FINITE ELEMENT METHODS FOR PARABOLIC EQUATIONS

LONG CHEN

As a model problem of general parabolic equations, we shall consider the following
heat equation and study corresponding finite element methods

w—Au = f in Qx(0,7),
(1) u = 0 on 0Qx(0,7T),
u(-,0) = wup in Q.

Here u = u(x,t) is a function of spatial variable x €  C R"™ and time variable ¢ €
(0,T). The ending time T could be +00. The Laplace operator A is taking with respect
to the spatial variable. For the simplicity of exposition, we consider only homogenous
Dirichlet boundary condition and comment on the adaptation to Neumann and other type
of boundary conditions. Besides the boundary condition on 0f2, we also need to assign
the function value at time ¢ = 0 which is called initial condition. For parabolic equations,
the boundary 92 x (0,7) U Q x {t = 0} is called the parabolic boundary. Therefore
the initial condition can be also thought as a boundary condition of the space-time domain
Qx(0,T).

1. VARIATIONAL FORMULATION AND ENERGY ESTIMATE

We multiply a test function v € HE () and apply the integration by part to obtain a
variational formulation of the heat equation (1): given an f € L?(Q2) x (0,7, for any
t >0, find u(-,t) € H}(Q),u; € L*(Q) such that

) (ug,v) 4+ a(u,v) = (f,v), forallv e Hy(Q).

where a(u,v) = (Vu, Vo) and (-, -) denotes the L2-inner product.

We then refine the weak formulation (2). The right hand side could be generalized to
f € HY(Q). Since A map H}(Q) to H~1(), we can treat u,(-,t) € H~(Q) for a
fixed t. We thus introduce the Sobolev space for the time dependent functions

T 1/q
La(0,T;Wk»(Q)) = (/0 IIu(-»t)Ili,p dt) < oo}

Our refined weak formulation will be: given f € L2(0,7; H~1(Q)) and vy € H}(Q),
findu € L?(0,T; H}(Q)) and u; € L*(0,T; H~*(£)) such that

{ (ug, vy +a(u,v) = (f,v), Vv € HE(Q), andt € (0,T) a.e.
3) —
u(-,0) = w

LU0, T; WHP(Q)) == {u(x, 1) | |[ul

where (-, ) is the duality pair of H~1(2) and H{(£2). We assume equation (3) is well
posed. For the existence and uniqueness of the solution [u, u:], we refer to [3]. In most
places, we shall still use the formulation (2) and assume f,u; € L?(2) so that the duality
pair is realized by the L? inner product (-, -).
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Remark 1.1. The topology for the time variable should also be treat in L? sense. But in
(2) and (3) we still pose the equation point-wise (almost everywhere) in time. In particular,
one has to justify the point value u(-,0) does make sense for an L? type function which
can be proved by the regularity theory of the heat equation. [J

To easy the stability analysis, we treat ¢ as a parameter and the function u = u(x,t) as
a mapping
u:[0,T] — Hy(Q),
defined as
u(t)(x) ==u(z,t) (ze€Q,0<t<T).
With a slight abuse of notation, we still use u(t) to denote the map. The norm ||u(t)]|| or

|lu(t)]|1 is taken with respect to the spatial variable and thus becomes a function of time.
We then introduce the operator

L:L*0,T; HY(Q)) — L*(0,T; H1(Q)) x L*(Q)
as
(Lu)(-,t) = Opu — Au in HH(Q), fort € (0,T] a.e.
(Lu)(-,0) = u(-,0).
Then the equation (3) can be written as
Lu = [f, ug].

Here we explicitly include the initial condition ug. The spatial boundary condition is build
into the space H¢ (£2). In most places, when it is clear from the context, we also use £ for
the differential operator only.

We shall prove several stability results of £ which are known as energy estimates in [5].

Theorem 1.2 (Energy estimates for the heat equation). Suppose [u, u] is the solution of
(2) and uy € L*(0,T; L?(2)), then for t € (0,T)a.e.

t
@ lu(®)] < Iluoll + / 1£(s)] s
0
t t
) lu(t)]? + / () 2 ds < [Juo|? + / 1£(s)]1% ds,
t t
2 2 2 2
(©) ()2 + / e (s)[2 ds < Juol? + / 1£(s)]? ds.

Proof. The solution is defined via the action of all test functions. The art of the energy
estimate is to choose an appropriate test function to extract desirable information.
We first choose v = u to obtain

(ug, u) + alu,u) = (f,u).

We manipulate these three terms as:

1 1d d
o ) = [ 30 = 5l =l Sl

o au,u) = ulf;

1
o [(f,w)l <[ flHlull or [(f;w)] < [[fll-1]uh < 5

< SUIFIZ + Jul?).
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The inequality (4) is an easy consequence of the following inequality

d
— < .
llull- el < Il

From
1d 1
5l + Tuld < SO+ fulf),
we get
d 2 2 2
T llell” + ey < 112

Integrating over (0, t), we obtain (5).
The last energy estimate (6) can be proved similarly by choosing v = u; and left as an
exercise. (]

From (5), we can obtain the stability of the operator £
L:L*0,T; HY(Q)) — L*(0,T; H1(Q)) x L*(Q)
as
”uHi?(O,T;H[}(Q)) < luoll® + ”f”%Z(O,T;H*l(Q))‘

Since the equation is posed a.e for ¢, we could also obtain the maximum-norm estimate in
time. For example, (4) can be formulated as

[l 0,20y < lluoll + 1 £l 0,7:2(9)
and (6) implies

lull o< 0,758 02y < wolt + [[fllz20,7;22(0))-

Exercise 1.3. Prove the energy estimate
t
g Jull? < e gl + [ NI pR ds,
0

where A = Apin(—A) > 0. The estimate (7) shows that the effect of the initial data is
exponential decay.

2. FINITE ELEMENT METHODS: SEMI-DISCRETIZATION IN SPACE

2.1. Semi-discretization in space. Let {7,,h — 0} be a quasi-uniform family of tri-
angulations of  and V,, C H}(2) be a finite element space based on 7;,. The semi-
discretized finite element method is: given f € V), x (0,T),up,, € Vi, C Hg(Q), find
up, € L2(0,T;V},) such that

{ (Orun,vp) + alup,vp) = (f,vn), Yoy, € Vp,,t € RT.
up(-,0) = wuon

The scheme (8) is called semi-discretization since uy, is still a continuous (indeed differen-

tial) function of ¢. The initial condition ug is approximated by ug j € V.

Take V}, as the linear finite element space as an example. We can expand u; =
Zilil u; (t)p;i(x), where ; is the standard hat basis at the vertex z; fori = 1,--- | N,
the number of interior nodes, and the corresponding coefficient ;(¢) now is a function of
time ¢. The solution u;, can be computed by solving an ODE system

9) M+ Au = f,

®)
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where u = (uy,--- ,un)7 is the coefficient vector, M, A are the mass matrix and the
stiffness matrix, respectively, and f = (f1, -+, fn)T with f; = (f, ;).
When the linear finite element is used, one can use three vertices quadrature rule i.e.

1 3
[ oo 3> gl
o i=1

Then the mass matrix becomes diagonal M = diag(mg,--- ,my). This is known as the
mass lumping. For 2-D uniform grids, m; = h? and A is the five point stencil discretization
of —A. Therefore (9) can be interpret as a rescaled finite difference discretization at each
vertex and the ODE system (9) can be solved efficiently by mature ODE solvers.

2.2. Setting for the error analysis. We shall apply our abstract error analysis developed
in Unified Error Analysis to estimate the error u — uy, in certain norms. The setting is

2 1 T 2 1/2
o« 2 =120, T H(9), and [ullz = ([, lu)f} dt)

2 —1 T 2 1/2
o ¥ = 120, T H (@), and ||l = (J5 £, dt)
T 1/2
o« 2 =L20,T:Vy), and Jluglla, = (fy lun(t)3 at)

1/2
o % = L*0,T;V}), and |fnlle; = (fOT|\fh(t)||§17hdt) . Recall the dual
norm

”th—l,h: sup <fh,’Uh>

, for fr, € V).
v €V |'Uh|1

o I, = Ry(t) : H}(2) — V), is the Ritz-Galerkin projection, i.e., Ryu € V), such
that
a(Rpu,vp) = a(u,vy), Vop € Vy,.

o II;, = Qn(t) : H~1(Q) — V], is the projection
(@nfivn) = (fivn), Vop € V.

o P, Z) — Z is the natural inclusion
o L: 2 — % x L*Q)is Lu = dyu — Au, Lu(-,0) = u(-,0), and
Ly =Lla, : Zn— P XV

We summarize the setting in the following diagram
r L

o e
L —s @,

which is not commutative and the difference is the consistency error ||QpLu— Ly, Rpu||#, -
The discrete equation we are solving is

Lrup =Qnf, inVy,Vte (0,T]ae.

uh(-,O) = uo,h.


http://www.math.uci.edu/~chenlong/226/UnifiedErrorAnalysis.pdf
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2.3. Stability. Adapt the proof of the energy estimate for £, we can obtain similar stability
results for £,. The proof is almost identical and thus skipped here.

Theorem 2.1 (Energy estimate for finite element discretization). Suppose uy, satisfy Lpup =
Ty un(+,0) = ug b, then

t
(10) MWWSMM+/WMMMS
0
t t
(1) nmwwﬁ/mwm®smmW+/wmw&ﬁw
0 0
t t
(12) ww%+/HWM®W®§mmE+/WMMF®
0 0
Note that in the energy estimate (11), the dual norm || - || 1 is replaced by a weaker one

I - || =1,n since we can apply the inequality
(frsun) < [ fnll=1nlunl1-
The weaker norm || - || 1,5, can be estimated by

[fl-rn < I fll-2 < CIUSII-

2.4. Consistency. Recall that the consistency error is |Qp Lu — Ly Rpu||#;, . The choice
of I, = Ry, simplifies the consistency error analysis.

Lemma 2.2 (Error equation). For the semi-discretization, we have the error equation

(13) Ly (up — Rpu) = Qn(I — Rp)ug, t >0, in Vlh,
(14) (uh — R}ﬂt)(', 0) = Uo,h — RhUQ.
Proof. Let A = —A. By our definition of consistency, the error equation is: fort > 0

Eh(Rhu — uh) =Ly Rpu — QpLlu = 6,5(Rhu — Qhu) + (ARhu - QhAu).
The desired result then follows by noting that AR), = Q,AinV} and Q. Ry, = R,. O

The error equation (13) holds in V), which is a weak topology. The motivation to choose
I, = Ry, is that in this weak topology

<AR}LU7Uh> = (VR}LU7 vvh) = (vua VU) = <AU,U}L> = <QhAU,Uh>,

or simply in operator form
ARy = QrA.
This technique is firstly proposed by Wheeler [6].
Apply the stability to the error equation, we obtain the following estimate on the discrete
error Rpu — uy,.

Theorem 2.3 (Stability of discrete error). The solution uy, of (8) satisfy the following error
estimate

t
(15) HRhu — uh|| < ||U()7h — RhUOH +/ ||Qh(f — Rh)utH ds
0
(16)
t t
mw—wW+/Km—&mﬁwsmm—mMW+/umu~mmmmm,
0 0

t t
17 \Rhu—uhﬁ—&-/ Hat(Rhu—uh)Hst < \uo}h—Rhuoﬁ—i—/ HQh(I—Rh)utHQdS.
0 0
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We then estimate the two terms ug ,, — Rpuo and Qp (I — Ry, )u, involved in these error
estimates. We use the linear element as an example since it is the most commonly choice.
The first issue is on the choice of ug . An optimal one is obviously ug ;, = Rjug so that
no error coming from approximation of the initial condition. However, this choice requires
the inversion of a stiffness matrix which is not cheap. A simple choice would be the nodal
interpolation, i.e. ugn(x;) = wuo(z;) or any other choice with optimal approximation
property
(18) luo,n — Riuoll < lluo — wonll + lluo — Ruuoll S h?|luol2,
and similarly

[uo,n — Rpuoli S hljuoll2-
According to (7) in Exercise 1.3, the effect of the initial boundary error will be exponen-
tially decay to zero as ¢ goes to infinity. So in practice, we can choose the simple nodal
interpolation.

On the estimate of the second term, assume u; € H?(Q) and H?-regularity result hold
for Poisson equation (for example, the domain is smooth or convex), then

(19) 1Qn (I = Ri)uell < (1 = Ruyue|l < h?[luell2.
The negative norm can be bounded by the L?-norm as
1Qn (I = Ri)uell -1 < [Qn(T = Ri)uel—1 < ClQu(I — Rp)ull < 12[luel]a-

When using quadratic and above polynomial, we can prove a stronger estimate for the
negative norm and will be discussed in Section 2.6.

2.5. Convergence. The convergence of the discrete error comes Ryu — uy from the sta-
bility and consistency.

Theorem 2.4 (Convergence of the discrete error). Suppose the solution u to (3) satisfying
ug € L?(0,T; H?(Q)) and the H?-regularity holds for the Poisson equation. Let uj, be
the solution of (8) with ug p, satisfying (18). We then have

t
(20) |Rnu — up|1 + ||Rnu — up|| < Ch? <||u0|2 +/ |lue ]2 ds) .
0
To estimate the true error u — up, we need the approximation error estimate of the
projection Ry,; see Introduction to Finite Element Methods
Rt — Ryul| + |u — Ruuly < Chljul|z.

Theorem 2.5 (Convergence of the discretization error). Suppose the solution u to (3) sat-
isfying u; € L%(0,T; H*(Q)). Then the solution uy, of (8) with ug j, having optimal
approximation property (18) satisfy the following optimal order error estimate:

¢
201 R u — up |y + |lu —up|| < Ch? <|u0|2 —|—/ et ||2 ds) )
0

2.6. *Superconvergence and error estimate in the maximum norm. The error e, =
Rpu—uy, satisfies the evolution equation (13) with e, (0) = 0 with the chose ug r, = Rpug
(22) Oren + Apen = T,

where 7, := Q0 (Rpu — u). Therefore

en(t) = /0 exp(—Ap(t — s))Tnds.


http://www.math.uci.edu/~chenlong/226/Ch2FEM.pdf
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Due to the smoothing effect of the semi-group e~“"*, we have the following estimate.

Here we follow the work by Garcia-Archilla and Titi [4].

Lemma 2.6 (Smoothing property of the heat kernel). For 1, € Vj, we have

23
@9 osier

¢
/ exp(—An(t — s))ApTnds
0

< Cllogh| max ||74]|.
0<t<T
Proof. Let Apin and Ay ax be the minimal and maximal eigenvalue of Aj,. Then it is easy
to check
Amaxe Amax (=80 if (1 — 5) < A7 L

max?’

et < S (¢ - ) AL, < (F— ) < Ak,
Amine Mmin(t=9) i (£ — g) > AL

Note that Apin = O(1) and Apax < Ch™2. We get

t
/ e_A’l(t_S)AhThds
0

max
0<t<T

< Cllogh| max {|7].
O

Theorem 2.7 (Superconvergence in H!-norm). Suppose the solution u to (3) satisfying
ug € L>(0,T; H?(R2)). Let uy, be the solution of (8) with ug , = Rpug. Then

(24) max |Rpu —up|; < C|logh|h? max |luo.
0<i<T 0<t<T

When u; € L2(0,T; H2(S2)), then
t 1/2
25) Rt — un|y < Ch2 (/ ||ut|§ds> .
0
Proof. We multiply A}/ % to (22) and apply Lemma 2.6 to get

T
fen(T)ly = 143 *en(T)]] = ‘ / e~ AnT=) AL, g
0

T
< / e~ AnT=9) 4, ds|| max ||A}:1/27h||
0 0<t<T

< C|logh|h? max ||ul|2.
0<t<T

In the last step, we have used the fact ||A;1/27'h” = |Imll=1,n < ||7nll-
To get (25), we use the energy estimate (17). [l

Since the optimal convergent rate for |u — Rpu|; or |u — up|1 is only first order, the
second order error estimate (24) and (25) are called superconvergence.
To control the maximum norm, we use the discrete embedding result (for 2-D only)

|Rru — uplloo < C|logh||Rru — upl1,
and the error estimate of R, in the maximum norm
lu = Ryulloo < C|log hlh®[[u]2,00,

to obtain the following result.
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Theorem 2.8 (Maximum norm estimate for linear element in two dimensions). Suppose
the solution u to (3) satisfying u € L>(0,T; W) and u; € L*(0,T; W>>) or u; €
L>(0,T; W%(Q)). Let up, be the solution of (8) with ug, = Rpuo. Then in two

dimensions
f 1/2
st ([ Il as) ]
0

_ 272
@) max [(u—un)(t)lleo < Cllogh|"h” max {lu(t)]2,c0 + [lue(t)ll2]

(26) I(u = un)(®)]loc < C|log h|h? [IIM

For high order elements, we could get superconvergence in L? norm. Let us define the
order of the polynomial as the degree plus 1, which is the optimal order when measuring
the approximation property in LP norm. For example, the order of the linear polynomial is
2. When the order of polynomial r is bigger than 3 (,i.e., quadratic and above polynomial),
we can prove a stronger estimate for the negative norm

(28) lu = Ryul| =y < CR™Huf,.

Using the technique in Lemma 2.6 and Theorem 2.7, we have the following estimate on
the L? norm.

Theorem 2.9 (Superconvergence in L2?-norm for high order elements). Suppose the so-
lution u to (3) satisfying u; € L*°(0,T;H"(R)). Let up be the solution of (8) with
ug,p, = Ryuo. Then, forr > 3,

_ r+1 2
(29) Jnax [|(Ryu —un) (8)]| < Clog hlh™" max ||(u) ()17

When u, € L2(0,T; H"(2)), then

+ 1/2
(30) | Bt — up| < CH™+! < / a2 ds> .
0

Proof. From (22), we have

T
Jen(T)]) = H | emaanas
0

<

max || A;, /%7,

T
e An(T=5) 4=1/2 4¢
0 h 0<t<T

< Cllogh|7al|-1.

In the second step, we have used the estimate

T
/ e_A’L(T_s)A,Zl/st < C|loghl,
0

which can be proved by the estimate [|e=4#(T=%) A, /2| < (T — 5)~!
To prove (30), we simply use the energy estimate (16) and (28. (I

In 1-D, using the inverse inequality |Rpu — up|lco < h™Y2||Rpu — up||, we could
obtain the superconvergence in the maximum norm

t 1/2
31) | Bt — up e < CH7HL2 < / utﬁds) .
0
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Again using the inverse inequality |uj, — Rpul|co < Ch™Y|lup, — Rpul|, the supercon-
vergence of L? norm, and the maximum norm estimate of Ritz-Galerkin projection, for
r >3, ||lu — Rpulleo < Ch™||u)|r,00, we can improve the maximum norm error estimate.

Theorem 2.10 (Maximum norm estimate for high order elements in two dimensions). Sup-
pose the solution u to (3) satisfying u € L>=(0,T; W?>) and u; € L?(0,T; W) or
ug € L0, T; W2(Q)). Let uy, be the solution of (8) with ug ,, = Rpug. Then in two

dimensions and forr > 3
¢ 1/2
il + ([ a2 as)
0

3. FINITE ELEMENT METHODS: SEMI-DISCRETIZATION IN TIME

(32) [(u = un)(t)]loo < CR"

In this section, we consider the semi-discretization in time. We first discretize the time
interval (0,7) into a uniform grid with size 6t = T'/N and denoted by t" = ndt for
n=0,...N.

3.1. Low order schemes. A continuous function in time will be interpolated into a vector
by f = (I"f)(-,t") = f(-,t"). Recall that A = —A : H} — H~'. Below we list three
low order schemes in operator form.

o Forward Euler Method: u® = ug

u™ — unfl
A n—1 — nfl'

5 + Au f
o Backward Euler Method: u° = uyg
u — un—l

A n — n.

5 + Au f

e Crank-Nicolson Method: u° = ug
n_ ,n—1
u 5: +A(un +un—1)/2 — fn—1/2.

Note that these equations hold in H ~1(€) sense. Taking Crank-Nicolson as an example,

the equation reads as
1 1
(33) g(u" —u" ) + §(Vu” + Vu" " Vo) = (f*7Y2,0)  forallv € HL.

We now study the stability of these schemes. We rewrite the Backward Euler method as
(I 4 6tA)u™ = u"" + ot f".

Since A is SPD, A\pin(I + dtA) > 1 and consequently, Apax((1 + 5tA)~1) < 1. This
implies the L? stability

n
(34) ™| < (™M 4+ S < el + D st
k=1
The stability (35) is the discrete counter part of (4): discretize the integral f g
Riemann sum.
Similarly one can derive the L? stability for the C-N scheme

fllds by a

(35) || < [l 4+ 6t 2.
k=1
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The integral f(f " || /|l ds is approximated by the middle point rule.

Remark 3.1. For C-N method, the right hand side can be also chosen as (f™ + f"~1)/2.
It corresponds to the trapezoid quadrature rule. For nonlinear problem A(u), it can be
A((u™ +un"1)/2) or (A(u™) + A(u™~1))/2. Which one to chose is problem dependent.

The energy estimate can be adapted to the semi-discretization in time easily. For exam-
ple, we chose v = (u" + u"~1)/2 in (33) to get

1 1

Sl = Sl + ot V23 = e w2,
which implies the counter part of (5)
(36) ™ [? 4+ otfa 2R <l D a2

k=1 k=1
Exercise 3.2. Study the stability of the forward and backward Euler method.

We then study the convergence. We use C-N as a typical example. We apply the discrete
operator L" to the error I"u — u"

L) — (-t
ot

LMy —u™) =L " — I"Lu = u( — Ogu(-,ty—1/2)-

The consistency error is

’LL(', tn) _ U(', tn—l)
ot

By the stability result, we then get

[ 1"u — u™|| < Ct,ot>.

(37) - atu(',tnfl/g) < C(ét)2

From the consistency error estimate (37), one can easily see the backward and forward
Euler methods are only first order in time.

3.2. High order discretizations in time. We assume that U € C(0,T; H}(Q)) is a con-
tinuous piecewise g-th degree polynomial in time, that is, on the time interval J,, :=
(t’nfl , tn),

q
su(@t) =) (=" uy(x), uyle) € Hy(Q).

J=0

U

We denote P, (J,,) as the set of such g-th degree polynomials on J,,, and define an operator
n:C(0,T; Hy(Q2)) = Pg—1(Jy) satisfying

/J (Qy_1u,p) dt = /J (u,p) dt, Vp € Py_1(Jpn).
Then, the semi-discr;tization in time is to ;eek U(t) € Py(Jy) such that

(38) LrU(t) == 0U(t) + Qy_1AU(t) = Qy_1 f(t), Vte Jy,
which is equivalent to the Petrov-Galerkin formulation

(39) /J (U, v} dt + /J (AU, v) dt = /J (o) dt, Yo € Py ().

Note that the self-adjoint operator A is commute with the L? projection, i.e., Qy14 =

AQr_,.



FINITE ELEMENT METHODS FOR PARABOLIC EQUATIONS 11

The initial condition is given by U (0) = ug, and U (¢t"~!) is obtained from the problem
(39) on the previous time interval J,,_1 for n > 2. For example, if ¢ = 1, the solution U ()
is a piecewise linear function and the test function v is piecewise constant in time. More
exactly,
u® — un—l

ot

Thus, if we use the midpoint "~ '/2 to compute Qy-1U(t) and Q_; f(t) in the problem
(38), then we arrive at the Crank-Nicolson method. Moreover, using left and right end
points yields the Forward and Backward methods, respectively. For high order discretiza-
tion, inside one time interval J,,, one needs to solve a mass matrix equation to get u". The
naive basis for polynomial {(t —t"~1)7, j =0, ..., ¢} is not friendly to the implementa-
tion. Instead one can use quadrature points, e.g., Gauss-Legendre points or Radau points;
see [2].

oUls, =

3.3. Stability. We shall adapt the energy estimate to the discretization. Let us choose
v = Qq—1U. Then, we control the following terms:

. / (U, Qy_1U) dt:/ (OU,U) dt =

n n

S (TGP~ 106 )2);

o [ @ iavopvya= [ g vy vya= [ 1 Uk
Jn In

1 1 .
. / QU dt <+ / 1FI2 dt+ 2 / QLU dt.
T 27, 2,

We then obtain the energy estimate as follows.

Theorem 3.3 (Energy estimate for semi-discretization in time). Suppose U satisfies 0.U +
g1 AU = Qy_1f, forn > 1, then

t t
(40) U + / QLU ds < U] + / 1F2, ds.

3.4. Consistency. Let I" : C(0,T; H}(2)) — P,(J,) be the operator of the Lagrange
interpolation such that I"u(#"~1) = w(t" 1), I"u(t") = u(t"), and

/(I”u,p>dt:/ (u,pydt, Vp € Py_a(Jn).
JIn

JIn
Note that we use moments instead of point values to define the Lagrange interpolation.
It is straight forward to verify that I"u = w if u € Py(J,), and

1/2
( [ - I“u?dt) < (30D ul g o1 o)

n

From the definition of the consistency error, we have
LU = I"u) = (Qy_10ru — O I"u) + (Qy_1 Au — Qy_1 AI™u).
For the first time, the integration by part in terms of ¢ provides
/ (Qy_10u — O™ u,v) dt = / (Opu — O™ u, v) dit
Jn Jn ;

o1~ / (u—I"u, dw) dt

n

= (u— I"u,v)

:0,
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for every v € Py_1(J,). The first identity holds because 9;1"u € Py_1(J,) so that
O I™u = Qy_ 01" u. The third one comes from the definition of the interpolation opera-
tor I™.

Hence, we have the error equation

LU~ I"u) = QI_y Au— QI Al'u =: 7,

/

And
72 dt = /J 1Qr 1 (I — ") Auf?

n

< [ 1= maupar

n

S (O AulFrar g1 gnr2 (-

3.5. Convergence. Let e" = U — ["u. Clearly, e" € P,(J,,) and €' (0) = U(0) —
(I'u)(0) = ug — u(0) = 0. Then, from the consistency result (40), we get

N
le¥(T)]I* < Z/J I7" 1%t < (66)* VN AullFrars 0,722 (52))-
n=1 n

Therefore, we obtain the following convergence rate

Theorem 3.4 (Energy estimate for semi-discretization in time). Suppose U satisfies 0,U +
g1 AU = Qy_1f, forn > 1, then for any t € (0,T)

lu(t) = U@ < () D) Aull pross 0,422 (2))-

Refined analysis including a posteriori error analysis and superconvergence at nodal
points can be found in [1].
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