EIGENVALUES OF THE LAPLACIAN AND THEIR
RELATIONSHIP TO THE CONNECTEDNESS OF A GRAPH

ANNE MARSDEN

ABSTRACT. This paper develops the necessary tools to understand the re-
lationship between eigenvalues of the Laplacian matrix of a graph and the
connectedness of the graph. First we prove that a graph has k connected
components if and only if the algebraic multiplicity of eigenvalue 0 for the
graph’s Laplacian matrix is k. We then prove Cheeger’s inequality (for d-
regular graphs) which bounds the number of edges between the two subgraphs
of G that are the least connected to one another using the second smallest
eigenvalue of the Laplacian of G.
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1. INTRODUCTION

We can learn much about a graph by creating an adjacency matrix for it and then
computing the eigenvalues of the Laplacian of the adjacency matrix. In section three
this paper shows that the multiplicity of the second smallest eigenvalue indicates
how many connected components exist in the graph. Recall that there are no edges
between any two connected components of a graph. Often, however, a graph has
subgraphs that are almost connected components but for a few edges between them.
In this case the machinery used to identify connected components in section three
no longer works. This more subtle problem is addressed by Cheeger’s Inequality.
In section four we develop the idea of the expansion of a graph. The expansion
of a graph is, roughly speaking, a real number which indicates how close G is
to having two connected components (the expansion approaches zero as G gets
closer to having connected components). Cheeger’s Inequality puts lower and upper
bounds on the expansion of the graph, which is useful because the expansion of a
graph can be difficult to compute. This paper proves Cheeger’s Inequality for
only two connected components. However, recent research has developed Cheeger’s
Inequality for k connected components [1]. These results are very important in the
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analysis of Markov chains, mixing time of random walks, graph partitioning, image
segmentation and more [2].

2. SPECTRAL THEOREM FOR REAL MATRICES AND RAYLEIGH QUOTIENTS

Let M, (R) denote the ring of n by n matrices with entries in R. For this paper,
unless otherwise noted, all vectors are assumed to be column vectors.

Definition 2.1. A matrix A € M, (R) is symmetric if A = AT

Lemma 2.2. If A € M, (R) is symmetric then A has a real eigenvalue.
The proof is omitted.

Definition 2.3. A matrix C is orthogonal if CCT = CTC =1

Note that for an orthogonal matrix C, CT = C~!. Note also that an n x n
matrix whose columns form an orthonormal basis of R™ is an orthogonal matrix.

Theorem 2.4 (Spectral Theorem). For every symmetric matric A € M, (R) there
exists an orthogonal matriz C whose columns are eigenvectors of A which form an
orthonormal basis of R™ so that C~1AC is a diagonal matriz

A1 ... 0
0 ... A\
where \1, ..., Ap are the corresponding eigenvalues of A.

Proof. We prove by induction on k. The £ =1 case is clear. Now suppose it holds
for any matrix in My (R). Then consider A € My1(R). By Lemma 2.2, A has at
least one real eigenvalue \;. Take the corresponding eigenvector v; and form an
orthonormal basis

{1}1,...,1}],3_;,_1}

using Gram-Schmidt method starting with v;. Let U be a matrix whose columns
are the vectors in this orthonormal basis. That is,

U= (%1 e Vk+1
One can compute that
A x
2.5 vrav = | ™ “’“]
(25) {kal Ay

where z1xx is some row vector, Ogx1 is a column vector of all zeros, and Ay €

M(R). But UT AU is symmetric since
(2.6) UTAD)T = (AT (UT)T =UTATU = UT AU

Therefore 1%, = 01x% and so now we have,
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A 0
2.7 UTAUu = | 1 Tixk
27) [kal Ay

As € Mi(R) so by inductive hypothesis there exists an orthogonal matrix C' whose

columns form an orthonormal basis of eigenvectors of A;. Denote these column
vectors as w1, ...,w;. Then we claim that

{ow () ()]

forms an orthonormal basis of eigenvectors of A. We must show for all 7,
(2.8) AU(O>)\Z-U<O)
w; Ww;

where ); is the corresponding eigenvalue for w;. But this is true if and only if,

(2.9) UTAU< U(J)i > =\ < £i )

One can confirm (2.9) by using the equality given by (2.7). That is,

Mo 0ua] [0] [0
Opx1 Az | |wi| 7" |ws

So now it remains to show that

{ov ()t ()]

forms an orthonormal basis. It suffices to show that the vectors are orthogonal to
each other since this implies that they are linearly independent. Furthermore, if
there are k + 1 linearly independent vectors in R¥*! then they must be a spanning

0
Wil
set and so they must form a basis. If we write |:U())z:| as | Wiz | we can compute that
Wik
for all 4,
0
Wi1
(2.10) U |Wi2| =Y wijvjn
: J
Wik

where the v;4; are the vectors in the orthonomal basis for A created at the beginning
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of the proof. Then for all i we have,

0
e 0 (g )=l ) = Susonva) =0)
J J
and for any i # k we have,

(2.12) (U(0,w3), U(0,wg)) = (Y wijvjp1, Y wikvki1) = (wi,wy) =0
j k

Corollary 2.13. If an eigenvalue A of a symmetric matriz A has algebraic multi-
plicity k then there are k linearly independent eigenvectors of A with corresponding
eigenvalue A

Proof. The characteristic polynomials of A and C~'AC are the same since
det(zI-C~1AC) = det(C~(zI—-A)C) = det(C~1)det(xzI—A)det(C) = det(xI—A)

Then the algebraic multiplicities of the eigenvalues of A and C~!'AC must also
be the same. This means that if A\; has algebraic multiplicity k it appears as a
diagonal entry k times in C~'AC. In the proof of Spectral Theorem we showed
that for each diagonal entry of C~'AC we can find a corresponding eigenvector of
A that is linearly independent of the rest. Then if \; appears k times in C~1AC
we can find k linearly independent eigenvectors of A with eigenvalue ;. O

Definition 2.14. Let A be an n x n matrix. The Rayleigh Quotient of a vector
x € R™ with respect to this matrix A is defined to be ””;T‘iz
as Ra(z) [5].

. It is sometimes written

Note that Theorem 2.4 implies that all the eigenvalues of a real symmetric matrix
are real, so it makes sense to order them.

Theorem 2.15. For any symmetric matric A € M, (R) with eigenvalues Ay <
Ao < ... < A\, we have A = m%nRA(x)
zER™

Proof. By Spectral Theorem, there exists an orthonormal basis {v1,...,v,} of
eigenvectors of A (where v; is the eigenvector with eigenvalue )\;). Then for

T
any € R" 2 = > B;v;. Thus 2T Az = (Zﬁivi) A (Zﬁﬂh‘) = Y B2)\; and
T2 =Y B2. By definition of Ay, for any i A\; < \;. Then

(2.16) S BN =D B =MD B

Therefore for all x € R™ we have,
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2T Ax Zﬁ?

.Tt.’E zAlzZ:ﬁZQ :Al

(2.17)

. T . . .
It remains to show that an x such that 7”@,;2_“" = )1 indeed exists. Pick z = v, then
T T T vi Avy
vi Avy = v] Aqvp = A and vy v =1 s0 T = A1 O
1

3. THE LAPLACIAN AND THE CONNECTED COMPONENTS OF A GRAPH

For a graph GG we let E denote the set of all edges in G and V' denote the set of
vertices in G. An edge that connects vertex i to vertex j is denoted as [i, j]. We do
not allow multiple edges to be between the same pair of vertices. We assume G is
an undirected graph, which means an edge that connects vertex i to vertex j also
connects vertex j to vertex i so that [¢, j] = [4,1].

Definition 3.1. Let I = {k € V|[i,k] € E}. The degree of vertex i is equal to the
cardinality of set I.

Definition 3.2. G is a d-regular graph if and only if the degree of each vertex in
Gisd.

Definition 3.3. Let G be a graph with n vertices. An adjacency matrix of G is
an n x n matrix (a,;;) such that

) Lifli,jle B
ij = 0, otherwise
Definition 3.4. The Laplacian matrix L is defined to be D — A where D =
deg(1) ... 0
: : and A is the adjacency matrix of the graph.
0 ... deg(n)

Note that for an undirected graph the adjacency matrix and the Laplacian matrix
are symmetric.

Lemma 3.5. Let G be a d-regular graph. Then 0 is an eigenvalue for the Laplacian
matriz of G.

Proof. If G is a d-regular graph the sum of the entries in row i gives the degree of
vertex ¢ so we have,

1 d
1 d
A = .
1 d
Then one can see that
1 d—d 0 1
1 d—d 0 1
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O
T
Lemma 3.6. Let x € R where x = . Let L denote the Laplacian matrix
Tn
of graph G and E denote the set of edges in G. Then "Lz = Y (z; —x;)?
li,j]€E
Proof. By definition of the Laplacian we have,
2T Lr =27 (D — A)x = 2" Dx — 27 Ax
Expanding this out we get
deg(1) ... 0 x1 x1
(zoan )| 00 0 b= (e ) (i) =
0 ... deg(n) T T
Z1
Sdeg(i)ai — (1. ) (ay)
% ,
Recall that a;; = 1 if there is an edge between vertex ¢ and j and a;; = 0
1
otherwise, so ( T1...Tp ) (asj) = Y ayziz; = . 2wizj. Thus
z li.J]l€E li,jl€E
T Lo = Y deg(i)a? — 3 ajgwizj = Y, (¢f —2wizj+a3) = Y (zi—x;)? O
i [i,j]€E [i,j]€E [i,j]€E

Lemma 3.7. Let B be a block diagonal matriz with block matrices A1, As ..., A,.
Then detB = detAidetAs .. .detA,,.

The proof is omitted because the lemma is rather intuitive and the proof is
technical.

Definition 3.8. A connected component of an undirected graph is a connected
subgraph such that there are no edges between vertices of the subgraph and vertices
of the rest of the graph.

Theorem 3.9. Let G be a d-reqular graph. The algebraic multiplicity of eigenvalue
0 for the Laplacian matriz is exactly 1 iff G is connected.

Proof. We prove the first direction by contrapositive. Suppose G is not connected.
Then it is possible to write G’s adjacency matrix so that it is block diagonal. To do
this, label vertices contained in the same connected component of G consecutively
so that vertices {1,2,...,a — 1,a} are part of one connected component; vertices
{a+1,a4+2,...,a+b—1,a+ b} are part of another connected component and so
on. Let A; denote the adjacency matrix for the connected component with vertices
{1,2,...,a —1,a}, Ay denotes the adjacency matrix for the connected component
with vertices {a + 1,a +2,...,a+ b — 1,a + b}, and so on. Then our adjacency
matrix for G can be written as
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FA,
oA,

I Ar ]
Since there are no edges between these connected components, all values outside the
A;s will be 0, so the matrix is block diagonal. Note that the Laplacian is also block
diagonal. Let the blocks be denoted L, ..., L,. By Lemma 3.5 each block matrix
in the Laplacian has eigenvalue 0. That is, for any 4, det(xI — L;) has a (x — 0)
term. By Lemma 3.7 det(z] — L) = det(x] — L1)...det(xI — L), so det(zI — L)
has more than one (z —0) term so the algebraic multiplicity is greater than 1. Now
we prove the second direction by contradiction. Suppose G is connected but the
algebraic multiplicity of eigenvalue 0 is greater than 1. Then by Corollary 2.13,
there exist at least two linearly independent eigenvectors v, v with eigenvalue 0.
Then v} Lvy = 0 and v Lvy = 0 so by Lemma 3.6,

> (vin—vj1)?=0

[i.j]eE

and

> (vi2 —vj2)* =0

[i.j]eE

Since all entries in the sum are positive, this can only be zero when V[i, j] € E,
v;1 = v;1 and v = vjp. This also implies that if there is a path between two
vertices m and n, then v,,; = v,1 and v,e = vy even if [m,n] ¢ E. But if G is
connected there is a path between any pair of vertices. Therefore v; and vy are
constant vectors (every entry is the same). Thus v; and v are scalar multiples of
each other. But v; and vs are linearly independent which is a contradiction. O

Theorem 3.10. A graph G has k connected components iff the algebraic multiplic-
ity of 0 in the Laplacian is k

Proof. G has k connected components iff its adjacency matrix can be block diagonal
with & blocks iff its Laplacian matrix has k£ blocks. Let the blocks be denoted
Ly,...,L;. By Lemma 3.5 each block matrix in the Laplacian has eigenvalue 0. By
Theorem 3.9 each block matrix has eigenvalue 0 with multiplicity exactly one. By
Lemma 3.7 det(x] — L) = det(xzI —Ly) ...det(xI — Ly,), so the algebraic multiplicity
of 0 for the entire Laplacian matrix is the sum of the algebraic multiplicity of 0 of
each L;. If G has k connected components then this sum is 1 4 --- 4+ 1 k times, so
k. For the other direction, if the algebraic multiplicity of the Laplacian is k then
the sum is k so there must be k£ blocks in the Laplacian, and so G must have k
connected components. U

4. CHEEGER’S INEQUALITY

For this section the following notation will be used. Let V be the set of vertices
of a graph G. We will assume |V'| = n. Let S denote any subset of V where [S| <
and S¢ be its complement so that SU S =V and SN SC = @. Let E(S,5¢) =
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{[i,jle ElieS,jeS%orjeS,ic S} so|E(S,59)] gives the number of edges
between S and S¢

|E(S,S9)|

Sdeg() We will often write the

Definition 4.1. The expansion of set S C V is

expansion of set S as ¢g.

; . min [ESS9]

We will let ¢ be defined as glglg Sdea ()
I now present Cheeger’s Inequality. I present the theorem for a d-regular graph
for simplicity. However, there is a version of the theorem for graphs that are not d

regular [1]

Theorem 4.2. (Cheeger’s Inequality) Let Ao be the second smallest eigenvalue of
the Laplacian matriz for a graph G (i.e., Ay < A2 < ... < A\,). Then % < ¢g <

X
2 d

Lemma 4.3. Let Ay be the second smallest eigenvalue for some real symmetric

matriz L (like the Laplacian), let K be a two dimensional vector subspace of R™.

Then Ay = min maz L=
dimK=2zeK * 7T

Proof. L is real symmetric so by Spectral Theorem we can find an orthonormal
basis of eigenvectors of L. Denote this basis w1, us,...,u,. Consider the vector
subspace K = span(uy,us). Since Vo € K, © = ajuy + asus we have that

2T Le _ (aruitasus)TL(aiuitasus) _ ofAitadls < aflatadrz _ A
2Tz = (aruritasuz)T (@rui+azus) a?+a2 = aZta2 = A2

This shows that there exists a two dimensional vector space K such that

T
Ao = maz A

and so it follows that

. T
X2 > min max L2E
dimK=2zcK * %

Now we show that Ay < dbm}i{n 2mal){( “”;T—L; First note that for any K such that
imK=2z¢&

dimK = 2 we have,
K Nspan(ug,us, ..., u,) # &

If this were not true then K = span(u;) and so it would no longer be two dimen-
sional. Then since

K Nspan(ug, ..., u,) C K

it follows that,

T T
N
reK z€KNspan(us,...,U,)

Now for any = € span(us,...,u,) one can see that

T
L
L > ),

so it follows that for any = € K Nspan(usg,...,u,) we have,
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T
z” Lx
=Tz Z >\2

Thus for any K, max ”QCTTL; > Ao and so it follows that
xre

. T
min max ZAEZ > )\,
dimK=2zcK * %

Then since
. T
X2 > min max L2E
dimK=2zeK * 7
and
. T
min max ZAE > )\,
dimK=2zcK *° %
we have our result. O

Now we prove the first part of Cheeger’s Inequality, that is )‘72 < ¢G. We prove
this for for d-regular graphs.

Proof. Choose some S such that ¢g = ¢g. We will create two vectors in R™ using

this S. Define z1 to be a column vector where z;; = 1if i € S and z;; = 0
otherwise. Define x5 to be a column vector where z;0 = 1 if i € S¢ and z;0 = 0
T
otherwise. Consider “-2%L: using Lemma 3.6, this is equal to
:El T

> (zii—xj1)?

li,jleE

21?1
K2

Note that (z;1 — xj1)2 will be 0 if 4,5 € S since x;1 = 251 = 1 and it will be 1 if
i, is an edge between S and S¢. Thus the numerator is equal to the number of
edges between S and S, which we will denote as |E(S, S¢)|. One can see that the
denominator is equal to |S|. Thus we have shown so far that,

> (mia—z)?
«TLey _ lij]eE T E(5,59)

Tz, i - [S]
k2

Since ¢pg = ¢pg = % it follows that

1 a:lTLxl

d xTx,

(4.4) = ¢s = ¢a

Now consider span(z1,x2). We claim that for any x € span(z1, z2),

T
max 2 Lz < 9¢q
zTx
x€span(z1,r2)

Note that {x1,22} is a linearly indepedent set so dim(span(zy,23))=2. Then by
Lemma 4.3 this would prove that A2 < 2¢¢. For = € span(x1,x2), we write

r = QT1 + QX2

SO
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’ ) Z ((Otlwil+OZ2EV52)—(041ZJ'1+O£2I3'2))2
xz' Lz __ [i,J]€E
T — S(arzirta2zi2)?

i

ai(1‘1‘1*17]'1)24’2041012(17;1*le)(xiZ*ij)‘i’ag("I/’i2*517j2)2
oy ai+asdwhtaran Y winTin
k3 k3

One can see that
> aras(zin — zj1)(Tie — xj2) = —|E(S, 59)|
[#,j]€E
This is true because ayoa(z1 — j1)(2i2 — xj2) = 0 if edge [z, j] is either in S or
S and ajag(zi — xj1)(zi2 — z52) = 1 if edge [4, j] is between S and SC. One can
also see that
Y (@i —xjn)? =|E(S, S and Y (222 — 252)* = |E(S, 59
[4,j]€E [i,j]€EE
So the numerator becomes
|E(S,59)|(af — 20102 4 a3) = |E(S, 5°) (a1 — a2)?

For the denominator note that ajas Y. @170 = 0 since z;; = 1iff i € S iff i ¢ S¢
iff ;20 = 0. The same reasoning shows that x;; = 0 iff z;5 = 1. So the denominator
is

a?|S| + 3] S|

Therefore

z2TLe _ E(S,59)|(a1—a2)?
ez = of|S|+a3]S%]

We want to show that this is less than or equal to 2¢. By Eq. 4.4 we can do this
by showing

(5,5 (on—a2)® _ o|B(S,5%)| _
oHSTraZlse] -~ =28 = 2¢¢

For simplicity sake we will prove this with different notation. Let a = |E(S, SY)|,
b=19|, c=|S¢|. We aim to show that

a(a; —a2)? <2

a§b+a%c
To prove this first recall that |[S| < % so b < 5. Then 3b < 3% and since 35 < 2n

we know 3b < 2nsob<2n—2bso 1< 2("%;17). Since ¢ = [S¢]| and |S¢| + |S| =n
we have ¢ = (n —b). Then 1 < 2¢ 50 0 < 2¢ — 1. Since we know

a
b

0 < (a1 +a2)? = a? + 20109 + a3
then since 0 < % — 1 we have,
0 < af+2aas + (3 — 1)a3
Adding o2 — 2a;a2 + a3 to both sides we get,
a? — 20102 + a3 < 202 + %a%
We can rewrite this as,

(a1 —a2)® < 3(aib +ajc)
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Since 0 < a2b + a2c we can divide to get

(01 —az)? <

2 2
a1b+a2c

(SN

Since 0 < a we can multiply each side by a to get

a(a—a2)? a
a§b+a%c S 2 b

Which is what we wanted to show. This shows that for any = € span(z,x2),

max ITTL"’” < 2¢¢. As previously mentioned, by Lemma 4.3 this proves that
z€span(z1,32) T 7
A2 < 2¢¢. U

Now we present a few preliminary definitions and lemmas required to prove the
right side of Cheeger’s Inequality for d-regular graphs.

Definition 4.5. Let X be a discrete random variable which can take values z1, xo, ..., z,
with corresponding probabilities p1, pa,...,p,. The expectation of X is denoted as
E[X] and is defined to be Y a;p;

i

Lemma 4.6. Suppose X1 can take on values {11, x12,...,21%} where each x1; €
Rt and X5 can take on values {Z21, %22, ..., T2} where each xa; € R*t. Let B €R.

If Eﬁ;} < B then there exists some 14, x2; such that i’—;] <B.

Proof. We prove by contradiction. Suppose for any z1; € {11,212, ..,21%} and
for any xo; € {@21,222,..., 22} we have

L1 . .

o B 50 x1; > Pra;
Let 21, = min{z11, 212, ..., 215} and zos = max{xa1, T22, ..., Tor}. We have z1, >

Bxas. Let p1; denote the probability that X; = x1; and py; denote the probability
that Xy = x2;. Then

>op1 = p2j =1
i J
SO NOW
T1) P1i > BT2sD_p2j
i J
Since z1, = min{z11,...,21%} and xo5 = max{xay,..., 22, } we have that
D_T1iP1i = T1r) i > Bras) paj = B _T2;p2;
A 1 J J
This implies that
TPt > BY_w2jp2;
i J

By definition of expectation this is the same as
E[X1] > BE[X>]
Which implies that

E[X
et > 8
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This is a contradiction since %gﬂ <p. O
1

Lemma 4.7. Let 1 be the column vector in R™ defined by 1 = o |. Letx bea
1

column vector in R™ such that < x,1 >= 0. Let o € R and let L be some Laplacian
(z+a)T L(z+al) < 2"La
(z4+al)T(z+al) — zTz *

Proof. By Lemma 3.6,

matriz. Then

zita)—(z;+a)]?
(z+al)T L(z+al) [1%26}3[( )=zt

(@tal)T (ztal) — S(@ita)
Note that
[i,j]ZGE[(zi +a) = (zj+a))* = [i,j]ZGE[zi —a;]* =27 La
So the numerator of %% is equal to the numerator of ’”xTTIf Then we

(z4+a1)T L(z4al)
(z4+al)T (z+al)

of m;Tl;r7 ie. (z+al)(z+ al) > 2Tz, One can see that

(r+al)T(x+al) = (z;+a)? = Zx?—&—Qin—i—Zag =zTr+2(z,1)+a2(1,1)

K2

must show that the denominator of is greater than the denominator

Since (z,1) = 0 we get that,
(r+al)(z+al) =272 +a?(1,1)
And
a?(1,1) > 0s0 27z +a?(1,1) > 27w
This implies that
(x+al)f(z+al) > 2Tz
(]

Note that this lemma explains why we take the second smallest eigenvalue. By
Lemma 3.5 £ = 1 is an eigenvector with eigenvalue 0, which is the smallest eigen-
value for the Laplacian. By Spectral Theorem we have a basis of eigenvectors that
are orthogonal to each other so the eigenvector that corresponds to Ay must be
orthogonal to 1. So the eigenvector corresponding to Ay satisfies our lemma above,
which is necessary to prove Cheeger’s Inequality.

Lemma 4.8. Let Ry (z) denote ’”xTTL; For any a € R™"\{0} it is true that Ry (ax) =
RL(l')

Proof. By Lemma 3.6,

. Z]:EE(aaci—axj)Q aQ[‘ Z]%E(wi_wj)z . Z]:EE(“_%')Z
Rplaz) = =5y — = — ey = s = Hi(@)

i i i
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Lemma 4.9. For a,b € R, it is true that a®> + b*> > 2ab

Now we prove that for a d-regular graph G, ¢g < 24/ %2. This proof assumes we
know the eigenvector that corresponds to Ay and aims to show that there exists a

subset of vertices S of the graph G such that ¢g < 24/ % which would imply that
oc < 21/% since ¢a < @g.
Proof. Suppose we are given an eigenvector

T
T2

Tn

that corresponds to Ao, that is Lz = Ayx. From discussion above we know that
T

this  must satisfy < z,1 >= 0 and note that mejf = Xg. Pick o € R such that

{(z1 + a,22 + o, ..., T, + a} has median value 0. By Lemma 4.7 it follows that

(x4 al)TL(z + al) < 2T Lx
(x+al)T(x4+al) — zTzx

(4.10) < Ao

Although it may not be apparent at present, we shift our eigenvector to have median

value 0 to ultimately ensure that the subset of vertices S has less than Z vertices.

2
Let

Y1
Y2
Y= .
Yn
denote z + al. Then by Eq. 4.10 we know Ry (y) < Aa.
Define y* = (y;7) where y;7 = y; if y; > 0 and y; = 0 otherwise. Define

y~ = (y; ) where y; = y; if y; <0 and y; = 0 otherwise. We claim that either
Rr(y™) <2Rp(y) or Rp(y~) < 2Rr(y). By Lemma 3.6,

and

In this form one can see that

[ ]Z (7 —v}) < X(yi — y;) so numRL(y*) < numRp(y)
i,j]€E 7

Similarly,
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> Wi —yy) <2y — )
[i,jleE i

so numRy(y~) < numRy(y). Now we must consider the denominators. Note that
denomRy (y*) denotes the number of y; > 0, denomRy (y~) denotes the number of
yi <0, and denomRy,(y) denotes the total number of y;. Thus

denomRy (y*)+ denomRy(y~) =denomRy (y)
Suppose
denomRy (y+) >denomRy(y~)
then
2denom Ry, (yT) >denomRy,(y)
Then it follows that
Ri(y*) < 2RL(y)
The same argument shows that if
denomRp(y~) > denomRy (y™)
then
Rp(y~) <2RL(y)

For the rest of the proof suppose without loss of generality that denomRp (y*) >
denomRy (y~) so that Ry (y*) < 2R (y). Recall that Ry (y) < Aa. Thus Ry (y1) <
2)>. Now we scale yT by some 8 € R so that

{Byy B3 s, Byt € [0,1]

By Lemma 4.8,
Rr(By™) = Re(y™)
Therefore,
Rp(By™) < 2X;

We construct S as follows: Pick ¢ € [0,1] at random and let S = {i, s.t. (By;")? >
t} (Recall that ¢ denotes a vertex in our graph G). We will now show that with
this construction of S it is true that

E[|(S,5°)
A < \/3Ruy?)

E[|(S,59)] A
A < 2/%

so that

Let Y; ;) =1ifi € Sand j € S¢ orif j € S and i € S, and Y|; ;) = 0 otherwise.
Then if [, 7] is an edge between S and S¢ we get that Y}; ;) = 1 (but note that the
converse is not necessarily true). Then

E[|E(S, SO <E[ > Yy
[i,j]€E
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By linearity of expectation this is equal to ) E[Y}; ;]. Note that Y}; j = 1 iff
[i.jleE
(yh)2<t< (yj)2 since this implies that i € S and j € S¢. So now we have that
Y ENMil= X P(w)?<t<(y))%)
[i.jleE [i,j]€E
To get this probability, recognize that each (y;7)? € [0,1], so the probability that
our random ¢t is between (y;")? and (yj')2 is the distance between them which is

(y;7)? = (y;)?]- Now,

E[E(S, SO < X 1) =) = X Wi =yl +vf
[i,4]€E li,4]€E

By the Cauchy-Schwarz Inequality this is less than or equal to

> W —u)? | X (b )2
li,4]€E [i,4]€E

By Lemma 4.9 this is less than or equal to

> <y;'yy>2V4 > 2y0)2 + (y))?

i,j]€EE

Note that this sum is over all edges [i,7] of G and so in Y. (y;)% + (y;r)2 each
[i,j]€E

(y;)? term will appear d(i) times (where d(i) denotes the degree of vertex 7). For

a d-regular graph we get

23 WP+ W)= 2 Ydy)P=24 Y (y)?
li.j]€E [i.7]€E li.j]€E

So we’ve shown that

E[|E(S, S9))) < w—gwfdz<wv

[i,4]€E [#,j]€EE

This is a great step towards showing

E[|(S,5€¢

but now we must consider the denominator. Let Z; = 1 if ¢ € S and Z; =
0 otherwise. With this construction we have E[|S|] = E[> Z;]. By lineary of
expectation this is equal to > E[Z;] which is just S.P(t < (y;7)?). To get this

K3
probability, recognize that each (y;")? € [0,1], so the probability that our random
t is less than or equal to (y;")? is given by (y;")? itself. So

9

E[lS]] =P < (7)) = Z(")?

%

Thus
> (wi-yh)2 f2d = (yh)?
E[|(S,S€ Wges 7 Galee | [a /3
[Id(]EUSH)H < \/ : dZ(y;/)z : - \/; FRoy™) <
2 A2
a2h =273
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C
By Lemma 4.6 this implies there exists some S such that % < 2 %2.

Therefore ¢ < 2 %2.
(4] O
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