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Preface to the Third Edition

The development of new material systems paved the way for the develop-
ment of new devices and improved components of existing structures. Devel-
opment of mathematical models and their numerical simulations are central to
design. While a select number of courses on elasticity and structural mechan-
ics provide engineers with background to formulate a suitable mathematical
model using the laws of physics (such as the second law of Newton), refined
mathematical models require the tools of variational calculus to formulate and
evaluate them. The latest commercial codes like COMSOL Multiphysics R© and
FEniCS R© require the user to just give the weak forms of the governing equa-
tions that they like to solve using the finite element method. It is in this
connection that a course on energy principles and variational methods provides
the needed background.

Most books on energy principles and variational methods traditionally treat
the topics, not incorporating the latest developments and generalizing the clas-
sical methods to a broader class of problems. This textbook is unique (i.e.,
there is no parallel to this book in its class) because most available books in the
market are very old (some are even out of print) and do not treat topics that
are of current interest. In particular, this book provides a systematic coverage
of old and new topics (e.g., finite elements, functionally graded structures, re-
lationships between classical and refined theories) and it contains illustrative
examples and problem sets that enable readers to test their understanding of
the subject matter.

The third edition of Energy Principles and Variational Methods has the
same objective as its previous editions, namely, to facilitate an easy and thor-
ough understanding of the concepts and tools necessary to develop variational
formulations and associated numerical evaluations. The book offers easy-to-
understand treatment of the subject of energy principles and variational meth-
ods. The new edition is extensively reorganized and contains a substantially
large amount of new material. In particular, Chapters 1 and 2 are combined
into a single chapter (Chapter 1 in the new edition); Chapter 2 on the review of
equations of solid mechanics is an extensively revised version of Chapter 3 from
the second edition; Chapters 3 to 9 in the new edition correspond to Chapters
4 to 10 of the second edition but with additional explanations, examples, and
exercise problems; Chapter 10 in this new edition is entirely new and devoted
to functionally graded beams and plates. In general, all of the chapters of the
third edition contain additional explanations, detailed example problems, and
fresh exercise problems. Thus the new edition more than replaces the previous
editions, and it is hoped that it is acquired by the library of every institution
of higher learning by serious structural analysts.
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Preface to the Second Edition

The increasing use of numerical and computational methods in engineering
and applied sciences has shed new light on the importance of energy principles
and variational methods. The number of engineering courses that make use
of energy principles and variational formulations and methods has also grown
very rapidly in recent years. In view of the increase in the use of variational
formulations and methods (including the finite element method), there is a
need to introduce the concepts of energy principles and variational methods
and their use in the formulation and solution of problems of mechanics to both
undergraduate and beginning graduate students. This book, an extensively
revised version of the author’s earlier book Energy and Variational Methods in
Applied Mechanics, is intended for senior undergraduate students and beginning
graduate students of aerospace, civil, and mechanical engineering and applied
mechanics who have had a course in fundamental engineering and ordinary and
partial differential equations.

The book is organized into 10 chapters and is self-contained as far as the
subject matter is concerned. Chapter 1 presents a general introduction to the
subject of variational principles. Chapter 2 contains a brief review of the algebra
and calculus of vectors and Cartesian tensors, whereas Chapter 3 reviews of the
basic equations of linear solid continuum mechanics, which will be frequently
referred to in subsequent chapters. Much of the material presented in Chapters
1 to 3 can be assigned as a reading material, especially in a graduate class.

Chapter 4 deals with the concepts of work and energy and basic topics of
variational calculus, including the Euler equations, fundamental lemma of calcu-
lus of variations, essential and natural boundary conditions, and minimization
of functionals with and without equality constraints. Principles of virtual work
and energy and energy methods of solid and structural mechanics are presented
in Chapter 5. Chapter 6 is devoted to a discussion of Hamilton’s principle for
dynamical systems. Classical variational methods of approximation (e.g., the
methods of Ritz, Galerkin, and Kantorovich) are presented in Chapter 7. All of
the concepts and methods presented in Chapters 4 to 7 are illustrated using bars
and beams although the methods discussed in Chapter 7 are readily applicable
to field problems whose differential equations resemble those of bars and beams.
Chapter 8 is dedicated to applications of the energy principles and variational
methods developed in earlier chapters to circular and rectangular plates. In the
interest of completeness and for use as a reference for approximate solutions,
exact solutions are also included. The finite element method is introduced in
Chapter 9, with applications to beams and plates. Displacement finite element
models of Euler–Bernoulli and Timoshenko beam theories and classical and
first-order shear deformation plate theories are presented. A unified approach,
more general than that found in most solid mechanics books, is used to intro-
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duce the finite element method. As a result, the student can readily extend the
method to other subject areas of solid mechanics and other branches of engi-
neering. Lastly, the mixed variational principles of Hellinger and Reissner for
elasticity are derived in Chapter 10. Mixed variational formulations, including
mixed finite element models of beams and plates, are discussed.

Each chapter of the book contains many example problems and exercises
that illustrate, test, and broaden the understanding of the topics covered. A
list of references, by no means complete or up to date, is also provided at the
end of each chapter. Answers to selective problems are included at the end of
the book.

The book is suitable as a textbook for a senior undergraduate course or a
first-year graduate course on energy principles and variational methods taught
in aerospace, civil, and mechanical engineering and applied mechanics depart-
ments. To gain the most from the text, the student should have a senior under-
graduate or first-year graduate standing in engineering. Some familiarity with
basic courses in differential equations, mechanics of materials, and dynamics
would also be helpful.

The author has professionally benefited from the works, encouragement, and
support of many colleagues and students who have taught him how to explain
complicated concepts in simple terms. While it is not possible to name all of
them, without their help and support, it would not have been possible for the
author to modestly contribute to the field of mechanics through his teaching,
research, and writing. Special thanks are due to his teacher Professor J. T.
Oden (University of Texas at Austin) and Professor C. W. Bert (University of
Oklahoma, Norman) for their mentorship, advice, and support.

J. N. Reddy
College Station, TX

August 2002



Preface to the First Edition

The increasing use of finite element methods in engineering and applied sci-
ence has shed new light on the importance of energy and variational methods.
The number of engineering courses and research papers that make use of vari-
ational and energy methods has also grown very rapidly in recent years. In
view of the increased use of variational methods (including the finite element
method), there is a need to introduce the concepts of energy and variational
methods and their use in the formulation and solution of equations of me-
chanics to both undergraduate and beginning graduate students. This book
is intended for senior undergraduate students and beginning graduate students
of aerospace, civil, and mechanical engineering and applied mechanics, who
have had a course in ordinary and partial differential equations. The text is
organized into four chapters. Chapter 1 is essentially a review, especially for
graduate students, of the equations of applied mechanics. Much of the chapter
can be assigned as reading material to the student. The equations of bars,
beams, torsion, and plane elasticity presented in Section 1.7 are used to illus-
trate concepts from energy and variational methods. Chapter 2 deals with the
study of the basic topics from variational calculus, virtual work and energy
principles, and energy methods of mechanics. The instructor can omit Section
2.4 on stationary principles and Section 2.5 on Hamilton’s principle if he or she
wants to cover all of Chapter 4. Classical variational methods of approximation
(e.g., the methods of Ritz, Galerkin, and Kantorovich) and the finite element
method are introduced and illustrated in Chapter 3 via linear problems of sci-
ence and engineering, especially solid mechanics. A unified approach, more
general than that found in most solid mechanics books, is used to introduce the
variational methods. As a result, the student can readily extend the methods
to other subject areas of solid mechanics and other branches of engineering.

The classical variational methods and the finite element method are put to
work in Chapter 4 in the derivation and approximate solution of the governing
equations of elastic plates and shells. In the interest of completeness, and for use
as a reference for approximate solutions, exact solutions of plates and shells are
also included. Keeping in mind the current developments in composite material
structures, a brief but reasonably complete discussion of laminated plates and
shells is included in Sections 4.3 and 4.4. The book contains many example and
exercise problems that illustrate, test, and broaden the understanding of the
topics covered. A long list of references, by no means complete or up to date,
is provided in Bibliography at the end of the book.
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Introduction and
Mathematical Preliminaries

1.1 Introduction

1.1.1 Preliminary Comments

The phrase “energy principles” or “energy methods” in the present study refers
to methods that make use of the total potential energy (i.e., strain energy and
potential energy due to applied loads) of a system to obtain values of an un-
known displacement or force, at a specific point of the system. These include
Castigliano’s theorems, unit dummy load and unit dummy displacement meth-
ods, and Betti’s and Maxwell’s theorems. These methods are often limited to
the (exact) determination of generalized displacements or forces at fixed points
in the structure; in most cases, they cannot be used to determine the com-
plete solution (i.e., displacements and/or forces) as a function of position in
the structure. The phrase “variational methods,” on the other hand, refers to
methods that make use of the variational principles, such as the principles of
virtual work and the principle of minimum total potential energy, to determine
approximate solutions as continuous functions of position in a body. In the clas-
sical sense, a variational principle has to do with the minimization or finding
stationary values of a functional with respect to a set of undetermined param-
eters introduced in the assumed solution. The functional represents the total
energy of the system in solid and structural mechanics problems, and in other
problems it is simply an integral representation of the governing equations. In
all cases, the functional includes all the intrinsic features of the problem, such
as the governing equations, boundary and/or initial conditions, and constraint
conditions.

1.1.2 The Role of Energy Methods and Variational Principles

Variational principles have always played an important role in mechanics. Vari-
ational formulations can be useful in three related ways. First, many problems
of mechanics are posed in terms of finding the extremum (i.e., minima or max-
ima) and thus, by their nature, can be formulated in terms of variational state-
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ments. Second, there are problems that can be formulated by other means,
such as by vector mechanics (e.g., Newton’s laws), but these can also be formu-
lated by means of variational principles. Third, variational formulations form a
powerful basis for obtaining approximate solutions to practical problems, many
of which are intractable otherwise. The principle of minimum total potential
energy, for example, can be regarded as a substitute to the equations of equilib-
rium of an elastic body, as well as a basis for the development of displacement
finite element models that can be used to determine approximate displacement
and stress fields in the body. Variational formulations can also serve to unify
diverse fields, suggest new theories, and provide a powerful means for studying
the existence and uniqueness of solutions to problems. In many cases they can
also be used to establish upper and/or lower bounds on approximate solutions.

1.1.3 A Brief Review of Historical Developments

In modern times, the term “variational formulation” applies to a wide spectrum
of concepts having to do with weak, generalized, or direct variational formu-
lations of boundary- and initial-value problems. Still, many of the essential
features of variational methods remain the same as they were over 200 years
ago when the first notions of variational calculus began to be formulated.1

Although Archimedes (287–212 B.C.) is generally credited as the first to
use work arguments in his study of levers, the most primitive ideas of varia-
tional theory (the minimum hypothesis) are present in the writings of the Greek
philosopher Aristotle (384–322 B.C.), to be revived again by the Italian math-
ematician/engineer Galileo (1564–1642), and finally formulated into a principle
of least time by the French mathematician Fermat (1601–1665). The phrase
virtual velocities was used by Jean Bernoulli in 1717 in his letter to Varignon
(1654–1722). The development of early variational calculus, by which we mean
the classical problems associated with minimizing certain functionals, had to
await the works of Newton (1642–1727) and Leibniz (1646–1716). The earli-
est applications of such variational ideas included the classical isoperimetric
problem of finding among closed curves of given length the one that encloses
the greatest area, and Newton’s problem of determining the solid of revolu-
tion of “minimum resistance.” In 1696, Jean Bernoulli proposed the problem
of the brachistochrone: among all curves connecting two points, find the curve
traversed in the shortest time by a particle under the influence of gravity. It
stood as a challenge to the mathematicians of their day to solve the problem
using the rudimentary tools of analysis then available to them or whatever new
ones they were capable of developing. Solutions to this problem were presented
by some of the greatest mathematicians of the time: Leibniz, Jean Bernoulli’s
older brother Jacques Bernoulli, L’Hopital, and Newton.

1Many of the developments came from European scientists, whose works appeared in their
native language and were not accessible to the whole scientific community.


