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Robot Dynamic Model Can be Complicated
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Table A3. Computed Values for the Constants Appearing

(Inertial constants bave uoits of kilogram meters-squared)
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in the Equations of Forces of Motion,

Kinetic Energy
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Table AB. The expressions for the terms of the centrifagal matrix.
[The Abbreviated Expressions have umits of kg-m?.)
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Table Ad. The expressions giving the elements of the kinetic

energy mateix.

[The Abbreviated Expressions have units of kg-m®.)
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Table AS. The expressions giving the slements of the Coriolis mateix.

(The Abbrevinted Expressions have wnits of kg-m?)
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Kinetic Energy

e Consider a point mass @ with {s}-frame coordinate p(t¢), its kinetic energy is
given by

1
K= —lpl|2
2meH

e Note: m denotes moment (vector) and @ denotes mass (scalar).

e Question: given a moving rigid body with configuration T'(t) = (R(t), p(t)),
how to compute its kinetic energy?

- Rigid body consists of infinitely many “particles” with different {s}-frame
velocities 1
_ e 112
K~ 2 Ziminz’H
- Velocities of particles p; are caused by the rigid body velocity (twist)

- The overall kinetic energy should depend on the rigid body velocity as well as the
geometry and mass distribution of the body
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Recall: Rigid Body Velocity
Given rigid body T'(t) = (R(t),p(t)):
e Spatial twist: ), = (w, ve) [w;): éR,T ez P -, .

e Body twist: Vo= (wy, Vi) be'):QTfa - RT’)B

Wy, = QT\'Js
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Recall: Rigid Body Velocity

e Consider a particle i on the body with {b}-frame coordinate r; and {s}-frame

coordinate p; P,

- Velocity of particle i: v . - 5.

T T -
Viaz R Vsi= R 7P

- Acceleration of particle :

Se

Qs =

db,i = Q-T a;){ = RT/?L

=RY;+7p

we alse know <t veletion +5
£wist
Vs Pe = We X Pr 4 v

Vp,+ = Wyx Yo+ V),

- Velocity of the origin of {b}: -

¢ ) ‘fmme: /f) % Vs

e

vS,'; = 1;'; s ’)5

N T
\/b/I;RP :Vb
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Rigid Body Kinetic Energy

e Kinetic Energy: Given a rigid body T'(t) = (R(t),p(t)) with body twist
Vy = (wp, vp). Suppose the {b}-frame origin coincides with the center of
mass of the body. Then its kinetic energy is given by:

1 1 . 33
K= 5ﬁ1Hva2 + §waIbwb, with 7, = / p(r)[r]"[r]dV e (R
B

where 7; is the rotational inertia matrix in body frame

erivation: Divide the body into small point masses, where point 7 has mass m;,
{b}-frame coordinate r;, and {s}-frame coordinate p;

OY-\T\\ oy \“o) — CoN\ <:) > WY = /JZ:: QY{‘“ /))

term2 :[|RTwy) YC\\L
\ = [IREXD*Wo = | RO W]
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Derivation of Kinetic Energy (Continued)
® K= term I 4+ torm 2 4+ term 3
Ry NS :
—term 3 = ~ ;@:lu‘ (RW): -—2L.(2.fPT'é 5:}:4’\; =0
tom 2= L 2w (wl TR ) = 4 ol (S mT) w

\"N__—\/
T,

+er = L sa s (5
erm | 3] > 2 W, “’P‘\ = —L‘(LMWHERV"»“)—: —é—@ “ V..I|L
N

~

S desiced vosukt fallows poided we have 7y, ~ 5 wIRT()
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Outline

e Rotational Inertia Matrix
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Rotational Inertia Matrix in Body Frame

Ty 2 / p(r)[r]T [rldV Positive semto\e)(\\i-ke WaEVIX
B

N
. . Y=
e Individual entries of Zy: [3)
Lox Iacy Lez

where
Tow = / (y? + 22)p(x,y,2)dV, T,y = / (2 + 2%)p(x,y, 2)dV
B B

T., = / (2 + vy p(x,y, 2)dV, Tpy=Tys = —/ zyp(z,y, z)dV
B B

Loz =10 = —/ xzp(x,y,z)dV Ty, =T,y = —/ yzp(x,y, z)dV
B B

=)
e |f the body has a uniform density, then Z; is determined exclusively by the
shape of the rigid body
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Principal Axes of Inertia

Let vy, v2,v3 and Aq, Ao, A3 be the eigenvectors and eigenvalues of 7y,
respectively. They are called the principal axes of inertia

e The principal axes of inertia are in the directions of vy, vy, v3
e The principal moments of inertia about these axes are A1, Ao, A3

e All the eigenvalues are nonnegative. The largest one maximizes the moment
of inertia among all the axes passing through the center of mass of the body.

e If the principal axes of inertia are aligned with the axes of {b}, the

off-diagonal terms of Z; are all zero.
A Fh=\ N

X7 el g5
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Examples of Inertia Matrix

TZ Z T Z
h N~
J ST s h[ T e . .
< W >
rectangular parallelepiped: circular cylinder: ellipsoid:
volume = abc, volume = 7r2h, volume = 4mabc/3,
Tow = m(w? + h?)/12, Tow = m(3r2 + h?) /12, ZI,, = m(b? + c?)/5,
Ty = m(0* + h?)/12, Ty =m(3r? +h?)/12, T, =m(a*+ c*)/5,
T.. =m(f* +w?)/12 Z..=mr?/2 Z.. =m(a*+b%)/5

The principal axes and the inertia about the principal axes for
uniform-density bodies
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Inertia Matrix in a Different Frame
e Consider another frame {c} with relative orientation Ry,

e The origin of both frames is located at the CoM of the body. The rotational
inertia matrix in {c} frame is defined as Z. = [, p(rc)[re]” [reldV

e Kinetic energy is independent of reference frames = 7. = RZ;IbRbC

-\ 7 \ — "
W = — W T We = ’;W; Tow, = Jz— CQ‘DCWC’ T (Rpewo)

N | T
—= We p:;rc ’IB R W

— T
7 fIc = Rbc’l\o Rue = Rcblb‘?-cr&,
e Steiner’s Theorem: The inertia matrix [, about a frame aligned with {b},

but at a point ¢ = (¢, ¢y, =) in {b}, is related to Z; by %=1
3¢
T

T, =T, +a (g gl — gg* 3xd
(& =R )
Salav = 141*

<49
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Outline

e Newton Euler Equation
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Newton Euler Equation

e Recall that for a point mass @ with a fixed-frame coordinate p(t), Newton's
second law of motion: f = mp(t)

e A rigid body consists of infinitely many point masses. The collective motion
of these particles depend on the linear and rotational velocities of the body,
and on the total force and moment acting on the body.

e Euler-Newton Equation of Motion: Given rigid body T'(t) = (R(t),p(t))
with rotational inertia matrix Z, and body twist V, = (wp, vp):

my = Ibu}b + Wp X Ibwb (1)
fo = M0y + wp X Moy

i: mass of the body; assume origin of {b} = CoM

fv, mp: total force and moment (expressed in {b}) acting on the body

mvp: is the linear momentum of the body

Tywy: is the angular momentum of the body
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Derivation of Newton Euler Equation

TR, pit))
£ —

/{ss

"

/ MasS s M)

W’:r\,—\-’ mass ';,

{ 6)) - ‘S’Yﬂme

Vo sidion : THE=RE) Y2 + Pu )

vetécﬁa C V=P
accelleqotion:  Asp= fP”

Jorle fs,{ = R4,.0
Moment Ws,3 = Ps "'fs,f

Divide the L@Ata nte  Point masses

-
{lo)~ frame
L5
Vi,iz RT .= R Vs)q
As,i = RTﬂs,i = RT"?;c
.o = RS,

M@ = YT X -§‘9n:

T R+ P=RW)Wit RV

—

Whe lmlg 3

W= = m;

2

Newton Euler Equation

coM = = vym; =o
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Derivation of Newton Euler Equation (Continued...)
o kvow Nawba's L £, = W) 3, = WK\QM@\/% Hre) )

= mi RIWYY; 4 TR () Ve 4w ré\/b

T

Ew»a £ J(@V%

= ]’9\0,; - ™ ( [Wk,]" Yo+ [WL,B Vo4 (L:M:)\/\, + (/.O>J
\\_\f‘_\
Some Mewon /s law | \0043 —(mm |

3‘—‘; L = = Wy fw@ o+ 2w (Wolv) M Tt S Wi Ve
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Now conssdev the yotational J‘JV\AM?G:
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e Twist-Wrench Formulation of Rigid-Body Dynamics
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Lie Bracket

o Lie Bracket: Given two twists V1 = (w1, v1) and Vy = (ws,v2), the Lie
bracket of V; and Vs, written as |ady, | Vs, is defined as follows:

e R P

1] o] 0P

w] 0

where [ady] = [ W] [w]

] for any V = (w,v) € se(3)

e Lie Bracket can be viewed as a generalization of the cross-product operation
of two vectors to two twists oeherlize

Wy = [w) w, elR, = VI = [ady)), €’

e Given a twist V = (w,v) and a wrench F = (m, ), we define the mapping:
T~ | [w O g [ m ]
7= | 0]
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Twist-Wrench Formulation
e Rigid body with body twist V;, = (ws, vp) and body wrench F, = (my, fp)

arR™?

e Spatial inertia matrix G, € R%*%: G, = [CIOD ﬁ?@
"2,;3 ?Aenh\La MY

e Spatial momentum P, € R%: P, = G,

Yow
Momertum : ﬂ)’b‘[ ° b]
™M vy,

e Kinetic energy: K = 2V GV,

X: —;_-YV\ ||Vlol\1J( —% WJ’IL, Wy

\ v, T | wy, \T Y 1%
Sresm s [T [0
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Twist-Wrench Formulation

e Newton-Euler Equation (1) can be written in twist-wrench form:

L —

[, = 609, " 72 = 909, st g
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Dynamics in Other Frames

e Our derivation of dynamics relies on using CoM {b} frame. We can also
write dynamics in another frame, say {a}, with relative configuration T,

e Kinetic energy is independent of reference frame: %VngVb = %V{{gava

e This implies that the spatial inertia matrix G, is related to G, by

ga — [AdTba]T gb [AdTba]

WG we  Vi= [Ady )V,
= &,

e One can show the Newton-Euler equation (1) can be written equivalently in
frame {a} as:

Jra, — gava — [adva]T gava

the fivm of —thQ o(lj\mm( equation  dogs wet chanje
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More Discussions
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