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Randomizedrounding
of SDPsMAXcut

3 coloring

at max

e LP OPT

a OPT
sod

worstcase ratio

LPoaf called integralitygap



MAXCUT

Input G V E wig Hi j EE

Goals partition vertex set so as to max weight of endpts crossing cut

IP formulation ofMAXCUT

on onesideofpartition
1 onotherside

Zij I edgeli cut
0 aw

Max Eijjeewijz.gr

Zig s xitxj V ii c E

Zig e 2 xitxj Ffig c E

Xiao I e c V

zijcf.gl F iDEE

no polynomial sized LP relaxationof Maxcuthas integrality gap ta



Another approach

First notation change
fi Xi C 1,11

define y j Xix Vi jEV

Max E wi's I xifxj
iDEE Exactlycaptures MAXCat

Want f x fiev
Max

a
wij l Yi

sit yij x xj fi j yij yj fi jeV
yii 1 Fier

II enforce brown by adding linear inequalities to purple



SDP rounding

Intro to semidefinite programming

linear programming where vans are entries in psd matrix

Defn If A is a symmetric n byn matrix
then It is a positivesemidefinite psd matrix Ako

yfany of the following equivalent conditions hold
t.EERn IAC 30

A has nonnegative eigenvalues

A VTV for some Mxn matrix V men

A 2,2 XiXi for some Xi 0 and
orthonormal vectors X EIR



SDP rounding

Intro to semidefinite programming

linear programmingwhere vans are entries in psd matrix

Defn If A is a symmetric n byn matrix
then It is a positivesemidefinite psd matrix Ako

yfany of the following equivalent conditions hold
t.EERn IAC 30

A has nonnegative eigenvalues

A VTV for some Mxn matrix V men

A 2,2 X Xit for some Xi 0 and

orthonormal vectors X EIR

semidefinite program SDP
Vector program

man or min cij ij
man or min Cij Vi Vi

subject to i aijk ij bk
subjectto aijk vi us bK

Xij xji Fi j

X x ko vie IR il n

givenX X Vtv
set v tobeitncoegV

Key fact
SDPs can be solved to within additive error E

in time
polyfsinginput logE

in our discussions we ignore additive error E



Recap

Want F x fiev
Max

a
wij l yi

sit yij x xj fi j yij yj Fi jeV

yii 1 fiev

Opt solutionto brown purple OptofMAXcut

Brown

if i so teen

y
These constraints Eye O fcelR

Yi's psdmatrix

Yields a semidefiniteprogramming relaxation ofMAX cut

Max
a
wij tall Yi
yij y thijeV can be solved efficiently
yii l Fier

using theellipsoidalg
plus Y psd

upto error e

We can solvethis round results int Sdn

prove that it gives
pretty good approx



Can equivalently writeSDP relaxation as a vector program

Max
i ewijtall Yi
yij yj Fi jeV

y ii Fie V

4 19
yin

yn ym
Psd

Relaxation checki OPT I CPTspp G

Max
z wij Ifl viF
V Ivi L

ice vi's are unit vectors
C IR



1
Example LovoiszUmbrella

5 origin
alledgesatangle 11444

2
b s

4 g b 4 2

3
My Tag

3 Is

Lovatsz umbrella

Max Wii'z 1 cosangle viiiD all edges d angle
4

1440

0.9 cos Iaa 8

all weights equal goldenraher
Itr

opT 4 ration 4475 0.89 2
SDP CPT 24.5



MAXCUT

Input G V E wig Hi j EE

Goals partition vertex set so as to max weight of endpts crossing cut

vs
f vVector programming relaxation g

Max wij l Fi

v Kiev
EIR p L

3

Can solve SDP inpolytime

Claim MAXCUTOPT E SDP opt

But how to round get large contribution to opt when vi vj very re

Random hyperplane rounding vs
a rsolve SDP Y y vn T

pickrandomhyperplane thru origin
partitionvertices based onwhichsideofhyperplane Vi

p
L i

ki



Tri

F Tri
n



Hardness

If F approx dog for MAXCUT with approxratio 30.941
then P NP

If the unique games conjecture is true there is no

approxay for MAXCUT with approx ratio better

than 0.878
MAX221N 9

Unique Games Conjecture q prime
input linear equationsmod9
w unknownsV Ezo 3 prime g

Sts x xnEloy 9 B
GEye Gapversion it 7 farm Xi xj G

Xz Xi 87fined97J

m.EE IasIhaiIIEFIgti5 xxx someday
i

if no assignment Xp xq 56 med97Jsatisfiesz refraction
output NO problem Find assignment

admits no polytime
g is thatsatisfies max

som unless P NP possible ofegns

Int gapof the COW SDP 0.878

Everypoly sired LPrelaxahn of MAX
cut

has integralitygapof James



3 Coloring a 3 colorable graph 00

MvpGren graph G VE To
promise that tis 3 adorable L

What is min k sit we can find a K colorings

of G in poly tire

Simple results

A graph with max degree D can be
colored with Dtl colors

A 3 colorable graph can be coloredwith
0 rn colors

Find a vertex ofdeg 3h
Use 3colors to color A Qb neighbors

neighborhood 2 colorable

Remove it its neighbors fromgraph

An SDP based alg
Claimmin N

s.tv vjEXVCiiDEE if graph is
Pio fiev 3 colorable

FER NE Iz

cos 3
E TE

j



Claimmm 2
st Parp sa ffi ee

if graph is
3 colorable

vi vis se ti ne ta
vitelR ti

Asta If G has a triangle then
optimal Sdn to SDP has 2 3 iz

Suppose

Of frittatas tristis ii I t tu's
at v avg.tv cuz VaY VzVz 1 Vz Vi Vz V2

Algorithm

Solve SDP A vi in is a n
T

Choose tf randomhyperplanes thru origin of
L J

Color vertices in each regionw diffcolor w

remove anyedges properlycolored

Repeatsteps 2 4 until havepropercoloring



One executionof step 2 uses at colors

Goal produce semicoloring wp 3 t
in

coloring ofnodes sit

114 edges have samecolor atbothendpts
atleast z vertices properlycolored

Observation y K colors sufficient to get semi coloring
graph can be properly coloredwith Ofklegn colors

2 vjWhat should b be to guarantee K

Fix ii c E 72
Prfidj get samecolor wi

Ef edges with sane color



Let D be a parameter

Pick a vertex ofdeg 30 3 chart neighbors s 32 colors

2 Repeat step1 until all vertices havedegree 10

3 Run SDP basedabg to color rest I 0 135 colors

Choose D to minimize 30 f 932

0 n
963 no39J

Currentbest 0 n
0019

NP hard to color with 4 colors

Huge open problem Is there an alg for 3 coloring a

3 colorable graph that uses polylogn
colors

Next time we'll use linearprogramming duality
lower bounds on randomizedtympani

design randomized algs for online problems


