulation 

results with a model developed in SIMPACK, which is a toolbox that can be used to perform a 

multibody simulations.  Next, a parametric study is performed to investigate the train braking 

distance under different operating conditions.  For each operating condition, the train braking 

distance and time needed to stop the train are estimated.  The dynamic model is used to develop 

a closed-loop control of the dynamic braking forces.  The Model Reference Adaptive Control 

method is used to enable adapting the dynamic braking forces for minimizing the braking 

distance.  The MRAC method actually adjusts the current supplied to the DC traction motors 

which directly adjusts the dynamic braking force.  Then the same control method is used to 

control the dynamic braking force by controlling the synchronous frequency of the AC traction 

motor. 
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1.4 Main Contribution 

      This research focuses on the application of MRAC for better controlling wheel-rail interface 

dynamics and longitudinal train forces in order to bring a moving train to stop without exceeding 

the maximum wheel longitudinal creep forces or the allowable inter-train dynamics.  

The main contributions of this study are: 

1. to provide an extensive study of MRAC for controlling longitudinal train dynamics;  

2. to develop a first study of its kind (to the best of our knowledge) of a relationship 

between creep forces, creepages, and the braking torque for different weights of the 

locomotive using the longitudinal train dynamic model; and 

3. to extensively study the interaction between dynamic braking control and dynamic 

braking provided by the traction motors.  

1.5 Document Outline 

      The document is organized as follows.  Chapter 2 presents a background of wheel/rail 

mechanics and adhesion dynamics, train motion resistances, and train braking, as well as a brief 

background about Model Reference Adaptive Control method.   It also includes a literature 

survey of past studies related to longitudinal train dynamics and train braking control.  In 

Chapter 3, a model that represents the longitudinal train dynamics is developed, and the 

equations of motion are written for each railcar within the train.  Chapter 4 presents the 

simulation results of the developed dynamic model, including a parametric study on the effects 

of different parameters on the train braking distance.  Chapters 5 and 6 present the use of the 

Model Reference Adaptive System developed to control the dynamic braking forces using DC 

and AC traction motors, respectively.    
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Chapter 2  

Background 

 

      2.1 Introduction 

      Modeling of railway vehicle dynamics is a complicated problem in engineering and research, 

and it depends on the research goals and the objective of the study.  For instance, if ride comfort 

is the main objective of the research, then mechanical components that cause vibrations should 

be studied.  Also, if the bogie and wheelset design needs improvement, detailed modeling of 

these components will be needed.  In this study, the longitudinal train dynamics will be studied 

to estimate and minimize the braking distance of the train.  Because studying the braking forces, 

the coupler forces, and the braking distance is our main objective, only train motion along the 

track is considered.  All motion resistances, wheel/rail mechanics, and railway vehicle 

components that are needed to study the longitudinal train dynamics will be discussed in this 

chapter, along with  wheel/rail mechanics that include creepages and creep forces.  All forces 

that affect the longitudinal train dynamics will be included in our discussions, including coupler 

forces, braking forces, propulsion resistance, grade resistance, and curving resistance.  

Additionally, this chapter includes a review of a Model Reference Adaptive Control method that 

will be used to control train braking.  Finally, a review of past research related to longitudinal 

train dynamics will be presented.  

      2.2 Wheel/Rail Mechanics 

      The interaction forces between the wheel and the rail have a significant effect on the dynamic 

behavior of the railway vehicle.  Adhesion, creep, and wear can significantly affect the railway 

vehicle dynamics.  The adhesion depends on the surface roughness and environmental 

conditions.  Creep forces depend on the dimensions of the wheel and the rail profile, as well as 

the materials of the wheel and the rail.  In order to calculate the creep forces, wheel/rail contact 

mechanics must be studied.  When two bodies are rolled over each other while pressing against 

each other, the contact area is elliptical in shape, with semiaxes (a, b), as proven by Hertz’s static 

theory.  The semiaxes (a, b) depend on the geometry and the materials of the two bodies [1].  



5 
 

      In addition, when the two bodies do not have the exact same velocities, the term creepage or 

creep is used to define the difference ratio.  Two creepages are defined: the longitudinal creepage 

(��), and the lateral creepage (��).   Another term, spin creepage ���, is also defined as the two 

bodies rotate about an axis perpendicular to the contact area [2].  For a wheel and rail, the terms 

are defined as:  

 

	�� 	=
�	
���	
������	�����	����������	�������	
������	�����	�����

����	�������	
������	�����	�����	
       

 �� 	 =
�	
���	��
����	�����	����������	�������	��
����	�����	�����

����	�������	
������	�����	�����	
 

 ��� =
�������	�����	�
	
��	�������������	�����	�
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Figure 2.1 shows a sketch of the creep, creep forces, and creep moments.  Since the wheel and 

rail are elastic bodies, the contact ellipse has a slip region and adhesion region.  Sliding occurs 

when the contact ellipse entirely becomes a slip region.  In other words, when there is not 

enough adhesion between the two bodies, they will slip with respect to each other [2].   

 
Figure 2.1 Creep forces and moments [2]. 

            2.2.1 Wheel/Rail Contact Ellipse 

      The semiaxes (a, b) of the contact ellipse depend on the geometry of the wheel and the rail 

profile. According to Hertz’s theory [1], the semiaxes can be calculated as 
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� = ��3��(� + �")4�% & /%	 
( = 	) �3��(� + �")4�% & /% 

(2.2) 

where N is the normal load at the wheel/rail contact.  � , �" and �% are defined as 

 

� =	1 − ,�"�-� 		,				�" =	1 − ,�"�-�  

�% = 12 0 11 � + 11"� + 11 � +
11"�2 

(2.3) 

where 

 -�, -� = Young’s modulus of elasticity of the wheel and the rail, respectively (N/m2) 

		,�, ,� = Poisson’s ratio for the wheel and the rail, respectively 

      1 � = principal rolling radius of the wheel (m) 

      1"� = transverse radius of curvature of the wheel profile at the contact point (m) 

      1 � = principal rolling radius of the rail (m) 

      1"� = transverse radius of curvature of the rail profile at the contact point (m) 

These radii are shown in Figure 2.2.  �3 is defined as 

 �3 = 12 45 11 � + 11"�6
" + 5 11 � +

11"�6
" + 25 11 � − 11"�65

11 � −
11"�6 cos 2:;

 /"
 (2.4) 

where : is the angle between the normal planes that contain 
 
<=> and 

 
<=? .  Coefficients m and n 

depend on the ratio �3/�%. They are functions of @ and can be determined from Table 2.1.  @ can 

be defined as  

 @ = cos� 	(�3/�%) (2.5) 
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Figure 2.2 Principal radii of curvature for wheel and rail [3]. 

Table 2.1  Coefficients m and n for different values of A [1]. 

@(deg) m n @(deg) m n @(deg) m n 

0.5 61.4 0.1018 10 6.604 0.3112 60 1.486 0.717 

1.5 36.89 0.1314 20 3.813 0.4123 65 1.378 0.759 

2 27.48 0.1522 30 2.731 0.493 70 1.284 0.802 

3 22.26 0.1691 35 2.397 0.530 75 1.202 0.846 

4 16.5 0.1964 40 2.136 0.567 80 1.128 0.893 

6 13.31 0.2188 45 1.926 0.604 85 1.061 0.944 

7 9.79 0.2552 50 1.754 0.641 90 1.000 1.000 

8 7.86 0.285 55 1.611 0.678    

 

      Because the wheel and rail are made out of steel, the Poisson’s ratio and Young’s modulus of 

elasticity are the same for both.  For this study, it is assumed that the wheel profile is conical and 

the track is tangent, thus both 1"� and 1 � become ∞.  Only longitudinal train dynamics is 

considered in the dynamic model.  This means that it is reasonable to assume that : = 	0.  By 

using these assumptions, Equations (2.3) are reduced to: 

 

� = �" =	1 − ,�-  

�% = 12 0 11 � + 11"�2 
(2.6) 
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 �3 = 12 45 11 �6
" + 5 11"�6

" − 25 11 �65
11"�6;

 /"
 (2.7) 

 

            2.2.2 Creep Forces 

      There are various rolling contact theories in the literature that calculate longitudinal and 

lateral creep forces at the wheel/rail interface. Some of the more useful theories are Kalker’s 

linear theory, Kalker’s empirical theory, Johnson and Vermeulen’s model, and the Heuristic 

nonlinear model [2]. Kalker’s theories are often used for rail dynamics studies.  Johnson and 

Vermeulen’s theory is less accurate but has greater simplicity [1].  Kalker has two main theories: 

Kalker’s empirical theory and Kalker’s linear theory. Kalker’s empirical theory will be adopted 

in the study and will be explained later in this section.  Kalker’s linear theory is used to calculate 

the creep force and is mostly applicable for small creepages.  For the longitudinal direction of a 

train model, Kalker’s creep coefficient can be defined as 

 D� = ��(#E	F   (2.8) 

where E is the shear modulus of rigidity, and F   is the creepage coefficient that is dependent on 

Poisson’s ratio and the ratio ��/(#, as shown in Table 2.2.  The longitudinal creep force can be 

caculated as 

 G	� = D��� (2.9) 

 

Table 2.2 Kalker creepage coefficient  HII for different b/a ratios and Poisson’s ratios [1]. 

C11 

g = b/a v = 1/4 v = 1/2 

1.0 4.12 5.20 

0.9 4.22 5.30 

0.8 4.36 5.42 

0.7 4.54 5.58 

0.6 4.78 5.80 

0.5 5.10 6.11 

0.4 5.57 6.57 

0.3 6.34 7.34 

0.2 7.78 8.82 

0.1 11.7 12.9 



9 
 

Kalker’s empirical formula gives the value of the normalized creep force as 

 
|G	�|K� = LD (M)NI + D"(M)NO									M ≤ 1	NO																																					M > 1 R (2.10) 

 

where 

 

D (M) = %
" M	STU� M , 

D"(M) = 1 − V1 +  
" M"W√1 − M" , 

NI = (�Y + Z[#/M , 

NO = \��Y + ��[]/^��" + ��" , 

Y, [ = unit vector in the x and y directions, respectively, 

�		 = _�`abc
%def

 , 

Z =
_�`abg
%deh=

 , 

M = ^�" + Z", 

(2.11) 

G is the shear modulus of rigidity (N/m2), i and :  are Kalker’s normalized longitudinal and 

lateral coefficients, respectively, which are dependent on Poisson’s ratio and the ratio ��/(#, N is 

the normal load, and K is the wheel/rail adhesion coefficient. Table 2.3 shows the values of the 

coefficients i and :  as functions of the ratio a/b and Poisson’s ratio, ,.  Figure 2.3 shows the 

normalized creep force versus M.  In this figure, Johnson and Vermeulen’s experiments are 

compared with Kalker’s empirical theory and show very close results.   
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Table 2.3 Normalized longitudinal and lateral Kalker’s coefficients [1]. 

 

 

Figure 2.3 Kalker’s empirical theory [1]. 

 

      In the case of a two-dimensional analysis, vertical and longitudinal directions are considered.  

This means that lateral direction is neglected.  Since only the longitudinal creep force will be 
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calculated, Kalker’s empirical theory can be simplified.  This simplification will give the same 

results as previously shown in Figure 2.3.  The simplified expressions are 

 

D �M# = %
" M	STU� M , 

D"(M) = 1 − V1 +  
" M"W√1 − M" , 

NI = Y , 
NO = Y , 
M = � = _�`abc

%def
  since Z = �� = 0. 

 

(2.12) 

 2.2.3 Wheel/Rail Adhesion Coefficient 

      The wheel/rail adhesion coefficient is affected by various factors, which include (but are not 

limited to) speed, wheel and rail wear, rail surface condition, and track irregularities.  The most 

significant factor is surface contamination by oil, water, and dirt.  Wheel speed is also a critical 

factor [2].  Figure 2.4 shows an example of the adhesion coefficient as a function of train speed 

for different wheel/rail conditions.  Figure 2.5 shows a comparison of true and average adhesion 

coefficients as a function of speed for EMD’s SD-45 locomotive. 

 

Figure 2.4 Adhesion coefficient versus speed for different wheel/rail conditions [2]. 
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Figure 2.5 Adhesion coefficient versus speed for EMD’s SD-45 locomotive [2]. 

 

 2.2.4 Wheel Lockup 

      Wheel lockup is also known as wheel skid.  Wheel lock-up can damage the wheelset and the 

rail.  The normalized creep force can determine whether wheel lockup occurs or not.  The 

normalized creep force is calculated as the creep force divided by the wheel normal (vertical) 

load.  The conditions that identify wheel lockup can be written as  

 

jk?

de
≥ 1     wheel lock-up 

jk?

de
< 1     wheel rolling condition 

(2.13) 

where N is the normal force (N) and µ is the wheel/rail adhesion coefficient [1, 10]. 

      2.3 Longitudinal Train Dynamics 

      When longitudinal train dynamics are studied, the motion of the rolling stock along the track 

is considered. The study of longitudinal train dynamics includes the train motion as a whole and 

any relative motions between the railcars [4].  When the railcars are subjected to compressive 

forces, they are in the buff load condition.  In contrast, when they are subjected to tensile forces, 

they are in the draft load condition [1]. Longitudinal train dynamics are important in 

investigating ride comfort, rolling stock design, coupler design, and braking control design [4].  
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In addition, a longitudinal dynamic model is able to study coupler forces, speed, distance, and 

time relationships [1].  Forces that are considered in the longitudinal direction include dynamic 

braking at the locomotives, train air braking, rolling resistance, aerodynamic drag, curve 

resistance, and grade resistance.  Next, a brief background on coupler components will be 

covered.  All forces that are included in longitudinal train dynamics will also be briefly 

discussed.   

            2.3.1 Coupling Components 

               2.3.1.1 Coupler 

      The coupler is a component that connects two railcars together.  Several coupler designs are 

available in the industry. In Figure 2.6, a typical coupler is shown. The couplers between railcars 

have clearances, and the summations of these clearances are called coupler slack.  The coupler 

slack is important to help the locomotives start to pull the train, and it develops compressive 

forces during braking.  If the braking is applied excessively, it can lead to broken couplers, and 

consequently, train derailment [1]. 

 

Figure 2.6 Typical design of the coupler [1]. 

               2.3.1.2 Draft Gears 

      Draft gears function as longitudinal shock absorbers during train operations. They are 

generally installed on each railcar in series with the underframe. When the coupler forces are 

transmitted to the draft gears, they change the overall length of the draft gears. When the draft 

gears are subjected to excessively large coupler forces, they reach their maximum displacement 

and become solid.  The coupler forces are then directly transmitted to the railcar underframe. 
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Generally, draft gears use dry friction to absorb shock energy [1].  Figure 2.7 shows a 

conventional draft gear that is connected to the wagon underframe.  

 

Figure 2.7 Conventional draft gear [4]. 

               2.3.1.3 Cushioning Devices 

      A cushioning device is another type of longitudinal shock absorber. In this type of device, 

viscous damping is used to absorb shock energy. The shock energy that is caused by compressive 

coupler forces is converted into pressure and heat by forcing fluid into cylinders.  There are 

several designs of cushioning devices currently being used in the industry [1]. 

            2.3.2 Dynamic Braking 

      The traction motors at the locomotive axles are used to start and accelerate the train along the 

track, and they provide power to drive the wheelsets.  The mechanical energy of the rotating 

wheelsets can be converted into electrical energy by using the traction motors to slow down the 

train.  If the traction motors are electrically connected so they act as generators, they use the 

turning wheelsets to generate power, and consequently, reduce the speed of the train.  This 

process is called dynamic braking.  The generated current can be passed through a bank of 

resistors that dissipates the power as heat, commonly called rheostatic braking. The generated 

power can also be stored back into the railway power supply and is called regenerative braking 

[5].  Early locomotives used DC traction motors, in contrast to newer locomotives that have AC 

traction motors.   Dynamic braking using DC and AC traction motors is discussed in the 

following sections. 

               2.3.2.1 DC Traction Motors  

      For DC traction motors, dynamic braking forces are directly related to train speed. They are 

limited by current supplied to the traction motors at low speeds, while at higher speeds, they are 

limited by motor voltage and commutator limits.  Figure 2.8 shows an example of the dynamic 
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brake characteristics for a DC traction motor.  Traction force is applied using throttle settings 

(notches) in the control cabin, while dynamic braking is usually applied using continuous control 

lever rather than notches [4]. An example of dynamic braking with four level positions using a 

DC traction motor is shown in Figure 2.9.  In this study, a piecewise linear function is fitted to 

the curve to represent the amount of dynamic braking effort.   

 
Figure 2.8 Example of dynamic braking versus speeds [4]. 

 
Figure 2.9 Dynamic braking forces for four control positions at a range of train speeds [4].  

 

For DC motors, the braking torque is directly related to the armature current, i.   This relationship 

can be expressed as 

 M�` = n
o (2.14) 
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where n
 is the motor torque constant.  Figure 2.10 illustrates how a DC motor applies dynamic 

braking to the wheelset.  The equation that governs the generated voltage can be written as 

 p� = q` + r� sost + 1�o (2.15) 

 

where q` is the back emf generated in the armature, expressed as 

 q` = 	n�u� (2.16) 

n� is the back emf constant, 1� and r� are the armature resistance (Ω) and inductance (H), and 

u� is the angular velocity of the rotor [23].  The armature current can be controlled so that the 

desired dynamic braking torque can be achieved.  The limitations on controlling the current 

depend on the traction motor characteristics, as shown earlier in Figure 2.8.  

 
Figure 2.10 DC motor and applied dynamic braking torque to a wheelset [23]. 

               2.3.2.2 AC Traction Motors  

      For AC traction motors, dynamic braking forces are related to train speed and motor power. 

They are limited by the motor voltage at low speeds, and by motor power at higher speeds. 

Induction motors are the most common type of AC traction motors in locomotives.  The 

rotational speed of the wheelset can be controlled by changing the synchronous mechanical 

angular speed of the traction motor, which is controlled by varying the frequency of the applied 

armature voltage [27].  Figure 2.11 shows a simple mechanical illustration of how AC traction 

motors work while accelerating and braking.  Motoring or accelerating occurs if u�, the 

i 

ω wxy	
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synchronous speed of the motor, is greater than u�, the rotor speed.  On the other hand, dynamic 

braking occurs when u� is less than u�.   

 

Figure 2.11 Simple sketch of an AC motor. 

The electrical excitation frequency can be calculated as 

 

u� 				= 	zT{qU2 	u� 
 

D� =	 u�2	�		(|}) 
 

(2.17) 

where u� is the electrical excitation of the motor.  The slip of the rotor, U, which defines the 
difference between the synchronous speed and the rotor speed can be expressed as 

 U = 	u� −	u�u�  (2.18) 

   

Figure 2.12 shows the induction motor torque-slip curve in motoring and generator regions.  As 

mentioned earlier, dynamic braking is applied when u� is less than u�, implying negative slip, 

and consequently applying torque in the opposite direction of the rotor rotation.  The continuous 

braking torque is applied at a very small slip ratio, where the torque-slip relationship is linear.  

Continuous braking torque cannot be applied at the peak torque or at high slip ratio. To control 

the applied torque, slip ratio is varied to have the desired amount of torque.  This means that u� 
must be controlled by varying u� (or D�).   In this case, the slip can be expressed as: 

 U = 	
2zT{qU 	u� −	u�

2zT{qU 	u�
= 	u� − zT{qU2 	u�	u�  (2.19) 

u�  

u� 

Stator 

Rotor 



 

 

Figure 2.12 Induction motor torque

 

Figure 2.13 shows the tractive and braking effort

SD90MAC locomotive with total 4300 hp. 

cage, three-phase induction motor

maximum dynamic braking force

apply dynamic braking at low speeds whereas DC motor braking fades quickly at low speeds

 

Figure 2.13 Tractive and braking effort diagrams for Siemens SD90MAC with 4300 hp
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Induction motor torque-slip curve for motor and generator region [27]

the tractive and braking effort diagram for traction motors on EMD’s 

total 4300 hp. This diesel electric locomotive uses four

phase induction motors [28].  The braking effort plot can be u

maximum dynamic braking force with the AC traction motor.  Note that AC traction motors can 

apply dynamic braking at low speeds whereas DC motor braking fades quickly at low speeds

and braking effort diagrams for Siemens SD90MAC with 4300 hp

slip curve for motor and generator region [27]. 

traction motors on EMD’s 

This diesel electric locomotive uses four-pole squirrel 

[28].  The braking effort plot can be used to simulate the 

Note that AC traction motors can 

apply dynamic braking at low speeds whereas DC motor braking fades quickly at low speeds [5].   

 
and braking effort diagrams for Siemens SD90MAC with 4300 hp [28]. 
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2.3.3 Air Brake 

     An air brake is also known as a pneumatic brake, in which compressed air is used to apply 

brake shoes to the railcar wheels along the train.  The air is compressed by a motor-driven 

compressor at the locomotive.  The air brake is controlled using an actuator valve at the 

locomotive cabin, allowing air to be compressed in the brake pipe or released from the brake 

pipe.  The brake pipe runs along the train and is connected by hoses between vehicles to provide 

flexibility.  Reducing air pressure in the brake pipe causes spring force to apply brake shoes on 

the wheels while maintaining air pressure causes brake release [5].  For some types of trains, a 

distributor valve, sometimes called a triple valve, is located at each railcar, and it senses the 

brake pipe pressure.  If the brake pipe pressure falls, the triple valve allows air to pass from the 

reservoir to the brake cylinders to apply the brake pads. If the brake pipe pressure increases, the 

triple valve releases the brake cylinder pressure and the brake pads are released from the wheels 

by a spring.  More details on the function of air brake application can be found in [5].  

Since an air brake system is basically a fluid dynamic system, there is a time delay in releasing 

pressure along the pressure pipe for long trains.  For a train that is 700 m long, the brake 

application may start at the last railcar as much as 5 seconds after the initiation of the air brake 

application.  In some cases, this causes severe slack action near the locomotive.  Distributed 

locomotives are used to avoid such problems [4].    An air brake is not usually applied at high 

speed since it causes heat damage to the wheels. 

            2.3.4 Propulsion Resistance  

     Propulsion resistance includes rolling resistance and aerodynamic drag.  It can be calculated 

using the Davis formula [6] which can be written as 

 1 = ~ + ��� + F�� " (2.20) 

where 

A = Journal resistance coefficient which depends on railcar weight and number of axles. It is 

independent of train speed.  

B = Flanging resistance coefficient which depends on flanging friction and  the train speed. 
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C = Aerodynamic drag coefficient which depends on the shape and the speed of the train. 

The last term of the Davis formula represents the aerodynamic drag. Table 2.4 shows several 

versions of the Davis formula for calculating propulsion resistance in freight trains.  Recent 

developments have been made to these coefficients according to high speed trains, modern 

equipment, and truck design.  According to the American Railway Engineering and 

Maintenance-of-Way Association (AREMA), the Canadian National version of Davis formula 

has shown very good results [6], and it can be expressed as  

 
1� = 1.5 +  ��

� + 0.03	�� + ��
 ����	� ��"              (lb/ton) 

1� = 0.75 + �.�"	�
� + 0.0305	�� + ".""	��

 ���	� ��"    (N/tonnes) 
(2.21) 

where 

�	 = total weight of the car (tons or tonnes). 

~	 = cross sectional area of the car (D" or �"). 

n		 = number of axles. 

�� 		= train speed (miles/hr or m/s). 

1� = propulsion resistance (lb/ton or N/tonne). 

Tonne is equal to 1000 kg or 2240 lb, and ton is equal to 2000 lb. The AREMA manual states 

Equation (2.21) in lb/ton.  In this study, the equation that is stated in N/tonnes is developed so 

that all units are standardized according to the metric system.  For example, if we have a 4-axle 

railcar that weighs 40 tons (36.288 tonnes) with the speed of 30 miles/hr (13.4112 m/s) and it has 

a cross-sectional area of 150 D" (13.935 �"), the propulsion resistance can be calculated in both 

unit systems as follows: 

Let F = 	5,  
1� = 1.5 +  �(3)

3� + 0.03	(30) + �( ��)
 ����	(3�) (30)" = 5.88 lb/ton 

1� = 0.75 + �.�"	(3)
%�."�� + 0.0305	(13.4112) + ".""	(�)( %.�%�)

 ���	(%�."��) (13.4112)" = 2.92	N/tonnes 



 

2.920 N/tonnes � 2.92	 �	 . �"%

This gives similar results with a negligible error.  

small.  The rolling resistance can be around 16

gives the values of C coefficient and areas, 

resistance formula.  

 

Table 2.4 Different versions of 
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"."		��/�
 �"%	���/����� � 5.84	lb/ton 

This gives similar results with a negligible error.  Note that the rolling resistance values are very 

resistance can be around 16 - 18 lb/axle (32 - 36 N/tonne) 

coefficient and areas, A, that are used with the Canadian National train 

Different versions of the Davis formula for calculating propulsion resistance

esistance values are very 

36 N/tonne) [6].  Table 2.5 

that are used with the Canadian National train 

Davis formula for calculating propulsion resistance [4]. 
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Table 2.5 C coefficient and areas for use with the Canadian National train resistance formula [6]. 

 

 

2.3.5 Grade Resistance 

     The grade resistance is also called gravitational resistance. If a train goes up a hill or down a 

hill on the track, the weight of each car should be considered in calculations of forces. The 

gravitational forces can affect the longitudinal train dynamics when the train goes up a hill or 

down a hill.  Figure 2.14 shows how the grade resistance can be calculated.  Only the component 

that is parallel to the car body is considered [4].  

 

Figure 2.14 Car weight resolved parallel and normal to the car.  
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2.3.6 Curving Resistance 

     There is an additional train resistance caused by the train motion on a curved track. This 

resistance has been studied and approximately evaluated with and without wheel/rail lubrication.  

According to the AREMA manual, it is about 0.8 lb/ton per degree of curvature without 

lubrication. In other words, it is similar to a grade of 0.04% per degree. Rail lubrication reduces 

curve resistance by as much as 50%.  All these assumptions can be applied for curves up to 9 

degrees.  The resistance is reduced by 7 lb/ton for curves that are above 9 degrees [6].  There is 

an equation provided in [4] that estimates the curving resistance and it given by 

 G	�� � 6116/1	�� (2.22) 

where G	�� is in Newtons per tonne of car mass, and 1	�� is the curve radius of the track in 

meters.  

 

      2.4 Model Reference Adaptive Control  

      The purpose of Model Reference Adaptive Control (MRAC) is to develop a closed loop 

controller that can update its parameters to change the response of the system.   In this study, 

Model Reference Adaptive Control is applied using the MIT rule, which is used to provide 

update rules for the adaptive parameters in the controller.  The output of the system and the 

output of the reference model are compared, and the error is used to update the control 

parameters.  The characteristics of the reference model can be chosen to have the desired 

response.  Figure 2.15 gives a schematic diagram of how MRAC is applied.  The feedback loop, 

which is composed of the process and the controller, is called the inner loop.  The other feedback 

loop, which contains the controller parameters, is called the outer loop [7].   
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Figure 2.15 Model Reference Adaptive System (MRAS) [7]. 

 

      There are two methods to apply the adaptive controller: the MIT rule and the Lyapunov 

theory.  The MIT rule is the original approach to Model Reference Adaptive Control.  The 

Lyaponov theory is applied in cases where there is no guarantee of a stable closed-loop system if 

the MIT rule is used [7].  In this study, the MIT rule is applied to the longitudinal train dynamic 

system and it gives stable responses.  The MIT rule will be presented in the following discussion.   

      The difference between the system output and the reference model output is the tracking 

error, expressed as  

 q = �� −	�� (2.23) 

Using this error, a cost function of the control parameters can be formed.  These parameters are 

updated according to the choice of the cost function.  A typical cost function can be written as 

 �� # � 12 q"� # (2.24) 

where   is the parameter that is updated inside the controller. This parameter is updated while 

minimizing the cost function that is related to the error.  The change in � must be in the negative 

direction of its gradient.  This means that the change in   is proportional to the negative change 

of J.   

φ 
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s st = −¡ s�s  =	−¡q sqs  (2.25) 

This relationship is known as the MIT rule.  The term 
��
�¢ is known as the sensitivity derivative 

[7].  The controller is assumed to have both an adaptive feedforward (  ) gain and an adaptive 

feedbackward ( ") gain.  For this assumption, the error function must be rewritten to include 

both gains.  

 

£ �	  £	 −  "	�� 

q � �� −	�� � E�£ − E�£	 
q � E�\  £	 −  "	��] − E�£	 
q � \  E� − E�]£	 − E� "�� 

sq
s  

� E	£	 ,
sq
s "

� −E	�� 

 

(2.26) 

E� is the transfer function of the system plant, and E� is the transfer function of the reference 

model. E is assumed in the above equations for the sensitivity derivatives since the plant transfer 

function is usually not known [8].  The closed-loop characteristics can be substituted for the 

plant characteristics.  It can be assumed that  

 

	 ���¢=
� ��=¤�¥�¦¤#

��§¥�=¤�¥�¦¤#	 £	 

 
��
�¢§

� − ��=¤�¥�¦¤#
��§¥�=¤�¥�¦¤#	 �� 

(2.27) 

Then, applying the MIT rule, 

 

s  
st � −¡q sq

s  � −¡ �� �U + ���#	£	
�U" + � �U + ���# 	q 

s "
st � −¡q sq

s "
� ¡ �� �U + ���#	��

�U" + � �U + ���# 	q 

(2.28) 

where ¡ is a constant and is called adaptation gain.  There are methods for determining the 

adaptation gain if the system transfer function is known [7], but in most cases, such as 
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longitudinal train dynamic system, the transfer function is difficult to obtain.  Increasing ¡ results 

in faster adaptation and consequently quicker system response.  However, this may cause system 

instability.   Decreasing ¡ results in slower adaptation and consequently longer response time [8].  

Figure 2.16 shows details of how MRAC is applied. The reference model characteristics can be 

chosen according to the assumptions that (� = 	��� =	u"  and � � � 2�u.  More information 

on the simulation of the adaptive systems using the MIT rule and the application of a PID 

controller using MRAC can be found in [31] and [32].  

 

Figure 2.16 Block diagram of MRAC applied to a system [8].    

 

      2.5 Review of Past Research  

      Wheel/rail contact creepages and creep forces are important in understanding the railway 

vehicle dynamics.  For safe train operations, wheel/rail adhesion conditions are very important to 

consider when studying creep forces in order to avoid wheel skid during braking.  In [10], Polach 

studied an advanced creep force model for railway vehicle dynamics when running on adhesion 

limit. In his study, he considered the influence of longitudinal, lateral, spin creepages, and the 

shape of the contact ellipse on the railway vehicle dynamics.  He also considered the friction 

coefficient for dry and wet conditions and it is assumed that it is fixed for each simulation.   
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Polach found that large creep forces mainly occur in the longitudinal direction at the time of 

traction or braking. Measurements were modeled for five types of locomotives under different 

weather and wheel/rail conditions.  In [11], estimation of the wheel/rail adhesion coefficient was 

studied under different wet conditions using two kinds of twin-disc rolling contact machines. The 

boundary friction coefficient is estimated to be in the range of 0.20 – 0.45.  The results roughly 

agreed with the field test results of the Japanese Shinkansen vehicle.  Also, adhesion tests under 

various speeds and contamination conditions were carried out using a full-scale roller rig in [12].  

The results conclude that the adhesion coefficient has high values for dry and clean surfaces and 

does not change much for all ranges of speeds.   It also has low values for oil contamination 

conditions and does not change much for all ranges of speeds.  In [13], rolling contact 

phenomena, creepages on wheel/rail contact, and creep force models for longitudinal train 

dynamics are presented.  The models were validated with the tilting train, Hanvit-200.  It is also 

shown in this paper that the proposed models are able to analyze the dynamic behavior of the 

brake and skid characteristics.  Zhao, Liang, and Iwnicki [29] have proposed an approach to 

estimate the creep force and creepage between the wheel and rail using Kalman filter.  Then, the 

friction coefficient is identified using the estimated creep force-creepage relationship. To 

simulate the system, the authors have developed a mathematical model that includes an AC 

motor, wheel, and roller.    In [30], the authors have presented an estimation method for wheel-

rail friction coefficient using values that include angular velocity of the wheel, the moment 

generated by the braking force and the moment generated by the wheel load.  The proposed 

approach is based on an adaptive observer method that estimates the unknown parameter.  

      Freight trains have two types of braking methods: pneumatic braking and dynamic braking 

(discussed previously).  There are several models on pneumatic brakes, and the study of 

pneumatic brake models requires modeling and design of brake pipe, triple valve systems, and 

other pneumatic brake elements.   In addition, it requires the study of fluid flow dynamics. 

Research is still on going regarding pneumatic brake modeling and improvements.  Tadeusz 

Piechowiak discussed and verified some pneumatic brake models [14]. Also, he developed a 

simulation method for pneumatic brakes that includes air viscosity, brake pipe branches, heat 

transfer, and pipe and cylinder pressures [15].   There is substantial research on wheel slip 

prevention through controlling pneumatic brake forces.  Nankyo, Ishihara, and Inooka [33] have 

studied control performance of a pneumatic brake including its nonlinear property and dynamics. 
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They developed a mathematical model for the brake chamber, and used it to improve train 

deceleration by applying a feedback control method. Zhiwu, Haitao, and Yanfen [34] have 

developed a longitudinal dynamic model for a 20,000-ton heavy-haul train operating in the 

DaQunlink line to analyze the in-train forces while braking.  They highlight the problems in 

using synchronous air brake control and propose using asynchronous brake control in further 

studies for eliminating these problems. Wu, Chen, Lu, and Cheng [35] have proposed a train 

simulation model that includes adhesion coefficient, pneumatic unit, and a simple longitudinal 

train model for heavy-haul freight trains.  A deceleration-oriented control method is included in 

the model for an Electronically Controlled Pneumatic (ECP) brake in order to reduce high 

coupler forces between vehicles.   

      The function of anti-skid control in trains is different from the antilock braking system (ABS) 

used in automobiles.  For passenger trains, all wheels along the train are equipped with 

pneumatic brakes.  In-train forces must be considered while braking.  Pneumatic brakes 

experience delays in the application at rear cars, especially for long trains.  Additionally, the 

mechanism of the pneumatic brakes and the brake shoes are different.  Some research has been 

done on improving anti-skid control of pneumatic brakes.  More information on pneumatic brake 

control can be found in [36 – 38].   For freight trains, which were the main focus in this research, 

pneumatic brakes are applied only at low speeds, say less than 10 km/hr, and in emergency 

situations.  For anti-skid control, dynamic braking forces must be controlled which do not 

depend on brake shoes like pneumatic brakes.   

      Less research has been done on wheel slip detection and prevention using traction motor 

control.  Gissl, Glasl, and Ove have presented an approach for adhesion control in traction based 

on the input motor mechanical speed and motor torque for a three-mass model (motor and two 

wheels) [39].  The controller detects the difference between the motor torque and estimated load 

torque.  This difference is limited to a certain pre-specified value.  The torque load is estimated 

based on motor torque and the rotational speed of the motor.  Four phases of controller operation 

are studied: increasing motor torque, motor torque exceeds load torque, motor torque is below a 

given threshold, and motor torque is below load torque.  For example, the controller reduces 

motor torque when the observed load torque decreases below its allowable limit.  The accuracy 

of the estimation of load torque is not efficient in this controller.  Also, the developed dynamic 



29 
 

model is not realistic since there are no bogies or carbody included.   In addition, the controller is 

based on a pre-determined threshold that uses an assumed peak adhesion coefficient.    

      Matsumoto, Eguchi, and Kawamura [40] have presented a re-adhesion control method for 

train traction.  This control method was for a single-inverter-multiple-induction-motors drive 

system. It adjusts the accelerating torque according to the estimated adhesive forces between 

wheel and rail.  Two models of adhesive force are assumed based on two wheel-rail conditions. 

These models are used in the control method in order to prevent wheelset slipping. The controller 

searches the peak adhesive force in one of the assumed models and adjusts the torque 

accordingly.   The problem is that the unstable condition is very close to the peak adhesive force.  

This leads to problems in the controller robustness.  Furthermore, the assumed adhesive force 

models did not include all wheel-rail conditions.  The control method takes wheel speed 

measurement from one wheelset and uses a single inverter, which means that the currents that 

pass through the traction motors are identical.  If there is a sudden reduction in the adhesion at 

one of the wheel-rail contacts, this may cause wheel lockup.  The study was targeted toward the 

Shinkansen, the fastest bullet train in Japan.  

      For locomotives with DC traction motors, the conventional method of detecting wheelset 

slipping is by connecting two armature windings of the traction motors of the bogie.  If a slipping 

occurs at one wheelset, the connection detects a difference in the potentials.  In this case, a lamp 

or sound signal informs the train engineer.  The engineer then interrupts the excitation of the DC 

traction motor to stop the slipping for a short time.  If there is a low adhesion short section on the 

track (lubricated rail), the slipping is going to stop. If the slipping does not stop, sand is applied 

at the wheel-rail contact leading edge to increase adhesion.  The train engineer has to continue 

interrupting the excitation of the DC traction motor if slipping continues, which usually happens.  

This may cause excessive in-train forces and lead to derailments [41].  To overcome this 

problem, the slipping can be determined by measuring the armature currents of all traction 

motors.  The variation of the traction motor’s armature current is the signal for the slipping 

control.  The maximum current of all traction motors is determined and compared in a pulse 

gating unit with a signal from a separately excited generator’s voltage sensor.  This allows 

maintaining fixed voltage for a very short time in order to stabilize motor load characteristics 

during the dynamic process when the wheelset starts slipping [41].  A disadvantage in this 
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control method is that it does not put the wheel/rail contact mechanics into consideration.  This 

means it works only when it detects slipping or when the wheel starts to slip, which may still 

cause damage to the wheels especially in freight trains where wheels are under heavy loads.    

      In [42 and 43], the authors have proposed a re-adhesion control scheme that blends two 

conventional methods: motor current control and slip speed control.  If one fails the other is 

activated.  If both fail (usually when all wheels are simultaneously slipping), the estimated 

acceleration criterion control is activated.  This control scheme is based on the estimation of the 

reference speed of a bogie.  The reference speed is estimated using speed sensors on two axles of 

a bogie and two axles on an adjacent bogie, and is then compared with an extra train speed 

indicator.  If the reference speed is less than the wheel speed from the speed indicator, it is 

allowed to increase according to the estimated train acceleration.  If the reference speed is greater 

than the wheel speed from the speed indicator, it is allowed to decrease according to the 

estimated train acceleration.  The authors have verified the proposed control method using a 

downscaled simulator. The results show the performance of the control method with a lot of 

oscillations. Also, it takes time to regain adhesion.  Based on these results, this control method 

may not be efficient in high-speed trains as proposed.  In addition, it is mainly based on 

estimation of the train reference speed and train acceleration, using wheel speeds and a speed 

indicator.     

      Watanabe and Yamashita [44] have presented an anti-slip re-adhesion control method using 

vector control without speed sensor.  Their method focuses on the current from each induction 

motor for multiple motor drive systems with one inverter, and it detects the torque current 

differences between two induction motors by setting a threshold.  If the assumed threshold is 

reached, the controller reduces current to both traction motors uniformly since there is one 

inverter.  A fixed threshold of 30 Amps is assumed for all simulations.  This is not realistic 

however because the threshold should be a function of speed.  Also, the study includes only a 

sudden drop of 10% of adhesion force that is not sufficient to prove the efficiency of the control 

method.  

      Mei, Yu, and Wilson have proposed a new approach for wheel slip control [45].  The study is 

based on the detection of torsional vibration of a wheelset when slipping.  Considering the shaft 

elasticity, a simplified model that consists of dominant modes of the wheelset is developed to 
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investigate slip detection and re-adhesion scheme.  The natural frequency for a wheelset is 

typically in the range of 60 Hz or higher.  The simulation results show torsional vibrations when 

there is a sudden drop in the adhesion.  The authors mentioned that the study provides an 

excellent wheel slip detection idea, but in practice it requires measurement of the motor torque.  

Furthermore, they state that mounting strain gauges on axles would have many challenges in 

terms of sensor reliability and signal transmission.  The study develops a Kalman filter to 

estimate torsional vibration using speed of traction motors and a linear creep force-creepage 

curve. Simulation results show that the control approach can reduce motor torque when detecting 

the estimated torsional vibration.  The re-adhesion is achieved in about 1 - 3 seconds depending 

on the operating conditions.  The authors conclude that better estimation of torsional vibrations is 

needed for their proposed method, along with experimental verification.  

      A railway vehicle model can be developed using different multibody formulation 

methodologies, such as Newton-Euler formalism or Lagrange’s formalism [48].  The formulation 

methodology used to model the train can be chosen based on the research objectives.  A 

longitudinal train dynamics model is a two-dimensional model that is used to study the forward 

motion of the train.  This model includes all forward motion resistances such as braking forces, 

and grade, curving, and propulsion resistances.  Therefore, the multibody formulations of the 

longitudinal train model is usually developed using Newton’s law and is applied to rigid bodies 

connected by springs and dampers.  Since this study focuses on the train braking forces and the 

train stopping distance, only the longitudinal train dynamics model is considered.   

      Longitudinal bogie dynamics were studied in [16] using an experimental method to evaluate 

the effects of the braking torque. A 24 m long track was used with a maximum bogie speed of 4 

m/s in the experiment.  Two levels of pneumatic braking efforts were used to evaluate the 

braking torque and braking skid.  In addition, acceleration, speed, and traveled distance were 

studied during braking.  A simple model of the longitudinal dynamics of a long freight train was 

developed in [17].  The authors considered railcars as lumped parameters in the model, with only 

pneumatic braking included.  The propagation of pressure signals along brake pipe was also 

included in the model.  In [18], a railcar model was developed to study wagon body pitch, 

derailment, and wheelset skid during braking.  This model showed that suddenly applying large 

braking or traction forces can cause wheel skid.  Also, it is mentioned in the study that track 



32 
 

defects play an important role in increasing railcar pitch.  On a defective track, large braking or 

traction torques exerted on the wheelset may cause wheel-unloading.  Ansari, Esmailzadeh, and 

Younesian [19] conducted a comprehensive parametric study on longitudinal dynamics of freight 

trains.  A non-linear model was developed for ten railway vehicles connected by automatic 

couplers.  The parametric study investigates how different parameters affect the longitudinal 

train dynamics.  Parameters that were varied included spring stiffness and damping coefficient of 

the automatic coupler, operational speed, and acceleration or deceleration.  Also, effects of 

different load distribution patterns on longitudinal train dynamics were studied.  Effects of an 

empty railcar location in a train and placement of a second locomotive were discussed.  All types 

of retardation forces, including braking forces, were included in the model. This study can help 

with coupler design and safe train operations.   

      A PC-based tool was introduced in [20] to calculate the train braking distance for different 

train types.  Train mass, braking effort, and grade resistance were considered.  However, there 

are limitations to using this tool since it makes simplifying assumptions.  This tool is a good 

concept to estimate the braking distance, but it needs significant improvements.  A Hardware-In-

Loop (HIL) system was built for the braking system of the Korean High-Speed Train in [21].  A 

DSP board was used in the HIL system to obtain real-time simulations. Two-dimensional 

dynamic equations of seven-railcar model were developed.   Real-time simulations included 

several types of braking to investigate the adhesion limits, and braking distance and ride comfort 

were discussed in the paper.  Real-time simulations were presented in [22] to analyze the braking 

performance of railway vehicles using an HIL system.  The dynamic model of a railway vehicle 

was developed, including carbody, bogies, wheelsets, and creep forces. The HIL system is 

composed of a DSP board to run the dynamic model and real hardware components of an anti-

skid control unit (ASCU).  The ASCU estimates the required braking forces according to anti-

skid logic. The validity of the HIL system was verified by comparing the HIL system results 

with the off-line simulation results that had constant brake forces.   

      We have seen that each group of researchers has focused on longitudinal train dynamics from 

different perspectives.  The study of the longitudinal train model leads to a better understanding 

of the effects of various conditions and different retardation forces on the train dynamics.  Once 

the behavior of the longitudinal train dynamics is analyzed and understood, the control design 
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can be applied.  One of the recent developments in railway networks is using positive train 

control (PTC), which is a predictive collision avoidance technology that uses GPS to control the 

traffic on the U.S. railroad network.  The spacing of trains in PTC is based on estimating the 

stopping distance of each train.  Often, trains are spaced apart conservatively (farther than may 

be needed) in order to positively ensure that they will come to a stop without colliding.  The Rail 

Safety Improvement Act (RSIA) has mandated the widespread installation of PTC systems by 

December 2015 [9].  In this study, estimation of train braking distance under different operating 

conditions is investigated.  Traction and braking are the most critical reasons for wheel lockup 

and high coupler forces. It is reasonable to assume that maximizing the braking forces leads to 

minimizing the train braking distance.  The problems that are associated with maximizing 

braking forces may include high creep forces that may cause wheel lockup, and high coupler 

forces that may lead to derailment of railcars.   

2.6 Research Justification 

      Dynamic braking forces can be controlled such that maximum braking effort is achieved 

while avoiding wheel lockup and high coupler forces.  If this control strategy is achieved, the 

train braking distance is minimized, allowing train spacing to be minimized and track line 

capacity maximized.  The vast majority of past studies consider wheel slip detection and 

prevention after wheels start slipping.  Such an approach does not necessarily take advantage of 

maximum available dynamic braking before wheel lock-up.  MRAC is best suited for achieving 

maximum dynamic braking while eliminating wheel lock-up and other requirements, such as 

limiting coupler forces during braking.  The reference model can be chosen based on the 

available braking effort and adhesion coefficient that can vary while maintaining acceptable 

coupler forces.  In other words, the train braking behavior follows a reference model that is 

designed with train operating considerations to ensure improved train braking.  In addition, since 

the reference model is known, train braking distance can be estimated a priori.  Implementing 

MRAC in future collision avoidance systems, such as PTC, can further improve their 

performance during braking and most likely lead to closer spacing of trains with higher 

confidence.  

 



34 
 

Chapter 3  

Longitudinal Train Model 

 

      3.1 Introduction 

      The longitudinal dynamic behavior of a train is a function of brake forces, track geometry, 

wheel/rail interaction forces, propulsion resistance, and railcar connection forces.  A multibody 

formulation of the train longitudinal dynamics results in a set of differential equations for each 

carbody, truck, and wheelset.  When considering longitudinal train dynamics, most researchers 

ignore the vertical and lateral movements, as well as the suspension forces, such as in references 

[1], [4], [18] and [19].  In this study, a two-dimensional analysis of the train will be performed 

that includes the vertical motion and all suspension forces in order to have a more realistic 

model.  In this chapter, the kinematics of the train model will be presented. Then the equations of 

motion of the carbody, truck, and wheelset will be developed.  General equations of motion for 

any carbody, truck, and wheelset will be stated so they can be applied to any train with different 

numbers of railcars.  

      3.2 Kinematics 

      A train model with several freight cars is shown in Figure 3.1. The first lead unit is 

considered as a locomotive with six wheelsets.  The other units are freight railcars with four 

wheelsets each.  Only the dynamics along the longitudinal (x) and vertical (z) directions are 

considered in this model.  The dynamic equations for each railcar and locomotive are derived.  

Two adjacent car bodies are connected by a coupler that is modeled as a coupler slack, a spring 

and a damper.  The car bodies’ connections can also be modeled as a simple coupler without the 

coupler slack.  Both coupler models will be considered and compared.  The car bodies are 

connected to the trucks by springs and dampers in the x and z directions.  Each truck is connected 

to the wheelsets by springs and dampers in the x and z directions.  For the purpose of this study, 

two assumptions are made:   
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(1) the track is tangent, which means grade and curve resistances are ignored, and  

(2) the wheelsets do not lose contact with the rail in the z direction, i.e., they do not lift off the 

rail vertically.  

 

Figure 3.1 Longitudinal train model. 

 

The first unit, which is the locomotive, can be modeled as a mass connected by springs and 

dampers as shown in Figure 3.2.  The car body is connected to the front and rear bogies, and is 

also connected to the railcar behind it by a coupler.  Each bogie is connected to three wheelsets.  

The suspensions connect the wheelsets and truck sideframes as shown in Figure 3.3.  The car 

travels in the x direction, and the positive z direction is downward.   

 

Figure 3.2 Simple sketch of a train single car model. 
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Figure 3.3 Front view of the train model. 

 

      3.3 Equations of Motion 

            3.3.1 Car Body Equations of Motion  

 

Figure 3.4 Free body diagram of the car body. 
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      Using the free body diagram in Figure 3.4 in the x, z, and � directions, 

 

����� = −�	
� − ��
� − ��
� − ������  

����� = −�	
� − ��
� +��� 

����� 	= ��	
� + ��
� �. ℎ� 	+ ���
� 	− �	
� �. �� + ��
� 	. ℎ� 

(3.1) 

where �� and �� are the mass and the mass moment of inertia of the locomotive, respectively.  

��
�  is the first coupler force. ������  is the aerodynamic drag force that is assumed to be applied at 

the carbody center of mass. �	
� , ��
� , �	
�  and ��
�  are the secondary suspension forces of the 

front and the rear bogie that act on the locomotive.  The superscript 1 represents the first unit 

which is the locomotive.  The subscripts fb and rb represent the front bogie and the rear bogie, 

respectively. The suspension forces of the front and the rear bogies can be expressed as:  

 

�	
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� � 
��
� = 2�� #�� − ��
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� $ 
�	
� = 2�% ��� + ���� − �	
� � + 2!% ��"� + ���"� − �"	
� � 
��
� = 2�% #�� − ���� − ��
� $ + 2!% ��"� − ���"� − �"�
� � 

(3.2) 

where ��, ��, and �� are the x and z locations, and the pitch angle of the locomotive.  �	
� , ��
� , 

�	
� , and ��
�  are the x and z locations of the front and the rear bogies.  �� , !� , �% , and !%  
represent the secondary suspension springs and dampers in the x and z directions.  If the coupler 

slack is considered, the coupler force can be expressed as  

 

��
� = ��
#�� − �&$ + !�
#�"� − �"&$              if  �� − �& ≥ 0        (draft) 

��
� = 0                                                           if  �� − �& ≥ −)� 

��
� = ��
#�� − �& + )�$ + !�
#�"� − �"&$     if  �� − �& < −)�   (buff) 

(3.3) 

where sk is the coupler slack length. �& is the x location of the second railcar. ��
 and !�
 

represent the coupler spring and damper. If the coupler slack is not considered, the coupler force 

can be written as 
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 ��
� = ��
#�� − �&$ + !�
#�"� − �"&$               (3.4) 

General equations of motion for all car bodies can be written as 
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(3.5) 

where i represents the car number in the train.  The general formulations of the secondary 

suspension forces can be expressed as 
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- � 
��
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- � 
��
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- � 

(3.6) 

 

For the coupler forces, if the superscript / − 1 = 0, ��
-.� = 0.  Also, if / = total number of 

cars,	��
- = 0.   The general equation for the coupler forces with the slack model can be written 

as 

 

��
- = ��
#�- − �-1�$ + !�
#�"- − �"-1�$              if  �- − �-1� ≥ 0     

��
- = 0                                                                if  �- − �-1� ≥ −)� 

��
- = ��
#�- − �-1� + )�$ + !�
#�"- − �"-1�$     if  �- − �-1� < −)�   

(3.7) 

 

Whereas the general equation for the coupler forces without the slack model can be written as   

 ��
- = ��
#�- − �-1�$ + !�
#�"- − �"-1�$               (3.8) 
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            3.3.2 Bogie Equations of Motion 

 

Figure 3.5 Free body diagram of the bogie. 

 

      The wheelsets are in contact with the rail and there is no relative motion between the wheel 

and the rail in the z direction.  First, the front bogie of the locomotive is considered. Using the 

free body diagram in Figure 3.5, the equations of motion can be written as 
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(3.9) 

where �
 and �
 are the mass and the mass moment of inertia of the bogie.  �2 �, �2 &, �2 3, 

�2 �, �2 & and �2 3  are the primary suspension forces.  The subscripts 4)1, 4)2, and 4)3 

represent the first, second, and third wheelsets, respectively.  The primary suspension forces can 

be expressed as 

 

Rws3 

Fws3 

Rws1 

Fws1 

Rfb 

Ffb 

mb g 

ϴb 

zfb 

xfb 

Rws2 

Fws2 



40 
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(3.10) 

Similar equations of motion for the rear bogie can be obtained where the subscripts ws1, ws2, 

ws3, and fb are replaced with ws4, ws5, ws6, and rb, respectively.  The general equations of 

motion for all front bogies of all cars can be written as 
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(3.11) 

and for all rear bogies of all cars  
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(3.12) 

where k is 3 for the locomotive, and 2 for all other freight cars.  
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            3.3.3 Wheelset Equations of Motion 

 

Figure 3.6 Free body diagram of the wheelset. 

      Consider the first wheelset of the locomotive and apply Newton’s law to the free body 

diagram in Figure 3.6.  The equations of motion of the wheelset can be written as 

 

�2 ��4)11 = �4)11 − �??1 + 2�!?11
 

�2 ��4)11 = ;�% = 0 = �2 � +�4)11 −@4)11
 

⇒	@4)11 = �4)11 +�2 � 

�2 B" 4)11 = −C??1 − 2�!?11 ?D − E�
 − E�
 

(3.13) 

where ���and C�� are the rolling resistance force and moment, �����  represents the creep force at 

one wheel/rail contact location for the 1st wheelset,  @2 ��  is the normal force at the wheel/rail 

contact point for the first wheelset, E�
 	represents the dynamic braking torque, and E�
 

represents the air braking torque.  �2 , �2 , and ?D are the mass of the wheelset, mass moment of 

inertia of the wheelset, and the nominal radius of the wheel, respectively.  It is assumed that the 

wheel/rail adhesion coefficient is identical in both the right and left rails.  This means that 

creepage forces are identical on both wheels on the same axle.  The equations of motion for the 

remaining wheelsets can be written by replacing the subscript ws1 with ws2, ws3, ws4, ws5, or 

ws6.  The equations of motions of the wheelsets under the second and third car do not include 

dynamic braking torque since this braking torque can only be applied to the wheelsets under the 

locomotive.  The general equations of motion for all wheelsets can be expressed as 

ϴws 

zws 

xws 

τdb, τab 

Fws 
Frr 

Fcr 

ωws 

Mrr 
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�2 ��4)F/ = �4)F/ − �??/ + 2�!?F/
 

						@2 G- = �2 G- +�4)� 

	�2 B" 4)F/ = −C??/ − 2�!?F/ ?D − E�
 − E�
 

(3.14) 

where q represents the sequence number of the wheelsets, varying from 1 to 6 for the locomotive 

and from 1 to 4 for the railcars. E�
 is zero for the freight cars.   
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Chapter 4 

Simulation and Parametric Study 

 

      4.1 Introduction 

      First, all numerical assumptions, system properties, and force evaluations will be stated.  

Then the dynamic train models that are with and without coupler slack will be compared.  Next, 

the developed model will be compared with a train model in SIMPACK.  Since there is no data 

available in the literature to compare the results, the model will be verified against SIMPACK.  

Then the dynamic model of a train that includes three railcars will be used to perform a 

parametric study to evaluate how various elements will affect the train stopping distance from an 

initial speed.  Parameters that can be varied in the model include initial train speed, railcar 

weight, wheel-rail interface condition, aerodynamic drag, and dynamic braking force.  In 

addition, the effect of different numbers of railcars will be investigated. 

 

      4.2 System Properties and Force Evaluation 

      For the model comparison and the parametric study, a three-car train model is considered as 

shown in Figure 4.1.  The general equations of motion that were developed in Chapter 3 can be 

applied to this model. Table 4.1 states the required parameters and coefficients to solve the 

dynamic equations.  Other forces and assumptions will be presented in the following subsections. 

 

 

Figure 4.1 Three-car train model. 
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Table 4.1 System properties and coefficients.  

���� 9.0	× 10	 N/m �
�� 5.9 × 10� N/m 

���� 3.5	× 10
 N/m.s �
�� 4.0	× 10� N/m.s 

��� 6.0	× 10� N/m �
� 5.5	× 10
 N/m 

��� 1.5	× 10� N/m.s �
� 1.0	× 10
 N/m.s 

��� 1.0	× 10� N/m �� (locomotive) 190,500 kg 

��� 4.0	× 10� N/m.s ��,�	 (loaded freight cars) 130,000 kg 

l1 8 m ��, �	 (empty freight cars) 27,000 kg 

l2 2 m �� (locomotive) 1403 kg.m2 

h1 1 m ��, �	 (loaded freight cars) 1000 kg.m2 

h2 0.5 m ��, �	 (empty freight cars) 800 kg.m2 

h3 0.3 m Bogie mass 1500 kg 

h4 0.3 m Bogie mass of inertia 219 kg.m2 

��
� 0.5 m Wheelset mass 500 kg 

��
�(conical profile) ∞ Wheelset mass of inertia 125 kg.m2 

��
� (tangent track) ∞ A, Area (locomotive) 160 ft2 

��
� 0.2 m A, Area (freight cars) 140 ft2 

� coefficient (lcomotive) 24 � coefficient (freight cars) 4.9 

 

 

            4.2.1 Propulsion Resistance  

      Propulsion resistance includes rolling resistance and aerodynamic drag.  The Canadian 

National version of the Davis formula (see section 2.3.4) will be used.  The formula units were 

originally in the English system, but were then converted into the Metric Systems.  The 

aerodynamic drag can be calculated separately. The formula can be modified to apply to each 

wheelset and can be rewritten as: 

 �� = ��� + ��� !   (4.1) 

 



45 
 

where ��� is the rolling resistance in N/tonne, and ��� ! is the aerodynamic resistance in 

N/tonne. Rolling resistance for each wheelset can be calculated as 

 ��� = 0.75 +
�.%�	

&'(
+ 0.0305	*+��    (N/tonne) (4.2) 

where ,�� is weight on each wheelset in tonnes. The rolling resistance force can then be 

expressed as 

 -�� = 0.75,�� + 9.02 + 0.0305	,��	*+��  (N) (4.3) 

Also, ��� ! can be calculated as 

 ��� ! =
�.��	01

�%%%	&	
*+ �	   (N/tonne) (4.4) 

Since aerodynamic drag is calculated for each car, the total weight of the car in tonnes is used.  

The aerodynamic drag for each car can be expressed as  

 -�� !
2 =

�.��	01

�%%%	
*+2
�  (N) (4.5) 

 

            4.2.2 Creep Force  

            Since only the longitudinal creep force will be calculated, Kalker’s empirical theory can 

be simplified, and Equations (2.12) can be used.  Figure 4.2 shows the normalized creep force 

after simplifying Kalker’s empirical formula; it gives the same results as in Figure 2.3.  
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Figure 4.2 Kalker’s empirical theory applied to the longitudinal direction only. 

 

            4.2.3 Dynamic Braking 

      As mentioned earlier, dynamic braking is only applied at the locomotives. For DC traction 

motors, based on the design curves which were provided in Figures 2.8 and 2.9, one can simulate 

dynamic braking by fitting a piecewise linear function to the curves.  Figure 4.3 assumes the 

dynamic braking torque versus train speed at three different control positions.   This braking 

torque is applied at each wheelset under the locomotive. The highest braking effort can be 

considered as maximum braking (highest control position), while the lowest braking effort can 

be considered as minimum braking (lowest control position).   

      For AC traction motors, if we look at the braking force plot in Figure 2.13 where the force 

changes from constant to a curve, we can compute the maximum power at each axle as follows 

 34 � =

	510,000	5		 × 27000
�
hr

	3600
9:�
hr

6	;*<:9
= 638	kW 

 

(4.6) 
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which gives the maximum power that can be provided by the motor as shown in [28].  This 

means that for each axle, the maximum braking torque that can be provided at each axle is 

 @�A,4 � =
510,000	5	 × 	0.5	�

6	;*<:9
= 	43	�5.� (4.7) 

To calculate the maximum braking torque at each axle for high speeds (greater than 27 km/hr),  

 @�A =
34 �	CWD

E��C�;F/9D
 (4.8) 

 

 
Figure 4.3 Assumed DC motor dynamic braking torque for model simulation. 

      In the model comparison and the parametric study, only DC traction motors will be 

considered to estimate the train braking distance.  

            4.2.4 Air Brake 

      The air brake is applied at each wheelset, for the locomotive and the freight cars, as a braking 

torque.  Since this type of braking applies friction force on the wheelset, applying it at high speed 

may cause heat damage to the wheelset.  In all simulations (except slack model comparison), it is 
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assumed that it is applied at speeds less than 15 km/hr.  It is increased gradually until maximum 

air braking of 5,000 N.m at a speed of 5 km/hr.  It is then fixed until the train comes to a 

complete stop.  In the simulation, the air brake is applied only when DC traction motors are used 

since its dynamic braking fades at low speeds.   AC motors, on the other hand, provide very good 

dynamic braking at low speeds.  

      4.3 Coupler Slack Model Comparison 

      The dynamic train model developed earlier is simulated with and without coupler slack, 

using the coupler force equations stated in Chapter 3.  In the simulations, the coupler slack length 

is 3 cm (1
�

�
 in) .  DC traction motors are considered, loaded railcars are used, and the dynamic 

braking is fixed at the second position.  The initial speed is 54 km/hr.  For this specific 

comparison, it is assumed that air brakes are applied at a speed less than 22 km/hr, and it is 

gradually increased until it reaches a maximum of 5,000 N.m at a speed of 12 km/hr.  It is then 

kept constant until the train comes to a complete stop.  The results are compared with the train 

model in which the coupler slack is ignored.  Figure 4.4 shows the distance traveled for both 

cases.  The difference is about 2.0 m (or 1%) in distance, with the slack causing a slightly larger 

braking distance.  Figure 4.5 shows the train speed for both cases.  In the first case, the slack 

action response causes a deviation to the speed that is further highlighted in Figure 4.5.  The 

deviation is caused by the inter-train dynamic forces caused by the coupler slack (or deadband) 

when a change in force state (going from traction to braking) occurs.  Because the two responses 

are nearly identical, the train model without coupler slack will be considered in all simulations 

later in order to reduce the computational time required for the models.   
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Figure 4.4 Distance travelled by the train for cases with and without coupler slack. 

 
Figure 4.5 Train speed for cases with and without coupler slack. 

 

      4.4 Model Verification 

      To verify the dynamic equations, SIMPACK is used to simulate three railcars as shown in 

Figure 4.6.  Loaded railcars are used, and the dynamic braking is fixed at the first position using 

DC traction motors to bring the train to a stop from 72 km/hr.  The first car is the locomotive 
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simple couplers. Furthermore, all primary and secondary suspensions, and the propulsion 

resistance are included in this model.   

      Figure 4.7 shows the air brake model in SIMPACK where the air brake is applied at 15 km/hr 

(4.17 m/s), gradually increased to 5000 N.m at 5 km/hr (1.39 m/s), and kept constant until the 

train stops.  Figure 4.8 shows the dynamic braking model in SIMPACK where it is fixed in the 

first position.  In Figure 4.9, the simulation results show the distance travelled and the train speed 

versus time. The stopping distance is 489 m.  The same operating conditions are used when 

simulating the model discussed earlier in Matlab.  Figure 4.10 shows that the train has travelled a 

distance of 493 m, for an error of less than 1% between the two simulation models.  It is 

suspected that the small error is due to slightly different wheel/rail contact mechanics in 

SIMPACK, compared to Kalker’s empirical model that was adopted in the developed model.   

 

Figure 4.6 Three-railcar train model in SIMPACK. 
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Figure 4.7 Air brake model in SIMPACK. 

 

Figure 4.8 Dynamic braking model in SIMPACK. 
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Figure 4.9 Distance travelled and speed versus time from SIMPACK. 

 

 

Figure 4.10 Distance travelled and speed versus time from Matlab. 
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      4.5 Parametric Study 

      Matlab is used to solve all the equations with a maximum time step of 0.001 second.  All 

assumptions and initial conditions will be stated under each case for different weights, dynamic 

braking efforts, initial speeds, aerodynamic drag forces, and wheel/rail adhesion condition.  For 

the purpose of the parametric study, the dynamic braking is fixed at an assumed position for each 

simulation. The dynamic braking is applied after one second of the simulation to determine how 

the system behaves before and after the application of the brake. The delay also represents the 

delay in applying the dynamic brakes by the train engineer.   Additionally, the torque is applied 

gradually such that a quarter of the torque amount is increased in each second until the total 

braking torque for the initial speed is applied at the end of the fifth second.   

            4.5.1 Different Weights 

      Two different weight conditions for the railcars are used in the simulation: empty freight cars 

and loaded freight cars (see Table 4.1).  The locomotive mass is fixed, m1 = 190,500 kg.  The 

dynamic braking is fixed at the 2nd position, and the initial speed is 54 km/hr.  Figure 4.11 shows 

the distance travelled by the train versus time.  In the case of the loaded freight cars, the train 

needs 258 m distance to stop, while in the case of the empty freight cars, the train needs 197 m 

distance to stop. The more weight the railcars have, the longer the distance and the time that are 

needed by the train to stop.  The corresponding speed versus time relationships are shown in 

Figure 4.12.  
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Figure 4.11 Distance travelled by the train for different weight conditions. 

 

Figure 4.12 Speeds versus stopping time for the train for different weight conditions. 
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            4.5.2 Different Dynamic Braking Efforts 

      The three different dynamic braking positions are used in the simulation for loaded railcars 

with an initial speed of 54 km/hr, as per Figure 4.3.  Figure 4.13 shows the distance traveled by 

the train using the three dynamic braking positions defined earlier.  Notice that the more dynamic 

braking is applied, the less distance is traveled by the train.  The dynamic brake plays an 

important role in the travelled distance needed for a train to come to a complete stop.  The speeds 

for these conditions are shown in Figure 4.14. 

 

 
Figure 4.13 Distance traveled by the train for different braking forces. 
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Figure 4.14 Speeds versus time for the train for different braking forces. 
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Figure 4.15 Speeds versus time for the train for different initial speeds. 

 

 

Figure 4.16 Distance travelled by the train for different initial speeds. 
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            4.5.4 Aerodynamic Drag  

      The model is exercised with and without aerodynamic drag forces to determine the difference 

in the distance travelled by a train.  The simulation is run for an initial speed of 90 km/hr.  The 

dyanmic braking is set to the 2nd position, and loaded railcars are considered.  Figure 4.17 shows 

the difference between the distance travelled by the train with and without aerodynamic drag 

forces.  The stopping distance for the case that includes the aerodynamic drag is about 2 meters 

shorter than the case with no aerodynamic drag.  This means that aerodynamic drag does not 

have a significant effect on freight trains since they do not run at high speeds.   

 

 

Figure 4.17 Distance travelled by the train with and without aerodynamic drag. 
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HIJ
KL M 1     wheel lockup 

HIJ

KL
N 1     wheel rolling condition 

where N is the normal force and µ is the static friction coefficient. Let’s assume a case where the 

friction coefficient is fixed at 0.4, the initial speed is at 54 km/hr, and the railcars are loaded.  It 

is assumed that the dynamic braking position is fixed in each simulation.  Figure 4.18 represents 

the normalized creepage force with time at the first wheelset.  We can see that the dynamic 

braking positions can be applied safely under this adhesion condition.  However, if the wheel/rail 

adhesion condition is poor (i.e., wet, icy, or oily rail surface), wheel lockup must be considered 

when applying dynamic braking, since the coefficient of friction is reduced.  Let’s assume a 

second case where the friction coefficient is fixed at 0.2 with the same initial speed and weights.  

As shown in Figure 4.19, the third position of dynamic braking results in normalized creepage 

force that is close to unity.  The maximum normalized creepage is about 0.78 when applying the 

2nd position braking, which means that the 2nd position dynamic braking can minimize the 

stopping distance safely.  The amount of dynamic braking force should be chosen carefully 

depending on the wheel/rail adhesion condition.  Notice that the normalized creepage force 

responds quickly in the first few seconds.  This is because dynamic braking is gradually applied 

to the wheelsets.  

 
Figure 4.18 Normalized creepage force using different braking forces for µ=0.4. 

0 5 10 15 20 25 30 35 40
0

0.2

0.4

0.6

0.8

1

time

N
or

m
al

iz
ed

 c
re

ep
 fo

rc
e,

 F
cr

/m
u*

N

 

 

1st position
2nd position
3rd position

Time (sec) 



60 
 

 
Figure 4.19 Normalized creepage force using different braking forces for µ=0.2. 
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Figure 4.20 Distances travelled by a train with three, five, and eight railcars. 
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Chapter 5 

MRAC of Dynamic Braking Forces 

 

5.1 Introduction 

      This study augments the adhesion control systems that are used in the railroad industry.  

Most of the current adhesion control algorithms use variations of proportional-integrative-

derivative (PID).  The MRAC method suggested in this study provides a more advanced method 

of allowing the traction motors to deal with the dynamic variations that can occur during train 

operation.  In this control method, the dynamic braking force is controlled so that the system 

output can imitate the reference model.  The reference model is designed based on multiple 

factors.   

In this chapter, the MRAC is applied to the train model to control the dynamic braking forces 

while preventing wheel lockup and excessively large coupler forces.  First, the train system 

model used for control purposes will be described.  Then, the MRAC system and the method 

developed to apply it to the train system output will be presented.  All required coefficients, 

constants, and assumptions will be stated.  Both DC and AC traction motors will be considered.  

Motor torque will be controlled by adjusting the current in DC motors, and electrical excitation 

frequency in AC motors.  Random adhesion coefficients will be considered to evaluate the 

performance of MRAC.  

5.2 Train Model   

      The train model is shown in Figure 5.1, with one locomotive and three freight cars.  The 

model is set up such that it can be used to investigate the three coupler forces between all units.  

The general equations of motion that were developed in Chapter 3 can be applied to this model. 

All required parameters and coefficients needed for solving the dynamic equations are as shown 

earlier in Table 4.1.  Propulsion resistance, creep forces, and air brake are evaluated in Section 

4.2.   
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Figure 5.1 Four-railcar train model. 

  

5.3 Control Model 

      In this section, we will describe MRAC model.  First, the available dynamic braking for both 

AC and DC traction motors will be discussed, and then the control strategy and MRAC system 

will be described.  

            5.3.1 Dynamic Braking 

      As mentioned previously, dynamic braking is only applied at the locomotive since it is the 

only unit with traction motors.  The total dynamic braking force depends on the number of 

traction motors, the amount of electrical current or excitation in the motors, and train speed.  It is 

assumed that the locomotive has six traction motors (a traction motor on each wheelset) that can 

be controlled independently of each other.  The gear ratio for Siemens locomotive, which will be 

assumed for both AC and DC motors, is 1:5.19 [28].    

               5.3.1.1 AC Motors 

      In AC motors, the applied torque is limited by the power provided by the motor at high 

speeds, and is limited by the motor voltage at low speeds, as shown previously in Figure 2.13 for 

an SD90MAC locomotive with 4300 hp.  Looking at the braking force plot where the force 

changes from constant to a curve, we can compute the maximum power at each axle as  

���� =

	510,000	�		 × 27000
�
hr

	3600
���
hr

6	�����
= 638	kW 
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which gives the same maximum power that can be provided by the motor as in [28].  This means 

that for each axle, the maximum continuous braking torque that can be provided at each axle is  

���,��� =
510,000	�	 × 	0.5	�

6	�����
= 	43	"�. � 

where 0.5 m is the wheel radius.  To calculate the maximum braking torque at each axle for high 

speeds (greater than 27 km/hr),  

 ��� =
����	#W$

%&'	#(�)/�$
 (5.1) 

Figure 5.2 shows the calculated braking torque based on the available information for an 

SD90MAC locomotive with AC traction motors.  Note that if 43000 N.m is divided by the gear 

ratio, 5.19, it gives 8258 N.m, the maximum motor torque.    

 

 
Figure 5.2 Available torque for each AC motor in Siemens SD90MAC. 
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      As mentioned previously in Section 2.3.2.2, the continuous braking torque is applied at a 

very small slip ratio, where the torque-slip relationship is linear.  Using Figure 2.12, we assume a 

maximum slippage of 5% to reach the maximum continuous braking torque.  Figure 5.3 shows a 

linear relationship between the motor torque and slip ratios that are less than 5%.  The maximum 

motor torque is 8258 N.m at a 5% slip ratio.  The slippage is a function of rotor speed frequency 

and the electrical excitation frequency of the motor.  The rotor speed frequency can be measured 

by a wheelset speed sensor while considering the gear ratio.  In the control model, knowing 

dynamic braking allows one to determine the slip ratio (from Figure 5.3) and the electrical 

excitation frequency.   

 

Figure 5.3 Linear relationship between motor torque and very small slip ratios. 
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               5.3.1.1 DC Motors 

      The braking torque that is applied by a DC motor is directly proportional to the current that is 

provided to the traction motors, as expressed in Equation (2.14) where motor torque constant, "+, 

is assumed to be 15 for the simulations. Additionally, the motor current is limited according to 

the traction motor design characteristics.  In Figure 5.4, three regions are shown.  The first and 

third regions are commonly referred to as “voltage limited.”  The middle region is referred to as 

“current limited.” The voltage-limited region includes low train speeds at which the armature 

rotational speed generates currents far below the maximums tolerated by the motor. It also 

includes very high train speed in which the currents are intentionally kept low (inversely 

proportional to the train speed) to insure that the high armature speed does not cause braking 

torques that are too large to be tolerated safely by the motor’s mechanical components.  The 

current limited region represents moderate speeds at which the currents are maxed out by the 

maximum current that can be passed through the motor without any detrimental effects on the 

traction motor.  In Figure 5.4, note that the maximum current is 552.3 Amps.  If this is multiplied 

by the motor torque constant, 15, and the gear ratio, 5.19, the result is 43 kN.m, which is the 

maximum continuous motor torque assumed.  

 

Figure 5.4 Maximum allowable current supplied to the traction motors at different train speeds. 
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5.3.2 Control Strategy 

      Two measurable values will be used in the control strategy: the rotational speed of each 

wheelset, and the actual forward speed of the wheelset.  As mentioned in Section 2.2, these are 

important for calculating the longitudinal creepage, which can be expressed as 

 	,� = 	
-&' − /&'%&'

-&'

 (5.2) 

where -&' is the actual forward speed of the wheelset, %&' is the rotational speed of the 

wheelset, and /&' is the wheel rolling radius.  Simulations are run for fixed wheel/rail adhesion 

coefficients in order to study the relationship between the creepages, the applied braking torque, 

and the normalized creep force.  In the simulations, the weight of the locomotive is assumed to 

be 190,500 kg, and the dynamic braking torque is applied until slipping occurs.  Figure 5.5 

shows the applied braking torque versus creepage for different values of wheel/rail adhesion 

coefficients.  Note that the higher the adhesion coefficient allows more braking torque to be 

applied before the wheel starts to slip.   

 

Figure 5.5 Dynamic braking torque versus longitudinal creepage for different wheel/rail adhesion 
coefficients. 
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      Figure 5.5 implies that the slope of each plot decreases as the braking torque increases, with 

wheel slippage starting at zero slope.  The slope equation can be calculated as 

 01 =
)���

	),�

			#N. m$ (5.3) 

where 01 defines the torque/creep ratio.  The normalized creep force versus torque/creep ratio is 

then plotted for the three different wheel/rail adhesion conditions in Figure 5.6.  The three plots 

give almost identical results, indicating that the normalized creep force is independent of the 

adhesion coefficients during dynamic braking for that specific weight of the locomotive.  

However, if different locomotive weights are used, the relationship results in different plots as 

shown in Figure 5.7 for three different locomotive weights.  The plot shows that for heavier 

locomotives, a larger normalized creep force can be generated at a given torque-creep ratio.   

 

 

Figure 5.6 Normalized creep force versus torque-creep rate for different wheel/rail adhesion coefficients. 
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Figure 5.7 Normalized creep force versus torque-creep rate for different locomotive weights. 

      N can be divided by 01 and a new relationship is established, where �/01 can be defined as 

the normal-load-torque-creep ratio.  Figure 5.8 shows the normalized creep force versus �/01 

for the 190,500 kg locomotive under different wheel/rail adhesion conditions.   This is repeated 

for the 190,500 kg locomotive to make sure that the plots give identical results if �/01 is used.  

Figure 5.9 shows the normalized creep force versus �/01 for different locomotive weights.  The 

results are nearly identical, concluding that the normalized creep force, 456/7�, and �/01 

relationship can be used in the control model.  In addition, the established relationship can be 

used if there is a change in the wheel/rail normal load because of weight transfer while braking 

or because of fuel weight reduction.   
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Figure 5.8 Normalized creep force versus 8/9: for different wheel/rail adhesion coefficients. 

 
 

 

Figure 5.9 Normalized creep force versus 8/9: for different locomotive weights. 
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5.3.3 MRAC System 

      The system output that must be controlled is the normalized creepage force,	456/7�, which 

can be obtained from the established relationship in Figure 5.9 using the measurable value, �/

01.  The normalized creep force should not exceed 1 (or 100%) in order to prevent wheel lock-

up.  This is described in Equation (2.12).  The control method can be applied to both DC and AC 

traction motors depending on what type of locomotive is used in the simulations.  The purpose of 

this control is to adjust the current provided to the DC traction motors or the voltage excitation 

frequency of the AC traction motors such that the maximum allowable dynamic braking is 

achieved without locking up the wheels or generating large coupler forces that cause damage or 

derailment.  This results in minimizing the stopping distance of the train within the limits of the 

wheel/rail conditions and the available torque from the traction motors.   

      Details of how MRAC is applied are described in Section 2.4, and Figure 5.10 shows the 

block diagram for MRAC for convenience.  The output, yp , represents the normalized creep 

force, ym represents the reference model output, and  uc represents the desired values of the 

system output.  First, the desired values for the reference inputs should be determined.  Three 

factors must be considered to design the behavior of system output: adhesion coefficient, coupler 

forces, and available dynamic braking from the traction motors.  Wheel/rail adhesion coefficients 

decrease at higher speeds, as shown previously in Figures 2.4 and 2.5.  Increasing dynamic 

braking at high speed can result in high coupler forces.  Gradually increased dynamic braking 

along with the decreasing train speed can prevent excessive coupler forces.   Additionally, the 

amount of available dynamic braking that the traction motors can provide becomes lower at 

higher speeds.  These factors are all speed-dependent.  Based on these factors, the desired system 

output is designed as a function of train speed as shown in Figure 5.11.  To include a small 

amount of design factor, the maximum value of the normalized creep force is selected to be 0.75 

as opposed to 1, which is theoretically achievable.    
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Figure 5.10 Block diagram of MRAC applied to a system [8]. 

 
Figure 5.11 Desired values of the normalized creep force versus train speeds. 
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second model results in the best response with a negligible overshoot.  The second model allows 

the reference model output to have results similar to the desired reference input.  This is chosen 

for all subsequent control model simulations.  As shown in the control diagram, the control 

model gains are based on the error between the reference model output and the system output. 

 
Figure 5.12 Reference model responses versus speeds using different design characteristics for high speeds. 

 
Figure 5.13 Reference model responses versus speeds using different design characteristics for moderate 

speeds. 
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      As mentioned earlier in Section 2.4, increasing C results in faster adaptation and 

consequently a quicker system response.  Decreasing C results in slower adaptation and 

consequently a longer response time.  In this control model, C is chosen as 500 for an acceptable 

system response.   Because the system output closely follows the reference model output that is 

designed for safe braking, safe train braking will be achieved.  The coupler forces will be plotted 

to make sure that they are within the acceptable limits.  According to coupler design, the 

maximum allowable coupler force is set at 1,100 kN (24.7 kips) which is determined to be below 

the limit causing coupler damage or derailment [4, 21].  To reduce the computational time, one 

controller will be used for the first wheelseet and identical dynamic braking torque will be 

applied to all locomotive wheelsets.  

      5.4 Simulation and Results 

      For all simulation runs, the initial speed is fixed at 90 km/hr (approximately 60 mph), the 

locomotive mass is 190,500 kg (approximately 420,000 lb), and each freight car mass is 130,000 

kg (approximately 286,000 lb).  It is assumed that all locomotive wheelsets are motorized with 

DC or AC traction motors.  Two cases are considered:  

1) the wheel/rail adhesion coefficients are changed with time traveled in order to evaluate 

the MRAC performance under different wheel/rail conditions, and 

2) the wheel/rail adhesion coefficients are changed randomly according to the distance 

traveled along the rail. 

The simulation results will be presented for each case by showing the controlled motor current 

for DC motors, and the controlled voltage excitation frequency for AC traction motors.  

            5.4.1 Case 1: MRAC Performance 

      Figure 5.14 shows the assumed wheel/rail adhesion coefficient, µ, versus time.  There are 

sudden changes in µ every seven seconds in order to simulate rail friction changes that are 

assumed to occur during braking.  The results for each type of traction motor are discussed in the 

following sections. 
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Figure 5.14 Adhesion coefficient versus time. 
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Figure 5.15 Controlled motor current versus time using DC motors. 

 

Figure 5.16 Controlled dynamic braking torque versus time using DC motors. 
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Figure 5.17 �/01 versus time using DC motors. 

 

 

Figure 5.18 Normalized creep force and reference model output versus time using DC motors. 
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Figure 5.19 Coupler forces versus time using DC motors. 

 

 

Figure 5.20 Train braking distance versus time using DC motors. 
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Figure 5.21 Train speed versus time using DC motors. 
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Figure 5.22 Controlled dynamic braking torque versus time using AC motors. 

 

Figure 5.23 Controlled motor excitation frequency versus time using AC motors. 
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(a) 

 

(b) 

Figure 5.24 Controlled motor excitation frequency versus times at (a) 49 sec. and (b) 56 sec. 
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Figure 5.25 �/01 versus time using AC motors. 

 

Figure 5.26 Normalized creep force and reference model output versus time using AC motors. 
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Figure 5.27 Coupler forces versus time using AC motors. 

 

Figure 5.28 Train braking distance versus time using AC motors. 
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Figure 5.29 Train speed versus time using AC motors. 

      The difference in the train braking distance for DC and AC traction motors cannot be 

compared since the available braking effort at low speeds for both motor types is different. 

Additionally, pneumatic brakes are applied at low speeds in the simulations when using DC 

motors.   

      5.4.2 Case 2: Wheel/Rail Adhesion Coefficient Change with Distance 

      Figure 5.30 shows assumed wheel/rail adhesion coefficient, µ, versus distance on the track.  

The adhesion coefficient changes randomly between high and low values along the track.  Next, 

the results will be shown for each type of traction motor. 

 
Figure 5.30 Adhesion coefficient versus distance on the track. 
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               5.4.2.1 DC Motors 

      MRAC is able to keep the normalized creep force very close to the reference model output as 

shown in Figure 5.31.  At low speeds, the normalized creep force decreases since the available 

braking torque decreases.  The simulations are stopped at 0.7 km/hr since the computational time 

is very long to decrease the train speed to a complete stop.  The measurable system output, �/

01, is plotted versus time in Figure 5.32.  MRAC is able to adjust the motor current to 

accommodate the changes occurring at the rail as shown in Figure 5.33.  The dynamic braking 

torque, which is directly related to the motor current, is shown in Figure 5.34.    In Figure 5.35, 

the coupler forces are plotted versus distance, where the first coupler has a maximum of 240 kN 

force.  The distance travelled by the train is approximately 1371 m (1500 yards) as seen in Figure 

5.36.  The train speed versus time is also plotted in Figure 5.36. 

 

 

Figure 5.31 Normalized creep force and reference model output using DC motors. 
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Figure 5.32 �/01 versus distance and speed using DC motors. 

 

Figure 5.33 Controlled motor current versus distance and speed using DC motors. 
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Figure 5.34 Controlled dynamic braking torque versus distance and speed. 

 

 

Figure 5.35 Coupler forces versus distance and speed using DC motors. 
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Figure 5.36 Distance travelled by the train and train speed versus time using DC motors. 
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Figure 5.37 Normalized creep force and reference model output using AC motors. 

 

 

Figure 5.38 �/01 versus distance and speed using AC motors. 
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Figure 5.39 Controlled dynamic braking torque versus distance and speed. 

 

 
Figure 5.40 Controlled motor excitation frequency versus distance and speed using AC motors. 
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Figure 5.41 Coupler forces versus distance and speed using AC motors. 

 

 

Figure 5.42 Distance travelled by the train and train speed versus time using AC motors. 
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Chapter 6 

Robustness of the MRAC system  

 

6.1 Introduction 

      In this chapter, the MRAC system robustness will be studied.   In order to do this, the 

solution to control system problems such as input and output disturbances using MRAC will be 

investigated.  Train system parameters will be changed rapidly to investigate the MRAC 

system’s ability to resist these changes and adapt control parameters without changing the initial 

conditions of the train operation.  System parameters that will be varied include coupler forces, 

primary suspension forces, longitudinal creepage, normal load, and braking torque.  Only the AC 

traction motor will be considered in this chapter.  Figure 6.1 illustrate the input and output of the 

train system. The input starts with the motor excitation frequency, ��, which determines the 

braking torque.  The output of the train model is �/��, which is used to determine the 

normalized creep force, ��	/
�.  In the results, the inputs and outputs of the system will be 

plotted and discussed.     

 
Figure 6.1 Block diagram of the train system inputs and outputs. 

      6.2 Simulations and Results 

      Random wheel/rail adhesion conditions are used.  Adhesion conditions, shown previously in 

Figure 5.30, will be considered in the robustness study.  The initial speed is 90 km/hr and the 

weight of the locomotive is 190,500 kg.  In the MRAC system, the same reference model input is 

used as previously shown in Figure 5.11.  

6.2.1 Coupler Stiffness and Damping 

      The coupler stiffness and damping are suddenly reduced and increased by 25%, as illustrated 

in Figure 6.2.  These changes in the coupler forces are assumed to study the robustness of the 

fe Braking Torque Train Model �/�� 
��	


�
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controller with respect to in-train forces.  Figure 6.3 shows that the motor frequency and braking 

torque are not affected by the sudden changes in the coupler stiffness and damping.  Figure 6.4 

shows that, similarly, the output of the system is not affected by sudden changes in coupler 

stiffness and damping, and normalized creep forces, ��	/
�, closely follow the reference model 

output response.   

 
Figure 6.2 Sudden changes in the coupler stiffness and damping. 

 
Figure 6.3 Motor excitation frequency and braking torque. 
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Figure 6.4 Train model outputs. 

            6.2.2 Primary Suspension Stiffness and Damping 

      Primary suspension stiffness and damping are reduced and increased by 25% in a square-

wave function, as illustrated in Figure 6.5.  The changes are not meant to suggest that such rapid 

changes in suspension stiffness and damping can happen in practice; they are merely intended to 

illustrate the system response robustness in the presence of �25% error in the suspension model. 

Figure 6.6 shows that the motor frequency and braking torque are slightly affected by the sudden 

changes in the primary suspension stiffness and damping.  The MRAC is able to accommodate 

these changes in less than 4 milliseconds, as shown in Figure 6.7, where the motor frequency 

plot is magnified at two time positions when the sudden changes occur.  The outputs of the 

system are slightly affected by the sudden changes, as shown in Figure 6.8, and ��	/
� response 

closely follows the reference model output response.   
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Figure 6.5 Sudden changes in the primary suspension stiffness and damping. 

 

Figure 6.6 Motor excitation frequency and braking torque. 
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(a) 

 

(b) 

Figure 6.7 Motor excitation frequency at times: (a) 15 seconds and (b) 45 seconds. 
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Figure 6.8 Train model outputs. 

            6.2.3 Creepage 

      Longitudinal creepage is suddenly reduced and increased by 20%, as illustrated in Figure 6.9.  

This means that the wheel rotational speed is suddenly changed at 15, 30, 45, and 60 seconds 

during the simulation.  This may also represent sudden changes in the actual rolling radius of the 

wheel.  Figure 6.10 shows that the motor frequency and braking torque are slightly affected by 

the sudden changes in longitudinal creepage.  MRAC is able to accommodate these sudden 

changes, and the system goes back quickly to normal behavior in a few milliseconds as shown in 

Figure 6.11, where the motor frequency plot is magnified twice when sudden changes in traction 

occur.  The outputs of the system are slightly affected by the sudden changes, as shown in Figure 

6.12.  The normalized creep forces, ��	/
�, closely follow the reference model output.   
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Figure 6.9 Sudden changes in the longitudinal creepage. 

 

 

Figure 6.10 Motor excitation frequency and braking torque. 
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(a) 

 

 

(b) 

Figure 6.11 Motor excitation frequency at times: (a) 15 seconds and (b) 45 seconds. 
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Figure 6.12 Train model outputs. 

 

            6.2.4 Wheel Normal Load 

      Similar to the earlier robustness evaluations, the wheel normal load is suddenly reduced and 

increased by 20%, as shown in Figure 6.13.  In practice, the changes can be caused by track 

irregularities and suspension force variations.  Figure 6.14 shows that the motor frequency and 

braking torque are slightly affected by the sudden changes in wheel normal load.  MRAC is able 

to adjust to changes in less than one second, as shown in Figure 6.15.  The motor frequency plot 

is magnified at two time positions when the sudden changes occur.  The output of the system is 

slightly affected by the sudden changes as shown in Figure 6.16, and the normalized creep 

forces, ��	/
�, closely follow the reference model output.   
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Figure 6.13 Sudden changes in the normal load at the wheel/rail contact. 

 

Figure 6.14 Motor excitation frequency and braking torque. 
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(a) 

 

(b) 

Figure 6.15 Motor excitation frequency at times: (a) 15 seconds and (b) 45 seconds. 
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Figure 6.16 Train model outputs. 

            6.2.5 Braking Torque 

      The dynamic braking torque is suddenly reduced and increased by 20%, as shown in Figure 

6.17, representing sudden changes in motor excitation frequency and motor torque.  In addition, 

changes in track gauge can cause the wheels to run closer to the flange (larger wheel rolling 

radius), or farther from the flange (smaller wheel rolling radius), resulting in a decrease or 

increase in wheel rotational speed, respectively.  This variation in track gauge may affect the 

motor braking torque since it depends on the speed slip ratio.  The sudden changes are reflected 

in the rotational speed of the wheel as shown in Figure 6.18.  MRAC is able to adapt to the 

changes in less than one second, and braking torque resumes normally.  Figure 6.19 shows a 

magnified motor frequency plot at two time positions when the sudden changes occur.  The 

system output is slightly affected by the changes, and the normalized creep forces, ��	/
�, 

closely follow the reference model output, as shown in Figure 6.20.   
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Figure 6.17 Motor excitation frequency and braking torque. 

 

 

Figure 6.18 Wheel rotational speed versus time. 
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(a) 

 

(b) 

Figure 6.19 Motor excitation frequency at times: (a) 15 seconds and (b) 45 seconds. 
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Figure 6.20 Train model outputs. 
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Chapter 7 

Final Discussion and Conclusions 

 

7.1 Summary 

      Longitudinal train dynamics were modeled using a multibody dynamics formulation, 

including train braking dynamics.  A parametric study was performed to better understand how 

various elements affect the train braking distance.  The application of Model Reference Adaptive 

Control (MRAC) for train dynamic braking was investigated, which may reduce train braking 

distance (and time to stop) by achieving maximum allowable dynamic braking while remaining 

within the maximum allowable adhesion and coupler forces.  The MRAC system was developed 

to control the amount of current through the traction motors under various wheel/rail adhesion 

condition while braking.  For DC traction motors, the MRAC system was used to control the 

current supplied to the traction motors.  This motor current is directly proportional to the 

dynamic braking force.  In addition, the MRAC system was also used to control the train speed 

by controlling the synchronous speed of the AC traction motors.  The goal of both control 

systems of DC and AC traction motors was to maximize dynamic braking while avoiding wheel 

lockup and high coupler forces.  The results indicated that the MRAC system significantly 

improves train braking while maintaining better wheel/rail adhesion and coupler dynamics 

during braking.  Furthermore, the braking distance can be estimated when MRAC is used.  The 

robustness of the MRAC system with respect to different parameters was investigated and the 

results showed an acceptable robust response behavior.   

7.2 Final Discussion 

      In this study, the grade and curving resistances were not included in the simulations, because 

they depend on the track geometry.  If the track geometry is known, track resistance can easily 

be implemented in the model.  The developed train model can be used for any number of 

railcars.  Based on the developed dynamic model, the train braking distance can be estimated if 

the weights, initial speed, number of railcars, wheel/rail condition, and braking forces are known.  

The MRAC enables estimation of the train braking distance, thereby using maximum track line 
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capacity while avoiding train-to-train accidents.  According to this study, the critical factors that 

contributes to increasing train braking distance is poor wheel/rail adhesion.  If wheel/rail 

adhesion conditions are different on both rails (known as split µ), then the effective adhesion 

coefficient is the average of the two rails.  The proposed control method can accommodate split 

µ conditions since the established parameter, normal-load-torque-creep ratio (�/��), is 

independent of the adhesion conditions.  

      There are different ways of improving wheel/rail adhesion.  The most common way to 

enhance adhesion is to apply sand at the leading edge of the wheel-rail interface in order to 

increase the coefficient of friction at the wheel.  During autumn, accumulation of dirt and 

pressed leaves on top of the rail can also significantly reduce wheel-rail adhesion.  High-pressure 

water-jet blasting with sand, or high-power laser burning is often used to remove any hard layer 

buildup on the rail [4].   

      MRAC can adapt to changes in locomotive operating conditions, available dynamic braking 

effort, coupler design, and available wheel/rail adhesion conditions in real time to provide better 

braking performance than non-adaptive controllers, such as PID control.  Implementing the 

MRAC allows the braking output to closely follow the designed reference model.  Consequently, 

estimating train braking distance can be a priori, enabling trains equipped with PTC to be spaced 

closer together with more confidence in order to maximize track capacity.     

7.3 Conclusions 

        The main findings of this study are: 

1. Model Reference Adaptive Control (MRAC) can easily be implemented in locomotives 

to significantly improve dynamic braking in terms of taking advantage of the maximum 

available braking from the traction motors without exceeding wheel-rail adhesion 

(locking up the wheels) and allowable coupler forces. 

2. A parametric study of a train shows that MRAC can be used to accurately determine, a 

priori, train braking distance under different operating conditions, such as weights, initial 

speed, and number of railcars, thereby, enabling closer train spacing for applications such 

as Positive Train Control (PTC). 
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3. The established relationship between the normalized creep force and normal-load-torque-

creep ratio (�/��) is independent of the wheel-rail adhesion condition, which is usually 

unknown.  This indicates that the performance of MRAC is independent of any changes 

in wheel load that may be occur because of weight transfer during braking or fuel weight 

reduction. 

4. MRAC is able to perform robustly in cases where the train parameters cannot be 

estimated accurately, or are changed during train operation by events such as a change in 

the wheel-rail traction condition, wheel load, motor torque, or wheel diameter. 

 

      Future work is suggested to include improvement of the reference model design depending 

on actual field data, as well as to include experiments to verify the proposed control method.  

Additionally, it may include comparison with other adaptive control methods.  
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Appendices 

 

 

1. Main Simulink block diagram for the parametric study. 

 

 

2. Simulink block diagram for 3-car model in the parametric study. 
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3. Simulink locomotive block diagram (carbody, front & rear bogies, and six wheelsets). 

 

4. Simulink block diagram of the powered wheelset at the locomotive.  
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5. Simulink block diagram of the force evaluation at the powered wheelset.  
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6. Main Simulink block diagram of the MRAC system with DC traction motors. 
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7. Main Simulink block diagram of the MRAC system with AC traction motors. 

 


