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Abstract

Essays in Econometrics
by
Alexandre Poirier
Doctor of Philosophy in Economics
University of California, Berkeley

Professor James L. Powell, Chair

This dissertation consists of two chapters, both contributing to the field of econometrics.
The contributions are mostly in the areas of estimation theory, as both chapters develop new
estimators and study their properties. They are also both developed for semi-parametric
models: models containing both a finite dimensional parameter of interest, as well as infinite
dimensional nuisance parameters. In both chapters, we show the estimators’ consistency,
asymptotic normality and characterize their asymptotic variance. The second chapter is
co-authored with professors Jinyong Hahn, Bryan S. Graham and James L. Powell.

In the first chapter, we focus on estimation in a cross-sectional model with indepen-
dence restrictions, because unconditional or conditional independence restrictions are used
in many econometric models to identify their parameters. However, there are few results
about efficient estimation procedures for finite-dimensional parameters under these indepen-
dence restrictions. In this chapter, we compute the efficiency bound for finite-dimensional
parameters under independence restrictions, and propose an estimator that is consistent,
asymptotically normal and achieves the efficiency bound. The estimator is based on a grow-
ing number of zero-covariance conditions that are asymptotically equivalent to the inde-
pendence restriction. The results are illustrated with four examples: a linear instrumental
variables regression model, a semilinear regression model, a semiparametric discrete response
model and an instrumental variables regression model with an unknown link function. A
Monte-Carlo study is performed to investigate the estimator’s small sample properties and
give some guidance on when substantial efficiency gains can be made by using the proposed
efficient estimator.

In the second chapter, we focus on estimation in a panel data model with correlated
random effects and focus on the identification and estimation of various functionals of the
random coefficients distributions. In particular, we design estimators for the conditional
and unconditional quantiles of the random coefficients distribution. This model allows for
irregularly identified panel data models, as in Graham and Powell (2012), where quantiles
of the effect are identified by using two subpopulations of “movers” and “stayers”, i.e. those
for whom the covariates change by a large amount from one period to another, and those
for whom covariates remain (nearly) unchanged. We also consider an alternative asymptotic
framework where the fraction of stayers in the population is shrinking with the sample size.
The purpose of this framework is to approximate a continuous distribution of covariates



where there is an infinitesimal fraction of exact stayers. We also derive the asymptotic
variance of the coefficient’s distribution in this framework, and we conjecture the form of
the asymptotic variance under a continuous distribution of covariates.

The main goal of this dissertation is to expand the choice set of estimators available to
applied researchers. In chapter one, the proposed estimator attains the efficiency bound and
might allow researchers to gain more precision in estimation, by getting smaller standard
errors. In the second chapter, the new estimator allows researchers to estimate quantile
effects in a just-identified panel data model, a contribution to the literature.
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Chapter 1

Efficient Estimation in Models with Independence
Restrictions

1.1 Introduction

Many econometric models are identified using zero-covariance or mean-independence restric-
tions between an unobserved error term and a subset of the explanatory variables. For
example, it is common to assume in linear regression models that the error is either uncor-
related with the exogenous variables, or uncorrelated with all functions of the exogenous
variables. These restrictions identify the parameters of interest, and efficiency bounds for
these type of models have been widely studied, for example in the seminal work of Chamber-
lain (1987). In other models though, statistical independence of the unobserved error and a
subset of the explanatory variables is instead assumed. In most cases, statistical indepen-
dence is a stronger restriction than mean-independence, as it implies mean-independence of
all measurable functions of the unobserved error with respect to the subset of explanatory
variables. Independence assumptions are common in recent strands of the literature includ-
ing in non-linear and non-separable models to allow for heterogenous effects, in the potential
outcomes framework and in non-linear structural models.

In this chapter, we compute the efficiency bound for parameters identified by different
types of independence restrictions. The efficiency bound for a parameter 6 is the small-
est possible asymptotic variance for regular asymptotically linear estimators.! We use the
projection method of Bickel et al. (1993) and Newey (1990c) to compute the bounds. This
chapter also derives an estimator that is consistent, asymptotically normal and attains the
efficiency bound. We will also highlight the size of the efficiency gains through a Monte
Carlo exercise where we evaluate the performance of our estimator.

While imposing mean-independence restrictions (i.e. conditional mean restrictions) is
common practice in economics, the stronger independence assumption is useful to consider for
two reasons. The first is that some models require statistical independence for identification
purposes, as is sometimes the case in non-linear semiparametric and nonparametric models.
The second reason is that even if mean-independence restrictions are sufficient to identify

1See Bickel et al. (1993) for the formal definition.



the parameter of interest, imposing independence can be justified by economic conditions.
The additional information included in the independence restriction can potentially be used
to derive estimators with smaller asymptotic variances. In either case, using an efficient
estimator will ensure that the estimator’s large-sample properties cannot be improved on.

We perform efficiency bound calculations for general classes of model where a residual
function (Y —W6 for example) is independent (or conditionally independent) of an exogenous
variables (X). We also allow for the presence of an unknown function in the residual function,
and compute the semiparametric efficiency bound for the finite dimensional parameter in that
case. The estimator proposed uses a framework similar to that of efficient GMM with two
differences. The first is that we use covariance restrictions rather than moment restrictions,
which leads to a different optimal weighting matrix. The estimation procedure is based on
an increasing number of zero-covariance conditions between some functions of the error and
the exogenous variables. Second, the number of restrictions is growing with the sample size
and we derive maximal rates at which that number grows to infinity. We will show that by
letting the functions considered be in specific classes, independence will be asymptotically
equivalent to the zero-covariance conditions, as their number increases. We will further
characterize results when the class of function chosen are complex exponential functions, by
using facts about characteristic functions.

1.1.1 Related Literature

Efficiency bound calculations for mean-independence restrictions were performed in Cham-
berlain (1987) and Bickel et al. (1993), and efficient estimators were developed in Newey
(1990b) and Newey (1993). For models with the stronger unconditional independence re-
strictions, early results can be found in MaCurdy (1982), Newey (1989) and Newey (1990a).
MaCurdy (1982) shows that using zero-covariance restrictions between higher moments yields
asymptotic efficiency improvements. Both Newey (1989) and Newey (1990a) propose an esti-
mator that minimizes a V-statistic based on an approximation to the efficient score. Newey
(1989) constructs a locally efficient estimator, meaning that efficiency is achieved if one
correctly postulates a parametric family for the unobserved error’s distribution, while the
estimator in Newey (1990a) is globally efficient but requires additional assumptions since it
nonparametrically estimates the distribution of the error in a first-stage estimate. Hansen
et al. (2010) consider a linear instrumental variables system with the instruments inde-
pendent from the error term and propose a locally efficient estimator. By contrast, the
estimator we propose is globally efficient, and is obtained by minimizing a GMM objective
function with an optimal weighting matrix. Manski (1983) also proposed the “closest empir-
ical distribution” approach, and Brown and Wegkamp (2002) derived asymptotic properties
of estimators based on this approach. Though not considered in this chapter, empirical like-
lihood estimators, such as those proposed in Donald et al. (2003) and Donald et al. (2008) for
mean-independence restrictions, can also attain efficiency bounds and often exhibit better
small-sample properties than the corresponding two-step GMM estimator.

An alternative approach for deriving an efficient estimator was proposed in Carrasco and
Florens (2000). Their estimator is based on the estimation of a method of moments estimator



with an uncountable number of moment restrictions. This CGMM (Continuum of GMM)
estimator will be efficient when the optimal weighting “operator” is used to optimally reweigh
the continuum of moment conditions. This objective function is computationally challenging
to evaluate. More generally, this problem suffers from the ill-posed inverse problem, and a
Tikhonov regularization is suggested. By comparison, the estimator we propose uses a finite
but growing number of zero-covariance conditions such that asymptotically the continuum
of covariance restrictions are used.

For models defined by conditional independence restrictions, the literature has mostly
focused on testing rather than estimation. Su and White (2008) propose a nonparametric
test of conditional independence which uses the Hellinger distance between two conditional
densities, and Linton and Gozalo (1996) propose a test based on joint probabilities on half-
spaces. It is interesting to note that single-index restrictions are equivalent to a conditional
independence restriction, as in Klein and Spady (1993) or Ichimura (1993). Cosslett (1987)
has computed the efficiency bound for the semiparametric binary choice model with X e,
and Klein and Spady (1993) have derived an efficient estimator under a single index restric-
tion in the same binary choice model by proposing a semiparametric maximum likelihood
estimator. Lee (1995) derived an efficient estimator for the multiple response model under
distributional single-index restrictions, also a conditional independence restriction. These
additional restrictions are useful for estimating transformation models as in Han (1987),
which include ordered choice models and semiparametric censored regression models (e.g.
Powell (1984)).

Finally, Ai and Chen (2003) made a significant contribution by deriving a consistent and
efficient estimator for models that satisfy a mean-independence restriction with an unknown
finite dimensional parameter () and an unknown infinite dimensional nuisance function

(Fo(-)):
Elp(Y, W, 60, Fo(-))|X] = 0.

The efficiency bound for 6y under p(Y, W, 0y, Fo(-)) LX has not been studied so far. Ko-
munjer and Santos (2010) examine a simple semiparametric BLP model where the finite-
dimensional parameter of interest is identified through an independence restriction. Using a
Cramer-Von-Mises objective function, they derive a consistent and asymptotically normal es-
timator. Santos (2011) suggests an estimator in more general semiparametric non-separable
transformation models with independence restrictions. He does not establish efficiency of his
estimator and instead shows that the class of transformation models he investigates is not
regular since his model is not differentiable in quadratic mean at the true parameter value.

1.1.2 Model

The different econometric models with independence restrictions will be categorized below.
We first consider a general model with a conditional independence restriction:



p(Y, W, 0y) = € with e LX|Z (1.1)

where p(-) is a known residual function, and 6 is a finite dimensional parameter with § € © C
R% and dy = dim(f). Also, W e WC R X e ¥ CR™ Z € ZCR¥%, Y € Y C R¥
and € € £ C R%. The joint distribution of (Y, W, ¢, X, Z) is unknown and is a member of
the class of distributions which satisfy (1.1). This is a semiparametric model since that class
of distributions is infinite dimensional and the parameter of interest 6, is finite dimensional.

The conditional independence restriction can be expressed as a restriction on the conditional
CDF of X and € given Z:

P(p(Y,W.0y) <e, X <x|Z =2)=P(p(Y,W,0y) <e|lZ =2)P(X <z|Z =2)

foralle € £, z € X and z € Z.2 Note that model (1.1) generalizes unconditional indepen-
dence restrictions, since when Z is a constant, the conditional independence restriction is
also an unconditional independence restriction:?

p(Y,W,0y) = e with e L X. (1.2)

Here are some examples included in model (1.1):

Example 1.1.1 (Linear Regression) Let W = X, and Y = X0y + ¢ with e L X. This is a
linear regression model with independent errors, studied in Bickel et al. (1993). The residual
function is p(Y, X,0) =Y — X6.

Example 1.1.2 (Linear Instrumental Variables Regression) Let Y = W6, + ¢ and
el X. This is a linear 1V model with independent errors. This is a stronger restriction than
Ele|X] = Ele] or Cov(e, X) = 0, which are typically assumed in IV models. The residual
function is p(Y,W,0) =Y — W4.

Example 1.1.3 (Semilinear Regression) Let Y = W6y + Go(Z,U) with UL(W, Z),

Go(+,+) an unknown function, and U unobservable. This is a generalization of Robinson
(1988) semilinear regression model which allows the marginal effect of Z on'Y to vary across
observationally equivalent units. Let p(Y,W,0) =Y — W0 and let ¢ = Go(Z,U). We will
show later on that this model can be represented by p(Y, W,0) LW |Z, thus fitting model (1.1).

Example 1.1.4 (Potential Outcomes) In the potential outcomes literature, it is com-
monly assumed that (Yy,Y1)LD|X where (Yy,Y1) are the outcomes when the unit is un-
treated and treated, respectively, D 1s the treatment dummy and X are covariates. Let
Y = DY; + (1 — D)Yy be the observed outcome. Let Y = m(D, X, ¢€,6y), and let m(-) be
invertible in €, and let p(Y, D, X, 0y) be its inverse. We can show that this model is equiva-
lent to p(Y, D, X,0)LD|X.

2For alternative characterizations of conditional independence, see Dawid (1979).
3Conditioning on a constant being equal to itself is exactly equivalent to not conditioning.
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Alternatively, other economic models can be represented with the following conditional
independence restriction:

Y LX|V(X, 6). (1.3)

with V(-) an index function mapping to R¥. We will often use V(X,6;) = X'y and
therefore dyy = 1. This model is similar to (1.1), but instead the parameter of interest 6,
appears in the conditioning variable. This model is used in many examples in discrete choice
analysis and in non-invertible models, for example:

Example 1.1.5 (Semiparametric Binary Response) Let Y = 1(e < X; + Xs6y), and
let this single-index restriction hold: E[Y|X] = E[Y|X'0y] where X'0y = X + X26,.* We
can show that this single index restriction is equivalent to Y 1 X|X'0y.

Example 1.1.6 (Censored Regression) Let Y = max{X'0y + ¢,0}, and let e L X|X'6,.
Then, this restriction implies that Y 1L X |X'6y.

We also consider a generalization of model (1.2) where the residual function includes an
unknown function Fy(-) (i.e. a nuisance function):

p(Y, W, 0y, Fy(+)) = € with e L X. (1.4)

Here is an example of a model which satisfies (1.4):

Example 1.1.7 (Transformation IV) Let Y = Ag(W60y + ¢€) and eLX, an instrument.
This is a transformation 1V model, and we assume that Ao(-) is an unknown and strictly
increasing function. Let Fy(-) = Ay'(-). We can then let p(Y, W, 0y, Fo(+)) = Fo(Y) — W,
and therefore this is an example which satisfies restriction (1.4).

Example 1.1.8 (Semilinear Regression 2) Let Y = Wy + go(Z) + € and e L(W, Z).
This is Robinson (1988)’s model with independent errors. We can then let p(Y, W, 6y, Fy(-)) =
Y -Wbly—Fy(2), X = (W, Z) and therefore this is also an example which satisfies restriction
(1.4).

1.1.3 Estimation Technique

For model (1.2), the efficient estimator we propose relies on zero-covariance restrictions be-
tween the functions e**?("W:%) and "X for any values of s and t. We show that the GMM-type
estimator of an increasing number of these covariance restrictions with an optimal weight-
ing matrix attains the efficiency bound. This estimator makes full use of the independence
restriction through the complex exponential approximating functions, and efficiency is at-
tained by using a GMM-type setup with an optimal weighting matrix. To get a concrete
idea of how the estimator is derived, we will present the population objective function. Let

4For more on single-index restrictions see Ichimura (1993), Powell et al. (1989) and Bester and Hansen
(2009).



g(s,t,0) = Cov (eis’)(Y’W’e), eitX), and let Q be a linear operator on functions from R? to R?
with kernel k(s, t,s',¥') = Cov (e, e**'¢) Cov ("X, ' X). The population criterion function
is equal to:

R(0) = llg(-, -, 0)II5, (1.5)

where ||g||3, = (Q271/2g, Q27 /2g) denotes the norm of g in the reproducing kernel Hilbert space
(RHKS) defined by .5 We approximate the population objective function by a sieve. Let

g%L(0) be a KL by 1 vector of sample covariances between esPW0) and X evaluated at

~KL
K x L different values of (s,t). We also let Q@  be a KL x KL dimensional matrix which is
~KL
a finite-dimensional approximation of the operator 2. We will show that {2 is an optimal

weighting matrix for the sample covariances §(f), and that the estimator:

~

6= argming.q R*%(0)

~

. ~KL\ " R
RE) = 5002 (8) 50/ = e

will attain the efficiency bound as K and L — oo, and other regularity conditions are
satisfied.

This chapter is organized as follows. Section 2 derives the efficiency bound for the different
restrictions considered. Sections 3 introduces efficient estimators for parameters in models
represented by (1.1). Section 4 conjectures an efficient estimator for 6, in models with
independence restrictions and unknown functions. A Monte Carlo study is presented in
section 5, and section 6 concludes.

1.2 Computation of Efficiency Bounds

A practical method for computing efficiency bounds in regular semiparametric models is the
projection method, pioneered in Bickel et al. (1993) and surveyed in Newey (1990c) and
Tsiatis (2006). Using this method entails devising a generic parametric submodel of the
semiparametric model, and computing the Cramer-Rao lower bound for the estimation of 6,
given this submodel. The efficiency bound of 8y in the parametric submodel cannot be larger
than the efficiency bound in the larger semiparametric model, since the submodel imposes
restrictions in addition to those in the semiparametric model. The efficiency bound will be
equal to the supremum of the Cramer-Rao bounds for all submodels, if the supremum exists.
We project the score function of the semiparametric model on the nuisance tangent space,
yielding the efficient score, which is sufficient for computing the efficient influence function
and the semiparametric efficiency bound of the model.

°See Parzen (1959) for an introduction to reproducing kernel Hilbert spaces.



1.2.1 Unconditional Independence

To compute the efficiency bound of 6, in model (1.2), the following assumptions will suffice:
Assumption 1.2.1 (UI)

(a) (Parameter Space) dg =1 and © is compact;

(b) (Identification) p(Y,W,0) LX = 6 = 0,;

(c) (Invertibility) dy = d. =1 and p(-,W,0) is invertible for all 0 € © a.s. - W;

(d) (Finite Fisher Information) € has a continuously differentiable density function fe(-)

N 71(?
10=F {f6<e>2

(e) (Differentiability) p(Y, W, 0) is differentiable with respect to 0 a.s. - (Y,W);

| <o

(f) (Finite Second Moments of Derwative) E||ps(Y, W, 6)]||?] < oo.

In assumption Ul(a) we let the parameter space be one-dimensional. This is done to
simplify calculations, and is without great loss of generality. Assumption UI(b) is a high
level assumption, and identification of 8y will be taken for granted in this chapter. Typically,
since 6y is a finite dimensional parameter, it will be overidentified because independence
restrictions are equivalent to an infinite number of covariance restrictions. Assumption Ul(c)
further restricts our attention to models where there exists a bijection between scalars € and
Y. Most of the results can be generalized to dy = d. > 1 straightforwardly, and this
assumption is done to ease calculations. Many models satisfy this restriction, such as most
linear, non-linear and quantile regression models. This restriction does rule out many discrete
Y models, such as binary response Y = 1(e < X'6y), but some of these models will satisfy
an independence restriction as in (1.3). Assumption UI(d) is substantially different from
the usual E [¢?] < oo assumed for models with mean-independence restrictions or covariance
restrictions, since for many distributions with infinite variances (e.g. Cauchy, Student with
fe(e)
fe(e)
Therefore, independence restrictions can accommodate more models with thick-tailed error
distributions than those with moment-based restrictions. Finally, assumptions Ul(e)-(f) are
regularity conditions necessary to insure the existence of the semiparametric efficiency bound
and will be discussed further in the context of an example.

2 degrees of freedom), the location score is bounded, thus its Fisher information exists.

Lemma 1.2.2 Under assumption (1.2.1) the efficient score of the model identified
by p(Y,W,0)LX is:



SU(X,€,00) = E[J(Y,W,00)| X, €] = E[J(Y,W,6)|e]
+ 2 (Blpo (v, W,00) X, €] — Elpo(Y. W, 60)[e]

Oe
fi(e)
+m(E[P0(Ya W, 00)|X, €] = Elpg(Y, W, b)]e])
0 0 , . S
where J(Y,W,0y) = 2 log ?p(Y, W, 0) is the Jacobian. The efficient influence func-
Y =0,

tion 18:
VX €)= (VI(60)) SN e.0)
where V(0y) is the semiparametric efficiency bound:

Vl(0)~ = Var[E [J(Y, W, 00)|X,e] — E[J(Y, W, 6)|€]

+2Cov (E (Y, W,00)[X.e] = E[J(Y, W, 6)le]. %h(X, O+ ?8

h(X, e))

i D
+Var[a€h(X, )+f6(€)h(X, )

with h(X,€) = Elpg(Y, W, 0)|X, ¢| — Elpg(Y, W, 00)]e].

Discussion of Lemma and Linear Regression Example

To gain an insight on the efficient score and variance in this model, it is useful to compare
them to their counterparts in the mean-independence model. Independence of ¢ and X
will still hold, but this information will not be used in the computation of the efficient
score function. For simplicity, we will assume that the Jacobian term is constant, and
therefore will not appear in the efficiency calculations. In the mean-independence case
Elp(Y,W,0,)|X]| = E[p(Y,W,0)], the efficient score and variance bound are:



e — El¢]

Sfﬁ(Xv €, 60) = (E[pe(y, VV, ‘90)|X] - E[IOG(K VV, 00)]) Var [E]

" B Var [€]
Vl (90) o Var [E[,Og(y, VV, 90)|X]] ‘

We can use the Cauchy-Schwarz inequality to show that VeE(6y) > Ve(6,). These
results fit in the optimal instrument framework, and the optimal instrument here is equal to
Elpe(Y,W,00)|X] — Elpe(Y, W, 6y)]. The main difference is the presence of the location score

!

f:_(e) and the conditioning of py(Y, W, 6y) on both X and €, rather than only on X. We can
(€
see that when E[pg(Y, W, 00)|X, €] — E[pg(Y, W, 6y)|e] does not depend on €, and when the
€ — Ele]
Var ]
To illustrate the efficiency gains, consider the endogenous linear regression model in ex-
ample (1.1.2): p(Y,W,6y) = Y — W#, = € with € independent from X, the instrument.
Assumption Ul(e) is trivially satisfied, and assumption UI(f) is satisfied if we assume that
W has a finite variance. The existence of moments of X is not required for the computation

location score is equal to the two efficient scores will be equal.

0
of the efficiency bound. The efficient score under independence is S( X, ¢, 6y) = 6’_h(X ,€)+
€

/!
6(E)h(X, €) where h(X,e) = —E[W|X,¢] + E[W|e]. When (W, X, €) are trivariate normal,

fe(e)
we have that E[IWV|X, €] is a linear function of X and e, so that E[W|X, €] = aX + be for

some a and b. Therefore, h(X,e) = —a(X — E[X]), and the term 2h(X, ¢) will be equal to

Oe
zero. Also, when the distribution of € is normal with mean p and variance o2, the location
'(e —€
score ?T(i is equal to a 5—, and the inverse of its variance is o?. This implies that indepen-
(€ o

dence is equivalent to mean-independence when (Z, X, ¢€) are jointly normally distributed.
This equivalence is a natural consequence of the fact that jointly normal distributions are
uncorrelated if and only if they are independent.

From looking at the differences between these efficient scores, we expect efficiency gains
when: (1) the distribution of € is not normal, and (2) when the conditional expectation
Elpe(Y,W,6y)|X, €] is nonlinear in X. In the exogenous linear regression model of example
(1.1.1) (p(Y, X, 6y) = Y — X6y LX) the only efficiency gains will come from the non-normality
of €, and the ratio of the efficiency bounds is:

VT (0)
Veff(eo)

= Var [¢] Var {fé(ﬁq .

fe(e)



When this ratio is large, using the additional information in the independence restriction
will yield large efficiency gains compared to using only the mean-independence restriction.

To illustrate an alternative source of efficiency gains from using independence, consider
a pathological linear IV regression example. Let

YIW00+€,

and
W = X% +.

X is the instrument, and (X, €, n) are jointly distributed along a trivariate normal distribution
with mean 0 and identity variance matrix. The two-stage least squares estimator will likely
have poor properties, since F[W X] = 0. In fact, we have that E[W|X] = 0, meaning that X
provides no useful information on the first moment of W. But it is clear that knowledge of X
should help in predicting W, since they are not independent. The efficiency bound for this
model under the mean-independence restriction E[e| X] = Ele| is infinite, therefore we cannot
use it to derive a v/N-consistent estimator. In this model, it is useful to consider stronger
versions of the usual 2SLS assumption, specifically we instead work with the condition e L X.
In this case, the efficiency bound of 6, is equal to Var [¢2] ' Var [X2] ™", so identification of
0y is regular despite the fact that linear IV regression techniques cannot recover 6,.% This
result can be connected to the literature on weak instruments, and shows that that using
covariance between non-linear functions of € and Z as a basis for estimation relaxes the need
for Cov (W, X)) # 0, as long as W and X are not independent. This example is somewhat
extreme, but we can see that if Cov (W, X) is small, but W and X depend non-linearly,
efficiency gains from using independence can be very large.

An important point is that throughout this discussion we have assumed that e L X. Using
an estimator that assumes full independence when mean-independence holds, but indepen-
dence does not hold will likely lead to inconsistent estimates for #; and invalid standard
errors. For example, let

Y =X0y+¢

and
e= XU,

where U L X and E[U] = 0. This is a linear regression model with F[eX] = E[X?|E[U] = 0,
and multiplicative heteroskedasticity. Since E[e?|X] = E[U?X?, the variables ¢ and X are
not independent. 6, is identified, since we have E[eX] = 0, but we do not have e X, and
therefore,

Y -X01X

yields
XU +0y—0)LX,

and imposing 6 = 6, does not satisfy this relationship. In fact, unless U is a constant, no

6Since we assumed normality, higher moments of X and ¢ all exist.
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value of 0 will satisfy this relationship, and therefore estimators based on this identifying
restriction will not be asymptotically consistent.

1.2.2 Conditional Independence

To compute the efficiency bound of 6 in model (1.1), the following assumptions will suffice:
Assumption 1.2.3 (CI)

(a) (Parameter Space) dg =1 and © is compact;

(b) (Identification) p(Y,W,0)LX|Z = 0 = 6y;

(c) (Invertibility) dy = d. =1 and p(-,W,0) is invertible for all € © a.s. - W;

(d) (Finite Conditional Fisher Information) €’s conditional density function fez(-|-) is con-
E/|Z(€|Z)2
faz(el2)?

(e) (Differentiability) p(Y, W, 0) is differentiable with respect to 0 a.s. - (Y,W);

7

)

tinuously differentiable in € and 0 < E

(f) (Finite Second Moments of Derivative) E[||ps(Y, W, 6)]|?] < oo.

The assumptions required for lemma (1.2.4) are very similar to assumptions Ul(a)-(f).
fele)
fele)

. This model nests the unconditional independence

The main difference is in assumption CI(d), where the location score

fé|z<€|Z)
faz(elZ)

model since we can let Z be a constant random variable, which will make all assumptions in
(1.2.3) equivalent to those in (1.2.1).

is replaced by

the conditional location score

Lemma 1.2.4 Under assumptions (1.2.3) the efficient score of the model identified
by p(Y,W,0) LX|Z is:

SU(X, e, Z,00) = E[J(Y,W,00)|X, e, Z] — E[J(Y,W,0)|e, Z]

+%(E[/)0<Y, W, Qo)yX, €, Z] — E[pg(Y’ W, 90)‘6, ZD
e/|Z(6|Z)
FF gz YW 00)1X e, 2] = Elpo(Y W, b0)le. 2)

7f5/|z(€|Z) denotes the partial derivative of f|z(€[Z) with respect to e.
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is the Jacobian. The efficient influence func-
=0,

where J(Y,W,0y) = — log p(Y, W, 0)

0
a /

o0

tion 1s:
V(X e, 2,00) = (VH(00)) " SP(X, e, Z,6,)
where VU(0y) is the semiparametric efficiency bound:

V(o) = Var[E[J(Y,W,00)|X, ¢, Z) = E[J(Y,W,6)le, Z]]

+2c0v (E [J(Y, W, 00)| X, e, Z] — E[J(Y,W,00)e. 2], gh(X e, 7)
D), 2o g D),
ﬂd|ﬁ“”@>”/ah“ D feap" e

with h(X, e, Z) = E[pg(Y,W,0)| X, €, Z] — E[pg(Y, W, 0p)le, Z].

Discussion of Lemma and Semilinear Regression Example

Conditional independence is a stronger restriction than the following conditional mean-
independence restriction:

Elp(Y, W, 00)|X, Z] = Elp(Y. W, 0,)|].

Assuming we have a model where the Jacobian term in the efficient score disappears (i.e.
E[JY,W,00)|X,¢,Z] — E[J(Y,W,0)|e, Z] = 0), we can compute the efficient score under
the mean-independence restriction as in Chamberlain (1987), which is:

ST(X. €, Z,00) = (Elpo(Y, W, 00)| X, Z] = Elps(Y. W, 90)|Z])EW+[[E||?H
E[Var [¢| Z])?

E[Var [Elpg(Y, W, 00)|X, Z]| Z] Var [¢| Z]]

Vit (6) =

If conditional mean-independence restrictions also identify 6y, we can compare the effi-
ciency bounds V°¥(6y) and Vf(0y). Comparing their efficient scores, we can see that the

12



efficiency gains are larger when the data generating process has the following features: (1)
the conditional locati LS tly from ~—214Z]

e conditional location score 712(d2) iffers greatly from EVar [ Z]]
normal; or (2), E[ps(Y,W,00)|X, €, Z] depends non-linearly on X or Z. These conditions
are substantially similar to those in the unconditional independence case, and may offer
some guidance as to whether imposing conditional independence of the error will yield large

efficiency improvements.

, that is, it is non-

In some cases, weakening the conditional independence assumption will result in a loss
of identification. Consider the semi-linear regression model Y = W6, + Go(Z,U) with
UL(W,Z), a generalization of Robinson (1988)’s regression model also proposed in Santos

0
(2011). This model allows for heterogeneous effects of Z on Y through a—ZGO(Z, U) since

Go(+,-) is unknown and potentially non-linear. This is a form of unobserved heterogeneity,
a topic of great importance for microeconomic data, for example in the treatment effects
literature.® The restriction E[U|W, Z] = E[U|Z] cannot be used to identify 6, unless we we
assume that Go(Z,U) = go(Z) + U, as in Robinson (1988). Let ¢ = Go(Z,U), and consider
the following set of additional assumptions:

Assumption 1.2.5 (SL)

(a) (Strict Monotonicity) Go(z, ) is invertible for every value z € Z a.s.;
(b) (Conditional Independence) U LW |Z;

(c) (Unconditional Independence) U L(W, Z).

Lemma 1.2.6 Under assumptions (1.2.3) (¢)-(f) and either assumptions (1.2.5) (a) and (b)
or assumptions (1.2.5) (a) and (c), 6y is identified and its efficiency bound is:

114(Go(2,0))2) -
faz(Go(Z,U)|2)

Vg, = E ( ) (W — E[W|Z])*

This lemma shows that this model’s finite-dimensional parameter 6, is identified, and
also that the efficiency bound does not depend on whether we make the unconditional or
conditional independence assumption. Intuitively, the unconditional independence restric-
tion SL(c) implies the conditional independence restriction SL(b) and also that U_LZ, but
both U and Z only appear inside an unrestricted and potentially non-linear function Gy (-, -).
Because of this, U can be normalized in a way that lets it be independent from Z without al-
tering the other model assumptions. This bound will differ from the one in Robinson (1988)

8See Chesher (2003), Evdokimov (2009) and Imbens and Newey (2009) for example.
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because he only uses mean-independence rather than independence. If it is indeed true that
Go(Z,U) = go(Z) + U the efficiency bound becomes

()]

which is the bound computed in Bhattacharya and Zhao (1997) for Robinson’s model with
UL(W,Z). They compute the bound and derive an estimator which attains it, thereby
making the existence of Var [U] unnecessary for estimation, since a finite Fisher information
for U will suffice. Our model places fewer restrictions on the unknown function, but the
efficiency bounds are the same in this special case, therefore it is more general. Since Go(z, -)
was assumed invertible, we can normalize the distribution of U to be Uniform|0, 1] and get
that Go(Z, 1) is quantile 7 of the non-parametric component.

Vel(g)) = E E[Var [W|Z]] ",

1.2.3 Conditional Independence with Parameter in the Condition-
ing Variable

0
Denote Vy(X, 6y) = %V(X, 6)|9=p,- To compute the efficiency bound of 6y in model (1.3),

the following assumptions will suffice:

Assumption 1.2.7 (CI2)
(a) (Parameter Space) dg =1 and © is compact;
(b) (Identification) Y LX|V(X,0) = 0 = 0y;

(c) (Smoothness) The conditional density of Y given V = v is continuously differentiable in
v;

(d) (Differentiability) V (X, 0) is differentiable with respect to 6 a.s. - X;

(e) (Finite Second Moments of Derivative) E [||Va(X, 60)]|?] < oo.

Assumption CI2(a) and CI2(b) are similar to those assumed in previous efficiency bound
calculations and are standard. Assumption CI2(c) assumes that the conditional distribution
of Y given V(X 6y) is continuously differentiable in the index function V. This assumption
combined with CI2(d) and the chain rule ensures that the conditional density of Y given
V (X, 0) is differentiable in 6, so that our model is smooth, a necessary condition for efficiency
calculations. Note that if Y has discrete support, this is an assumption on the smoothness
of conditional probabilities rather than conditional densities.
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Lemma 1.2.8 Under (1.2.7) the efficient score of the model identified by Y L X |V (X, 6y) is:

0
— fyv(Y]V)
6 B oV .
STV, Yb0) = ((X 00) = BV (X 00V P

The efficient influence function 1s:
GI(X, V.Y b0) = (VI(8) " ST(X, V.Y 6)

where Ve0(0y), the semiparametric efficiency bound, is:

o7 —1

9,
R (YIV)

VEﬁ(QO) =FE | Var [%(Xv 00)|V] fY|V(Y’V)

Discussion of Lemma and Binary Choice Example

To illustrate this result, consider the binary choice model in example (1.1.5) with Y = 1(e <
X'6y) and el X|X'6y, which implies that Y 1 X|X'6,. Here, V(X,0y) = X'6y, and one of
the elements of 6, is normalized to unity. The smoothness assumption here is equivalent
to assuming that at e continuously distributed, a frequent assumption in the identification
of discrete choice models. Assumption CI2(e) also requires a finite variance for the non-
normalized element of X. Using the formula above, the efficiency bound is:

a 2
(%P(Y = 1|X’9)|9:90)

eff fle
V=) P(Y = 1|X'6))P(Y = 0|X"6,)

as in Cosslett (1987) and Klein and Spady (1993). This efficiency bound is the same as
that for the restriction e L X, a stronger assumption which implies Y L X| X', as shown in
Klein and Spady (1993). Since Y is a binary random variable, the conditional independence
restriction is equivalent to a mean-independence or single index restriction, as in Ichimura

(1993):
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E[Y|X]=P(Y =1|X) = P(Y = 1|X, X'0,) = P(Y = 1|X").

Therefore, the efficiency bound for the conditional independence restriction is the same
as the efficiency bound for the single-index restriction when Y is binary, and we see that
conditional independence restrictions are a generalization of single-index restrictions. We
can also consider multiple choice models with K > 2 alternatives where Y is a K by 1 vector
of binary random variables such that Y, = 1 indicates that alternative k was selected. In
this case, a conditional independence restriction of the type Y 1L X | X', where X is a K by r
matrix of regressors, and 0 is a r by 1 vector of coefficients will be sufficient for identification
of 0y up to scale. Again, this model is equivalent to the mean-independence/single-index
restriction:

E[Y|X] = E[Y|X'6,).

As shown by Thompson (1993), the efficiency bound for using the conditional indepen-
dence restriction and the stronger el X are different, as opposed to the binary response
model. See Lee (1995) and Ruud (2000) for further details. Other semiparametric discrete
choice models will be identified using conditional independence restrictions, but not under
mean-independence restrictions. An example of such a model is a semi-parametric ordered
choice model such as the following;:

(0if X0y +e<0
1if X0+ €€ [0, 11)
Y =< 2if X'0y+ € € [, o)

\JifXI€0+E>[LJ_1

Since Y is not binary, mean-independence and conditional independence differ. It will
be possible to identify 6y with the restriction Y L X|X'6,, which is equivalent to P(Y =
JIX) = P(Y = j|X'0y) for j € {0,1,...,J}. More generally, we can consider the generalized
regression model of Han (1987) which lets Y = D(F (X0, €)), where F(-) is a known strictly
monotone function, and D(-) is a known weakly monotone function. This general model
includes linear regression, censored regression, duration models and discrete choice models
as special cases. Letting € follow a distributional single-index restriction as in Lee (1995),
that is e L X| X"y, we can show that Y 1 X|X'0y, a conditional independence restriction on
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observable variables which can identify 6y under mild additional conditions.

1.2.4 Independence with Nuisance Function

We now consider model (1.4), which includes an unknown function F(-) in the residual
function. We let pp(Y, W, 0y, Fy(-))[w] denote the directional derivative of p with respect to
F(-) in the w direction evaluated at Fy(-). Let a = (6, F(+)) and oy = (6, Fo(-)). To perform
efficiency bound calculations, we make the following assumptions:

Assumption 1.2.9 (UI2)
(a) (Parameter Space) dg =1 and © is compact and Fy € F, a convex set of functions;
(b) (Identification) p(Y,W,0, F(-))LX = (0, F(-)) = (6o, Fo(-));

(c) (Invertibility) dy = d. =1 and p(-, W, 0, F(-)) is invertible for all (6, F(-)) € © x F a.s.
SW;

(d) (Finite Fisher Information) € has a continuously differentiable density function fc(-)

o fé(e)z} .
dO<E{f€(€)2 < 00;

(e) (Differentiability) p(Y, W, 0, F(-)) is differentiable with respect to 0 a.s. - (Y,W) and
directionally differentiable with respect to F(-) a.s. - (Y,W);

(f) (Finite Second Moments of Derivatives) E || pa(Y, W, 00, Fo(+))||?] < oo and
Elllpr(Y, W, 0y, Fo(:))[w]||*] < oo for allw € F.

The assumptions presented above are similar to the assumptions in (1.2.1), but include
restrictions about directional derivatives with respect to the non-parametric component. We
assume in UI2(e) that the directional derivative exists, and in UI2(f) that it has finite second
moment. These assumptions are equivalent to those in (1.2.1) when there is no unknown
function Fy,.

Lemma 1.2.10 Under (1.2.9) the efficient score of the model identified by

Seﬁ(X,E, OéO) = E[S@ + Sp[w*] + J[w*]|X, 6] — E[S@ + SF[U)*] + J[w*]]e]

where

0

a—fe,wx(@ W, X)
e
fe,W,X(€7 w, X)

p@(y, VV7 907 FO())J

0
_p(Y7 VV, O{())

0
Jw| = —log | —p(Y,W,a)|a=a0| + log | = w),
] (V. IV,0) = 0]

00 0
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0
&fe,VV,X(@ VV) X)
fe7W7X(E> VV,X)

and w* € argmin, . rE[(E[Sy + Sp[w] + J[w]| X, €] — E[Sp + Sr[w] + J[w]|e])?]. The efficient
influence function is:

Splw] = p(Y, W, 6, Fo(-))[w],

V(X e, a0) = (VF(ag)) ™ SF(X €, )

where V(ayp), the semiparametric efficiency bound, is:

-1

V(o) = E [(B[Ss + Splw’] + J[w']|X, ] + E[Sy + Sr[w”] + J[w"]|e])?]

Discussion of Lemma and transformation IV example

We can give an interpretation to some of the terms in the efficiency bound, for example Sy
is the parametric score, Sp[w] is the non-parametric score (or the score associated with the
unknown function), and J[w] is the jacobian term. The direction w* can be interpreted as
the “least-favorable direction”, since it is the direction in which the directional derivative of
the model minimizes the additional information, as can be seen from the definition of w* as
a minimizer. Note that w* always exists since the function it minimizes is convex.

To illustrate this result, consider example (1.1.7): Y = Ag(W6y + €) with e L X, where
both Ag(-) and 6y are unknown. Let Ag(-) be a smooth and strictly increasing function
from R to (0,1), and let Fy(-) denote its inverse. We assume that F(-) € F, where F is
the class of strictly increasing, and continuously differentiable functions from (0, 1) into R.
Since p(Y,W,a) = F(Y) — W6, this model will satisfy assumptions (1.2.9) if we assume
that E[F(Y)?] for all F € F, € has finite fisher information and W has finite variance.
Mild additional regularity conditions can allow this model to be identified by the work of
Torgovitsky (2012).°

This non-parametric transformation IV model can be motivated by a simple BLP (Berry
et al. (1995)) model. To put the model in context, we let Y € (0,1) be the market share,
W0y + € be the random utility level, and X be an instrument. The function Ag(-) is an
invertible but unknown market share function that maps random utilities into market share.
Many BLP models impose parametric assumptions on idiosyncratic utility shocks. They
assume the shocks follow a type 1 extreme value distribution, which allows Ay(-) to be a
logistic CDF. Recent work on these models have relaxed parametric assumptions on Ag(+),
and have looked at the semiparametric estimation of 6y. See Berry et al. (2012) for theoretical

Tt is worth noting that Fy(-) and 6, are not jointly identified unless we impose additional scale and
location constraints on Fy(+). We therefore assume that F(1/2) = 0 and F’(1/2) =1 for all f € F without
loss of generality.
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results on market share inversion, and Komunjer and Santos (2010) for estimation results in
another simple BLP model.

To compute the efficiency bound, we use the calculations provided in the proof of Lemma
(1.2.10), and we have that the parametric score is Sy = —W, the nonparametric score eval-
uated at direction [w] is w(Y'), the Jacobian term is w'(Y") and the least favorable direction
w* is defined implicitly as in lemma (1.2.10). The efficiency bound is then:

1

Vi (ao) = B [(E[Sy + Splw] + Jw']|X, €] — B[Sy + Sp[w'] + J[w]le])?]

where

E[S@ + SF[w] + J[IUHX, 6] — E[S@ + SF[UJ] + J[U)Hd =

(DY w(¥)1X,d - EDV = u(v)ld) 455
+%(E[W —w(Y)|X,e] = E[W —w(Y)|e]) + E[w' (Y)| X, e]—E[w' (Y)|e].

Note that if there is no unknown function in p(-), meaning that Fy(-) is assumed known,
all terms with [w] disappear, and the efficiency bound becomes that of the linear IV model.
In that case, the bound will depend solely on the joint distribution of (W, X, ¢€), and on the
value 6, while the known transformation Fy(-) will not affect the bound. Since the efficiency
bound depends on whether or not Fy(-) is known, it will not be possible to estimate 6,
adaptively. To proceed with the estimation of 6y in this example, one must consider Fy(-)
as an infinite dimensional nuisance function that must be estimated alongside 6. Also note
that w* often does not have a closed form expression, as it is defined as a function that
minimizes a criterion function.

1.3 Estimation

The estimator for model (1.2) is based on a criterion function containing a number of co-

variances between basis functions of X and p(Y, W, 6,). We define the mean-zero vector of
basis functions of X as ¢ (X;) = ¢, a K x 1 vector of the form ¢ = rf — 5 ;\/:1 i
with 75 a K x 1 vector of basis functions of X. Let ¢/ = r/* — E[r[]. Let p"(Y;, W;,0) =
pr(0) = pr(0) — ~ j\/:l py (0) where pf() is a L x 1 vector of basis functions of p(Y;, W5, ).
For example, they could be the first L powers of p(Y;, W;, 0), stacked in a vector. Also, let

pf(0) = pf(9) — E[pk(6)].

Estimation is based on the following zero-covariance conditions:
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E[p"(Y;, Wi, 0) @ r(X;)] — E[p"(Y;, W;,0)] @ E[r"(X;)]
= Elp"(Y;, W;,0) @ ¢" (X))]
= E[g/"(0)]

0
0
0

a KL x 1 vector of moment conditions defined by ¢gX%(0) = pt(Y;, W;,0) ® ¢*(X;). Note
that this is not exactly a GMM problem: the function gX* is not known a priori, since
both ¢%(X;) and pX(Y;, W;, 0) involve expectations that need to be estimated. Essentially,
this problem relies on covariance conditions rather than on moment conditions. We will
show that the GMM framework can also be used to deliver asymptotically efficient estimates
of parameters identified through covariance conditions by modifying the optimal weighting
matrix to reflect the covariance structure of the estimating equations. Assuming K and L
fixed, the optimal GMM estimator of 6y based on these KL moment conditions is:

A

0 = argming o RX(6)
1

N

REE(6) = - S a6y (ﬁ S 5 @50y ]) Z ol

=1

S A O L ORI )
where

g (o) = AL(Y' Wi, 0) ® ¢ (X;)

)

G ( 2: GEL(
N

N

QKL (9) — %Z[gf%e)gf%)']
Q) = - S lok )9 6]

9:00+Op(TN) WithTN—)O

Here, 6 is a preliminary “first-step” estimator of 6, that is usually, but not necessarily,
VN consistent, and Q%% () is the estimate of the variance-covariance matrix of the sample
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covariances. To ensure identification and consistency, we need to make further assumptions
about the basis functions:

Assumption 1.3.1 (Basis Functions)

(a) (X Basis Functions) dx = 1, sup,.x || (z)| < ¢((K) with VK < ((K), and E[rKrX]
has its smallest eigenvalue uniformly bounded away from 0;

(b) (p(Y,W,0) Basis Functions) sup, .,yeyxw |["(60) (y, w)|| < (L) with VL < ¢(L), and
E[pE(0)pE(0)] has its smallest eigenvalue uniformly bounded away from 0 for any 0 in
a neighborhood of 6y,

(c) (Spanning) For each & and continuous function v(x, p(y,w,0)) € R, there exists K, L
such that ||v(z, p(y, w,0)) — A'(r¥(z) @ pL(y,w,0))|| < for a KL x 1 vector A.

Assumptions (1.3.1)(a) and (b) are rate conditions on the approximation functions. When
using complex exponentials on a bounded domain as basis functions, ((K) = CVK for a
bounded constant C'; and the eigenvalue conditions are satisfied. If we were to use power
functions instead, ((K’) would be directly proportional to K and restrictions on the range of
X and p(Y, W, 0) are needed as well. See Andrews (1991), Gallant and Souza (1991), Newey
(1997) and Donald et al. (2003) for more details. Without loss of generality we can assume
that both p(Y, W, 0) and X are bounded: independence of two random variables X and Y
is equivalent to independence of ®(X) and ®(Y), where ® is a bounded, invertible function
mapping from R to a bounded interval (e.g. the CDF of a continuously distributed random
variable). Assumption (1.3.1)(c) requires the basis functions to be complete, meaning that
they approximate arbitrarily well functions of their arguments.

We find an alternative representation for the independence restriction in model (1.2),
using the following definition:

Definition 1.3.2 (Measure-Determining Class) Let F be a class of functions, and X be
a random variable. If there exists a bijection between {E[f(X)] : f € F} and the distribution
function of X, Fx, we say that F is a measure determining class for X.

Well known examples measure-determining classes include {e'X : t € Réx},
(TIX, 1(X; < 1) : t € R}, and the set of all continuous bounded functions of X. If X
has discrete support, the set of indicators for all support points (minus one) of X is also a
convergence determining class. Independence of two random variables can be characterized
as an uncorrelatedness condition between functions in measure-determining classes:

Lemma 1.3.3 Let X € R and Y € R be random variables. Let F and G be measure-

determining classes of dimension dx and dy respectively. Then Cov(f(X),g(Y)) =0 for all
(f,9) € F x G if and only if X LY.
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Therefore, going back to the setup in (1.2), we restate the independence restriction as
the following;:

Cov (f(p(Y,W,6y)),9(X)) =0 for all (f,g9) € F xG. (1.6)

In the remainder of this chapter, we will focus on Fg = {e*" : s € R%} and F¢¥ =
{eit/' .t € R¥} when they are continuous random variables, and on indicators at support
points if they are discrete random variables. Unlike moment-generating functions, equality
of characteristic functions on a positive measure interval does not imply equality everywhere
on the Euclidean space: one can construct two characteristic functions that are equal on
arbitrarily large intervals, but different elsewhere.!® Also, characteristic functions exist and
are bounded for all random variables.

We will assume that we are working with Fourier series basis functions, and that r =
ek Xi where 5 = [s1,...,sk] is a K x 1 vector such that 3k, = [5%,sks1) and as
K — o0, §x is dense in R Similarly, p£(f) = eerViWib) and ¢} is a L x 1 vector that
becomes dense in R as L — oo. This basis will satisfy assumptions (1.3.1)(a)-(b) with
((K) = O(VK) and ¢(L) = O(V/L). The asymptotic denseness of the vectors will allow
assumption (1.3.1)(c) to be satisfied. The choice of basis and its implications are beyond the
scope of this chapter.

1.3.1 Consistency and Asymptotic Normality

Before deriving the estimator’s asymptotic properties, we make more assumptions about
regularity conditions. Denote by p}(6) the L x 1 vector of derivatives of p”(#) with respect
to 6.

Assumption 1.3.4 (Regularity Conditions)

(a) (Identification) p(Y,W,0) L X = 0 = 0y;

(b) (IID) {X;,Y;, W;}., are identically and independently distributed;
(c) (Compact Parameter Space) 0 € Int(©) and © is compact;

(d) (Differentiability and Global Lipschitz of Residual Function) p(Y, W, 0) is twice differ-
entiable in a neighborhood of 6y and ||p™(Y,W,0) — p™(Y,W,0)|| < o,(Y,W)|0 — 6
and E[o,(Y,W)?|X] = Oy(L) for any 0,0 in ©. Also, |lp(§(Y,VV,0~) — pk(Y,W,0)| <
0or(Y,W)|0 — 0| and E[der.(Y,W)?|X] = O,(L) for any 6,0 in ©.

(e) (Invertibility) p(-,W,0) is differentiable and invertible for all € ©, a.s. - W, and its
inverse function Y = m(-, W, 0) is continuous in 6;

10Tf we restrict our attention to random variables with analytic characteristic functions, equality on an
interval with positive Lebesgue measure will imply equality everywhere. Examples of distributions with
analytic characteristic functions include the normal and Laplace distributions. See Lukacs (1960).

U Throughout the chapter, we will use the notation e? to denote the element by element exponentiation
of the vector a.
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(f) (Preliminary Estimator) Oy is a preliminary and consistent estimator of 8y satisfying
108 — 6ol = Op(7n), with Ty — 0 as N — oo;

(g) (Finite Second Moments) € has a continuously differentiable density function f(-)

AV
and 0 < E [& < 0. Also, El||pe(Y, W, 0)||?] < oo;

fe(€)?

(h) (Global Lipschitz Objective Function) supy jee |RKL(9) — REE()| < D|0 — |, where
D = 0,(1) and a > 0.

Most of these assumptions are similar to those in (1.2.1). Assumption (1.3.4)(d) is strong,
but is satisfied when p(Y, W, 0) is twice differentiable and additional mild conditions are sat-
isfied when using Fourier series. In (1.3.4)(f), we require the existence of a preliminary
consistent estimator. In the unconditional independence case, most parameters are overi-
dentified, therefore using an estimate coming from a fixed and finite number of moment con-
ditions will usually yield a consistent and v/N consistent estimate. Assumption (1.3.4)(h)
is strong, and implies stochastic equicontinuity of the objective function. We are making
progress in trying to relax this condition with the help of lower-level assumptions. Similar
assumptions to those above can be found in Donald et al. (2003). Asymptotic normality and
consistency require that both K and L increase towards infinity along with the sample size,
but they need to increase at a rate slow enough that the asymptotic bias of 6§ coming from
the increasing number of moment conditions goes to 0.

Theorem 1.3.5 (Consistency and Asymptotic Normality) Let Assumptions (1.3.1)
and (1.3.4) hold, K*L*(7y + =) — 0, and K,L — 00 as N — oo, then 0 5 6y and

VN(H - 6)) 4 N(0,Veg(6o)), where Veg(6y) is defined in Lemma (1.2.2).
A proof of this result is given in the appendix. The proof follows the methods in Newey

and McFadden (1994)’s chapter. Furthermore, we can derive a consistent optimal variance
estimate as follows:

v= (G @) @ 0)" (G @)]
007" 007"
Heuristically, this variance estimator will converge if the same rate conditions are satisfied.
These asymptotic results do not provide guidance as to the exact choice of rate for both

K and L since they only provide maximal rates of growth. For comparison’s sake, the

GMM-type estimator for mean-independence restrictions in Donald et al. (2003) required
K((K)?

that % — 0, which will be equivalent to K?/N — 0, while we require K2L?/v/N — 0,

so if we let K = L, K must be of order o <N%>, while in Donald et al. (2003) K must satisfy

K=o (N%).
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To prove efficiency of this estimator using zero-covariance restrictions, we recast co-
variance conditions as moment conditions by introducing additional ancillary parameters.
We then use the efficiency properties of GMM under moment conditions. For example
Cov (h(X,0),Y) = E[h(X,0)(Y — E[Y])] = 0 can be recasted as two moment conditions
with two parameters, the new parameter being E[Y]|. This also illustrates an alternative
method for computing the efficiency bound of models with independence restrictions which
involves the computation of the limit of the efficient GMM variance for fixed K and L.

When estimating models based on independence restrictions, a commonly used objective
function is the Cramer von-Mises distance between the joint distribution of p(Y, W, #) and
X, and the product of their marginal distributions:

HVM = argminggq // by we),x(s,t) — Fp(y,me)(S)FX(f))zdﬂ(Sa t)

—argingee [ [(Cov(1((y.W,6) < 9. 10X < 0)Pdu(s.1)

where ji(s, ) is a probability distribution on R? specified by the econometrician. See Manski
(1983), Brown and Wegkamp (2002), Dominguez and Lobato (2004) and Komunjer and
Santos (2010). Since this integral cannot be evaluated directly, it can be approximated
through a discrete approximation:

0%\, = argming o h ™ (0) WK RE ()

where h*(0) = [Cov(1(p(Y,W,0) < s1),1(X < t1)), Cov(1(p(Y,W,0) < s5),1(X < t;))...)
is a K? x 1 vector, and W = diag{u(s1,t1), u(s9,t1), ... u(sx,tx)}. Therefore, CV-M
estimation of #y is similar to our approach, except that it requires a diagonal weighting
matrix. Since the optimal weighting matrix is usually non-diagonal, CV-M estimation cannot
reach the efficiency bound, even through a judicious choice for p(-,-) and large K.

1.3.2 Example and Discussion

Going back to the linear regression example (1.1.1), the efficient estimator we propose would
use the following covariances as a basis for estimation:

E[eit“L(m—Xie) Q eis*KXi] _ E[ez’&(m—xie)] ® E[ez‘s*xxi] —0.

These K L covariances form the basis of estimation, and the user must select K, L and the
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vectors §x and t;. K and L must satisfy the rate requirements specified in the consistency
and asymptotic normality theorem, and Sk and t; are only constrained by the denseness
condition. For fixed K and L, the variance of the GMM estimator is:

s -n (50 a2 e 1 ).

Cov (X, e“KX) Var [e"5*] ! Cov (X, e X))

/! —1 / .
From this expression, we can see that Cov (fe(e) ””) Var [ ”Lﬂ Cov (f( 2 e“LE> is
fe(e)’ fe(e)’

on L complex exponential functions. We checked earlier

/
€

(€
that complex exponentials -or eql(lizfalently sines and cosines- can approximate continuous
functions arbitrarily well in mean-square. This directly translates into the variance of the
Jie) f(€)
fele) Je(e)
will yield that Cov (X, e"x% )/Var [eir X } " Cov (X, exX) converges to the variance of X
as K — 0o. So we see that even if K and L are not allowed to grow with the sample size,
Vicr(8p) — V(). We also get an e-efficiency result as in Chamberlain (1992), that is for
every € > 0, there exists K and L large enough so that

the variance of the projection of

projection of =~— converging to the variance of =—= itself, as L. — oco. A similar argument

[Vic£(8o) = VE(Go)|| < e.

Reasons to let K and L go to infinity are twofold. The first is to ensure that the
estimator’s asymptotic variance attains the efficiency bound asymptotically. The second is
that by letting K and L go to infinity and in turn letting the vectors §x and t7, span the
real line, we are insuring the full use of the independence restriction. Full independence
can potentially be a necessary condition for the identification of 6y, since an arbitrary set of
covariance conditions might not provide global identification. Dominguez and Lobato (2004)
explore this question with respect to mean-independence restrictions.

A useful feature of relying on a GMM framework for estimation is that we can append
additional moment conditions efficiently, and derive the efficiency bound without relying on
the projection method. One potential application of this feature is to the model of Brown
and Newey (1998). They focus on the efficiency bound of 0y = E[m(X, By)] where m(-) is
a known function, and fy is identified through p(X,5) LX. We can consider the following
model, a slight generalization of their setup:
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(Y, W,8)LX
( E[m(XI?Y, Z,W,8)—0]=0 ) = (B,0) = (Bo, o).

Using the framework in the previous sections, we can convert this independence restriction
in an increasing number of covariance conditions, and append the extra moment condition
that identifies 8y to it. Setting up a system of covariance and moment restrictions, we can
recover the efficiency bound derived by Brown and Newey (1998). Their approach consists
of approximating the efficient score using a series estimate, and then using a V-statistic type
criterion function. It is simple in the GMM framework to efficiently add moment conditions,
and possibly multiple independence, mean-independence or covariance restrictions in a single
system.

1.3.3 Feasible GMM Estimation Under Conditional Independence
Restrictions
We generalize our setup to include models that are identified through conditional indepen-

dence restrictions, such as model (1.1). One can do this similarly to the unconditional
independence case, by using the restriction:

p(Y,W,6)LX|Z
= Cov (eitp(Y,W,9)7 eisX‘z) 0
<:>E[eitp(Y,I/V,9)(eisX . E[est|Z])|Z] =0
<:>Ev[6itp(Y,I/V,9)(ez’sX o E[ez’sX |Z])e“‘Z} =0

for all (s,t,u) € R3,

Using this method requires the computation of a preliminary non-parametric estimator
of E[e**X|Z], which will not affect the efficiency bound if appropriate convergence conditions
are imposed. In many semi-parametric problems, we need the estimator to be o,(N —1/4y,
See Robinson (1988) for an example. The feasible estimator of 6 based on this equivalence
will be based on:

~

E[eiFLp(Y,W,G) ® (ei§KX B )\(gK; Z)) ® emMZ] —0

where A(3x, Z) is a preliminary estimator of A(5x, Z) = E[e®*x*|Z]. When Z is discrete, we
do not need to use a preliminary estimator, and can add some moment conditions to jointly

26



estimate this conditional expectation with the other moments. For example, if Z is a binary
variable taking the values of 0 or 1, we can replace the term e®Z by an indicator for Z
being equal to 1, since the distribution of this indicator is in a bijection with the distribution
of Z.'2 When Z’s distribution is continuous, we need to use an approximating method such
as kernels, series or splines to estimate A(Sk, Z) in a preliminary step. In keeping with the
spirit of the second step, it is possible to estimate (S, Z) using a series estimator with
complex exponential terms.

Estimator

We must select K, L and M, the dimensions of the vectors Sk, t7, and @y, respectively. Also,
we let A(5k,Z) be the preliminary estimator of E[e®%|Z]. We must then compute the
asymptotic variance V' (6y) of the moment conditions:

N
Z[eitLP(YiaWiﬁO) ® (ei§KXi _ //\\(gK; Zz)) ® eiﬁMZi}
i=1

(0, VEER(6o))

BKLM(Q()) _

= =z~

VNREEM (gg) <

Then the feasible estimator 6 is defined by:

argmineﬁ(Q)KLM

-~

[
EKLM(G) _ hKLM(H)/GA/KLM(9))—1EKLM(9>

WheI‘e VKLM(@) — % Zi\il [(eipr(Yi,Wi,O) ® (eigKXi _/)\\<§K, Zl)) ®eiﬁMZi)(ei{Lp(n:Wi76) ® (eigKXi _

:\\(§K,Zi)) ® e™%)] is an estimate of the matrix VXM (6,) defined above, and 6 is a
preliminary and consistent estimator for 6.

Consistency and Asymptotic Normality

To prove consistency and asymptotic normality of the estimator defined above, we assume
the following:

Assumption 1.3.6 (Regularity Conditions)
(a) (Identification) p(Y,W,0)LX|Z =0 = 6,;

(b) (IID) {X;,Y;, W, Z;}X., are identically and independently distributed;

2trivially, since the indicator is equal to Z itself.
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(c) (Compact Parameter Space) 0 € Int(©) and © is compact;

(d) (Differentiability and Global Lipschitz of Residual Function) p(Y,W,0) is twice dif-
ferentiable in a neighborhood of 6y and ||p*(Y,W,8) — p(Y,W,0)|| < 6(Y,W)|0 — 6
and E[6(Y,W)?|X] = Oy(L) for any 0,0 in ©. Also, ||pg (Y, W, 0) — po(Y,W,0)| <
6o (Y, W)|0 — 6| and E[6y(Y,W)?|X] = O,(L) for any 6,0 in ©.

(e) (Invertibility) p(-,W,0) is differentiable and invertible for all 0 € O, a.s - W, and the

inverse function Y = m(-, W, 0) is continuous in 6;

(f) (Preliminary Estimator) Oy is a preliminary and consistent estimator of 6y satisfying
|08 — 6ol = Op(7wn), with Ty — 0 as N — oo;

(g) (Finite Second Moments) € has a continuously differentiable density function f.(-) and
fiz(€l2)?

E
V< e

< 00. Also, E[||pe(Y, W, 0)|]?] < oo;

(h) (Nonparametric First Stage) HX(:?K, Z) = NSk, Z)|| = Op(vn) = op(\/?N_l/‘l),

(i) (Global Lipschitz Objective Function) supy jee |RELM (9) — RELM ()| < D|0 —6|*, where
D = 0,(1) and a > 0.

These assumptions are similar to those in (1.3.4), and assumption (1.3.6)(h) is akin to
standard regularity condition for non-parametric terms in GMM problems. Since the vector
A8k, Z) has K elements, we require that the approximation error increases with K at rate
VK, but decreases with N at rate N~4. These growth rate of K can be selected appro-
priately so that the estimation error from the non-parametric component is asymptotically
negligible. Assumption (1.3.6)(i) is strong, and implies stochastic equicontinuity of the ob-
jective function in this model. We are also making progress in trying to relax this condition
with the help of lower-level assumptions. We now present the asymptotic properties of the
estimator.

Theorem 1.3.7 (Estimator under Conditional Independence Restrictions) Let
(1.3.6) hold, K*L*M?*(ty + \/Lﬁ) — 0, and K,L,M — 0o as N — oo, then LN Oy and
VN0 = 05) % N (0, VeB(6y)), where VET(6y) is defined in (1.2.4).

This theorem shows conditions under which the estimator will attain the efficiency bound.
If K = L = M and the preliminary estimator is v/N consistent, we must have that K =
o(N*Y/ 12) to ensure that the bias term goes away. Again, efficiency is achieved from letting
K, L and M increase, since this lets us use asymptotically all the information contained in
the conditional independence restriction.
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1.4 Feasible GMM Estimation Under Independence
Restrictions containing Unknown Functions

In this section, we conjecture a method which can be used to deliver an efficient estimator
for 6y under p(Y, W, 0y, Fo(-)) = eLX. Ai and Chen (2003) propose a method to compute
efficient estimates for 6y under E[p(Y, W, 6y, Fy(-))|X] = 0, with Fy(-) unknown. Their
method relies on approximating Foy(-) with basis functions, so that the minimization is over
a finite dimensional sieve space, rather than an infinite dimensional functional space. For
exposition, we will approximate Fy(-) with power series, and let Fy(-) be a mapping between
R and R. Therefore, ﬁJ(a,gb) = ¢1a + ¢ga® + ... + ¢pja’, where ¢ is a J by 1 vector
of coefficients which multiply the basis functions approximating F(-). Note that el X is
equivalent to
E[eiselX] — E[eise]

for all s € R. We can make use of Ai and Chen (2003)’s framework, and consider an infinite
number of conditional mean restrictions, indexed by s € R, such that the estimating equation

1s:
B[ 0WOFO) — B0 X] = 0 <= (6, F()) = (60, Fa()).

To fix ideas, we will consider the model Y = X6, + go(W) + € with e L(X,W). Using
the optimal weighting matrix provided in Ai and Chen (2003), we can see that the efficiency
bound of this model will be:

Saf()() = [ Cov (e,e) p(ss.
LFOIS, = 156 FO6)I
Duo(X, W, 8) = (= XisE[e"] +isE[e"|E[X|W]),
V(o) = Bll|Duo(X, W, )|I3,] 7,

where D,0(X, W, s) is a random function of X and W indexed by s € R, ¥ is an operator on
the set of functions F = {f : R — R} with kernel k(s, s') = Cov (e"*,e'**), and | - ||?, is the
reproducing kernel Hilbert space norm associated with the operator 3. We have shown in

- , 9 -1
the appendix that [isE[e”]|3, = E (%) ] , and therefore the quantity Vg is equal
(€
SOV . |
to Var [X — E[X|W]] " E o) | This bound is equal to the one computed using the
(€

projection method in section 2.
To make this estimator operational, we could let

~ o~ ~

(0, ¢7) = argmingeg 4 co, B |M(X;) E(X;)M(X;) |,
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where @ is a sieve space that becomes dense in @, the function space in which Fy(+) resides, as
J = 00. M(X) = Ble¥xrVuWad FO) _ [[eixr(Ye W0, F())]| X1 and the conditional expectation
is computed using either a series approach (as in Ai and Chen (2003)) or kernel methods.
Also,

i(Xl) — B (eié’xp(%,Wi,éﬁ(-)) _ E[eis”xp(nwi,é,ﬁ(-))])

(eii‘KP(Yi,Wi,é,F(')) _ E[eing(YhWi»é:F('))])/|Xi 7

where (0, F(-)) is a consistent first step estimator for (A, Fy(-)). Further work is needed to
list regularity conditions sufficient for consistency and asymptotic normality of the proposed
efficient estimator.

1.5 Monte-Carlo Study

To investigate the finite sample performance of the estimator, we perform Monte Carlo stud-
ies based on the unconditional independence restriction (1.2) for different data-generating
processes. Our first study is based on the design of Hsieh and Manski (1987) and investigates
the simple exogenous linear regression model Y = X 3y + € with € independent from X. We
let X be normally distributed with mean 0 and variance 1, and we set the parameter of
interest Sy = 1. We consider four types of distribution for the error e: (a) a standard normal
distribution, (b) a 50/50 mixture combining N(—1,1) and N(1,4), two independent normal
distributions, (c) a mean zero Student’s-t distribution with three degrees of freedom and (d),
a Laplace (Double Exponential) with mean 0 and scale parameter equal to 1.
Estimation is based on the following covariance restrictions:

E[eifL(Yi*Xﬁ) ® eigKXi] _ E[eifL(Yi*Xio)] ® E[eigKXi] —0.

In practice, K and L must be selected, as well as §x and ;. We consider estimation
with K = L, and we let them range from 1 to 6, meaning that between 1 and 36 covariance
conditions are used for the estimation of 6. For a fixed K, we let Sk be the inverse standard
normal CDF evaluated at K equally spaced points on the [0, 1] interval.!® 5 and {7 are
theoretically unrestricted, except by the condition that requires them to become dense in R
as K and L go to infinity, and it is beyond the scope of this chapter to establish selection
rules for these gridpoints.

Table (1.1) reports the results in the exogenous linear regression example. The number

13When K is odd, one of the equally spaced points is exactly equal to 0.5, and and the inverse standard
CDF evaluated at 0.5 is equal to 0. Using 0 as a gridpoint is ruled out, since ¢**X = 1 is constant and
cannot have a non-zero covariance with other random variables. We shift the equally spaced gridpoints by
0.01 to fix this issue.
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of replications is set to 1000. When e is normally distributed, the ordinary least squares
estimator is already efficient since we assumed normality of the error term. We nevertheless
show that our estimator does not perform much worse for most choices of K and L and in fact
has a comparable MSE for the majority of choices of K and L. For larger K and L, we see
the performance somewhat deteriorate, as expected from the finite properties of GMM with
a large number of moments relative to N. For the mixture of normal distributions, we expect
our estimator to yield asymptotic improvements over OLS, which is no longer efficient. For K
and L between 2 and 5, the estimator based on independence exhibits a smaller bias, variance
and other dispersion measures than OLS. Performance for K = L = 1 is very similar to OLS,
and for K = 6 performance decreases. Performance of the independence-based estimator
relative to OLS is slightly better for the larger sample size of N = 500.

When the distribution of ¢ has fatter tails, as is the case when it has a Student and
Laplace distribution, the independence-based estimator has much smaller MSE when K = L
takes on values between 2 and 4. Again, when K = L = 1, the estimator’s properties
are very close to those of OLS and when K = L = 6, the MSE is larger than for other
estimators considered here. We nevertheless see that for a judicious choice for K and L, we
can get sizeable efficiency improvements from using the independence based-estimator when
the distribution of € is non-normal. When ¢ is normally distributed or when the choice of
K = L is sub-optimal, performance is not dramatically affected.

We now consider some linear instrumental variables model of the form Y = X, + ¢ and
€1 7. We compare the performance of the standard IV estimator 8y = (Z'X)"1Z'Y to the
estimator based on

E[eifL(Yi—Xi@) ® eigKZi] _ E[eigL(ifi—Xig)} ® E[eigKZi] -0

for different choices of K = L, §x and t;,. We consider three designs with different levels of
non-linearity and non-normality. All three impose Y = X3y + € and 5, = 1.

X 211
1. Normality: e | ~NOX)withX=|1 2 0
A 1 01

2. Heavy tails: Z, € and 7 are independently ¢(5) and X = Z(1 4 €) + sin(e) cos(Z) + 7

3. Skewness: Z, € and 7 are independent 50/50 mixtures of a normal distribution N(—1,1)
and a normal distribution N(1,2). Furthermore, X = Z + Ze + 7

Table (1.2) details the simulation results for these three designs with N = 200 and
N = 500. The number of replications is set to 1000.

The IV estimator is efficient in the linear and normal design 1, and does perform better
than the alternative, and more so for N = 200. The sample variance, IQR and MSE of the
independence-based estimator is very close to that of the efficient IV, therefore performance
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Table 1.1: Exogenous Linear Regression Monte Carlo

N=200, ¢ with N(0, 1) distribution

N=500, ¢ with N (0, 1) distribution

‘ Bias  S.Dev. Median IQR R.MSE Bias S.Dev. Median IQR R. MSE
OLS | -0.0030  0.074 0.0046 0.10 1.00 -0.0002  0.045 -0.0010 0.062 1.00
K=L=1 | -0.0027 0.073 0.0043 0.10 0.98 -0.0002  0.045 -0.0010 0.062 1.00
K=L=2 | -0.0023 0.075 0.0032 0.10 1.04 -0.0001  0.046 -0.0005 0.062 1.05
K=L=3 | -0.0023  0.081 0.0025 0.11 1.18 -0.0006  0.047 -0.0010 0.063 1.10
K=L=4 | -0.0023 0.085 0.0014 0.12 1.33 -0.0011  0.050 -0.0009 0.065 1.25
K=L=5 | -0.0019  0.090 -0.0011 0.12 1.47 -0.0011  0.053 -0.0021 0.069 1.40
K=L=6 | -0.0002 0.091 -0.0069 0.12 1.51 -0.0001  0.056 -0.0016 0.072 1.55
‘ N=200, ¢ with mixture distribution N=500, ¢ with mixture distribution
OLS | -0.0024 0.13 -0.0037 0.18 1.00 0.0008 0.085 0.0012 0.12 1.00
K=L=1 | -0.0023 0.13 -0.0026 -0.79 1.01 0.0007  0.085  0.0007 0.12 1.00
K=L=2 | 0.0002 0.12 -0.0043 0.16 0.91 0.0025  0.079 -0.0011 0.11 0.88
K=L=3 | 0.0008 0.12  0.0018 0.16 0.84 0.0005 0.073  0.0003 0.10 0.75
K=L=4 | 0.0006 0.13 -0.0006 0.18 1.01 0.0002 0.076 -0.0005 0.10 0.81
K=L=5 | 0.0013 0.14  0.0007 0.18 1.12 0.0013  0.084 0.0011 0.11 0.97
K=L=6 | 0.0011 0.14  0.0003 0.20 1.21 0.0018  0.090 0.0009 0.12 1.13
‘ N=200, € with Student distribution N=500, € with Student distribution
OLS | -0.0028 0.12 -0.0003 0.16 1.00 0.0037  0.077  0.0037  0.10 1.00
K=L=1 | -0.0027 0.12 -0.0001 0.16 0.99 0.0034  0.074 0.0033 0.10 0.92
K=L=2 | -0.0005 0.10 0.0019 0.13 0.64 0.0034 0.058 0.0030 0.08 0.57
K=L=3 | -0.0023 0.10 -0.0017 0.13 0.64 0.0031  0.057 0.0045 0.08 0.55
K=L=4 | -0.0021 0.10  0.0004 0.14 0.75 0.0036  0.057 0.0028 0.08 0.55
K=L=5 | -0.0041 0.11 -0.0028 0.15 0.86 0.0040 0.062 0.0016  0.08 0.63
K=L=6 | -0.0029 0.12 -0.0033 0.15 1.04 0.0044  0.071  0.0009 0.09 0.83
‘ N=200, ¢ with Laplace distribution N=500, € with Laplace distribution
OLS | 0.0012 0.10 0.0002 0.14 1.00 0.0003 0.062 0.0014 0.083 1.000
K=L=1 | 0.0001 0.10 0.0010 0.14 1.01 -0.0002  0.062  0.0020 0.083 1.00
K=L=2 | 0.0016 0.09 0.0019 0.13 0.81 -0.0003  0.056  0.0021 0.077 0.82
K=L=3 | 0.0031 0.09 0.0099 0.12 0.84 -0.0005  0.055 0.0016 0.076 0.79
K=L=4 | 0.0015 0.10  0.0010 0.12 1.03 0.0005  0.058 0.0022 0.074 0.89
K=L=5 | 0.0022 0.11 0.0014 0.14 1.21 0.0013  0.069 0.0025 0.079 1.24
K=L=6 | 0.0032 0.12 0.0031 0.14 1.31 0.0011 0.074 0.0015 0.084 1.45

Notes: Y = X5y+e with e L X, X ~ N(0,1) and € following the specified distribution. The
mixture distribution is a 50/50 mixture combining N(—1,1) and N(1,4), two independent
normal distributions. The Student distribution is has mean zero and 3 degrees of freedom.
The Laplace has mean zero and scale parameter equal to 1. The number of replications is
set to 1000. The first column contains the mean bias, the second contains the square root of
the sampling variance of B , the third contains the median of B — Bp, the fourth contains the
75th quantile of B minus its 25th quantile, and the last column contains the relative MSE of

the estimator vs. the OLS estimator’s MSE.
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Table 1.2: IV Linear Regression Monte Carlo

‘ N=200, Design 1 N=500, Design 1
| Bias S.Dev. Median IQR R.MSE | Bias S.Dev. Median IQR R.MSE

IV | -0.006 0.10  -0.002 0.14 1.00 | -0.001  0.064 0.000 0.080 1.00
L=1 | -0.006 0.10  -0.003 0.14 1.00 | -0.002  0.064 0.001  0.080 1.00
L=2| 0.010 0.11 0.015 0.15 1.04 | 0.005  0.065 0.008 0.081 1.06
L=3 | 0.036 0.10 0.040 0.14 1.12 | 0.019  0.066 0.022 0.083 1.15

=L=4 | 0.063 0.11 0.066  0.14 1.39 | 0.035 0.067 0.036 0.084 1.42
L=5
L=6

0.082 0.11 0.088 0.14 1.65 | 0.061  0.071 0.055 0.087 1.90
0.096 0.11 0.101  0.14 1.92 | 0.068 0.071 0.070  0.090 2.36

N=200, Design 2 N=500, Design 2

Bias S.Dev. Median IQR R.MSE Bias S.Dev. Median IQR R.MSE
IV | 0.002 0.079 0.002  0.09 1.00 | -0.001  0.047  -0.002 0.061 1.00
K=L=1| 0.002 0.075 0.002  0.09 0.90 | -0.001  0.047  -0.001 0.060 0.99
K=L=2 | 0.002 0.044 0.002  0.06 0.30 | 0.001  0.028 0.001 0.038 0.36
K=L=3 | 0.001 0.045 0.003  0.06 0.32 | 0.001  0.029 0.001 0.037 0.38
K=L=4 | -0.001 0.052 -0.001 0.06 0.42 | 0.001 0.031 0.000 0.038 0.42
K=L=5

K=L=6

-0.002  0.065 -0.003  0.07 0.48 | 0.001  0.033 0.000 0.041 0.48
-0.003  0.061  -0.001  0.07 0.59 | 0.000 0.036 0.002 0.045 0.60

‘ N=200, Design 3 N=500, Design 3

Bias S.Dev. Median IQR R.MSE Bias S.Dev. Median IQR R.MSE
IV | -0.001  0.074 0.002 0.096 1.00 | -0.003  0.048  -0.002 0.066 1.00

K=L=1 | -0.002 0.074 0.002 0.095 0.99 | -0.003  0.048  -0.003 0.067 1.00
K=L=2 | 0.000 0.031 0.001 0.040 0.17 | 0.000 0.021 0.001 0.028 0.19
K=L=3 | 0.002 0.033 0.004 0.044 0.20 | 0.002  0.022 0.003 0.030 0.21
K=L=4 | 0.003 0.034 0.005 0.044 0.21 | 0.003  0.022 0.004 0.029 0.21
K=L=5 | 0.004 0.037 0.007 0.046 0.25 | 0.003 0.023 0.004 0.032 0.23
K=L=6 | 0.004 0.040 0.007 0.048 0.29 | 0.003 0.024 0.003 0.033 0.25

Notes: Y = Xy + e with e L Z, X ~ N(0,1) and ¢, X follow distributions specified in the
designs above. The number of replications is set to 1000. The first column contains the mean
bias, the second contains the square root of the sampling variance of ﬁ the third contains
the median of 5 Bo, the fourth contains the 75th quantile of 6 minus its 25th quantile, and
the last column contains the relative MSE of the estimator vs. the IV estimator’s MSE.
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is not too adversely impacted by the choice of an equally efficient but more computationally
challenging estimator. Measures of central tendency such as the bias and median deteriorate
when using the independence-based estimator, and increasingly so as K and L are larger.
This is a consequence of a bias term which is increasing in the number of moments used, but
asymptotically goes to 0 if rates are picked appropriately.

In design 2, we show large improvements in the MSE, sample variance and IQR from
using the independence-based estimate. There are also small bias and median improvements
as well. The slow-decaying tails of the distributions of X and e and the non-linearity in
Z of E[X|Z, €| both contribute to large efficiency improvements when using an estimator
which is efficient for el Z, rather than the IV estimator which is efficient under the weaker
Cov (Z,€) = 0 restriction. The best performance coincides with a choice for K and L of 2
or 3, while again choosing K = L = 1 is not very different from choosing IV in terms of
performance.

Finally, design 3 exhibits properties similar to design 2, except that the non-normality
comes from the skewness of the distribution rather than the rate of decay for its tails. We
again see 80% reductions in the MSE when K, L are between 2 and 5, and smaller biases for
the majority of choices for K and L.

We also showcase the properties of the independence based estimator when the standard
estimator is inconsistent. We consider two designs, the first being a linear regression ¥ =
X By +e€, el X and € is distributed along a standard Cauchy. The Cauchy’s moments do not
exist, therefore OLS will be inconsistent, but the estimator based on independence will be
consistent and asymptotically normal. The second design is Y = X3y + ¢, €L Z and € has
a standard Cauchy distribution. We compare our estimator to the standard linear IV, and
show that mean-square error improvements are substantial.

1.6 Conclusion and Directions for Future Research

In this chapter we computed the efficiency bound for finite-dimensional parameters under
various types of independence restrictions. We also proposed a GMM-type estimator which
attains the efficiency bound, and performed a Monte Carlo study to study its finite-sample
performance. There are several extensions of this chapter which could be interesting. The
first would be to formalize the estimation results related to the estimation of models with
unconditional independence restriction with nuisance functions, and to develop rates at which
the sieve space for Fy(-) and the number of gridpoints in §x and ¢, must grow relative to
the sample size N. Also, it would be useful to develop a rule for choosing K and L based
on MSE calculations using higher-order expansions of the objective function, as in Donald
et al. (2008). Such a study would allow one to better determine rates for K and L, and
also to examine under what conditions the finite sample performance of the estimator will
be satisfactory.
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Table 1.3: Cauchy ¢ Monte Carlo

‘ Linear Regression with Cauchy e
| Bias S.Dev. Median IQR R.MSE

OLS | -0.441 8.55 0.054 1.56 1.000
1] 0.009 0.29 0.002 0.28 0.001
2 | -0.001 0.06 0.000 0.08 0.000
3] -0.003 0.06  -0.003 0.08 0.000
=4 | -0.001 0.06  -0.003 0.07 0.000
5
6

-0.001 0.06 -0.002 0.07 0.000
-0.002 0.06  -0.002 0.07 0.000

Linear IV with Cauchy €

IV | -0.132 716  -0.011 1.56 1.000
K=L=1 | -0.001 0.00 0.003 0.27 0.000
K=L=2 | 0.002 0.01 0.004 0.08 0.000
K=L=3 | 0.000 0.02 0.003 0.07 0.000
K=L=4
K=L=5

0.003 0.02 0.007 0.07 0.000
0.005 0.02 0.007  0.06 0.000
K=L=6 | 0.009 0.02 0.012 0.07 0.000

Notes: In the first design, Y = X fy+€ with e L X, X ~ N(0, 1) and € is standard Cauchy. In
the second design, Y = Xy + e with el Z, Z ~ N(0,1), X = Z +arctan(e) +n, n ~ N(0, 1)
and e is standard Cauchy. The number of replications is set to 1000. The first column
contains the mean bias, the second contains the square root of the sampling variance of 6 ,
the third contains the median of 6 Bo, the fourth contains the 75th quantile of B minus its
25th quantile, and the last column contains the relative MSE of the estimator vs. the simple
estimator’s MSE.
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1.7 Proofs of Theorems and additional Lemmas

1.7.1 Efficiency Bound Calculations

Lemma 1.7.1 The nuisance tangent space in model (1.2) is given by:

A= Als @AQS EBAB;S

where

=
]
w»
|
@
)
~~
™
SN—

Elas(€)] = 0]
: Elaz(X)] =

and these three subspaces are mutually orthogonal. Therefore projection of a zero-mean
function h on A is:

— h— E[hle, X] + E[h|e] + E[h|X]

Proof. The density of the observed variables, fiy x(w,y,z|f) can be inverted to yield the
density of (W, e, X) as such:

0
fW,Y,X(% Zs $|9) - |8_y,p<y7 VV? e)lfW,e,X(wv p(y, w, 0)7 ZL’)

- Ia%,ﬂ(Y,W,9)!fwe,x(w\p(y7w79)7%’)fe(p(y,wﬁ))fx(fv)

Consider this parametric submodel with three additional parameters:

0

|a_y,p<Y7 VV? Q)Ifw\e,x(w\p(y, w, 9)7 z, ’yl)fe(p(ya w, 6)‘72)fX(‘r|/73)
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and let 19, 720 and 739 denote the true values of the submodel parameters. The parametric
submodel nuisance tangent spaces are, respectively:

I, ={BS, (W,e, X) for all B}

0
571 <W7 €, X) = W IOg fW\e,X(W’@ X7 710)
1
I, ={BS,,(¢) for all B}
0
=—1
S (6) 97 og fe(€|720>
I, ={BS,,(X) for all B}

0
S’yg (X) = a_% log fX(Xh/30>

Using results from Tsiatis (2006) Chapter 4, we get that the mean-square closures of the
nuisance tangent spaces are, respectively:

Ais =[ai(W,e, X) : Ela1 (W, e, X)|e, X] = 0]
Ass = [as(e€) : Elas(e)] = 0]
Ass = [a3(X) : Elag(X)] = 0]

We have A,, orthogonal to As, by the independence of ¢ and X, and both Ay, and
A3, are orthogonal to A;, by the fact that they are functions of the conditioning variables
involved the definition of Aj,. The orthogonality of the subspaces allows us to write down
the projection on the direct sum of the subspaces as the sum of the projections on the three
subspaces. With Aiq, II(h|A1s) = h — Elhle, X] since for any a;(W, e, X) € Ay, we have
that:

Elai(W, e, X)'(h — TL(h|AL))] = Elay(W, e, X)E[hle, X]]
— BlEla(W, e, X)|e, X] Elhle, X]
—0

For Agg, II(h|Ags) = E[hle] since for any as(e) € Ags, we have that:
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The proof for Az, is similar. =
Proof of Lemma 1.2.2. The log-density of (Y, W, X) as a function of 6 is equal to the
following;:

0
fW,Y,X(VV? Y,Xle) - |6_y,p(}/7 VV70)|fVV,e,X(VVJ p(}/a W7 8)7X)

and the score of the log-likelihood with respect to 6 evaluated at 6 is:

%fW,e,X(W7 €, X)

0 0 0
So(W, e, X[6) = -~ log Ia—y, (Y, W, 0)lo—0, + 550(Y, W, 0)l6—0,

L fwex(W, e, X)
6 Q.fWeX(VVaE X)
= J(Y,W,00) + =p(Y, W, 6)|g—g, 2= :
( ) ) 0) + agﬂ( ) ) )’9—90 fW,e,X(W G,X)

where J(Y, W, 0,) = % log |a%,p(Y, W, 0)|g=s, is the Jacobian term. Projecting the score on
the nuisance tangent space and computing the residual, we obtain the efficient score:

SM(X €, 00) = E[Se(W, €, X|00)|X, €] — E[So(W, e, X|00)|X] — E[Se(W, e, X|0p)]e]
%fw,e,x(m G,X)
fwex(W,e, X)
& fwex(Woe, X)
Jwex(W,e, X)
8fW,E,X(VVa € X)

— BlJ(Y,W,0 Y, W, 0,) 2
[J( 3 ) 0)"’/)9( ) 5 0) fW@X(W,@X) |€]

:E[J(}/,W,Qo)—i‘pg(Y,VV,eQ) |X,6]—

E[J(Y,W,00) + pe(Y, W, 0y)

| X]
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0
_ef 1€, Wye, X
E[J(Y, W, 60) + pe(Y, W, ) 8fWWX)EI(/V € X))

‘X7 6] = E[‘](KVV’(QO)lXa €]+

Bl (Y. W 001X, 4 1+

0
&E[[)Q(YE W7 90)|X7 6]

el
pefwex(Woe, X
ElJ(Y,W,00) + po(Y, W, 6y) afWWX)él(/V € X))

0
E[%P(Ya w, 9)|0:90

1X] =0

& fwex(W,e, X)
fW,e,X(W G,X)

file)
fe(e)

le] = E[J(Y, W, 00)|e] + El[ps(Y, W, 0o)|e]

0
+ = Elpa(Y, W, 00)|d

and therefore the efficient score is,

SU(X, o) = EJ(Y.W.00)1X,d = BLIY. W00l + h(X, 45 + T-h(X. o)

with
h(X,€) = Elpa(Y, W, 00)| X, €] — E[pa(Y, W, 0)]e].

The efficient influence function and efficiency bound can both be computed directly using
the efficient score. m

Lemma 1.7.2 The nuisance tangent space in model (1.1) is given by:

A= Als @AZS ¥ A3s @Aéls

where

39



Ais=[as(W,e,X,Z) : Ela;(W, €, X, Z)|e, X, Z] = 0]
= las(¢, Z2) : Elas(e, 2)|2] = 0]

Ass = [a3(X, Z) : Elas(X, Z)|Z] = 0]
= [a4(2) : Elas(Z)] = 0]

and these four subspaces are mutually orthogonal. Therefore the projection of a zero-mean
function h on A is:

II(h|A) = TI(h|Ars) + TI(R|Ass) + TI(R|Ass) + TI(A|Ag)
= h — E[hle, X, Z] + E[hle, Z] + E[h| X, Z] — E[h|Z]

Proof. The density of the observed variables, fwy x z(w,y,x, z|f) can be inverted to yield
the density of (W,e, X, Z) as such:

0
fW,Y,X,Z(wayaz7m|0) = |a_y/ (K W7 0)|fW,6,X,Z(w7p(yvwa‘g)axvz)

0
= |E)_y’ (Y, W, 0)| fwex.z(w|p(y, w,0), 2, 2) f(p(y, w, 0)[2) fx2(z]2) f2(2)

Consider this parametric submodel with four additional parameters:

0
|a_y, (Y7 W’ 0)|fW|€,X,Z(Z|p(y’ <, ‘9)7 T, w, %)f5|z(p(y, 2, 9)’11), ’72)fX|Z(x|w7 ’}/3>fZ<'LU|’Y4)

and let 719,720,730 and 74 denote the true values of the submodel parameters. The
parametric submodel nuisance tangent spaces are, respectively:
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I, ={BS,,(W,e, X, Z) for all B}
8., (Wi, X, 2) = oo furx 2 |es X, Z. o)
I, ={BS,,(e, Z) for all B}
S..(0.2) = - 108 Juz(el 2. m)

L, ={BS,(X,Z) for all B}

573(X, Z) = ai%logf)qz()ﬂza 730)
I, ={BS,,(2) for all B}

5,(2) = - 108 f2(Zhw)

Using results from Tsiatis (2006) Chapter 4, we get that the mean-square closures of the
nuisance tangent spaces are, respectively:

A = [0(W,e, X, Z) : Elar(W, e, X, Z)|e, X, Z] = O]
Aoy = [az(€, Z) = Elas(e, Z)|Z] = 0]
Ass = las(X, Z) : Elas(X, Z)|Z] = (]

= [a4(Z) : Elas(2)] = 0]

One can check directly that all these subspaces are mutually orthogonal. The orthog-
onality of the subspaces allows us to write down the projection on the direct sum of the
subspaces as the sum of the projections on the four subspaces.

Zith Ay, TI(R|A1s) = h — Elhle, X, Z] since for any a1(W, e, X, Z) € Ay,, we have that:

E[al(VVa € Xv Z)/(h - H(h|A15))] = E[GI<W’ 6 X7 Z>,E[h|€7 X7 Z]]
= E[E[ai(W,e, X, Z)|e, X, Z) E[h|e, X, Z]]
=0

For Ags, TI(h|Ass) = Elhle, Z] — E[h|Z] since for any as(e, Z) € Ags, we have that:
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Elaz(e, 2)'(h — 1I(h|Asy))] = Elas(e, 2)'(h — E[hle, Z] + E[h|Z])]

as(e, Z)'(E[hle, Z] — Elhle, Z] + E[h|Z))]
as(€, Z) E[h|Z]]
Elas(e, 2)| 2] E[h| Z]]

The proof for Az, is similar, and that for Ay, is identical to that in the theorem concerning
unconditional independence. m
Proof of Lemma 1.2.4. The log-density of (Y, W, X, Z) as a function of 6 is equal to the
following;:

0
fWX,X,Z(VVa Y, X7Z|9) = |8_y’ (KWQ)VW,E,X,Z(W P(KW@JQ Z)

and the score of the log-likelihood with respect to 6 evaluated at 6 is:

) o QfWeXZ(WE X Z)
X, Z|60) = < log |[-Z p(Y. _ Y. e
Se(W, e, X, Z|6)) 5 Og’ay’ (Y, W, 0)]g=g, + po(Y, W, 6p) fwexz(W,e, X, Z)

9 f (W,e,X,2)
= J(Y,W,0 Y, W, ) 2ot 0
( ) ) 0)+P9( ) ) 0) fI/V’E’ij(VI/, E,X, Z)

Zhere J(Y,W,6y) = £ log |8%,p(Y, W,0)|o=p, is the Jacobian term. Projecting the score on
the nuisance tangent space and computing the residual, we obtain the efficient score:
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SMW, X, e, Z) = E[J(Y,W,00) + Sog(W, e, X, Z|00)| X, €, Z]—
E[J(Y,W.b0) + Se(W, €, X, Z|60)| X, Z]—
E[J(Y,W,0y) + Seg(W, e, X, Z|0y)|€, Z]+
E[J(Y,W,0) + Se(W, €, X, Z|00)|Z]
2 fwexz(W,e, X, Z)
fwexz(W,e, X, Z)
%fW@,X,Z(VV, €, X, Z)
fwexzW,e, X, Z)
%fmgx,z(m €, X, Z)
fW7e,X,Z(W7€7X7 Z)
%fZ7E7X7W(Z,e,X, W)
[zexw(Z, e, X, W)

= E[J(Y7 W’ 00) +p9(KVV780) |X76) Z]

— E[J(Y,W,00) + pa(Y, W, 6p) X, Z]

— E[J(Y, W, 00) + po(Y, W, ) e, 7]

+ E[J(Y, W, 0) + po(Y, W, ) 2]

9 fwexz(W,e, X, Z)
fwexz(W,e, X, Z)

E[J<Y7VV7‘90) +/)9(Y7VV790) |X7€7 Z] = E[‘](Y?WGO)’X7€7 Z]

+ 2 Blpy(v. W)X, .2
; (Elpo(Y,W,00)| X, €, Z]

X, 2] =0

f/\z(
fe\Z(
%fW,e,X,Z(VV, e, X,7)
fwexz(W,e, X, Z)
2 fwexz(W,e, X, Z)
fwexz(W,e, X, Z)

E[J(Y,W,00) + po(Y, W, 0)

E[p9<Y7 W7 90)

‘67 Z] = E[J(Y? VV,GO)k? Z]

0
+ EE[PH(Y, W, 6o)le, Z)

fyz(€lZ)
+

W(E[pe(lﬂ W, 60)le, Z]

%fW,e,X,Z(W,E,X, Z)
fwexzW,e, X, Z)

D fwex (W6, X, Z)

Elpe(Y, W, 0) e X2

|Z] = E[E[pe(Y, W, b))

X, 21| 2]

= E[0]Z] =0
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and therefore the efficient score is,

SN X e, Z,00) = E[J(Y,W,00)|X,¢, Z] — E[J(Y, W, 80)|e, Z]+
fiz(elZ ) )
h(X7 ,Z)fe|Z( | ) h<X7 ’Z)

with
h(X7€7 Z) = E[pﬁ(Y7VVa00)|X7 & Z] - E[pﬁ(ifv W7 80)|€7 Z]
The efficient influence function and efficiency bound can both be computed directly using
the efficient score.
]
Proof of Lemma 1.2.6. To prove the identification of 6y, consider the conditional
expectation of Y given X =z and Z = z:

EY|X =2,Z =z =20y + E|Gy(Z,U)|X =2,Z = z|.
If we assume that U LX|Z, we will have that
ElGy(Z,U)|X =xz,Z = 2| = E|Go(2,U)|Z = z],

and so 6y = aﬁE[Y|X =ux,7 = z|. If we assume UL (X, Z), we have that E[Gy(z, U)] does
T

not depend on the value x, and therefore 6 is identified here as well.
To make use of Lemma (1.2.4), we will show that ULX|Z if and only if G(Z,U) =
Y — X6y L X|Z. Let ULX|Z. Then,

P(Go(Z,U) <a|X =2,Z =2) = P(Gy(2,U) < a|X =x,2 = 2)
= P(Gy(z,U) < alZ = z)
P(Go(Z,U) < a|Z = 2)

so that Go(Z,U)LX|Z if ULX|Z. Now, assume that Go(Z,U)LX|Z, which implies that:
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PU<alX =x,Z =2)=P(Go(Z,U) < Go(z,a)| X =x,Z = 2)
= P(Go(2,Y) < Go(z,a)|Z = z)
=P <alZ =2)
~ULX|Z

We can now apply Lemma (1.2.4) and see that the efficiency bound is the one presented
in Lemma (1.2.6). Now, to show that the efficiency bound does not differ when we assume
UL(X,Z), we will use the following fact:

(ULX|Z and ULZ) & UL(X, Z).

Define U = &~ '(Fy2(U|Z)), where Fyz(-) is the conditional CDF of U given Z, and ®
is the CDF of a standard normal distribution. Since U is continuously distributed given
Z, we have that U is N(0,1) distributed, also independently from Z. Let G(Z,a) =
G(Z, (Fyi2(®(a)|2))). G(Z,U) = G(Z,U), and G(-) also satisfies Assumption (1.2.5) (a).
ULZ by construction and we also have that ULX|Z, which implies that U_L(X, Z). We
have therefore shown that we can renormalize the function G(-) so that U_LZ without vio-
lating any of the assumptions necessary for this lemma, therefore, we can assume that U 1L Z
without loss of generality. m

Lemma 1.7.3 The nuisance tangent space in model (1.3) is given by:
A= Als s> AQS

where

and these subspaces are mutually orthogonal. Therefore the projection of a zero-mean func-
tion h on A 1s:
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II(A|A) = I(h|Ays) + TI(A[Ags)
= E[h|Y, V] — Eh|V] + E[h|X] + E[h]

Proof. The density of the observed variables (Y, X) has the following decomposition:

Jrx (Y. X) = fyx(Y[X) fx(X)
= fY|X,V(Y’X7 V(X> 9))fX(X)
= fyv(Y[V(X,0)) fx(X)

Consider this parametric submodel with parameters v, and 7,
fY\v(YW(Xa 9)771)fX<X7 72)

and let v19 and 79y denote the true value of the submodel parameters. The parametric
submodel nuisance tangent spaces are, respectively:

I, ={BS,, (Y, X) for all B}
0
S’Yl <Y7 X) = a_% IOg fY|V(Y|V(X7 60)7 710)
I, ={BS,,(X) for all B}

00 = L log fi (X o)

S
0o

Using results from Tsiatis (2006) Chapter 4, we get that the mean-square closures of the
nuisance tangent spaces are, respectively:

Ay =[a1(Y, X) : E[a;(Y, X)|V] =0 and a,(-) depends on X only through V]
AQS = [GQ(X) . E[CLQ(X)] == O]

One can check directly that all these subspaces are orthogonal. The orthogonality of the
subspaces allows us to write down the projection on the direct sum of the subspaces as the
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sum of the projections on both subspaces.

With Ay, II(h|Ays) = E[R]Y, V] — E[h|V] since for any a,(Y, V) € Ays, we have that:

Ela (Y, V) (h —TI(h|A1s))] = Elai (Y, V) (h — E[h|Y, V] + E[h|V])]

[
a2 (Y, VY (E[R]Y, V] = E[h]Y, V] + E[h|V])]
[
[

a (Y, V) E[h|V]]
Elay (Y, V)|VI'E[h|V]

E
E
E

0

and from previous results II(h|Ays) = E[h|X] — E[h]. =
Proof of Lemma 1.3. The log-density of (Y, X) as a function of  is equal to the following:

log fy,x (Y, X]0) = log fy|v (Y|V(X,0)) + log fx(X)

and the score of the log-likelihood with respect to 6 evaluated at 6 is:

fY|V(Y|V)
oV
So(Y: X|fo) = Vo(X. bo) v (Y]V)

Projecting the score on the nuisance tangent space, we obtain the efficient score:

SV, X, 00) = Sp(Y, X|0p) — E[Ss(Y, X|60)|Y, V]+
E[Se(Y, X[00)|V] — E[Se(Y, X160)| X]

0
= friv(Y]V)
B oV

_fY|V(Y|V)
oV

where the last equality comes from X LY|V.
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0
v v (YY)
_ oV

0
nyw(y“/)

= Vp(X, ) anx(m)()dy
v IV)
= Vy(X, 6,) nyw(yﬂf)dy

= Vx.00) [ oIV )y

VX 00) o [ eV )y
=0
BlSo(Y, X106)|V] = EIE[S,(Y, X 100X, VIIV]
= BIBISHY, X[60)| X] V]
= 0.

Therefore, the efficient score in this model is:

9

SfrivYV)
S X 0) = (VX t) = B (X, 0V ) Do,

and the efficient influence function and variance bound can be computed directly using the
efficient score, completing the proof.
[ ]

Lemma 1.7.4 The nuisance tangent space in model (1.4) is given by:

A = A15®A25@A35 @A4s

where
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0
— X
aﬁfVV,E,X(VVv €, )

As: I/V7 7X =1 a7 KW’
4 as(W,e, X) = log | ( ag)|[w] + Frex (W, 6, X)

p(Y, W, ap)[w],w € F

and the first three subspaces are mutually orthogonal. Therefore, the projection of a zero-
mean function h on A is:

[I(h|A) = h — Alw*| — E[h — A[w*]| X, €] + E[h — A[w*]|e] + E[h — Alw™]| X]
where

0
a_fVV,e,X(VVa €, X)
€

fwex(W,e X)
w* = argmin,rE [(E[h — Alw]| X, e] — E[h — Alw]|e] — E[h — A[w”X])ﬂ

Afw] = log |@% (Y, W, a0) ] + oY, W, ao)f]

Proof. The density of the observed variables, fwy x(w,y, z|a) can be inverted to yield the
density of (W, e, X) as such:

0
fVV,Y,X(wv Y, .fC|Oé) = |8—y,p(}/, W7 a)‘fW,e,X<w7 P(Z% w, Oé), 37)

- |a%,p<x W, ) fovieox (wlp(y w, @), 2) fulply, w, @) fx ()

Consider this parametric submodel with four additional parameters:

0
‘a_y/p(Y>I/VaeaF("74))‘fW|e,X(w’p(yawaeaF('774))7x?’yl)fG(p(y?w?evF('774))|72)fX<x’73)
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and let 10, Y20, 730 and 749 denote the true values of the submodel parameters. The para-
metric submodel nuisance tangent spaces are, respectively:

I, ={BS, (W,e, X) for all B}
9,
571 <W7 €, X) = W IOg fW\e,X(W’@ X7 710)
1
I, ={BS,,(¢) for all B}

0
S (€) = B log fe(€|y20)

I, ={BS,,(X) for all B}
0
X)=—1 X
50(X) = o og fx (X

I, ={BS,,(W,¢, X) for all B}
S, (Wye, X) = Alw.

Using results from Tsiatis (2006) Chapter 4, we get that the mean-square closures of the
nuisance tangent spaces are, respectively:

Ais =[ai(W,e, X) : E[a1(W, e, X)|e, X] = 0]
Aos = [az(€) : Elag(e)] = 0]

Aszs = [a3(X) : Elag(X)] = 0]

Ays = [Aw] s w € F]

Using previous results, we see that Aj,, Aog and Agg are mutually orthogonal. To show
that

II(h|A) = h — Alw*] — Elh — Alw*]| X, €] + E[h — Aw*]|e] + E[h — Alw™]|X],

we will use the fact that the projection minimizes the expectation of the squared distance
between h and the projection of h onto A. We choose (ay(+), as(-), az(-), A[-]) € x}_;A;s such
that

E [(h — Aflw] — a1 (W, e, X) — as(e) — CL3(X))2}

20



is minimized. The minimization over x?_;A;; can be done sequentially, such that h — Afw]
is projected on x?_;A;, for any w € F, and then this projection is further projected on Ay.
Using previous results, the projection of h — Alw] on x3_ A, is

h — Alw] — E[h — Alw]| X, €] + E[h — A[w]|e] + E[h — Aw]|X],
and therefore,
w* = argmin, 7 E [(h — Alw] — E[h — A[w]| X, ] + E[h — Afw]|e] + E[h — A[w]\X})ﬂ .

[
Proof of Lemma 1.2.10. The log-density of (Y, W, X) as a function of « is equal to the
following:

0
Jwyx (WY, X1[0) = Ia—y, Y, W)l fwex (W, p(Y, W, ), X)

and the score of the log-likelihood with respect to 6 evaluated at «y is:

X|ag) = — log |- (Y _ Y, S —
So(W, e, X|ay) 20 Oglay, (Y, W, a)|azaq + po(Y, W, ag) fW’G’X(I/V,e,X)
%fW,e,X(W7€7X>

fW,e,X<W7 €, X)

= J(Y,W,aq) + po(Y, W, 0)

where J(Y, W, 6y) = & log |8%,p(Y, W, &) |a=ay is the Jacobian term. Projecting the score on
the nuisance tangent space and computing the residual, we obtain the efficient score:

S°H(X, e, ap) = E[Syg(W, e, X|o) — Alw*]| X, €] — E[Sp(W, e, X|0y) — Alw*]|X]
—E[Sp(W, €, X|00) — Alw*]|e] — E[Sg(W, e, X|60y) — Alw*]|X] =0

and therefore the efficient score is,
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SMX e, a0) = E[Se(W, €, X|ag) — Alw*]| X, €] — E[Sg(W, ¢, X|0) — Aw*]|e]
E[Se(W,e, X|ag) + Splw™] + J[w*]| X, €]—
E[Sy(W, €, X|ag) + Splw™] + J[w*]|e].

The efficient influence function and efficiency bound can both be computed directly using
the efficient score. m

Proof of lemma (1.3.3). («): If X is independent from Y, then f(X) is independent
from ¢g(Y') for any functions f, g. Since independence implies uncorrelatedness, we are done.
(=): Let Z = (X,Y), then H = F x G is a convergence determining class for Z. Let
Z = (X,Y) where X (and Y) has the same distribution as X (and Y), but with X LY.
Then,

Cov (f(X),9(Y)
= E[f(X)g(Y)
= E[h(Z)

0 forall (f,g) e Fx@g
E[f(X)E[g(Y)] forall (f,g9) € F xG
h

E[h(Z)] for all h € H

)
]
]

4

N

= Z

Therefore, Z = (X, Y') has independent marginal distributions. m

1.7.2 Consistency under Unconditional Independence

Lemma 1.7.5 Let assumption 1.3.1 hold. Without loss of generality, we can assume that
E[qu] =0,

El¢EqR] = Ix and sup,cy ||¢5(2)|] < VK. We can also assume that, E[p*(0)] = 0V,
E[pF(80)pF(60)'] = 11, and sup,, ey |17 (00) (y, w)|| < CVL.

Proof. Note that the projection based estimators are invariant to a linear transformation
of the rX. Letting B; = E[rXrK1-12 E[ByrK(BirX)] = I, and sup,ex||BirE| < OVK
where C is the inverse of the smallest eigenvalue of E[rfrX’], which is bounded away from
0 by assumption. Letting By = (Ix — E[rX|E[rK]))"V2, E[ByB1¢*(ByB1gX)] = Ix. The
proof for p is similar. m

Let R(0) = ||E[g(-,-,0)]||4, where g(s,t,6) = Cov (e"P0"W0) X} and || gl denotes the
reproducing kernel Hilbert space norm of g. See Parzen (1959) for more details on Hilbert
spaces and reproducing kernel spaces.

Lemma 1.7.6 (Identification) R(#) =0= 0 = 6,
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Proof.

R(0) =0= Q2 E[g(-,-,0)] =0
& Elg(-,-,0)] = 0 Since Q2 is an invertible operator
& Cov (eis”(y’wﬂ), eitX) =0 for all s,t € R
< p(Y,W,0) LX since complex exponentials are a convergence determining class

& 0 = 0y from the identifying assumption.

Lemma 1.7.7 (Continuity) R(6) is continuous in 0 for all € ©, a compact subset of the
parameter space ©.

Proof.

Let © = ©N{6 : R(0) < C}, where C' is a constant such that 0 < C' < oo. This restriction
is imposed to avoid having an infinite valued population objective function. Constraining
the parameter space in such a way is not restrictive, because it eliminates parameters for
which the population objective is extremely large. We rule out that R(6) = oo when 6 # 6,
later through an assumption about the conditional density of € and the residual function

().
We have that

R(0) = ||Cov (eis”(y’w’e), eitx) 12,
Cov (eisp(Y,W,9)7 6itX) _ E[eisp(Y,VV,G)eitX] . E[eisp(Y,VV,G)]E[eitX]

— E[eisp(m(e,W,Go),VV,G)eitX] . E[eisp(m(e,VV,Ho),Wﬁ)]E[eitX]
m(-, W, 8) is the inverse function of p(-, W, #), which exists and is differentiable by assumption
(1.3.4)(d).

E[eisp(m(57W790),W,9) ‘X, W] — /eiSp(m(G:WﬂO)’VV’g)f(E‘X, W)dG
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Let u = p(m(e, W, 6y), W, ), which implies that e = p(m(u, W,0), W, 0y). Also, we see that

du = §p<m(€7 Wv 90)7 W? 9)d€

= g(e, W, 0)de
= g(p(m(u, W,0), W, 0y), W, 0)de.

Also note that g(e, W, 0y) = 1. Therefore,

E[eiSP(m(QW,GO),W,@) |X, W] _ / 6isuf6|X,W<p(m(W7 u, 0)7 W, 90) |X’ W)
9(p(m(u, W,0), W, 6,), W, 0)
— /eisu fElX, W(p(m(VV: u, 9>a VV, 00)|X> W)
fe| X, W (u|X, W)
fe|l X, W (ul X, W)
g(p(m(u, VVa 9)? W> eo)v W? 9)
since the conditional density of € is non-zero
ise fe|X,W(p(m(W7 6 (9), Wa 00) ‘X7 W)
Jexw (€| X, W)

X, W).

du

du

= FEle

1
g(p(m<€7 I/Vu 9)7 W7 00)7 VV; 0)

Let

fe|X,W(p(m(VV7 679>aW90)|X7 W)
g(p(m(e, W, 0), W90)7W9)fe|xw( €| X, W)
COV( isp(Y,W,0) eti) — E[U(X € 0) iS€ ti] E[U(X €, 9) zse]E[ ti]

U(X,¢e,0) = E| | X, €]

Using an argument similar to that in the proof of the efficiency bound equivalence, we see
that:

R(0) = E[(U(X,¢,0) — E[U(X,€,0)]€])?.

By assumption (1.3.4), we have that E[U(X,W,¢)?] < oo on a neighborhood of 6y. To
show continuity, see that by assumptions (1.3.4)(c)-(e) fox,w(p(m(W,e,0), W, 00)| X, W) is
1

continuous in 6, and so is . Therefore, U(X, ¢, 0) is continuous in
S(pm(e, W,0), . 00).W.0) Koo

0, and R(A) is continuous in § on when R(f) < co. Note that this implies that @ = © N {8 :
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R(0) < C} is compact, since {0 : R(0) < C} is closed by the continuity of R(-) and bounded
by picking C' small enough. m

~KL .
Let Q5" (60) = Elpf (o)pf (60)'] @ Elgfqf] and Q@ (8) = & .1, pF(0)pF (0) ® ¢F /.
Also, let ||A||2 = y/tr(A?) denote the Hilbert-Schimdt norm and ||Al| = Amax(A) be the
spectral norm of A, where Ay (A) is the largest eigenvalue of A, a symmetric matrix.

Lemma 1.7.8 Let p*(0) and ¢¥ be basis functions that satisfy assumption (1.3.1). Let

~ ~KL KL

0 — 6y = O,(rv), then |Q  (6) — QXL(6)]l2 — 0 if KLty — 0, ,/W\/K/Z — 0
KLVK + VL

and T N 0 as N — oo. Also, |QKL(@)~1 — QKL(0,)~|| 5 0 if if the same
rates for K and L are chosen.
Proof. Let

Q = Q" (6y)
- E[pf<eo>pf(eo>'] ® Elg q"']

0y = NZpZ (0)p (60)' @ ¢ g}’
1
= NZPiL<90>piL(90 ) @ qf g
=1

N

Q=Y pl(00)pl(00) ® ¢!

Q5 = Z ® g g

By lemma (1.7.5), we assume without loss of generality
L
B[22 = 3} = Elll5 > oi'(60)ef (00)' @ af (af) = Eloi (6o)p ()] © Elai* (a)')|]
i=1

= Bl > 4@ B~ E[A] @ E[B]|)

where A; = pF(00)pF(0y)', and WLOG, E[A;] = Ir. Similarly, B, = ¢®¢*' and E[B;] =
Ix. Let C; = A; ® B; — E[A;] ® E[B;]. Using independence of A; and B;, we have that
E[C;] = 0. Therefore:
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||—ZC|| Z 02+ZE00)

1 2

= NU"E[C@']

= (B[4 @ B - EA] ® E[B])
1 ) 2

= ir(BlA]] @ B[B]] - Ixr)
1 ) 5 KL

= ir(EANw(EB]) - =7

1 L
= —FE[|lpX (0
~ Ellpi( o I'1ENg 1] -
1 2 2 KL
< VI'IVK K - ==
= N\/_ N
1
< —K?L?
=N
hich implies, by Markov’s i lity, that ||Qs — 4| O(KL)
winicn 1mplies, arkov s immequallty, a — = — ).
p y q Y. 2 1]|2 P \/N
E)|€25 — Qal|3] H—Zﬂ, (0)p (00)' @ (afal — 4 q/'|”]

= E[HN ZAi ® Bil%]
=1

1 5 9 N -1
= o Blr(AD e (BY)] + = El(tr(AiA;)tr(B: B))]

Bl AN Elr(B2)] + L Bl(1r(A4:,) Elie(B,B))

Where A; = pl(00)pF(6p) and B; = (¢Xq¢/" — ¢X¢*’), and the last line follows from
the independence of A; and B;. Note that E[tr(A?)] = E|||pF(60)]Y] < VI'L = L?, and
El(tr(A;A;)] = tr(E[A)E[A;]) = tr({L) = L. Also:
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Bltr(BY)] = tr(E(¢" ¢ — (¢ — 7" )& —7°))*)
Bl
= g+ DK

Also, since B; and B; are not independent, we need to expand the expression, and we
get the following:

tr(E[B;B;]) = tr(E[(¢ ¢ — (¢ — CYK)(qZ-K TN = (g =) g —a)))

= 4tr(Elg"(q")'qq]") = 3E[lg"||"]
8K 3 s (N —1)K
“ N2 N3 (gl ]—T
Therefore,
162 — 3] = Bl 00) ) Bl ] + 2D
N—1 8K 3 . piu ON-1DK
TL(NQ - N [l II*) = T)

VI'LVE'K VI'LK KL LVEK
N4 v twet TN )
VIVEVIR | VRIW/E +VE) | VKT

< Op(

= 119 = $allz = Oy N2 N3/2 N )
IVEKNVLK
So, using Markov’s inequality, we see that ||Q23 — Q|2 20 as long as \/_\/];2 ’
VK | KL
(QQ—F \/_) and N all go to 0 as NV goes to infinity. Now,
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N

B[4 — Q]3] = E[I% > (51 (60)pF (80)' — pt (Bo)pi (60)') ® 6 4|1

= Bl Y A B
Bl (AN (B + S Bl (A A, (BB,
1 ) b N-—1
= Bl (A Blin(B] 4~ El(tn(A.A,) Elir (BB, )

Using similarities between these set of expectations and the previous set, we can see that
1 3(N—-1)L 8L 3

Eltr(AD)] = 17 Elllei @o)ll'] + =7~ and E[(r(A44))] = 7 — 3z Ellei(0o)l") -
9N — 1)L
N3 .
4 6 3 6 9
Note that E[tr(BE)L: []H[qKHl]( ; N +Nm1 N3> + K(N2 1)(]}3[2 — m) Also,
multiplying the non-dominated terms, we get that
2
1 K K K
B0~ ul}) < s (VE' L+ NDVE'K + 5+ Lo vEL ki YK
\/_\/_\/_ VKL(VK +VL) VKL
= | — Q3|2 = O,( + (N3/2 )—l— N )

Finally, by assumption (1.3.4), we have that ||p*(8) — pF(60)|| < 6.(W;)||0 — 6| with
6p(W;) = Op(V/L), and therefore

N
1 LN AL MK A
1€25 — Q|2 < —ZH F(0)p7(0) — pit (00)p7 (00)'I[11* 4"
=1

N
1
NZ lpf (Bo) 182 (Ys, Wall18 — 8] + [162(Y:, Wi) 1216 — 6o ¢ I
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but, we have that ||pf(60)| = Op(V'L), |60(Ys, Wi)|| = O,(VL), |0 — 6] = O,(7y) and
2
l¢X]1? = O,(VK"). Combining those, we get that:

195 — Q|| < O,(VE VIVLry + VK L12)
= Op(KL’TN)

Using the Triangle inequality, we see that if ||€;11 — ]2 Looforie {1,...,4}, the
Hilbert-Schmidt norm of QX% (6) — QX%(,) will converge in probability to 0.

Also, 257 — s = 951 — 95095 s < 195 wcll — Qs[5 oo We as-
sumed that the minimum eigenvalue of €2; was uniformly bounded away from 0, therefore
19, Jloo = O,(1). Also, we have that [Amin(25) — Amin(21)] < |1 — Qs|2, and therefore
Amin(25) = Op(1) + O,(||21 — 5]]2), which is also O,(1) assuming the rate condition is

satisfied. Therefore, we also have that [|Q5 — QY2 5o.
|

. KL
Lemma 1.7.9 [|§5%(6) — E[g’F(0)]]] = 0 if 4 /T 0 as N — 0o.

Proof. Let

then |lg1 — g3/ < |lg1 — g2l + |lg2 — g3||, and:
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N

lov = gall = I S (0H0) — p(0) - %pr(@) - BpHO)) @
=l S h0) - B mrzfu

i=1

= ||—Zpl ||H—qu(H

92— a5l = Iy 3 (0H(6) @ aF — Elot(6) © )]

i=1

Therefore, using the triangle inequality, ||g%%(0) — E[g"L(0)]|| 50 m

Lemma 1.7.10 R(0) = R(0) for all 0 € © if K2L(ry + -

\/—N)—>OasN—>oo.

Proof. Let
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A

R (0) = R**(0)

= GRE (Y QR (0) 15 (0)
Ry(0) = g™ *(0)' 2" (00) "' 9" (0)
Rs(0) = E[g""(0)/2"*(60)~" Elg""(0)]
R4(0) = R(0)

|[F1(0) — Ra(0)] = IfJ’“(Q)’(fle(é)‘1 L CYR A (]
< g E@)IPIQ H0) 7 — 5 (6o) | )
= (lg" (@)1l + 13" (©0) — Elg" @) N*[Q5H(0) " — 2% (60) |

= (O,(VEVT) + 0,4/ 50

O,(K Lty + \/%\/ﬁx/ﬂr [](VL\/?; ﬁ)

also, we have that:

Ro(6) ~ Baf0)] < |G(6) — Bl (0))/2%*(00) ™ H(0) — Bl (0)])
< 354(0) ~ Blg* 0)] 12"
= 0,4/ 55°0,(VET)
K3/2L3/2
o,

Finally,

|R3(0) — Ra(0)] = [I1E[g" " (O)]ll6yx — 19 (-, - O,

50

where ||g|2x, = ¢Q¥2 g, and if K and L — co. The proof of this fact can be found in
Parzen (1959), and relies on assumption (1.3.1)(c). Using the triangle inequality, we have

shown that REL(0) LN R(@) forallf € ©. m
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Proof of Theorem (1.3.5). Using lemmas (1.7.7), (1.7.6),(1.7.10) and assumption (1.3.4)
we have the following:

e Compact parameter space ©

e R() is continuous on ©

o |REL(0) — REL(¢')| < D|0 — ¢'|* with D = O,(1)

o REL(G) L R(6) for all 6 € ©

By Newey and McFadden (1994), 3 and 4 imply uniform convergence of RX%(6) to R(6)

which then implies consistency of the estimator. m

1.7.3 Asymptotic Normality under Unconditional Independence

Let G(6) = & YN, pL(0) @, G(0) = £ YN, py(6) g and G(9) = Elply(6) © ¢]. Also,

A KL
Lemma 1.7.11 ||G(6) — E[G(6,)]]| 50 if nV/KL + ”T — 0 as N — oo, where
16— 6ol = Op().-

Proof.
. R N N
HG(G) - G Z sz pz@ ) ZtLX - N Z ZtLX
N . LN
Z 1650) = @)™ = < 3 e
=1 j=1
XN
itr, X; it) Xj
<W%FZ& WL—N;NH
= Op(TN \/ )

Also, by arguments similar to those in (1.7.9), we will have that

M%wawb@d%g

60 - Bla@ll = 0,

)

)
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Using the triangle 1nequahty, we see that the rate condition stated in the lemma is
sufficient to ensure that ||G( )) — E[G(6y)]]] 50 m

Lemma 1.7.12 The efficiency bound from the continuum of moment conditions is equal to

0
that computed using the projection method. ||%g(90)||52 = Ve;(@())

Proof.

I a0 = (org(00), 07 5 g(60)

g<87 ta 90) = Cov (iSPQ(Yv VV7 00)ei867 6itX)
= Blise™ W (X, €)e"™X] — Elise™*W (X, €)| E[e"X]

9
20

where W (X, €) = E[pg(W, 6y)|X, €].

= Blise™ W (X, €)e"X] — Elise"*W (X, )| E[e"X]
_ _// We(X7 E)fe(é) + W<X7 E)fé(G) eitXeisededX_'_
fe(e)
W (X, e)fe(e) + W(X,e€)fl(e) pise itX
/ / fe( j B
[A(X, e)e™Xel’] — E[A(X, €)e'|E[e™]

We(X, ) fe(e) + W(X, €) fi(€)
fe(e) '

Using the Fourier transform, we can write:

A(X, 6) _ //6it/X+iS/€A(S,,t/)dsldt/

where A is the Fourier transform of A. Therefore,

where A(X,€) =
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A(X, e)e™™e™] — BIA(X, e)e™ ] Ele™*]

/ / / / st X qed X A (s, ') ds'dt'+
//// zs+setid€dXA(8 t)ds/dt/ [ti]

:—QAst

Therefore7

“8«99(90)’% = (Q/~\7 Q_lQJ\) = (Q]\, /N\), and then:

QAA //QAst (s,t)dsdt

:////k(sl7t,7S’t)]\(‘s/7t,)]\(s,t)deS/dtdt,

/ / it HOX R (s 1A (s, 1) fx (X) fe(€)dsds' dtdt' d X de—

/ / i(s+s)e 7,tX+Zt XlA(S t) (S t)fX( )fE(E)deS/dtdt/dXdX/dE

_ / / ACX, € fx(X) . (€)dX de—

/// (X, )A (X", €) fx (X) fx(X') fe(€)d X d X de

€)’] — E[E[A(X, €)]e]?]
= Veffl

|
Lemma 1.7.13 If, K2L*(7y + —) = 0, then VN(0 — ) 5 N(0, V).

0?

5 REL(A))~!, with 6 in between 6,

Proof. We have that v/ N(0 — ) = —\/N%]A%KL(GO)(
and 6. We can see that:
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82
A A A 692 A
G(OYQ H(6)7'G(0) - | EIG(, 90)]IIQ\<! () AKL(é)‘1

— REL(G) = 2G/(0)QFE(0) 71 G () + 2Gy )’QKL(Q)‘lé(H)

IA I IA Qs IA
=
|
Qr
=

Go(BYQE(O) 7 5(0) < [|IGa(@) 12 H(0) ™ |oo 1 7()]
< O,(VKL)O,(1)Oy(rxVEL)|

Also,
VN SRR (0) = 2600 O (0)300) [V GO 25H0) (00
VNE[GR (60) %" (60) " 9(0o)|

50

since,
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VN||G() QKL<é>—1§<eo>—E[GKf(eon'é“<é>-1A<eo>|| <
VN||G(66) — EIGK (00114 (8)113(60)

= VNO, (VR 4\ S I0U K D)0, (VT 4/ 55)

50

VN[ E[GRE(0,)) QX () §(60) — EIGRE(60)/ Q5% (00) ' g(0)]| < VN EIGEE(60)]]
I E(8)5(80) — Q% (00) 7 5(600) |
K3/2L3/27_N
= VNO(VKL)ON(~—7=)

5o

If these conditions are satisfied, v N E[G*"(6,)]' Q5 (0y) ' g(6y) converges by a standard
CLT to a N(0, V') random variable. Combining these two facts, we get the result. =

1.7.4 Consistency under Conditional Independence

Let g(s,t,u,0) = WO (X _ Ble*X|Z])e™? | and let © be the operator defined by
the kernel k(s,t,u, s',t',u') = E[Cov ("¢, €| Z) Cov ("X, e X|Z) e“tu)2]. Let R(0) =

Lemma 1.7.14 (Identification) R(f) =0 =0 = 6,
Proof.

R(O)=0= Q 2E[g(-,-,-0)] = 0
s Elg(-,-,-, )] = 0 Since Q712 is an invertible operator
& Cov (e isp(Y,W:6) ,e"X|Z) =0 for all s,¢t € R
< p(Y, W, 0)LX ]Z :complex exponentials are a convergence determining class

& 0 = 0y from the identifying assumption.
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Lemma 1.7.15 (Continuity) R(6) is continuous in 0 for all § € ©, a compact subset of
the parameter space ©.

Proof.

Proof is similar to that of (1.7.7), and uses the smoothness in p(-, -, f) and the conditional
density of € given Z m

Let pX(0) denote the basis for p(Y, W, ), ¢& the basis for X and ¢} the basis for . Let
ANK, Z) = E[gf|Z], and A(K, Z) be its estimate. Let

AKLM

Zpl pEO) @ (¢F — MK, 2)) (K — MK, 2)) @ tMM,

QFEM (g sz pi(0) ® (¢ = MK, 2))(q* = ME,W)) @ ]'t]",

QREY(0) = Elpt (0)pi (0) @ (¢ — MK, 2))(q* — MK, Z)) @ ;'1]"].

Lemma 1.7.16 Let 6 — 6y = O,(7y), and | MK, Z) — MK, Z)| = O,(vy), and then

~KLM . KLM
1Q  (0) — QKM (G|, = 0 if KLM7y — 0, /| ——VEVLC(M) = 0, LMKy +
LMV%
KLM VK + L+ (M)

~KLM —_
— 0 Also, || (0)~1 — QEEM(G) ||, = 0 if the same

N N

rates for K and L are chosen.

Proof. Let
0, = QKLM(90>
Qy = Q8 (6,)
O = QKLM(@)

~KLM -

Q=0 (0

By arguments similar to those in the proof of (1.7.8), we will have that ||23 — Q1|2 50
KLM KLMvVK L M
—\/_\/_C( ) — 0 and VE + VL + (M)

. L
N N — 0. Let

when KLMtyn — 0,

us now conisder ||y — Q3H2
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192 = Qs> < <= Z P @)pF () [lall(af = NI 2) (g = \(K, Z))'

(a;° —A(K 2)(g* = MK, Z))[l2x
5412

1 N

< Oy(EM) 5 > el (K, 2) = MK, 2)) |+
L2)) ||z + |(ANE, Z) = MK, 2))(ME, Z) = (K, Z))'||2)
Z 4\/_VN + l/N

(LM\/_ Kvy + LMv?)

2

2INEK, Z)(A\(K. Z) — A(

Lemma 1.7.17 ||gEIM(0)—E[g%%(0) H—)Ozf\/ —>0and\/ Mvy — 0 as N — oc.

Proof. Let

g1 = g~"M(0)
1 N
== PO @ (¢F — MK, 2)) @t
=1
1 N
_ L K M
gQ—Nizlpi 0) @ (g — MK, Z)) @t

95 = Elpi (0) ® (¢ = MK, Z)) ® ;"]
= Elg"""(0)]

then |lg1 — g3/l < |lg1 — g2l + |lg2 — g3||, and:

68



lon =92 = Iy SopH0) & (K. 2) - K. 2)) @1

Zsz MIAE, Z) = MK, Z)|l|IE"

== Op(VKMVN)

KLM

ng - 93” < Op( T)

Therefore, using the triangle inequality, [|§5M (0) — E[gKEM (0)]] 2 0. m

Lemma 1.7.18 R(0) 5 R(6) for all 6 € © if K2L2M?(7y + \/1_N) — 0 and
(VENVLC(M))?LMv3, — 0 as N — oo.

Proof. The proof uses lemmas (1.7.17) and (1.7.16), and is analogous to that of lemma
(1.7.10). m

Proof of Theorem (1.3.7). Using lemmas (1.7.15), (1.7.14),(1.7.18) and assumptions
(1.3.6) we have the following:

e Compact parameter space ©

e R(#) is continuous on ©

o |RKEM(9) — REEM(¢')| < DI — 0'|* with D = O,(1)

o RELM(9) L R() for all 0 € ©

By Newey and McFadden (1994), 3 and 4 imply uniform convergence of RXXM(9) to R(6)

which then implies consistency of the estimator. m

1.7.5 Asymptotic normality under Conditional Independence

Let G(6) = & SN ph(0)@ (gl — MK, W)@t G(0) = L SN ph(0)@ (¢F — MK, W))otM
and G(0) = E[pj(0) ® (¢ — MK, W)) @ }1].

Lemma 1.7.19 | G(8) — E[G(00)]|| 5 0 if VLI + /% + LMy — 0 as N — oo,
where ||6 — || = Op(7x).
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Proof. The proof is analogous to (1.7.11). =

Lemma 1.7.20 The efficiency bound from the continuum of moment conditions is equal to

0
that computed using the projection method. H (GO)HQ =V '(6o)

Proof.

I a(O) = (r(00), Q7 g(60)

(s,t,u,00) = E[Cov (ispe(Y,W,0o)e"™, e"¥|Z) "]
= Blise™V (X, ¢, Z)e"*e™?| — E[Elise™V (X, ¢, Z)|Z]|E[e"X | Z]e™]

9
967

where V<X>Ea W) = E[pg(y, W90)|X7€7 Z}

= Blise™V (X, ¢, Z)e"*e™?| — E|Elise™*V (X, ¢, Z)| Z|E[e"X | Z]e™]
— (E[A(X €, Z) X zteezuZ] E[E[A(X,E, Z)eite|Z]E[€itX|Z]eiuZ]

Ve(X, €, Z) foz(e| Z) + V(X, €, Z) f] 5 (€ |Z)
fez(elZ)

Using the Fourier transform, we can write:

where A(X €, Z) =

A(X,G,W) _ ///6it/X+is,€+iU/WA(S,,t/,u/>d5/dt,du/

where A is the Fourier transform of A. Therefore,

= —(E[A(X, ¢, Z)e" e e™?] — E[E[A(X €, Z)e™|Z]E[e™ | Z]e™”]
- / / et X pilutu)Z (e X Zyded XdZA(s' ', u')ds'dt' du’

/ / st X (e| Z)de f(X|2)dX E[e™X| 2]’ )2 f(2)dZA(s', ', u')ds'dt du’
= —QA(s,t,u)

Therefore,
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0

H%Q(GO)H% = (Qj\, Q_IQ/N\) = (Q/NX,]\), and then:
= ///Qf\ s, t,u) /NX (s,t)dsdtdu
////// 8 7t/7u S, t U)A<5 ,t/, )A(S,t, u)dsds/dtdt/dudu'
AX, e, 7)? [E[A(X, €, Z)|e, Z)?]
= V;ff
]
Lemma 1.7.21 If K2L*M%(7y + —) = 0 as N — oo, then VN (0 — ) % N(0, Vp).
A~ A~ 2 -
Proof. We have that VN( — 6,) = —\/NQRKLM((J [ 0 REIM(9))1 with @ lying

00 06?

between 6, and . We can see that:

%RKW(@) = 2G(OYQEEM(B)71G(B) + 2Go(B) QEEM (6)~15(D)
(60|

(GO QEEM (G)T1G(B) — | BIG(-, 00)[13] < |GBYQEEM(8)71C(9) — G(8y) QKM (9) !
+ |G (00) QXE(B) 1 G (00) — G(06)' QLM (6) 1 G(6y)]
HIG(80) QLM () 71G(B) — G (60) QM (B6) G (6o)|
+ |G () QM (80) LG (B0) — | EIG (-, 60)] |13
= (1) +(2)+(3) +(4)

KLM KLM
(1) < Op(—+= N )+Op(T)
KLM
- OP( \/— )
(2) < O,(K*L*M?7y + KL*M*v%)
(3) < 0,(" 1)
(4) = op(1)

Co(0) QXEEM(B)715(0) < | Go(@) QT (8) 1 l|5(8)]
< 0,(VKLM)0,(1)O,(tyVEKLM + vy VLM)|
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Also,

VNSRRI (0,) = 2600 O (6)500) [V GO Q5 (3) (00
VNE[G(0)] M (0,) 1 5(6,) ||

50

since,

VN||G(EY QI () 5(00) — BIG(O0) 2 (0)15(60) | <
VNIIG(Bo) = EIGE)II" 0) e (60)

_J_O(mﬁ+\/:+¢_w)

0,010, VTR + [ Ky T7

50

VN[ EIG(0)/ Q5 (0)15(0) — BIG**(00)] 2" (60) ' 5(60) | <

K3/2L3/2M3/2 K1/2L3/2M3/2
VNO,(VKLM)O, ( TN\/JFN ”N)

50

if these conditions are satisfied, v NE[G(0)]'QX“M (05)~'g(6y) converges by a standard
CLT to a N(0, V') random variable. Combining these two facts, we get the result.
|
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Chapter 2

Estimation of Quantile Effects in Panel Data with
Random Coefficients

2.1 Introduction

The recent paper Graham and Powell (2012) introduced a panel data model with correlated
random coefficients. The panel structure allows to identify individual effects through ob-
serving repeated observations for each unit. The coefficients in their model are random, and
might depend on the covariates. This relaxes the classical fixed coefficients approach, which
imposes that treatment effects are equal across different units. The goal of that paper was to
identify and estimate the average partial effect (APE), which is the average (over the covari-
ates) of the random coefficient. This measure is related to the average structural function and
can be interpreted as the average of the (random) effect of an increase by 1 of the covariates.
Their results are derived under a continuous covariates assumption, and just identification,
where the number of time periods equals the number of random coefficients. Under these
assumptions, the APE estimator converges at a rate slower than root-/N due to the irregular
identification, in contrast to Chamberlain (1982) which covers the over-identified case.

This chapter studies a model similar to that in Graham and Powell (2012) but focuses
on the estimation of quantiles of the distribution of the correlated random coefficients. We
define the ACQE, the average conditional quantile effect, and the UQE, the unconditional
quantile effect as a function of the distribution of the random coefficient. The ACQE is
the average (over the covariates) of the distribution of the coefficients, conditional on the
covariates. It is a measure of the average magnitude of the random coefficient. The UQE is
the unconditional quantile of the distribution of the random coefficients. For example, we
can interpret the median UQE as the median size of the effect of an exogenous increase in a
covariate.

In this chapter, we derive estimators for the ACQE and the UQE in a just-identified panel
data model with discrete covariates. The first case we consider, that we term the regular case,
has covariates distributed discretely with a mass point of stayers, i.e. units with determinant
equal to 0. We show the root-N consistency of our estimators and compute their asymptotic
distribution. The second case we consider, the bandwidth case, has a shrinking mass of
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“near-stayers” with determinant shrinking to 0, and a shrinking mass of exact stayers. We
propose this model to approximate a model where covariates are distributed continuously, as
is the case in Graham and Powell (2012). We show the root-Nhy consistency of estimators
for the ACQE and UQE, compute their asymptotic distribution and then draw parallels to
the continuous case.

We introduce the model in the next section, then present additional assumptions for the
two different cases proposed here. We then show our asymptotic results for the ACQE and
the UQE, before concluding.

2.2 General Model

Let Y = (Yl, oY) beaT x1 Vector of outcomes and X (Xl, L Xp)aTxP matrix

.....

N allows for the regressors support to change with the sample size. Avallable is a random
sample {(Y;, X; )} from a distribution Fyy, which can depend on the sample size. The t™*
period outcome for a random draw from Fyy is given by

Y; = X\ By, t=1,...,T. (2.1)

We assume that, conditional on X, the P components of B; are comonotonic:

(BIX=x) 2 (Fplx (V%) Pl (VIX)), Veu01]. (22)
We also make the following common trends / stationarity assumption

Fp,x (b|x)=Fp,x (b+A,(b)|x), t=2,....,7T, p=1,...,P. (2.3)

Solving for A, (b) yields
Ap (0) = Fgl x (Fa,x (b %) x) =0,
which after changing variables to 7 = F'p, |x (b| x) gives
Bt (T5%) = By (75%) = 03t (7)

for By (1;%) = @ B,,x (7|x). Differences in the conditional quantile functions of B,; and
B, for t # s do not depend on X.

Let Qy,x (7]x) denote the 7 conditional quantile function of ¥; given X = x; under
(2.1), (2.2) and (2.3) we have

Qux (7[x) =x (B (7;x) +0:(7)), t=1,....T

where, B (1;%) = (811 (7;%) ..., Bp1 (7;%)), 6, (1) = (61, (7), ..., 6p (7)) and we normalize
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91 (7) to a vector of zeros. In an abuse of notation let

Qe (1 "
Qwix (]%) = Qy2|x:(7\x) Cwe }fz Q:p s = E
Qi (71 Oy o X )

Stacking equations we get
Qvix (7]x) =W (1) + X (1;X). (2.4)

More generally we study estimators based on (2.4) where W is a T' x ) function of X; in
the benchmark model described above @ = (7' — 1) P.

2.2.1 Examples

Generalization of linear quantile regression model Let the t"* period outcome be
given by

Y, =X} (B(U) + &), t=1,...,T (2.5)
with X}/ (u;) increasing in the scalar u; for all v, € Uy and all x;, € X;. We leave the

conditional distribution of U; unrestricted, but assume marginal stationarity of U; given X
as in, for example, Manski (1987) :

nIX2u|X, t=2...T

Under marginal stationarity we may define the conditionally standard uniform random vari-
able V; = Fy,x (U] X) and rewrite (2.1):

Y, = X, (ﬁ (Fglﬂx(vt!X))Mt)
= X, (B(Vy;X)+6), t=1,...,T.

This gives
Quvix (T]x) =%, (B(T;%x)+ ), t=1,...,T.

This example is a very natural generalization of the random coefficient represention of the
linear quantile regression model (e.g., Koenker (2005); pp. 59 - 62) to panel data. Note
its fixed effects nature: the conditional distribution of U; given X is unrestricted. Here,
the comonotoncity assumption on the random coefficients is equivalent to the assumption of
one-dimensional heterogeneity.

Note that we can write U, = A 4+ V; and assume Vi|X, A 2 Vi X, A fort =2,...,T;
this makes the ‘fixed effects’ nature of the model clearer.
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Location-scale panel data model Let the " period outcome be given by

YV, = XiB+ Xy (Uh) (2.6)
= XiB+ Xy (A+ V).

with x}7y(u;) increasing in wu; for all u; € Uy and all x;, € X;. This is equivalent to a
comonotonicity assumption on the vector of coefficients ~(-).

Assume that the first element of X, is a constant. Setting v = (l,Q'P_l) yields the linear
model studied by Chamberlain (1984). Maintaining marginal stationarity of U; we get

Quvix (1]x) = x; (8 +7Q asvix (7] %))
= x (B(1;%x) + 1),

for B (7;x) = 1 +YQ arvyx (7| x) and 6y = B¢ — 1.
Both of the above models are more restrictive than the baseline set-up. This opens the
door to potential testing of these extra restrictions.

2.2.2 Estimands

We focus on two main estimands in this chapter. The unconditional quantile effects (UQE)
associated with the p** regressor is

Bp (7') = inf {bpl eR: fTBp1 (bpl) Z 7'} . (27)

If each individual in the population is given an additional unit of X,;, the effect on out-
comes will be less than or equal to 3, (7) for 1007 percent of the population. To get the
corresponding object for a " period intervention we add 8, (7).

This is the quantile analog of an average partial effect (APE). Under our comonotonicity
assumption this object is also related to differences in the quantile structural function (QSF)
studied by Imbens and Newey (2009) and Chernozhukov et al. (2013).

We can generalize this idea to define ‘decomposition effects’ (cf., Melly (2006); Cher-
nozhukov et al. (2009); Rothe (2010)) as well as deal with the case where the elements of X;
are functionally dependent (cf., Graham and Powell (2012)).

The second estimand is the average conditional quantile effect (ACQE). This object is
similar to the average derivative quantile regression coefficients studied in Chaudhuri et al.
(1997). It is also related to measures of average conditional inequality used in labor economics
(e.g., Angrist et al. (2006); Lemieux (2006)). The P x 1 vector of ACQEs in our model is
given by

B(r) =EB (r;X)]. (2.8)
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2.3 Additional Assumptions

We now impose additional restrictions on the support of X and on the number of random
coefficients.

2.3.1 Discrete Support

We first restrict our attention to the case where the support of X is discrete. The probabilities
and support points are indexed by NV, the sample size, and may depend on it.

When X, is discrete, the support of the entire regressor sequence X = (Xy,...,Xy)’
is finite: X € Xy = {xin,...,Xyn}. Without loss of generality assume that the first
m=1,...,L < M of these support points correspond to mover realizations of X such that
rank (x,,n) = P. We further divide the mover realizations into “strict”-movers and “near”-
stayers. A mover realization X,y is a strict-mover if rank (limy_,oo X,nn) = P, and is a

near-stayer if rank (limy_,o X,n) < P. Without loss of generality, let m = 1,...,L; < L
denote the strict- movers and m = L, + 1, ..., L denote the near-movers.
The remaining support points (m = L+1,..., M) correspond to stayer realizations with

rank (x,,5) < P. Let X¥ = {x,,n : rank (x,,5) = P} and X3 = {xn : rank (x,,5) < P}
be mutually exclusive subsets of Xy consisting of the mover and stayer support points
respectively. Let p,,y = Pr (X = x,,,5) denote the probability associated with these support
points.

In some cases, we will be unable to identify the UQE and ACQE as defined in the
previous paragraphs. This can be due to the inability to identify certain characteristics of
the distribution of the random ceofficients for stayers. Using this notation the movers UQE
associated with the p* element of X is

M (7) = inf {bpl ER: Fp ixexu (b X € XN) > T} , (2.9)
while the corresponding movers ACQE is
—M
Bon (1) =En [Bpl (T;X)|XEX%] ) (2.10)

2.3.2 Just-identification and additional support assumptions

We also assume that the number of time periods, T is equal to the number of random
coefficients P. With T' = P, the matrix X is square, and therefore it has full rank if
and only if det X # 0. We denote det X as D € Dy = {di,...,dg, —hy,hn,0}. We
let Py(D = hy) = Py(D = —hy) = bhy for some b > 0, and we define dg; = —hy,
dig.o = hy and dg 3 = 0. We also let the probability of observing a singular X be
Py(D = 0) = ) = m + 2bhy. Finally, Py(D = d;) = 7 for k € {1,..., K} with
Sk N =1 — 4bhy — m, with 4bhy + m < 1 for all N. We also let 7, = limy o mp,
so that Zf:o mr = 1. Note that throughout the text, the absence of the N subscript on
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probabilities or support points indicates that we are dealing with sequence limits, which we
always assume exists.

In this setup, observations with D = 0 are stayers, D = 4hy are near-stayers while
D =dg for k = 1,..., K denotes strict-mover realizations. The inclusion of near-stayers
is a way to approximate a continuous distribution of D, letting some movers (those with
D = +hy) have very similar characteristics as stayers (D = 0).

We let dmN|k = Py(X = xpun|D = dy), dmN|-h = Py(X = xpun|D = —hy), dmN|h =
Pyn(X = Xpn|D = hy) and gpnjo = Pv(X = X[ D = 0). For simplicity, we assume that
¢mn|. does not vary with IV, so that conditional on the value of the determinant, which has
varying support, the distribution of X does not vary with the sample size. We also assume
that ¢min = Gm|—n = Gmjo for allm =1,..., M.

We let either mp > 0 or b > 0 in this chapter. This means that there is always a
non-zero fraction of observations that are stayers. If we allow my > 0, that fraction is
also asymptotically positive, which means that we can estimate some of their distributional
features (i.e. time effects) with root-V consistent estimators. On the other hand, if we also
have b = 0, we cannot learn about its some other features, (i.e. the random coefficients’
distribution) since there are no movers nearby. In this setup, we will only be able to recover
the movers” ACQE and UQE. We term this setup the “regular case”.

On the other hand, if we have b > 0, my = 0, the time effects will be estimated at rate
root-NN hy since the fraction of stayers is of order Ay, which implies a slower rate of conver-
gence. The bandwidth case allows for using near-stayer observations to approximate stayers’
behavior. This allows us to recover the true ACQE and UQE since we can approximate the
stayers’ contribution to the estimands with that of the near-stayers’. We use the “bandwidth
case” (b > 0) as an approximation of the continuous case as in Graham and Powell (2012)
since it allows for a singularity among stayer observations but also irregular (non root-N)
identification of coefficients. This approximation simplifies calculations since the prelimi-
nary conditional quantile estimator for discrete conditioning variables is a straightforward
one. In the presence of continuously-distributed covariates, there are estimators proposed in
the literature (e.g. Belloni et al. (2011), Qu and Yoon (2011)) that have different desirable
and undesirable features in the context of this chapter. The properties of the ACQE in the
bandwidth case will have similar properties to the APE in Graham and Powell (2012), and
here b will have a similar interpretation as ¢y in Graham and Powell (2012), the density of
the determinant evaluated at 0.

We do not consider here the case where both my > 0 and b > 0, since in this case we
need to estimate the stayers’ random coefficient using a shrinking fraction of the sample size
(near-stayers). This is similar to an estimation of a nonparametric derivative, and will suffer
from a rate deterioration over the bandwidth case, since the ACQE and UQE would now
converge at the rate root-Nh3; instead of root-Nhy.

Throughout we maintain the following assumptions:

Assumption 2.3.1 (RANDOM SAMPLING) {Yi,Xi}fil is a random sample from the pop-
ulation of interest. The distribution can vary with the sample size.
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Assumption 2.3.2 (BOUNDED AND CONTINUOUS DENSITIES) The conditional distribu-
tion Fy,x (y:|x) has density fy,x (y|x) such that ¢ (17;x) = fy,x (F;jx (T|X)’X) and
¢ (1;x) are uniformly bounded for all T € (0,1), all x € Xy, and all t = 1,...,T. Also,

this conditional distribution does not vary with the sample size N. Finally, fy,x (y:|%),
Fy,x (y|x) and F;jx (y¢| x) are all continuous in x.

Assumption 2.3.3 (BOUNDED Y) The support of Y, is compact for all t € {1,...,T}.

Let

me (Y| Xmnv) [Z 1(X; = XmN)] [Z 1(X; = xpn) 1 (Y < yt)] ;

be the empirical cumulative distribution function of Y; for the subsample of units with
X = x,,n. We estimate the 7?" conditional quantile of Y; by

A~

I, (T;XmN) = F\;tl\x (yt|XmN) = inf {yt : ﬁmx (yt’Xm) > T} )

where IT; (7; X) denotes the t** element of IT (7; X) . Note that I (-;xv) and T (3 Xmn) for
I # m are conditionally uncorrelated given {X}

Define

p Y;:S<HS ,X,E<H 7X - '
pu(rriX) = Ees STL(HX) Ve SIL (@ X)) —7r -y 1 gy
min (7,7) — 77
and
1 . pir (1,7":X)

Ty x (I (73X) fyy % (T (7/:X)) Sy x T (msX)) fy 1x (T (773X))

A(r, 7 X) = : : . (212

prr(7,7"X) . 1

Ty e 0 (riX0) 1 (T (7720 Ty o O (7X0) e (T (720

Using this notation, an adaptation of standard results on quantile processes in the cross
sectional context, gives our first result:

Proposition 2.3.4 Suppose that Assumptions 2.53.1, 2.3.2 and 2.3.3 are satisfied, then
VNpN (H (T;%Xmn) — IL (75X ) ) converges in distribution to a mean zero Gaussian pro-

cess g (-, ) onT € (0,1) and x,,n € Xy, where Zg (-, -) is defined by its covariance function
S (1, %07, %) = B [Zg (1,%)) Zg (7', %,,)'] with

¥ (7, x;,7, X)) = (min (7, 7") — 77 )A (7, 7;x;) - 1 (I = m)

forlm=1,... L.
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These results are a standard generalization of process convergence results for uncondi-
tional quantiles. Convergence for support points with probability that shrink to 0 at rate hy
will be of order root-Nhy since the is effective sample size used to estimate this conditional
quantile is proportional to Nhy rater than N. Convergence here is on 7 € (0, 1) since we
assume that Y; has compact support. If Y;’s support was unbounded, results would instead
hold uniformly on 7 € [e, 1 — €] for arbitrary e satisfying 0 < € < 1/2. We now proceed with
the identification and estimation of the time effect 6(-). Let X* denote the adjoint matrix of
X. From equation (2.4), we have that

X*Qy‘x (7" X) = W*6 (T) + Dﬂ (T,X) s

where W* = X*W. Let x;x be a stayer realization (x;y € X%,), therefore [ € {L+1,..., M}
and D = 0. Then, for any l € {L+1,..., M}, we have:

W*;NXZKNQY\X (7] xunv) = Wiy w6 (7). (2.13)

The time effect is over identified if L +1 < M, and we can recover it in multiple ways.
We choose here to average over the stayer realizations:

M -1 v
d(1) = ( Z W*;NW*lelN> Z W*;NX7NQY\X (7] xin) pinv- (2.14)

I=L+1 I=L+1

Note that this expression is also equal to

E [W*W*|D =0]"'E [W*'X*Qyx (7| X) |D = 0] .
We then define the analog estimator:

M 1M
6(r) = (Z W*;NW*lNﬁlN> D winxivQyix (7] xin) pun- (2.15)

where pjy = % Zfil 1(X; = x;n) is the empirical probability associated with the [th real-
ization. This estimator can also be written down as:

N

N —1

1 / * 1 * N7k )

o(r) = (ﬁ ZW*ZW (D] < hN)) N ZW iX; Qvx (7] Xi) 1(D; < hy). (2.16)
i—1

i=1

Proposition 2.3.5 Let Nhy — oo as N — oo. Under assumptions 2.3.1, 2.3.2 and 2.5.3,
we have that
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on T € (0,1), with

1

E (Zs(7)Zs(7")'] = (min(r, 7') — 77')E [W*W*|D = 0]~ x
E [W*X*A(r,7; X)X*W*|D = 0] E [W*W*|D = 0] .

Note that this result holds no matter if 75 > 0 or mg = 0. In the case where my > 0, this
estimator is root-N consistent since we are using a non-shrinking fraction of observations in
our estimate. When b > 0 and 7y, we are using a number of observations approximately
equal to 20N hy which makes the rate of convergence equal to root-Nhy.

Having identified the time effect 6(7), we can now recover the conditional distribution of
the coefficient of interest. Again premultiplying the model by the adjoint matrix of X, we
get:

X'Qyx (7/x) = W (1) + DB (1; X) .

The conditional 8 can be recovered for both strict and near movers (D # 0) in the
following way:

_ X' Qyix (7 x) — W* (1)

B (1;X) i)

We now turn to the estimation of two different functionals of the conditional beta: the
ACQE and the UQE.

2.4 Estimation of the ACQE

We again distinguish between the regular case where my > 0 and b = 0, and the bandwidth
case where 1y = 0 and b > 0, as these will have different rates of convergence and asymptotic
variances.

2.4.1 ACQE in the regular case

In this case, we have a fixed fraction of stayers and no near-stayers. We focus on the
estimation of the movers’ ACQE, defined in (2.10). The estimator we propose averages
estimates for conditional betas using sample probabilities. The conditional betas estimates
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also rely on estimates for §(-), the time effect. We first compute the asymptotic distribution
of an infeasible estimator, computed assuming J(-) is known. We assume for simplicity that
all support points and probabilities do not vary with N, the sample size.

Proposition 2.4.1 Let

A SN X (Quix (71X0) - Wib(r)) 1(X, € XM)
= N i 1(X; € XM)

= ZXZ (QY\X 7| %) — Wl5(7>> a"

be the infeasible movers’” ACQE, where ¢ = 11’;0, is the conditional probability of real-
ization | conditional on being a mover realization, and let g = LN 2 (d(t(l_))(io)' Under
N et(X;

assumptions 2.5.1, 2.3.2 and 2.3.3, we have that:
~M ~u d
VE (B (1= 840) % zitr)

on T € (0,1) for Z;(-) a gaussian process with covariance equal to

E[Z1(7)Zi(7)] = Uy(r,7') + W(7,7')
_17T0 Cov (B(7,X), B(r', X)| X € XM)

Uy (1, 7') =

min (7,7") — TT’E [

y(r,7') = XA(r, 7, X)X VX e XM

1—7T0

The form of the covariance function in Theorem 2.4.1 mirrors the basic form found by
Chamberlain (1992) for the average partial effect estimand (see also Graham and Powell
(2012)). This parallel is easiest to see for the case where 7 = 7/. In that case the first
component ¥, (7, 7) equals the variance (over X) of the conditional quantile effects g (7; X).
The second term Vo (7, 7) equals the average of the variances of the individual CQE estimates
3 (7;X) when 0 (7) is known. The final term, not included here, captures the asymptotic
penalty associated with having to estimate 0 (7). Since this is the infeasible ACQE, this
penalty does not affect the estimate. It is also of note that this estimator is independent
of 6(+), since we are using non-overlapping subsamples (units with D # 0 and D = 0,
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respectively) to compute the respective estimates. We now turn our attention to the feasible
ACQE and compute its asymptotic variance.

Proposition 2.4.2 Let

S X (Quix (71X0) - Widlr) ) 1(X, € XM)
s = ¥ T 1X; € XM)

— ZXZ (QY\X 7'| Xl) Wl(S( )) o
be the feasible movers’ ACQE, where ¢ = 2 is the conditional probability of realization

1—mo’
_ Xr L 1(Xi=x)
T LN, 1(det(X;)#£0) 1

conditional on being a mover realization, and let G Under assumptions

2.8.1, 2.3.2 and 2.3.3, we have that:

—_
—

VR (EMm - BMm) b 2(r) = 21(7) + S 24(7)

on 7 € (0,1), and Eg = E [X'W|X € XM]. The variance of the gaussian process Z(-) is
defined as

E [Z(’T)Z(T/)/] = \111(7', 7'/) + \112(7', 7'/) + 50\113(7', 7'/)56
17T Cov (B(7,X), B(7', X)| X € XM)
— To

Uy (7, 7') = 1

: A
Uy(r,7') = 0 (17’ )Ty (XA (r, 7, X)X V|X € XM]
Uy(7,7) = min(r, 7) =77’

o

E [W*W*|D = 0]

-1 -1

E [W*X*A(r, 7, X)X*'W*|D = 0] E [W*W*|D = 0]

The asymptotic variance of the feasible estimator differs from the infeasible term due to the
presence of term Ws(-), which is the asymptotic variance of v/ N(5(-) — 6(-)), weighted by Z.

We have established the identification and a consistent estimate for the movers’ ACQE
in the case where there is a point mass of stayers, but no near-stayers to help identify the
stayer’s main coefficient 3(7; X). We now focus on the identification and estimation of the
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true ACQE in the bandwidth case, where there is a shrinking fraction of stayers and a equal
amount of near-stayers.

2.4.2 ACQE in the bandwidth case

First note, that when my = 0, the time effect estimator 3(7') is root-Nhy consistent rather
than root-N due to the shrinking fraction of the sample used to estimate it. We use the
same estimator for the ACQE that is used in the case where my > 0 and b = 0. In this case
the difference between the ACQE and the movers’ ACQE will be O(hy) meaning that it
will asymptotically disappear under appropriate rate assumptions on hy. Here is the main
result:

Proposition 2.4.3 Let

5y BEE X (@vx (71X) = Wid(7)) 11D = )
T * S LD > hi)

i H(Quix (1) = Wid(r) ) "

be the feasible movers’” ACQE, where g = 15’—;0, is the conditional probability of realization |
N Ly UXi=x)

& Zisy H(Dil>hn)

2.8.1, 2.8.2 and 2.5.3 , and if Nhy — oo and Nh3, — 0 as N — oo, we have that:

Under assumptions

conditional on being a mover realization, and let g =

VNI (B(r) = ()  2(7)

for € (0,1), and

E[Z(r)Z(7')] = Ui(7, 7) + EoWa(7, )5
Uy (7, 7") = 20 [X*A(r, 7', X)X |D = 0]
Uo(r,7') = 2%1@ [W*W*|D =0]"" x

1

E [W*X*A(r, 7, X, X)X*W*|D = 0] E [W"'W*|D =0] ",

where Zp = limy_,0 Ey [XTTW([X € X¥].
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We can interpret the asymptotic results in the following way: there is a bias term of
order O(hy) due to trimming of stayers, which represent a fraction proportional to hy of
the sample. This vanishes since Nh3, goes to 0 as N goes to infinity.

There is also some randomness due to the random coefficient itself, (7; X). This term

vanishes asymptotically, since it is of order O, <\/Lﬁ> This is in contrast to the framework

with non-shrinking probabilities on all probability points, where the order of convergence
is root-N everywhere. We could potentially improve asymptotic properties of a variance

estimate for 3(+) by correcting for this lower order term. In this framework, this source of
noise is dominated by the variance coming from the estimation of the conditional betas for
near-stayers.

This variance, coming from Wy (-, ) is due to estimation error of the conditional quantiles.
It can be further decomposed in the estimation error of conditional quantiles for strict-
movers, and that for near-stayers. Since there is a non-shrinking fraction of strict-movers,
the conditional quantiles for strict-movers can be estimated at root-N rate and, when these
quantiles are averaged using the sampling distribution of X, their contribution remain of the
order root-N.
__ The contribution of near-stayers to the variance is analogous to the reason the estimator
B! in Graham and Powell (2012) converges at the rate root-Nhy. The conditional quantiles
for near-stayers is estimated at rate root-Nhy since there is a shrinking fraction (equal to
20hy) of near-stayers. These quantiles are premultiplied by X! = %, and since D = +hy,

Nh%,

a problem since we need to assume Nh3 — 0 to get rid of the bias term. Fortunately,
this problem goes away since the quantile error divided by the determinant is weighted by
the empirical probability for these near-movers, which is of order O(hy). Combining these
terms, the contribution of near-movers to the infeasible ACQE remains root-Nhy. This is
the dominant term in the asymptotic expansion of this estimator when using the bandwidth
framework. R

The term Wy(-,-) is the contribution of 4(-) to the estimation error. The errors from
the estimation of conditional quantiles for movers and from the estimation of time effects
are independent since they rely on different subsamples, making their linear combination’s
asymptotic variance easier to compute. The estimation error of the time effect is premulti-

*

plied by \/E\N _ % ZZJ\LI W11(|D,5| > hN)
limit under the assumptions here. This is analogous to the structure of the APE in Graham
and Powell (2012).

this makes the quantile error divided by the determinant of order O, (\/;_), which is

, which converges in probability to =, a well defined

2.5 Estimation of the UQE

In this section, we derive a consistent and asymptotically normal estimator for the UQE
(as defined in 2.7) and for the movers’ UQE (defined in 2.9) processes, in the bandwidth
and regular discrete case, respectively. We first focus on the regular discrete case and the
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estimation of the movers’ UQE.

2.5.1 UQE in the Regular Case

In this case, let @” (7) be an estimate of the pth component of the movers’” UQE at quantile
7 defined by

N 1
%Z 1(X; € XM) /0 (1 (Bp(u, X;) < Bj}%)) - T) du = 0. (2.17)
i=1
We assume here that the integral over u can be computed without approximation re-
quired. This can be justified by the use of interpolation around a finite number of points to
compute the conditional beta’s process’ estimate, which means that an integral could poten-
tially be computed exactly. This estimator is the 7th quantile of the empirical distribution
of B,(U,X) given that X € XM, which is approximated by the distribution of 3,(U,X). To
derive the estimator’s asymptotic properties, we first compute the asymptotic distribution
of the CDF of 3,(U,X) and then invert it at 3)(7). The actual estimate for the movers’
UQE is computed in a similar fashion using a CDF estimate.

Proposition 2.5.1 Letp € {1,...,P}. Then we have that

VN (B(r) = 831(7)) S Zugu(7)

on 7 € (0,1) with Zyge(-) being a Gaussian process. Let d = Fg,x(6)'(7),X) and d' =
Fg,x(8)(7'),X). The covariance of this Gaussian process is equal to:

nn o (T ) A Uy(r, ) + (T, T)
e R Sy 711 e 2 )
Ui(r,7) = E [f8,x(8," (7). X) fa,1x (8," ('), X)X~ (min(d, d') — dd')
A(d, d, X)X V|X € XM]

Uy(r,7) = %E [ fis, (X)X W Z5 (Fis, x (B2 (1), X))

ZJ(FBplx(ﬁfy(T/),X))/W/X_thp|x(d/a X)X ex" XexM

Us(r,7') = Cov (d,d'|X € X")

where X and X are independent copies.
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We can see that the asymptotic variance of the UQE also has a three term decomposition
with a similar interpretation to the ACQE. The first term Wy (-, ) represents the uncertainty
due to to the estimation of the conditional quantiles for movers, while the second term
Wy(+,-) is due to the estimation error of the time effect. Together, they give the estimation
error of estimating conditional betas for movers. Finally, W3(-,-) represents the inherent
error due to the fact that coefficients are random and correlated with X. Again, we can see
that these three terms are due to three independent sources of variation: the variation in
Y conditional on X being a mover realization, the variation in Y conditional on X being a
stayer realization, and the variation in X itself. These three sources lead to ¥y(-,-), Wa(:, ")
and W3(+,-) respectively. We now consider the asymptotic distribution of the UQE in the
bandwidth case:

2.5.2 UQE in the Bandwidth Case

We define the same estimator as in the regular case, which inverts the unconditional beta’s
CDF at quantile 7. For this estimator, asymptotic rate of convergence will be root-Nhy as
in the ACQE’s case, and its asymptotic variance also contains two terms. Here is the main
proposition.

Proposition 2.5.2 Let p € {1,..., P}, Nhy — oo and Nh3 — 0 as N — oco. Then we
have that

VN (Buv(7) = By (7)) > Zugs(r)

on 7 € (0,1) with Zyge(:) being a Gaussian process. Let d = Fg x(8,(7),X) and d' =
Fg,x(B,(7"),X). The covariance of this Gaussian process is equal to:

w7+ Uy(T, T)
E [Zvqr(T)Zuge(T')] = IB,(Bp(7)) [8,(Bp(T"))

Wy(r,7') = 20 [ fi,x (B,(7), X) fr,1x (B,(7), X)X
(min(d, d") — dd")A(d,d, X)X*|D = 0]

Wo(7,7') = 2bE [pr|x(d> X)W Zs(Fp, x (B,(7), X)) Zs(Fa,x (5,(7"), X)) %

W* fg x(d',X)|D =0,D =0

where X and X are independent copies.

The asymptotic variance of the estimator contains two terms, the first relating to the
estimation of conditional quantiles for near-stayers, while the second term reflects the esti-
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mation error related to the time effect. The strict movers have no influence on the asymptotic
variance since their contribution is of order O, (ﬁ) It would be again possible to get small

sample improvements in the variance estimate by using a correction for this lower order term.
The term reflecting the variance of the random coefficient is washed away here, since it is

also of order O, (\%N> This result is analogous to the ACQE’s variance in the bandwidth

case. There is also a bias term of order O(hy) that vanishes as Nh3 — 0. This bias arises
from estimating the movers’ UQE, which converges to the true UQE at rate O(hy).

2.6 Conclusion

We have derived the asymptotic distribution of the ACQE and the UQE in a just-identified
panel data model with correlated random coefficients. In the regular case, we show the root-
N consistency for estimators of the ACQE and UQE, and compute the asymptotic variance
of these estimators. We also consider the bandwidth case as an approximation for the
continuous case, then show the root-Nhy consistency for estimators of the ACQE and UQE.
We then compute the asymptotic variance of these estimators. The small-sample properties
of our estimators and the distribution of the estimators when covariates are continuously
distributed represent areas of future research.

2.7 Proofs of Propositions

Proof of proposition 2.3.4. See Proposition 2.1 in Graham-Hahn-Powell (2011). We
instead use Lyapunov’s central limit theorem for support points and probabilities that are
indexed by N. m

Lemma 2.7.1 In the bandwidth discrete case,

N
ST WHIWHL(IDi| < hy) = 2E [WYW*D = 0] b

i=1

1
Nhy

where Py(D = 0) = 2bhy.
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Proof.
1 & M P
—— Y WY W*1(|Di| < hy) = 2b W IN e
Nhx Zzl i (| | N) z§1W INW ZNPN(D ~0)

M
LN Z wH W g0
I=L+1
= 2E [W*W*|D = 0] b

Lemma 2.7.2 In the bandwidth discrete case,

1 a e o A ;
WX X;) - X)) 1(|Di] < hw) % Z
e 2 WK (@ (71X0) = Qi (71X 1101 < )  24(7)

with B[Zy(1)Z1(7")] = 2bE [W*’X*E(T, 7, X, X)X*W*|D = 0].
Proof.

R .
— ) WHX; X;) — X)) 1(|Ds| < h
T 2 WK (@i (71%0) = Quix (710 11D < )

1 N

= e 2 WX (Qupx (71X — Quix (71X0)) 1(D, = 0)
=1
_ N
Vi
M A

= Z W*;NX?N vV Npin (@Y|X (7] xiv) — QY|X (7| XlN)) D

M
Z W N Xy (QY\X (T]xiv) = Qvix (7] XlN)) PN

I=L+1

I=L+1 vVoinhy
M
= Z W Xin vV N <QY|X (71xiv) — Qvix (7] XZN)) X
I=L+1

ﬁlN \/%
Vpin Py (D = 0)

M
LV N Wi Zo(T, %) /@in

I=L+1

= Z1(7)
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Since E[Zq(7, %) Zo(T, %) = (7, 7, %1, X)) = (min (7, 7") —77")A (7, 7":%;) - 1 (I = m),
we get that:

M
E [Zl (T)Zl (T/>] =2b Z WT,XEKE(Ta 7—/7 X1, Xl)XZk/Wikql\O
I=L+1
= %E [W*X*S(r, 7, X, X)X*W*|D = 0]
|

Lemma 2.7.3 In the reqular discrete case,

N
%Z WYW*1(D; = 0) & E [WYW*|D = 0] m.
=1

Proof. Straightforward use of LLN. m

Lemma 2.7.4 In the reqular discrete case,

1

\/N;W*ZXf (@Y\X (71X3) = Qvix (7] Xi)> 1(|D;| < hy) % Zy(7)

with E [Z,(1) Z,(7)] = moE [W*X*S(r, 7/, X, X)X*W*| D = (]

Proof.
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N
\/LNZW*;Xf (@Y\X (71 X;) = Qyix (7| XZ)> 1(|D;| < hy)
i—1

- ~
=Y WX; X;) — X)) 1(D; =
VNI & (@i (71%0) = Quix (71X4) ) 1(Ds = 0)

M
=N Z wx) (@Yp{ (7] X4) = Qyix (7] Xl)) D

I=L+1
M A
= l:zL;rl wx; v/ Np (@Yp{ (71 X)) = Qyix (7] Xl)> %
M A
*\/ yy
l;ﬂ le Y2 (QY|X(T| ) — QY|X (7] ,)) \/pz_ﬁo\/ﬂ_o
LN Vo Z W x; Zo (T, %) \/q@o
I=L+1
= Z(7)

Since E[Zq(1, %) Zo(T', %) | = 2(7, 7', %1, X)) = (min (7, 7") —77")A (7,73 %) -1 (I = m),
we get that:

E[Zi(7) ] =m0 Z wh i S(T, 7 X0, %)X W g0
I=L+1
= molE [W¥X*S(7, 7, X, X)X*W*|D = 0] .

|
Proof of proposition 2.3.5.

We complete the proof in the discrete bandwidth case first: b > 0 and 7y = 0. In this
case, 1(|D;| < hy) = 1(D; = 0), since we have a (shrinking) mass of “exact” stayers, and no
units in between the near-movers (|D;| = hy) and these stayers. Combining lemmas 2.7.1
and 2.7.2, we can derive the asymptotic distribution of g(T) in the bandwidth case.

We can use lemmas 2.7.3 and 2.7.4 to prove the analogous result in the discrete movers’
case. W
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Proof of propositions 2.4.1.

M . T o (@Y\X(T|Xi)_©Y\X(T|Xi)> 1(X; € XM)
By (1) = BY (1) =

+
L3N 1(X; € XM)
1 N -1 M
N Zz:l lz Q]\?ﬂx (T| ) ( ) —E [X;lQle (7" X,L> |X1 S XM]
N Zz 1 (Xz S XM)

= le (Qyp( T x;) — QY\X(T|XI)) a'+

le Qvyx (%) (@ — ")
=1

=Ti(7) + Tx(7)

where ¢ = =,

1 N
. . M N Zi:l 1(Xi:xl)
realization, and let ¢ = TSN 1den(X,)20)"
Using Slutsky’s theorem, we can see that v NT} (7’)
asymptotic covariance function is equal to:

Zl VX Zg(1, %) ‘/TO, and its

X

Ly
E Z x; ' Zo(T, %)
=1

].—7T0 1—7T0

ZZQ sV ] _ min(r.7) 77’
E [X7'A(r, 7, X)XV X e XM].

The second source of variation comes from term T5(7) = 31 % Qyix (7] %) (@ — ).

Using the delta method, we can see that this term converges in distribution like such

1—7T0

VNTy (1) % N (o, Var [5(r, XX € X)) ) .

To conclude, we note that 77(7) and T»(7) are independent, since the source of variation

in T5(7) comes solely from variation in X, while the variation in 73(7) is conditional on X
and therefore independent of X. m

Proof of proposition 2.4.3.
The population estimand is:
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Bn (1) = En [B(1, X))
= Ey [Bp(7, D)]

where fp(7, D) = Ey [8(7,X)|D] and the subscript N on the expectation operator reflects
the fact that the support of X can vary with the sample size. Let’s consider a four-term
decomposition of this estimator minus its probability limit:

S ASEXOWADIZ )
Ba(T) = Bn(T) = ISSRTTET (5(7) 5(7))

XX (Quix (71X0) = Quix (71X0) ) 1D = hy)

% sz\; 1(|Di| > hn)
¥ 2 B X)L D > hy) By [B(r,X)1(|D] > hy)]

+

" ¥ St 1(Ds] > hy) Px(|D;| > hy)
Ey [B(7, X)1(|D| = hw)]
PDl > ) v X))

= Tl(T) —|— TQ(T) —f- Tg(’T) —f- T4(7').

We will consider the asymptotic behavior of these four terms separately from Ty(7) to
Ty(7). First, term Ty(7) can be shown to be of order O(hy).
First, we have Py(|D| > hy) =1 — Pnx(D =0) =1 — 2bhy. Also,

En [8(7, X)L(|D] 2 hy)] = En [6(7, X)] = Ex [B(7, X)1(|D] = 0)]
=Ex [B(7,X)] = En [5(7, X)|D = 0] Px(D = 0)
= EN [B(T, X)] — BD(T, O)Qbh]\[

Therefore, we have that:
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_ Ey [8(r.X)1(D| > hy)]

o Pe(D > ) v B X))
_ (Ex [8(7,X)] = Bp(,0)) 2bhy
1— 2bhy

1
Then, term T5(7) can be shown to be of order O, (ﬁ) . We will use the delta method
to find the asymptotic order of the distribution of term T5(7). First, let

T = ( B, Xi)L(|Di| = hy) — En [6(7, X)1(|D| = hy)] )
o 1(|Ds| > hy) — Pn(|D] > hy) '

Then, the variance of Zy; is equal to:

wiond= (3, 22
Bu = Va(8(7, X)) - B [8(r, X)8(r, X)1(D = 0)] +
Bp(1,0)2bhn (2EN [B(7, X)1(|D| > hy)] — Bp(7,0)2bhy)
= Va(3(r. X)) + O(h)
Yo = 2th(EN [ﬁ(ﬂ X)] - 5D<T7 0))
Sy = (1 — 2bhy)2bhy

Using these results and Lyapunov’s CLT, we see that % Zfil Zn; converges in distribu-

VN 0
tion if premultiplied by a matrix ¥y = 0 N |. Using the delta method, we see
hy

that

x ity AT X)1(Dd > hv) ~ Ex[B(r, X)L(|D] = hn)] ) 4
m( LS 10D 2 b Pu(DT = o) ) K

N(O,Nlig})o Vi (B(r, X)),
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since the denominator converges in distribution faster than the numerator. We now check

1
that term 75(7) will be of order O, (
vV Nhy

). First, we see that the denominator

1 N
NZ (IDi| > hy) =

if hy - 0as N — .

The numerator, + SN X (@Y‘X (71Xs) = Qyix (7| XZ)) 1(|D;| > hy) contains units
from both strict-movers (|D;| - 0) and for near-movers (|D;| > 0 and D; — 0). We can
linearly decompose the numerator into two terms, one of which containing near-stayers and

one for strict-movers.
Consider first the term T5(7)" which contains the strict-movers:

VNT,(1) \/—ZX (QY\X(T|X) QY|X(T|XZ’>> 1(|Di| > hy)

PN

\VPIN

_le VNpix <QY|X(7—‘XZ) QY|X<T’Xl)>

i) Z XZ_IZQ(T, Xl)\/ﬁ.

=1

Consider first the term T5(7)” which contains the near-stayers:

VNRNT(7)" = /Ny + Z " (Qvix (71X) = Qi (71X0)) (D] = o)

> i/ (@ (o)~ Qe ) L

I=L1+1
L
d *
— Z X; Zo(T,%1)1/ qo2b.
I=L1+1

Now, finally, we consider term 7} (7). g(T) — 6(7) is of order O, < > and is inde-

1
vV Nhy

pendent of term Ty(7), since it is computed with a different segment of the sample. We also
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L3N X WL(| D] > hay)

consider the probability limit of the term attached to it, = N = ——~
N Zi:l 1(|Dy| = hy)

%iw 1 |D|>hN) :]E{ (WD = hy] th (Di:hw)} -
E [ (WD = —hy] hil( - —hN)]
R e R

(B [W|D = hy] = E[WT[D = —hy]) + Op(1)
Op(hn) + Op(1)

We can then see that = ~ has a well defined probability limit. We can now compute the

asymptotic distribution of BM(T) — B(7) easily. Since Nh% — 0, the bias term vanishes, and
and so does the term containing the variance of §(7;X;), since it will be of order root-hy
when multiplied by the rate v/ Nhy. This completes the proof. m
Proof of proposition 2.5.1. R

We start by deriving the asymptotic distribution of the CDF of 5(U; X) with U unformly
0, 1] distributed, independently from X:

Z/ (1, %)) < c)dug” — I, jxexm (c) Z/ (v, %)) < c)dug) —
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Using the functional delta method on term 73(7), we can see that:

VRT(e) = VR Z(/ Gt < i [ 13 (0) < i) 7

—>Zl()

E [Zl(C)Zl(C,)] [pr|X(C X)X (mln(FBpp((C X) FBP|X(C X))
F};},pp{(c7 X>FBI,|X(C y X))A<FBp|X<C; X), FBp|X(C y X), X)
X Vg, x(d, X)X e XM] +

%OE [fB,x(c, X)X "W Z5(Fp,x (¢, X)) x

Zs(Fa,x (¢, X))W'X ™V fg (¢, X)X, X € XM

The second term’s convergence is straightforward and similar to previous proofs:

VNTy(c) \/_Z/ (Bp(u,x1) < c)du(@" — ¢

— ZQ(C)

E[Z3(c)Za(c)] =

Cov (Fg,x(c, X), Fp,x(c', X)|X € XM)

Let Zp(c) = Zi(c) + Z2(c) and observe that Z;(-) and Zy(-) are independent since they
are computed with different subsamples. Then, using the delta method, we get that

VE (3 - i) & 2 1)

P pr|X6XM (BIJ;W(T)) .

]
Proof of proposition 2.5.2. R

We again start by deriving the asymptotic distribution of the CDF of 5(U;X) with U
independent from X:
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L 1
Z/ 1( BPN(u x;) < ¢)dugy — Fg,(c) Z/ 5pN u,x;y) < c)dug—
=1
Z / 18, (s %0 < )duglh
L

B> (/1 b1, Xuy) < c)du — /01 L(Bp(u, xv) < C)du> T+

=1

Z/o 1(By(u, xiv) < e)du (g — aiv) +
I=1

FBP\XEX%(C) — Fg,(c)
= Ti(c) + Tx(c) + T5(c)

We can decompose the mover realizations in 7T} (c¢) into its near-stayer realizations (77 (c))
and its strict mover realizations (77(c)):

Ti(c) = Ti(e) + T{(¢)

HOEDS ( | 1 txi) < =3 [ 105, xn) < c>du> e

()

because the conditional betas are root-/N consistent for strict movers. In the case of near-
stayers, T} (¢) will be root-Nhy consistent because:

1
VNENT! (¢) Z \/ N3 (/ 5pN u,xy) < ¢)du _/o 1(Bp(u, xiv) < c)du> zzggi\;

I=L1+1

1
/Nh3,

~M
converge in distribution. The probabilities ZZLTNN will converge in probability to g;o. Using

and since the conditional betas for near-stayers are of order O, < ) , this expression will
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the functional delta method, we can get that:

N </01 1By (1, x0) < )t — /01 1(8, (1, x1x) < c)du) 4 20, ¢)

1 .
E[Z'(l,e)Z'(I,)] = 2a fB,1x (¢, x1) fB,x (¢, %)%} (min(Fp,x (¢, x1), F,x(¢/,x1))— X
0
Fa,x (¢, x0) Fa,x (¢, %1)) A(F,x (¢, %1), Fi, x (¢, x0), X)x"1(1 = I')+

1 / / */ /
Q_bePIX(C’ Xl)Wl*E [Z(g(FBp|X(C, Xl))Z(g(FBp‘X(C s Xl/)) ] Wl’ pr|X(C s Xl/).

Using the Slutsky’s theorem, we get that

VINhNT! (¢) 2 Zl(c)
E[Zi(c)Z:(c)] = 4V Z Z E[Z'(1,0)Z"(I', )] ayoquyo

I=Li+11=L;+1
= 2bE [ fg,x (¢, X)X*(min(Fg,x (¢, X), Fp,x (¢, X) — Fg,x(c, X)Fg,x (¢, X)) x
A(Fa,x (e, X), B, x (¢, X), X)X fg,1x (¢, X)| D = 0] +
20E [ fi, x (d, X)W Z5(Fis, x (5,(7), X))

Zs(Fr, x (B,(7'), X)) W fi,x(, X)[D = 0,D = 0]

Using similar arguments to the proof for the ACQE, we can see that Ty(c) is of order
O, (\;_N>’ and therefore will be asymptotically negligible. Finally, T5(c) will be of order

O(hy) with a similar argument as well. This, along with the assumption that N3 — 0 will
imply that Z;(c) is the only asymptotic component in the estimation of the unconditional
CDF of the random coefficient. Using this fact, we can see that:

Z1(By(7))

Zuee(T) = 725 Ty
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