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From Single Rigid Body to Open Chains

e Recall Newton-Euler Equation for a single rigid body:

Fy =GV — [ady,]" (GoV)

e Open chains consist of multiple rigid links connected through joints

e Dynamics of adjacent links are coupled.

e We are concerned with modeling multi-body dynamics subject to constraints.
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Preview of Open-Chain Dynamics
e Equations of Motion are a set of 2nd-order differential equations:

7= M(0)§ + h(6,6)

- 6 € R"™: vector of joint variables; 7 € R™: vector of joint forces/torques

- M(6) € R"™™: mass matrix

- h(@,é) € R™: forces that lump together centripetal, Coriolis, gravity, and friction
terms that depend on 6 and 6

e Forward dynamics: Determine acceleration 6 given the state (9,9) and the

joint forces/torques: ) )
§ = M0)(r — h(6,6))

e Inverse dynamics: Finding torques/forces given state (0,0) and desired
acceleration 6

7= M(0)§ + h(6,6)
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Lagrangian vs. Newton-Euler Methods

e There are typically two ways to derive the equation of motion for an
open-chain robot: Lagrangian method and Newton-Euler method

Lagrangian Formulation Newton-Euler Formulation
- Energy-based method - Balance of forces/torques
- Dynamic equations in closed - Dynamic equations in
form numeric/recursive form
- Often used for study of dynamic - Often used for numerical
properties and analysis of solution of forward/inverse
control methods dynamics
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Generalized Coordinates and Forces

e Consider k particles. Let f; be the force acting on the ith particle, i; be its
mass, p; be its position. Newton's law: f; =@;p;, i=1,...k

e Now consider the case in which some particles are rigidly connected,
imposing constraints on their positions

aj(pla"'7pk)zo7 j:17"'anc

e k particles in R3 under n. constraints = 3k — n,. degree of freedom

e Dynamics of this constrained k-particle system can be represented by
n £ 3k — n, independent variables ¢;'s, called the generalized coordinates

{Oéj(pl,---,pk)—O o {pi—%(qh---,qn)

i=1,...,n i=1,....,k
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Generalized Coordinates and Forces

e To describe equation of motion in terms of generalized coordinates, we also
need to express external forces applied to the system in terms components
along generalized coordinates. These “forces” are called generalized forces.

o Generalized force f; and coordinate rate ¢; are dual to each other in the sense
that f7¢ corresponds to power

e The equation of motion of the k-particle system can thus be described in
terms of 3k — n. independent variables instead of the 3k position variables
subject to n. constraints.

e This idea of handling constraints can be extended to interconnected rigid
bodies (open chains).
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Euler-Lagrange Equation

e Now let ¢ € R™ be the generalized coordinates and f € R™ be the
generalized forces of some constrained dynamical system.

e Lagrangian function: £(q,q) = K(q,q) — P(q)
- K(q,q): kinetic energy of system

- P(q): potential energy

e Euler-Lagrange Equations:

daL oc
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Example: Spherical Pendulum

mg
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Example: Spherical Pendulum (Continued)
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e Lagrangian Formulation of Open-Chain Dynamics
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Lagrangian Formulation of Open Chains

e For open chains with n joints, it is convenient and always possible to choose
the joint angles 8 = (64,...,0,) and the joint torques 7 = (71, ...,7,) as the
generalized coordinates and generalized forces, respectively.

- If joint 7 is revolute: 0; joint angle and 7; is joint torque

- If joint 4 is prismatic: 6; joint position and 7; is joint force

e Lagrangian function: £(6,60) = K(6,0) — P(6,6)

e Dynamic Equations:
doL oL

" G og, 06,

e To obtain the Lagrangian dynamics, we need to derive the kinetic and
potential energies of the robot in terms of joint angles # and torques 7.
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Some Notations

For each link ¢ = 1,...,n, Frame {i} is attached to the center of mass of link 1.

All the following quantities are expressed in frame {i}
e V;: Twist of link {i}

® m;: mass; Z;: rotational inertia matrix;

. 0 |, e .
G = [ 0 @I ] Spatial inertia matrix

o Kinetic energy of link i: IC; = %V,-TQZ'V,-

J,fi) € R%*%: body Jacobian of link i
K =Tan ]

where JZE:L]) = [Ade_[Bi]gi-4-5_[Bj+1]9j+1] ij j <1 and J;?Z) =B;
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Kinetic and Potential Energies of Open Chains

o Ji=[J" 0] eRO™

e Total Kinetic Energy:

. 1=n 1. n N
K0.0)= 53" VIGVi =507 (3" (Jh0)6:70(6))) 6 2 3672 (0)d

e Potential Energy:

PO) =7 mighi(0)
- h;(0): height of CoM of link ¢
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Lagrangian Dynamic Equations of Open Chains

e Lagrangian: £(0,6) = K(0,6) — P(0)

d oL oL
*Ti= diop, o0,
Ti:z 9J+ZZFUIC 991@4’%, 1=1,...,n
i=j j=1k=1

o I';;1(0) is called the Christoffel symbols of the first kind

3 . 1 GMU OM;. _ ank
Tisn(0) = 3 ( 20, T o0, 00, )
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Lagrangian Dynamic Equations of Open Chains

e Dynamic equation in vector form:

7= M(9)d+C(6,0)0 + g(6)

- C3(0,0) £ 37 Tijubs is called the Coriolis matrix

Lagrangian Formulation

My = Lyps} + Lyashy + Ly + Lacd + Lgcy

+maric} + my(licz + r2023)?

My =0
Mz =0
My =0

= Lo + Lis + m3l} + mor} + mar} + 2maliracs

o3 = Loy + mar + msliracs

Mya = Lg + mgr

My = Ly +mgr

34 mahircy
:

0
—(magry 4 magly) cos 02 — myra cos(0s + 03))
—magry cos(0y + 03))
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Tuiz = (Iy2 = Lo — mari)easa + (Iys — Lis)eassas
25)

Tis = (Is — Lia)eassas — marasas(lica + racas)

ma(lacz + racas)(lusz + ras

Tior = (Iy2 — Lz — mar})casa + (Iys — Lis)caasas
— may(licz + racas)(lisa + r2523)

Tiar = (Iys — L:3)c23sos — marasas(lica + r2c23)

Tanr = (L2 — La +mar})easa + (L — Iys)cassas
+ ma(lica + r2c23)(lisz + r2523)

T223 = —lymarass

Pagz = —limarasy

T23 = —limarass

Tann = (Ius — Iys)casszs + marzsas(licz + racas)
T2z = himarasy
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agrangian Dynamic Equations of Open Chains

e Dynamic model of PUMA 560 Arm:
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More Discussions



More Discussions
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