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Useful vector relationsUseful vector relations
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Coordinate TransformationsCoordinate Transformations

cartesian coordinates new coordinates
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Integral RelationsIntegral Relations


V

dr 
S

ûd
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a dr 
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Primer in ElectromagnetismPrimer in Electromagnetism
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EMEM--fields, Maxwell’s equationsfields, Maxwell’s equations

E 4
40r



B 0

  E  c
c
B
t

F qE c q
c v  B

Maxwell’s Equations:

Lorentz Force:

Note! Use factors in [..] for MKS system and ignore […] for cgs system

  B 4r

4c0 
   r r

c c
E
t

Coulomb’s law

Faraday’s law

Ampere’s law

(we will derive the Lorentz force equation from the Lagangian later)
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cgscgs--mks unit conversion mks unit conversion 

cgs mks

potential, electric field V,E|cgs 40 V,E|mks

current, charge, densities I, j,q,|cgs
1

40
I, j, q,|mks

magnetic inductance B|cgs
4
 0

B|mks

magnetic field H|cgs 40 H|mks

00  1
c
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constantsconstants

0  107

4c2

C

V m
 8.854187817  1012 C

V m

0  4  107 V s

A m
 1.256637061  106 V s

A m

0 r0 r v2  1

00 c2  1

dielectric constant in vacuum

vacuum permeability

in material environment

in vacuum

v  c
rr

velocity of light in matter
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vector/scalar potentials (cgs)vector/scalar potentials (cgs)

B    A

E   c
c
A
t  

derive magnetic fields from 
vector potential A B  0

ϕ : scalar potential

  A  0because

  E   1
c B   1

c   A  E  1
c A 0

because   0
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electric field for a charged particle beamelectric field for a charged particle beam

electrical field within and outside a uniformly charged particle beam

Err 

0
20r

r for rR

0
20r

R2
r for rR

r = R r

Er
 r

 1
r
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magnetic field of a uniformly charged particle beammagnetic field of a uniformly charged particle beam

  B  0r jstart from

use Stokes’ theorem and get

Br 

j0
20r

r for rR

j0
20r

R2
r for rR

(mks)
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Equations of Motion Equations of Motion -- 11

F qE c q
c v  BLorentz force

p  FLdt

Ekin  FLds

ds  vdt

no work done by magnetic field!

Ekin  FLds   qE  q c
c v  B ds q Eds  q c

c 
0

v  Bvdt

equation 
of motion

cp  Ekin

d

dt
p  d

dt
Amv  eZE  eZ c

c v  B

A atomic number; Z charge multiplicity
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Vector and scalar potential for a moving charge (cgs)Vector and scalar potential for a moving charge (cgs)

B    Aderive fields from vector-
and scalar potential:

Lorentz gauge

insert into Maxwell’s curl-equation (Ampere’s law)

E   1
c
A
t  

1
r
  B  4

c j 
 r

c Ė
1
r
    A  4

c j 
r

c  1
c Ä   

2A 
rr

c2
Ä   4

c  rj  

0

A 
 rr

c 

with

2A 
rr

c2 Ä   4
c  rjWave Equation

    A  A  2A
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what if                      ? 

Wave EquationWave Equation

2A   r r00Ä   r0jin mks system

similarly 2   r r00  

r0

Ä    0

2A   r0j B    A

2   
 r0

E  

electro-static fields

magneto-static fields
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potentials for a moving chargepotentials for a moving charge

solutions:

and

Lienard – Wiechert 
potentials

Ar  1
4c20

 jx,y,z
R tr

dxdydz

r  1
40
 x,y,z

R tr

dxdydz

Ar  1
4c0

q
R


1n tr

r  1
40

q
R

1
1n tr

R distance to 
observation point at
retarded time !



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 17

Energy ConservationEnergy Conservation

FL  eE  c e
c v  B  eE  ceBLorentz force

rate of work: FLv  eE  ev  Bv

v  B  v 0
eE  v  j  E

 jEdV  0 c2  B  Ė  EdV

a  b b   a  a  b

u  0

2 E
2  c2B2 

with

with field energy density: j  EdV  0  c2B

B

  E c2E  B  ĖE dV

  d u

d t
 c20E  B dV ,  1

2 0E2  0H2
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Poynting vectorPoynting vector

change of

field energy

d

dt
 u dV 

particle energy

loss or gain

 j  EdV 

radiation loss through

closed surface s

 S  n ds  0

S c20E  B  c0E2 n

En, Bn n  E  cB

Poynting Vector:

since and

vectors E,B,S form a right handed orthogonal system
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Primer in Special RelativityPrimer in Special Relativity
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Lorentz transformation:Lorentz transformation:

L*L

βz

laboratory system                         moving system

  v
c   1  1

2

x

y

z

ct



1 0 0 0

0 1 0 0

0 0  

0 0  

x

y

z

ct

  1

12

z

x x*

z*
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ContractionContraction--dilatationdilatation

z   z2
  vzt   z1

  vzt  z

Lorentz contraction:  
consider rod in lab system of length                      z  z2  z1

Time dilatation:
consider two events happening at same place

t  t2  t1   t2
   z2



c  t1
   z1



c  t
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Lorentz transformations of fieldsLorentz transformations of fields

magnetostatic field in lab system              EM field in particle system

Ex


Ey


Ez


cBx


cBy


cBz




 0 0 0  0

0  0  0 0

0 0 1 0 0 0

0  0  0 0

 0 0 0  0

0 0 0 0 0 1

Ex

Ey

Ez

cBx

cBy

cBz

Ex
  cBy

Ey
  0

Ez
  0

we don’t really know velocities ! can we express β,γ differently?
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space space –– timetime

imagine a light flash to appear at time t = 0 from the origin of the 
lab coordinate system 

L*L

β

at time t edge of light pulse has expanded to x2  y2  z2  c2t2

x2  y2  z2  c2t2

observing from L* - system, we get from Lorentz transformations 

!

velocity of light is Lorentz invariant !
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4 4 –– vectorsvectors

s  x0, x1, x2, x3  ict, x, y, z

Minkowski combined space-time to 
form a 4-dimensional coordinate system:

space – time 4-vector                                                          world point          

world time is defined by                    which is Lorentz invariant (homework?)

cd  c2dt2  dx2  dy2  dz2

 c2  vx
2  vy

2  vz
2  dt

 c2  v2 dt  1  2 c dt,

c  s 2

d  1
 dt

all world points = world

variation of world point = world line

γ: relativistic factor
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length of 4 length of 4 -- vectorsvectors

length of 4-vectors is Lorentz invariant

product of any two 4-vectors is Lorentz invariantactually

examples s2  c22

how do we know a vector is a 4-vector?

if the length of a vector is Lorentz invariant, it’s a 4-vector
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invariance of 4invariance of 4--vectorsvectors

any product of two 4-vectors is Lorentz invariant

s∗2 = x ∗2 + y∗2 + z∗2 − c2 t∗2

= x 2 + y2 + (γ z − βγ ct)2 − (−βγ z + γ ct )2

= x 2 + y2 + z2 − c2 t2

= s2

ã ∗b ∗ = ãb
homework?
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44--velocityvelocity

4-velocity:

velocity of light is Lorentz invariant !

v  ds

d
  ds

dt
 ic,x ,y , ż

in moving system                                      :  1; x  y  ż  0 v 2  c2 const

c  299, 792, 458 m/s
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44--accelerationacceleration

ã = dv
dτ

= γ d
dt

γ ds
dt
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44--momentummomentum

cp  iE,cpx,cpy,cpzenergy – momentum 4-vector:
E0  Amc2

Lorentz invariant !

with

E2  c2p2  A2m2c4total energy

c2p 2  E2  c2px
2  c2py

2  c2pz
2  Amc22

Relativistic factor depends on particle velocity, but generally we don’t 
know velocities.

look for different expression
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relativistic factorrelativistic factor

iE, cp E2  c2p2  A2m2c4

ic, r  cE  crp  cAmc2

E  cp  Amc2 cp  EAmc2

 psince

insert into (1)

(1)

E2  EAmc2



2
 Amc2 2

with 22  2  1 we get E  Amc2  0 or

  E
Amc2

relativistic 
factor
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Examples of 4Examples of 4--VectorsVectors

space-time 4-vector: 

energy-momentum 4-vector

EM field 4-vector

derived 4-vectors

velocity 4-vector: 

acceleration 4-vector

A, i

cp, iE

ã = dv
dτ

= γ d
dt

γ ds
dt

v  dr

d
 r , ic

s  r, ict
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conventionsconventions

energy:      eV, keV, MeV, GeV

1 eV = kin.energy gained while traveling through 
potential difference of 1 Volt 

particles:   electrons, protons, ions

momentum:      eV/c, keV/c, MeV/c, GeV/c

mostly we use cp for the momentum

proton rest mass:      mpc2 = 938.272  MeV
electron rest mass:   mec2 = 0.510999 MeV
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momentummomentum

cp  2Amc2Ekin  Amc2  cAmv

examples

400 keV He : A  2
Amc2  1876.56 MeV 0.4MeV
v  c 20.4

1876.56  0. 02 065c

starting to 
become 
relativistic

non
relativistic

20 MeV electrons: A  1
mc 2  0. 511 MeV  20 MeV

v  c 1  0.5112

202
 0. 999 67c

highly
relativistic

nonrelativistic 
case

20 keV A : A  40
Amc2  37531 MeV 0.020 MeV
v  c 20.02

37531  0. 001 03c
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summary of formulassummary of formulas

relativistic 
factor

  1

12

E2  c2p2  A2m2c4total energy

momentum cp  E

or   E
Amc2

 1 
Ekin

Amc2

  1  2  1  1

1
E

kin

Amc2


E

kin
2 2Amc2Ekin

EkinAmc2
velocity
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Emission of Radiation, spectral and spatial distributionEmission of Radiation, spectral and spatial distribution

E  E0
e

i

  t  1
c nx

x  ny
y  nz

z 

E ħ p ħk ħkn

ct  nx
x  ny

y  nz
z  ct  nxx  nyy  nzz

consider EM wave in particle system

phase of the wave is:

Phase is product of two 4-vectors!

i 1
c E, pict, r  tE  rp   tħ  ħknr   tħ ħ 

c nr

i 1
c E, pict, r  tE  rp

Radiation phase is Lorentz invariant:

Now apply Lorentz transformation and collect coefficients of (t,x,y,z)

with and
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Doppler effectDoppler effect

coefficients must be zero !

example ct-term:

z  ct  nx
x  ny

y  nz
z  ct  ct  nxx  nyy  nzz

1  nz
  

  1  nz


relativistic Doppler effect

example: Undulator Radiation

 
u

22
1  1

2 
22
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CollimationCollimation

nx,y 
nx,y


1nz
 nz 

nz


1nz


from coefficients of spatial terms, we get:

and

n is a unit vector and therefore:

z

x
y

ϕ
θ

n

nx  sinsin
ny  sincos
nz  cos

sin    sin

1 cos  /2    /2 ||   1
or for
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x

z

radiation emission in particle systemradiation emission in particle system
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y
x

θ φ

z
to observer

particle path
direction of 
acceleration

radiation emission in laboratory systemradiation emission in laboratory system
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Lagrange functionLagrange function



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 41

for any mechanical system, a function                           exists with the

property

The action assumes a minimum for any real path

Lagrange Function or Lagrangian Lagrange Function or Lagrangian 

 
t0

t1
L dt  0

formulating the Lagrangian L is a creative act to describe a
physical phenomenon

L dt

L  Lqi, q i , t
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Lagrange Equations Lagrange Equations -- 11

second term:second term:

 L dt  
i

L
qi
qidt  

i

L
q i
q idt

 L
q i

q idt   Lq i
d

dt
qidt 

0

L
q i
qi

t0

t1
 d

dt
L
q i
qidt

the Lagrange principle is valid in all reference systems and we the Lagrange principle is valid in all reference systems and we write:write:

 
0

1 Ld  0

wherewhere L is the Lagrange function in the system is the Lagrange function in the system L and and ττ the world timethe world time

For simplicity we use For simplicity we use t as the general time for any reference system
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Lagrange Equations Lagrange Equations -- 22

 L dt   i
L
q i
 d

dt
L
q i

qi dt  0

L
qi
 d

dt
L
q i

 0 Lagrange equations

generalized momenta: p i  L
q i

how do we get a Lagrangian ?how do we get a Lagrangian ?

Lagrange function has dimension Lagrange function has dimension 
of energyof energy
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how do we formulate a Lagrange function?how do we formulate a Lagrange function?

example: particle at rest

use a quantity which is Lorentz invariant !

4-Vector ?
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how do we formulate a Lagrange function?how do we formulate a Lagrange function?

0, 0, 0, imcdx , dy , dz , icdt   mc2dt  mc2 1   2 dt

dx, dy , dz, icdt 

energy-momentum 4-vector for particle at rest:

space-time 4-vector

example: particle at rest

use a quantity which is Lorentz invariant !

product of both

and

L  mc2 1   2

1
c cpx

, cpy
, cpz

, iE  0, 0, 0, imc

here, particle here, particle 
system is most system is most 
convenientconvenient



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 46

how do we formulate a Lagrange function?how do we formulate a Lagrange function?

P  mq

1 2
 e

c A mq  e
c A  p  e

c A

example: charged particle plus EM field

interaction depends only on field, charge and relative velocity

product of the EM-field and velocity 4-vectors:

the Lagrangian

canonical momentum P of a charged particle in an EM-field:

L  mc2 1  2  eA e

Ax, Ay, Az , ix,y,z, i  A  

with d  1
 dt
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Charged particle in an EM FieldCharged particle in an EM Field

L
qi
 d

dt
L
q i

 0

ab  ba ab  a   b  b   aL
r  L  e

c Av  e

Lagrange Equations:

dp

dt
  e

c
A
t  e

c v   A  e

dA

dt
 A

t
 vA

L
r  e

c vA  e
c v   A  e

E   1
c
A
t  

B    A
FL  dp

dt
 eE  e

c v  B

from and with

d

dt
L
v  dP

dt
 d

dt
p  e

c A  e
c vA  e

c v   A  einsert into

and get with

finally with:

Lorentz force
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AccelerationAcceleration

energy change due to Lorentz force:energy change due to Lorentz force:

e  FL ds  e E    Bds

e  e Eds  e   Bds

 e Eds  e 
0

  Bv dt

no acceleration due to no acceleration due to 
magnetic fieldsmagnetic fields

use use electrical fieldselectrical fields for for 
particle accelerationparticle acceleration
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HamiltonianHamiltonian
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HamiltonianHamiltonian

qi, q i , t  qi , pi, t

qi, pi

Hqi, pi   q i p i  Lqi , q i

introduce coordinate transformation:

Hamiltonian function:

H
pi

 q i

H
qi

 p i
Hamiltonian equations:Hamiltonian equations:

use canonical variables:use canonical variables:
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Hamiltonian from LagrangianHamiltonian from Lagrangian

L  mc2 1  2  eA e

use canonical coordinates in Lagrangian:use canonical coordinates in Lagrangian:

with canonical momentumwith canonical momentum

Hqi, pi  q ipi  Lqi, q i

 q ipi  mc2 1  2  eA e

p  mq

12
 e

c A mq  e
c A

Hqi, pi  mq i
2  mc2 1  2 e

withwith

Hamiltonian becomes:Hamiltonian becomes:
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and                  the ordinary and                  the ordinary 
momentummomentum

Hamiltonian for charged particle in EMHamiltonian for charged particle in EM--fieldfield

H  e2  m2c4

1 2

or

and after some manipulation

equal to length of 4-vector: , where H  E

Particle mass m is Lorentz invariant

Hqi, pi  
i

m q i
2

12
 mc2 1  2  e

cp  eA2  H  e2  m2c4

cp , iE  e
p mq
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and                                are the conjugate momenta    and                                are the conjugate momenta    . . 

Hamiltonian for particle in EM fieldHamiltonian for particle in EM field

cp  eA2  H  e2  m2c4

H  e  cp  eA2  m2c4

fromfrom

the more familiar formthe more familiar form

where we use the cartesian coordinate system:where we use the cartesian coordinate system: x,y, z

p  mq  e
c A q x,y, z
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Cyclic Variables Cyclic Variables -- 11

H  Hq1,  qi1,qi1 ,p1,p2 ,pi, 

Assume the Hamiltonian does not depend on the coordinate qi

H
qi

 p i  0 or pi  constthen: 

and from H
pi

 q i  const

qit   it  ci

constant of motion !
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Cyclic Variables Cyclic Variables -- 22

Example: Example: 

assume that Hamiltonian does not depend explicitly on the time assume that Hamiltonian does not depend explicitly on the time t

H
t  0thenthen and the momentum conjugate to the time is and the momentum conjugate to the time is 

a a constant of motionconstant of motion

H  e2  m2c4

1 2likelike oror H  mc2  e

H
pt

 d

dt
t  1

from the second Hamiltonian equationfrom the second Hamiltonian equation

and the momentum conjugate to the time isand the momentum conjugate to the time is

which is the total energy of the system. which is the total energy of the system. 

pt  H const



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 56

Canonical Transformations Canonical Transformations –– 11

qi,pi, t  q i,p i, t

q k  fkqi, pi, t

p k  gkqi, pi, t

  
k

q kpk  H dt  0

  
k

q k p k  H dt  0


k

q kpk  H  
k

q k p k  H  dG

dt

transformation of coordinates: 

integrants can differ only by total time derivative of arbitraryintegrants can differ only by total time derivative of arbitrary functionfunction

finding cyclical variables is highly desirable and we use canonical 
coordinate transformations to find them

G is called the generating function
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Generating Function Generating Function -- 11

G  Gqk,q k,pk,p k, t 0  k  N

only 2N variables are independent, others define transformation

possible generating functions

use, for example, G1:


k

q kpk  H  
k

q k p k  H  dG

dt

G  G1qk,q k, t

dG1

dt
 

k
G1

qk

qk

t 
k
G1

q k

q k

t  G1

t

G1  G1q,q, t, G3  G3p,q, t,

G2  G2q,p, t, G4  G4p,p, t.
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Generating Function Generating Function -- 22


k

q k pk  G
qk

 
k

q k p k  G
q k

 H  H  G
t  0

H  H  G1

t

pk 
G1

qk

p k   G1

q k
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Generating Function Generating Function -- 33

yk   
xk

Gx, x, t,

y k   x k
Gx, x, t,

H  H  t Gx,x, t.

general equations:general equations:

use upper signs if derivation is with respect to coordinates anduse upper signs if derivation is with respect to coordinates and
lower signs if derivative with respect to momentalower signs if derivative with respect to momenta

x and y are mutually conjugate variables
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Generating Function Generating Function -- 44

How do we know that the new coordinates are canonical?How do we know that the new coordinates are canonical?

Poisson brackets:Poisson brackets:
f q,p, t,gq,p, t  

k0

n
f
qk

g
pk
 f
pk

g
qk

Qi,Qjqp  0 Pi,Pjqp  0 Qi,Pjqp  ij

i, j  0,1,2. . . . ,n

transformations are canonical if and only iftransformations are canonical if and only if

andand

forfor

λ is scale factor. We consider only scale preserving transformations   1
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Harmonic OscillatorHarmonic Oscillator

Find coordinates that makes phase space motion circularFind coordinates that makes phase space motion circular

H  1
2m p2  k

2 q2 const.

Q  k
2 q; P  1

2m puse transformation:use transformation: H  Q2  P2

Q,Pqp 
k
2

1
2m  0  0  1

2
k
m  1 notnot scale preserving !scale preserving !

scale preserving transformation:scale preserving transformation:

we trywe try andandQ  k
2 q; P  

2m
p Q, Pqp 

k
2   

2m
 1 2  2 m

k

oror Q  4 mk q; P  1
4 mk

p H  1
2

k
m Q2  P2 
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Curvilinear Coordinates Curvilinear Coordinates -- 11

example: curvilinear coordinate system of beam dynamics

with

find canonical momenta from contact transformation defined by 
generating function:

new
canonical
momenta:

with curvatures 

rx,y, z  r0z  xuxz  yuyz

uyz  uzz  uxz

uzz 
d

dz
r0z

d

dz
uxz  x uzz

x,y  1
x,y

x,y, z  x,y, z

Gz,x,y, p z , p x, p y  cp  eA r0z  xuxz  yuyz

cpz  eAz   Gz
 cp  eA 1  xx  yyuz ,

cpx  eAx   Gx  cp  eAuxz

cpy  eAy   Gy
 cp  eAuyz
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Curvilinear Coordinates Curvilinear Coordinates -- 22

Hamiltonian in Hamiltonian in 
cartesian coordinatescartesian coordinates

Hamiltonian in beam dynamics coordinates:Hamiltonian in beam dynamics coordinates:

H  e  cp  eĀ2  m2c4

H  e  cpzeAz

1xx

2
 cpx  eAx2  cpy  eAy 

2  m2c4

for a flat beam transport system with only horizontally bending for a flat beam transport system with only horizontally bending fields:fields:

andand

A 0,0,Az   0,0,Byx

Hx,y, z, t  e  cpzeAz

1xx

2
 cpx 2  cpy 

2  m2c4
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Extended Hamiltonian Extended Hamiltonian –– 11

q0  t and p0  H

Hq0, q1, q2. . . qf, p0, p1, p2. . . pf  H  p0  0

Ht, x, y, z, . . . qf ,H, px, py, pz, . . .pf  0

dql

d
 H
pl

; dpl

d
  Hql

; for l  0,1,2, . . . f

introduce independent variables as coordinates:

start with Hamiltonian

and formulate new Hamiltonian:

or in cartesian coordinates:

Hamilton’s equations:

H  H q1,q2, . . .qf,p1,p2, . . .pf, t
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Extended Hamiltonian Extended Hamiltonian –– 22

dq0

d
 1  q0    C1  t

dp0

d
  Hq0

  Hq0
  Ht   dH

dt
 p0  H  C2

H  H  dp0

d
 0  H  const.

for

and

l  0
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Change of Independent VariableChange of Independent Variable

we want to change the independent variable from t to, say z or, generally, 
from qi to qj

Hq0,q1, q2. . . qf,p0,p1,p2. . . pf  0
to define, say     , as new independent variable, go backward by solving

for

and define new extended Hamiltonian 

q3

Equations:
K  p3  K  0

p3  Kq0, q1, q2. . .qf, p0, p1, p2, p4. . . pf

are in Hamiltonian form with the new Hamiltonianare in Hamiltonian form with the new Hamiltonian K  p3

dq3

dq3
 K
p3

 1 dp3

dq3
  Kq3

  Kq3

dqi3

dq3
 K
pi3

 K
pi3

dpi3

dp3
  K

qi3
  K

qi3
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Independent Variable Independent Variable z

Hx, y, z, t  e  cpzeAz 2

1x2
 c2p2  m2c4

cpz  eAz  1  x H  e2  c2p2  m2c4

 eAz  1  x T2  m2c4  c2p2

 eAz  1  x c2p2  c2p2

switch to switch to z as independent variable

fromfrom

we solve for we solve for 

and the new Hamiltonian is with  and the new Hamiltonian is with  

oror

we also divide by the momentum and use slopes rather than momentwe also divide by the momentum and use slopes rather than momentaa

Hx,x,y,y, z   cpz
cp

Hx, x,y,y, z   eAz
cp  1  x 1  x2  y2
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Hamiltonian for Beam Dynamics Hamiltonian for Beam Dynamics 

fromfrom

we get with we get with , where, where   dp
p0

the the Hamiltonian for beam dynamicsHamiltonian for beam dynamics

for many specific examples consult:for many specific examples consult:
Derivation of Hamiltonians for AcceleratorsDerivation of Hamiltonians for Accelerators, , K.R. SymonK.R. Symon
available on: http://available on: http://www.aps.anl.gov/APS/frame_search.htmlwww.aps.anl.gov/APS/frame_search.html

note, we used here!note, we used here! Azx,y, z  1  xA zx,y, z

  1
0

andand

wherewhere A zx,y , z is the vector potential in cartesian coordinates (straight magneis the vector potential in cartesian coordinates (straight magnets)ts)

Hx,x,y,y, z   eAz
cp  1  x 1  x2  y2

Hx,x,y,y , z   e A z
cp0

1  x1    1  x 1  x2  y2

1
cp  1

cp01
 1

cp0
1  
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Longitudinal Motion Longitudinal Motion 

ϕ
s

 s :

   s   phase

synchronous phase

  dcp
cp

relative momentum 
deviationper turn:

  rf c 

  eV

T0Es
2

sin s    sins

c momentum compaction

these equations of motion can be derived from Hamiltonian:

H  1
2 rf c 

2  eV
T0Es

2 cos  s     sin s  coss

 1
2   

2 1 
cos  s  

cos s
  tans

2  0
2  ch eV coss

2 cp
where the synchrotron oscillation frequency 

0 revolution frequency
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Longitudinal Phase SpaceLongitudinal Phase Space

longitudinal phase space

(green:separatrices; red:unstable; blue:stable trajectories)

phase (degrees)
6906606306005705405104804504203903603303002702402101801501209060300

d
E

/E
 (

%
)

1.00

0.00

-1.00
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Magnetic FieldsMagnetic Fields
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Vector PotentialVector Potential

general vector potential

B    A

Maxwell’s Equations: 

B  0

  B  0

imposes no restriction on imposes no restriction on A

   A  0

2Ay

xy 
2Ax

y2  
2Ax

z  
2Az

xz  0

etc.

too complicated for most situations (see K. Symon)too complicated for most situations (see K. Symon)

Az  a0  a1x  a2y  a3x2  a4xy  a5y2 . . .

Ax  b0  b1x  b2y  b3x2  b4xy  b5y2 . . .

Ay  c0  c1x  c2y  c3x2  c4xy  c5y2 . . .
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Magnet FieldsMagnet Fields

B 0
B    A     A  0

Laplace Equation

in cylindrical coordinates

with solution:

with B  

  0

  B  0in vacuum field can be derived from a scalar potential ψ

  2

r2
 1

r
2
r  1

r2

2

2
 2

z2
 0

r,, z   cp
e 

n0

1
n! Anzrnein

for any vector potentialfor any vector potential

B 0
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Multipole Field ExpansionMultipole Field Expansion

use cartesian coordinates:

real and imaginary terms represent two basic field orientations:

this is called the “mid-plane symmetry

electric field:

magnetic field:

Exx,y  Exx,y

Byx,y  Byx,y

potential must be
symmetric in y

potential must be
anti-symmetric in y

use only real terms

use only imaginary terms

x,y, z   cp
e 

n0

1
n! Anzx  iyn   cp

e 
n0

j0

n

i j Anj,jz xnj

nj!
yj

j!

in beam dynamics in beam dynamics horizontal focusing should be the same for y or -y
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Magnetic Multipole FieldsMagnetic Multipole Fields

dipole

quadrupole

sextupole

octupole

rotated magnets ordinary beam dynamics magnets

 e
cp 1  yx xy

 e
cp 2   1

2 k x2  y2 kxy

 e
cp 3   1

6 mx3  3xy2  1
6 m3x2y  y3 

 e
cp 4   1

24 r x4  6x2y2  y4  1
6 rx3y  xy3

vector potentialsvector potentials

dipole

quadrupole

sextupole

octupole

ordinary beam dynamics magnets rotated magnets

e
cp A z1   1

2  1
2 xx  1

2 yy
e
cp A z2   1

2 k x2  y2   k xy
e
cp A z3   1

6 mx3  3xy2
e
cp A z4   1

24
rx4  6x2y2  y4 
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Beam deflectionBeam deflection
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bending bending -- 11
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bending bending -- 22

FL  eE  ceB  Fcf 
Amc22



curvature of trajectory

for constant electric and/or magnetic field
trajectory is a segment of a circle, an arc

radius of circle = bending radius: ρ

deflection angle:  
b

 b arc length of bending magnet

1
  e|E |

Amc22
 ceB

Amc2
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electroelectro--static dipolestatic dipole

 e
cp 1x,y, z  A10 x

equipotential (2G aperture):

V 0

xeq  G const

1
  e|E |

Amc22
 ceB

Amc2
general curvature:

1
  eV

2GAmc22
 eV

Ekin


1

1
2G

A10    1
x

electro-static dipole (real terms)

Ex

n=1
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magnetomagneto--static fieldstatic field

A01    1
x

 e
cp 1x,y, z  A01 y

magneto-static dipole (imaginary terms)

By

ferromagnetic surface =
equipotential surface

xequipotential (2G aperture):

yeq  Gaperture  const

2G

1
  ceBy

Amc2
 ceBy

Amc2Ekin 1
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numerical expressions for dipolesnumerical expressions for dipoles

electrical dipole:

1
  eV

2GAmc22
 eV

Ekin


1

1
2G  50

Gcm)


1

eV
Ekin

magnetic dipole:

1
 

ceBy

Amc2
 0. 299792458

ByT

cpGeV


ceBy

Amc2Ekin   1
 310. 6209

ByT

AEkinkeV   1

note: Aelectron 
1

1822.9
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bending bending ––non relativistic beamnon relativistic beam

  1non relativistic beams

electric field only: 1
  e|E |

Amc22
 e|E |

2Ekin
Ekin 

1
2 Amc22

1
 m1  0.5

E V/m

Ekin V

with

magnetic field only: 1
  ceB

Amc2
 ceB

cp cp  cAmvwith

and Ekin  Amc2

1
 

ceB

2Amc2 Ekin

1
  219. 64 BT

AEkinkeV
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By2 G

integration pathmagnet pole

return yoke

pole gap

excitation
coil

  B
 r

 4
c j ,

bending magnetbending magnet--coilscoils

mks

  B
r

 0j

   B
r

dA   B
r

ds  0  j dA

2GBy  02Icoil

for nt windings per coil, the power supply current is: IpsA  IcoilA/n t

IcoilA 
1
0

ByTGm

 r  
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bending magnetbending magnet--photophoto

C-magnet

H-magnet
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Beam focusingBeam focusing
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x
α = x/f

focusing lens

focal point

focal length, f

principle of focusingprinciple of focusing

deflection of trajectory

need field like

which gives desired deflection

 
b
 

e|E |b

Amc22


ceBb

Amc2

Ex  gex By  gm xor

 
egb
cp x  kbx

ke 
ege

Amc22

km 
cegm

Amc2
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electric quadrupole

equipotential: xeq
2  yeq

2  Raperture  const

+V

+V

-V-V

electro-static 
quadrupole

 e
cp 2x,y, z  A20

1
2 x2  A02

1
2 y2  A20

1
2 x

2  y2   k 1
2 x

2  y2

real n=2 terms: 

R

more practical rendition: 4 round rods

r = R
homework?

g  Ex

x

V   1
2 R2g

electrode potential

field gradient

E x 
cp
e k x  g x

E y   cp
e k y  g y
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magnetic quadrupolemagnetic quadrupole

use imaginary term:  e
cp 2x,y, z  A11 xy  kxy

magnetic quadrupole:

x

y

ferromagnetic
surfaces

R

definition of k

cp
e k   

2
xy

 By

x  Bx

y

 Ex

x  Ey

y  g

g field gradient

xy   1
2 R2pole profile:
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magnetic quadrupole strength:

focal length: 1
f
 kq

quadrupole magnetquadrupole magnet

k  ce g
cp  ce g

Amc2Ekin 1

q : length of quadrupole

k  0. 299792458
g T/m

cp GeV
 310. 6209

g T/m

AEkinkeV 1

note: Aelectron 
1

1822.9

ke 
ege

Amc22

ge 
2V
R2

ke 
e

Ekin1
2V
R2

 2  104 eV
Ekin


1

1

R cm 2

electrostatic quadrupole
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quadrupolequadrupole--coilscoils

x

y

R

integration path

excitation
coil

   B
r

dA   B
r

ds  0  j dA

similar to bending magnet, integrate

 B
r

ds 

 1
2

gR2


0

R
Br
r

dr 

0  r


iron

B
r

dr 

0 Bydx


iron

0
By
r

dx  1
2 gR2

with r.h.s. 1
2 gR2  0Icoil

IcoilA 
1

20
gT/mRm2  39.789gT/mRcm2

total current per coil

for nt windings per coil, the power supply current is:

IpsA  IcoilA/n t
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photo of quadrupolephoto of quadrupole
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real quadrupole real quadrupole -- 11
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SolenoidSolenoid

Bz
j∆z

  Bda  0  j da

  Bda  B ds Bz z 0  j da 0 jz

Bz  0 j

BzT  4107 jA/m

integration path
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Equations of MotionEquations of Motion
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Equations of MotionEquations of Motion
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Equations of Motion Equations of Motion –– 11
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Equations of Motion Equations of Motion –– 22

x"k0  x0
2 x  01    k0  x0

2 x  k0x0x2

 1
2 m0x2  y2  . . .

y"k0x  k0 y  k0x0y2  m0 xy . . .

equations of motion up to 2nd order and horizontal deflection only:

x0
2 - terms occur for sector magnets only
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Hamiltonian Eq of M Hamiltonian Eq of M -- 11

Hamiltonian in curvilinear coordinates of beam dynamicsHamiltonian in curvilinear coordinates of beam dynamics

vector potential for bending magnet onlyvector potential for bending magnet only

K. R. K. R. SymonSymon: : e
cp Az1   x  1

2 
2x2 I don’t think this is correct!I don’t think this is correct!

should be: should be: e
cp Az1   1

2  x  1
2 

2x2

oror e
cp A z1  

1
2
x 1

2
2x2

1x   1
2 1  x

vector potential for common beam dynamicsvector potential for common beam dynamics

e
cp A z1   1

2 1  x  1
2 k x2  y2   1

6 mx3  3xy2 

Hx, px , y, py , z   eA z
cp0

h1    h2  h2x 2  h2y 2

  eA z
cp0

h1    h2  px
2  py

2 h  1  x
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Hamiltonian Eq of M Hamiltonian Eq of M -- 22

first Hamiltonian equationfirst Hamiltonian equation

second Hamiltonian equationsecond Hamiltonian equation

H
x

 1  xx" x2

  e
cp0

A z

x
1  x1    eA z

cp0
1     1  x2

e
cp
Az1

x   1
2   kx  1

2 mx2  y2 

x   H
px

  px

h2px
2
 x 

1x2
 x 

collect everythingcollect everything
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Hamiltonian Eq of M Hamiltonian Eq of M -- 33

 1  xx" x 2  1
2   kx  1

2 mx2  y2  1  x1  

 1
2 1  x  1

2 k x2  y2   1
6 mx3  3xy2 1  

  1  x 2

 1
2  

1
2 

2x  1
2  

1
2 

2x  kx  kx  kx2  1
2 mx2  y2 

 1
2  

1
2 

2x  1
2  

1
2 

2x   1
2 k x2  y2    1

2 x 2 . . .

x"k  2 x    k  2 x  1
2 mx2  y2  . . .

equation of motion:equation of motion:

y" ky  kx  1
2 mxy . . .

focusing of focusing of 
sector magnetsector magnet dispersiondispersion chromatic aberrationchromatic aberration
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Perturbation HamiltonianPerturbation Hamiltonian

H  1
2 k  

2x2  1
2 x2  x  1

2 k  
2 x2  1

6 mx3

formulating the Hamiltonian with perturbations:formulating the Hamiltonian with perturbations:

comparison with the equation of motioncomparison with the equation of motion

gives the more common form of the Hamiltoniangives the more common form of the Hamiltonian

x"k  2 x    k  2 x  1
2 mx2  y2  . . . pr,tzxryt

H  1
2 k  

2x2  1
2 x 2   pr,tzxrytdz
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Linear solutionLinear solution

x"k0x  0
y"k0x  0

linear equations of motion with k0  k0z

solution u  a z cosz  0

1
2 " 1

4 
2  2kz  1

z  
0

z d
  0

where

betatron phase

betatron function is solution of

betatron function z
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Basic Beam DynamicsBasic Beam Dynamics

x   ksx  Px, y, s

Px, y, s  1
   k x  1

2 mx2  y2   1
6 rx3  3xy2  . . . .

Use:  bending magnets, quadrupoles, sextupoles and octupoles

Equation of motion:

Perturbation terms:

dispersion chromatic
aberration

sextupole octupole

General solution: x  x  xo  x . . . . .
betatron oscillations

orbit distortion

dispersion function
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Basic Beam Dynamics (cont.)Basic Beam Dynamics (cont.)

x
  ksx  1

   1
 2  k x . . . where x  s

xo
  ksxo   1

  1
2 mxo

2. . . .

x
  ksx  k  m x  1

2 mx
2 . . . .

use uncoupled motion only:
orbit distortion: 

dispersion:

betatron oscillations:

chromatic aberrations,
natural chromaticity

chromaticity correction
by sextupoles

geometric 
aberrations
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Normalized CoordinatesNormalized Coordinates

n : order of perturbation
n  1 : dipole
n  2 : quadrupole, linear perturbation
n  3 : sextupole, quadratic terms
. . . . . . .

w  x


;    ds


Equation of motion:

normalized coordinates: (no coupling)

w  2w  0
23/2 1

    kw  1
2 

3/2mx2 . . .

 pnn 2n/2

0
n/2

wn1

x"kx  1
   kx  1

2 mx2  y2  . . . . Pp,qzxp1 yq1.
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Action Angle variablesAction Angle variables

action-angle variables
Liouville’s theorem
non-linear tune shift

goal:  find cyclic variablegoal:  find cyclic variable

constants of motionconstants of motion
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ActionAction--Angle Variables Angle Variables –– 11

G   1
2 0 w2 tan  

w, w ,  , J,

G
w  w  0w tan  

For oscillators use action-angle variables 

generating function:

G
  J   1

2
0w2

cos2
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ActionAction--Angle Variables Angle Variables -- 22

w  2J
 0

cos  

w   20J sin  

transformation equations:

Hamiltonian in action-angle variables: H  0 J
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Courant-Snyder Invariant

H
  0  J J  const .

H
J       0  const

J  1
2 0 u2  2uu   u 2   1

2 0

oscillation frequency is constant

go back to practical coordinates:

Courant-Snyder Invariant or emittance is a constant of motion 

J  1
2 0w2  1

2
w 2

0
const.

Liouville’s TheoremLiouville’s Theorem
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Hamiltonian in actionHamiltonian in action--angle variables angle variables –– 11

pk
0

2

k/2
 0

2 p k
k2

2
1
k

equation of motion in curvilinear coordinatesequation of motion in curvilinear coordinates

in normalized coordinatesin normalized coordinates

Hamiltonian in normalized coordinatesHamiltonian in normalized coordinates

withwith

in actionin action--angle coordinates while keeping only angle coordinates while keeping only n-th order perturbations:order perturbations:

H  0 J  pnJn/2 cosn  

H  1
2 w 2  1

2 0
2w2 

k2
pk

0

2

k/2
wk

w  0
2w  0

23/2Px, y, z  0
23/2

k2
p k

k1
2 wk1

x  kx  Px,y, z
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Hamiltonian in actionHamiltonian in action--angle variables angle variables –– 22

equation of motion gives oscillator frequency including the effeequation of motion gives oscillator frequency including the effects of perturbationscts of perturbations

H
J      0  n

2 pnJn/21 cosn  

H  0 J coordinate coordinate ψ is cyclic ! or J is constant of motion

recall unperturbed Hamiltonianrecall unperturbed Hamiltonian
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NonNon--linear tune shiftlinear tune shift

  0  n
2 pnJn/21 cosn  general expression for tune: general expression for tune: 

pn  
q

pnqeiqN

cosn  
|m |n

cnmeim
N : superperiodicity

perturbations are periodic with ϕ:

pn cosn  cn0pn0  
q0

0mn

2cnm pnq cosm  qNwith this 

H  0 J  cn0pn0 Jn/2  Jn/2 
q0

0mn

2cnm pnq cosm  qN
and Hamiltonian is
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Note !  a coherent tune shift for the whole beam exists only forNote !  a coherent tune shift for the whole beam exists only for n=2
forfor the tune shift is amplitude dependent and we get therefore a the tune shift is amplitude dependent and we get therefore a 
tune spread within the beamtune spread within the beam

General, nonlinear tune shiftGeneral, nonlinear tune shift

H  0 J  cn0pn0 Jn/2  Jn/2 
q0

0mn

2cnm pnq cosm  qN

mostly oscillatory termsmostly oscillatory terms

not all !not all !

what if what if m0  qN !!

n  3

third term on third term on r.h.sr.h.s. looks oscillatory and therefore ignorable ! ?. looks oscillatory and therefore ignorable ! ?
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ResonancesResonances

resonances
resonance patterns
3rd-order resonance
phase space motion
resonance extraction/injection
stop bands and stop band widths
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ResonancesResonances

H  0 J  cn0pn0 Jn/2  Jn/2 
q0

0mn

2cnm pnq cosm  qN

m r r  q N or with   0 : m r0  rN

look for slowly varying terms in 

H  0 J  cn0 pn0 Jn/2  Jn/2 
r

0mrn

2cnmr pnr cosm rr 

canonical transformation J, to J1,1

G1  J1   rN
mr 
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Resonances (cont.)Resonances (cont.)

0  rN
mr

H 1  0  rN
mr  J1  cn0 pn0 J1

n/2  p nr J1
n/2 cosm r1 

H 1  0 J1  n
cn0 pn0 J1

n/2 
n


r
0mrn

p nr J1
n/2 cosmr1 

resonance, when 

all resonances

consider only resonances of order n

Start with amplitude J0 and divide Hamiltonian by 2 cnmr pnr J0
n/2

is order of resonancemr

R  J
J0   R  R2  Rn/2 cosn1   const
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Resonances (cont.)Resonances (cont.)

  r

2 cnmr pnr J0
n/21

  c40 p40

2 cnmr pnr J0
n/22

detuning: 

tune spread parameter

resonance width

some Landau damping 
due to octupole field

on resonance ∆=0 and

R2  Rn/2 cos n  const
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features of resonance patterns

island

sfp

sfp

ufp

island

separatrix

∆=−6.0; Ω=1
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33rdrd Order Resonance PatternOrder Resonance Pattern
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Phase Space Motion in INDUS2Phase Space Motion in INDUS2

particle tracking

oscillation amplitude , mm
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Phase Space Motion in ALSPhase Space Motion in ALS

particle tracking

oscillation amplitude , mm
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FODO LatticeFODO Lattice

Betatron Functions

beta_x (red); beta_y (green); dispersion*10 (blue)

z-axis (m)
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ThirdThird--order Resonanceorder Resonance--II

H1  1/3 J 1 
p 3r J1

3/2 cos31

H1  ½1/3 0 w2  w 2

0
2  p 3r

 0
3/2

23/2
w3  3w w 2

 0
2

H 1  3
2 W0 w2  w 2

 0
2  w3  3w w 2

 0
2  1

2 W0
3

 w  1
2 W0 w  3 w

 0
 W0 w  3 w

 0
 W0

p 3r 0
2 /4 ½W0

3

Hamiltonian: 

use normalized coordinates:

divide by: and subtract 

equations of separatrices
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ThirdThird--order Resonanceorder Resonance--IIII

particle tracking

oscillation amplitude, mm
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Resonance ExtractionResonance Extraction

particle tracking

oscillation amplitude , mm
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Stop band widthStop band width

R   Rn/2 cos n1    1

n1  2

   Rn/21
R1   n

2   n
2

stop
n  2n |cnmr pnr|J0

n/21

we set W=0
next we follow two extreme particles starting at ψ1 =0 and ending at 
or starting at                  and going to
starting amplitude  R=1

n1   n1  3

solving both equations for ∆ we get stability for

and

total stop band width:

or  stop
n   n

2
0



n/21
x0

n2 
0

2
pn eirN d
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Stop Band Width Stop Band Width –– graphgraph

0.0 0.1 0.2 0.3 0.4 0.5 0.6

n=   5      4          3                     2

J0

ν

Ω=0

particles are unstable between boundaries of stop bands
(perturbation |2cnn pnr|=0.02)
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Hamiltonian and CouplingHamiltonian and Coupling
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Hamiltonian and Coupling Hamiltonian and Coupling –– 11

x  kx  psy

y  ky  psx

H  1
2 x2  1

2 y2  1
2 kx2  1

2 ky2  psxy

H  H0  H1 H1  psxy

us  cu u cosus  ,

u s   cu

u
uscosus    sinus  ,

us  2as u cosus  s,

u s  
2as

u
us cosus  s  sinus  s  

equations of linearly coupled motion

derived from Hamiltonian

where perturbation Hamiltonian is 

uncoupled 
solution

variation of integration constants:
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Hamiltonian and Coupling Hamiltonian and Coupling –– 22

new variables u,u   ,a

are they canonical?

H
u

 H0

u
 H1

u 
 du

ds
 u

s  u
a

a
s  u



s

H
u  H0

u  H1

u   du

ds
  us 

u 
a

a
s 

u 



s

coordinates (a,φ) are indeed canonical and

for uncoupled oscillatorfor uncoupled oscillator andand   consta  const
oror u

s  H0

u
u
s   H0

u
andand

 H1

   H1

u
u
 

H1

u
u
  a

s  da

ds

H1

a  H1

u
u
a  H1

u
u
a  

s  d

ds
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Hamiltonian and Coupling Hamiltonian and Coupling –– 33

us  2as u cosus  s,

u s  
2as

u
us cosus  s  sinus  s  

are canonical transformations

insert into perturbation Hamiltonian gives

H1  2ps xy axay cosx  xcosy  y 

and with cosu  u  1
2 e

iuu  e
iuu

H1  1
2 ps xy axay lx ,ly

e
ilx xx lyyy

with ps  k sand a coupling term likelx, ly  1
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Hamiltonian and Coupling Hamiltonian and Coupling –– 44

H1  1
2 

lx ,ly

ps xy e
ilx xlyylx0xly0y

 axay e
ilx0xxly0y ylxxlyy .

A  ps xy e
ilxxlyylx0xly0y

separate slow and fast varying terms

factors periodic with lattice:

L
2 A  

q
qlx ly e

iqN
Fourier expand

and define coupling coefficient

qlxly  1
2 0

2 L
2 AeiqN

d

 1
2 0

L
xy k se

i lxxlyylx0xly0yqN2 s
L ds.

N superperiodicity
L circumference
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Hamiltonian and Coupling Hamiltonian and Coupling –– 55

ql  1
2 0

L
xy k se

i xly0xl0yqN2 s
L ds

or with or with l  1 the coupling coefficient isthe coupling coefficient is

the coupling Hamiltonian becomes nowthe coupling Hamiltonian becomes now

  0x  l0y  qN   2
L

H  2
L H1  q

ql axay cosx  ly  

withwith and the new independent variableand the new independent variable

we keep only slowly varying terms we keep only slowly varying terms q=r : : rN  0x  l0y oror r  0

ai, i  ãi, ione more canonical transformation: one more canonical transformation: 

from generating functionfrom generating function G  ãx x  1
2 r   ãy y  l 1

2 r 
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Hamiltonian and Coupling Hamiltonian and Coupling –– 66

 x  G
ãx

 x  1
2 r  , ax  G

 x
 ãx ,

 y  G
ãy

 y  1
2 r , ay  G

 x
 ãy ,

ax

  
Hr

 x
  rl axay sin x  l y  ,

ay

  
Hr

 y
 l rl axay sin x  l y  ,

 x



Hr

ax
 1

2 r  rl
ay
ax

cos x  l y  ,

 y

 
Hr

ay
 l 1

2 r  rl
ax
ay

cos x  l y  .

new variablesnew variables

Hr  H  G
  1

2 rax  l ay   rl axay cos x  l y 

resonance Hamiltonian:resonance Hamiltonian:

equations of motion:equations of motion:

l  1

l  1

sum resonancesum resonance

difference resonancedifference resonance
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Linear difference and sum resonanceLinear difference and sum resonance

l  1 andand d

d
ax  ay   0

au  u x  y  constsincesince it follows thatit follows that

no loss of beam!no loss of beam!

stop band widthstop band width

x  y  mrN

I,II  x,y  1
2 r  1

2 r
2  2

for sum resonancefor sum resonance d

d
ax  ay   0 or  or  x  y  const

beam size can grow indefinitely, leading to beam loss !beam size can grow indefinitely, leading to beam loss !

stability criterion: stability criterion: r  
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Beam FilamentationBeam Filamentation
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Filamentation Filamentation --11

phase space motion under the influence of nonphase space motion under the influence of non--linear termslinear terms

J  1
2 0w2  1

2
w 2

0
action for unperturbed motionaction for unperturbed motion

variation of action:variation of action: Jx  x0ww  1
x0

w w  1
x0

w w
Jy  y0vv  1

y0
vv  1

y0
vv

w  x0 x
1
2 mx2  y2

v  y0 y mxy

Jx m
4

2Jxx
x0

Jxx  2Jy y
x
y

sinx  Jxx sin3x

Jyy
x
y
sinx  2y  sinx  2y

Jy m
2

2Jxx
x0

Jyysinx  2y  sinx  2y

withwith w  v  0 andand

increase of action due to one sextupoleincrease of action due to one sextupole
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Filamentation Filamentation –– 22

now we need to sum over all sextupoles and over all turnsnow we need to sum over all sextupoles and over all turns
from these expressions we can evaluate from these expressions we can evaluate 
the variation of the action (beam emittance) the variation of the action (beam emittance) 

for the moment we assume that there is only one sextupolefor the moment we assume that there is only one sextupole


n0
 sinxj  2x0n  2yj  2y0n

summation over turns summation over turns n gives sums like

xj,yj are the phases at sextupole locations are the phases at sextupole locations j 

Im ei xj2yj
n0
 ei2x02y0n  Im eixj2yj

1ei2x02y0

Im eixj2yj

1ei2x02y0
 cosxjx02yjy0

2 sinx02y0

x0  2y0  presonance ifresonance if ( ( p integer)integer)
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Filamentation Filamentation –– 33

there are 4 resonant terms: there are 4 resonant terms: x0 p1

3x0 p3

x02y0p3

x02 y0p4

Jx,x2y  j

mj j

4

2Jxxj

xo
Jyyj

x
y

sinxj  2yj

summation over all sextupolessummation over all sextupoles

to minimize perturbations and emittance dilution distribute sextto minimize perturbations and emittance dilution distribute sextupoles suchupoles such
that certain harmonics are minimized:that certain harmonics are minimized:
harmonic correction :harmonic correction :

j mj jx
1/2yei xj2yj  0

j mj jx
1/2yei xj2yj  0

 j mj jx
3/2eixj  0

j mj jx
3/2ei3xj  0

j mj jx
1/2yei xj  0

andand
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Filamentation Filamentation –– graphsgraphs

Filamentation of phase space after passage through an increasingFilamentation of phase space after passage through an increasing
number of FODO cellsnumber of FODO cells
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VlasovVlasov EquationEquation
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Beam Motion in Phase SpaceBeam Motion in Phase Space

PP44

PP11

PP33

PP22

QQ44

QQ11

QQ22

QQ33

∆∆ww

∆∆pp

ww

pp

r,p, t0 

r,p, t
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Phase space motionPhase space motion

start at:start at:

motion:motion:
w  f w,p, t
p  g w,p, t

t  t0  tat timeat time
Q1w  f0t, p  g0t

Q4w  f0t,p  p  gw  w,p  p, t0 t

Q3w  w  fw  w,p  p, t0t,p  p  gw  w,p  p, t0t

Q2w  w  fw  w,p, t0t, p  g0t

P4w,p  p

P1w,p P3w  w,p  p

P2w  w,p
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WronskianWronskian

conservation of particlesconservation of particles
w,p, tAQ  w0,p0, t0 AP

A :phase space area:phase space area

AP  |p1,p2 |  wp

AQ  |q1, q2 | 
w  f

w wt f
p pt

g
w wt p  g

p pt
 wp 1  f

w  g
p t

1  f
w  g

p t Wronskian of systemWronskian of system
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Vlasov EquationVlasov Equation

w  f0t,p  g0t, t0  t 1  f
w  g

p t  w0,p0, t0 


0


w f0t 


p g0t 


t t 1  f

w  g
p t  

0

use Taylor expansion:use Taylor expansion:

and keep only linear termsand keep only linear terms

Vlasov equationVlasov equation

t  f


w  g


p   f

w  g
p 

0

f
w  g

p damping !damping ! f
w  g

p  0ifif

d
dt



t  f


w  g


p  0 Liouville’s TheoremLiouville’s Theorem
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VE VE –– exampleexample--11

harmonic oscillator harmonic oscillator 
in normalized coordinatesin normalized coordinates

w  2w  0 w
  w  0oror

with momentum:with momentum: p  w


f  w  p

g  p  w

f
w  0
g
p  0

no damping !   andno damping !   and


  p


w  w


p  0Vlasov equation isVlasov equation is

w  x


;    ds
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VE VE –– exampleexample--1 cont.1 cont.


  p


w  w


p  0

with coordinate transformationwith coordinate transformation
w  rcos

p  rsin


  


  0we getwe get

with solutionwith solution w,p,  Fr,  

any function of any function of r and           is a solutionand           is a solution  

arbitrary particle distribution rotates with frequency arbitrary particle distribution rotates with frequency ν
in phase spacein phase space
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VE VE –– exampleexample--1 cont.1 cont.

amplitude amplitude r of particle is a constant of motion of particle is a constant of motion 

r2  w2  p2  const.

w  x


p   x   x


 x2  2xx  x2 const.

Courant Courant –– Snyder InvariantSnyder Invariant
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β and ∆k are periodic functions in a circular ring and the lowest order 

Fourier component is:

tune shifttune shift

w  0
2w  0

2
3
2 

n0

pn
n
2 wnequation of motion equation of motion 

with perturbation terms:with perturbation terms:

first, use only first, use only n=1 or quadrupole terms : p1  k

w  0
2w  0

22kw w  0
21  2kw  0oror

w  0 1  2k p

p  0 1  2k w
  0 1  2k  0 1  1

2 
2k

tune shift due to quadrupole field error: tune shift due to quadrupole field error:   0
1
2 

2k

  0
1
2 

2k
0
 0

4 2kd  1
4 kds

tune shift due to quadrupole field error: tune shift due to quadrupole field error:   1
4 kds
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tune spreadtune spread

w  0
2w  0

2
3
2 

n0

pn
n
2 wngeneral perturbation terms:general perturbation terms:

with same procedure we find tune shifts/spread given by:with same procedure we find tune shifts/spread given by:

  0 1  3/2
n0

pnn/2wn1

for small oscillation amplitudes:for small oscillation amplitudes:

and tune variation is:and tune variation is:

w  w0 sin  

note! tune variation is amplitude dependent for note! tune variation is amplitude dependent for n > 1

   1
4 

n0

 pn n1 w0
n1 sinn10s  ds



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 152

Damping Damping -- 11

w  2ww  0
2w  0 w  fw  0pw

p w  gw  0w  2wpw

consider damped harmonic oscillatorconsider damped harmonic oscillator

oror


t  f


w  g


p   f

w  g
p 

0
Vlasov equation Vlasov equation 

becomes:becomes: 
t  0pw


w  0w  2wpw


p  2w

for weak damping we try the solution of a damped harmonic oscillfor weak damping we try the solution of a damped harmonic oscillator:ator:

w  w0e
wt

cos 0
2  w

2 t  re
wt

cos
0pwww

0
2w

2
 w0e

wt
sin 0

2  w
2 t  re

wt
sin
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Damping Damping –– 22

re
2wt  w2  pw

2  2 w
0

wpw

keeping only linear damping terms, we get a quasi invariant: keeping only linear damping terms, we get a quasi invariant: 

solution for the phase space density is nowsolution for the phase space density is now

    0
2  w

2 twithwith andand an arbitrary function of an arbitrary function of r and φFr,

w, pw, t  e2wt Fr,
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adiabatic dampingadiabatic damping

consider particle dynamics within a bunchconsider particle dynamics within a bunch
distance of a particle from bunch center be  distance of a particle from bunch center be  w=τ

pw    E  Esconjugate momentumconjugate momentum

g    1
T

e V rf s  

f    1
22


Es

damping ?damping ?

f      c2 
Es

g    1
T
eV rfs    UEs   linaclinac

f
w  g

p   2w  0 no ?  where did adiabatic damping go ?no ?  where did adiabatic damping go ?

must consider relative energy spreadmust consider relative energy spread pw  
Es

 EEs

Es
 

g  d

dt


Es



E

s
 

E
0

t    Ė
Es

f
w  g

p   Ė
Es

  2w   2 1


d

dt

 d
  ln 

0
  1

2
 Ė

Es
dt   1

2 ln Es

Eo

oror   0
E0

E0Ė t
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longitudinal damping longitudinal damping 

f    1
22


Es

g    1
T
eVrfs    UEs  

eVrfs   eVrfs  e
Vrf


,

UE s    UEs  UE Es

.
Taylor expansionTaylor expansion   1

T eV rfs  U
E Es



   1
2

1
T
U
Edamping decrementdamping decrement

U  1
c Pd

integrate along integrate along 
actual pathactual path

U
E Es

 Us

Es
2    


L
 1

3
2 k

 ds


L

1

2
ds

withwith

   Us

2TEs
2    Us

2TEs
J 

P
2Es

Jdamping decrementdamping decrement
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vertical dampingvertical damping

zz

cpcpyy

y0


y1


Prft

Es  PrftEs

accelerating cavityaccelerating cavity

y0
  cp

Es

y1
  cp

EsP
s
c
 cp

Es
1  P

Es

s
c

f  w
  y1y0

y 
 y0



y

s
   y y0



g  p
 

dw1
d


dw0
d

 
 y

P
cEs

syo
 Fy



s
c  Trev

2

g
p   g

 dw

d

  P

Es

Trev

2  2y
Trev

2

y 
P
2Es
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Robinson Criterion Robinson Criterion –– 11

33--dim Vlasov equationdim Vlasov equation 
t  fr  gp   rf  pg

total damping decrementtotal damping decrement rf  pg   2x  y  

we observe particle trajectory along segment we observe particle trajectory along segment ∆s includingincluding synchrotron synchrotron 
radiation and acceleration in rfradiation and acceleration in rf--cavitycavity

x x0  x0
 s,

y y0  y0
 s,

 0  c
0

Es

s
c

.

x x0
 

Prf

Es

s
c

x0
 ,

y y0
 

Prf

Es

s
c

y0
 .

  0  P
s
c

 Prf
s
c

f  r c x0
 ,y0

 ,c

Es

g  p   Prf

Es
x0
 , Prf

Es
y0
 ,P  Prf
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Robinson Criterion Robinson Criterion –– 22

rf  0f  r c x0
 ,y0

 ,c

Es

g  p   Prf

Es
x0
 , Prf

Es
y0
 ,P  Prf pg   Prf

Es
 Prf

Es
 2

P

Es
 4

P

Es

rf  pg   2x  y    4
P

Es

x 
P

2Es
1  horizontal damping decrementhorizontal damping decrement
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Damping timesDamping times

x  P
2Es

1    P 
2Es

Jx

y  P 
2Es

 P 
2Es

Jy

  P
2Es

2    P 
2Es

J

damping partition numbers: damping partition numbers: 
J 2  ,

Jy 1,

Jx 1  
 Ji  4oror

 


L
 1

3
2 k

 ds


L

1

2
ds

P   2
3 rccmc24 1

2
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FokkerFokker--Planck equationPlanck equation
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statistical processesstatistical processes

Vlasov equation includes only differentiable functions, but no sVlasov equation includes only differentiable functions, but no statistical processestatistical processes
we introduce the modification:we introduce the modification:

w  fww, pw, t   i t  ti

p w gww,pw, t   i t  ti

where where  i andand  i are statistical processes occurring at timesare statistical processes occurring at times t  ti

wi   it  tidt   i,

pwi   it  tidt   i.

look at evolution of phase spacelook at evolution of phase space

w  fwt, pw  gwt, t  tAQ

 AP 









w  , pw  , tPwPpdd.

Pw,Pp are the probabilities that amplitude              or momentumare the probabilities that amplitude              or momentumw   pw  
w or pwbe changed by a statistical process to become be changed by a statistical process to become 
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Evolution of phase spaceEvolution of phase space

w  , pw  , t 

o   o

w
  o

pw
 1

2
2 2o

w2
 1

2
2 2o

pw
2

  
2o

wpw
,

statistical processes can change amplitude and momentum by arbitstatistical processes can change amplitude and momentum by arbitrary large rary large 
values, probability is large only for small changesvalues, probability is large only for small changes

quadratic Taylor’s expansionquadratic Taylor’s expansion

 w  , pw  , tPwPpdd 

o  1
2
2o

w2  2Pwd  1
2
2o

pw
2  2Ppd.

andand

with with N N statistical processes per unit time:statistical processes per unit time:
1
2
 2Pwd  1

2 N2 t

1
2
2Ppd  1

2 N2 t
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Fokker Fokker -- Planck equationPlanck equation

o

t  fw
o

w  gw
o

pw


 fw

w

gw

pw
o  1

2
N2  

2o

w2
 1

2
N2  

2o

pw
2

.

D 1
2 N2 ,

D 1
2 N2 ,

similar to derivation similar to derivation 
of Vlasov equation of Vlasov equation 
we getwe get

with diffusion with diffusion 
coefficientscoefficients


t  fw


w  gw


pw

 2 w   D 
2
w2

 D 
2
pw

2

we get the general we get the general Fokker Fokker -- Planck equationPlanck equation

or for damped oscillatoror for damped oscillator


t  0pw


w  0w  2wpw pw

 2w  D
2
w2

 D
2
pw

2
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Solution of FSolution of F--P equation P equation -- 11

w,pw  r,use cylindrical coordinatesuse cylindrical coordinates withwith w  rcos
pw  rsin

define total diffusiondefine total diffusion D  1
2 D  D


t  2w  wr  D

r 

r  D 2

r2

r, t  
n

FntGnrtry separation of variablestry separation of variables

F nGn  2wFnGn  wr  D
r FnGn

  DFnGn


F n

Fn
 2w  wr  D

r 
Gn


Gn
 D Gn



Gn
 n

Fnt  const. ent

r, t  
n0

cnGnrent
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Solution of FSolution of F--P equation P equation -- 22

or, t  0  
n0

cnGnorinitial particle distribution:initial particle distribution:

2Gn

r2
  1

r  w

D r Gn

r  w

D 2  n
w
Gn  0

assume a wall at  assume a wall at  r  R
all terms with all terms with n  0 vanish after a while because of dampingvanish after a while because of damping

n  0 define instabilities which we do not consider heredefine instabilities which we do not consider here

n  0for stationary solution only terms with  for stationary solution only terms with  contributecontribute

r, t  
n0
n0

cnGnr  exp  w

2D r2

for for R  

solution is a Gaussian:solution is a Gaussian:

with standard widthwith standard width r  D
w r  1

2 r
e
r2/2r

2

andand
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Solution of FSolution of F--P equation P equation -- 33

distribution in distribution in w, pw r2  w2  pw
2

w,pw  1
2wpw

ew2/2w
2
epw

2 /2pw
2

w  pw  D
wspace with space with andand

one step more to real space:one step more to real space:

u,u  exp  uu2uuuuu2

2w
2

u  u w
u  x or u  y

pw  w
  u u   u



u
u

integrating over all integrating over all u’ , for example, gives with 

the spatial particle distribution:

 ep2x2qxdx  
p eq2/4p2

u  1
2 u w

eu2/2u
2

withwith u   w   1
2
uDu
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finite aperture finite aperture 

Gaussian is infinitely wide, but real vacuum chamber is not !Gaussian is infinitely wide, but real vacuum chamber is not !
Gaussian tails get cut offGaussian tails get cut off

cutting off the tails will not alter core particle distribution cutting off the tails will not alter core particle distribution muchmuch

try try r, t  e
w
2D

r2
gret with with A, t  0 at apertureat aperture

g   1
r  r

2
g  

w2
g  0

gr  1  
k1

Ck xk x  r2

22withwith

Ck  1
k!2 p1

pkp  1  X   k1!

k!2
X

lifetimelifetime   1/ due to limited Gaussiandue to limited Gaussian

gr  1  
2w


k1
1

kk!
xk  1  

2w

ex

x forfor x  A2

22
 1
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quantum lifetimequantum lifetime

x  A2

22
 1

A  7  8

7w

gA  0imposing conditionimposing condition

we get fromwe get from withwithgr  1  
2w

ex

x  0

quantum lifetime withquantum lifetime with

q 1
2 w

ex

x

q  1/

for good lifetime, apertures should be 7for good lifetime, apertures should be 7--8 sigma’s:8 sigma’s:

x  24.5 e x/x  1. 8  109

8w x  32 e x/x  2. 47  1012

  10h

  10, 000h
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no dampingno damping

2Gn

r2
  1

r  w

D
r Gn

r  w

D
2  n

w
Gn  0

2Gn

r2
 1

r
Gn

r  n

D
Gn  0

w  0

consider very high energy electron beam lines (linear collider fconsider very high energy electron beam lines (linear collider final focus lines)inal focus lines)
we have potential synchrotron radiation, but no acceleration in we have potential synchrotron radiation, but no acceleration in rfrf--cavitiescavities

nr, t  cnGnrent Gnr  er2/2o
2

n  2D

o
2
 D

o
4

r2

r, t  Aexp  2D
o

2
t exp  r2

2o
2

1  2D
o

2
t

2t  o
2

1 2D

o
2

t
 o

2 1  2D

o
2

t

look for solutionslook for solutions withwith t  0  0andand

andand

particle distribution is an expanding Gaussianparticle distribution is an expanding Gaussian

2  u
2  uu

withwith
we find a beam emittance increasing linearly with timewe find a beam emittance increasing linearly with time

u  u0  2D
u

t at a rateat a rate d
dt
 2D

  1
 (D D)
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Diffusion Coefficient Diffusion Coefficient 

particles with different energies travel along different paths:particles with different energies travel along different paths:
x  s cp1cp0

cp0

w     s

x


Eo

w     x  s

Eo
 x

x
s 

Eo

emission of a photon :emission of a photon :


negative signs negative signs 
because of because of 
energy lossenergy loss

emission of photon occurs emission of photon occurs N  N  N per unit time, andper unit time, and

2  2  
Eo

2 2

x
  x    x

x
2  

Eo

2H

D  1
2
N 2  2s  1

2 Eo
2
N 2Hztotal diffusion coefficient:total diffusion coefficient:
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Photon EmissionPhoton Emission

dn
d

 1


dP
d

 P

c
2

9 3
8





K5/3xdx

emission probability of photon with energyemission probability of photon with energy

  / cwithwith

total photon fluxtotal photon flux N  P

c

9 3
8

0








K5/3xdxd  15 3
8

P

c

N2  2 
0



2 nd  9 3 P c

8

0



2 




K5/3xdx d  55

24 3
Pcphoton energyphoton energy

D  1
2
N 2  2  s  55

48 3

P cH s

E0
2

total diffusion total diffusion 
coefficientcoefficient

P  2
3

rcmc2 c4

2

 c 
3
2
c 3



withwith D  55

48 3

rc c

mc2
c5 H

3
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Equilibrium emittancesEquilibrium emittances

u   w   1
2
uDu

D  55

48 3

rc c

mc2
c5 H

3

horizontal equilibrium beam emittancehorizontal equilibrium beam emittance

x 
x

2

x
 Cq

2 H/ 3 
z

Jx1/2
z

vertical emittance seems to vanish because vertical emittance seems to vanish because H  0 ! ?! ?

in this case, we cannot ignore anymore recoil from photon emissiin this case, we cannot ignore anymore recoil from photon emissionon

photons are emitted within rms angle  photons are emitted within rms angle  1/ y  1



E0

andand y  0

Cq  55
32 3

c
mc2

 3.84  1013 mwithwith

2  0 ,

2  y
1
2


E0

2
.

(if               )(if               )y  0

y  Cq
y/|3 |s
Jy 1/2s

 10
13

m
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Energy spread and bunch length Energy spread and bunch length –– 11

longitudinal dynamics is expresses by the coordinates:longitudinal dynamics is expresses by the coordinates:

p  
E0

c  1
2  c

τ

momentum compactionmomentum compaction

synchrotron oscillation frequencysynchrotron oscillation frequency

in circular accelerator in circular accelerator 

s
2  0

2  cheV0 coss

2E0

p  
E0

 1
T0E0

e t Vs   
U
   sw  2p

w   s
c


  c


E0
w  sp

f  w  sp
g  p  sw  2p

expressions are similar expressions are similar 
to transverse caseto transverse case


E0

 1
2 D
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Energy spread and bunch length Energy spread and bunch length -- 22

  0photon emission does not change positionphoton emission does not change position

  /E0

similar to transverse case withsimilar to transverse case withH  0

D  1
2 N 2  2  s  55

48 3

P c  s

E0
2

2

E0
2
 Cq 2 | 1/3 |s

J 1/2s

equilibrium equilibrium 
energy spreadenergy spread

bunch length from energy spread:bunch length from energy spread: s 
|c |
s


E0

s
2  0

2  cheV0 coss

2E0
with synchrotron frequencywith synchrotron frequency

s
2  2Cq

mc2 2

c Eo
3 R2

J h e

Vo cos s

 | 1/3 | s
1 /2 s

bunch lengthbunch length
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ParticleParticle--Photon InteractionPhoton Interaction

particle-photon interaction
Cherenkov radiation
Compton effect
Poynting vector
energy transmission
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Photon Absorption and EmissionPhoton Absorption and Emission
electron photon

energy, E/mc2

momentum, cp/mc2

we plot energy vs momentum for both electron and photon:
dispersion relation 

for electron:
for photon:

Compton wavelength:

2  2  1

/mc2



mc2

 k
mc  ck

k/mc

γ

βγ
photon

particle

a.)

c  3.86 1013m

Spontaneous emission or absorption 
in vacuum violates 
energy and/or momentum conservation
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EE--cp graphcp graph

γ

βγ
photon

particle

γ

βγ
photon

particle

∆βγ

∆βγ=∆γ

∆γ

a.) b.)

photon emission

photon creation

∆γ=∆βγ
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Cherenkov RadiationCherenkov Radiation

consider medium with refractive index: n > 1
c      c/n
from phase of EM wave:
we get 
and phase velocity: 

with: 

  t  k z
    k v

v  
k
 c

n

E  ,  c
n k, and p  k

γ

βγ
photon

particle

∆βγ

∆βγ>∆γ

∆γ

photon emission

photon creation

∆γ<∆βγ n > 1

β < 1

a.)

dE
dcp

 dE
d

d
dk

dk
dcp

  c
n

1
c  1

n  1
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Cherenkov ConditionCherenkov Condition

energy conservation: p      1
n p

n cos   1

from symmetry:

  p  p cos  .

p  0
momentum conservation:

θ

Cherenkov angle, θ

An electron can spontaneously emit photons 
in a material environment where n>1
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But, SR But, SR isis emitted in vacuum !??emitted in vacuum !??

To meet momentum conservation we need  3 body event

Compton Effect:
electron absorbs photon then emits another photon

γ

βγ
photon

particle

photon absorption

photon emission

photon creation

photon absorption

Incoming photon can be:
static electric fields
static magnetic fields
EM field, laser
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Examples of Cherenkov/Compton EffectsExamples of Cherenkov/Compton Effects

Cherenkov Effect
Cherenkov Radiation
Particle Acceleration

Compton Effect
Synchrotron Radiation
Undulator/wiggler Radiation
Free Electron Laser
Thomson Scattering
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Energy ConservationEnergy Conservation
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Poynting VectorPoynting Vector

Poynting Vector:

change of

field energy

d
dt
 u dV 

particle energy

loss or gain

 jE dV 

radiation loss through

closed surface s

Snds  0

S  c
4
E  B

radiation per unit surface area

Sn
SE
SB
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EM Field VectorsEM Field Vectors

from Maxwell’s equation:   E  1
c

dB
dt
 0

EM waves: E  E0eitknr

B  B0eitknr

iknr  E  1
c iB  0

nr  nxx  nyy  nzz  nx ,ny,nz  n

n  E  B EB

S 40  c
4 E2 n
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ExamplesExamples

1.) crossed static electric and magnetic field
: no radiation

2.) charge at rest:

nSds  c
4
E  BdV  0

E  0
B  0 S  0

3.) charge in uniform motion:

in charge rest frame:  see 2.)

Lorentz transformation to lab system:

z*
x*

z
x
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uniformly moving chargeuniformly moving charge

E E 2

1
E

B    E

Lorentz transformation 
of fields:

  0,0,
E0
B0

S  c
4 40 Ex

Ez
 ,Ey

Ez
,2Ex

2  Ey
2 

Ex  Ex
 Bx  Ey



Ey  Ey
 By  Ex



Ez  Ez
 Bz  0
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Energy transmissionEnergy transmission

moving line charge, current:

this “radiation” is confined to vicinity of electric current

Ex,y
  q

r ; Ez
  0

S  c
4 40  0, 0, 2 q2

r2

responsible for transmission of electrical energy
along wires
transmission lines

j

Ex,y


Ez
  0

S Sz  2Ex
2  Ey

2 

resistor

j Ez
  0

B


S  0, 0, 0
losses
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Synchrotron RadiationSynchrotron Radiation
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Accelerated ChargesAccelerated Charges

charge moving uniformly at velocity β

electric field lines

β0
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acceleration causes
perturbation of 
electric field lines Ez

because c is finite

motion of charge
generates current

mag. field Bj

• reference system continues to move with velocity β
• accelerate charge for a time ∆T

Longitudinal accelerationLongitudinal acceleration
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acceleration

magnetic field, Bϕ
long electrical
field, Ez

Poynting vector, S

electrical field
lines

c∆T

charge, q > 0

z

Transverse accelerationTransverse acceleration
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Poynting vectorPoynting vector

Poynting Vector Ex

Bϕ

SrSr

Ex

E  = Ex cos θ
n

θ z

observer
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Poynting vectorPoynting vector

S = c
4π

[E × B]

B = n × E
S = c

4π
|E |2 n = c

4π
|E|2 cos2 θ n

x

z

θ

radiation lobe

acceleration
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Electric fieldElectric field

formulate expression for field:

quantities available:
q: charge
a: acceleration
r: distance from source

E ∝ q a 1
r

all radiation within spherical layer of thickness c∆T
total radiation energy is constant, ~ E2V
V ~ r2 E ~ 1/r
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Expression for Poynting vectorExpression for Poynting vector

with correct dimensions, 
radiation field becomes: E = − qa

c2r

S = c
4π

qa

c2r

2
cos2 θ n = e2 a 2

4πc3r2
cos2 θ n

Poynting vector:

radiation power in electron system:

P = S∗n∗ dσ = 2
3

e2

c β ∗2

(use * for electron reference system)
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Radiation powerRadiation power

radiation power in electron system

in laboratory system?

P∗ = 2
3

e2

c β∗2
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ã2 = γ 6 a2 − [β × a]2 = ã∗2

44--accelerationacceleration

recall invariance properties of 4recall invariance properties of 4--vectors !vectors !

evaluate 4evaluate 4--acceleration in particle system:acceleration in particle system:

β = 0β = 0 and  and  γ = 1γ = 1

ã2  a2
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P∗ = 2
3

e2a ∗2

c3
= 2

3
e2

c3
γ 6 a2 − [β × a]2 = P

parallel vs transverse acceleration

a = a + a a is to β
a is to β

a2 − [β × a]2 = a
2 + a2 − β2 a2

P = 2
3

e2

c γ 6 β 2

P = 2
3

e2

c γ 4 β 2

Radiation power in lab systemRadiation power in lab system
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Radiation power contRadiation power cont..
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transverse acceleration:

dγ = 0 dcp=γmc2 dβ 

radiation power for transverse acceleration:

P = 2
3

e2

c γ 4 1

γ 2 mc 2 2

dcp
dt 

2
= 2

3
rc

mc 3
γ 2 dcp

dt 

2

Radiation Power transverse accelerationRadiation Power transverse acceleration
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dcp
dt

= [c]ecβB

instantaneous radiation power from one electron

P = cC γ

2π
E 4

ρ2
with

C γ = 4π
3

rc

mc 2 3
= 8. 85  10−5 m

GeV3

F = dp
dt

= γ m v2

ρ = [c]eβB

Final radiation powerFinal radiation power
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Lorentz force from magnetic fields

centrifugal force = Lorentz force

γ m v2

ρ = [c] e
c vB

vB

1
ρ m−1 = [c] eB

βE
= 0. 3 B(T )

E(GeV)
bending radius:

B

Transverse accelerationTransverse acceleration
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do protons radiate?

energy loss per turn:

∆E = Pγ dt = C γ
E 4

ρ2

avg. radiation power (isomagnetic ring)

P γ = ∆E  I
e = C γ

E 4

ρ I

I circulating current

!
P p

P e
= m e

m p
4 ≈ 10−13

Energy lossEnergy loss
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Synchrotron Light SourceSynchrotron Light Source
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wiggler magnet

bending
magnet

undulator
storage ring

e-

Synchrotron light source Synchrotron light source -- schematicschematic
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x

z

doughnutdoughnut
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y
x

θ φ

z
to observer

particle path
direction of 
acceleration

Transformation of doughnut to lab. systemTransformation of doughnut to lab. system
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← e-

Radiation swathRadiation swath
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insertion straight
section

bending magnet
beam lines

injection system

CAMDCAMD
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PGeV/sec  cC

2
E 4GeV

2m

C  4
3

r c

mc 23
 8. 8575  105 m/GeV3

Uo  Pdt  Pds/c

UoGeV  C
E 4GeV
m

synchrotron radiation power

energy loss per turn

Radiation effectsRadiation effects
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P1Po

e-
e-

±1/γ

±1/γ

2/γ⇒

δt

Synchrotron radiation spectrumSynchrotron radiation spectrum

t 
2 sin 1


c

te 
2
c

t  te  t 
2
c 

2 sin 1


c

max  
t 

3
4

c 3



c  3
2

c 3


critical photon 
frequency/energy
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N ph  C E2 I 


2

c
2

K2/3
2 F,

Spectral and spatial photon flux:

C  3
42 e mc22

 1. 3255  1022 photons

secrad2 GeV2 A

  1
2


 c
1  223/2

F,  1  222 1  22

122

K1/3
2 

K2/3
2 

θ: vertical observation angle
ψ: horizontal observation angle

Differential photon fluxDifferential photon flux



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 213

dN ph

d
 C E I 

 S 
c 

C  4
9 e mc2

 3. 9614  1019 photons
sec radAGeV

S/c 
9 3
8


c


/c



K5/3xdx

Angle integrated photon fluxAngle integrated photon flux
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0.0001 0.001 0.01 0.1 1 x = ω/ωc

0.001

0.01

0.1

1

S(
ω

/ω
c 

) ≈0.777 x1/2⁄ ex

≈1.333 x1/3

Universal functionUniversal function
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σσ−−π π IntensityIntensity
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σ-mode radiation

σσ--modemode
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σσ−−mode (magnified)mode (magnified)
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π-mode radiation

ππ--modemode
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Compare Compare σσ−−π π mode radiationmode radiation
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relative photon flux for σ− and π-mode radiation

σ σ −− ππ modemode
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Coherent RadiationCoherent Radiation
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Spatial coherenceSpatial coherence
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Fraunhofer diffraction integralFraunhofer diffraction integral

UP  C 
0

a 
0

2
expikwcos  dd

Fraunhofer diffraction integral:
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solution of Fraunhofer integralsolution of Fraunhofer integral

     J0x  1
2


0

2
expix cosd

UP  2C 
0

a
J0kwd


0

x
J0yy dy  x J1x

IP  I0
4J1

2kw

kw2

I0  Iw  0

we set and get with

J0x 0th- order Bessel’s function

with and   I(P) =U2(P)

x10
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Gaussian sourceGaussian source

UGP  C 
0


exp  2

2r
2

J0kwd

x  

2r
kw  2 x kr w  2x z

UGP  C 
0


ex2

x J02x z  dx  Cexp  1
2
kr w2

for Gaussian source distribution:

with and

no ring structure !

Gaussian distribution with w  r 
1

kr

rr 

2

diffraction limited source emittance
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diffraction limited source emittancediffraction limited source emittance

rr 

2 x,yx ,y 


4

electron beam with emittance 

x  
4

y  
4

is source of spatially coherent radiation 

for wavelengths λ and longer
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Temporal coherenceTemporal coherence
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coherent radiation coherent radiation -- 11

temporal coherence properties of radiation depends on the 
temporal distribution of electrons
each electron emits a field at frequency ω given by:

total radiation field is: 

Ei  E0 eiti

 i 0

E  
i

E0 eiti



total radiation power:

P  E0
2

i

N

eiti
j

N

eitj   E0
2

i,j

N

eiij   E0
2 N 

ij

N

eii j
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if bunch length               then                            for all i,j

short bunchesshort bunches

 i 0 
  2

 s

s    i   j  2

P  E0
2 N 

ij

N

eiij   E0
2 N  NN  1

radiation power of coherent radiation is  proportional to N2 or 
proportional to the square of beam intensity

P  N2 coherent radiation
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TR intensity scalingTR intensity scaling

Transition Radiation vs. N_e
   

N. Lai, 
C. Settakorn
August 1995

linear 

N^2 fit

0E+000 5E+009 1E+010 2E+010

SQRT[sum(N^2)]

0

1

2

3

0.5

1.5

2.5

3.5

bo
lo

m
et

er
 s

ig
na

l (
V

)

TR from short 
electron bunches 
is coherent



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 231

if bunch length               then                            for all i,j

long bunchlong bunch

 i 0 
  2

 s

s    i   j  2

P  E0
2 N 

0


ij

N

eii j   E0
2 N

P  N incoherent radiation
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coherencecoherence

every time we have radiation from bunched electron beam, 
we have some coherent radiation

λ=30µm
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Form Factor Form Factor -- 11

R
rj

xj = rj+ R
observer

P

E tot  
j1

N

E0eikj xj  
j1

N

E0ei c nj rj ei c njR R  |r|j

intensity I total  E tot
2
 

j1

N

E0e
i c n jrj

2


j1

N

E0e
i c njrj

k1

N

E0
e

i c nkrk

 
j1

N

|E0|2 
j,k1
jk

N

|E0|2 e
i c n jrjrk 
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Form factor Form factor -- 22

I total  I0N  I0 
j,k1
jk

N

e
i c njrjrk 

incoherent    coherent radiation

Sr  Srd3r  1

Icoh  I0NN  1  d
3
r  d

3
r e

i c nrr
SrSr

 I0NN  1  d
3
re
i c nrr

Sr
2

 I0NN  1F, n

be the probability to find a particle at     with  r

coherent radiation intensity:

bunch form factorF,n   d3
re
i c nr

Sr
2
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Form factor Form factor -- 33

Sr  hz  1
2 z

eiz2/2z
2

F,n   e
i c z cos 

hzdz
2
 ez cos /c2

for a Gaussian particle distribution in z :

and the formfactor is:

similarly, for a uniform particle distribution

hz  1/2z for |z |z

0 otherwise

and

θ : observation direction with respect to electron beam direction

F,  2 J1z sin/c
z sin/c

sinz cos /c
z cos /c
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form factorform factor

F, ez cos /c2

Gaussian form factor

form factor or intensity drops off when z  
2

or for wavelength   2z
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coherence lengthcoherence length

can broad spectrum be coherent ?

yes, with coherence length  c 
2
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Insertion Device Radiation               Insertion Device Radiation               
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introductionintroduction

Insertion devices do not change the shape of the storage ring!





Byy  0, zdz  0

• Wavelength shifter
• Wiggler magnet
• Undulators
• Super bends

Purpose: harden radiation
increase intensity
high brightness monochromatic radiation
elliptically polarized radiation
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z

central pole

B(z)

particle trajectoiry

compensating poles

Wave Length ShifterWave Length Shifter





Byy  0, zdz  0
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ALS Insertion DevicesALS Insertion Devices
Photon fluxes (ph/s/mr) for ALS (400 mA)

photon energy, eV
1E+01 2E+01 5E+01 1E+02 2E+02 5E+02 1E+03 2E+03 5E+03 1E+04 2E+04 5E+04

ph
ot

on
 f

lu
x,

 p
h/

s/
m

r

1E+11

3E+11

1E+12

3E+12

1E+13

3E+13

1E+14

3E+14

1E+15

74 pole wiggler, 1.5 GeV

1.27T bend, 1.5GeV

4T wavelength shifter, 1.5GeV

5 T super bends, 1.5GeV              1.9 GeV
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Periodically deflecting magnetsPeriodically deflecting magnets

north pole

south pole

λp

Wiggler magnets, strong field
Undulators, weak field

Wiggler magnets produce ordinary, broad band
synchrotron radiation;

Intensity increased by factor Np (# of poles)

By(z) = B0 cosk p z
magnetic field: 
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KK--valuevalue

deflection angle per half-pole

By(z) = B0 cosk p z

dθ = dz
ρ = eB

cp dz θ = ∫ dz
ρ = eB

cp ∫
0

λp/4

cosk pzdz = eB 0λp

2πcp

θ = eB 0λp

2πcp
= K

γ K: undulator/wiggler strength parameter

K = eB 0λp

2π mc 2β
= 0. 934 B0 (T)λp (cm)
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UndulatorUndulator

By(z) = B0 cosk p zassume a magnetic field 

N S N S N S

S N S N S N

electron performs sinusoidal oscillations

sinusoidal perturbation of field lines

north pole

south pole

λp

k p = 2π
λ
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SincSinc--functionfunction
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ωω00

What is ω0 ?

undulator period: λp

in electron rest system:  λp
∗ = λp

γ

in lab system (Doppler effect): ω = ωp
∗ γ(1 + nz

∗β ) or λ = λp

γ 2 (1+n z
∗β )

with nz = β +n z
∗

1+n z
∗β

λ = λp

γ 2

n z

β +n z
∗ = λp

γ 2

cos θ
1+cos θ∗

sinθ = sin θ∗

γ (1+β cos θ∗ ) θ ≈ sin θ∗

γ (1+β cos θ∗ )

or

γ 2 θ2 = sin 2θ∗

(1+β cos θ∗ )2
= 1−cos θ∗

1+cos θ∗ cosθ∗ = 1−γ 2θ2

1+γ 2θ2
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f(x) = sin πNx
πNx

Sinc-function:

-0.5 -0.3 -0.1 0.1 0.3 0.5

-0.4

0.0

0.4

0.8

1.2 f(x)

x

N=5
N=100

f(0) = 1 and

f(y) = 0  for y = 1/N

or for

line width:

(ω0 − ω)½NpT0 = π

δω
ω0

= ± ω0−ω
ω0

= 2π
T0

1
Np

1
ω0

= 1
Np

δω
ω0

= ± 1
Np

sincsinc--functionfunction
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Fundamental WavelengthFundamental Wavelength

λ = λp

γ 2

cos θ
1+cos θ∗ = λp

γ 2
1

1+ 1−γ2θ2

1+γ2θ2

= λp

2γ 2
1 + γ 2 θ2

θ2 = (θund + θobs )2 = θund
2 + 2θundθobs + θobs

2

θund = K
γ cosk p z 〈θund 〉 = 0 and θund

2 = 1
2

K2

γ 2

fundamental undulator wavelength:



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 249

permanent magnet undulator

undulator period, λp

gap, g

λ = λp

2γ 2
1 + 1

2
K2 + γ 2 θobs

2

REC REC -- UndulatorUndulator
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0.01 0.1 1g/λp

0

10

20

30

B
y 

(k
G

)

B(T) = 3. 3 exp − g

λp
5. 74 − 1. 8 g

λp

vary field strength by varying gap. For hybrid undulator:

K.Halbach

permanent wiggler magnetpermanent wiggler magnet
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ACOACO

λ = λp

2γ 2
1 + 1

2
K2 + γ 2 θobs

2
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K << 1

x

z

relativistic effect on 
transverse motion

transverse motion
completely 
non-relativistic

source of higher harmonics

Stronger undulator fieldStronger undulator field

K > 1

x

z
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 i 
p

2 i2
1  1

2
K2  2 2  2

 iÅ  1305. 6 p

iE2
1  1

2
K2

 ieV  9. 4963  iE2

p 1
1
2

K2

  1


1 1
2

K2

2iNp

fundamental wavelengthfundamental wavelength

i: harmonic number, i=1,3,5,7…
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By(z) = B0 cosk p z this is what we want

Maxwell tells us what we can get! By(y, z) = B0 b(y)cosk p z

∇ × B = 0 ∂B z

∂y
= ∂B y

∂z
= −B0 b(y)k p sink p z

and

∇  B = 0
B ≠ B(x)

By = −B0 b(y) (1 − cosk p z)

∂B z

∂z
= −B0

∂b(y)
∂y

cos k p z

form ∂2B z

∂y∂z

∂2b(y)

∂2y
= k p

2 b(y) b(y) = a1 coshk p y + a2 sinhk py

Bx = 0
By = B0 coshk py cosk p z
Bz = −B0 sinhk py sink pz

wiggler fieldwiggler field
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a  K
kp

beam dynamics

d2r

ds2
= n

ρ = e

mc 2γ
[ v

v ×B]
d2x

dt2
= − eB 0

m cγ
dz
dt

cos k p z
d2z

dt2
= + eB 0

m cγ
dx
dt

cos k p z

dx
dt

= −cβ K
γ sink p z

dz
dt

= +cβ 1 − K2

2γ 2
sin2 k p z

drift velocity

x (t) = a cos (k p cβ t )

z(t) = cβ t + 1
8

k p a 2 sin(2k p cβ t )

trajectorytrajectory



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 256

0 2.76 5.52 8.28 11.04 13.8

0

1

2

3

4

5

0 5.47 10.94

0

0.4

0.8

1.2

1.6

0 4.77 9.54 14.31

0

2

4

6

8

K=0.515

K=0.775

K=1.580

1 st-           2 nd-          3 rd-             4th-            5th-harmonic

PEPPEP--UndulatorUndulator, 77 mm, 27 periods, 7.1 , 77 mm, 27 periods, 7.1 GeVGeV
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in
te

ns
ity

K = 0.1 K = 1.0K = 0.5 K = 2.0

ωph ωphωphωph

transition from undulator to wiggler radiation

UndulatorUndulator--wigglerwiggler

c  c0 1  
K

2

critical photon energy from wiggler magnet at angle y with axis

homework !
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laboratory system "electron" system

⇔

⇔

a⊥

a||
x

z

x (t) = a cos (k p cβ t )

z(t) = cβ t + 1
8

k p a 2 sin(2k p cβ t )

increase undulator strength increase undulator strength KK

longitudinal oscillation generates even harmonics: i = 2,4,6,8…



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 259

E rad  1
3

r c mc2 2 K2 kp
2 Lu

E radeV  0.07257 E2 K2

p
2

Lu

PW  0.07257 E2 K2 N I
p

tot. radiation power

energy loss per undulator/wiggler passenergy loss per undulator/wiggler pass
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dN ph 

d
 2 Np

2 


I
e i1

 i2 SincF
2  F

2

Sinc  sinNp i/1

Np i/1

2

F 
21 cosK2

1 1
2

K222 F 
21 sin

1 1
2

K222

 1 ,i   m 


 J m u J i2m v 

2,i   m


 JmuJi2m1v  Ji2m1v

u  
1

K2

41 1
2

K222
v  

1

2K2  cos

1 1
2

K222

undulator photon fluxundulator photon flux



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 261

dN ph
d

i

  2Np
2 


I
e

i2 K2 JJ2

1  1
2

K2 2

 1. 7466  1023 E 2GeV2IANp
2 
 f iK ,

JJ  J i1
2
x  J i1

2
x

f i(K) = i2K2[JJ]2

1+ 1
2

K2 2

x = iK2

4+2K2

pin hole radiationpin hole radiation
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0.1 1.0 10.0 K
0.0

0.1

0.2

0.3

0.4

F i  (
K

)

i=1 3 5 7 11

i, harmonic

FFikik
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Tuning rangeTuning range

tuning range: λ = λp

2γ 2
1 + 1

2
K2 + γ 2 θobs

2

compare two undulators in SIAM:   λp= 20 mm and = 50 mm

λp= 20 mm, 100 periods
0.32 < K < 0.63

λp= 50 mm, 40 periods
1.1 < K < 5.6

Undulator line spectrum

photon energy (eV)
210200190180170160150140130120110100908070605040302010
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Undulator line spectrum

photon energy (eV)
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make λp very short                to get x-rays !?

MiniMini--undulatorundulator

λ = λp

2γ 2
1 + 1

2
K2 + γ 2 θobs

2

does not work well !

intensity is low
tuning range is narrow

K = 0. 934 B(T)λp (cm)

short λp leads generally to small value of K !
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SpectralSpectral--tuningtuning

λp= 20 mm, 100 periods
0.33 < K < 0.63
10 mm < gap < 30 mm

λp= 50 mm, 40 periods
1.1 < K < 5.6
10 mm < gap < 30 mm

SIAM - 1.2GeV, undulator spectrum for period length of 50 mm

photon energy, eV
10 20 50 100 200 500 1,000 2,000
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SIAM - 1.2 GeV, undulator spectrum for period length of 20 mm

photon energy, eV
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SUBARU : 2.3 m undulator, λp = 7.6 cm, 30 periods

SS
uu
bb
aa
rr
uu
--
UU
nn
dd
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Subaru_10mSubaru_10m

SUBARU : 10.8 m undulator, λp = 5.4 cm, 200 periods
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another “undulator”another “undulator”

to electron: undulator field looks like EM-wave

so does a laser field !

how about colliding an electron beam with a laser beam ?
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 p

4 2
1  1

2
 2 2

Nsc   Th L
 Th 

8
3

r2  6. 65  1025 cm2

L 
Ne N ph

4xy

Photon flux

Scattering cross section

Luminosity

Effective laser photon flux

Laser backscatteringLaser backscattering

K is very small !

Nph = P Laser
ph

cτ int
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Plaser = 100 kW
εph = 1.24 eV
cτ = 1 m
Ne = 109

= 10-2 cm2

Thompson scatteringThompson scattering

fs-electron bunch laser pulse
4πσxσy

interaction length
cτint

example: 

4πσxσy

Nsc = 3.4 1010 photons/fs-pulse
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Reaction RateReaction Rate
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Undulator radiation as Compton effect Undulator radiation as Compton effect –– 11

we treat the collision of an electron with a photon in the electwe treat the collision of an electron with a photon in the electron rest systemron rest system

  mc2     cp2  mc2energy conservation:energy conservation:

momentum conservation:momentum conservation:

/c
 /c



p

 /c p

/c


p2   c 2   

c
2
 2 2

c2
 cos

p2  2

c2
   2  21  cosor

for electron undulator field looks just like EM field or photon
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Undulator radiation as Compton effect Undulator radiation as Compton effect –– 22

combine with energy conservation and eliminate electron momentum


mc2

1  cos  1
   1

  1
2c 

    0

2c
mc2  2.4  1012m

in electron system no change in photon energy !

undulator period in electron system: 

observed radiation from moving source:

 
p



 lab 
p

22
1  1

2 K2

with
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photon density in 6-dimensional phase space

B = N
4πσxσxσyσy

∆ω
ω

diffraction limited brightness σx,yσx ,y =
1
2

σrσr = λ
4π

B diff = 4N
λ2 ∆ω

ω

Photon Beam BrightnessPhoton Beam Brightness

Brightness is:
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we have not only one electron, but many
finite beam size
finite beam divergence

σe,x,y

σe,x ,y 

B = N
4πσt,x σt,x σt,y σt,y 

∆ω
ω

σt ,x = 1
2

σr
2 + σe,x

2 , etc.

reality strikesreality strikes
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Transition RadiationTransition Radiation
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generate Transition Radiationgenerate Transition Radiation

1


Al foil

back-ward             forward
radiation

electron beam

inconvenient to separate electron beam from TRtilt radiator by 450

now, TR can be extracted normal to electron beam through window
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TRTR

1


Al foil

back-ward             forward
radiation

electron beam

inconvenient to separate electron beam from TR
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90 degree TR90 degree TR

1
 electron beam

tilt radiator by 450

now, TR can be extracted normal to electron beam through window
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TR theory TR theory –– 11

Poynting vector S r 
c

4
4
0c Bret

2 n

radiation power
d

dt
 Srn Rret

2   c
4

4
0c R ret

2 B ret
2 

need some tools:

Fourier transforms

Parceval’s theorem

Bt  1
2 


Beit d

B  



Bte

it
dt





B2t dt  1

2 


B2 d
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TR theory TR theory –– 22

d

dt
 Srn Rret

2   c
4

4
0c R ret

2 B ret
2 

B ?

spectrum: 0    plasma

our interest is in   plasma
Bt  0 during time τ only

eit  1

  plasmaforB ret  


B retteit dt  
/2

/2
B rett dt

dt  c
4

4
0c R ret

2  Bret
2 tdt

d  c
4

4
0c R ret

2  1
2 B ret

2 2d
use only ω>0 !



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 282

TR theory TR theory –– 33

B rett ? B rett    Aret 
Az

y 
Ay

z ; . . .
t rtR/c

Az

y  Az

tr

tr

y ; . . . R2  x  xr
2
 y  yr

2
 z  zr

2

tr

y   1
c

yy r

R
 ny

c ; . . .

Az

y 
Ay

z  1
c
Az

tr
ny  1

c
Ay

t r
nz

B rett    Aret 
1
c n  A

tr r
 1

c
d

dtr

n  Ar

B ret  /2
/2

B rett dt  1
c n  Ar initial

final

n is unit vector from observer 
to electron
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TR theory TR theory –– 44
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TR theory TR theory -- 55

e- e+

A 

e


e
R1n ret



e

e
R1n ret

field

d  c
4

4
 0c R ret

2  1
2 B ret

2 d

B ret  /2
/2

B rett dt  1
c n  Ar initial

final
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TR theory TR theory -- 66

d

dd
 c

4
4
 0c R ret

2 2
2

e2

c2

n
R1n

 n
R1n ret

2

 z

θ observation angle with respect to z

with
d

dd
 e2

42c
4
0c

sin2

n  z2 2

12

cos2

nz2

ret

2

d

dd


rcmc2

2c

2 sin2

12 cos 22

spectral and spatial radiation power distribution of transition radiation
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TR radiation distributionTR radiation distribution

20 25 30 35 40
x(mm)
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24

28

32
y(

m
m

)

ε(θ)

θ

C. Settakorn, 1998

measured 
spatial distribution

theoretical
radiation distribution
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TR total radiation powerTR total radiation power

d  sinddwith d
d


2rcmc2

c 
0

/2 2 sin3

1  2 cos22 d


rcmc2

c 1

1 21  x2
1  2x22

dx


rcmc2

c 1 
1  2arctan




rcmc2

c 1  2 ln2  2 ln 
2rcmc2

c ln

spectral TR disribution

d

d


2rcmc2

c ln   plasmafor
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STRSTR

Stimulated Transition RadiationStimulated Transition Radiation
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optical cavityoptical cavity
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Recorded radiation intensity as a function of optical cavity length
(C. Settakorn)



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 291

maximum enhancementmaximum enhancement
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new STR cavity ?new STR cavity ?

S1
radiator

kLb

S2

try this one ?
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Free Electron Laser, Optical Klystron and SASEFree Electron Laser, Optical Klystron and SASE
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principleprinciple

stimulate the emission of EM radiation from relativistic electron beam 
by the interaction with an external EM field.

make electrons move against the EM field 
to loose energy into EM wave

how ?
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how?how?

energy gain/loss of electron from/to EM field

W  e EL d s  e  v EL dt  0

vELbecause

how do we get better coupling ?

need particle motion in the direction of electric field from EM wave

undulator
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d2x

dt2
= − eB 0

m cγ
dz
dt

cos k p z
d2z

dt2
= + eB 0

m cγ
dx
dt

cos k p z

dx
dt

= −cβ K
γ sink p z

dz
dt

= +cβ 1 − K2

2γ 2
sin2 k p z

drift velocity

β = β 1 − K2

4γ 2

x (t) = a cos (k p cβ t )

z(t) = cβ t + 1
8

k p a 2 sin(2k p cβ t )

trajectorytrajectory

a  K
kp
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synchronicity conditionsynchronicity condition

W  e  vx ExL dt  e  c K
 sin kus ExL,0 cos kLs  Lt  0 dt

 
ecKExL,0

  sin kL  ku s  Lt  0

 sin kL  ku s  Lt  0 dt

get continuous energy transfer if   kL  ku s  Lt  0 const.

d

dt
 kL  ku

d s

dt
 L  0  kL  ku  1  K2

42
 kL

ku 
kL

22
1  1

2 K2

condition for continuous energy transfer

or L 
u

22
1  1

2 K2
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energy gain/loss per unit path lengthenergy gain/loss per unit path length

s  ct  K2

82ku

sin 2kuct

d

ds
 dW

cdt
1

mc2
 

ecKExL,0

2mc2
sin kL  ku s  Lt  0

where

 
kLK2

82ku
KL 

eExL,0

kumc2

d

ds
 

kuKLK

2 J0  J1 sin kL  ku s  Lt  0

define and

and the energy gain becomes

the phase varies slowly for 
particles off the resonance energy  r

2 
kL

2ku
1  1

2 K2

d

ds
 ku 1 


r
2

2
 2

ku

r
     rwhere
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Pendulum equation

d

ds
 d

ds


dr

ds
 

kuKLK

2 J0  J1 sin

d2

ds2
 2

ku

r

d

ds
 

k
u
2KLK

r
J0  J1 sin

d2

ds2
 L

2 sin  0

L
2 

k
u
2KLK

r
J0  J1with

Pendulum equation
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where      is the electron density

Gain

gain of laser field: WL  mc2

WL  1
2 0EL,0

2 Vstored energy in laser field

gain of laser field per electron

or for all electrons 

G1 
WL

WL
  2mc2

0E
L,0
2 V

  
mc2r

0E
L,0
2 Vku



G  
e2kuK2

0mc2

nb


r
3
J0  J12  


L
4

nb

the average variation of            can be calculated from the phase equation  
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Gain curve

G  
e2K2Nuu

2

40mc2

nb


r
3
J0  J12 d

dw
 sinw

w 2

w 
2Nu

r
0  r  

kLK2

82ku

d

dw
 sinw

w 2

FEL gain per pass

with and

gain curve

WL  WL,0eG nlaser energy n number of passes

G

∆γ

for finite gain:   0

adjust beam energy 
slightly higher than
resonance energy
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phase space motion

d2

ds2
 L

2 sin  0Pendulum equation 

1
2 

2  L
2 cos const

and integrate

Ψ’

Ψ

no net energy transfer !
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phase space motion

0   rfor energy transfer to laser field !
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FEL schematic
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field-electron motion

velocity of wave:  c

average drift velocity of electron: β = β 1 − K2

4γ 2

time for electron to travel one period:  
u

c


u

c 1 K2

42

distance wave propagates in time τ : s 
uc

c 1 K2

42

s 
u

 1 K2

42

 u  u
1
 1  K2

42
 1 

u

22
1  1

2 K2

or s   EM wave propagates one wavelength 
ahead of electron per period
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FEL dynamics

electron trajectory

electron move constantly against external field
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Optical Klystron

this works, but is not very efficient
bunched beam would be better
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beam bunchingbeam bunching

at undulator exit:
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Optical klystronOptical klystron

FEL action results in a bunched beam
but the bunches are not at the right point

we need bunches here

need time delay section
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Principle of optical klystronPrinciple of optical klystron

energy modulator time delay
section

amplifier

mirror mirror

electron
beam



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 311

SASESASE

FEL works only for wavelength where mirrors exist

mostly visible, IR, FIR and microwaves

how about an x-ray free electron laser ?

amplification can occur only in one pass !

it can work !
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53 um SASE53 um SASE
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how does that work?how does that work?

consider bunch
there is always a density fluctuation

fluctuation acts like a bunch, emitting coherent radiation 

coherent radiation propagates faster than electrons
field acts back on bunch generating periodic energy variation  
energy variation transforms into bunching at desired wavelength

generating even more radiation growing exponentially

need long undulator: ~ 100 m (SLAC)

for 1A radiation: need electron energy about 15 GeV

need high quality, high intensity, low emittance beam



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 314

XX--rays from Low Energy Electron Beamsrays from Low Energy Electron Beams
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types of radiationtypes of radiation

• Thomson/Compton Scattering
• Channeling Radiation
• Parametric x-rays
• Smith-Purcell Radiation
• Crystalline Undulator
• Resonant Transition Radiation
• Stimulated Transition Radiation
• ?????
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Compton scatteringCompton scattering
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Thomson backscatteringThomson backscattering

εph (eV) = 4. 959 γ 2

λL(µm )

incoming radiation backscattered radiation

coherent FIR, 100 - 1000 µm 12-120 eV

CO 2 Laser, 10µm 1200 eV

Yag Laser, 1µm 12.0 keV



For 25 MeV electrons: 
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Channeling radiationChanneling radiation
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Channeling-radiation spectra 
from 8.0-MeV electrons 
along the (100) and (110) 
planes of ruby, obtained at the 
superconducting linac at 
Darmstadt [Freudenberger et 
al. NIM B119 (1996) 123].

Channeling Channeling -- 11
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Channeling radiation spectra 
obtained from diamond crystals 
after substraction of 
bremsstrahlung background 
(H. Genz)

Channeling Channeling -- 22



USPAS JAN 19-30, 2004, College of William & Mary, Williamsburg, VA 321

PXR as diffraction of 
virtual photons 
associated with 
relativistic charged 
particles 
(A. Shchagin)

PXRPXR
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Photon energy of PXRPhoton energy of PXR

PXR is emitted under the Bragg reflection rule

θθ

d

d 2d sin  n

Bragg reflection

for Si   d = 1.8 A

θ = 22.5 deg
λ = 1.4 A   or  8.8 keV

example
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Si crystalSi crystal
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PXRPXR
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Crystalline undulator 
(schematic). Vertical 
scale magnified by 
104. (Krause et.al.)

Crystalline undulatorCrystalline undulator
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Resonant TRResonant TR--theorytheory

use stack of layered low-Z/high-Z material

d

CNi

resonance condition in electron frame: d  d
  n

radiation observed in lab frame:   d
22

1  22

for λ = 1A and E = 20 MeV, we need  d = 320 nm

e-
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RTR experimental 
Setup at the Yerevan
Physics Institute

Multi layer radiator

Resonant TRResonant TR--IspirianIspirian

K.A. Ispirian
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0                             3000                 (eV)        7000

Resonant TRResonant TR--IspirianIspirian
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STRSTR

S1
radiator

kLb

S2

FIR radiation:   50 < λ < 1000 µm

VUV-radiation:  150 eV < εph < 7 eV


