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From Single Rigid Body to Open Chains

• Recall Newton-Euler Equation for a single rigid body:

Fb = GbV̇b − [adVb ]
T

(GbVb)

• Open chains consist of multiple rigid links connected through joints

• Dynamics of adjacent links are coupled.

• We are concerned with modeling multi-body dynamics subject to constraints.
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Preview of Open-Chain Dynamics

• Equations of Motion are a set of 2nd-order differential equations:

τ = M(θ)θ̈ + h(θ, θ̇)

- θ ∈ Rn: vector of joint variables; τ ∈ Rn: vector of joint forces/torques

- M(θ) ∈ Rn×n: mass matrix

- h(θ, θ̇) ∈ Rn: forces that lump together centripetal, Coriolis, gravity, and friction
terms that depend on θ and θ̇

• Forward dynamics: Determine acceleration θ̈ given the state (θ, θ̇) and the
joint forces/torques:

θ̈ = M−1(θ)(τ − h(θ, θ̇))

• Inverse dynamics: Finding torques/forces given state (θ, θ̇) and desired
acceleration θ̈

τ = M(θ)θ̈ + h(θ, θ̇)
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Lagrangian vs. Newton-Euler Methods

• There are typically two ways to derive the equation of motion for an
open-chain robot: Lagrangian method and Newton-Euler method

Lagrangian Formulation

- Energy-based method

- Dynamic equations in closed
form

- Often used for study of dynamic
properties and analysis of
control methods

Newton-Euler Formulation

- Balance of forces/torques

- Dynamic equations in
numeric/recursive form

- Often used for numerical
solution of forward/inverse
dynamics
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Generalized Coordinates and Forces

• Consider k particles. Let fi be the force acting on the ith particle, m̄i be its
mass, pi be its position. Newton’s law: fi = m̄ip̈i, i = 1, . . . k

• Now consider the case in which some particles are rigidly connected,
imposing constraints on their positions

αj(p1, . . . , pk) = 0, j = 1, . . . , nc

• k particles in R3 under nc constraints ⇒ 3k − nc degree of freedom

• Dynamics of this constrained k-particle system can be represented by
n , 3k − nc independent variables qi’s, called the generalized coordinates

{
αj(p1, . . . , pk) = 0

j = 1, . . . , nc
⇔

{
pi = γi(q1, . . . , qn)

i = 1, . . . , k

Euler-Lagrange Equations Lecture 12 (ECE5463 Sp18) Wei Zhang(OSU) 7 / 20



Generalized Coordinates and Forces

• To describe equation of motion in terms of generalized coordinates, we also
need to express external forces applied to the system in terms components
along generalized coordinates. These “forces” are called generalized forces.

• Generalized force fi and coordinate rate q̇i are dual to each other in the sense
that fT q̇ corresponds to power

• The equation of motion of the k-particle system can thus be described in
terms of 3k − nc independent variables instead of the 3k position variables
subject to nc constraints.

• This idea of handling constraints can be extended to interconnected rigid
bodies (open chains).
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Euler-Lagrange Equation

• Now let q ∈ Rn be the generalized coordinates and f ∈ Rn be the
generalized forces of some constrained dynamical system.

• Lagrangian function: L(q, q̇) = K(q, q̇)− P(q)

- K(q, q̇): kinetic energy of system

- P(q): potential energy

• Euler-Lagrange Equations:

f =
d

dt

∂L
∂q̇
− ∂L
∂q

(1)
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Example: Spherical Pendulum

l

θ

mg

φ

Figure 4.1: Idealized spherical pendulum. The configuration of the sys-
tem is described by the angles θ and φ.

where ∂L
∂q̇ ,

∂L
∂q , and Υ are to be formally regarded as row vectors, though

we often write them as column vectors for notational convenience. A
proof of Theorem 4.1 can be found in most books on dynamics of me-
chanical systems (e.g., [99]).

Lagrange’s equations are an elegant formulation of the dynamics of
a mechanical system. They reduce the number of equations needed to
describe the motion of the system from n, the number of particles in the
system, to m, the number of generalized coordinates. Note that if there
are no constraints, then we can choose q to be the components of r, giving
T = 1

2

∑
mi‖ṙ2i ‖, and equation (4.5) then reduces to equation (4.1). In

fact, rearranging equation (4.5) as

d

dt

∂L

∂q̇
=
∂L

∂q
+Υ

is just a restatement of Newton’s law in generalized coordinates:

d

dt
(momentum) = applied force.

The motion of the individual particles can be recovered through applica-
tion of equation (4.4).

Example 4.1. Dynamics of a spherical pendulum
Consider an idealized spherical pendulum as shown in Figure 4.1. The
system consists of a point with mass m attached to a spherical joint by a
massless rod of length l. We parameterize the configuration of the point
mass by two scalars, θ and φ, which measure the angular displacement
from the z- and x-axes, respectively. We wish to solve for the motion of
the mass under the influence of gravity.

159

Euler-Lagrange Equations Lecture 12 (ECE5463 Sp18) Wei Zhang(OSU) 10 / 20



Example: Spherical Pendulum (Continued)
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Lagrangian Formulation of Open Chains

• For open chains with n joints, it is convenient and always possible to choose
the joint angles θ = (θ1, . . . , θn) and the joint torques τ = (τ1, . . . , τn) as the
generalized coordinates and generalized forces, respectively.

- If joint i is revolute: θi joint angle and τi is joint torque

- If joint i is prismatic: θi joint position and τi is joint force

• Lagrangian function: L(θ, θ̇) = K(θ, θ̇)− P(θ, θ̇)

• Dynamic Equations:

τi =
d

dt

∂L
∂θ̇i
− ∂L
∂θi

• To obtain the Lagrangian dynamics, we need to derive the kinetic and
potential energies of the robot in terms of joint angles θ and torques τ .
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Some Notations

For each link i = 1, . . . , n, Frame {i} is attached to the center of mass of link i.
All the following quantities are expressed in frame {i}
• Vi: Twist of link {i}

• m̄i: mass; Ii: rotational inertia matrix;

• Gi =

[
Ii 0
0 m̄iI

]
: Spatial inertia matrix

• Kinetic energy of link i: Ki = 1
2
VT
i GiVi

• J(i)
b ∈ R6×i: body Jacobian of link i

J
(i)
b =

[
J
(i)
b,1 . . . J

(i)
b,i

]
where J

(i)
b,j =

[
Ad

e−[Bi]θi ···e−[Bj+1]θj+1

]
Bj , j < i and J

(i)
b,i = Bi
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Kinetic and Potential Energies of Open Chains

• Jib = [J
(i)
b 0] ∈ R6×n

• Total Kinetic Energy:

K(θ, θ̇) =
1

2

∑n

i=1
VTi GiVi =

1

2
θ̇T
(∑n

i=1

(
JTib(θ)GiJib(θ)

))
θ̇ ,

1

2
θ̇TM(θ)θ̇

• Potential Energy:

P(θ) =
∑n

i=1
m̄ighi(θ)

- hi(θ): height of CoM of link i
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Lagrangian Dynamic Equations of Open Chains

• Lagrangian: L(θ, θ̇) = K(θ, θ̇)− P(θ)

• τi = d
dt
∂L
∂θ̇i
− ∂L

∂θi
⇒

τi =

n∑

i=j

Mij(θ)θ̈j +

n∑

j=1

n∑

k=1

Γijk(θ)θ̇j θ̇k +
∂P
∂θi

, i = 1, . . . , n

• Γijk(θ) is called the Christoffel symbols of the first kind

Γijk(θ) =
1

2

(
∂Mij

∂θk
+
∂Mik

∂θj
− ∂Mjk

∂θi

)
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Lagrangian Dynamic Equations of Open Chains

• Dynamic equation in vector form:

τ = M(θ)θ̈ + C(θ, θ̇)θ̇ + g(θ)

- Cij(θ, θ̇) ,
∑n

k=1 Γijkθ̇k is called the Coriolis matrix

L4

x

z

S y

θ1

θ2

l0

θ3

θ4

l1 l2

L1

L2
L3

Figure 4.6: SCARA manipulator in its reference configuration.

where
α = Iz1 + r21m1 + l21m2 + l21m3 + l21m4

β = Iz2 + Iz3 + Iz4 + l22m3 + l22m4 +m2r
2
2

γ = l1l2m3 + l1l2m4 + l1m2r2

δ = Iz3 + Iz4.

The Coriolis matrix is given by

C(θ, θ̇) =




−γ sin θ2 θ̇2 −γ sin θ2 (θ̇1 + θ̇2) 0 0

γ sin θ2 θ̇1 0 0 0
0 0 0 0
0 0 0 0


 .

The only remaining term in the dynamics is the gravity term, which can
be determined by inspection since only θ4 affects the potential energy of
the manipulator. Hence,

N(θ, θ̇) =




0
0
0

m4g


 .

Friction and other nonconservative forces can also be included in N .

178

To compute the manipulator inertia matrix, we first compute the body
Jacobians corresponding to each link frame. A detailed, but straightfor-
ward, calculation yields

J1 = Jbsl1(0) =




0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0


 J2 = Jbsl2(0) =




−r1c2 0 0
0 0 0
0 −r1 0
0 −1 0

−s2 0 0
c2 0 0




J3 = Jbsl3(0) =




−l2c2−r2c23 0 0
0 l1s3 0
0 −r2−l1c3 −r2
0 −1 −1

−s23 0 0
c23 0 0


 .

The inertia matrix for the system is given by

M(θ) =



M11 M12 M13

M21 M22 M23

M31 M32 M33


 = JT1M1J1 + JT2M2J2 + JT3M3J3.

The components of M are given by

M11 = Iy2s
2
2 + Iy3s

2
23 + Iz1 + Iz2c

2
2 + Iz3c

2
23

+m2r
2
1c

2
2 +m3(l1c2 + r2c23)

2

M12 = 0

M13 = 0

M21 = 0

M22 = Ix2 + Ix3 +m3l
2
1 +m2r

2
1 +m3r

2
2 + 2m3l1r2c3

M23 = Ix3 +m3r
2
2 +m3l1r2c3

M31 = 0

M32 = Ix3 +m3r
2
2 +m3l1r2c3

M33 = Ix3 +m3r
2
2.

Note that several of the moments of inertia of the different links do not
appear in this expression. This is because the limited degrees of freedom
of the manipulator do not allow arbitrary rotations of each joint around
each axis.

The Coriolis and centrifugal forces are computed directly from the
inertia matrix via the formula

Cij(θ, θ̇) =

n∑

k=1

Γijkθ̇k =
1

2

n∑

k=1

(
∂Mij

∂θk
+
∂Mik

∂θj
− ∂Mkj

∂θi

)
θ̇k.

A very messy calculation shows that the nonzero values of Γijk are given
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by:

Γ112 = (Iy2 − Iz2 −m2r
2
1)c2s2 + (Iy3 − Iz3)c23s23

−m3(l1c2 + r2c23)(l1s2 + r2s23)

Γ113 = (Iy3 − Iz3)c23s23 −m3r2s23(l1c2 + r2c23)

Γ121 = (Iy2 − Iz2 −m2r
2
1)c2s2 + (Iy3 − Iz3)c23s23

−m3(l1c2 + r2c23)(l1s2 + r2s23)

Γ131 = (Iy3 − Iz3)c23s23 −m3r2s23(l1c2 + r2c23)

Γ211 = (Iz2 − Iy2 +m2r
2
1)c2s2 + (Iz3 − Iy3)c23s23

+m3(l1c2 + r2c23)(l1s2 + r2s23)

Γ223 = −l1m3r2s3

Γ232 = −l1m3r2s3

Γ233 = −l1m3r2s3

Γ311 = (Iz3 − Iy3)c23s23 +m3r2s23(l1c2 + r2c23)

Γ322 = l1m3r2s3

Finally, we compute the effect of gravitational forces on the manipu-
lator. These forces are written as

N(θ, θ̇) =
∂V

∂θ
,

where V : Rn → R is the potential energy of the manipulator. For the
three-link manipulator under consideration here, the potential energy is
given by

V (θ) = m1gh1(θ) +m2gh2(θ) +m3gh3(θ),

where hi is the the height of the center of mass for the ith link. These
can be found using the forward kinematics map

gsli(θ) = e
bξ1θ1 . . . e

bξiθigsli(0),

which gives

h1(θ) = r0

h2(θ) = l0 − r1 sin θ2
h3(θ) = l0 − l1 sin θ2 − r2 sin(θ2 + θ3).

Substituting these expressions into the potential energy and taking the

174

derivative gives

N(θ, θ̇) =
∂V

∂θ
=




0
−(m2gr1 +m3gl1) cos θ2 −m3r2 cos(θ2 + θ3))

−m3gr2 cos(θ2 + θ3))


 .

(4.25)
This completes the derivation of the dynamics.

3.3 Robot dynamics and the product of exponentials
formula

The formulas and properties given in the last section hold for any me-
chanical system with Lagrangian L = 1

2 θ̇
TM(θ)θ̇ − V (θ). If the forward

kinematics are specified using the product of exponentials formula, then
it is possible to get more explicit formulas for the inertia and Coriolis ma-
trices. In this section we derive these formulas, based on the treatments
given by Brockett et al. [15] and Park et al. [87].

In addition to the tools introduced in Chapters 2 and 3, we will make
use of one additional operation on twists. Recall, first, that in so(3)
the cross product between two vectors ω1, ω2 ∈ R3 yields a third vector,
ω1×ω2 ∈ R3. It can be shown by direct calculation that the cross product
satisfies

(ω1 × ω2)
∧ = ω̂1ω̂2 − ω̂2ω̂1.

By direct analogy, we define the Lie bracket on se(3) as

[ξ̂1, ξ̂2] = ξ̂1ξ̂2 − ξ̂2ξ̂1.

A simple calculation verifies that the right-hand side of this equation has
the form of a twist, and hence [ξ̂1, ξ̂2] ∈ se(3).

If ξ1, ξ2 ∈ R6 represent the coordinates for two twists, we define the
bracket operation [·, ·] : R6 × R6 → R6 as

[ξ1, ξ2] =
(
ξ̂1ξ̂2 − ξ̂2ξ̂1

)∨
. (4.26)

This is a generalization of the cross product on R3 to vectors in R6.
The following properties of the Lie bracket are also generalizations of
properties of the cross product:

= −[ξ2, ξ1]
[ξ1, [ξ2, ξ3]] + [ξ2, [ξ3, ξ1]] + [ξ3, [ξ1, ξ2]] = 0.

A more detailed (and abstract) description of the Lie bracket operation
on se(3) is given in Appendix A. For this chapter we shall only need the
formula given in equation (4.26)
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Lagrangian Dynamic Equations of Open Chains

• Dynamic model of PUMA 560 Arm:

sin(q2 + q2 + 93). And  when  a  product of several trigoDometric 
operations  on  the  same  joint  variable  appears we write GG2 to 
mean cos(q2) * cos(q2) and GS4 to mean cos(q4) * sin(q4).  These 
final abbreviations, GS4 etc. , are  considered to be  factorizations; 
and the  cost of computing  these  terms is included  in the  totals 
reported  above. 

The  position of zero joint  angles  and  coordinate  frame at- 
tachments  to  the PUMA arm  are  shown  in  Figure 2 above.  The 
modified  Denavit-Hartenberg  parameters,  assigned  according to 
the  method  presented  in  [Craig 851, are  listed  in  Table A I .  

1 2  = 
I3 = 

Is  = 

I ,  = 

I7 = 
Table A l .  Modified  Denavit - Hartenberg  Parameters 

i d; ai- 1 8; Qi-1 

(degrees) (meters) (meters) 

1 

.2435 0 92 -90 2 

0 0 ¶1 0 *'Ti ,4318 

90 P0 i- -. 

The  equations of the PUMA model  constants  are  presented 
in  Table A2; these  const,ants  appear  in  the  dynamic  equations 
of Tables A4 through A7. Z,,;and mi refer to  the second mo- 
ment of link i about  the z axis of frame i and  the mass of link 
i respectively.  The  terms a; and di  are the  Denavit-Barterberg 
parameters.  Terms of the form rzi are the offsets to the center 
of gravity of link i in  the ith coordinate  frame. In Table A3 the 
values of the model  constants  are listed. The  terms I,,,; are the 
motor and drive train  contribution  to  inertia  at  joint i. 

The  equations  for  the  elements of the kinetic  energy  matrix, 
A(q), are  presented  in  Table A4. A(p) is symmetric, so only 
equations  for  elements on and  above the  matrix  diagonal  are  pre- 
sented. 

The  equations  for  the  elements of the Coriolis  matrix, B(q) ,  
are  presented  in  Table A5. The  Coriolis  terms  have  been left in 
the form of a  three dimensional  array,  with  a  convention for the 
indices that matches that of the Cristoffel  symbols.  Element 
multiples q k  and ql to give a  contribution  to  the  torque  at  joint i .  
The Coriolis matrix  may  also be written  as  a 6 x 15 array,  where 
the 15 columns  correspond  to  the 15 possible  combinations of 
joint  velocities.  The  equations  for  the  elements of the centrifugal 
matrix, C(q) ,  are  presented  in  Table A6. And the  equations  for 
the  terms of the gravity  vector, g(p), are  presented  in  Table A7. 

A load can be  represented  in  this model  by attaching  it  to 
the g f h  link. In the model the 6'h link is assumed to have  a 
center of gravity on the axis of rotation,  and  to have Zzze = &e; 
these rest,rictions extend to a  load  represented by changing the 
6'h link parameters. A more  general,  though  computationclly 
more  expensive,  method of incorporating  a  load  in  the  dynamic 
calculation is presented  in  [Izaguirre  and  Paul 19851. 

Table A2. Expressions  for  the  Constants  Appearing in the 
Equations of Forces of Motion. 

Part I. Inertial  Constants 
I1 = IZz l  + ml * rYl2 + mz * d2' + (m4 + m5 + m,) * 

+mz * rzz2 + (ms + m4 + m5 + m6) * (d2 + dS)' 
+IZZZ + Iyys + 2 * m2 * d2 * rz2 + m2 * rYz2 + mS * rrlz 
+2 * ms * (d2 + d3) * rzS + I,,, + Iyy5 + Irz6 ; 

Part 11. Gravitional  Constants 
81 = - g * ( ( m ~ + m 4 + m 5 + m ~ ) * a z + m 2 * r z 2 ) ;  

gz = g * ( m . s * r y 3 - ( m 4 + m 5 + m 6 ) * d 4 - m 4 * r , 4 ) ;  

g3 = g * m2 * ry2 ; 
84 = - g * ( m 4 + m 5 + r n 6 ) * a s ;  

g.5 = -g * m.5 * rZ6 ; 

Table AS. Computed Values for the Constants  Appearing 

(Inertial constants have units of kilogram  meters-squared) 
in the  Equations of Forces of Motion. 

1.43 f 0.05 
1.38 f 0.05 
3.72~10-I f 0.31~10-~ 
2.98xlO-' f 0 . 2 9 ~ 1 0 - ~  
2 . 3 8 ~ l O - ~ f   1 . 2 0 ~ 1 0 - ~  

- 1 . 4 2 ~ 1 0 - ~  f 0 . 7 0 ~ 1 0 ~ ~  

1 . 2 5 ~ 1 0 - ~  f 0 . 3 0 ~ 1 0 - ~  
6.42xlO-' f 3 . 0 0 ~ 1 0 - ~  
3 . 0 0 ~ 1 0 - ~  f 1 4 . 0 ~ 1 0 - ~  

- I . O O X ~ O - ~  f 6 . 0 0 ~ 1 0 - ~  
~ . O O X I O - J  + 2.00~10-5 

-3.79~10-'  f 0 . 9 0 ~ 1 0 - ~  

(Gravitational constants have units of newton meters) 
gl = -37.2 f 00.5 gz = -8.44 f 0.20 
gs = 1.02 f 0.50 g* = 2.49~10-'  f 0.25XIO-' 
gs = -2.82~10-'  f 0.56X10-2 

516 

+I16 * (C223 * C5 - 5’223 * C4 * 5’5) + 121 * SC23 * CC4 
+I20 * ( ( I  + CC4) * SC23 * SS5 - (1 - 2 * SS23) * C4 * SC5) 
+ I 2 2  * ((1 - 2 * 5’5’23) * C5 - 2 * SC23 * C4 * S5)) 
+Ilo * (1 - 2 * ss23)  + (1 - 2 ss2) ; 

N -2.76 * SC2 + 7.44XlO-’ * C223 + 0.60 * SC23 
- 2 . 1 3 ~ 1 0 - ~  * (1 - 2 * SS23) . 

bl13 = 2 {I5 * C2 * C23 + I7 * SC23 - I12  * C2 * 523 
+Ils*(2*sc23*c5+(1-2*ss23)*c4*s5) 
+I16 * C2 * (C23 * C5 - S23 * C4 * 5’5) + 121 * SC23 * CC4 
+I20 * ( (  1 + CC4) * 5c23 * 555 - (1 - 2 * 5523) * C4 * 5c5) 
+ I 2 2  ( (  1 - 2 * 5523) * C5 - 2 * 5c23 * C4 * 55)} 
+I10 * (1 - 2 * SS23) ; 

X 7 . 4 4 ~ 1 0 ~ ’  * C2 * C23 + 0.60 * SC23 
+ 2 . 2 0 ~ 1 0 - ~  * C2 * S23 - 2 . 1 3 ~ 1 0 - ~  * (1 - 2 * SS23) . 

bl l r  = 2*{-115*sc23*54*s5-116*c2*c23*s4*s5 
+I18 * C4 * S5 - 120 * (SS23 * SS5 * SC4 - SC23 * 54 * SC5) 
-122  * CC23 * S4 * S5 - I21  * SS23 * SC4} ; 

x - 2 . 5 0 ~ 1 0 - ~  * SC23 * S4 * S5 + 8 . 6 0 ~ 1 0 - ~  * C4 * 55 
- 2.48xlO-’ * C2 * C23 * S4 * S5 . 

6115 = 2 * { I 2 0  * (SC5 * (CC4 * (1 - CC23) - CC23) 
-SC23 * C4 * (1 - 2 * SS5)) - 115 (SS23 * S5 - SC23* 6‘4 * C5) 
-116*C2*(S23*S5-C23*C4*C5)+118*S4*C5 
+ I 2 2  * (CC23 * C4 * C5 - SC23 * S5) }  

N -2 .50~10-~  * (SS23 * S5 - SC23 * C4 * C5) 
- 2 . 4 8 ~  lo-’ * C2 * (S23 * 55 - C23 * C4 * C5) 
+ 8.EOxlO-4 * 54 * C5. 

b116 = 0 .  

b l z s  = 2 * { - I b * s 2 3 + I l s * C 2 3 + 1 1 6 * s 2 3 * S 4 * s 5  
+I18 * (C23 * C4 * S5 + S23 * C5) + 1 1 9  * C23 * SC4 
+I20 * S4 * (C23 * C4 * CC5 - 523 * SC5) 
+ I z 2  * G23 * S4 * S5) ; 

x 2,67xlO-’ * S23 - 7.58x10-’ * C23 . 
6124 = -118 * 2 * S23 * 5’4 * S5 + 119 * 523 * (1 - (2 * SS4)) 

+120*S23*(1 -2*SS4*CC5) -114*S23;  % O w  

b125 = I 1 , * C 2 3 * S 4 + I l 8 * 2 * ( s 2 3 * C 4 * C 5 + c 2 3 * s 5 )  
+120*s4*(C23*(1-2*SS5)-s23*C4*2*SC5); 

X 0 .  

6126 = - Iz s* (S23*C5+C23*C4*S5) ;  x O .  

613, = 6124 - 6135 = b l z s  * 6156 = b126 * 

bl45 = 2 * {I15 * S23 * C4 * C5 + 1 1 6  * C2 c C4 * C5 
+ I l s * c 2 3 * s 4 * c 5 + 1 2 2 * C 2 3 * c 4 * C 5 } + I 1 7 * s 2 3 * C 4  
-I*o * (s23 * c4 * (I  - 2 * SS5) + 2 * C23 :: SC5) ; 

X O .  

6146 = I23 * 5’23 * S4 * 55 ; N 0 . 
b156 = -123 * (6’23 * 5’5 + ,523 * C4 * c 5 )  ; X 0 .  

b212 = 0 . b2ls 0 .  

b z l r  = I l t  * S23 + 119 * S23* (1 - (2*  SS4)) 
+2*{-Il5*C23*C4*S5+116*S2*C4*S5 
+I20 * (523 * (CC5 * CC4 - 0.5) + C23 * C4 * SC5) 
+ I 2 2  * S23 * G4 t S5) ; 

X 1.64X10-s * 5’23 - 2 . 5 0 ~ 1 0 - ~  * C23 * C4 * S5 + 
2.48~10-’ * S2  C4 * S5 + 0.30~10-’ * 523 * (1 - (2 * ss4)) . 

bzla =2*{ -115*C23*S4*C5+122*S23*S4+C5 
+116*S2*S4*C5}-I17*C23*s4 
+rzo~(C23~s4~(1-2~ss5)-2~s23~sC4~SC5); 

- 6.42x10-’ * C23 * 5 4  . X -2.50~10-’ * C23 * S 4  * C5 + 2 . 4 8 ~ 1 0 - ~  * 5 2  * 5 4  * c5 

b216 = -6126 * 

b223 =2*{-112*S3+I~*C3+116*(C3*C5-53*C4*S5))j 
a 2 . 2 0 ~ 1 0 - ~  * S 3  + 7.44x10-’ * C3 . 

517 

b424 = 0 . 

518 
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