* Determine the size of a given matrix.

¢ Identify the row vectors and column vectors of a given matrix.

* Perform the arithmetic operations of matrix addition, subtraction, scalar multiplication, and multiplication.
* Determine whether the product of two given matrices is defined.

* Compute matrix products using the row-column method, the column method, and the row method.

* Express the product of a matrix and a column vector as a linear combination of the columns of the matrix.
* Express a linear system as a matrix equation, and identify the coefficient matrix.

* Compute the transpose of a matrix.

* Compute the trace of a square matrix.

Exercise Set 1.3

1. Suppose that 4, B, C, D, and E are matrices with the following sizes:

A B C D E
(4x5) (4x5) (5x2) (4x2) (5x4)

In each part, determine whether the given matrix expression is defined. For those that are defined, give the size of
the resulting matrix.

(a) BA
(b) AT+ D
(c) 4Z + B
(d) 43+ 38

(e) E(A+ B)
(H) EC)

(@) ET4

() (474 E)D
Answer:

(a) Undefined
(b) 4x2
(¢) Undefined
(d) Undefined
(e) 5 X 5
(H 5x2
(g) Undefined
(h) 5x2

2. Suppose that 4, B, C, D, and E are matrices with the following sizes:



A B C D E
(3x1) (3x6) (6x2) (2x6) (1x3)

In each part, determine whether the given matrix expression is defined. For those that are defined, give the size of
the resulting matrix.

(a) EA
(b) 4B

(© BT(A | ET)
(d) 24+ C

(© (CT | D)BT
® cp+BTET
() (BDT)CT
(h) DC + EA

. Consider the matrices

3 0 15
A=|—1 2|, B=[g ‘;_] C=B ‘1‘ g] D=|_10
11 3 2

o= DO
&5
I
|
o= O

In each part, compute the given expression (where possible).
(@ D+ &

(b) D—E

(c) 54

(@ —=7C

(e) 28-=C

(f) 482D

(g) —3(D+ 2E)
(h) A—A4

1) t(D)

() tr(D—3E)
(k) 4tr(7B)

@ ()

Answer:

(@)

LEN I )
~] W Lh

7
-2
7
[—5 4 —1
0 -1 =1
-1 1 1

(b)




© [ 15 0
-5 10
5 5
@[ =7 —28 -14
| =21 =7 =35
(e) Undefined
® [22 -6 8
-2 46
| 10 0 4
(g) [-39 =21 -24
9 —6 =15
| =33 —12 =30
() [0 0
00
[0 0
@ 5
G) =25
(k) 168

(I) Undefined

. Using the matrices in Exercise 3, in each part compute the given expression (where possible).
(@ 2474 ¢
®) pT—gT
© (D-BT
@ 874 scT

e) 1~T_ 1
()2C 4A

(H -5
(e 287 —3pT

(h) (251" - 3DT) d

(i) (CD)E
() C(BA)
&) w(DET)
1) w(BO)

. Using the matrices in Exercise 3, in each part compute the given expression (where possible).
(a) 4B
(b) BA
() GE)D
(d) (4B)C
(e) A(BC)
® cc’



(& (4’
(h) (CTB)AT

@ oD
G) tr(4ET—D)

(k) tr(cTAT | 2ET)

0 tr((ECT) TA)

Answer:

@@ [ 12 =3
-4 5
4 1

(b) Undefined

(c) [42 108 75
12 =3 21
136 78 63

@[3 45 9]
11 =11 17
717 13

e[ 3 45 9]
11 =11 17
717 13

@ [21 17
(17 35

@[ 0 =2 11
(12 1 8

m [12 6 9
48 =20 14
(24 8 16

(i) 61

G 35

(k) 28

1) 99

. Using the matrices in Exercise 3, in each part compute the given expression (where possible).
@ (207 - E)A
(b) 43)C + 28
© (—4c)T 4 sDT

(d) (BAT - 2c) d



(@) BT(CCT—ATA)

) pTeT ;)T

.Let
3 =2 7 6 =2 4
A=186 5 4| and B=|0 1 3
0 4 9 7 75

Use the row method or column method (as appropriate) to find
(a) the first row of 4B.

(b) the third row of AB.

(c) the second column of AB.

(d) the first column of BA.

(e) the third row of A4.

(f) the third column of 44.

Answer:

(a) [674141]
(b) [636757]
(©) [41]]
21
67

@/ 6

(¢) [24 56 97]
® [76]

. Referring to the matrices in Exercise 7, use the row method or column method (as appropriate) to find
(a) the first column of 4B.
(b) the third column of BB.
(c) the second row of BB.
(d) the first column of 44.
(e) the third column of 4B.
(f) the first row of BA.

. Referring to the matrices A and B in Exercise 7, and Example 9,
(a) express each column vectorof 44 as a linear combination of the column vectors of 4.

(b) express each column vector of BB as a linear combination of the column vectors of B.

Answer:



5

0 4 9 g7 0 4
& -2 4 38 & -2 4
22=—20I T(+7(3 [18(=4{0[+3] 1]|+53
28 7 7 5

@ [ 3 -2 7 76 3 -2 7
8—3 ; = =2(6|+5] 5|+4|4| |98|[=7|6|1+4 -9 4
9
(b) 4
3
5

)
21 =60 |+7
77 7

~]

4 7 7 5

10. Referring to the matrices A and B in Exercise 7, and Example 9,
(a) express each column vector of AB as a linear combination of the column vectors of 4.
(b) express each column vector of BA4 as a linear combination of the column vectors of B.
11. In each part, find matrices 4, x, and b that express the given system of linear equations as a single matrix equation
Ax = h, and write out this matrix equation.
(a) 2x1 —3x3+5x3 = 7

Ox1— x4 x3=-1

X1+ 5x34+4x3 = 0
(b) 4xy —3x3+4 x4=1

Sx1 x3 —8x4=3

2x1 —=5x3 4 9x3— x4=0
3xg— x3+Txg=2

Answer:

@@ [2 =3 5][x 7
9 -1 1||x2|=]|-1
1 5 4]|[%3 0

®[4 0 =3 1][=x 1
5 1 0 =8f[xz| |3
2 =5 9 —1||x3| |0
0 3 -1 7|[%4 2

12. In each part, find matrices 4, x, and b that express the given system of linear equations as a single matrix equation
Ax = h, and write out this matrix equation.

(a) Xy —2x34 3x3= -3
2x1 4+ x2 = 0
—3x344x3 = 1

X1 b x3 = 5

(b) 3xy+3x3+3x3= =3
—x1=5x3—=2x3 = 3
—dxy4 x3= 0

13. In each part, express the matrix equation as a system of linear equations.

() 5 6 =7|[x1 2
-1 =2 3||x2|{=|0

0 4 —1(|*3 3



|1 1 1|[xt 2
2 3 0flxz|=| 2
5 =3 —6||*3 -9
Answer:
(@) 5x1 + obxz — Tx3
—x1 — 2x3 + 3x3 =
dxg — x3 = 3
by x1 + x3 + x3 = 2
2x1 + 3x3 = 2
5%1 — 3x3 — bx3 = =9
14. In each part, express the matrix equation as a system of linear equations.
@ [ 3 =1 2]|[x1] 2
4 3 TF||*2|=]-=1
=2 1 5]]*3] 4
o[ 3 =20 1w 0
5 02 =2|/x| |0
3 14 7Y |o
-2 51 6_ z 0

In Exercises 15-16, find all values of %, if any, that satisfy the equation.

15. 11 01k
[ 1 1111 0 2111]1=0
02 =311
Answer:
-1
16. 1 2 0f2
[2 2 k]|2 0 3||2|=0
03 1||%

In Exercises 17—-18, solve the matrix equation for a, b, ¢, and d.

17.| « 3 _ 4 d —2¢
-1 a+tb d42c =2
Answer:
a=4, b=—6,c=-=1,d=1
18.| a—& &+4a| (81
3d4ec 2d—c| |7 6
19. Let 4 be any ; « » matrix and let 0 be the 3; « » matrix each of whose entries is zero. Show that if i 4 — (}, then
k=0or 4=1{.

20. (a) Show that if 4B and BA are both defined, then 4B and BA are square matrices.

(b) Show that if 4 is an y; x 5 matrix and A(BA) is defined, then B is an ; « j; matrix.



21. Prove: If 4 and B are 5 w« » matrices, then tr{ A + B) =tr{A) + tr(5).
22. (a) Show that if 4 has a row of zeros and B is any matrix for which 4B is defined, then 4B also has a row of
ZEeros.
(b) Find a similar result involving a column of zeros.

23. In each part, find a § « § matrix [a;;] that satisfies the stated condition. Make your answers as general as possible
by using letters rather than specific numbers for the nonzero entries.

(a) @ =0 o i+ j
(b) @;;j=0 o i=j
(c) a;j =0 o i<
(d) a3 =0 o [f—j|=1

Answer:

@ [ay 0 0 0 0 0
0 ap 0 0 0 0
0 0 a3 0 0 0
0 0 0 au 0 O
0 0 0 ass 0
0 0 0 0 ag

(b) | @11 @12 @13 @14 @15 A6

0 @z az a4 as ax
0 0 a3 a3 a3z ap
0 0 aqq @45 asg
0 0 0 ass asg
0 0 0 0 0 ag

© ey 0 0 0
ayq ap 0 0
az asy azz 0
a4l agy a4z a4

@5] @53 a53 as4 ass
@41 Q7 A3 Qg4 Qg5 Qg

o o O O
o O O O O

d a1y a1 0 0

az azy axz O
0 a3 a3 ay 0 0

o O

0 aq3 agq ags 0
0 0 0 asq ass asg
0 0 0 0 ag ass

24. Find the 4 x 4 matrix A= [a;;] whose entries satisfy the stated condition.
(a) @y =i+J
i1



© 1 -1
BRI O

25. Consider the function y» — # (x) defined for 2 x 1 matrices x by y = Ax, where

i ]

Plot f{x) together with x in each case below. How would you describe the action of f?

@ , _ })
®) , _ g)
© ,_ ;1)
@ , _ _;)
Answer:

S S
~

— ‘,..1

=

-

Y- t




@
f‘r

26. Let [ be the 3; « » matrix whose entry in row i and column j is
1 o i=j
0 of i#j

27. How many 3 « 3 matrices 4 can you find such that

Show that 47 — 7 4 — A for every » x » matrix 4.

for all choices of x, y, and z?

Answer:
1 1 0
One; namely, A=|1 —1 0
0 0 0

28. How many 3 x 3 matrices 4 can you find such that
X Xy
AY | =] 0
z 0

29. A matrix B is said to be a square root of a matrix 4 if 35 — 4.

for all choices of x, y, and z?

(a) Find two square roots of A = [3 ;}

(®) How many different square roots can you find of A = [g g]f)

(c) Do you think that every 2 x« 2 matrix has at least one square root? Explain your reasoning.

Answer:

[t ] 2
e T T

30. Let 0 denote a 2 « 2 matrix, each of whose entries is zero.
(a) Isthere a 2 « 2 matrix 4 such that 4 » (0 and 44 — (? Justify your answer.
(b) Isthere a 2 « 2 matrix 4 such that 4 » () and 44 — 4? Justify your answer.



True-False Exercises

In parts (a)—(o) determine whether the statement is true or false, and justify your answer.
@) The matrix |:31 g g] has no main diagonal.

Answer:

True

(b) An ;3 « » matrix has m column vectors and n row vectors.
Answer:

False

(c) If 4 and B are 2 « 2 matrices, then 48 — B 4.
Answer:

False

(d) The i th row vector of a matrix product AB can be computed by multiplying 4 by the ith row vector of B.
Answer:

False

T
(© For every matrix 4, it is true that (A T) =A

Answer:

True

(f) If 4 and B are square matrices of the same order, then tr{ 43) = tr{ A)tr(B).
Answer:

False

(g) If 4 and B are square matrices of the same order, then (A3) T— 4787

Answer:

False

() For every square matrix A4, it is true that tr (AT) =tr(4).

Answer:

True

Difdisa 6 « 4 matrix and B is an z; « » matrix such that BTATisa 2 w« & matrix, then 3; — 4 and 5 = 2.

Answer:



True

(j) If 4 is an 3 « » matrix and c is a scalar, then tr{cA) = ¢ tr{A4).
Answer:

True

(k) If 4, B, and C are matrices of the same size such that 4 — ("= B — (7, then 4 — 5.
Answer:

True

() If 4, B, and C are square matrices of the same order such that 4¢7 — B¢, then 4 — 3.
Answer:

False

(m) If 48 | BA is defined, then 4 and B are square matrices of the same size.
Answer:

True

(n) If B has a column of zeros, then so does 4B if this product is defined.
Answer:

True

(0) If B has a column of zeros, then so does BA if this product is defined.
Answer:

False

Copyright © 2010 John Wiley & Sons, Inc. All rights reserved.



