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known textbook of algebraic topology. It has been selected a list of main
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subject to differerent methods. In fact combinatorial methods have been pre-
ferred and the result is a self-contained dissertation on the theory of the funda-
mental group and of the coverings. Finally, there are some recent problems in
geometric group theory which are related to the presence of finitely presented
groups which appear naturally as fundamental groups.
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INTRODUCTION

The present thesis describes a recent problem in algebraic topology and geometric
group theory, regarding the structure of groups with quadratic Dehn function. This
problem was originally investigated by Olshanskij and Sapir [12] and is reported in
Question 12.3. In order to understand the context in which it is placed and the
different mathematical notions which are involved, we spend nine chapters bringing
up and building basic topological concepts through exercises from a well known
textbook of algebraic topology:

C. Kosniowski, Introduction to algebraic topology, Cambridge University Press,
1980, Cambridge.

Most of them has no answer in the book itself and, when hints are given, it is
possible to use different methods of solution. In fact we offer elementary methods
and combinatorial techniques.

After establishing a solid basis in the topological concepts, we use these to intro-
duce loops and homotopical equivalences. More precisely, the first six chapters deal
with classical notions of general topology like continuity, metric spaces, induced
topologies, quotients topologies, product topologies and actions of groups.

We use a “deductive approach”, that is, we solve an exercise, then we find
analogies with the same method of solution. In this way, we justify a theorem
as a rule that allows us to describe a series of examples that fit into a prescribed
situation. When it was impossible (or very hard) to solve some exercises in a direct
way, classical results have been reported. The presence of Heine-Borel’s Theorem
(see Chapter 7), Tychonoff’s Theorem (see Chapter 6) and Urysohn’s Theorem (see
Chapter 8) with proofs must be understood in this perspective.

On the other hand, we mention briefly some constructions in general topology,
that have their independent interest of research (see [3, 4, 5, 6, 9, 10, 11] in Chapter
8) and this has been done for a precise reason: these constructions of general
topology involve metric spaces and metric spaces are involved in the theory of
finitely presented groups via the word metric. This means that there is an important
connection with Dehn functions. In addition, it has been reported a very recent
contribution on fundamental groups (see[1]) when we want to look at fundamental
groups, not from the point of view of the word metric, but via covering spaces and
weak forms of connectivity.

Chapters 10, 11, and 12 deal with fundamental groups. We introduce (without
proof) the theorem of Seifert-Van Kampen, which is used to define finitely presented
groups, corresponding word problems, and so the Dehn function.

Acknowledements. I'd like to thank the National Research Foundation of South
Africa for the “2018 freestanding, scarce skills master’s and doctoral scholarship”,
the University of Cape Town for “KW Johnston Bequest fellowship” and for “Mas-
ter’s research need scholarship”. This provided me with the necessary resources
to complete the present thesis. I’d like to thank Prof. Hans-Peter Kunzi (Univer-
sity of Cape Town) for co-supervising me, and most of all I'd like to thank Dr.
Francesco Russo (University of Cape Town) for his patience, passion and diligence
in his supervision. Best supervisor ever!
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1. CLASSICAL NOTIONS ON METRIC SPACES

We refer to [8] for the usual definitions of sets and groups. Here we will illustrate
some exercises whose details are not mentioned in [8, Chapter 0].

Given the classical notion of metric in [8, Definition 1.1] it is interesting to see
the properties which follow from the axioms. This motivates to show the following
fact.

Exercise 1.1 (See [8], Exercise 1.2). If d is a metric for a topological space A, then
d(a,b) > 0 and d(a,b) = d(b,a) for all a,b € A.

Solution. The first part follows from
d(b,b) < d(a,b) + d(a,b) = 0 < 2d(a,b) = 0 < d(a,b).
The second part follows from
d(a,b) < d(b,a) + d(b,b) = d(a,b) < d(b,a),
d(b,a) < d(a,b) 4+ d(a,a) = d(b,a) < d(a,b).

Another classical fact is the presence of different positive non-degenerate func-
tions which are not necessarily metrics. The following exercise illustrates some well
known examples of metrics on R"™.

Exercise 1.2 (See [8], Exercise 1.3(a)). Show that the following functions satisfy
the axioms of a metric for R™ for any positive integer n:

dz,y) = (X0, (@ —v:)?)? Ivayllad@yy){? ii;‘z

le—yl d(w,y) = max |wi = yil

Solution. Of course, the first example is the well known Euclidean metric on
R™ and the proof is routine. The second example is the well known discrete metric
on R™. Again this can be checked easily. Let’s give details on the third example.

(i) We claim that d(z,y) = 0 < x = y. In fact,
d(x,y):Oélril_sz | —yil =0=|z; —y;| =0V 1<i<n

s>r=yVi<i<n=z=y.
r=y=z=yV1<i<n=|r—y|=0Vi<n

= max |z —vi| =0 =d(z,y) = 0.

(ii) We claim that d(x,y) + d(z,z) > d(y,z) V x,y,z € R™. In fact,
V1<i<n, |yi—z|<|zi—yl+ v — 2l

:>VI§i§n7 |yi_zi|§|xl yz|+1lgax |x1_zz|

<5< | < s RV
=>V1i<i<n, |y zz\_lgliag |z yz|+1r§%xnlfcz zi

_ < . P
= max |yi — a4 < max |o: — gl + max |o; — 2|

= d(y,z) < d(z,y) +d(y, 2).
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An example of positive non-degenerate function which is not a metric is reported
below. Here we stress the role of the triangular inequality among all the non-
degenerate positive functions.

Exercise 1.3 (See [8], Exercise 1.3(b)). The function d(x,y) = (x — y)? does not
define a metric on R.

Solution.Let = 2,y = 1,z = 1.5 Then d(z,y) = (2 —1)2 = 12 = 1 and
d(z,2z) = (2—1.5)%2 = (0.5)2 = 0.25 and d(y,2) = (1 — 1.5)? = (0.5)? = 0.25. Here
d(z,y) > d(z, z) + d(y, z) which violates the triangular inequality.

Further examples of positive functions which are not metric may be produced
when we violate the axiom of symmetry instead of the axiom which is related to
the triangular inequality.

Exercise 1.4 (See [8], Exercise 1.3(c)). The function d(z,y) = 1I<111£ |x; — y;| does

not define a metric on R"™.
Solution. Let z = (0,1,...,0) and y = (0, ...,0) € R™. Clearly = # y, but
min |z; —y;| =0 = d(z,y).

1<i<n

Now we want to see how to produce metrics, when we have a prescribed metric
in our hands. A possible way is via deformation via a multiplicative factor. More
details are given by the exercise below.

Exercise 1.5 (See [8], Exercise 1.3(d)). Let X be a metric space with metric d
and let r be a positive real number. Then d, defined by d,.(z,y) = rd(x,y) is also
a metric on X.

Solution.We must check the axioms.
(i) Of course, one is satisfied by looking at d.(z,z) = rd(z,z) = r-0 =
About the symmetry, we note that
0
de(z,y) =0 rd(z,y) =0 d(z,y) = s dlz,y) =0z =y.
(ii) Finally, for all z,y,z € X
dr(y,2) = rd(y, 2) < r(d(z,y) + d(z, 2)) = dr(z,y) + dr(, 2).
Essentially the exercise above shows that we can ”compress” or ”dilate” a metric

by a factor of r and we still have a metric. Another way to deform a prescribed
metric is offered by following formula.

Exercise 1.6 (See [8], Exercise 1.3(e)). Let d be a metric on a metric space X.
Then the following map

d(x,y)
d - X xXd — I
(z,y) € X x X > d'(z,y) T+ d(z.9) €

is also a metric.
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Solution. The symmetry of d’ is reduced to use the symmetry of d. In fact

d(z,y) =0 < %Oéd(x,y)O = z=y
d(z,x) = d(x,z) 0 =0.

1+ d(z, :E) 1+0
About the triangular inequality,

d(y,2) < d(z,y) +d(z,2) = d(y,2) < d(z,y) + d(z, 2) + d(z,y)d(z, 2),

adding d(z,y)d(y, z) becomes

d(y, z) + d(z,y)d(y, z) < d(z,y) + d(z, 2) + d(z, y)d(z, 2) + d(z, y)d(y, )
adding d(z, z)d(y, z) becomes

d(y, z) + d(x,y)d(y, z) + d(z, 2)d(y, 2)
<d(z,y) + d(z,2) + d(x,y)d(z, 2) + d(z,y)d(y, z) + d(z, 2)d(y, z)
adding d(z,y)d(z, 2)d(y, 2)
d(y, 2) + d(z,y)d(y, z) + d(z, 2)d(y, z) + d(z,y)d(x, 2)d(y, z)

< d(z,y)+d(z, 2)+d(z, y)d(x, 2)+d(z, y)d(y, 2)+d(z, 2)d(y, 2)+d(z, y)d(z, 2)d(y, ),
or, equivalently,

becomes

d(y, 2) (1 +d(z,y) +d(z, z) + d(z,y)d(z, z))
< (1 +d(y, 2)(d(z,y) + d(z, 2) + d(z,y)d(z, 2)).

Therefore

d(y, z) < d(z,y) +d(z, z) + d(z,y)d(x, 2)
L+d(y,2) ~ 1+d(z,y) +d(z,2) + d(z,y)d(z, 2)

(

d(y, 2) < d(z,y) + d(z, 2) + 2d(z, y)d(z, 2)

1+d(y,z) — 1+d(z,y) +d(z,2) + d(z,y)d(x, z)

_ (d(z,y) + d(z, y)d(z, 2)) + (d(z, 2) + d(z,y)d(, 2))
(1+d(z,y))(1+d(z,2))

d(z,y)(1 4+ d(z, 2)) + d(z, 2) (1 + d(z,y))

d/(y7 Z) =

SO

+ 1+ d(z,y)(1 + d(z, 2))
_ d(z,y)(1 4+ d(z, 2)) d(z,2)(1 + d(z,y))
(1+d(z,y)1+d(z,2))  (1+d(z,y)(1+d(z,z2))

C dwy) | d2)
1+d(zy) 1+d(z,z2)

It is appropriate to recall here that a metric d on a space X is a positive non-
degenerate symmetric function from X x X to the subset [0, +00) of R. Of course,
the set of natural numbers N is contained in [0, +00), so one may wonder whether it
is possible to find a metric d with values only in N. An example is reported below.

Exercise 1.7 (See [8], Exercise 1.3(f)). In R, the usual distance between two points
x,y € R is given by |z — y|. The function

d : (z,y) € R? = d(z,y) = ||z — y|| = smallest integer > |z — y|

defines a metric on R.
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Solution. Let d(z,y) = ||z — y||. Of course, d(x,y) = ||z —y|| = ||y — z|| =
d(y,x). Moreover x =y < d(x,y) = ||z —y|] = |0] =0 and

d(x,z) = |l = 2| < [lz =yl +ly —2[] < [Jo =yl + [ly = 2l] = d(z, y) +d(y, 2).
Now we pass to study the problem of the continuity of a metric.

Exercise 1.8 (See [8], Exercise 1.5(a)). Let A be a metric space with metric d
and fix y € A. The function f : z € A — f(z) € R defined by f(z) = d(z,y) is
continuous, where R has the usual metric.

Solution. We check that for all £ > 0 there is a § > 0 such that if z € Bs(z) =
{t € A|d(x,t) <0}, then f(z) € B-(f(x)). In fact, if d(x, z) < §; and d(x,y) < da,
then we consider § = max{d1,02} and y, z € Bs(x), so

|f($) - f(2)| = |d($7y) - d(zvy)‘ < d(l‘,y) + d(z,y) < d(x,z) + 2d(Z,y)
<d(z,z)+ 2d(z,z) + 2d(z,y) = 3d(x, 2) + 2d(z,y) < 301 + 252 < 5.
In other words, for all ¢ > 0, we may choose § < /5 and we get |f(x) — f(2)| < e,
which means that f is continuous.

Of course, R is a metric space with respect to the usual metric, but it is a metric
space even if we consider the discrete metric on it. These two topological spaces
are different, even if both of them are metric. The following fact shows that there
are no embeddings of one space in the other in this situation.

Exercise 1.9 (See [8], Exercise 1.5(b)). Let M be the metric space (R, d) where d
is the usual metric and My be the discrete metric space (R, dg), where
|0 fzx=uy
do(,y) = { 1 ifx#y.
Then all functions f : My — M are continuous. On the other hand, there does not
exist any injective continuous function from M to M.

Solution. We begin to show that f is continuous. The definition of continuity
(in € and § ) is equivalent to f~1(V) is open for all V open in M. Since My is
discrete, each subset of M is open and so is f~1(V).

Assume f is injective, z € M and BY(f(z)) = {f(x)} the open ball in M. Here
Vé>0,3Jye M, y+# xsuch that y € Bs(x), where B is an open ball in M. So
Bs(z) ¢ f~YBY(f(x))) and f is not continuous.

Now assume f is continuous. This means that V ¢ > 0, 3 § > 0 such that
Bs(z) € f~Y(BY(f(x))). But V4§ >0, 3y € M, y # = such that y € Bs(x) and,
for 0 < e < 1, we get BY(f(x)) = {f(z)}, so f(x) = f(y), which means that f is
not injective.

As we have seen, one can formulate the notion of continuity in Exercise 1.9 in
a more abstract way. In fact the above argument works not only from R with
the discrete metric to R with the usual metric, but from any discrete metric space
to any metric space. The following example shows how open and closed may be
produced in metric spaces.

Exercise 1.10 (See [8], Exercise 1.8(d)). Give an example of an infinite collection
of open sets of R (with the usual metric) whose intersection is not open.
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Solution.First of all we note that family of open sets % arising from a metric
space A with metric d satisfies the following conditions.

(i) The empty set ) and the whole set belong to 7,

(ii) The intersection of two members of .# belongs to .7,

(iii) The union of any number of members of # belongs to Z#.
Of course, (i) is true. About (ii), if Uy, Uz € F, thenVz € U;, i€ {1,2}, &L >0
such that B.i(z) = {y € A : d(y,z) < L} C U;. Let &, = min{e},e2}. Then
B., (x) C Uy NUs. Finally, about (iii), if U; € %, i€l and z € |J, then 3k € T

icl
such that « € Uy and 3 &, so that B, () C Uy C |J U,;. One might wonder whether
iel

the condition (ii) can be extended to arbitrary intersections and not only to finite
intersections. The answer is negative, because for all n € N the set (—1/n,1/n)

shows that
~ 11
——,— | ={0}.
N(i) o

n=1

At this point, we may ask whether two different metrics give rise to equivalent
topologies on the same space. This is shown by the following exercise.

Exercise 1.11 (See [8], Exercise 1.10). The metrics d'(z,y) = Y |z; — y;| and
d"(x,y) = max|z; — y;| on R™ give rise to the same family of open sets as that
arising from the usual metric on R™.

Solution.We check that the two metrics are equivalent to the usual metric.
Let d'(x,y) = >_ |z; — y;| and take r > 0,

yeBL(x)=d(x,y)<r=D |z —y|l <r= | —yi|)2 <r?

= (Jer—yil+ - Flon—yal)® = (@1-91)* + (@2 —y2)? +- -+ (20 —yn)? +€ (@5, ),

where ¢ : (z;,y;) € R? — &(x4,y;) € R and &(z;,9;) is a positive polynomial in
which z; and y; appear with powers of k = 0, 1.

=Y (=) € yy) <’ =) (wi—yi)® <P =i yy) <r* =y € Bo(x)
So for o’ € Bc(z), let § < min{e — d(z,2’),d(z,2’)} < e then
Bj(2') C Bs(2') C B-(z).
Let y € Br(z) = d(z,y) <r = /(o —y:)? <r = (2 —yi)? <1

= (O lwi —uil)? — (@i, ys) <r? = (O |wi — vil)? < (s, y5) + 72
=3 —yl<r?+r?=ye Bl »(x)

So for ' € Bl(x), let 0 < ¢ < min{e — d'(z,2),d (z,2')} < € and let § =
9 = 262 = ¢’ < e then Bs(a') C Bl (2') C BL(x).

Now let d’(z,y) = max|z; — y;| and take r > 0
V€ B (a) = d'(2,9) = maxles — il < /T
= |r; —yi] < \/E:> (vi —yi)? < \/§:>Z(xi—yi)2 <rn

=Y (zi—y)> <r=ye B (x)
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So for 2’ € B.(z), let 0 < ¢’ < min{e — d(z,2’),d(z,2")} <e, 0= \/g then
By (a') € Bs(a') € Be(x).
And y € B, (z) = d(z,y) <r = Y (xi —yi)* <r= (i —9)* <r = |z, —yl <
VI = max|z; — yi| <=y € Bl(x)

So for 2’ € BY(x), let 0 < &' < min{e — d"(z,2'),d"(z,2')} < ¢, and § = §? =
V6 =8 < ¢, then Bs(z') C Bx(z") € B! (x).
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2. TOPOLOGICAL SPACES

The present chapter illustrates some examples of topological spaces which differ
from the classical idea of R with the usual topology. This helps to clarify that
certain properties of R are not elementary. A first example is a metric space of
arbitrary cardinality.

Exercise 2.1 (See [8], Exercise 2.2(a)). Show that there are metrizable topological
spaces of arbitrary cardinality.

Solution. Let d be the discrete metric on a space X, where d(z,y) =0ifx =y
and 1 otherwise for z,y € X. In this space, X may be of arbitrary cardinality and
it is always metrizable.

Let’s give a condition that allow us to detect non-metrizable spaces.

Exercise 2.2 (See [8], Exercise 2.2(b)). Let X be a topological space that is
metrizable. Prove that for every pair a, b of distinct points of X there are open sets
U, and U, containing a and b respectively, such that U, N Uy = (). In addition, if
X has at least two points and has the trivial topology then it is not metrizable.

Solution. Let d be a metric on X and d(a,b) = €. If we let 0 < § < 5 then
Bs(a) N Bs(b) = 0. If X has the trivial topology and a,b are distinct elements of
this X, then if U is open either a,b € U or a,b & U.

This is an example in which one can find the so- called axioms of separation.
We will come later on these notions in Chapter 8. Another important example of
non-metrizable space is given by R with the topology of the half lines. Details are
given by the next example.

Exercise 2.3 (See [8], Exercise 2.3(a)). Define on R the subset % = {0} U {R} U
{(—o00,z) | x € R} of the power set P(R). Check that % is a topology on R and
that R is not metrizable with respect to % .

Solution. We check the axioms of topology.

(i) Clearly the empty set and the whole set are elements of %

(i) Let U,V € %, if U = 0, then UNV =U € %. If U = R then U N
V=VeZ IftUV € {(—o0,z) | z € R}, then 3 z,,2, € R such that
U= (—00,2,) and V = (—00,2,). Then UNV = (—00,x,) N (—00,z,) =
(—oo, min{x,, x,}) € {(—o00,2) | x € R} C %.

(i) Let U; € % and U; € {(—o0,z) | * € R}. Then 3 z; € R such that
U; = (—o0,x;) and either the x; are bounded from above or not. If not, then
U Ui =R € %. Otherwise, put t = inf{x; | i € I} (existing by the axiom of

i€l
completeness in R), and |J U; = (—o0,t) € % . Of course, the case in which
i€l
U, are empty for some j € I implies that JU; = U;U(JU;) = UU; € %
i#j i#] i#]
as before.

In a metrizable space we can always separate two points with two different and
disjoint neighbourhoods. If we take z,y € R with z < y, a neighbourhood U, of
z and U, of y cannot be disjoint, since U, would be the half line contained in the
half line U,. Therefore this space cannot be metrizable.
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Another example of topology on R which endows R of the structure of non-
metrizable space is the following.

Exercise 2.4 (See [8], Exercise 2.3(b)). The space N with the topology % =
{0YU{N}U{O,, | n > 1}, where O,, = {n,n+1,n+2,...}, is a nonmetrizable space.

Solution. We begin to check the axioms of topology.

(i) Clearly the empty set and the whole set are elements of % .

(ii) Let U,V € Z,f U =N, then UNV =V e%. U UV € {O, | n > 1},
then 3 u,v € Nsuch that U =0, and V =0,. Then UNV =0,N0, =
Omax{u,v} € {OTL | n = 1} CUu.

(i) If U; € % and U, = N for some k € I, then JU; =Up e %. fU, € %

iel
and U; € {O,, | n > 1}, then 3 n; € N such that U; = O,,, and, writing
m = min{n; | ¢ € I}, we find that |JU; = O,, € {0, | n > 1} € %.
i€l
Of course, the case in which U; are empty for some j € I implies that
UU, :UjU(UUi> = UUl € % as before.
i#]j i#] i#]
If we take m,n € N with n < m, a neighbourhood O,, of n and O,,, of m cannot be
disjoint since O,, C O,,. Therefore this space cannot be metrizable.

One can generalise the topology % of Example 3.4 and define A € ¥ if and only
if [IN— A| < N|. This is the so-called cocountable topology on N. One way to check
that ¥ is a topology is by using the steps in the previous exercise An alternative
approach may be via the laws of De Morgan.

Another very similar topological structure, generalizing Example 3.4 and the
notion of cocountable topology, is presented below.

Exercise 2.5 (See [8], Exercise 2.6(a)). Let X be a set and let ¥ be a family of
subsets of X such that:
(i) 0,X € ¥;
(ii) the union of any pair of elements of ¥ belongs to ¥
(iii) the intersection of any number of elements of ¥ belongs to ¥

Then % ={X —V | V € ¥} is a topology for X.

Solution. As usual, we check the axioms of topology.
) 0=X-XeZandX=X-0e¥
(ii) Let V4,Vo € ¥, then ViUVy € ¥ and X —V;, X —Vo € %, s0 X —(V1UV,) =
(X = V1) N (X — V,) € Z by one of the laws of De Morgan.

(iii) IfVie”i/forieI,thenﬂ%e"/andX—%e%,sz—(ﬂ Vi>

i€l viel
UX-V)ew.
viel

In particular, if ¥ is the family of all the countable subsets of X and X is
countable, then % is the cocountable topology on X.

Another interesting example which can be given on R is the so called line of
Sorgenfrey. There are several important properties for this space.

Exercise 2.6 (See [8], Exercise 2.3(c)). Define on R the topology in which U €
if and only if U is a subset of R and for each s € U there is a ¢t > s such that
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[s,t) C U, where [s,t) = {z € R | s < x < t}. Any subset [s,t) of R (with the
topology %) is both open and closed.

Solution.Again we check with an argument of routine the axioms of topology

(i) Clearly the empty set and the whole set are elements of % .
(i) Let U,V € %. IfU =R, then UNV =V € %. If U,V # 0 or R and
s € UNV, then 3t,, > ssuch that [s,t,) C U and 3t, > s such that [s,t,) C
V. Then [s,min{ty,t,}) C [s,t,) C U and [s,min{t,,t,}) C [s,t,) C V,
meaning [s, min{t,,t,}) CUNV. SoUNV € %.
(i) Let U; € % and Uy, =R for some k € I. Then J U, =U, € 7. U U; #R
el
or PVie I and s € |J U;, then 3 h € I such that s € Up,. Since s € Uy,
icl
3t;, > s such that [s,t,) C Uy, C |J U; € %. Of course, the case in which
i€l
U, are empty for some j € I implies that JU;, = U;U(JU;) = YU; € %
i#] i#] i#]
as before.
It is clear that [s,t) is open. R — [s,t) = (—00,s) U [t,00) € % since it is the union
of two open sets in this topology.

We will see in Chapter 9 the notion of connected space and the line of Sorgenfrey
is an example of totally disconnected space, since each of its open is always open
and closed at the same time. In addition, it is not elementary to see whether the
line of Sorgenfrey is metrizable or not. In fact here we can separate two points
with two disjoint neighbourhoods, so further considerations must be done, in order
to discuss its metrizability. A simpler example of totally disconnected space is the
following.

Exercise 2.7 (See [8], Exercise 2.6(b)). Any subset of a discrete topological space
is simultaneously open and closed.

Solution. Let X be a discrete topological space and U C X. U is open in X,
so X — U is closed in X. But X —U C X so X — U is open in X, this means that
U is closed in X as well.

We give just one example of non-topological structure on R.

Exercise 2.8 (See [8], Exercise 2.3(¢)). The set . = {D}U{R}U{(—o0,z] | x € R}
is not a topology on R.

Solution The axiom of stability under unions is not satisfied when I = N and
Ui = (—o0,x — 1] € . Infact |J U; = (—o0,2) € .7.
icl
We end here with miscellaneous examples of topologies on R, different from the
usual one, and pass to describe some topologies which are possible on arbitrary finite
sets. The general description involves sophisticated techniques of combinatorics,
but for small finite set we can work without computational machineries.

Exercise 2.9 (See [8], Exercise 2.3(d)). The number of distinct topologies on a set
with three elements.
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Solution. There are 29 distinct topologies on X = {a, b, c}. Below there are 9
basic structures of the topologies and the number of iterations of each generated
by permutations of the points.

{0, X}

{0, X,{c}}

{0, X,{a,b}}

{0, X,{c},{a,b}}

{0, X,{c},{b,c}}

{0, X,{c},{a,c},{b,c}}

{0, X, {a},{b},{a, b}, {a,c}}

{0, X,{b},{c} . {a,b},{b,c}}

{0, X, {a},{b},{c},{a, b}, {a,c}, {b,c}}

The last 5 of these are all Ty (which we define in Chapter 8). The first one is
trivial, while in 2, 3, and 4 the points a and b are topologically indistinguishable.

©C XN oA W

n  Distinct Topolo- Distinct To Inequivalent Inequivalent Ty
gies Topologies Topologies Topologies

0 1 1 1 1

1 1 1 1 1

2 4 3 3 2

3 29 19 9 5

4 355 219 33 16

5 6942 4231 139 63

6 209527 130023 718 318

7 9535241 6129859 4535 2045

8 642779354 431723379 35979 16999

9 63260289423 44511042511 363083 183231

10 8977053873043 6611065248783 4717687 2567284

Let T'(n) denote the number of distinct topologies on a set with n points. There is
no known simple formula to compute T'(n) for arbitrary n. The Online Encyclopedia
of Integer Sequences presently lists T'(n) for n < 18. The number of distinct Ty
topologies on a set with n points, denoted Ty(n), is related to T'(n) by the formula

T(n) = S(n,k)Ty(k)
k=0

where S(n, k) denotes the Stirling number of the second kind (in combinatorics, a
Stirling number of the second kind, or Stirling partition number, is the number of
ways to partition a set of n objects into k& non-empty subsets).

We want to list another property of discrete spaces here, focussing on the pres-
ence of closed subspaces which are singletons.

Exercise 2.10 (See [8], Exercise 2.6(c)). If a topological space has only a finite
number of points each of which is closed, then it has the discrete topology.

Solution. Let X be this space and U a subset. Since X is finite, X — U is also
finite and hence closed because it is a finite union of closed points. So U is open.
This is enough to conclude that the space is discrete.

Some explicit descriptions may be appropriate here.
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Exercise 2.11 (See [8], Exercise 2.8(a)). In R with the usual topology, the closure
S of a subspace S of R is the smallest closed of R containing S. We have that
A={1,2,3,..thas A=A4;QhasQ=Rand R—Qhas R—Q =R

A subspace Y of a space X such that Y = X is called dense in X, so both Q
and R — Q are dense in R. Let’s see what happens for the intervals of R.

Exercise 2.12 (See [8], Exercise 2.8(b)). In R with the usual topology, the closure
of each of the following subsets of (a,b), [a, b), (a, b], [a,b] is equal to [a, b].

One of the main observations, when we deal with a closure Y of a subspace Y
of a space X, is to realize that Y may be always written as the union

1) Y=YUdy

where Y denotes the points having a neighbourhood which intersects both Y and
X — Y. These last points belong to the so called boundary Y of Y. In fact
Y =Y NX—Y. On the other hand, there is a corresponding notion for the
largest open Y contained in Y (called interior of V) and one can see that YCY
and that 9Y = 9(X —Y"). Some classical properties are reported below.

Exercise 2.13 (See [8], Exercise 2.9(a) and (b)). If Y is a subset of a topological
space X with Y C F C X and F closed, then Y C F. Moreover, Y is closed if and
only if Y =Y.

Solution. Since F is closed and contains Y, Y = F'N ( N Fj> C F where Fjs
jeJ
are all the closed subsets that contain Y.
Assume Y is closed. Then

Y=Yn ﬂFj CY, but YCVY, so Y=Y,
jeJ
where F} are closed subsets containing Y. The viceversa is clear.

We don’t mention the corresponding variation of the above result for the interior,
since it is very similar to what we have seen above. On the other hand, we must
mention that the closure operator is involutory, that is, if applied twice on a closed
set, gives the closed set again, or, equivalently:

Exercise 2.14 (See [8], Exercise 2.9(c)). Y=Y

Solution. Since Y is closed, we have Yy=Y.

Similarly, this happens for the interior operator. Let’s now see what happens for
the closure operator with respect to the usual set theoretical operations.

Exercise 2.15 (See [8], Exercise 2.9(d)). In a topological space X, given two
subsets A and B we have AUB = AU B, that is, the closure operator respects
the union, but AN B C AN B, that is, the closure operator is monotone on the
intersections.
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Solution. x € AU B <= for every open set U containing x, U N (AU B) # ()
= for every open set U containing x, (U N A) U (U N B) # () = for every open set
U containing 2, UNA#DorUNB#0)= zcAorxcB= zcAUB =
AUBC AUB.

Viceversa, x € AUB = for every open set U containing z, UNA # @ or UNA # ()
= for every open set U containing x, (U N A) U (U N B) # () = for every open set
U containing z, UN(AUB)#0 =z€ AUB= AUBC AUB.

Therefore AUB =AUB

x € ANB <= for every open set U containing z, UN (AN B) # 0 <= for
every open set U containing z, (UNA)N(UNB) # 0 <= for every open set U
containing z, UNA#Qand UNB#0=zrc Aandz e B=>x € ANB.

Therefore AN B C AN B.

Again we do not report the corresponding property for the interior operator, but
we mention now some conditions in which the two operators are involved simulta-
neously.

Exercise 2.16 (See [8], Exercise 2.9(e)). Given a subspace Y of a topological space
X,wehave X - Y = (X -Y).

Solution. We have z € X — Y < z & Y <= for every open set U Y,
z €U <= for every open set U containing z, UN(X-Y) # 0 < z € (X -Y).

We will give more details on (}) in the next statement.

Exercise 2.17 (See [8], Exercise 2.9(f)). The equality Y =Y UJY is always true.

Solution. We have
YUY =YU[YN(X —Y)|=YUYN(X-Y) = UuY)n[Yu(X —Y)]
=YNnX=Y.

The behaviour of the boundary may be used, in order to detect whether a given
set is closed or not.

Exercise 2.18 (See [8], Exercise 2.9(g)). Y is closed if and only if Y C Y.
Moreover, Y = () if and only if Y is both open and closed.

Solution. Assume Y is closed. Then Y =Y, so 9Y C Y. Viceversa 9Y C Y
implies Y =Y UJY =Y =Y =Y. The first part is proved.

Assume now Y = . ThenY =Y UJY =Y UD =Y so Y is closed. In addition
Y =Y N(X—Y),hence ) =Y N(X —Y). Since Y CY then Y =Y and so Y is
open. Viceversa assume that Y is both open and closed. This means Y =Y = Y.
Therefore Y =Y N (X —Y) = Y N (X —Y) = .

The above result will be useful to determine whether a given subspace of topo-
logical group will be connected or not, as we will see in the following chapters. Now
we will show some explicit boundaries of well known subsets of real numbers.

Exercise 2.19 (See [8], Exercise 2.9(i)). We have 9((a,b)) = 9([a,b]) = {a,b}.



16 Y. BAVUMA

Solution. Noting that (a,b) is open, (—o0,a) = (=00, al, (b, +00) = [b, 00) and
(a,b) = [a,b], we get
d((a,b)) = (a,b) "R — (a,b) = [a,b] N (—o0, a) U (b, +00)
- [av b} N ((700704) U (ba +OO)) - [a7 b} N ((700704} U [ba +OO)) - {a> b}
The rest works by analogy.

We pass now to study the notion of neighbourhood of point in a topological
space: this is nothing else than a set containing an open passing through the point.
The first property that we study is the so called cofinality:

Exercise 2.20 (See [8], Exercise 2.11 (ii)). If N is a neighbourhood of z in a
topological space X and N C M, then M is also a neighbourhood of z.

Solution. Since N is a neighbourhood of z, 3U = U®° such that U C N C M,
so also M contains an open passing through x.

Another property is the stability under intersections.

Exercise 2.21 (See [8], Exercise 2.11 (iii)). If M and N are neighbourhoods of x
then so is N N M.

Solution. There are open sets Uy, Us, Uy C N and Us C M. Then Uy NU,; C
UiCc NandUiNUyCcUsCM,soxeUNU, C NNM.

We reformulate more properly the cofiniality between neighbourhoods.

Exercise 2.22 (See [8], Exercise 2.11 (iv)). For each # € X and each neighbour-
hood N of x there exists a neighbourhood U of x such that U € N and U is a
neighbourhood of each of its points.

Solution. By definition, a neighbourhood N of x has an open set U such
that = € U C N, but this makes U a neighbourhood of = and open sets are
neighbourhoods of all their points.

We take the opportunity to recall the notion of a local basis for a topology 7 on
a space X. Denote by Z(z) the set of all the neighbourhoods of « and U(x) be a
subset of Z(x). We say that U(z) is a local basis at a point x if

VU, €Z(x) IV el(x) : Vo CU,

We say that a space X satisfies the axiom Nj, or satisfies the axiom of count-
ability of the first type, if X admits at least one local basis which is countable. We
say that B is basis for the topology T if B C T and each open of 7 can be written
as a union of elements of B.

We say that a space X satisfies the axiom Ny, or satisfies the axiom of count-
ability of the second type, if X admits at least one basis which is countable.

Now it is clear that Ny = N; because each basis is of course a local basis.
Viceversa the notion of local basis is weaker than the notion of basis so N1 %A Ns.
This can be seen with the line of Sorgenfrey (see Exercise 2.3 (¢)).
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3. CONTINUOUS FUNCTIONS

In the present chapter we deal with the appropriate functions that come together
with topological spaces. These are the continuous functions and are defined as those
functions whose counterimages of open (of the codomain) are open (of the domain).
We will discuss some of their classical properties.

Exercise 3.1 (See [8], Exercise 3.2(a)). Let X be an arbitrary set and let %, %’
be topologies on X. The identity mapping (X, %) — (X, ') is continuous if and
only it %' C % .

Solution. Let ¢ : (X,%) — (X,%’) be the identity map. If ¢ is continuous
then for al U € %', =Y (U) € % = U € U so %' C % . Viceversa, if %' C U
then for all U € %/, " (U) =U then U € %. So .} (U) € % .

What happens if all the functions are continuous ?

Exercise 3.2 (See [8], Exercise 3.2(b)). If X is a topological space with the prop-
erty that, for every topological space Y, every function f : X — Y is continuous,
then X has the discrete topology.

Solution. In particular, we can choose Y = X and f as the identity map and
%' (topology on Y) as the discrete topology. Then we know that the topology %
is at least as big as the discrete topology, i.e. P(X) C %. But since P(X) is the
largest possible topology on X, % = P(X).

Replacing the role of the domain with that of the codomain in the previous
example, we get an alternative description.

Exercise 3.3 (See [8], Exercise 3.2(c)). I Y is a topological space with the property
that, for every topological space X, every function f : X — Y is continuous, then
Y has the trivial topology.

Solution. Let X be the space Y and f the identity map, but let % be the
trivial topology on X. Then we know that the topology %’ is at most as large
as the trivial topology i.e., Z C {(,Y}. But since {},Y} is the smallest possible
topology on Y, %' = {0,Y}.

Treated apart from these extremal situations, we begin to see when a given
function is continuous with respect to a topology but it is no longer continuous
when we consider a different topology on the same space.

Exercise 3.4 (See [8], Exercise 3.2(d)). Consider R with the topology of the left
half-lines. A function f : R — R is continuous if and only if it is non-decreasing
(i.e. if z > 2/ then f(z) > f(2')) and continuous on the right in the classical sense
(i.e. for all z € R and all € > 0 there exists 6 > 0 such that if < 2’ <z + § then

[f(z) = f(&")] <)

Solution. Assume f is continuous. Let z > z/. f~!((—oo0, f(z))) = (—o0,x)
and f~1((—oo, f(2'))) = (—o0,2’). Since (—o00,2’) C (—o0,x), it follows that
f(z) > f(«'). Also for all z € R and all € > 0 there exists § > 0 such that if
|#' — x| < 6 then |f(z) — f(2')] < € since f is continuous. Assume z’ > z, then
|/ —z| <d=>0<2' —z<d=a2 <2 <x+6suchthat |f(z)— f(z')| < e. That
is continuity implies continuity on the right side.
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Viceversa, assume f is non-decreasing and continuous on the right side. Let
(—00,y) be an open subset in R. Since f is nondecreasing and continuous, we have
that f~*((—o0,y)) = (—o0, f1(y)) which is open in R and so f is continuous.

The above example shows that the function —z, defined on R, is continuous
with respect to the usual topology on R but is not continuous with respect to the
topology of the left half-lines on R.

Another fundamental notion is encountered when we ask whether a function
sends open sets in open sets. This gives the notion of open map and it is possible to
see that there are open maps which are not continuous, but there are also continuous
maps which are not open. Similarly, one can formulate the notion of closed map,
requiring that a function sends closed in closed and see that the notion of being
a closed map is different from that of being continuous. Below there are some
examples which help to understand these concepts.

Exercise 3.5 (See [8], Exercise 3.4). Let f be a continuous function f : X — Y
between the topological spaces X and Y. Then various options may arise between
open, closed, injective, surjective, bijective functions.

Solution. If f is injective, then f may be neither open nor closed, may be open
but not closed and may be closed but not open. If f is surjective, then f may be
open but not closed, closed but not open. Finally if f is bijective, then f may be
both open and closed.

One way to define homeomorphisms is by requiring a continuous bijective map
along with its inverse. In fact one may wonder whether there are bijective continu-
ous maps such that their inverse is not continuous. The example below illustrates
this circumstance.

Exercise 3.6 (See [8], Exercise 3.7(a)). Example of spaces X,Y and a continuous
bijection f : X — Y such that f~! is not continuous.

Solution. Let X =Y = {a,b} with topologies Zx = {0, {a}, {b},{a,b}} and
Uy = {0,{a},{a,b}}. Define the functions

frreXr— flx)=xzcY ; flizeY— fHa)=xcX.
The function is clearly invertible and bijective but in the first case f~1({a}) = {a},
f~Y(Y) = X, so it is continuous. But in the second case, (f‘l)_l({b}) = f({b}) is
not an open of Y.

Open bijective maps are homeomorphisms, as indicated below.

Exercise 3.7 (See [8], Exercise 3.7(b)). Let X and Y be topological spaces. Then
X and Y are homeomorphic if and only if there exists a function f : X — Y such
that (i) f is bijective and (ii) a subset U of X is open if and only if f(U) is open.

Solution. Assume X and Y are homeomorphic. Then there exists inverse
continuous functions f : X - Y, g:Y — X, ie. fog =1y and go f =
1x. This implies that f and g are bijective. Assume U is open in X. Then
1x(U) = gf(U) = U is open, but since f = g~!, g~! is continuous. So g~ 1(U) =
g Mx(U)=g"tgf(U) = f(U)is open. Assume f(U) is open. Since f is continuous
f7Y(f(U)) =U is open.
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Viceversa, assume there is f : X — Y and f is bijective and in addition a subset
U of X is open if and only if f(U) is open. Since f is bijective, fo f~! = 1x and
f(U) is open so f~1 is continuous. Then f, f~! are both continuous functions with
their inverses and so X,Y are homeomorphic.

We want to apply what we have seen until now to describe homeomorphisms of
metric spaces.

Exercise 3.8 (See [8], Exercise 3.7(c)). If two metrics d; and dy on a set Y are
such that, for some positive m and M,

m di(y,y') < da(y,y') < M di(y,y')

for all y,y’ € Y, then the two topological spaces (on Y') arising from these metrics
are homeomorphic.

Solution. Let (Y,d;) be the metric space Y with the metric d; , and (Y, ds)
be the metric space Y with the metric do. Let 13 : (Y,d1) — (Y,d2) be the
identity map = +— x. Of course, 1; is bijective and invertible with an inverse
12, : (Y,d2) — (Y,d1), defined by z + z. Of course, both 1; o 15 and 15 0 17 give
again the identity map of Y. To see that 1; o 15 is continuous it is enough to show
that an open set U is open in both metric spaces, since 1;*(U) = 15(U) = U. In fact
1;' =1,(U) = U. Note that U being open in (Y, dy) means that V. € U I & >0
such that B2 = {y € X : da(y,x) < e} C U, but since md;(y,y") < da(y,y’) <
e= B _(v)={y€ X :di(y,z) < &£e} C B2(z). The same can be said viceversa,

noting that B3, (z) C Bl(x).

The above result is very useful when we deal with equivalent metrics in functional
analysis. The idea is to find suitable lower and upper bounds, as we have seen.
Another useful fact, concerning homeomorphisms, is that they form an algebraic
structure with respect to the composition of functions.

Exercise 3.9 (See [8], Exercise 3.7(d)). Let X be a topological space and let G(X)
denote the set of homeomorphisms f : X — X. The set G(X) is group with respect
to the operation of composition of two functions. For z € X, the set of all the fixed
points G,.(X) = {f € G(X) | f(z) = z} is a subgroup of G(X).

Solution. We are going to check the axioms of groups. If f € G(X), then f has
an inverse f~!, and, being bijective and continuous it is also an homeomorphism
so is an element of G(X). This means that the symmetric of each element of G(X)
is contained in G(z). If f,g € G(X), then g o f is continuous since g and f are
continuous and the composition of two continuous functions is continuous, but also
(gof) t=flog! e G(X) since the inverses are in G(X). This means that the
product of two elements of G(X) is again in G(X). Finally, the identity map 1x is
obviously in G(X). So we may conclude that G(X) is a group.

Now if f,g € G.(X), then g(x) = z implies f(z) = f(g~'(x)), hence z =
flg7 (x)), s0o x = fog~(x), and this means that fog~! € G,(X), thus G,(X) is
a subgroup.
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4. INDUCED TOPOLOGY

In the present section we will illustrate another classical notion on general topol-
ogy. Given a subset Y of a topological space X with topology %, we may consider
the family % = {Y N A | A € Zx} of subsets of Y, which turns out to be a topol-
ogy on Y. The set Y is said to have the induced topology by X, if it comes with
the topology %y .

Exercise 4.1 (See [8], Exercise 4.5(a)). If Y is a subspace of X, and Z is a subspace
of Y, then Z is a subspace of X.

Solution. Since Z is a subspace of Y, every K € % has the form K =V N Z,
where V € %y, but Y is a subspace of X, so V =UNY, where U € %x, hence
every open of Z has the foorm K = (UNY)NZ =UN NZ)=UNZ with
U € Ux, that is, Z is subspace of X.

Exercise 4.2 (See [8], Exercise 4.5(b)). The metrizability is invariant via sub-
spaces. In other words, a subspace of a metrizable space is metrizable.

Solution. Let d be the metric defined on X and S a subspace of X. Then define
ds = d|(sxs), the restriction of d to the subset S. Note that ¥V s € S and € > 0 so
By (s,€) = Bq(s,e) N'S. The left hand side of this equation will give us the form
of elements in the base of %, the topology on S induced by the metric dg, and
the right hand side will give an element in the basis of g since By(s,€) is open in
X. So the topologies coincide since they have the same base.

Now we come with an important result, in which we begin to see the notion of
strong topology and of weak topology. Given two topologies % and ¥ on the same
set X, we say that % is stronger than ¥, if % C V. Viceversa, % is weaker than
v, it DOV.

Exercise 4.3 (See [8], Exercise 4.5(c)). Suppose that S is a subspace of X. Then
the inclusion map S — X is continuous. Furthermore, S has the weakest topology
(i.e. the least number of open sets) such that the inclusion S — X is continuous.

Solution. Let U be an open in X and f the inclusion map. Then f~1(U) = UNS
which is an open set in the induced topology of S. Assume %s is not the weakest
topology, so 3 % C s such that for an open V.=UNS € s, V=UNS ¢
%, U is open in X and f is continous with respect to this topology. But then
Y U)=UnNS &%, and f can’t be continuous, which is a contradiction. So %
is the weakest topology such that the inclusion map is continuous.

We now pass to describe the closure operator and its behaviour in the induced
topology. Let Y be a subspace of a topological space X and let A be a subset of
Y. Denote by Clx(A) the closure of A in X and by Cly (A) the closure of A in Y.
In general it is clear that Cly(A) C Clx(A), but the inclusion may be strict.

Exercise 4.4 (See [8], Exercise 4.5(e)). We describe a general condition for which
Cly (A) turns out to be properly contained in Clx(A).

Solution. Let Y € X, A=Y, Y openin X and u € Y N (X — A). Then

Cly (A) = AUSA, where 9A = Cly (A) N (Y — A) = Cly (A)N (Y — Y) = Cly(A) N
0=

(), so that Cly(A) = A. On the other hand, 94 = Clx(4) N (X — A) and
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so Clx(A) = AUOA = Clx(AN(X-Y)=An(X-Y)=YN(X-Y) =
Y N (X — A) # 0. Therefore Clx(A4) = AUJA D A = Cly(A) and the inclusion is
strict.

The intuitive idea that a “subspace is smaller than the space in which it is
placed” is evidently wrong, and this is explained in the following situation.

Exercise 4.5 (See [8], Exercise 4.5(f)). The interval (a,b) of R with the induced
topology is homeomorphic to R.

Solution. There are various ways to justify this fact. We offer one possible way.
Consider the functions:

fiz € (ab)— f(z) = tan {w(;;_ab)cibﬂ eR;

g: 7 ER+— g(a') = <7ra> arctan(z’) +

b+a
5 € (a,b)

We will show that f and g are one the inverse of the other and that they are both

continuous. This will be enough to conclude that f is homeomorphism. To see that

fog=1g, let z € R, then we have

a b—a srctan(z bta
<fog><m>:f<g<x>>:mn[ﬂ<2b+ = arctan(a) + 2 ﬂ

(a —b) a—b
l <(b+ a) — 2(*1_7‘1 arctan(x) + b"‘;))]
=tan |7

2(a —b)
—@ arctan(x)
= tan |jl’< 2(a—b) )1
2(a

— tan [W ((b +a)— @ arctan(x) — (b + a))
= tan [w (ﬂb)arc‘m(x)>] — tan {WQ(& —b) arctan(x)} = tan(arctan(x)) =

2(a —b)
2(a —b) m2(a —b)
and to see that go f = 1¢a,b) let x € (a,b), we have

(90 @) = g(f(2)) = "~ aretan [tan (w <2fa+_ab) B _bm poe

-2 (s o) | e [y e
b= a) (b+a)

We already know that tan(z) is continuous for — % < x < 7, since it is an elementary
function, so f is continuous on (a,b) and we know also that arctan(x) is continuous
on R, so g is continuous on R. Therefore our claim (a,b) = R follows.

Of course, any other continuous bijective map from a bounded interval (a, b) to
R would have served for the argument which we have just described.

Let’s continue to find more intervals, not necessarily bounded and see whether
we have homeomorphisms with R or not.

Exercise 4.6 (See [8], Exercise 4.5(h)). The half-line (1,00) (with the induced
topology of R) is homeomorphic to (0,1) (with the induced topology of R) and so
both of them are homeomorphic to R (with the usual topology).
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Solution. The functions f : z € (1,00) — f(z) = 1/x € (0,1) and g :
x € (0,1) — g(z) = 1/xz € (1,00) are one the inverse of the other, both are
continuous, and realize the required homeomorphism between (1, 00) and (0,1). Of
course, Example 5.5 will give the remaining homeomorphism with R.

Basically, the previous two results show that all the open intervals of R are home-
omorphic between themselves. The methods of proofs overlap the arguments which
we have just seen. A completely different nature of homeomorphism is illustrated
in higher dimensions between punctured sphere and R”.

Exercise 4.7 (See [8], Exercise 4.5(1)). The punctured n-sphere S™—{(0, 0, ...,0,1)}
is homeomorphic to R™ with the usual topology (via the stereographic projection).

Solution. Let x € R™ and consider the functions

¥ia e R o (x) (221,25, ..., 22, |12 — 1) € S™ — {(0,0,...,0,1)};

IREREIE
T ) T
2 e S"—{(0,0,...,0,1)} = o(x) = e R".
’ (0.0, 0. ) 0 plo) = (=2 22 )
Then
2
(00 0)@) = ¢ (1 e @01, 2oms e 2, ol - 1))
L+ (=2
211 210 2%, 211 212 2%,
1+[[=]? 1+[[=[2 4= _ | =12 14]=]? 1+[[=[2
B O T e et N 1 et By B 2 02 v 2
T AF =22 T 14 =]? T 1 z]? I+[z]? 1+ 1+[[=[?

= (21,22, ..., Tp)

and
X1 X2 In
B 1 ( 211 29 2z, w4 a4+ 1>
T 4ooitestetad \ 1=y T —2pg1’ 1=z’ (1= 2pgq1)?
(I—2nt1)?
o (1 — $n+1)2 ( 233‘1 21‘2 2.23n 2$n+1 — 2x%+1>
222,01 \l—2p1 1—2pp1 Tl =z’ (1 —2py)?
- (1 — $n+1)2 ( 21}1 2.(1}2 an 2.’1,‘n+1(1 — .’I,‘n+1)>
20— 2pg) \l =21 1 —zpp Tl =21’ (1 —2p4)?

= (71,22, sy Tn, Ty 1)
Therefore ¢ and 1 are one the inverse of the another, and so bijective. Moreover ¢
and v are compositions of continuous functions, so they are continuous and realize
the required homeomorphism.

The function ¢, introduced in the previous argument, is called stereographic
projection. In fact, if we replace its domain with S™, that is, we add the point
(0,0,...,0,1) and remove the multiplicative factor 1/(1—x,+1), then ¢ becomes just
a projection of (z1,...,Zp,Tpt1) € S™ onto its first n components (z1,...,2,) €
R™. In order to justify with the intuition this map, we may fix n = 1 and consider
the usual circle and the usual line. We may remove the northern pole (0,1) from
S1, consider a line [ passing trough (0,1) and intersecting S! in P and shift P
to the corresponindg intersection of [ with the line x = 0, representing R. The
points of S! between (—1,0) and (0,1) maps onto the interval [—1,1] bijectively.
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Those between (0, 1) and (—1,0) onto the left half line (—oo, —1) and, finally, those
between(0, 1) and (—1,0) onto right half line (1, +00). Globally we have constructed
the homeomorphism ¢ above. This argument, of geometric nature, is generalized
in n-dimension with the notations we have seen before. The idea of extending ¢,
keeping this function as homeomorphism, would imply that we add the point {oo}
to R. In fact we will see later on that R® ~ S that is, the compactification that
we form adding oo to R determines a topological space which is homeomorphic to
S1. The homeomorphism is in fact an extension of the stereographic projection.

It might be useful to note that we have also homeomorphisms between the punc-
tured plane and the sphere in any dimension bigger than three. In fact R**! — {0}
turns out to be homeomorphic to S™ via the function f(z) = z/||z|.
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5. QUOTIENT TOPOLOGY AND GROUPS ACTING ON SPACES

In every algebraic and geometric structure, the first step is to look for substruc-
tures which are stable under prescribed properties and the second step is to look for
the stability for structures which are obtained by imposing equivalence relations on
the original structure. These are the so called quotients. We begin with the formal
notion.

Definition 5.1 (See [8], Definition 5.1). Suppose that f : X — Y is a surjective
mapping from a topological space X onto a set Y. The quotient topology on Y with
respect to f is the family

U ={U: f~1(U) is open in X}

While the induced topology on a subspace involved the notion of weak topology,
here we have the extremal case when we deal with the quotient topology.

Exercise 5.2 (See [8], Exercise 5.3(a)). Suppose that Y is given the quotient
topology with respect to the mapping f : X — Y. Then Y has the strongest
topology such that f is continuous.

Solution. Let %; be the quotient topology of ¥ w.rt. f: X — Y, and V
be a topology on Y such that f is continuous. Let U € V = f~1(U) is open in
X=>U6%f. Sovg%f

Of course, one can interchange open sets with closed sets in the definition of a
quotient topology.

Exercise 5.3 (See [8], Exercise 5.3(b)). Suppose that ¥ has the quotient topology
with respect to the mapping f : X — Y. Then a subset A of Y is closed if and
only if f=1(A) is closed X.

Solution. If A is closed in Y, then f~1(A) is closed in X since f is continuous.
Viceversa, f~!(A) closed in X implies X — f~!(A) open, so X — f~1(4) = f~1(Y —
A) and Y — A is open in Y, by definition of the quotient topology, thus A is closed
inY.

There are cases where the quotient topology and induced topology of a space
coincide.

Exercise 5.4 (See [8], Exercise 5.3(c)). Let f : R — S! be a parametrization of
the unit circle S by f(t) = (cos(27t),sin(27t)) € R? with ¢t € R. Then the quotient
topology % on S! determined by f is the same as the topology %s: induced from
the natural topology on R2.

Solution. Since the basis for the topology on R? consists of open balls, the
intersection of these open balls with S! results in open arcs as a basis for the
topology %g1. Arcs for S* can be captured by their start and end points by varying
the degrees in radians between 27a and 27b, where 0 < a < b < 1. So an arc would
be represented by f((a,b)). This gives the basis {f((a,b)) : 0 < a < b < 1} for Zsn.

The basis for an open in R is {(a,b) : a,b € R,a < b}. But note that f(t) =
ft+n),¥YneZ So f((a,b)) = f((a+n,b+n)),VneZ So f(f(ab)) =

U (a + n,b + n), which is open in R. So f((a,b)) is open in S! and forms a
neZ
basis for %. This means that a basis for %; is the same basis of Zs1 so the two
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topologies are equal. This detail explains why the construction Z x R — R where
(n,z) = n-x = n+z leads to the quotient space R/Z = S! which we will see later
on in this chapter.

We might wonder what quotient topology would arise from a composition of

functions. An answer is here:

Exercise 5.5 (See [8], Exercise 5.3(d)). Let X,Y, Z be topological spaces and let
f: X =Y g:Y — Z be surjections. If the topologies of Y and Z are the quotient
topologies determined by f and g respectively then the topology of Z is the quotient
topology determined by go f: X — Z.

Solution. Let %y, %, be the quotient topologies of Y and Z w.r.t. functions f
and g respectively, and %}, the quotient topology of Z w.r.t. the function go f = h.
If U € %,, then g~ (U) is open in Y, f~1(¢g~'(U)) is open in X and h='(U) is
open in X. This means that U € %, so %, C %,. Viceversa, h~(U) is open in X
and f~(g~1(U)) is open in X which means that g~ *(U) is open in Y, so U € %,.
So U, C U, and U, = U,.

We may embedd the real projective plane of dimension 2 in terms of R%.

Exercise 5.6 (See [8], Exercise 5.3(f)). The function f : RP* — R* defined by
{x,—x} = (2% — 23, 2172, 2173, ¥223), is continuous and injective.

Solution.We may show the injectivity, distinguishing three cases. The reason
will be apparent later on. Let f(x,—z) = f(y,—y) then we have these five con-
straints, (we count the first constraint as one)

ol +ay i =yl +ys +ys(=1)
of — 25 =y — v}
T1T2 = Y1Y2
T1T3 = Y1Y3
L2T3 = Y23
Case 1. Assume: v/2y; + y3 = 0. Then
xf+x§+x§ :yf+y%+y§.
Adding the second constraint to the first,
= 22] + 73 = 207 + 45 = (V221 + 3)° — 2V2m123
= (V2y1 +y3)° — 2V2y125 = (V221 + 23)* = (V201 + 43)°
= V2z, + 23 = (V21 + y3) = V22120 + 2013 = £22(V201 + y3)
= V2y1yo+y2ys = £22(V2y1+y3) = y2 (V241 +ys = £22(V2y1+y3) = y2 = Lo
So we get 2% = y? and x; = £y;. This implies 23 = +ys.
Case 2. Assume /2y, + y3 = 0. Then we get
i +ah + a3 =y +ys + i
Subtracting the second constraint to the first,
= 222 + 22 = 202 + 12 = (V29 + 23)% — 222023 = (V202 + 13)? — 2V 2003
= (V2o + 23)* = (V22 + y3)* = V222 + 23 = £(V2y2 + y3)
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= V2z122 + 2123 = £21(V2y2 + ¥3) = V20192 + Y19z = T2 (V251 + y3)
=91 (V2ys +y3 = 221 (V2y1 + y3) = 1 = +13

so we get xo = +yo and x3 = +ys3.

Case 3. Assume v/2y; + y3 = 0 and v2ys + y3 = 0. Then clearly

1
Y1 =y and y; = —5Us
And so
1
2

9 9 9 1 1 1
y3—|—y3=1:>y3=§:>y3=i—, Y1,Y2 = F=

NG 2

1
vitystys=1= U5+

And since
2 2 2 2 2 2
T] —TH =Yl Yy = ] =25 = T1 = £
but y; = y2 and
1
12 = £Y1Y2 = a:f = :EZ = T = To

since #2 must be positive and we conclude that

1 1
T1,T2 = :t2, T3 = :l:\/é
So again x1 = +y1, 29 = tyo, r3 = Ly3.

Now it remains to prove that indeed the points are anti-podal. For that we
consider that the last three constraints. If any of the coordinates had a sign different
from the other three than there would be a negative sign in at least one of the
equalities. So x = +y, thatis {z, —x} = {y, —y}. So f is injective, and is continuous
because it is the composition of continuous maps.

We come back to discuss the properties of the quotient topology in a more general
setting in presence of open, or closed, maps. In fact if we have an open or closed
mapping, then image is homeomorphic to the quotient space.

Exercise 5.7 (See [8], Exercise 5.3(g)). Let X be a topological space and let
f X — Y be a surjective map. Let %} denote the quotient topology on Y.
Suppose that % is a topology on Y so that f: X — Y is continuous with respect to
this topology. If f is a closed (or an open) mapping, then (Y, %) is homeomorphic
to (Y,%y). Furthermore, there are examples for which if f is neither open nor
closed, then (Y, %) % (Y, %).

Solution. We already know that % C % by Exercise 6.2. If f is closed and
U € %, then f~1(Y —U) is closed in X and f(f~'(Y —U)) =Y — U is closed in
Y with the topology % . So U € %, and % = %;. In this case, the identity map
would be a homeomorphism from (Y, %) to (Y, %y). A similar argument applies if
f is an open mapping.

Finally, we may consider the map f : t € R — f(t) = (cost,sint) € S! with
Y = S! with the trivial topology on Y and the usual topology on R. Of course, f
is surjective and f~1(S!) = R so it is continuous because there are no more opens
in Y, but f is neither closed nor open and in fact Y with the trivial topology is not
homeomorphic to Y with %, which is the unit circle with the topology induced by
the usual plane.
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Just like the spaces they are derived from, subspaces can have different topologies
that vary in ’strength’ and we have seen that this motivates the notion of strong
topology with respect to another one. The following exercise deals with the role of
strong topologies in quotient spaces.

Exercise 5.8 (See [8], Exercise 5.3(h)). Suppose that f : X — Y is a surjective
map from a topological space X to a set Y. Let Y have the quotient topology
determined by f and let A be a subspace of X. Let % denote the topology on
B = f(A) CY induced by Y and let % denote the quotient topology determined
by the map f|A: A — B. Then % C %,. Moreover there are examples such that
the inclusion is proper. Finally, if either A is a closed subset of X and f is a closed
map, or A is an open subset of X and f is an open map, then %, = %.

Solution. Let % be the topology {VNA : Visopenin X}, 23 ={ONB :
O isopen in Y} and % = {O : f|A7Y(O) is open in A}. If U € %, then

fF7HU) = f7HONB) = fFTHONFH(B) = F7HONSTH(F(A) = F7HO)NA € %

and %1 g 02/2.

Again the example of the function f: ¢ € R+ f(t) = (cost,sint) € St with the
trivial topology on S! shows that %4 may be in general properly included in %.

Finally, if A is a closed subset of X and f is a closed map, then the closed sets
of subspace A are closed in X and B = f(A) is closed. Let U € % = B —U is
closed in Y = f|A=1(U) is open in A = f|A=1(U) is open in X = X — f|A~1(U)
is closed in X = f(X — fJ[A"YU)) =Y — f(f|[A"1(U)) is closed in Y = Y — U is
closedinY = UisopeninY = UnN f(A) = Bisopenin B= U C %. Of course
a similar argument applies when we deal with an open map.

Intuitively, we may join the poin 0 and 1 of the interval [0, 1] getting the circle.
This geometric transformation is illustrated at the level of quotient topologies in
the following exercise. There are various ways to approach this solution. We will
invoke a classical result on the quotient topologies, called theorem of representation,
and will give a proof for it in the course of the exercise itself.

Exercise 5.9 (See [8], Exercise 5.4(a)). If I = [0,1] C R and ~ is the equivalence
relation x ~ 2/, defined by {z,2'} = {0,1} or & = 2/, then I/ ~ is homeomorphic
to S*.

Solution. If (X, %x) and (Y, %y ) are two topological spaces and f: X — Y is
a continuous and open map, then define x in relation Ny with y, briefly z Ny y, if
and only if f(xz) = f(y), that is, if they are mapped into the same element via f.
This relation turns out to be an equivalence relation on X and implies the existence
of a unique homeomorphism

h: [:L‘]Nf € (X/Nf,%x/Nf) — h([‘r]Nj) = f(z) € (f(X)7%f(X))

such that the following diagram is commutative

Xxf%Y

X/Ny
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that is, hop = f, where
p:reX —px)=[z]n, € X/N;

is the canonical projection of X onto X/y,. Note that h is well defined and injective
because,

h(zln,) = Mlyln,) < f@) = fy) < [2ln, = [yln,-
In addition, if y € f(X), then there exists some 2 € X such that f(z) = y, and since
p is onto [a:]Nf € X/n, such that h([z]n,) = f(z) = y. So h is also surjective, hence
bijective. It remains to see that h is continuous and open, in order to conclude that
it is homeomorphism.

Now f=! = (hop)™t = p toh™! soforall V€ % we mus get f~1(V) =
p 1 (h~1(V)) € %x because f is continuous. If W = h=1(V) ¢ %X/Nf7 then
fYV) =p Y (W) € %x, which would be in contradiction with the continuity of f
if (V) ¢ %X/Nf. Therefore h is a continuous. On the other hand, if f is open
and p is open, then for all U € %x, the set f(U) = h(p(U)) = h([U]n,) € (x)
must be open, because if not, as before, we would get a contradiction. Therefore h
is a continuous, open, bijective map, as claimed.

In order to apply this to our exercise, consider ¢ € [0,1] — f(t) = 2™ € St.
One can see easily that ~ is the relation Ny for this specific choice of f. Moreove,
f is continuous and open along with the natural projection onto I/ ~. This allows
us to conclude that there is a homeomorphism h between I/ ~ and S*.

We begin to explore an important connection between quotient topologies and
abstract algebra, given by the notion of action of a group on a topological space.

Definition 5.10 (See [8], Definition 5.6). Let X be a set and let G be a group.
We say that G acts on X and that X is a G-set if there is a function from G x X
to X, denoted by (g,2) — ¢ - , such that

(i) 12 = for all x € X, where 1 is the identity element of G,

(ii)) g- (h-x) =(gh) -z for all z € X and g,h € G.
If in addition the action is continuous and the map 0, : x € X — g-x € X is
homeomorphism for all g € G, we say that X is a G-space.

The previous definition of a G-action is strictly speaking that of a left G-action
and one can see easily that the above axioms are not always satisfied. A first fact
that we can observe is that it is possible to extend, or restrict, naturally the actions
of groups. The following result describes the actions, restricted to subgroups.

Exercise 5.11 (See [8], Exercise 5.7(b)). Let H be a subgroup of a group G. For
h € H, g € G define h - g to be hg. This defines an action of H on G.

Solution. Let h € H and g € G then hg € G. So define a function from
H x G — G such that (h,g) — h-g = hg. Then the first axiom is trivially satisfied
and about the second k- (h-g) =k - (hg) =k - hg = khg = (kh)g = (kh) - g.

Before to describe the role of the actions when we form group quotients, we need
to make some preliminaries. First of all, some actions are well known in literature,
because they play an important role in the structure of several algebraic structures.
One of these is the action of the group on its subgroups lattice.
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Exercise 5.12 (See [8], Exercise 5.7(c)). Let G be a group and Z(G) the set of
all subgroups of G. Then g- H = {gh | h € H}, where g € G and H € Z(G),
defines an action of G on Z(G).

Solution. We have the function
(9, H eGx Z(G) —g-H=gH e Z(Q)
and it is easy to check that the axioms (i) and (ii) above are satisfied.
Let’s now study the orbits and the stabilizers in the actions.

Definition 5.13. Let G be a group that acts on the set X (from the left). For
x € X, we define the orbit of x under the action of G by

Orbg(z) ={g-z | g€ G}

Of course, Orbg () is a subset of X and we note that the orbits induce a partition
of X, because of the relation
y~z & y € Orbg(z).
This means that two elements x,y € X are related by ~ if and only if y = g - = for
some g € G. More precisely,

Reflexive: : x =1z shows that z ~ z for all x € X.

Symmetric:: If y ~ z, then there is g € G such that g-z = y. If we multiply
by ¢! from the left, then x =g~ ' -(g-2) =g~ ' -y, and so z ~ 3.

Transitive:: If y =~ x and = ~ z, then there are g1, g2 € G such that g; -z =y
and go - z = x. By substituting, we have y = g1 - (g2 - 2) = (g192) - z and so
y ~ z. Thus = is transitive.

In particular, if X = G is a finite group with the discrete topology, then the map
(g,2) EGXxG—g-z=g 'lage G
defines the conjugation between elements of G and the map
(g, H)eGXx Z(G)—g-H=g 'Hgc 2(G)

defines the conjugation between subgroups of G.
In the first case,

Orbg(z) = {gzg™" | g € G}
and this allows us to write an important equation
Gl =12(@)|+ > |Orbg(x)],
z€G—-Z(G)

known as class equation of G, where Z(G) denotes the center of G, that is, the
set of elements permuting with all the elements of G. The center is in fact the
smallest subgroup which is defined via the notion of stabiliser. In fact we may give
the following general notion.

Definition 5.14. Given a left action of a group G on a nonempty set X, the
stabilizer of x in G is given by

Gy = Stabg(z) ={ge G| g-z=x}
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The stabiliser of x in G is the set of all elements of G fixing « under the given
action. In particular, if the action is by conjugation, we introduce a special notation
for Stabg(x):

Co(x)={g € G| gxg' =z}
and this set turns out to be a subgroup of G and is called centralizer of x in
G. Of course, Cg(z) may be described even as the subgroup of all elements of G
commuting with z. For instance, if A = (z) = {1,z,2% 23,...} is the subgroup
generated by all the powers of x, then Cg(z) = Cq({x)). More generally, if A is an
arbitrary subgroup of G,
Ca(A) = [ Cola),
a€A

and, in particular, Cq(G) = Z(G). The following exercise shows the aforementioned
class equation in G.

Exercise 5.15 (See [8], Exercise 5.9(d)). Let X be a G-set and G an aribtrary
group. For each z € X the stabilizer G, acts on G and so the quotient G/G,
is defined. Moreover G/G,, is the set of left cosets of G, in G and there is a
G-equivariant bijection between the orbit of z and G/G,.

Solution. It is enough to note that (g9,7) € G, x G +— g-z = g tag € G
defines an action (via conjugation) of G, on G. Here Orbg_(x) is given by the
conjugacy classes of z in G and G/G,; is the union of all the orbits so G/G, =
{aG, | a € G} which induced the well defined continuous G-invariant bijection
g tag € Orbg, (a) — aG, € G/G,. Note that here G, is not necessarily a normal
subgroup of G.

We have all that we need in order to describe actions of groups when group
quotients are involved.

Exercise 5.16 (See [8], Exercise 5.13(c)). Suppose X is a G-space and H is a
normal subgroup of G. Then X/H is a (G/H )-space and (X/H)/(G/H) is home-
omorphic to X/G.

Solution.Note that G/H = {gH | g € H} is a group and X/H is by definition
the disjoint union of all Orbg(z) for x € X. The continuous function (g,x) €
G x X — g-x € X allows us to consider the continuous function (¢H,Orbgy(z)) €
G/H x X/H — gH -Orbg(xz) € X/H. Note also that an element of (X/H)/(G/H)
has the form Orbg, g (Orby(z)). Then we may define the map

X/H X

: Orb b — b =

[ : Orbg g (Orby(x)) € G/H — Orbg(z) € e

which turns out to be continuous, bijective and open, so it is the required homeo-
morphism.

An important application of what we have seen until here is the following.

Exercise 5.17 (See [8], Exercise 5.9(a)). Let X be the infinite strip

1 1
ER?: ——<y< =
{(fu Y) 5 SY< 2}
in R? with Z acting on it by m - (z,y) = (m+z,(—1)"™y). Then the quotient space
X/Z is homeomorphic to the Moebius strip.
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Solution. Let M/. be the equivalence classes of the unit square with the
relation ~, such that: (z,y)~(2,’) if and only if (z,y) = (2/,y’) or {z,2'} = {0,1}
and y = 1 —%'. Then M/. is the Moebius strip. Consider the following two
functions:

Flalz e X7z [(a- Lol 0By )| e

2

We note that f is well defined: if (z,y) € X and n € Z, then [(z,y)]x/z =
(7 + , (~1)"y)] /2 and we get

£l -+ 2, ()")xgz) = [+ = -+ 2]), () (1) + ).

o+ [} € 1) | (- I)L/Z e X/2

= [ = Lol ()P 4 Dl = (@ = Lol (—1Pn(-1) Ly + 2

2
N 1
= [z ~ L=, (-)y + 3]

Also g is well defined: since the equivalence classes that do not contain points
from the left and right edges only contain one point, we will consider only the
points on the left and right edges. If [(0,y)]~ = [(1,1 — y)]~, then g([(0,y)]~) =
(0.9 — H)]x/z and g([(1,1—)]~) = (11— y — Dlxyz = (1. 5~ )]xz-

Since (1,4 —y) = (140, (-1)'(y— 3)) = 1-(0,y — 3), we have (1,1 —y)]x/z =
[(0,y — 3)]x/z- Now an argument of routine allows us to conclude that f and g are
one the inverses of the other and so they are bijective. Moreover they are continuous
since they involve elementary functions in their definition.

Due to the importance of the spaces that we get as result of a group acting on
it, we may ask when two group actions determine homeomorphic quotient spaces.
There is functional property that can help.

Exercise 5.18 (See [8], Exercise 5.9(b)). Let X and Y be G-sets. We say that the
function f : X — Y is G-equivariant if f(g-z) = g- f(z) forallz € X and all g € G.
If X and Y are topological spaces and f is a G-equivariant homeomorphism (i.e.
both G-equivariant and a homeomorphism), then X/G and Y/G are homeomorphic.

Solution. Let z,z’ € X such that z xx then 3 g € G such that gr = 2’ so
f(gz) = f(2') and gf(z) = f(2'). This implies that f(z) f(2’) so X/G 2 Y/G.

It is interesting to note that groups that form G-spaces can be seen as appropriate
images of the group of homeomorphisms of the original space.

Exercise 5.19 (See [8], Exercise 5.11). Suppose that X is a G-space. The function
0y :x€ X — g-z € X is a homeomorphism from X to itself for all g € G and
there is a homomorphism from G to the group of homeomorphisms G(X) of X.

Solution. The first part is clear from the definitions. Now define 7 : g € G —
m(g) = 0, € G(X). This function is a group homomorphism because 7(g - h) =
Ogon = 84 00, for all g,h € G. Then (G/kerm) ~ n(G).

Now we pass to describe an important aspect in algebraic topology: actions of
groups on topological spaces induce what it is called a covering map and covering
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maps allow us to describe the fundamental group of a given space. We will see the
formalization of these notions in the following chapters, but for the moment we
describe an important property.

Exercise 5.20 (See [8], Exercise 5.13(b)). Let X be a G-space with G finite group.
Then the natural projection 7 : © € X + m(xz) = Orbg(x) € X/G is both a closed
and open mapping.

Solution. Let U be a closed set in X. Consider 7~ !(7(U)). Then
7 mU)={ze X : n(z) e n(U)}
={zxeX : x=g-yforsomeyeUgeG}
={zreX :zeq-U, geG}= Ug-U.
geG
The action of each ¢ € G is an homeomorphism, so if U is closed then so is

7Y (w(U)) (since G is finite) and hence 7(U) is closed in X/G. Now one can
apply exactly the same steps, concluding that p is also open.

To generalise the above result, we can say that

Proposition 5.21. If X is a G-space, where G is an infinite group. Then the
canonical projection 7 : X — X/G is always an open mapping, but is not necessarily
a closed mapping.

Proof. In the solution of the exercise above, if U is open, then so is 7= (7 (U)),
regardless the cardinality of G, since the union of the g - U is a union of opens
anyway. In general, if U is closed, then this union is no longer closed if it is not
made by finitely many ¢ - U, so here the cardinality of G must be finite. O
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6. PRODUCT SPACES

After we have seen the behaviour of topological subspaces and topological quo-
tients, we discuss another important operation in general topology: the formation
of products.

Definition 6.1 (See [8], Definition 6.1). Let X and Y be topological spaces. The
(topological) product X x Y is the set X XY with topology %x xy consisting of the
family of sets that are unions of products of open sets of X x Y.

We show that being homeomorphic is a property that is preserved by product
spaces.

Exercise 6.2 (See [8], Exercise 6.2(a)). If X; & X3 and Y7 & Y5, then X; x Y &
XQ X }/2

Solution.

Since X7 = Xs, there are fx and gx that are continuous and inverses of one
another and similarly Y7 = Y5 shows that there are fy and gy that are contin-
uous and inverses of one another. Define f : X; x Y] — Xo x Y3 by (z1,y1) —
f(@1,91) = (fx(@1), fy(y1)) and g : Xo X Yo — X7 X Y1 by (22,92) — g(22,2) =
(9x(w2), 9y (y2)). If (z1,91) € X1 x Y1, then (go f)(x1,31) = g(f(z1,91)) =
9((fx(x1), fr(y1))) = (9x (fx (1)), 9y (fy (y1))) = (21,91). This shows that fog =

1x,xy;,. Similarly one can prove go f = lx,xv,. If U U; x V; € Ux,xvss
Jjel
thenf~! <U (U; x Vj)) = U 71U < Vi) = U (fx'(U) x f7(V))) € U xva-
Jjel jeJ Jjel

The continuity of g is proved analogously.

If a product topology was made from two metrizable spaces, we can form a metric
on the product space from the metrics of the individual spaces.

Exercise 6.3 (See [8], Exercise 6.2(b)). Let X,Y be metrizable spaces and suppose
that they arise from metrics dx, dy respectively. Then

d((z1,91), (z2,92)) = max{dx (z1,22),dy (y1,92)}
is a metric on X x Y which produces the product space topology on X x Y.

Solution. We have already seen in the proof of Exercise 2.2 that the maximum
between finitely many metrics is a metric as well. So we don’t need to check again
that the axioms of metric are satisfied for d. On the other hand, we need to check
that d actually induces the product topology on X x Y. Let B.((x1,y1)) be an
open ball of X XY of center (x1,y1) and radius €. Then

Bo((v1,y1)) = {(v2,92) € X €Y @ d((w1,72), (72,92)) < €}

= {(z2,y2) € X xY : max{dx(x1,22),dy(y1,y2)} < e}
={(z2,42) € X XY :dx(z1,22) < e and dy (y1,y2) < €} = Be(1) X Be(y1)-

In particular, we may deduce that the product topology on R™ x R™ (R"™ R™
with the usual topology), is the same as the usual topology on R**™ = R™ x R™.
Now we can recognize in the product space R? a particular subspace,

diag(R?) = {(z,2) | z € R},
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called diagonal subspace, and, of course, one can introduce the notion of diagonal
subspace diag(X x X) in the same way for an arbitrary topological space X. This
subspace is homeomorphic via the map

€ X r— (z,2) € diag(X x X) ={(y,v) | y € X}

to X, and is different (as set) from the factors of the product X x X. This shows
that (in general) the structure of a product of two copies of a given topological
space is richer than one may expect after a first look. Another interesting subspace
that we may find in a product space of two copies of a prescribed space is the graph
of a function. The graph of a function is indeed a generalisation of the geometric
structures we are familiar with from R? and R3. The graph of a function f: X —Y
is defined by

graph(f) = {(z,y) € X xY | y = f(2)}
and of course diag(X x X) is a special case of graph(f) when Y = X and f = 1x.
We find another copy of X in X x Y when f is continuous.

Exercise 6.4 (See [8], Exercise 6.2(c)). If f is a continuous function between
topological spaces, then graph(f) is homeomorphic to X.

Solution. Consider the function g : z € X — (z, f(z)) € graph(f) C X x Y. If
xz,y € X and x # y, then (z, f(x)) # (y, f(y)), so g is injective, and trivially it is

also surjective. Let |J U; x V; be open in graph(f). Then
jer

g UUixV; | =g U x V) = U
Jjel JeI jel
is open in X, so g is continuous. The inverse of g is the projection on the first
component p : (z, f(x)) € graph(f) C X x Y — p(z, f(x)) = x € X. Similarly one
can check that p is injective and surjective. An open U in Y is such that f=1(U)
is open in X, then

P FTHU)) = IO x F(THU)) = fTHU) x U

is open in graph(f). We may conclude that the two spaces graph(f) and X are
homeomorphic.

We are able to provide a useful homeomorphism between the punctured plane
and a product space consisting of two familiar spaces.

Exercise 6.5 (See [8], Exercise 6.2(d)). R? — {0} is homeomorphic to R x S*.

Solution. Thinking at R? as C and choosing 6 € [0, 2], the function
f:(x,cos0,sinb) € R x ST — f(x,cos6,sinf) = 2% € C — {0}

is injective because if 2% = 2Ye? then 2% = 2Y = x = y, and e/ = % =
(cosf,sinf) = (cos ¢, sin @), so (x,cos6,sinf) = (y,cosp,sing). It is surjective
because a+bi = ||a+ bi||e¥® = f(logy(|la+bi|), cos,siny) for all a+bi € C—{0}.
Now we define the inverse of f like
) 1
g:z=|z]e? € C—{0} — g(2) = (||z - ||Z||,cos¢9,sin¢9> cRx St
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Again g is injective because if (]| z|| —H—i”, cosf,sinf) = (||v|| —ﬁ,cos ¢,sin ¢), then
0=o¢+2rk,k € Z and
1 1
12l = 5 = llvll = = = lllll=l® = ol = llz][lv]* - |2]
2] [[o]
= llolllzl®+lzl = Izllol*+lvll = Tzl dlllzl+1) = ol dzillvl+1) = 2] = o]
So ||z|e?" = ||v||e¥". Finally f and g are continuous since they are constructed with

continuous functions.

We have already seen the notion of weak topology, characterizing the continuity
of the embeddings, and that of strongest topology, characterizing the continuity
of the projections. Of course, having projections from X x Y on the factors, and,
viceversa, embeddings of the factors in X x Y, there is a result of characterization
of the product topologies in terms of projections and embeddings of the factors.
The following exercise gives us the relationship between the product topology and
the projection maps.

Exercise 6.6 (See [8], Exercise 6.6(a)). The product topology on X x Y is the
weakest topology such that the projections mx and 7y are continuous.

Solution. Let %4 be the product topology and % a topology such that 7x and
my are continuous. Let U; be open in X for j € J, then w;(l(Uj) =U; XY € U;
let V; be open in Y for j € J, then 7y, (V;) = X x U; € %. So

(UjXY)m(XX‘/j):UjX‘/jE%Q
for all j € J. So |J U; x V; € %. This means that % C %.
jeJ

Here we prove a useful result in which actions of products groups are involved
in the products of topological spaces.

Exercise 6.7 (See [8], Exercise 6.6(b)). Let X be a G-space and let Y be an
H-space. Then the space (X xY)/(G x H) is homeomorphic to (X/G) x (Y/H).

Solution. The idea is to prove that there is a homeomorphism

X xY
Orboxu((z,y)) € OxH

In order to justify this, we consider the function

Fo 1)) € o o FGe)) = () [ €

which is well defined since for [(g1, k1) - (x,y)] = [(g2, h2) - (z,y)], we have

J({(g1,h1) - (=, 9)]) = f([(g1 - 2. b1 - 9)]) = F([(g12, hay)])
= ([g12], [My]) = ([91 - 2], [h1 - y]) = ([2], [¥])

X Y
— Orbg(z) x Orby(y) € reelia

X

Ql >
T =<

and
F(l(g2, h2) - (x,9)]) = f([(92 - z, ha - y)]) = f([(g22, hay)])
= (lg2], [h2y]) = ([g2 - 2], [h2 - y]) = ([z], [y])
So f([(g1,h1) - (2, 9)]) = f([(92, h2) - (z,9)]).

Similarly, we define
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and check with the same strategy that it is well defined. Now to show that these
functions are bijective inverses of one another we take [(z,y)] € (X x Y)/(G x H)
and note that(g o f)([(z, y)]) = g(f([(z,y)])) = g([z], [y]) = [(z,y)] and by analogy
that (f o g)([z],[y]) = ([z],[y]). The assumptions of having X a G-space and YV
an H-space show that X x Y is in fact a (G x H)-space so that both f and g are
continuous and we have constructed the required homeomorphism.

An application of the above fact allows us to find the torus as quotient space of
R? under the action of Z x Z.

Exercise 6.8 (See [8], Exercise 6.6(c)). For (n,m) € ZxZ and (z,y) € R?, the map
(n,m)-(z,y) = (n+x,m+y) defines an action that makes R? into a (Z x Z)-space.
Moreover R?/(Z x Z) is homeomorphic to S* x S*.

Solution. The fact that the given map is an action is easy to see checking the
axioms of action. On the other hand, we have seen previously that R/Z ~ S, so
the result is an application of Exercise 6.7.

We provide an alternative description for the torus.

Exercise 6.9 (See [8], Exercise 6.6(d)). The torus, represented by the unit square
M =10,1] x [0,1] with the relation ~ given by (0,y) ~ (1,y) and (z,0) ~ (x,1) is
homeomorphic to S* x S*.

Solution. Consider the functions

[yl € M/ o= f([(z,9)]~) = [(z,9)]r2/@zx2) € R*/(Z x Z)

and

9+ (@, 9)r2/(zx2) € R?/(ZXZ) = g([(2,9)]r2/2x) = [(o— 2], y—[y])]~ € M/~

One can see that f is well defined since for points not on the boundaries of M,
the equivalence classes only contain one element and since [(0,y)]~ = [(1,y)]~,
we have £([(0,9)]~) = [(0, 9)]ge/czxzy and F((L)]~) = [(1, 9)]ge caczy = [(1,0)
(0, 9)]r2/(zxz) = [(0,9)]r2/(zx2), Or since [(z,0)]~ = [(z,1)]~, we have f([(z,0)]~) =
[(z, 0)]r2/(zxz) and f([(z,1)]~) = [(0,1) - (z,0)]r2/(zx2z) = [(%,0)]r2/(2x2)-

Now we pass to see that g is well defined. Let (n,m) € Z x Z. We have
[(z,Y)]r2/zxz) = [(n + 2, m + Y)|R2/(2x2) Which gives g([(z,y)]rz/@zx2)) = [(z —
L], y—y])]~ and g([(n+z, m~+y)lez/zxz)) = [(n+2—|n+z],m+y—|m+y])]. =
[(ntz—n—|z|,m+y—m—|y])]~ = [(x—|z],y—|y])]~ so g is also well defined. An
argument that we have seen several times until now is to check that fog = 1g2 (zx2)
and that go f = 157/~ in order to conclude that f and g are bijective and one the
inverse of the other. This, plus the fact that they are defined involving continuous
functions, allows us to conclude that we have homeomorphisms.

It is possible to provide still another construction for the torus.
Exercise 6.10 (See [8], Exercise 6.6(e)). For n € C — {0} the map
(n,2) €eZx (C—{0}) »n-z=2"2c C—-{0}

defines an action that makes C — {0} into Z-space. Moreover (C — {0})/Z is
homeomorphic to S* x S?.
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Solution. It is elementary to check that the above map is indeed an action of Z
on C—{0}. Looking at C as R?, we have seen in Exercise 6.5 that C—{0} = R x S!.
On the other hand, Z = Z x {1} as groups, so Exercise 6.7 implies that

C—{0}/Z2 (R x S")/(Z x {1}) = (R/Z) x (S"/{1}) = §" x 5.

We've seen that R? — {0} is homeomorphic to S* x R in Exercise 6.5, and so we
may generalise this result.

Exercise 6.11 (See [8], Exercise 6.6(g)). For all n > 2, R® — {0} and S"~! x R
are homeomorphic spaces.

Solution. We consider the functions
fi(zt) € S xR+ f(z,t) = 2'2 € R" — {0}
and

T

g2 R (0} g(o) = (

which are one the inverse of the other and both continuous, because they involve
continuous functions. The logic of proof is always the same, noting that

log <||x||>) € 5" xR
E

(90 F)(a.) = g (2.1)) = g(2'x) = (”;i”,logzuztx)) - (;”j”,logxzwxno
= (Fr1o22(2'D)) = (2 l0gx(2") = (a,1);
o)) = (= loz.(llzl) ) = 2egslizh) % _
(o)) = 1 (g omalel) ) =2oeaten L

In a more general way, it is possible to consider the following situation.
Exercise 6.12 (See [8], Exercise 6.6(h)). The subset S, ; C R™ defined by
Spq={reR":af+a5+..+a)—ap, —...—a5,, =1},
where p and g are positive integers such that p + ¢ = n, is homeomorphic to
SP=1 x RY.
Solution. Consider the function

-1
fo(@, o p U1, Yq) €SP X RY— (212,292, ..., TpZ, Y1, Y2, -, Yq) € Spgs

where z = \/(1 + y% + y% +ee +y}%) Here (xlz,x227 c TpZs Y1, Y2, -qu) is an
element of S, , and

2 2

(212)°+(222) 4+ (2p2)° —yf —y5— - —ya = 2327 +a52%+ - w2 —yi —yi— -~

=@l tas o) - Wiy ) =2 () - W+ )
=4yt +y+-+y) — Wiyt g =1

Now consider the function

r1 T2 X _
g (X1, s Tp, Y1,y Yg) € Spg (7, — e f,yl,yQ,...,yq> €SPl x RY

and note that

x%+x§+~~+xi—y%—y§—~~—y§:1:>:v%+x§+~-x§:1+y%+y§+~~y§.
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Then
( Tr1 T2

Tp
T T ey T 7y15y27' -qu> € S;D—l x R?
zZ Zz

2 2

To\2 x T x2
+ (2)+ (D) o (B) R
z z z

x%+x2+--~+x§_ x1+x2+---+mp _gc1+a:2+ —i—xi_
- 22 o l+yityi 442 widad+tad
(Il,ﬁ,...,z—p) e sr 1,
z  z z

Of course, g, f are continuous since they are compositions of continuous functions.
Now all that is left to show is that they are bijective inverses of one another. With
obvious meaning of symbols, we get
(g o f)(xh T2y veey Tpy Y1,Y2,5 +-ey yq) = g(f(xla T2y ey Tpy Y1,Y2, -eny yq))
12 ToZ TpZ
= g(ﬂflz, L2Zy ey TpZy Y15 Y2y +ovy yq) = <77 7a ey %7 Yi,Y92, -, yq)

= (1‘1, T2y .0y Tp, Y1,Y2, --->yq)
and

(f Og)($13w27 s Tpy Y1, Y2, "'7yq) = f(g($1;m27 ey Tpy Y1, Y2, ,yq))

T1 T2 Ty T1 T2 Lp
= f <7a e Y1, Y2, "'ayq> = ((7> 2, (7) Zyeny <7) Z,Y1,Y2, "'ayq>
z z z z z z
= ('Ttha "'7mp7y1ay27"'7yq)'

Our last construction for the torus is realized in terms of group homeomorphisms,
acting on R™ — {0} when n > 2. In fact, this is not evident in the arguments we
have seen until now.

Exercise 6.13 (See [8], Exercise 6.6(i)). Let G be the group of homeomorphisms
{T" : i €Z}, where

T:xeR"—{0} = T(x) =2z R"—-{0}.
Then (R" — {0})/G is homeomorphic to S"~! x St for all n > 2.

Solution. Since G is isomorphic (as group) to Z, Exercise 6.7 implies

—{0}/G=S" P xR/{1} x Z = (S"1/{1}) x (R/Z) = S"~1 x S

The next question shows the existence of a homeomorphism between the n-cube
and n-disc.

Exercise 6.14 (See [8], Exercise 6.2(j)). The sets I" = {(z1,x2,...,2,) ER" : 0 <
x; <1,i=1,2,..,n} and D" = {z € R" : |z|| < 1} are homeomorphic.

Solution. Note that [0,1] = [—1, 1], intuitively by stretching the 0 end to —1
or formally by the homeomorphism f : z € [0,1] — f(z) =22 —1 € [-1,1]. On
the other hand, what we have seen until now on the product topology allows us to
conclude that I"™ 2 ([—1,1])". Therefore we may consider the functions

max{|za], zal, ., 2nl}

pexe([-1,1)" — o(x) = T1,T2, ..., Ty) € D"
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and

Gy DM s ply) = lyll

max{\y1|, |y2‘7 ) ‘yn
and apply the logic that we have used until now. Firstly we check that one is the
inverse of the other, so they are bijective, then we note that their construction
involves continuous functions, so they allow us to conclude that the given spaces
are homeomorphic.

|} (y17y27 ’yn) € ([717 1])71

Intuitively we can get R™ by stretching out ﬁ", but this exercise makes that
intuition more rigorous.

Exercise 6.15 (Sce [8], Exercise 6.6(k)). We have D" = R™ for all n > 1.

Solution. We already know that D™ = I from the previous exercise, and this
induces a homeomorphlsm on the boundaries and on the interiors, so that Dn e [n,
Since I = (I)n and I = R, we may conclude that (I) = R" because product of
the same number of homeomorphic spaces, so, replacmg (I ) by the homeomorphic
space D" we get the required homeomorphism Dn =~ Rn,
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7. COMPACT SPACES

We begin to discuss the presence of special cover in a topological space from
which it is possible to extract at least one of prescribed nature.

Definition 7.1 (See [8], Definitions 7.1, 7.2, 7.3, 7.4). A cover (or covering) of a

subset S of a set X is a collection of subsets {U; : j € J} of X such that S C | Uj.
jeJ

If in addition the indexing set J is finite then {U; : j € J} is said to be a finite

cover.

Suppose that {U; : j € J} and {V} : k € K} are covers of the subset S of X. If
for all j € J there is a k € K such that U; =V}, then we say that {U; : j € J} is a
subcover of the cover {V : k € K},

We say that the cover {U; : j € J} is an open cover of S if each Uj, is an open
subset of X. S is said to be compact if every open cover of S has a finite subcover.
S is said to be Lindeldff if every open cover of S has a countable subcover.

Of course, a compact space is Lindel6ff, but R is an example of a non-compact
space which is Lindeloff. Therefore the notion of being Lindeloff generalizes the
notion of being compact.

There are several compact topologies which we have already encountered.

Exercise 7.2 (See [8], Exercise 7.5(a)). If X has the cofinite topology, then X is
compact. Actually each subset of X is compact.

Solution. Recall that Z = {A C X : X — Ais finite}. If {U; : i€ I} is an

open cover of X, then for some k € I the set X — Uy is finite. Since |J U; = X,
=
X —-UixC | U, and denoted by U, an open containing x € X — Uy,

i€l i#k
X = ( U Ux> U Uy

rzeX—Uyg
is a finite subcover, so X is compact. We can apply the same logic to each subset
of S with the induced topology concluding that it is compact as well.

There is no change of argument in the above proof if we replace the cofinite
topology on X with the co-countable topology on X. In fact these spaces are also
compact along with their subspaces. We will see that all the compact subsets of R
are characterized to be closed and bounded, and we will see that [0, 1] is compact
as subset of R with the usual metric, but if we change the topology on R then [0, 1]
is not necessarily compact. This happens in the line of Sorgenfrey.

Exercise 7.3 (See [8], Exercise 7.5(c)). The subset [0,1] of R is not compact, if
we consider in R the topology of Sorgenfrey.

Solution. We argue by contradiction. Let % be the topology on R defined by:
U € Z if and only if for each s € U there is a t > s such that [s,¢) C U. Consider
the collection of open sets {[+,1 — 1) :n € N}. This is an open cover for [0,1]. A
finite subcover must be of the form {[3,1 — 1) : k € K}, where |K| = {ki,...,k,}
is finite. Denoting by T' = max{ks, ..., k,}, we have

U []161—]16) c [;1—;> < [0,1]

keK
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and so [£,1 — £) is strictly contained in [0,1]. Then we have shown that there is
at least one open which is not contained in the original open covering. Here is the
contradiction.

Examples of compact subspaces in R™ are the following
D™, and R= {(s,t) €R*:0<s<1,0<t<4}=][0,1] x [0,4].
Now the following two subsets of R?
A={(s,t,u) € R®: s> +t? <1} = Cylinder with z-axis of symmetry and radius 1;
B = {(s,t,u) € R : t*+4+u? < 1} = Cylinder with x-axis of symmetry and radius 1;
are not compact, because they are not bounded, but their intersection A N B is

compact, since it is closed and bounded. The following exercise formalizes this
intuition and illustrate a part of the famous Heine-Borel’s Theorem.

Exercise 7.4 (See [8], Exercise 7.13(b)). A compact subset of R™ is bounded.

Solution. We will show this by contradiction. Let U be a compact unbounded
subset of R. Then there is x € U such that |x| > K,VK € N by the Archimedean
property of the real numbers. Then {(—n,n) : n € N} is an open cover for U, but
it does not have a finite subcover, since if P is a finite subset of positive integers,
then {(—n,n) : n € P} C (—m,m) where m = max P. This gives contradiction
and shows that U cannot be unbounded. We may argue in the same way when
n > 2. If a subset S of R" is compact and unbounded, then there exists an
x; in © = (x1,22,...,2,) € S such that |z;] > K for all K € N and the cover
{(=n,n) x (=n,n) X .-+ x (=n,n) : n € N} does not have a finite subcover, getting
to a contradiction again. Therefore a compact subset of R™ must be bounded.

We repeat a fundamental step of the proof of the Heine-Borel’s Theorem, just
to emphasize the role of the axiom of completeness when we deal with the usual
metric spaces.

Proposition 7.5 (See [8], Theorem 7.7). The unit interval [0,1] C R is compact.

Proof. Let {U; : j € J} be an open cover of [0,1] and suppose that there is no
finite subcover. This means that at least one of the intervals [0, ] or [3,1] cannot
be covered by a finite subcollection of {U; : j € J}. Denote by [a,b] one of those
intervals, that is [a, b] cannot be covered by a inite subcollection of {U; : j € J}.
Again at least one of the intervals [a1, 2 (a1+b1)] or [ (a1+b1),b1] cannot be covered
by a finite subcollection of {U; : j € J}; denote one such by [ag,bs]. Continuing
in this manner we get a sequence of interval [a1, b1], [az, b2, ..., [an, by]..., such that
no finite subcollection of {U; : j € J} covers any of the intervals. Furthermore
b, —a, = 27" and a,, < apy1 < bpy1 < by, for all n. This last condition implies
that a,, < b, for every pair of integers m and n so that b, is an upper bound for
the set {a1,az,...}. Let a be the least upper bound of the set {a1,as,...}. Since
a < b, for each n, a is a lower bound of {b,bs,...}. Let b be the greatest lower
bound of the set {b,bs,...}. By definition we have a, < a < b < b, for each n.
But since b,, — a,, = 27" we have b — a < 27" for each n and so a = b.

Since {U; : j € J} covers [0,1] and a = b € [0, 1] we have a € U; for some j € J.
Since Uj is open there is an open interval (a —¢,a+¢) C U, for some € > 0. Choose
a positive integer N so that 27 < ¢ and hence by —an < ¢. However a € [an,bn]
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and a —ay < 27N < e, b—by <2V < ¢ so that [ay,by] € (a —&,a +¢) C U;
which is a contradiction to [ay,by] not being covered by a finite subcollection of
{U;j:j €} O

Note that, instead of 2, we can choose any prime p and repeat the same argument.
Another classical result deals with the fact that continuous images of compact sets
are compact. This result is somehow hidden when one studies the well known
Theorem of Karl Weierstrass in real analysis, in fact it is originally due to Bernard
Bolzano, but in a different form.

Proposition 7.6 (See [8], Exercise 7.13(b)). Let f : X — Y be a continuous map.
If S C X is a compact subspace, then f(S) is compact.

Proof. Suppose that {U; : j € J} is an open cover of f(S); then {f~'(U;);j € J}is
an open cover of S. Since S is compact there is a finite subcover {f~*(Uy) : k € K},
K finite. But f(f~1(Ux)) C Uy and so {Uy : k € K} is a cover of f(S) which is a
finite subcover of {U; : j € J}. O

From the previous two results, it follows that each interval [a,b] C R is compact.
Now we show another property of closure of the compactness via subspaces. This
property will involve the notion of Hausdorff space in Definition 8.1.

Exercise 7.7 (See [8], Exercise 7.13(b)). A closed subset of a compact space is
compact. Viceversa, in a Hausdorff space a compact subset is closed.

Solution. Let {U; : j € J} be an open cover of the subset S C X where each
U; is an open subset of X. Since S C |J U; we see that {U; : j € J}U{X — S}
jcJ
is an open cover of X and as X is corjnpact it has a finite subcover. This finite
subcovering of X is of the form {Uy : k € K} or {Uy, : k € K} U{X — S} where K

is finite. Hence {Uy, : k € K} is a finite subcover of {U; : j € J} which covers S.

Let A be a compact subset of X. We may assume that A # @ and A # X
since otherwise it is already closed and there is nothing left to prove. Choose a
point x € X — A. For each a € A there is a pair of disjoint open sets U,, V,
with ¢ € U, and a € V,,. The set {V, : a € A} covers A and since A is compact
there is a finite subcover say {V(1), Va(2), .-+, Va(n)} which covers A. The set U =
Ua1) N Uqe2) N ... N Uy(n) is an open set containing z which is disjoint from each
of the V4(;) and hence U C X — A. Thus each point z € X — A has an open set
containing it which is contained in X — A, which means that X — A is open and A
is closed.

Using the theorems above we can prove one part of the Heine-Borel’s Theorem.

Exercise 7.8 (See [8], Exercise 8.14(n)). A subset of R™ is compact if and only if
it is closed and bounded.

Solution. Let H be a compact subset of R™, then H is bounded from what
we have seen in Exercise 7.4. Also since R™ is a Hausdorff space, H is closed.
Viceversa, let H be a closed and bounded set of R™. Since H is bounded there
exists an interval [a, b] such that H C [a,b]" and [a,b] is compact by Proposition
7.5. H is closed and so it is a closed subset of a compact space, so H is compact.

A way of ensuring the compactness of a graph is given by the continuity of the
underlying function.
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Exercise 7.9 (See [8], Exercise 7.13(c)). Given the function f :z € I =[0,1] —
f(x) = z € R, the subset graph(f) of R? is compact if and only if f is continuous.

Solution. Consider a closed subset C' of R and the projection 7 : (z,¢) €
I xCw w(x,c) =2 € Ionto I. Then f~1(C) = w((I x C) N graph(f)). Since
x € f~Y(C) if and only if f(z) € C, we have (x, f(z)) € (I x C) N graph(f), and
m(x, f(z)) = x, so x € 7((I x C) Ngraph(f)). Also if z € n((I x C) N graph(f)),
then (z,y) € (I x C) N graph(f) for some y € graph(f) and so y = f(x), thus
x € f~1(C). This means that f is continuous.

Since I x C' is closed and I'(f) is compact their intersection is compact. So a
continuous image, 7((I x C) NT(f)) will be compact in I, and therefore closed.
To prove the converse we need only to note that I is compact and since T'(f) is
homeomorphic to I by Exercise 6.4, then it must be compact as well.

Using the previous example, one can offer examples in which it is possible to
note that being closed isn’t enough to get compactness. There are in fact examples
of discontinuous functions g : I = [0,1] — R with a graph which is closed but not
compact. One of them is

1/x, x#£0

0, z=0.

which is discontinuous, with a closed graph that isn’t compact.

g:xel=1[0,1+ g(zx) =

It is useful here to note that the compactness may be deduced only looking at a
basis of the topology. In fact:

Proposition 7.10. Given a basis & for a topological space S, the space S is
compact if and only if any open covering of S, made by elements of %, contains a
finite subcovering.

Proof. Let % be a basis for s, topology on S. Let Z be an open covering of S,

where Z C %. It is clear that we are able to extract from R a finite subcover since

S is compact. Viceversa, assume that # = {4; : i € I} is an arbitrary covering of

S, where A; € %s. Then A; = | B;» for some B;» € A, and £ contains a finite
jeJ

subcover {Bﬂ, s B;Z} Then {A;,, ..., A;, } is a finite subcovering, extracted from

Z. So S is compact. O

The proposition above shows that it is enough to check whether % has a finite
subcovering or not in order to conclude that S is compact, so this illustrates why
the notion of basis is important for a topology. It is possible to present a more
general result.

Theorem 7.11. Given a basis B for a topological space S, the space S is Lindeldff
if and only if any open covering of S, made by elements of B, contains a countable
subcovering.

Proof Let % be a basis for Zg, topology on S. Let R be an open covering of .S,
where Z C %. It is clear that we are able to extract from % a countable subcover
since S is Lindeloff. Viceversa, assume that #Z = {A; : ¢ € I} is an arbitrary
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covering of S, where A; € %s. Then A; = |J B;- for some Bji- € A, and A contains
jeJ
a countable subcover {B;i : k € N}. Then {A;, : k € N} is a countable subcovering,
extracted from #Z. So S is Lindel6ff.
A fundamental result for compact spaces in products of topological spaces is
presented below. We report a classical proof, that uses the so called Lemma of
Alexander.

Theorem 7.12 (Theorem of Tychonoft). For alli € I the product space Il;c;S; is
compact if and only if each factor S; is compact.

The idea is to sketch the main steps of the following result:

Lemma 7.13 (Lemma of Alexander). Given . subbasis of S, if each covering of
S, made by elements of ., contains a finite subcovering, then S is compact.

First recall that . is a subbasis of S if ¥ C %5 and . with the set of finite
intersection of elements of . is a basis for %s.

Sketch of the Lemma of Alexander. Assume S is not compact. There is a covering,
say X, of S that does not contain a finite subcovering and is minimal with respect
to this property. If A € Zy and AjNAsN---NA, C A for some Ap, As, ..., Ay € .,
then at least one of the Aq,..., Ay must belong to %;. Then one can show that
" NZy is an open covering for S and so . N, should contain a finite subcovering
contained in %, and this is impossible. So there is a contradiction. O

We may hence proof the result of invariance of the compactness for products.

Proof of Tychonoff’s Theorem. Let S = {U; : j € J} be an open cover for S,
where J is arbitrary and ¢ € I. Then {S7 x Sg X -+ x S;_1 X U; X Spy1 X ---:j € J}
is an open cover of Il;c;5;. This means that there exists a finite set K C J such
that {S1 X So x -+ X Sp_1 X Ug X Sp41 X -+ : k € K} is a subcover of IL;¢;S;.
Therefore {Uy, : k € K} is a finite subcover of S;.

Viceversa, assume S; is compact and consider {p~1(A;) : A; € %s,} which is
a subbasis for the product topology of IT;c;S;, realised as the strongest topology
making p : Il;c;S; — S; a continuous map. Consider now an arbitrary covering
X of S = ;1 S; which is contained in the subbasis {p™1(A4;) : A; € Us,}. If we
are able to extract from this # a finite subcovering, then it is enough to apply the
lemma of Alexander in order to conclude that S is compact.

In fact it can be checked easily that &2; = {U; € %s, : p 1(U;) € R} is a
covering of S;. Therefore 3 ¢ € I such that &2; is a covering of S; and S; is

h .
compact so 3 U}, ...,Ul finitely many opens of &; such that S; = | U!. Then
j=1

pfl(Ul-j ) = IL;c1S; is a finite subcovering extracted from %, as claimed.
1

Cs

J
O

We now deal with an example of functional spaces. The following exercise is an
example of a topology on a set of functions and involves the so called compact-open

topology.
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Exercise 7.14 (See [8], Exercise 7.13(d) and (e)). Let X,Y be topological spaces
and .7 (X,Y) the set of all continuous functions from X toY. If AC X and BCY,
then write
F(A,B)={feZ(X)Y) : f(A) C B}

and

¥ ={F(A,B) : Ais a compact subset of X and B is an open set of Y}.
Define
w={UcCcFX)Y): feU=3F,...,F, € Lsuchthat fe FiN..NF, CU}.

The set % is a topology for #(X,Y), called the compact-open topology. Further-
more, if X is compact and metrizable and Y is metrizable with metric d, then

d*(f,9) = sup d(f(x),g(x))

defines a metric on .#(X,Y).

Solution. We begin to check the axioms of topology.

o F(A,0) =0 soif f €0 then f e F(A,0) C0. Sobew. F(X,Y)is
trivially in % .

o If f € UU; where U; € % then 3k € I such that f € U, and so

iel
IR, .. F, € Zsuch that f € FiNFy---NF, CU, C YU, So
i€l

U U, e¥.
i€l

° Iff S U1 ﬂUg where Ul,U2 € % then 3 F117F21,...,Fé,Ff,FQQ,...,F% cy
such that f € FINFiN..E} CUjand f € FZNFZN---NF% CUs so
feEFNFIN---NEN---F2CU NU. SoUNUs € %.

m —
In order to check that d* is a metric, we need to check the axioms with an argument
of routine that we have already seen in previous proofs so we omit the details.

The topological space, which is mentioned in the previous exercise, is of funda-
mental importance in functional analysis, see [7].

We end the present chapter, noting that the property of being compact need
not necessarily apply to the entire space, in fact it is possible to formulate a local
notion of compactness. A space X is said to be locally compact if for all z € X
every neighbourhood of  contains a compact neighbourhood of .

Exercise 7.15 (See [8], Exercise 7.13(f)). If X is locally compact, then the evalu-
ation map e : F(X,Y) x X =Y, given by e(f,x) = f(z), is continuous.

Solution. Let U be an open set in Y such that f(x) € U. Then z € f~1(U)
where f~1(U) is open in X. So there is a neighbourhood C, C f~(U) that is
compact with z € C,. Since f(C,) C U, then F(C,,U) is open in .#(X,Y’). This
means that (F(C,,U),C2) isopen in Z(X,Y)x X. So | (F(C;,U),C2)is

zef~1(U)
also open in % (X,Y) x X. We claim that

U (F(C,0),03) = e (V).
zef~1(U)



46 Y. BAVUMA

In fact
e | FECUCCcU= | (F(CU),C3) Ce ' (U).
zef-1(U) zef~1(U)

Conversely,

(fz) € (U) = f(v) €U = f € F(Cy,U)

=z e [NU)= (fo) € (F(CU),C) = (fo)e | (F(CU)C2)
zef~1(U)
Soel(U)C U (F(C.,U),C2) and e~ (U) is open.
z€f~1(U)

If a metric space has a finite subcover, then we can expect to have a measure

of the size of a subset which must be contained in a finite cover. This remark was
originally due to Lebesgue.
Exercise 7.16 (See [8], Exercise 7.13(g)). If X is a compact topological space
arising from some metric space with metric d and if {U; : j € J} is an open
cover of X, then there exists a real number § > 0 (called the Lebesgue number of
{U; : j € J}) such that any subset of X of diameter less than § is contained in one
of the sets Uj,j € J.

Solution. Let U = {u; : j € J}. For every point z € X, select an element
U(x) of U so that x € U(x). Since U(x) is open we can find some radius r(z) > 0
such that B,(;)(x) € U(z). The collection of open balls # = {B.w) (z) : v € X}

2

is clearly an open cover of X. Since X is compact there is a finite subcover, say
B ={Brap (x;):i=1,2,...,n}. Let
2

)= min{r(gi) 1= 1727 ,n}

and suppose that F is a subset of X with

diam(E) = sup{d(a,b) | a,b € E} < 4.
Fix a point p € E. The point p must be in some element of the cover %', say
B% (7). Then let ¢ be any point in E. We have d(p,q) < diam(F) < § < L;)
and so we get

r\T; r(T;
A(a1.0) < dap) + d(p.g) < "0 1 ) o
This shows that E' C B,(,,)(2;). But then £ C B, (5,)(2;) C U(x;) so E is contained

in the element U(x;) of U. 1

We end this chapter with a notion of compactification of a point at infinity. This
is what one is forced to do in absence of a compact space at the origin. Let X
be a topological space and define X*° to be X U {oco} where oo is an element not
contained in X. If % is the topology for X, then define °° to be % together
with all sets of the form V U {oco} where V' C X and X — V' is both compact and
closed in X. The space X°°, endowed of such topology , is called the one-point
compactification of X. It is not difficult to see that S' = R, that is, the unit
circle is obtained as compactification of the real line, adding the point co.

Exercise 7.17 (See [8], Exercise 7.13(h)). The set % > is a topology for X > and
X° is compact. Moreover, X is a subspace of X°°.
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Solution. We check the axioms of topology. Of course, the first axiom is
satisfied.
Assume now U,V e %Z CU>®. Then UNV €e % CU>®. U € % C % and
NU{oc} € {VU{c0} : X —V is compact and closed} then
UN(NU{occh) =(UNN)UUN{c})=UNN)UD=UNV €% CU™.
If UU{oo} and NU{oo} € {VU{o0}: X —V is compact and closed} then
(UU{occ})N(NU{oc})=(UNN)U{oo}.

We conclude that X — (UNN) = (X —U) U (X — N) is compact and closed, since
(X —U) and (X — V) are compact and closed.
Finally, it U; € % C %>, then JU; € % C %#>*. YU, € %4 C %> and

iel
ViU{oo} € {VU{oo} : X =V is compact and closed}, then (|J U;) U (U Vi U
i€l i€l

{o0}) = <U (U; U V;)) U {oo}. Therefore

el

X-Jwuv) =x - <UUiUUI/i>
icl iel iel
= (X— UUZ)Q(X— Um) = (ﬂ(x —UQ)O(U(X—%)) CX-Vi,kel.
iel i€l i€l i€l

Since X — (|J (U; UV;)) is a closed subset of a compact set, it is compact as well. So

i€l

(UU)U(U ViU{oo}) e {VU{oc} X —V is compact and closed}. The missing
i€l i€l
case U; U {oo} and V; U {oo} can be checked in analogy with the previous case.

The fact that X is a subspace of X°° is straightforward from the definitions.
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8. HAUSDORFF SPACES AND AXIOMS OF SEPARATION

In the present chapter we deal with some classical notions, related to the axioms
of separations of Tychonoff.

Definition 8.1 (See [8], Definition 8.1). A space X is Hausdorff if for every pair
of distinct points z,y there are open sets U, U, containing x,y respectively such
that U, NU, =0

The cofinite topology is not Hausdorff in general, but when the entire space is
finite, then it is Hausdorff.

Exercise 8.2 (See [8], Exercise 8.2(a)). A space X with the cofinite topology is
Hausdorff if and only if X is finite.

Solution. Let x,y € X be two distinct points and X Hausdorff. Then 3 U, U,
open sets where z € U,, y € Uy and U, NU, = 0. So X — U, is finite, and since
U, € X —U,, U, is also finite. Therefore (X — U,) UU, = X is the union of
two finite sets and is therefore finite. Viceversa, if X is finite, then x is open since
X — {z} is finite, and so is {y}. Now {z} N {y} =0, so X is Hausdorff.

We know that R with the usual topology is Hausdorff, but here is an example
from using a different topology that we’ve seen before.

Exercise 8.3 (See [8], Exercise 8.2(b)). The line of Sorgenfrey is Hausdorff.

Solution. If x,y € R are two distinct points with z < y, then we can always find

two disjoint opens z € [z, ZF¥) and y € [£££,y + 1) in the topology of Sorgenfrey

2
on R. In fact [z, Z£¥) N [2EY 4+ 1) = 0.

The property of being Hausdorff is invariant under homeomorphisms.

Exercise 8.4 (See [8], Exercise 8.2(c)). Suppose that X and Y are homeomorphic
topological spaces. X is Hausdorff if and only if Y is Hausdorff.

Solution. If X is Hausdorff, z,y € Y distinct points and g : ¥ — X be
homeomorphism, then g(z),g(y) € X and g(x) # g(y). This means there are
Uy, Uy, opens in X, such that U,NU, = 0. On the other hand, ¢~ (U,) and g~ *(U,)
are open in Y, with z € g71(U,), y € g1 (Uy) such that ¢~ (U,) N g~ *(U,) = 0.
Beginning from Y Hausdorff, the argument is analogous.

Actually all the axioms of separation are invariant under homeomorphisms.

Definition 8.5 (See [8], Definition 8.3). Let k be one of the integers 0,1,2,3 or 4.
A space X is said to be a T-space, or a Tychonoff space of type k, if it satisfies one
of the following conditions:

Ty: For every pair of distinct points there is an open set containing one of them
but not the other.

T1: For every pair x,y of distinct points there are two open sets, one containing
x but not y, and the other containing y but not z.

T5: For every pair z,y of distinct points there are two disjoint open sets, one
containing x and the other containing y.
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T3: X satisfies T and for every closed subset F' and every point x not in F' there
are two disjoint open sets, one containing F' and the other containing x.

Ty: X satisfies 71 and for every pair Fy, F5 of disjoint closed subsets there are
two disjoint open sets, one containing F; and the other containing F5.

As mentioned before, all T}, are invariant under homeomorphisms.

Exercise 8.6 (See [8], Exercise 8.4(a)). Suppose that X and Y are homeomorphic
spaces. Prove that X is a Ty-space if and only if YV is a Ty-space (k =0,1,2,3,4).

Solution. The argument which we have seen in the case of Ts, that is, Hausdorff,
may be used for all the cases T}, with k € {0,1,3,4}. Let’s give details just for one
case, omitting the details of the remaining cases which work by analogy. If X is Tp,
x,y € Y distinct points and ¢ : Y — X homeomorphism, then g(z),g(y) € X and
g(z) # g(y). This means there is U, open in X, such that g(z) € U, and ¢g(y) & U,.
Then z € g~1(U,) is open and y & g~ (U,), that is, X is Tp.

While T}, implies clearly Ty _1 for all £ = 1,2, 3,4 by definition, we offer examples
that show that Tj_; doesn’t imply a T} in general.

Exercise 8.7 (See [8], Exercise 8.4(b)). Examples of topological spaces Xg, X1, X2
and X3 with the property that X is a T} but Xj is not a T; for j > k and
k€ {0,1,2,3}.

Solution. Consider Xy = R and Z and the topology % = {Z,), R} with three
opens on R. If xz,y € R —Z and x # y, then an open U, containing x is only R
and an open Uy containing y is only R. Then z,y are distinct and there is no open
in this topology containing x and not containing y. This means that X is neither
To, nor 11, nor Ts, nor T3, nor Ty.

Consider X7 = R with the topology of the left half lines. This space is clearly
77 but is not Hausdorff, since any two distinct points x,y must belong to left half
lines of the form (—oo,a) and (—o0, b), respectively, so their intersection cannot be
empty.

Consider the Moore plane Xo = {(z,y) € R? : y > 0} whose basis elements are
the open disks induced in X5 as well as elements we denote by

Uar = B((a,0),7) N Xy — {(2,0) eR*: 2 € (a —r,a+7) — {a}}.

Then X, with this topology is clearly T5. Any two points not on the z-axis can be
seperated by open balls. A point not on the z-axis can be seperated from a point
on the z-axis by taking an open ball and open half-disk with a sufficiently small
radius. The same goes for two points on the z-axis. However we claim that X5 is
not a T3 space. Consider the following set:

F={(z,00eR*: -1 <z < 1}.

This set is closed because X, — F' can be written as the union of U_;; and Uj;
as well as open balls that do not intersect F. Take the point = (1,0). Then any
open set containing x will contain a set of the form U, or B((1,0),r) where r > 0.
But since r # 0, Uy, and B((1,0),r) will intersect any open set containg F' and
hence X5 is not a T3 space.

We now describe a fundamental property of T5 spaces in terms of local bases.
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Lemma 8.8. X is T3 if and only if V x € X and U, € % (x), local basis for z,
there is a closed neighbourhood of  contained in U, (and containing z). In other
words, a T5 space X is characterized by having a local bases (for its points) of
closed neighbourhoods.

We offer a proof of this fact, since the argument is classical.

Proof. We claim that: "V x € X and z € A = A, 3 closed neighbourhood of z
contained in A”. This is equivalent to the necessary condition.

Take z € X and A with z € A. We have X — A is closed and = € X, so by
definition of T3, they are seperable by two opens X — A C U and « € V such that
UNV = 0. Of course, X —U is closed and X —U C A. Moreover V C X —U. Then
X — U is the closed neighbourhood of x, contained in A, that we were looking for.
Now we prove the sufficient condition. Let z € X and F = F with € F. Then
X — F' is open, so there is a closed neighbourhood K with x € K and K C X — F.
Then = and F are seperated by K and X — K and this is enough to conlclude that
the space is T3. O

We are able to show a classical result which is usually referred as the result of
“normality of regular spaces with countable bases”.

Theorem 8.9. If X is T3 and Na, then X is Ty.
Again we present a proof, in order to see classical arguments.

Proof. Consider F; = F; and Fy = F, such that ) = F; N Fy, x € F;. Note that
X —F,isopen, F; C X —F; and so X — F5 is a neighbourhood of z. By Lemma 8.8,
we may use the fact that a local basis for x is made by closed neighbourhoods of .
Then 3 U, € % (z) such that U, C X — F, and () = U, N F,. By analogy, we may
begin from y € F; and consider V,, € % (y) such that vy CX—-Fiand 0 C Vyﬂ Fy.
This way we get two families: . F = {U, N Fi}zep, and F = {V, N Fy}ycr, which
are done by opens in the induced topologies of F; and F, respectively. Moreover
F1 and F, have countable basis because we may refer to U, and V, as elements
of the countable basis of X that we have by the assumptions. Therefore one may
replace U, by U, and V, by V,,, with n € N. This implies that F; C |J U, and
neN
FKRC U VeandV,NF; =0 and U, N F, = 0 Vn € N. Set now
neN

Ay =Uy, By =Vi — Ay, Ay =Us — By, By = Vo — (4, U A4y),
Ay =Un— (BiU..UBw1), By = Ve — (AU UAy),...

One can check that A= |J A, and B = |J B, are two opens of X and that they
neN neN
are exactly the opens that we need. O

Since metrizable spaces satisfy most of the axioms of separations, one can ask if
the previous argument gives indeed a metrizable space. This theorem is classical
and due to Urysohn (see [5]).

Theorem 8.10 ( of Urysohn). If X is T5 and N, then X is metrizable.

Before to see the details of this proof, we mention a few facts.

Fact 1. Consider any topological space X; with arbitrary index set I and II;c; X;
be the product space of the spaces X;. Define p; : II;c; X; — X; as the projection
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from Il;c;X; onto its j-component, being j € I. Of course, p; is surjective and
continuous. Consider now f; : X — X, where X is an arbitrary space and assume
that f; are all continuous for all j € I. The function v : X — Il;c;X; is such that
the diagram

fi

ILier X5

X X;

is commutative (i.e pj ov = f;), is an embedding (that is X is homeomorphic to
v(X), or equivalently, v is continuous and injective) if and only if X has the weakest
topology, induced by the f; and in addition f; seperates points V j € I, that is

fi(x) # fij(y) for all x #y in X.

Fact 2. (Lemma of Urysohn) Given C and C’ disjoint closed subsets of a
normal topological space X, there is a continuous function f : X — [0, 1] such that

F(C) =0 and f(C") = 1.

Sketch of the lemma of Urysohn. Consider the set
D:{Qﬁn;m,neN,1gmg2n—1}

of the diadic numbers. Of course, D C QN [0,1] and one can see that D is dense

in [0, 1]. In particular, inf D = 0. Put

DnZ{TED:rzzﬂn,lSmgQ"—l}

and note that Dy = {1/2}, Dy = {1/2,1/4,3/4}, ... , so D, C Dy for all n € N.
Define D= |J D,. VreD 3 A, = A, C X such that a) C C A, and 4, NC’ =0
neN
(for all ), b) r < s = A, C A, (We want to show that ¥ r € D there are A, = A,
with these properties. Begin with D; = {1/2}. Since X is normal, that is, X is
Ty, there are 14011/2 C A,y such that C' C Ay, and Zl/Q NC’ = (. Now pass to
Dy ={1/2,1/4,3/4}. Again for r € Dy we may find A, = A, such that C C A,
and ) C A, N C’, by the normality of X. This is of course true in general when
we deal with D,, for n arbitrary large. Then a) is satisfied because if r € D then

there is always some n € N such that r» € D,, (note that |J D,, C D). In addition,
neN
we can always choose r small enough in some D,, in such a way that the condition

b) is satisﬁed.in fact, it is enough to note that D, C D, ; and look for the
corresponding A, and A when r € D,, and s € Dy y1 — D,. Therefore we may
define f: 2 € X — f(x)

1 ifx e A
{infr:z € A} otherwise.

f:xeX—>f(x)—{

We claim that this f is the function that we are looking for. In fact, if x € C', then
x €A ,VreDbya)andso f(C)=0={infr:re CCA,} (VreD). Ifze
then # € A, for all r € D, so f(z) = 1. This means that f(C’) = 1. Until here,
we have shown that f separates the closed C' and C’. It remains to see that f is
continuous. In order to do this, one needs to note that in the present situation
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1. f(z) < r =z € A, In fact, if f(z) < r, then the density of D in [0,1]
shows that there is some s < r such that x € A, C A,, and by b), we have
r e A,

2. r< f(z) =z ¢ A, In fact, if s € D and 7 < s < f(z), then = € A, and so
x € A, (note b) again is used here).

.zeA = flz)<r.

4. 2€ A= f(z) >r.

In fact assuming f(z) < r and = ¢ A,., we have already seen that x € A, C A,,
which is impossible. Using 1, 2, 3 and 4 above, one can show the continuity of f,
concluding the proof. We skip the details here.

O

Now we are ready to prove Theorem 8.10.

Proof of theorem of Metrizability of Urysohn. Since X is No, we have that % gen-
erates the topology % of X and |%| = |N|. Consider

P = {(Bl,BQ) € B x %Eg BQ}
Of course & is countable. Applying Fact 2,V (By1,Bz2) € & 3 fp,B, : X — [0,1]
continuous such that fg,5,(B1) =0 and fg,5,(X — By) = 1. The set
F = {fBle : (BlaB2) € '@}

is again countable. Moreover, if z € X and F' is a closed set not containing x, we
may always find By € £ containing x and By C X — F, so Lemma 8.8 implies the
existence of a closed neighbourhood I of x contained in Bs. Consider now By € 4
and z € By and B; C I. Then B; C I C By. Then we may consider the functions
/BB, € F such that fp,p,(z) =0 and fg, 5, (F) =1, that is, we may apply again
Fact 2 to this specific situation, separating closed sets and points. Then we may
apply Fact 1, that is, we have

fq

Hiezly

X I,

where Iy = [0,1] for all f € F, fq, = fB,.B,, Ig = [0,1] and p, is the projection
onto the factor I,. Note that f; seperates points by closed sets, so separates points
and we may conclude that v is an embedding of X in the Tychonoff cube. Since
II;c4 Iy is metrizable and subspaces of metrizable spaces are still metrizable, v(X)
is metrizable and v being a homeomorphism, this means that also X is metrizable.

O

There is an example of Hewitt that shows a regular Tj-space on which every
continuous real-valued is constant. These type of examples are sophisticated and
deals on this specific problem in the theory of compactifications. Details can be
found in [15], [3], [4], [5], [6], [9], [10], [11]. What we can see more easily is that
the compactness is enough, combined with T5, to give Ty, so, in a certain sense, is
a good property that may replace T3 plus the axiom Ns.

Exercise 8.11 (See [8], Exercise 8.4(c)). Compact Hausdorff spaces are T.
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Solution. Let X be a compact Hausdorff space, and F, F' two disjoint closed
sets in X. Then F, F are compact and, given a € F and b € F, there are disjoint
open sets V,, Uy, where a € V,, and b € Uy. The set {V, : a € E} is an open cover
of E so there exists a finite subcover {V, (1), V,(2), ..., Vo(n)} which covers E. We
can say the same for {U, : b € F} from which it is possible to extract the subcover
{Us(1),Up(2), ...,Up(n)} of F. Note that Uy(i) N Vo(i) = 0 for all ¢ € {1,...,n}.
Now Up = Up(1) UUL(2) U ---Up(n) D F is an open disjoint from each open of
the cover {V,(1),Va(2),...,Va(n)}, so Up is disjoint from V(1) U...U Vy(n) D E.
Therefore we have separated E and F', realizing the definition of T;-space for X.

We can determine the topology on a Hausdorff space which appears as codomain
of a continuous surjective map.

Exercise 8.12 (See [8], Exercise 8.14(a)). Let f : X — Y be a continuous surjective
map of a compact space X onto a Hausdorff space Y. Prove that a subset U of Y is
open if and only if f~1(U) is open in X. Deduce that Y has the quotient topology
determined by f.

Solution. Note that the subset C' of Y is closed if and only if f~1(C) is closed
in X. In fact, if C is closed in Y, then f~!(C) is closed in X since f is continuous.
Viceversa, if f~1(C) be closed in X, then f~1(C) is compact since X is compact,
so f(f~1(C)) = C is compact in Y. Since Y is Hausdorff, C' is closed, in fact in a
Hausdorff spaces all the compact subspaces are characterized to be closed.

Once we have seen this, it is clear that a subset U of Y is open if and only if
f~1(U) is open in X, just working on the complementary of U which will be closed
by definition. Finally, f(X) =Y and U open in Y implies f~!(U) open in X, so
Y has the quotient topology.

Given a continuous map f:z € X — f(z) =y € Y between topological spaces,
the nucleus of f is defined by the set

Ny ={(z1,22) | f(z1) = f(22)} € X x X,

that is, by the elements of X having the same image via f in Y. One can note
that 1 ~ x9 if and only if z1,22 € Ny determines an equivalence relation in X
and that the quotient set X/Ny formed by the equivalence classes modulo Ny (and
equipped by the quotient topology, induced by the natural projection 7 : x € N —
p(z) = [z] N, € X/Ny) is homeomorphic with f(X) with the topology induced by
Y. When X has the additional assumption of being Hausdorff, the following fact
holds

Exercise 8.13 (See [8], Exercise 8.14(c)). Given f: X — Y continuous map and
Y is Hausdorff, the set Ny is a closed in X x X.

Solution. Of course, (X x X) — Ny = {(z1,22) € X X X : f(x1) # f(x2)} and,
since Y is Hausdorff, there are open sets Uy, Us C Y with f(z1) € Uy, f(x2) € Us,
where f(x1) # f(z2) and Uy NUsy = (. Since f is continuous, f~1(Uy) x f~H(Us) is
an open set in X x X and (z1,22) € f~1(U1) x f~}(Us2) C (X x X) — Ny. So Ny
is closed in X x X.

In particular, if we consider the special case of the identic map, then we can
argue in a similar way and conclude that Y is Hausdorif if and only if diag(Y") is
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a closed subset of Y x Y. We can actually characterize a Hausdorff space by the
closure of its nucleus.

Exercise 8.14 (See [8], Exercise 8.14(d)). Let f : X — Y be a map which is
continuous, open and onto. Then Y is a Hausdorff if and only if Ny is closed.

Solution.If Y is Hausdorff, then Ny is a closed subset of X x X by what we have
seen before. Viceversa, if Ny is a closed subset of X x X and (z1,22) € (X xX)—Ny,
then there are open sets Uy, Us C X such that (z1,22) € Uy x Uy € (X x X) — Ny.
So x1 # x9 and 1 € Us, which means f(z2) € f(U2) CY — {f(z1)}, where f(Us)
isopen in Y. So f(z1) is closed in Y and since f is onto this is true for all elements
in Y, thus Y is Hausdorff.

The behaviour of the property of being Hausdorff is illustrated in the next exer-
cise for quotients.

Exercise 8.15 (See [8], Exercise 8.14(e)). Let X be a compact Hausdorff space and
let Y be a quotient space determined by a map f : X — Y. Then Y is Hausdorff
if and only if f is a closed map. In particular, Y is Hausdorff if and only if Ny is
closed.

Solution.If Y is Hausdorff and C' closed of X, then C is compact and f(C) is
compact in Y. Note in fact that continuous images of compacts are compacts. This
means f(C) is closed since Y is Hausdorff. So f is closed. Viceversa, if f is closed,
the space Y, as quotient of X, is completely determined by the surjective mapping
f: X =Y, soif X is compact Hausdorff and f is closed, so is Y. The rest is clear.

An application of the previous results, we show that the top half of S™ can be
looked at as a disc by “flattening”.

Exercise 8.16 (See [8], Exercise 8.14(h)). The projection
(@, 20, tpng) € R™ s fay, 20, oy 1) = (21,22, o 2,) € R™
induces a homeomorphism from the half-sphere of dimension n
ST ={(z1,22, ... Tn+1) € R" ¢ ||z|| = 1,241 > 0} C S* CR™H!
and the closed disk D™ = {z e R" : ||z| < 1}.

Solution. Let fg:S% — D" be induced by f and x € D". Then

Vil =af +a5 4+ 2 <1=0<1— (2 + 23+ - +a3).

If 1 — (234234 +22) = a, then (21,29, ..., Tn, Va) €€ ST so fg is surjective.
On the othe hand7 if (1'17.’1}2, ooy Ly $n+1); (ylayQa ey yn7yn+1) € Dn7 then

e ad el + el = 1S a = /1- @]+t o)

BAG R =15 g =1 R+ i+ )
and fs((z1,22, ... T, Tny1)) = fs((Y1, 92, -, Yn, Ynt1)) implies Zni1 = Ypi1, SO
(1,22, s Zn) = (Y1,Y2, ..., Yn) and fg is injective.
Of course f is continuous because it is a projection and its restriction fg is also
continuous with the corresponding induced topologies on domain and codomain.
Note that Exercise 9.12 applies to fg. In fact S™ is compact Hausdorff and S% is
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compact Hausdorff, because closed in a compact space. Moreover D,, is manifesfly
Hausdorff and S /Ny, ~ D", so D,, can be regarded as quotient space of ST via
fs. Then fg is closed continuous bijective, so it is homeomorphism.

The methods above allow us to regard S™ in a different perspective.

Exercise 8.17 (See [8], Exercise 8.14(k)). There are homeomorphisms such that
K= (Rn)oo ~ Dn/sn—l ~ In/aln

Solution. The homemomorphism between S™ and (R™)> has been described at
the end of Chapter 5 when n = 1. We must indeed consider the stereographic pro-
jection ¢ of Example 5.7 and extending it, sending the northern pole (0,0,...,0,1)
into {oo}. The fact that this realizes a homeomorphism does not need to be re-
checked. The homeomorphism h between D™ and I™ has been seen in Exercise 7.14,
so it does not need to be rechecked here. Of course, h restricts to a homeomor-
phism on the respective boundaries, so the quotient space D"/S"~!, realized by
the identification of points of D™ modulo D" = S™~!, is clearly homemomorphic
to the points of I", identified modulo 9I™. Finally, we consider the function

E:{(z1,. s 20)]gn-r € D"/S" Vs k([ ... p)gn1) € (R™)™,
defined by

(1,...,2n) if (z1,...,2,) € D" — S"71
k([z1, - wn]gna) = { 00 if (z1,...,2,) € S

Of course, two equivalent points in D™/S"~1 are characterized to be either in
Do", in wich case they have the same components, or to belong to the boundary
S"~1 in which case they are mapped onto co. This shows that h is well defined
and injective. The fact that h is surjective is clear by construction. Therefore
h is a bijective function. In particular, we can endow (R™)* with the quotient
topology induced by h, and, since D"/S™"~! is compact and (R™)> Hausdorff, we
may conclude that h is a closed map. This shows that A is homeomorphism by
Exercise 9.12.

Due to the importance of Exercise 9.12, we may generalize it.

Exercise 8.18 (See [8], Exercise 8.14(1)). Let Y be the quotient space of X deter-
mined by the surjective mapping f : X — Y. Suppose that X is a Hausdorff space,
f is a closed mapping and f~!(y) is compact for all y € Y. Then Y is a Hausdorff
space.

Solution. Let y1,y2 € Y and a,b € X such that a € f~1(y;) and b € f~(ys).
Since X is Hausdorff, there are U,,U, opens in X such that a € U,, b € U,
and U, NU, = 0. Now U, C f~Yy1) and U, C f~1(y2). Since f is closed,
Wi =Y - f(X-U,) and Wy =Y — f(X — Up) are opens in Y. Noting that
F(X) — F(U) C (X — 1)), we get

WinWs = (¥ = (X = U)) N (Y = (X =Tp) =Y = (/(X = Us) U F(X = T}))
Y = ((£(X) = fU) U (F(X) = F(U) =Y = (F(X) = (FU) 1 F(T0)))

=Y = (Y = (fW) N F(U)) = (V) (1 F(U3) =0
which implies that Y is Hausdorff.
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9. CONNECTED SPACES

We devote this chapter to the notion of connected topological space. It is a
fundamental notion in algebraic topology, as we will see later on.

Definition 9.1 (See [8], Definition 9.1). A topological space X is connected if the
only subsets of X which are both open and closed are () and X. A subset of X is
connected if it is connected as a space with the induced topology.

A first important property of connected spaces is that they are still connected
under continuous images.

Theorem 9.2. The image of a connected space under a continuous mapping is
connected.

We offer the argument of [8, Theorem 9.4].

Proof. Suppose that X is connected and f : X — Y is a continuous surjective map.
If U is open and closed in Y then f~1(U) is open and closed in X which means
that f~1(U) =0 or X and U = () or Y. Thus Y is connected. O

Another important property of connected spaces is that they are invariant under
unions, provided that there is a common point.

Lemma 9.3. Suppose that {Y; : j € J} is a collection of connected subsets of a
space X. If (| Yj # 0 then Y = |J Y is connected.
jeJ jed
Again it is helpful to see a proof of this fact and we report [8, Theorem 9.6].

Proof. Suppose that U is a non-empty open and closed subset of Y. Then UNY; # ()
for some 7 € J and U NY; is both open and closed in Y;. But Y; is connected so
UNY; =Y, and hence Y; C U. The set Y; intersects every other Y}, j € J and so U
also intersects every Y;, j € J. By repeating the argument we deduce that ¥; C U
for all j € J and hence U =Y. O

We show an argument for the invariance under countably many products.

Theorem 9.4. Let {X,, : n € N} be a collection of topological spaces. Then
,enX,, is connected if and only if X,, are connected for alln € N.

Proof. If the product space is connected, then the factors are connected since we
may use the projections which are continuous maps and Theorem 9.2.

Viceversa, we will use induction on n. Suppose that X and Y are connected.
Since X 2 X x {y}and Y 2 {z} xY forall z € X, y € Y we see that X x {y}
and {z} X Y are connected. Now (X x {y}) N ({z} xY) = {(z,y)} # 0 and so
(X x{y}) U ({z} xY) is connected by Lemma 9.3. We may write

XxY=[J((X x{yhu{z} xY))
zeX
for some fixed y € Y. Since [ (X x {y}) U ({z} xY)) # 0 we deduce that
reX
X x Y is connected. Conversely, suppose that X x Y is connected. That X and

Y are connected follows from Lemma 9.3 and the fact that 7x : X x Y — X and
my : X XY — Y are continuous surjective maps.
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Now X; and X5 connected imply X; x X5 connected. Assume true the result
for n = k and consider n < k + 1. We have Il,<j1X, = Il,,<x X X4 which is
connected by what we have seen before. Therefore the result follows.

O

Of course, one can note that the notion of being path connected is equivalent to
the abstract notion of being connected in R™. This may help the intuition when
we want to figure out connected and disconnected subsets of R™. We report some
examples of connected and not connected subsets of spaces R% and R3. For instance,
{(z,y) : 2® +9y? # 1} = R? — St is disconnected because we cannot join with a
path a point in D? with a point out from D2 keeping the path in R? — S'. For the
same reason, {(z,y,2) : = # 1} = R3 — A is disconnected, where A is the plane of
R3 of equation z = 1. Even here we may split R? in two regions B and C in such a
way that it is impossible to join with a path a point in B with a point in C, keeping
the path in R® — A. Similarly, one can note that R — {2} is disconnected, while
R? — F is connected for any F' C R? of |F| < |N|. In general, one can note that
points disconnect R, points do not disconnect R? (even in a countable number),
points and lines do not disconnect R® (even in a countable number), but planes
disconnect R3, and so on, if we regard R™ as vector space of dimension n and we
put the usual topology on it, then it is possible to note that any vector subspace of
dimension k of R” (and actually a countable number of them) does not disconnect
R™ when k € {0,1,2,...,n — 2}, but for kK = n — 1 we get hyperplanes and they
always disconnect R".

We provide a direct proof for the connectedness of familiar spaces.

Exercise 9.5 (See [8], Exercise 9.8(h)). The punctured space R"™* — {0} is con-
nected, if n > 1. Moreover, S™ and RP" are connected for n > 1.

Solution. Let Y711 = (0,00) X R X --- xR, Y15 = (—00,0) xR x --- x R,
Yg,l =R x (0,00) Xoew XR, YQ,Q =R x (700,0) X --- X R and so on, until Yn+1,1 =
Rx---xRx(0,00) and Yy, 412 = Rx--- xR x (—00,0). All of them are connected
subsets of R"T!, because they are direct products of connected spaces. Denoting
0 = (0,0,...,0) and a generic element of these sequence as Yj; with j € J =
{1,2,..,n+ 1} and k € {1,2}, we note that 0 € Y for all j and k, but, more
important, we have

U Y‘,k — Rt _ {0}
k=12

§j=1,2,...,n41
and so R"*! — {0} is realized as union of connected sets, which are two by two
not disjoint. This fact allows us to conclude that R"*1 — {0} is connected. We
consider the inverse of the stereographic projection, in the form of the function
in Exercise 5.7, but this time we restrict the domain and extend the codomain, that
is, we consider 1 in the following form:

w:xGR”+1f{O}r—>w(x):ﬁ€S".

Of course, 1) is surjective and continuous, so S™ is connected, being a continuous
image of a connected space. On the other hand, RP"™ may be realized as the quotient
space under the continuous action of the multiplicative group G = {—1, 1} with two
elements on S™ via (+1,z) € G x 8™ +— +x € S™. This action induces the natural
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projection 7 : © € S™ — 7(x) = Orbg(x) € S*/G = RP" which is of course
continuous and surjective and allows us to conclude that also RP" is connected.

The following exercise gives an example of using algebra and topology simulta-
neously.

Exercise 9.6 (See [8], Exercise 9.8(k)). Let X be a topological space and {0,1}
the space with two elements with the discrete topology. Define

H(X)={f:X —{0,1} | f is continuous}

and for all f,g € H(X), define (f + g)(z) = f(z) + g(z) mod 2. The function
f + g is continuous and H(X) is an abelian group with respect to this operation.
Moreover X is connected if and only if H(X) has two elements.

Solution. Of course, the sum of two continuous functions is continuous. The
neutral element is the constant function to 0. Therefore one can define —f(z) as
that function that we need to get the constant function to 0 for each f(x). It is
hence easy to check the axioms of abelian group for H(X). A characterization
of connected space is that any continuous function from X to {0,1} (as in our
situation) must be constant. Therefore X is connected if and only if H(X) reduces
to the constant functions to 0 and to 1. This means that H(X) is the group with
two elements.

Let’s introduce now an important notion in this chapter.

Definition 9.7 (See [8], Page 92). A continuous mapping f : [0,1] — X is called
a path in X. A space X is said to be path connected if given any two points xg, 1
in X there is a path in X from zq to x;.

Any space with the trivial topology is path connected, in fact any function whose
codomain has the trivial topology is continuous, so we can always take two points
and join them with a path.

The next result is called the gluing lemma and is a key result for defining op-
erations on functions that will be used in defining the composition of loops in the
fundamental group.

Exercise 9.8 (See [8], Exercise 12.10(c)). Let W, X be topological spaces and
suppose that W = AU B with A, B both closed subsets of W. If f: A — X and
g : B — X are continuous functions such that f(w) = g(w) for all w € AN B then
h: W — X defined by

flw) ifwe A;
h(w):{ g(w) ifwe B.

is continuous.

Solution. Note that h is well defined. Suppose that C is closed of X. Then
R HC)=h"HO)N(AUB) = (' (C)nA) U (C)NnB) = f~HC)ugH(O).

Since f is continuous, f~1(C) is closed in A and hence in W since A is closed in W.
Similarly ¢=1(C) is closed in W. Hence h=1(C) is closed in W and h is continuous.

Now we illustrate a situation which makes non-intuitive the notion of being
connected. There are in fact connected space which are not path connectedness.
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Exercise 9.9 (See [8], Exercise 12.10(d)). Let X = AU B be the subspace of R?
where

A={(z,y):2=0,-1<y<1}and B={(z,y) : 0 <z <1,y = cos(n/x)}.

The space X is connected but not path connected.

Solution. First note that A is connected since it is an interval, and B is con-
nected because it is the graph of a continuous function and is therefore homeomor-
phic to (0,1] (see Exercises 4.5 and 4.6) which is connected. In addition we can
also note that both A and B are path connected.

To show that X is connected, assume that X = U UV, where U,V are open and
closed subsets of X which are disjoint. Assume a € A is an element of U. Then
U is non-empty, and since U N A is open and closed, U N A = A and we have that
A CU. Since U is open in X, 3¢ > 0 such that B.(a)NX CU andso30<b<e
such that (b,cos(xz/b)) € U. This means that U N B is non-empty and both open
and closed, therefore U N B = B, meaning B C U. Hence X = U, which means X
is connected.

Now we prove X is not path-connected. More specifically, we will show that
there is no continuous function f : [0,1] — X with f(0) € B and f(1) € A. This
will be a proof by contradiction. Thanks to the path connectedness of A we can
extend our path to f(1) = (0,1). Choose € = £ > 0. By continuity, for some
small § > 0 we have f(t) € B-((0,1)) N X whenever 1 —§ < t < 1. Consider the
image f((1 —¢,1]), which must be connected since f is continuous and (1 — ¢, 1] is
connected. Let p € (1 —4,1] and f(p) = (x0,y0). Consider the composite function
7o fla—si), and 7 : R x R — R where (z,y) + = is the natural projection. This
function is continuous since 7w and f |(1_5,1] are continuous, so the image of this
composite function is a connected subset of R which contains 0 (the a-coordinate
of f(1)) and x¢ (the z-coordinate of f(p)). But since connected subsets of R must be
intervals, it follows that the set of x-coordinates of points in f((1 — §]) includes the
entire interval [0, zg]. Thus for all 21 € (0, x¢] there exists t; € (1 — 4, 1] such that
f(t1) = (x1,co8(1/x1)). In particular, if 1 = 1/(2nm — 7) for large enough n € N
then 0 < 1 < g yet cos(1/x1) = cos(—m) = —1. Thus, the point (1/(2n7T—7),—1)
has the form f(t) for some ¢y € (1—46,1], and hence this point lies within a distance
of 1/2 from the point (0,1). But that’s a contradiction, since the distance from
(1/(2nm—m),—1) to (0,1) is clearly at least 2 (as is the distance between any point
on the line y = 1 and any other point on the line y = —1).

It is possible to give a more general notion of path connectivity which is local.

Definition 9.10. An open neighbourhood of a point z € X is an open set U such
that € U. A space X is said to be locally path connected if for all x € X every
open neighbourhood of x contains a path connected open neighbourhood of z.

The property of being locally path connected is stable for open subspaces. More-
over R” is both path connected and locally path connected, but there are examples
of path connected spaces which are not locally path connected spaces.

Exercise 9.11 (See [8], Exercise 12.10(j)). If X is locally path connected and
U C X is open in X, then U is locally path connected. Moreover R” is locally path
connected (and every open subset of R™ is locally path connected). On the other
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hand, if X is locally path connected and connected, then X is path connected, (but
the converse is false in general).

Solution Let V' C X be an open neighbourhood of x € U C X, then U NV is
open in X. So 3 N, path connected, open neighbourhood of x in U NV. So U
with the induced topology would be locally path connected since V N U is open in
U and U NN, = N,. This shows the first claim.

Now we pass to the second claim. Let U be a neighbourhood of point x € R"
then 3 € > 0 such that B.(x) C U. Since B¢(x) is homeomorphic to R", and B.(x)
is open, then B.(z) is a path connected, open neighbourhood of . And hence, by
the above, R” is locally path connected.

We give an argument to show the third claim. Let p € X and let F' be the
subset of X that consists of those points in X that can be joined to p by a path
in X. Clearly p € F and now we claim that F' is open. To prove this we need
only recognise that X is locally path connected, therefore there exists an open
neighbourhood of p, U, such that U is path connected. Therefore p € U C F. So
F' is open. We also claim that F is closed. To see this consider G = X — F, this
means that G consists of the points in X that are not path connected to p. Let
q € G, then since X is locally path connected, there exists an open neighbourhood
of g, V, that is path connected. So all points in V' cannot have a path to p or else
there would exist a path connected p to q. Therefore ¢ € V C G. So G is open, and
therefore F is closed. Since F' is non-empty, open and closed in a connected space
X, F = X. And thus every point in X has a path connecting it to p, meaning
every point in X has a path joining it to every other point, so X is path connected.

As an application of the notions of compact topological space and of connected
topological space, one can look at varieties and, in particular, at manifolds.

Definition 9.12 (See [8], Definition 11.1). Let n be a non-negative integer. An
n-dimensional manifold is a Hausdorff space in which each point has an open neigh-
bourhood homeomorphic to the open n-dimensional disc D™ = {z € R™ : ||z|| < 1}.
Note that D" = R"™, so that we could equally require that each point has a neigh-
bourhood homeomorphic to R™. For brevity we talk about an n-manifold. In
particular, compact connected 2-dimensional manifolds are called surfaces.

One can see that manifolds are not only connected but indeed path connected.
Exercise 9.13 (See [8], Exercise 12.10(m)). Connected n-manifolds are path con-

nected.

Solution. In a n-manifold every point has a neighbourhood that is homeomor-
phic to R™ and since R™ is path connected, an n-manifold is locally path connected
and connectes, so path connected by Exercise 9.8.

This is an example that demonstrates that path connectedness does not imply
local path connectedness.

Exercise 9.14 (See [8], Exercise 12.10(0)). The Polish space Y = AUBUC,
A={(z,y):2® +y* =1,y >0}, B={(z,9): -1 <2 <0,y =0},
1
= : < = —si
C {(x,y) O<z<1l,y 251n(7r/:r)}7

is path connected but not locally path connected.
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Solution. A is half circle which is homeomorphic to [a, b], a,b € R by ”straight-
ening” and ”stretching” or ”compressing”. B is also clearly homeomorphic to
[—1,0]. C on the other hand is the graph of a continuous function so it is homeo-
morphic to (0,1]. These sets are all homeomorphic to path connected spaces and
are therefore path connected. Since AN B # () and BN C # (), Y is path con-
nected. On the other hand, let 0 < ¢ < 1. Then B.((0,0)) NY is open in Y, and
B.((0,0))n A =0, B-((0,0)) N B # 0, B:((0,0)) N C # 0. But since BNC = ),
(0,0) cannot be connected to points in B.((0,0)) N C, confirming that Y is not
locally path connected.

We want to end this chapter with another technical notion of connectivity, which
will be clarified later on with the presence of the fundamental group and of its
properties.

Definition 9.15. A topological space X is semi-locally simply connected if every
point z € X has a neighborhood U, with the property that every loop in U (i.e.: a
loop is a path f:[0,1] — U with f(0) = f(1)) can be contracted to a single point
within X.

The word “contracted” will be formalized with the notion of “homotopy” in the
next chapter. For now, let’s think at a contractbile space as a space which can be
reduced with continuity to a single point (in itself), and let’s abuse of terminology
for a moment, thinking at a “simply connected space” as “a space which can be
contracted to one of its points”. The open balls of R™ are examples of contractible
spaces, as suggested by the intution. Now one can see that in the previous definition,
U, need not be simply connected; though every loop in U, must be contractible
within X, the contraction is not required to take place inside of U,. For this
reason, a space can be semi-locally simply connected without being locally simply
connected.

Most of the main theorems about covering spaces, including the existence of a
universal cover, require a space to be path-connected, locally path-connected, and
semi-locally simply connected. In particular, this condition is necessary for a space
to have a simply connected covering space. We will formalize these notions.

The Hawaiian earring H is the topological space, defined by the union of circles

Hn[;le n[_jl{(:c,y) cR? | (zf%)2+y2:%}.

The space H can be seen to be homeomorphic to the one-point compactification of
the union of a countably infinite family of open intervals. Moreover one can also
show that H is a compact and complete metric space. The main reason why we
talk about H in this chapter is that H is path connected but neither semilocally
simply connected, nor simply connected. Among its interesting properties, one can
find that its fundamental group 7(H) contains the free group F(X) with X set of
generators of | X| = |N| as a proper subgroup. Another very interesting property of
(X)) is that it embeds into the inverse limit of the free groups F,, with n generators,
where the bonding map from F,, to F,,_1 send each generator in itself, except for
the last one which gets to the identity element. Moreover |7(X)| > R| and 7(H) is
not a free group. There are several more interesting properties of this group, and
recent investigations are mentioned in [1].
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10. HOMOTOPY AND FUNDAMENTAL GROUP

We begin to formalize the notion of “deformation with continuity” which we
have used until here in an intuitive way, or via equivalence relations, or via actions
of groups, in different contexts.

Definition 10.1 (See [8], Definitions 13.1, 13.2, 13.5). Two continuous maps
fo, f1: X = Y are said to be homotopic if there is a continuous map F : X x[0,1] —
Y such that F(z,0) = fo(z) and F(z,1) = fi(x) for all z € X. When this happens,
we briefly write fo ~ f1

Suppose that A C X. We say that fy is homotopic relative to A, if fy is homo-
topic to f1 and A is fixed by F' in its first variable, that is, F(a,t) = fo(a) for all
a € Aand t €0,1]. In this case, we write fo ~4 f1.

In the special case of [0,1] as domain of fy, f; and X as codomain of fy, f1 and
{0,1} = A, we say that fo ~q0,13 f1 (or briefly fo ~ fi1), if there is a continuous
map F : (t,s) € [0,1] x [0,1] — X such that F(¢,0) = fo(t), F(t,1) = f1(¢),
F(0,s) = fo(0), F(1,s) = fo(1) for all s,¢ € [0,1]. This means that F' is deforming
the path fo with continuity to the path f; (with continuity within X), fixing the
extremes fo(0) = f1(0) and fo(1) = f1(1) along the deformation.

Now we have a formal meaning for the adjective “deformation”: a space X
is homotopically equivalent to a space Y, if there are two continuous functions
fo: X =Y and f; : Y — X such that foo f; ~ 1y and f; o fo ~ 1x. The
adjective “contracted” has now a formal meaning: if X is homotopically equivalent
to a point, we say that X is contractible (or that X can be contracted to a point).
A cone and a cylinder are clear examples of contractible spaces.

Exercise 10.2 (See [8], Exercise 13.4 (a)). Let X be a space, f : S' — X a
continuous map. Then f is nullhomotopic (i.e. homotopic to a constant map) if
and only if there is a continuous map g : D?> — X with g|St = f.

Solution. Assume f is nullhomotopic and F' the homotopy such that F(z,0) =
¢, where ¢ is a constant map, and F(z,1) = f(x) for all z € X. We may consider
the continuous function

S

W:SEDQ*—HT(S)z( |s|)€Sl><[O,1]

|s|’
and define g : D> — X by ¢ = F on. Now the restriction g|S! is continuous
(because restriction of the composition of two continuous functions) and

g8t iz e 8 s g|Si(a) = F( ,|:c|> = F(z,1) = f(z) € X.

x
|z
Viceversa, if there is a continuous map g : D? — X with g|S! = f, then h :
(z,t) € St x [0,1] — h(z,t) = xt € D? is continuous because multiplication of two
continuous functions and F' = g o h has the desired properties.

It is possible to give more sophisticated notions of deformation, looking at the
nature of the fixed points along the homotopy.

Definition 10.3. A subset A of a topological space X is a retract of X if there is
a continuous map 7 : X — A, called retraction of X onto A, such that roi =14,
where i : A — X is the inclusion map.
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In the same situation, we say that A is a retract of deformation of X, if jor ~ 1x,
or, that A is a strong retract of deformation of X, if ior ~4 1x, or, finally, that A
is a weak retract of deformation of X, if roi~14.

A classical example of strong retract of deformation is offered by
X =CuC ={(x,y) eR* | (e = 1)’ +¢” = 1FU{(z,y) € R* | (x+ 1)’ +¢° = 1}

with the topology induced from the usual topology on R2. Here (0,0) is strong
retract of deformation of X.

On the other hand, a strong retract of deformation is clearly a retract of defor-
mation, but the viceversa is false. The subset St x {(zo,0)} is a retract of S x S*
via 7 : ((2,9), (2,t)) € ST x ST = ((x,9), (20,t0)) € S* x {(20,t0)}, which act as
projection on the first factor, but S* x {(z0,%0)} is not a strong retract of deforma-
tion of S* x S!. The following exercise gives us another example of homotopically
equivalent spaces via the notion of retract of deformation.

Exercise 10.4 (See [8], Exercise 13.10 (a)). The Mobius strip and the cylinder are
homotopically equivalent.

Solution. First of all, we need to note that two homeomorphic spaces are
homotopically equivalent (while the viceversa is not true in general). Let M =
([0,1] x [0,1])/ ~, where ~ the relation (x,y) ~ (2/,%') if and only if (z,y) =
(',y"), or {z,2’} = {0,1}, and y = 1 — y’. This space M denotes the Mobius
strip. The subset A = {[(z,y) € M : y = 0.5} of M is homeomorphic to
[0,1] and it turns out to be homeomorphic to S* (by one of the exercises that we
have seen previously). Now the functions r : [(z,y)] € M — [(2,0.5)] € A and
i:[(z,0.5)] € A~ [(2,0.5)] € M satisfy the condition r o7 = 14. On the other
hand,

F:([(z,9)],t) € M x[0,1] = [(z,0.5t+ (1 —t)y)] € M

is an homotopy between 14 and 1x since
F([(z,9)],0) = [(2,0.5-0+ (1 = 0)y)] = [(z, (1)y)] = [(z, y)]
F([(z,y)],1) = [(#,05-1+ (1 - 1)y)] = [(¢,0.5 4 (0)y)] = [(=,0.5)]
F([(z,0.5)],t) = [(z,0.5t + (1 — t) - 0.5)] = [(z, 0.5t + 0.5 — 0.5¢)] = [(x,0.5)]

Actually we have shown that A is a deformation retract of M, but A is homemo-
morphic to S, so this means that S' is a deformation retract of M. Since S' is
a deformation retract of the cylinder, we may conclude that S is a deformation
retract of both the cylinder and the Mobius strip. This means that the cylinder and

the Moebius strip have the same homotopy type of the circle, and, by transitivity,
the cylinder and the Moebius strip must have the same homotopy type.

One way is to check that a space X is contractible if and only if the identity map
1: X — X is homotopic to a constant map. The proof of this fact is elementary
and involves just the way in which one has to write the homotopy.

We come back to the notion of connectivity that we have seen in previous chap-
ters, in order to see that it is invariant under homotopies.

Exercise 10.5 (See [8], Exercise 13.10 (d)). If X is connected and homotopically
equivalent to Y, then Y is also connected.
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Solution. Since X and Y are homotopically equivalent, 3 f : X — Y and
g:Y — X. Let Y = UUYV as disjoint union of open and closed sets. Then
X = f7YU)U f~YV) is also a disjoint union of open and closed sets. As X
is connected this implies that one of these is the empty set, say f~1(U). Then
fog(Y)CV (since f7}(V) = X), and since fog~1:Y — Y via a homotopy,
say F to Y. That is F(Y,0) C V, while F(Y,1) =Y. We find that for any y € Y,
there is a path (we get by varying only the second component of the homotopy) to
f(g(y)) € V. So every point y in Y is path connected to V', so it follows then that
y cannot be in U, that is U = (). We conclude that Y is connected.

An interesting example is the following.

Exercise 10.6 (See [8], Exercise 13.10 (e)). A retract of deformation is obviously
also a weak retract deformation but the converse is not true in general and the
following example shows this fact.

Solution. We consider an example, reported from [16]. Let
A={(z,y) eR*:0<y<l,z=0o0rz=1/n,n¢c N}
UW(z,y) eR?*:y=0,0< z < 1}

- (g{i} % [0, 1]) U ([0, 1] x {0})

be a comb space, and let X = [0,1] x [0, 1].

Then A is a weak retract of X because both A and X are contractible. We show
that A is not a retract of X. Suppose that there were a retraction r : X — A. Let
zo = (0,1) € A. Then 7(xg) = 2. Let U = By /2(2¢) N A be an open neighborhood
of xg. There is an open neighborhood V of zg in I? such that 7(V) C U. Let ¢
be a small positive number such that B.(z) N 12 C V. Since B.(zo) N I? is path-
connected, the image r(Be(x¢) N I?) C U is path-connected in U. Let m # n be
positive integers such that 1/m, 1/n < e. Then (1/m,1),(1/n,1) € r(Bc(x) N I?)
because 7 is a retraction and so there is a path \ in 7(Bc(x9)NI?) C U joining them.
This contracts to (1/m, 1) and (1/n,1) lie in different path-connected components
of U.

We offere another example of retract in a product space.

Exercise 10.7 (See [8], Exercise 13.10 (h)). Let A be a subspace of X and let YV’
be a non-empty topological space. Then A XY is a retract of deformation of X xY
if and only if A is a retract of deformation of X.

Solution. Assume A x Y is a retract of X x Y. So we may consider r : X —
Y — AXY such that roigxy = laxy, withiaxy : AXY — X XY inclusion map.
Since X is homeomorphic to X x {yo} via an homeomorphism g, we may consider
the natural projection m : X x Y — X on the first factor and i4 the inclusion
map of A into X, getting r1 = morog from X to A. This function is continuous
and (1 014)(a) = 7(r(g(i(a)))) = m(r(g(a))) = 7(r(a,yo)) = T(a, yo) = a, hence
rioia = 14 and A is a retract of deformation of X.

Viceversa, if A is a retract of X and r : X — A the retraction such that
roig = 1a, where iy : A — A is the inclusion map, then A x Y C X x Y. We get
r1:(z,y) € X XY = (r(z),y) € AXY as required retraction and, considering the
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inclusion map i1 : A XY — X x Y, we have indeed 71 041 = 1laxy. So Ax Y isa
retract of X x Y.

This exercises is a proof of the transitivity of the relation “is a retract of” in the
category of all topological spaces with corresponding homomorphisms. We have
already used this fact at an intuitive level in the final part of Exercise 10.4.

Exercise 10.8 (See [8], Exercise 13.10 (i)). The relation ‘is a retract of” is an
equivalence relation in the category of topological spaces.

Solution. Of course, the aforementioned relation is reflexive and symmetric.
Let’s show that it is transitive, that is, if A is a retract of B and B is a retract of
C, then A is a retract of C. If A is a retract of B so A C B, there are a retraction
r1 : B — A and an inclusion i1 : A — B such that r1 oi; = 14. The same happens
for B retract of C' via ro : C' — B and i9 : B — C such that ry o iy = 15. Hence
ACBCCandrg =riorg : C — A and i3 = iy o i1 realize the definition of
retracted of deformation A of C.

This illustrates how the circle is a deformation retract of the punctured plane.

Exercise 10.9 (See [8], Exercise 13.10 (k)). Given z¢ € R?, S! is a strong defor-
mation retract of R? — {z}.

Solution. The circle ||z —zo|| = 1 is translated from the unit circle dB;(0) with
center at the origin and radius one, shifting the origin in xg, and let 9B;(zg) be
this translated circle. The functions

Tr — X

rixeR + 20 € OBy (x0) and i : y € OBy (xp) — y € R?

[l = ol

are continuous and such that (r 04)(y) = r(y) so that

Flz,t) =t (

is the homotopy needed. In fact for all a € dB;(z) and z € R?

r—x
2 +x0) +(1—t)
l = ol

Tr — X9
F(z,0) =0 ——20_ 1—0)z =
Fla,)=1( 2" 4o+ -1Dz=-2"20 14,
|z — ol | — |

a—Xp a — Xo

F(a,t)—t( +x0)+(1t)a—t<

=tla—xzo+xzo)+ (1 —t)a=ta+ (1 —t)a=a.

—_ +x0) +(1—t)a
la — ol

Another useful example of a strong deformation retract is the following.

Exercise 10.10 (See [8], Exercise 13.10 (1)). Let T be a torus, and X the comple-
ment of a point in T'. Then there is a subset Y of X, homeomorphic to

CLUCy ={(z,y) €R* | (@ = 1)* +¢° = B U{(z,9) eR* | (w+1)* +¢° = 1},

and Y is a strong deformation retract of X.
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Solution. We consider the torus as M = [—1,1] x [—1,1] with the relation
~ given by (z,y) ~ (2/,y’) if and ounly iff (z,y) = (2/,y’) or {z,2'} = {-1,1}
and y = ¢ or x = 2’ and {y,y’} = {—1,1}. In other words, T = M/.. Note
that 0T is homeomorphic to C; U Cy. We will show that this subset is a strong
deformation retract of X = T — {[(0,0)]}. In order to see this, it is enough to
consider F': T x [0,1] — T, defined by

F([(z,y),t) = [(1 = )z, (1 — t)y)] + [(t, ty)]

max{|x|, [y}’

which is clearly well defined and continuous. Moreover, F([(x,¥)],0) = [(z,y)],
F([(z,y)],1) = % is on the boundary of T and F([(z,y)],t) = [((1 —

tz, (1 —t)y)] + [(tx, ty)] = [(z,y)] for all [(z,y)] € OT, so the image of the points
of 0T in T — (0,0) form a strong deformation retract.

The following shows the role of being Hausdorff in the retracts.

Exercise 10.11 (See [8], Exercise 13.10 (n)). A retract of a Hausdorff space must
be a closed subset.

Solution. Let x € X — A, since r is a retraction onto A we have that r(z) € A,
and so r(z) # x. Since X is Hausdorfl 3 V, W disjoint open sets containing x
and r(x) respectively. Since 7 is continuous it follows that r=!(W N A) is open
(W N A is open in A) and since r(z) € W. We have that = € r—1(W N A), so
U=Vnr=}(WnA) is also an open neighbourhood of z. If y € U then r(y) € W
and since V' and W are disjoint we have that r(y) ¢ V, but since y € V it follows
that y # r(y), and so y € A since otherwise r(y) = y. Therefore U is an open
neighbourhood of x which is disjoint from A.

Two continuous maps in R™ are homotopic, when they are homotopic within
subspaces.

Exercise 10.12 (See [8], Exercise 13.10 (0)). Let Y be a subspace of R" and
fig: X = Y be two continuous maps. If for each z € X, f(x) and g(z) can be
joined by a straight-line segment in Y, then f ~ g. In particular, any two maps
f,9: X — R™ must be homotopic.

Solution. The straight line segment that joins f(z) to g(x) is the set {(1 —
t)f(xz)+tg(z) : t € [0,1]}, and this holds for all z € X. Therefore F': X x[0,1] = Y
defined by (z,t) — F(z,t) = (1 —t)f(z) + tg(z) is an homotopy. Since we can find
a straight line segment joining any two points in R™, any two continuous functions
f,9: X — R™ must be homotopic.

We give a technical variation of the idea which is behind a well known theorem
of fixed point, due to Brower.

Exercise 10.13 (See [8], Exercise 13.10 (p)). Let X be any space and let f,g :
X — S™ be two continuous maps such that f(r) # —g(z) for all x € X. Prove
that f ~ ¢g. In particular, if f : X — S™ is a continuous map that is not surjective,
then f is homotopic to a constant map.

Solution. Consider the function F : X x [01] — S™ be defined by

(1-t)f(z) +t(g)

(2,t) = F(x,t) = (1 =) f(x) + tg(x)|
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This is continuous as long as

(1 =) f(x) +tg(z)]| # 0
which will be the case for all (z,t) € X x [0, 1] because

t
11~ 0)7(@) +t9()| =0 = (1= 0)f(@) +tg(x) = 0= f(2) = T (~g(z)
and this can only happen when
t t

— =1l —=1=t=1-t=2t=1

1—t 1—1¢
that is when

0.5

f@) = == (~g(@)) = ~g(@)

but we assumed is never the case for all x € X. In addition, if f : X — S™ is
a continuous map that isn’t surjective, then it is homotopic to a constant map
g: X — S™ where z — ¢, and f(x) # c for all z € X.

Because of the gluing lemma, we may define the multiplication between paths.

Lemma 10.14 (See [8], Lemma 12.1). If f and g are two paths in X for which the
final point of f coincides with the initial point of g then the function fxg : [0,1] = X
defined by

(f+g)(t) =

f(2t) if0<t<3;

g2t —1) if 3 <t<1.
is a path in X.

We do not repeat the proof of the above lemma, but we stress the fact that
the re-parametrazation that we need, in order to define a new path, by gluing two
paths such that the final point of the first is equal to the starting point of the other,
may be done in a different way. Below there is another possible re-parametrization,
which can allow us to define the multiplication of two paths.

Exercise 10.15 (See [8], Exercise 13.4 (¢)). Let 0 < s < 1. Given twp paths p
and ¢ with p(1) = ¢(0) in X,

p(t/s) 0<t<s;
h(t) =
qg((t—s)/(1—3s)) s<t<1

defines a multiplication path h ~ p x q.

Solution. First of all,

p(2t) 0<t<3;
(p*q)(t) =
q2t—1) 3<t<1
Then we consider
p(% (1 -2s0)) 0<t<s—B(s— 1)

F(t>6) =

3 (-2 () oo pzes
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which is continuous, since it is a composition of continuous functions, and realizes
the required homotopy, relative to {0, 1}, since F(0,3) = p(0) and F(1,5) = ¢(1)
for 8 € [0,1].

For a path f let f be the path given by
F(t)=f(1-1t)
for all ¢ € [0, 1L It is easy to see that f ~ g if and only if f ~ g. Moreover, if f is a
loop, then fx f gives the constant path to the base point of the loop, which means
that we may look at f, up to equivalence classes modulo the homotopy relative to
{0,1}, as the inverse elements of f with respect to the operation *, which we have

just defined. The operation * is in fact compatible with the homotopies of loops.
The following exercise gives us an important result for compositions of functions.

Exercise 10.16 (See [8], Exercise 13.4 (e)). If fo and f; are paths from X to Y
homotopic relative to A and g : Y — Z is a continuous map, then go fy is homotpic
relative to A with go fi.

Solution. Let F' be a homotopy between fy, f1 and ¢ € [0,1]. Then go F :
X x I — Z realizes an homotopy between g o fo and g o f;. Moreover, one can see
that this homotopy doesn’t depend on t, so it is relative to A.

We expect that composition of functions that are homotopic to one another will
preserve the homotopy relation.

Exercise 10.17 (See [8], Exercise 13.4 (f)). Suppose that fy ~ f; from X to Y,
and go ~ g1 from Y to Z. Then g o fo ~ g1 © f1, defined from X to Z.

Solution. The logic of solution is very similar to that of the previous exercise,
so we omit the details.

What we have seen until now will allow us to consider on the topological space
X the set

m(X,z0) ={[f] | f:[0,1] = X is a loop with basis at o = f(0) = f(1)}
of equivalence classes

[f1=49:10,1] = X [ g~ f and g(0) = g(1) = xo}
of loops which are homotopic to f (relative to {0,1}), and, using the * product as
binary operation, one can endow the set w(X,zg) of the structure of group with
neutral element [e,,], where €,, denotes the constant loop at xg, and inverse f for
each loop f.

In this situation one can consider a continuous map ¢ : X — Y betwen X and
another topological space Y and take [f],[g] € 7(X,z0). The compositions ¢ o f
and @og turn out to be loops in Y and, if f ~ g, then also po f ~ pog. The details
can be checked easily. This allows us to define the so called induced homomorphism,
when we have a continuous map like ¢, and it is given by

o« i [fl € m(X,20) = @u([f]) = [0 o f] € m(Y, (20))
which turns out to be a homomorphism of groups with respect to *. The next
two exercises show that we cannot expect the induced homomorphism to behave
like the continuous mapping: in order words we may have injective continuous
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functions which do not induce necessarily injective induced homomorphisms on the
fundamental groups.

Exercise 10.18 (See [8], Exercise 15.11 (a)). We give an example of an injective
continuous map ¢ : X — Y for which ¢, is not injective.

Solution. Assume to know that 7(S',z) = Z and that 7(D? z) = 0. Let
¢ =i : 8! = D? be the inclusion map. This is injective, continuous map. This
induces an homomorphism ¢, from (S, z) to 7(D?, z), but it cannot be clearly an
injective homomorphism of groups, because it would imply |p. (7(S*, z))| = |Z| < 1,
which is a contradiction.

In a similar way, we can provide examples of surjective continuous maps which
do not induce surjective homomorphisms on the fundamental groups.

Exercise 10.19 (See [8], Exercise 15.11 (b)). We give an example of a surjective
continuous map ¢ : X — Y for which ¢, is not surjective.

Solution. Let f : R?> — R be the natural projection of the first component
of R2, then f|p> is continuous and f|p2(D?) = [~1, 1], which is homeomorphic to
[0, 1], via a homeomorphism say g. We have already seen that it is possible to define
a quotient map p from [0, 1] to S, identifying the boundary {0, 1} of [0,1] via an
appropriate equivalence relation ~ that allow us to regard [0,1]/ ~ as S'. Then
© =pogo f|pe is a surjective continuous map from D? to S!, but 7(D? z) =0
and 7(S*t, p(r)) =2 Z, and therefore ¢, cannot be surjective.

The real situation when we cannot distinguish two maps that induce the same
homomorphism on the fundamental groups is when they are homotopic.

Exercise 10.20 (See [8], Exercise 15.11 (d)). Two continuous mappings ¢, : X —
Y, with ¢(z¢) = ¥(x¢) for some point 2o € X, induce the same homomorphism
from (X, zo) to 7(Y, ¢(x0)), if ¢ and ¢ are homotopic relative to zg.

Solution. Let f be a closed path in X, then ¢f and 9 f are closed paths in Y.
And since ¢ are 1 are homotopic relative to zy then so are g o f and ¥ o f. This

implies p.[f] = [po f] = [¥ o f] = Y. f, and since p(zg) = Y(z0), @, 1 induce the
same homomorphism from 7(X, z¢) to 7(Y, ¢(z0)).

Let’s see what happens for retractions and inclusions. In this situation, then,
yes, surjective (resp., injective) continuous maps induce surjective (resp. injective)
homomorphisms on the fundamental groups.

Exercise 10.21 (See [8], Exercise 15.11 (e)). Suppose that A is a retract of X
with retraction r : X — A. Then i, : 7(4,a) — 7(X,a) is a monomorphism and
ry : (X, a) = 7(A,a) an epimorphism for any point a € A.

Solution. If [f],[g] € 7(A,a) and 14 : A — A is the identity map. Then

(f1# gl = Lo fl#[Logl=[roicfl#[roiog]
= rulliof]) # re(liog)) = [io fl # [icg] = i([f]) # ix(lg])-

So i, is a monomorphism. To see that r, is an epimorphism consider [f] € 7(A4, a),
obviously i.([f]) = [i o f] € (X, a), and

re(lio f]) =[roio fl=[(roi)o fl=[f].
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So 7, is an epimorphism.

The above exercise suggest the presence of an interesting condition of splitting
when we have retracts of deformations

Exercise 10.22 (See [8], Exercise 15.11 (f)). With the above notation, we have
m(X,a) ~ i (m(A, a)) X kerr,.

Solution. We have the following diagram
1— W(A,a)i—*Mr(X, a)—m(Aa) — 1,

where i, is an injective homomorphism of groups and r, a surjective homomorphism
of groups. Moreover i,(m(A,a)) = kerr*. Now one can see that there is the
first theorem of homomorphism of groups that can be applied and this shows that
m(X,a) ~i.(m(4,a)) x kerr,.

This exercise shows how being able to deform a space into another one preserves
the structure of the loops.

Exercise 10.23 (See [8], Exercise 15.11 (g)). If A is a strong deformation retract
of X, then i, : 7(4,a) = (X, a) is an isomorphism for any point a € A.

Solution. We have already seen that ¢, is a monomorphism, all that is left is to
prove that it is an epimorphism as well. First note that since tor ~.a 1: X — X
(where r is a retraction from X to A), then if f is a closed path in X, ioro f is
homotopic to f relative to A. So for [f] € 7(X,a), r«([f]) = [r o f] € 7(A,a) and
50 ix([ro f]) = [ioro f] = [f], as claimed.

There is another example of mappings that can induce isomorphisms: any map
which is homotopic to the identic map. The proof of this fact is elementary and
involves the way of writing an homotopy between the given map and the identic
map. We omit the details, since we have already seen the argument in similar
situations.

Let’s show that the sphere S™ is always contractible, provided n > 2.

Exercise 10.24 (See [8], Exercise 15.16 (c)). Suppose that X = U UV with U,V
open and simply connected and UNV path connected. Then X is simply connected.
In particular, S™ is simply connected for all n > 2.

Solution. First note that X is path connected. If U = V then X is simply
connected. Otherwise let * € U and ¢ V then #n(X,z) = n(U,z) = {1}, and
since X is path connected it follows that X is simply connected as well. Let
U=5"-{(1,0,...,00}and V = S™—{(0, ...,0, 1)}, then U and V are homeomorphic
to R™ n > 2, which is a contractible space. See Exercise 4.7 for details. Clearly
U NV is path connected for all n > 2, therefore S™ is simply connected.

We end this chapter with an important example of algebra and topology, in
which the notion of fundamental group is involved.

Definition 10.25. A topological group G is a group that is also a topological space
in which the multiplication p : (g1,92) € G x G — u(g1,92) = g192 € G is a
continuous map and the inverse v : g € G +— g~ ! € G is continuous as well.
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Topological groups play an important role in several branches of pure and applied

mathematics: from algebraic topology, to group theory, to Lie theory, and finally
to Dynamical System.

Exercise 10.26 (See [8], Exercise 15.18 (d)). Let f,h be closed paths on a topo-
logical group G, based at the identity element of G and define for all ¢ € [0, 1]
(f - h)(t) = p(f(t), h(t)).

Then fxh ~ f-h ~ hx f and 7(G,1) is abelian. Furthermore v, and p. are
homomorphisms.

Solution. A homotopy F between f * h and f - h can be defined as follows:

F@ROA = s) + su(f(t), h(1)) 0<t<3;
F(t,s) =

h(2t = 1)(1 = s) +sp(f(t),h(t)) 5 <t<L

F is continuous since it is the gluing of a composition of continuous functions. And

f(2t)(1 = 0) + Op(f(t), h(t)) 0<t<3;
F(t,0) =
h(2t = 1)(1 = 0) +0u(f(t), h(t)) 3 <t<1.
f(2t) 0<t< i
{ h(2t—1) $<t<1.
= (f*h)(?)
while
F@O =)+ 1u(f(t), k()  0<t<d;
F(t,1) =
(2t —1)(1 = 1) + 1u(f (1), h(t)) §<t<1

{ p(f(t),h(t)) 0<t <3

p(f(t),h(t)) 5 <t<1
= pu(f(t),h(t)) = (f - h)(t)

A homotopy G between f - h and h - f can be defined as follows:
h(2t)s + (1 = s)u(f (), h(t)) 0<t<;
G(t,s) =

F2t—1)s+(1—s)u(ft),h(t) L<t<l.
which is also continuous. Moreover

{ h(2t)0 + (1 — 0)u(f(t), h(t)) 0<t< 3
G(t,0) =

ft =104 (1= 0)u(f(t),h(t) 3<t<1.
u(f(t),h(t)) 0<t<i

p(f(t),h(t) 5 <t<1

= u(f(t),h(t)) = (f - h)(t)
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while
h(2t)1 + (L= )u(f(t), h(t)) 0<t<3;
G(t,1) =
FRE=D1+ (1= Du(f(t),h(t) $<t<1
h(2t) 0<t< 3

=(f+h)®)

So let [f],[h] € m(G,1), keeping in mind that f - h is also a loop based at 1
since (f - h)(0) = pu(f(0),h(0)) = f(0)h(0) = 1 and (f - h)(1) = pu(f(1),h(1)) =
FA(1) = e, we get

[f1=[h] = [f = h] = [f-h] = [h* f] = [h] * [f]
so (G, 1) is abelian.
Finally, it is easy to check that v, and p, are homomorphisms of groups.

We will endow S! with the structure of topological group via the observations
we have just made.

Exercise 10.27 (See [8], Exercise 15.18 (e)). For S* C C define p: S* x St — St
by p(z1,22) = 2129, and v : ST — S! by v(2) = 27 1. Then S! can be regarded as
a topological group and 7(S*, 1) is an abelian group.
Solution. Let e™, e? e’ ¢ ST
(1) ewie¢i — eTri+¢i _ e(ﬂ'—i—d))i
(2) (eTieti)eri — (m+)igpi — (m+)itni — ((+6)+p)i — ((mtdtp)i — o(m+(dtp))i
= e”i+(¢+P)i = eﬂie(¢+P)i = eTri (e¢i6pi)
(3) 1e™ = lipmi — €(0+7T)i = Tt = e(7r+0)i = Tie0l — omi]

(4) e~ Tl — e(—71'-‘,—‘11')2' =0l =1 =0 = e(Tr—Tr)i — oMl

We already know that S! is a topological space, so it is topological group. What
we have seen above allows us to conclude that 7(S*, 1) is an abelian group.
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11. MAIN NOTIONS ON THE COVERING SPACES

Given two topological spaces X and X , a continuous surjective map p: XX
is called a covering map if for all z € X, there exists an open neighborhood U of z
such that
p'(U) = |J Ui, where U; N U; =0 Vi # j
icl
and
p|U; : U; — U is homeomorphism Vi € I.

In this situation the space X is called a covering space for X. For any point x,
plx)={Tec X |p@) =2}

is necessarily a discrete space, called the fiber over z. The special open neighbor-
hoods U of z, involved in the definition of covering map, are said to be evenly
covered neighborhoods and they form an open cover of the space X. Indeed, most
of the times, these opens come from a basis which is given a priori on X. The
homeomorphic copies in X of an evenly covered neighborhood U are called the
sheets, or leaves, over U. A covering map has the same behaviour of projection in

the sense that there is a homeomorphism, as indicated above. This circumstance is
reported as locally trivial property of a covering maps. An example is shown below.

Exercise 11.1 (See [8], Exercise 17.9 (c)). The following is a covering mapping
p:z€C —p(z)=2"€C”
Solution. Of course, p is continuous and surjective. Then we need to check only

the other property in the definition of covering map. Assume that p(z) = 2" =
el ¢ C* for some 0 € [0,27], r = |z| and n > 1. Then

- 1
U:{re‘me(c*:fr”<r<§r", Gn—z<¢<0n+z}
2 2 n n

is an open containing z". By De Moivre’s formula, if k € {1,2,...,n}, then

for every z € p~1(2™). So we may consider the opens
, 1 3 2

Vk:{re¢Z€C:—r<r<—r, 9+771<¢<9+7+f

2n n n n n n

such that p|Vj is homeomorphism for all k£ and p~(U) = |J;_, Vi. These sets are
disjoint because there can be no overlap of the angles for £ and k + 1.
<9+27T(]€+1) 7r)_<9+277rlk:+7r>:27r(k+1) T 2k 7

n n?

n2

n n? n n2

_2r 27 2mn—2m  2m(n—1)

= 2 = 2

n  n2 n

2 1 2
<9+7T(k+>+7f2>_<9+7“€+7;>
n n n n
+

1) 2rk  2m

n
and

n n n
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As one may expect, it is possible to get on the product space of two topological
spaces the structure of covering space, if we have covering spaces on the factors a
priori.

Exercise 11.2 (See [8], Exercise 17.9 (d)). Let p: X — X and ¢ : Y — Y be

covering maps. Then p X ¢ : XxY > XxYisa covering map, so that X xY is
a product covering space. In particular, if X =Y and

= {(#9) € X x X : p(@) = @)},

then f: (z,7) € W p(z) € X is a covering map.

Solution. The product function on the product space
(pxq) (X xY)=p(X)xqY)=XxY

is clearly surjective and continuous, because so are p and ¢. Let (z,y) € X x Y,

since p and g are covering maps there exists U C X containing x and V C Y

containing y such that p~1(U) = |J U; and ¢~ (V) = | Vi, where the U; are
jeJ kEK

mutually disjoint sets and p|U; is a homeomorpshim with U, similarly this happens

for the sets V. Now

pxg) "t (UxV)= |J UjxV
(J,k)eJxK
and if (j,k) # (t,s), then either j # t or k # s, hence either U; N Uy = 0 or
Vi, N Vs = 0, in which case (U; x V) N (U x V) = (. This means that the above
union is made by mutually disjoint sets U; x Vi. Moreover (p x q)(U; x Vi) =
p(Uj) x q(Viz) =U x V, and this shows that (p x ¢)|(U; x V) is homeomorphism.

Since p is a covering map, 3 U C X open neighbourhood of y such that p=1(U) =
U U; open disjoint subsets of X. So f~}(U) = |J U; x X which is a union of
jeJ jeJ
disjoint sets. And f(U; x X) =p(U;) =U.

When f:tel=10,1] — f(¢t) € X is a path in X, we may consider the diagram

X —*r X

N

and define the lifting f : t € [0,1] + f(t) € X of f as the continuous map,
making commutative this diagram, that is, such that p o f: f and with p(Zy) =
f(0) = z( the starting point of the path f. Now one can consider relations between
the fundamental group on X and that on X and if there are relations, involving
coverings. The answer is positive and there are two fundamental theorems, which
are always mentioned in this context.

Theorem 11.3. (Existence of Liftings). Let p : XX bea covering.

(i) Given a path f:I—>Xandac X with p( ) = f(0), there is a unique path
f: I — X such that pf = f and f( )=
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(i) Given a continuous map F : I x I — X and a € X with p(a ) = F(0,0),

there is a umque continuous map F:Ix1I— X such that pF F and
F((), 0) =

Proof. (i) For each z € X, there is an open neighbourhood U, of = that is evenly
covered by p. By continuity, f~(U,) is an open subset of I, so it is a union of
relatively open intervals in I; that is, intervals of the form (a;,b;) N I. This means
that there is an open cover of I of the form M = {(a;,b;) NI : j € J}, where for
all j € J, we have f((aj,b;)) C U, for some z € X.

We use the compactness of I to obtain a minimal finite subcover M’ of M,
consisting of intervals:

[07 b0>7 (alu bl)a (a27b2)7 ceey (anfly bnfl)v (an7 1]

By minimal, we mean that if any interval is removed from M’, then it ceases to cover
I. Therefore, there exists a permutation o of the set {1,...,n — 1} and points r; €
[07 bO) N (aa(1)7 ba(l))a T2 € (aa(l)a bo(l)) N (aa(2)7 ba(2))7 cy T € (aa(n—l)a bo(n—l)) N
(ag(ny, 1] such that 0 =ro <71 < -+ <7y < 7py1 = 1. Once this is done, it is plain
to see that each [r;, 7;4+1] is contained in an interval in M’ so f([r;,ri+1]) C U, for
some z € X.

Now we define the liftings f : [0, rk] - X inductively for k = 0,1,...,n+ 1. For
k =0, set fo( ) = a. Suppose that fe [0, 7] — X is continuous and uniquely
defined such that pf, = Flio,re)- Since f([r,rx41]) is contained in some U, evenly
covered by p, we have that p~!(U,) is a disjoint union of {W; : j € J}, with
plw, : W; — U, being a homeomorphism for each j € J. Moreover, fk(rk) c W,
for some unique ¢ € J. Since [rg,Tr+1] is path-connected, it is necessary that
fk+1([rk,rk+1]) C Wy. Since plw, is a homeomorphism, there is a unique map
0 : [Tkﬂ"k-i-l] — Wy such that pf = f|[rk7rk+1] (In fact, 0 = (p|WZ)71f|[7‘k;7’k+1])' We
now define fk+1 by

frt1(s) = { fr(s) i 0<s <y

9(8) ifry <s < rgga.
This map is continuous by the gluing lemma, and unique by construction. More-
over, f(0) = fo(0) = a and pf = f. By induction, we obtain f.

(ii) Again, for each x € X, there is an open neighbourhood U, of z that is evenly
covered by p. By continuity, F~!(U,) is an open subset of I?, so it is a union of
relatively open squares R; = ((a;,b;) X (a;,b;)) N I? (All the sets of this form serve
as a base for the product topology on I? C R?). So there is an open cover CofI>
of the form {R; : j € J} where R; = (a;,b;) and F(R;) C U, for some z € X. By
compactness of I2, there is a minimal finite subcover ¢’ of C, consisting of open
squares R, Ra, ..., Ry,.

Now, renaming the Ry if necessary, there exist points (0,0) = sg € Ry, 81 €

n—1
RiN Ry, 59 € (Rl @] RQ) NR3, ..., Sp_1 € ( U Rk) N R,, and (1,0) = s, € R,.

We define the liftings ﬁk : U Ry — X inductively for k = 0,1, ...,n, where we

understand that Ry = {(0, 0)} The main way in which this step differs from part
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(i) is that, unlike the intervals [ry,7k+1], the Ry may overlap. But this is not a
problem.

~ ~ k ~
For k = 0, set X¢(0,0) = a. Now suppose that Fy : |J Ry — X is continuous
i=0
and uniquely defined, such that pF) agrees with F' on its domain. Recall that
F(Ry1) is contained in some U, evenly covered by p, so p~1(U,) is a disjoint
union of {W; : j € J}, with plw, : W; — U, being a homeomorphism for each

k ~
j € J. Moreover, s € (|J R;) N Ri41, so Fi(sk) € W, for some unique ¢ € J.
i=1

Since Ry.y1 is path-connected, it is necessary that ﬁkH(RkH) C W,. Since plw, is
a homeomorphism, there is a unique map 6 : Ry, — Wy such that pf = F|g,_,.
Finally, let

- k
~ Fi(s) ifse Ry;
Fria(s) = k(s) z’L:Jo g
9(8) if s € Rk+1.

This is continuous by the gluing lemma, and unique by construction. By induc-
tion, we obtain the lifting F. O

Corollary 11.4. (Monodromy Theorem) Let p : X — X be a covering, and
suppose that f,¢g : I — X are homotopic paths relative to {0,1}. If f(0) = §(0),

then f(1) = g(1).

Proof. Let F : f ~ g be a homotopy rel {0,1}. By the previous Theorem of
Existence of Liftings, there exists a umque lifting F : 1> - X with F(O 0) =

£(0) = §(0). It can be shown that F : f ~ § is a homotopy re; {0,1}. Observe that
F(t,0) = f(t), so by uniqueness of the lifting, F(t 0) = f(t) for all t € I. Similarly,
F(t,1) = f(t), so by uniqueness of the lifting, F(1,s) is a path from f(1) to (1),
and pF = F implies that F(1,1) C p~ ({f(1)}). The point f(1) = g(1) € X has a
neighbourhood U evenly covered by p, so p~1(U) is a disjoint union of open subsets
{Wj:jeJ}of X, each of which is homeomorphic to U. The restrictions plw, are
homeomorphisms for all j € .J, so whenever a,b € p~1({f(1)}) and a # b, then there
exist open subsets W, = W3 of X such that {a} = W, Np~({f(1)}) and {b} =
W5 N p~1({f(1)}). In the subspace topology that p~'({f(1)}) inherits from X,
therefore, every singleton is open (in other words, p~1({f(1)}) is a discrete space).
The only connected subsets of pil({ f()}), therefore are singletons. However,
the interval I is connected, so F "(1,1) must also be, and it followS that F(1,s) is

constant. In conclusion, f(l) F(1,0) = F(1,1) = §(1). O

Now we can report some facts, which are useful to know once we gave the above
notions. In a path connected space X with covering space X and covering map
p: X — X such that p(Zo) = Zg, the induced homomorphism

pe: [f] € (X, %) = pu([f]) = [po f] € 7(X, 20)
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turns out to be (well defined and) injective. Therefore, the first theorem of homo-
morphism of groups shows that
(X, %) =
——— ~p.(m(X,
o = (n(£.70))

={[1] : vg isa closed curve in X passing through Zo}
and so a covering map p defines a conjugacy class of subgroups of 7(X, zo) in such
a way that equivalent covers of X define the same conjugacy class of subgroups of
m(X, z). In particular, one can see that if X and X are path-connected,

Ip™" (20)] = (X, 20) : pu(m(X, o))

A significant amount of covering maps may originate from properly discontinuous
actions on path connectes spaces, where discrete groups are acting. We have seen
several examples in the previous chapters. In particular, all we have said until now
can be repeated when we replace the space X with the quotient space X/G of X
under the action of G. Therefore, most of the times, looking for the fundamental
group of a given topological space may reduced to looking for suitable quotients of
spaces of orbits, provindg appropriate actions of discrete groups. We give and idea
via the following example.

Exercise 11.5 (See [8], Exercise 17.9 (e)). Let a : C — C and b : C — C be the
homeomorphisms of the complex plane C defined by az = z + 4, bz = Z + % + .
Then ba = a~1b and

G = {a"b*"V* : m,n€7Z, ec{0,1}}
is a group of homeomorphisms of C. Furthermore, the action of G is properly

discontinuous on C and C/G is Hausdorff.

Solution. In order to check that G is not commutative, that is, ba = a~1b is
true, we note that

1 1
baz:b(az):b(z+i):(z+i)+§+i:z—i+§+z’:§+

N =

while ) ) )
a bz =a"1(b2) =a"1(Z+ 3 +i)=Z+ gti—i=%+3.

Of course, G is given by homeomorphisms of C and is note hard to note that it

is a discrete group and indeed G acts in a properly discontinuous way on C. In

particular, its actions preserve the property of being Hausdorff.

An important result of the covering space is reprhased below in an intuitive way:

Theorem 11.6. There is a bijective map between equivalence classes of path-
connected covers of X and the conjugacy classes of subgroups of the fundamental
group m(X, x).

The main step in proving this result is establishing the existence of a universal
cover, that is a cover corresponding to the trivial subgroup of 7(X,z). Once the
existence of a universal cover X of X is established, if H < 7(X, x) is an arbitrary
subgroup, the quotient space X /H may be regarded as the covering of X corre-
sponding to H and so the bijective map may be constructed. In order to prove
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the theorem on the existence of a universal cover, one has to involve the notion of
semi-locally simply connected space, since one can see that:

Theorem 11.7 (Theorem of existence of the universal cover). Assume X is a
connected and locally path-connected space. Then X admits a universal cover if
and only if X is semi-locally simply connected.

The proof of the above result is quite technical and can be found in [8, Theorem
22.1]. We report some useful applications of the notions we have seen here.
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12. RECENT PROBLEMS IN GEOMETRIC GROUP THEORY

In the language of combinatorial group theory, if X is a topological space; U
and V are open, path connected subspaces of X; U NV is nonempty and path-
connected; w € UNV; then the natural inclusions i1 : UNV = U, ix : UNV =V,
j1:U — X and jo : V — X for the following commutive diagram

Unv —4 .y

b

v o2 x
induce another commutative diagram on the corresponding fundamental groups,
given by

m(UNV,w) & (U, w)

mxl lul)*

A(Vw) P w(x,w)

Here it is possible to interpret w(X,w) as the free product with amalgam (see [14,
Chapter 7] for more details on this notion) of 7(U,w) and «(V,w) so that, given
group presentations:

W(va) = <’U1,"' y Uk ‘ Qe aal>;
7T(Vv7w) = <’U1,"' 7’Um|617"' a/Bn>7
W(Umv7w) = <’LU17‘~' 5wp|/717"' a’-Yq>;

one can describe 7(X, w) in terms of generators and relators as
7T(X,'UJ) = <U1,... y Uk, U1y -y Um |

a1y 0 By By (il)*(wl)(jl)*(wl)_lv SRR (i2)*(wp)(j2)*(wp)_1>'

The way in which one can get the presentation of this last group, beginning from the
original data is indeed know as the Seifert-Van Kampen Theorem. Its proof is quite
technical and can be found in [8, Chapters 23, 24, 25 and 26]: it is essentially based
on combinatorial group theory and the way in which it is possible to pass from a
given presentation to an equivalent one, without breaking the original conditions.

Among the various applications of this important result, one can classify surfaces
of the usual space with three dimensions. We had no time to explore the connections
with the differential geometry, so we briefly mention that a two dimensional compact
and connected manifold is briefly called surface. Given two disjoint surfaces S; and
So, their connected sum S1#Ss is formed by removing an open disk in S7, an
open disk in 5o, and gluing along the boundaries of the resulting holes. With this
geometric operation in the hands, one has the so-called classification theorem of
surfaces.

Theorem 12.1 (See [8], Theorem 11.3). Let S be a surface. Then S is homeomor-
phic to precisely one of the following surfaces:
S24 THTH.. . #T = S*H#mT (m > 0),
—_————
S24 RP?H#RP?*#.. #RP? = S2#nRP?  (n > 1).

n
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Here S2 is the sphere, RP? the 2-dimensional real projective plane and T the torus.
The corresponding version for fundamental groups is the following.

Theorem 12.2 (See [8], Theorem 26.1). Let S be a surface. Then its fundamental
group s

71—(‘S’):<clud17"'7C’IT747CZ’N“L7.][17’"7fn | [cludl][cm7d’m]f12f721:1>a
where for all 1 <i<nand1<j<m
T(RP?) = (f; | f2=1)~Zy and n(T) = (cj,d; | [c;,d;] = 1) ~Z x Z.

While a group generated by a single element is abelian and isomorphic to the
additive group Z of the integers, the situation is much more complicated for a group
generated by only two elements withouth any relation. Intuitively, this is the idea
of a 2-generated free group.

The importance of free groups in algebraic topology and their role in the actions
of groups on manifolds is crucial and the reference [14] is helpful to understand
some classical connections. There are more recent works, which investigate the
role of finitely presented groups in terms of fundamental groups and the references
[2, 13] may be consulted in this perspective.

Given a finitely presented group I' = (X | R) and the free group F(X) on X
(where X is a nonemtpy set with a given number of elements that work as generators
for F', and, consequently for T'), if w € F(X) is a freely reduced word on T such
that w = 1, then w can be written as

w= ulrlufl e umrmu;l1 € F(X),

where m > 0andr; € RUR ! foralli = 1,...,m. In this situation, we may define
the area of w with respect to X and R as

Area(w) = min{m >0 | wis a product in F(X)
of m conjugates of elements of RUR™!'}.

Now it is possible to interpret Area(w) via certain diagrams which originate from
the a combinatorial re-formulation of the theorem of Seifert and Van Kampen (these
are the so called “van Kampen diagrams” over a given presentation).

We recall that an isoperimetric function (for a finite presentation) is a monotone
non-decreasing function f : N — [0, 0o[ such that whenever w € F(X) is a freely
reduced word satisfying w = 1 in T, then Area(w) < f(|w]|), where |w] is the length
of the word w. The Dehn function (of a finite presentation) is defined as

Dehn(n) = max{Area(w) | w=1in T, |w| < n,w is freely reduced}.

Equivalently, one can see that Dehn(n) is the smallest isoperimetric function (for
the given presentation).

The theorem of Seifert and van Kampen is historically at the origin of all, but
one can define a Dehn function even in an abstract way, just beginning with a
finitely presented group, that, in principle, is not given as a fundamental group of
a surface. This algebraic approach has been considered in several contributions, as
in [2, 12, 13]. Therefore one can make considerations of independent interest. The
following problem originated recently:

Question 12.3 (Olshaskij and Sapir, see [12]). What it the structure of (finitely
presented) groups with quadratic Dehn function?
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There is a large interest in recent years in finding finitely presented groups with
Dehn(n) such that
Dehn(n)
n—oo n2logn
Somehow this interest is related to certain corresponding problems of computability
and of algorythms for words.
Most of the groups which we know from the geometry and topology have in fact

quadratic Dehn function. For instance,
Doo=(zy|ly’=1Ly lay=a"")=(y) x (2) =Zy x Z

is called infinite dihedral group and may be generalized getting to a well known
class of groups, called Baumsalg—Solitar groups. The idea is the following: take the
additive group of p-adic rationals @, for some odd prime p and consider the group

G=(zr,a : o =z"tax) = (z) x Qp,
where
(@%=(g""ag | €G)=~Q,

is the smallest normal subgroup of G containing (a) and where z induces in Q,
the automorphism b — p™ - b. This group is a generalization of the dihedral group
and also has quadratic Dehn function. Several other generalizations of these con-
structions turns out to have quadratic Dehn function, so the groups which haven’t
quadratic Dehn function turns out to have sophisticated constructions in which
several notions of graph theory, algebraic topology and group theory are involved.
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