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PREFACE

Linear algebra has evolved as a branch of mathematics with wide range of
applications to the natural sciences, to engineering, to computer sciences, to
management and social sciences, and more.

This book is addressed primarely to second and third your college students
who have already had a course in calculus and analytic geometry. It is the
result of lecture notes given by the author at The University of North Texas
and the University of Texas at Austin. It has been designed for use either as a
supplement of standard textbooks or as a textbook for a formal course in linear
algebra.

This book is not a ”traditional” book in the sense that it does not include
any applications to the material discussed. Its aim is solely to learn the basic
theory of linear algebra within a semester period. Instructors may wish to in-
corporate material from various fields of applications into a course.

I have included as many problems as possible of varying degrees of difficulty.
Most of the exercises are computational, others are routine and seek to fix
some ideas in the reader’s mind; yet others are of theoretical nature and have
the intention to enhance the reader’s mathematical reasoning. After all doing
mathematics is the way to learn mathematics.

Marcecl B. Finan
Austin, Texas
March, 2001.
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Chapter 7

Solutions to Review
Problems

Chapter 1

Exercise 42

Which of the following equations are not linear and why:
(a) % + 3x9 — 273 = 5.

(b) T+ T1To + 223 = 1.

(C) $1+%+CC3=5.

Solution.

(a) The given equation is linear by (1.1).

(b) The equation is not linear because of the term zxs.

(¢) The equation is nonlinear because x5 has a negative power il

Exercise 43
Show that (2s + 12t + 13, s, —s — 3t — 3,t) is a solution to the system

21’1 + 5.%2 + 91’3 + 3LL‘4 = -1
Ty + 2x9 + 4x3 = 1

Solution.
Substituting these values for z1, x9, 3, and z4 in each equation.

2x1 +bxo + 923+ 324 = 2(2s+ 126+ 13) +5s+9(—s — 3t —3) + 3t
x1 + 2xo + das = (2s+ 12t +13) + 2s + 4(—s — 3t — 3)

Since both equations are satisfied, then it is a solution for all s and ¢t W

197
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Exercise 44
Solve each of the following systems using the method of elimination:
(a)

4$1 — 3!1/'2 =0

21 4+ 312 = 18

(b)
4%1 - 6.%2 =10
6(E1 — 9162 =15

(c)
2501 + X9 = 3
2.’£1 —+ 2o =1

Which of the above systems is consistent and which is inconsistent?

Solution.

(a) Adding the two equations to obtain 6z; = 18 or z; = 3. Substituting this
value for x1 in one of the given equations and then solving for x5 we find x5 = 4.
So system is consistent.

(b) The augmented matrix of the given system is
4 —6 10
6 —9 15
Divide the first row by 4 to obtain
3
L =3
6 -9
Now, add to the second row —6 times the first row to obtain
L -3 g
0 0 O

Hence, x5 = s is a free variable. Solving for x; we find z; = %.The system is
consistent.

—
ISR

(c) Note that according to the given equation 1 = 3 which is impossible. So the
given system is inconsistent l

Exercise 45
Find the general solution of the linear system

1T — 2x9 + 3r3 + x4 = -3
201 — To + 33 — T4 = 0
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Solution.
The augmented matrix of the given system is

1 -2 3 1 =3
2 -1 3 -1 0

A corresponding row-echelon matrix is obtained by adding negative two times
the first row to the second row.

1 -2 3 1 -3

0 3 -3 -3 6
Thus z3 = s and x4 =t are free variables. Solving for the leading variables one
findszi1=1—-s+tandas=2+s+t 1

Exercise 46
Find a,b, and c so that the system

Ty 4+ axs + cxz3 = 0

br1 + cxo — 3x3 = 1

ar1 + 2x9 4+ brs = b
has the solution x1 = 3, x5 = —1, 23 = 2.

Solution.
Simply substitute these values into the given system to obtain

—a + 2¢c = -3
3b — ¢ = 7
3a + 2b = 7

The augmented matrix of the system is

-1 0 2 =3
0o 3 -1 7
3 2 0 7

A row-echelon form of this matrix is obtained as follows.
Step 1: 11 «— —1r

1 0 -2 3
0 3 -1 7
32 0 7
Step 2: r3 «— r3 — 31
1 0 -2 3
0 3 -1 7
0 2 6 =2
Step 3: ro «— 19 — 13
1 0 -2 3
01 -7 9
0 2 6 -2
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Step 4: r3 «— rg — 219

1 0 -2 3
0o 1 -7 9
0 0 20 -20
Step 5: r3 «— %7‘3
1 0 -2 3
0 1 -7 9
0 0 1 -1
The corresponding system is
a - 2c = 3
b — T7¢c = 9
c = —1

Using back substitution we find the solution a =1,b=2,c=—-11

Exercise 47
Find a relationship between a,b,c so that the following system is consistent

T1 + o + 2x3 a
Z1 + x3 = b
201 + w2 + 3x3 =

Solution.
The augmented matrix of the system is

[N
=
W = N
o o9

We reduce this matrix into row-echelon form as follows.

Step 1: 19 <« r9 —r1 and r3 <« r3 — 277

1 1 2 a
0 -1 -1 b—a
0 -1 -1 ¢—2a

Step 2: rg «— —1ro

1 1 2 a
0 1 1 a-—0
0 -1 -1 c¢c—2a

Step 3: r3 «— 13+ 12
1 1 2 a
0 1 1 a—1>
0 00 c—a—-0

The system is consistent provided that a+b—c=0N
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Exercise 48
For which values of a will the following system have (a) no solutions? (b) exactly
one solution? (c) infinitely many solutions?

r1 + 229 — 3x3 = 4
3{E1 — i) + 5%3 = 2
dry + w2 + (a® —14)x3

|
IS
+
[N}

Solution.
The augmented matrix is

1 2 -3 4
3 -1 ) 2
4 1 a®>-14 a+2

The reduction of this matrix to row-echelon form is outlined below.

Step 1: r9 <« 19 — 3r1 and r3 « r3 — 4ry

1 2 -3 4
0 -7 14 —10
0 -7 a>-2 a—14

Step 2: r3 «— 13 — 19

1 2 -3 4
0 -7 14 -10
0 0 a*2—-16 a—4

The corresponding system is

Ty + 219 — 3x3 = 4
- 71‘2 + 14I3 = —10
(a>—16)r3 = a—4
(a) If @ = —4 then the last equation becomes 0 = —8 which is impossible.

Therefore, the system is inconsistent.

(b) If @ # 44 then the system has exactly one solution, namely, 1 = 78(“(;’;145) , Ty =
10a+54 _ 1

7(a+4) » L3 = a+4-°

(¢c) If @ = 4 then the system has infinitely many solutions. In this case, x5 =t
is the free variable and z1 = 8;7%5 and x9 = 10+7714t [ ]

Exercise 49
Find the values of A,B,C in the following partial fraction

2?2 —x+3 Az +B C

(22 4+2)2z—1) 22 +2 Tt
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Solution.
By multiplying both sides of the equation by (22 +2)(2x — 1) and then equating
coefficients of like powers of = we obtain the following system

2A + C = 1
-A + 2B = -1
- B + 2C¢ = 3

Replace r3 by 2r3 + r to obtain

24 + Cc = 1
~A + 2B = -1
—A + 4C = 5

Next, replace r3 by 2r3 + 71 to obtain

24 + Cc = 1
~A + 2B = -1
9C = 11

Solving backward, we find A = —é, B = —g, and C' = 1—91 [ |

Exercise 50
Find o quadratic equation of the form y = ax® + bx + ¢ that goes through the
points (—2,20),(1,5), and (3,25).

Solution.
The components of these points satisfy the given quadratic equation. This leads
to the following system

4a — 2b + = 20
a + b + = 5
9 + 3b + ¢ = 25
Apply Gauss algorithm as follows.
Stepl. r1 < ro
a + b + ¢ =5
da — 2b + ¢ = 20
9 + 3b + ¢ = 25
Step 2. r9 <« 19 — 41y and r3 «— r3 — 9ry
a + b + ¢ = 5
— 6b — 3¢ = 0

- 6b — 8 = -20
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Step 3. 13 «— r3 — 1o

a + b + ¢ = 5
— 6b — 3¢ = 0
— 5¢ = =20

Solving by the method of backward substitution we find a = 3,0 = —2, and
c=41

Exercise 51
For which wvalue(s) of the constant k does the following system have (a) no
solutions? (b) exactly one solution? (c) infinitely many solutions?

T — To = 3
2.7,‘1 — 2%‘2 = k
Solution.

(a) The system has no solutions if £ # 3, i.e. k # 6.

(b) The system has no unique solution for any value of k.

(¢) The system has infinitely many solution if & = 6. The general solution is
given by x1 =3+ t,z2o =t

Exercise 52
Find a linear equation in the unknowns x1 and xo that has a general solution
Tr1 = 5+2t,1‘2 =1t.

Solution.
Since z9 =t then 21 =5+ 225 that isx1 — 222 =51

Exercise 53
Consider the linear system

2x1 + 3xe — 4dxz + Ty = b
—2x1 + T3 = 7
3$1 + 21}2 - 4503 = 3

(a) Find the coefficient and augmented matrices of the linear system.
(b) Find the matriz notation.

Solution.
(a) If A is the coefficient matrix and B is the augmented matrix then

2 3 -4 1 2 3 -4 15
A=1 -2 0 1 0 ,B= -2 0 1 0 7
3 2 0 —4 3 2 0 -4 3

(b) The given system can be written in matrix form as follows

2 3 -4 1 T 0
-2 0 1 0 T2 | = 8 |m
3 2 0 -4 T3 -9
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Exercise 54

Solve the following system using elementary row
matriz:

CHAPTER 7. SOLUTIONS TO REVIEW PROBLEMS

operations on the augmented

51‘1 — 51‘2 — 15$3 = 40
433‘1 — 2%‘2 — 6.133 = 19
31’1 — 6932 — 17563 = 41
Solution.
The augmented matrix of the system is
5 —5 —15 40
4 -2 -6 19
3 —6 —17 41
The reduction of this matrix to row-echelon form is
Step 1: r; «— %rl
1 -1 -3 8
4 -2 -6 19
3 —6 —17 41
Step 2: r9 <« r9 — 41y and r3 «— r3 — 3ry
1 -1 -3 8
0 2 6 —13
0 -3 -8 17
Step 3: ro «— 19 + 13
1 -1 -3 8
0o -1 -2 4
0o -3 -8 17
Step 4: 13 < r3 — 312
1 -1 -3 8
0 -1 -2 4
0 0 -2 5
Step 5: ro «— —rg and r3 «— —%’I"g
1 -1 -3 8
0 1 2 —4
o 0o 1 -3
It follows that x5 = —g,xg = —6, and x1 = —% [ |
Exercise 55
Solve the following system.
2.’E1 + X2 + Irs = -1
r1 + 2z + xr3 = 0
3.1’1 — 2.2?3 = 5
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Solution.
The augmented matrix is given by

21 1 -1
1 2 1 0
30 -2 5

The reduction of the augmented matrix to row-echelon form is as follows.

Step 1: 71 < 1o

1 2 1 0
21 1 -1
3 0 -2 5

0 -3 -1 -1
0 -6 -5 5

Step 3: r3 <« r3 — 279
1 2 1 0

0 -3 -1 -1
0o 0 -3 7
Step 4: 1o «— —%7"2 and 73 «— —%7“3
1 2 1 0
11
01 3 1
00 1 —3
The solution is given by: 21 = &, 20 =1 253 = -7 m

Exercise 56
Which of the following matrices are not in reduced row-ehelon from and why?

(a)
1 -2 00
0 0 00
0 0 10
0 0 01
(b)
00
020 -2
003 0
(c)

S O =
o = O
|
[\)
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Solution.

(a) No, because the matrix fails condition 1 of the definition. Rows of zeros
must be at the bottom of the matrix.

(b) No, because the matrix fails condition 2 of the definition. Leading entry in
row 2 must be 1 and not 2.

(c) Yes. The given matrix satisfies conditions 1 - 4 W

Exercise 57
Use Gaussian elimination to convert the following matriz into a row-echelon
matriz.

1 -3 1 -1 0 -1
-1 3 0 3 1 3
2 -6 3 0 -1 2
-1 3 1 5 1 6

Solution.
We follow the steps in Gauss-Jordan algorithm.

Step 1: 19 «— 1o+ 11,73 «— 13 — 2r, and rq «— 14 + 71

1 -3 1 -1 0 -1
0o 0 1 2 1 2
o o0 1 2 -1 4
0 0 2 4 1 5
Step 2: rg «— 13 — 1y and ry «— 14 = 21y
1 -3 1 -1 0 -1
o o 1 2 1 2
0 0 0 0 -2 2
0 0 0 0 -1 1
Step 3: r3 «— —%Tg,
1 -3 1 -1 0 -1
0 0 1 2 1 2
0o o o0 o 1 -1
0 0 0 0 -1 1
Step 4: r4 «— 14+ 13
1 -3 1 -1 0 -1
0o o0 1 2 1 2 -
O o0 0 0 1 -1
0 0 0 0 0 O

Exercise 58
Use Gauss-Jordan elimination to convert the following matriz into reduced row-
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echelon form.

-2 1 1 15
-2 -36
-1 —-11
-5 -5 -5 -—-14

—
[
— =

Solution.

Using the Gauss-Jordan to bring the given matrix into reduced row-echelon form
as follows.

Step 1: 71 <> 13
1 -1 -1 -11
6 -1 -2 -36
—2 1 1 15
-5 -5 -5 -—-14

Step 2: ro «— 19 — 671,73 < 173 + 211, and ry «— 14 + 5ry

1 -1 -1 11
0 5 4 30
o -1 -1 =7
0 —-10 —-10 —-69
Step 3: ro > —r3
1 -1 -1 -11
0 1 1 7
0 5 4 30
0 —-10 -10 -69

Step 4: r3 < r3 — 51y and r4 «— r4 + 1072

1 -1 -1 -11
0o 1 1 6
0 0 -1 -5
o 0 0 -9
Step 5: r3 «— —r3 and ry — — 474
1 -1 -1 -11
0 1 1 6
0 0 1 5
0 0 0 1
Step 6: 71 «— r1 + 1o
10 0 =5
01 1 6
0 01 5
000 1
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Step 7: 19 «— ro — 13

1 0 0 -5
0 1 0 1
0 0 1 0
0 0 O 1
Step 8: 71 < r1 + 574 and ro «— 19 — 61y

1 0 0 O
01 0 1
o010 |®
0 0 0 1

Exercise 59
Solve the following system using Gauss-Jordan elimination.

31 +  xo + Tx3 + 2x4 = 13
207 — 4dxy 4+ ldz3 -— zy = —10
501 + 1llaze — Txs + 8xy4 = 59
201 + bxo — 4dx3 — 3x4 = 39

Solution.
The augmented matrix of the system is

1 7 2 13
-4 14 -1 -10
11 -7 8 99

5 —4 -3 39

N O N W

The reduction of the augmented matrix into reduced row-echelon form is
Step 1: 71 «— 1y — 1o

5 =7 3 23
-4 14 -1 -10
1 -7 8 99

5 —4 -3 39

D Ot N

Step 2: 1o «— 19 — 271,73 < 173 — 511, and ry «— rq4 — 27

1 5 =7 3 23
0 —14 28 -7 —56
0 —14 28 -7 —56
0 -5 10 -9 -7
Step 3: r3 «— 13 — 19
1 5 =7 3 23
0 —14 28 -7 -—56
0 0 0 0 0
0o -5 10 -9 -7
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Step 4: ry <> 73 and ro « —5772

1 5 -7 3 23
0o 1 -2 3 4
0 -5 10 -9 -7
00 0 0 0

Step 5: 71 < r1 — 5ro and r3 < 13 + 5ry

1 0 3 .5 3
01 -2 5 4
0 0 0 —-6.5 13
0 0 O 0 0
Step 6: r3 — —1—237“3
10 3 5 3
01 -2 5 4
00 0 1 -2
00 0 0 O
Step 7: r1 < 171 — .5rg and ro «— 19 — .51,
10 3 0 4
01 -2 0 5
0 0 0 1 -2
00 0 0 O
The corresponding system is given by
I + 33 = 4
T2 — 21}3 = 5
Ty = -2

The general solution is: 1 =4 —3t, 20 =5+ 2t, 23 =t, 24 = —2 1

Exercise 60
Find the rank of each of the following matrices.

(a)
-1 -1 0 0
0o 0 2 3
4 0 -2 1
3 -1 0 4
(b)
1 -1 3
0

209
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Solution.
a) We reduce the given matrix to row-echelon form.
g

Step 1: r3 <« r3+ 4r; and rq « 14 + 3711

-1 -1 0 0
0O 0 2 3
0 —4 -2 1
0 -4 0 4
Step 2: rg «— 14 — 13
-1 -1 0 0
0O 0 2 3
0 -4 -2 1
0 0 2 3
Step 3: r1 «— —ry and g «— 13
1 1 0 0
0 -4 -2 1
0o 0o 2 3
o o 2 3
Step 4: 14 < 13— 14
1 1 0 0
0 -4 -2 1
0o o0 2 3
0 0 0 0
Step 5: 19 — —irz and 73 %T3
11 0 0
0 1 .5 =25
0 0 1 15
0 0 O 0

Thus, the rank of the given matrix is 3.
(b) Apply the Gauss algorithm as follows.

Step 1: 19 «— 19 — 2r; and r3 «— r3 + 171

1 -1 3

0o 2 =2

0 -4 4
Step 2: r3 < r3 + 279

1 -1 3

0 2 =2

o
o
o
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Step 3: 1o «— %7"2

1 -1 3
0o 1 -1
0 0 0

Hence, the rank is 2 H

Exercise 61
Choose h and k such that the following system has (a) no solutions, (b) exactly
one solution, and (c) infinitely many solutions.

I — 3332 =
21’1 — h(EQ = k

—_

Solution.
The augmented matrix of the system is

1 -3 1
2 —-h k

By performing the operation ro « ry — 2r; we find

1 -3 1
( 0 6—h k-2 >
(a) The system is inconsistent if h = 6 and k # 2.
(b) The system has exactly one solution if h # 6 and for any k. The solution is
given by the formula:z; = 36k:hh,x2 = ’5_;2-
(¢) The system has infinitely many solutions if h = 6 and k = 2. The parametric

form of the solution is: 1 =1+ 3s, 2o = sl

Exercise 62
Solve the linear system whose augmented matriz is reduced to the following re-
duced row-echelon form

100 -7 8
01 0 3 2
0 01 1 -5

Solution.
The free variable is x4 = s. Solving by back-substitution one finds z; = 8 +
7s,x0 =2—3s,and xr3=-5—s N

Exercise 63
Solve the linear system whose augmented matriz is reduced to the following row-
echelon form

1 -3 71
0 1 4 0
0 0 01
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Solution.
Because of the last row the system is inconsistent l

Exercise 64
Solve the linear system whose augmented matriz is given by

1 1 2 8
-1 -2 3 1
3 =7 4 10

Solution.
The reduction of the augmented matrix to row-echelon form is
Step 1: 19 «— 1o + 71 and 3 «— r3 — 311

1 1 2 8
0 -1 5 9
0 -10 -2 -14

Step 2: 1o «— —79

—_

1 2 8
1 -5 -9
0 —-10 -2 -—14

o

Step 3: r3 «— r3 + 1075

11 2 8
01 =5 -9
0 0 =52 -—104

Step 4: r3 «— —5%713

11 2 8
01 -5 -9
0 0 1 2

Using backward substitution we find the solution: z1 = 3,20 =1, 2z3 =2 1

Exercise 65
Find the value(s) of a for which the following system has a nontrivial solution.
Find the general solution.

xr1 + 2z + z3 = 0
7 + 3x2 + 6x3 = 0
201 + 3x2 + axs = 0

Solution.
The augmented matrix of the system is

N = =
W W N
Q O =
o O O
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Reducing this matrix to row-echelon form as follows.

Step 1: rg <« 19 — 1y and r3 «— r3 — 2711

1 2 1 0
0 1 5 0
0 -1 a—2 0
Step 2: r3 < r3 + 1o
1 2 1 0
0 1 5 0
0 0 a+3 O
If a = —3 then the rank of the coefficient matrix is less than the number of

unknowns. Therefore, by Theorem 6 the system has a nontrivial solution and
consequently infinitely many solutions. By letting x3 = s we find 21 = 9s and
zo=—5s

Exercise 66
Solve the following homogeneous system.

1 — 9 + 223 + x4 = 0
2$1 + 21’2 — Ty = 0
3rz1 + x2 + 223 4+ x4 = 0
Solution.
The augmented matrix of the system is
1 -1 2 1 0
2 2 0 -1 0
3 1 2 1 0

Reducing the augmented matrix to row-echelon form.

Step 1: 19 «— ro — 217 and r3 < r3 — 3r
1 -1 2 1 0
0 4 -4 -3
0 4 -4 -2

o o

Step 2: 13 «— r3 —ro

o o
O =
=

W
_

w
o O

Step 3: 1o — irg

1 -1 2 1 0

0 1 -1 =20

0O 0 0 1 0
It follows that the rank of the coefficient matrix is less than the number of
unknowns so the system has infinitely many solutions given by the formula
r1=—8,x2=8,x3=8 and x4, =0 N
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Exercise 67

Let A be an m X n matriz.

(a) Prove that if y and z are solutions to the homogeneous system Az = 0 then
y+ z and cy are also solutions, where c is a number.

(b) Give a counterexample to show that the above is false for nonhomogeneous
systems.

Solution.

(a) Suppose that Az = Ay = 0 and ¢ € R then A(x +y) = Az = Ay = 0 and
A(cx) = cAz = 0.

(b) The ordered pair (1,0) satisfies the nonhomogeneous system

X1 + X2 =1
ry — X2 = 1
However, 2(1,0) is not a solution W

Exercise 68

Show that the converse of Theorem 6 is false. That is, show the existence of a
nontrivial solution does not imply that the number of unknowns is greater than
the number of equations.

Solution.
Consider the system

T + ) = 0
2(E1 + 2$2 = 0
3r1 + 3x2 = 0

The system consists of three lines that coincide Wl

Exercise 69 (Network Flow)
The junction rule of a network says that at each junction in the network the
total flow into the junction must equal the total flows out. To illustrate the use
of this rule, consider the network shown in the accompanying diagram. Find the
possible flows in the network.

50
B
f1 f2
40 £3 60
A c
f4 f.5
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Solution.
Equating the flow in with the flow out at each intersection, we obtain the fol-
lowing system of four equations in the unknowns f1, fo, f3, f1, and fs.

f1 - s + N = 40(IntersectionA)
h + f = 50(IntersectionB)
f2 + fs + fs = 60(IntersectionC)

fa + fs = 50(IntersectionD)

The augmented matrix of the system is

1 0 -1 1 0 40
11 0 0 0 50
01 1 0 1 60
00 0 1 1 30

The reduction of this system to row-echelon form is carried out as follows.

Step 1: 19 «— 1o — 1y

1 0 -1 1 0 40
01 1 -1 0 10
01 1 0 1 60
0 0 O 1 1 50
Step 2: r3 <« 13 — 1o
1 0 -1 1 0 40
01 1 -1 0 10
0 0 O 1 1 50
0 0 O 1 1 50
Step 3: 74 «— g4 — 13
1 0 -1 1 0 40
01 1 -1 0 10
0 0 O 1 1 50
0 0 0 0 0

This shows that f3 and f5 play the role of parameters. Now, solving for the
remaining variables we find the general solution of the system

fi = fs+fs—10
fo = —f3—f5+60
fa = 50 — f5

which gives all the possible flows B
Chapter 2
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Exercise 108
Compute the matriz

Solution.
T
2 1 1 -1 4 -1
3(—1 0> _2<2 3 )‘(—1 —6>.
Exercise 109

Find w,x,y, and z.

1 2 w 1 2 -1
2 x 4 |=12 -3 4
y —4 =z 0 —4 5

Solution.
Equating the corresponding entries we find w = -1,z = -3,y =0,and 2z =51

Exercise 110
Determine two numbers s and t such that the following matriz is symmetric.

2 s t
A= 2s 0 s+t
3 3 t

Solution.
Since A is symmetric then AT = A; that is,

2 2s 3 2 S t
AT = s 0 3 |=1| 25 0 s+¢
t s+t t 3 3 t

Equating corresponding entries we find that s =0 and t =3

Exercise 111
Let A be a 2 x 2 matrixz. Show that

1 0 0 1 0 0 0 0
A-a(o 0>+b(0 O)+c<1 O>+d<0 1)
Solution.
Let A be the matrix

QU o
N——
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Then

7N
S
o o
~__
JF
oo oo
Lo ee

Exercise 112
LetAz[l 1 —1],B=[O 1 2},02[3 0 1].IfrA+sB+tC=
0 show that s=r =1t =0.

Solution.
A simple arithmetic yields the matrix

rA+sB+tC = [ r+3t r+s —7“+25+t}

The condition 7A + sB + tC' = 0 yields the system

r + 3t =0
r + s = 0
-r + 25 + t = 0
The augmented matrix is
1 0 3 0
1 1 .0 0
-1 2 10

10 3 O

01 -3 0

02 4 0
Step 2: r3 «— rg3 — 219

10 3 O

01 -3 0

0 0 10 0

Solving the corresponding system we find r=s=¢t=01

Exercise 113
Show that the product of two diagonal matrices is again a diagonal matriz.

Solution.

Let D = (d;;) be a diagonal matrix of size m x n and D’ = (d;;) be an n x p
diagonal matrix. Let DD’ = (a;;). Then a;; = > p_; dikdfgj. If i = j then
a;; = di;d;; since for i # k we have d;;, = dj,; = 0. Now, if i # j then dikd;j =0
for all possible values of k. Hence, DD’ is diagonal l
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Exercise 114
Let A be an arbitrary matriz. Under what conditions is the product AAT de-
fined?

Solution.
Suppose A is an m x n matrix. Then A7 is an n X m matrix. Since the number
of columns of A is equal to the number of rows of AT then AAT is always defined

Exercise 115
(a) Show that AB = BA if and only if (A — B)(A+ B) = A2 — B2
(b) Show that AB = BA if and only if (A+ B)?> = A2 + 2AB + B2,

Solution.

(a) Suppose that AB = BA then (A—B)(A+B) = A2+ AB—BA—-B? = A%—
since AB — BA = 0. Conversely, suppose that (4 — B)(A+ B) = A? — B2 then
by expanding the left-hand side we obtain A2 — AB+ BA — B% = A% — B2, This
implies that AB = BA.

(b) Suppose that AB = BA then (A + B)? = A2 + AB+ BA+ B? = A% +
2AB + B2. Conversely, suppose that (A+ B)? = A2+ 2AB + B2. By expanding
the left-hand side we obtain A? + AB + BA + B? = A% + 2AB + B? and this
leads to AB=BA R

Exercise 116

Let A be a matriz of size m X n. Denote the columns of A by C1,Cs,--+,C,.
Let x be the n x 1 matriz with entries x1,x2, *+,%pn. Show that Ax = z1C1 +
29Cy + -+ + xncfr

Solution.
Suppose that A = (a;;). Then

a1l Q12 - Qin x1 1171 + a12T2 + - - + Q1 Ty
a1 G2 -+ Q2p T2 a21%1 + A22%2 + +++ + A2 Ty
Ax = . . . . =

am1 Amn o Omn Tn Am1T1 + Am2T2 + -+ AmnTn
ajy a2 QA1n
azi a2 A2p

= T . + 9 . +--- 4z,

am1 Am?2 Amn

= 1Cy + 22C5 + - - - + 2,C

Exercise 117
Let A be an m x n matriz. Show that if yA =0 for all y € R™ then A= 0.
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Solution.

Suppose the contrary. Then there exist indices ¢ and j such that a;; # 0. Let y
be the 1 x m matrix such that the jth column is 1 and 0 elsewhere. Then the
(1,j)—th entry of yA is a;; # 0, a contradiction W

Exercise 118
An n x n matriz A is said to be idempotent if A2 = A.

(a) Show that the matriz
171 1
4=3 < 11 )
s idempotent
(b) Show that if A is idempotent then the matriz (I, — A) is also idempotent.

Solution.

(a) Easy calculation shows that A% = A.

(b) Suppose that A% = A then (I, —A)? = I, —2A+ A2 =1,-2A+A=1,-A
[ |

Exercise 119
The purpose of this exercise is to show that the rule (ab)™ = a™b™ does not hold
with matrix multiplication. Consider the matrices

(2 ) (52)

Show that (AB)? # A?B2.

Solution.
We have
5 ( 100 —432
(AB) < 0 289
and

2a [ 160 —460
A= ( —5 195 )W
Exercise 120
Show that AB = BA if and only if ATBT = BT AT,

Solution.
AB = BA if and only if (AB)T = (BA)T if and only if BTAT = ATBT m

Exercise 121

Suppose AB = BA and n is a non-negative integer.

(a) Use induction to show that AB™ = B™A.

(b) Use induction and (a) to show that (AB)™ = A™B".
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Solution.

(a) The equality holds for n = 0 and n = 1. Suppose that AB™ = B™A. Then
AB™1 = (AB)B" = (BA)B" = B(AB") = B(B"A) = B"+1A.

(b) The equality holds for n = 1. Suppose that (AB)" = A"B". Then (AB)"! =
(AB)"(AB) = (A"B")(AB) = (A"B")(BA) = A"(B"B)A = A™"(B"1A) =
An(ABn+1) — Antlpgntl ]

Exercise 122

Let A and B be symmetric matrices. Show that AB is symmetric if and only if
AB = BA.

Solution.
AB is symmetric if and only if (AB)? = AB if and only if BT AT = AB if and
only if AB=BANR

Exercise 123
Show that tr(AAT) is the sum of the squares of all the entries of A.

Solution.
If A= (a;;) then AT = (a;;). Hence, AAT = (3"}'_, airaji). Using the definition
of the trace we have

n n
AAT Z Z aAikQik) Z Z a?kl

=1 k=1 i=1 k=1

Exercise 124
(a) Find two 2 x 2 singular matrices whose sum in nonsingular.
(b) Find two 2 x 2 nonsingular matrices whose sum is singular.

Solution.

(a)

b
I
~
O =
oo
~—
S
|
/—\
o O

(b)

Exercise 125
Show that the matriz

1s singular.

Solution.
If B is a 3 x 3 matrix such that BA = I3 then

b31(0) + b32(0) + b33(0) =0
But this is equal to the (3,3) entry of I3 which is 1. A contradiction W
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Exercise 126
Let

W N
N——

Find A=3.

Solution.

Exercise 127
Let

Find A.

Solution.
Using Exercise 94, we find

(4 4

Exercise 128
Let A and B be square matrices such that AB = 0. Show that if A is invertible
then B is the zero matriz.

Solution.
If A is invertible then B =1,B = (A"1A)B=A"1(AB)=4"'0=0m

Exercise 129
Find the inverse of the matriz

sinf cos@
A= ( —cosf sinf )

Solution.
Using Exercise 94 we find

_1 [ sinf —cosf
A7 = < cosf  sinf )l
Exercise 130

Which of the following are elementary matrices?

(a)

1 10
0 01
01 0
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(b)
1 0
-5 1
(c)
1 00
01 9
0 0 1
(d)
2 0 0 2
01 0 O
0 0 1 0
0 0 0 1
Solution.

(a) No. This matrix is obtained by performing two operations: ro < r3 and
Ty <11+ 73

(b) Yes: ro «— 1o — 5ry.

(c) Yes: rg «— ro + 9r3.

(d) No: 1y «2ry and 1y «— 71 + 214 H

Exercise 131

Let A be a 4 x3 matriz. Find the elementary matriz E, which as a premultiplier
of A, that is, as E A, performs the following elementary row operations on A :
(a) Multiplies the second row of A by -2.

(b) Adds 3 times the third row of A to the fourth row of A.

(c¢) Interchanges the first and third rows of A.

Solution.
(a)
1 0 0 0
0 -2 0 0
0 0 1 0
0 0 0 1
(b)
1 0 0 O
01 0 0
0 0 1 0
0 0 3 1
(c)
0 0 1 0
01 0 0
1 0 0 O u
0 0 0 1
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Exercise 132
For each of the following elementary matrices, describe the corresponding ele-
mentary row operation and write the inverse.

(a)
0 0 1
E = 01 0
1 0 0
(b)
1 0 0
E = -2 1 0
0 0 1
(c)
1 00
E = 01 0
0 0 5
Solution.
(a) ry <13, E71 = E.
(b) r9 <— 79 — 2’1"1
1 0 0
2 1 0
0 0 1
(¢c) r3 « 5rs
1 0 0
01 0 |m
00 £
Exercise 133
Consider the matrices
3 4 1 8 1 5 3 4 1
A= 2 -7 -1 |,B= 2 =7 -1 |,C= 2 -7 -1
8 1 3 4 1 2 -7 3

Find elementary matrices E1, Es, E3, and E4 such that
(a)ElA = B, (b)EQB = A, (C)EgA == C, (d)E4C = A.

Solution.

(a)

Ey

Il
— o O
O = O
O O =
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(b) By = E.
(c)
1 00
Es=( 0 10
—2 0 1
(d)
100
Es=( 010 |m
2 0 1

Exercise 134
Determine if the following matriz is invertible.

1 6 4
2 4 -1
-1 2 5
Solution.
Consider the matrix
1 6 4 | 1 00
2 4 -1 ] 010
-1 2 5 | 001
Step 1: 19 «— 79 — 2ry and r3 « r3 + 171
1 6 4 | 1 00
0 -8 -9 | =2 10
0 38 9 | 1 01
Step 2: r3 «— r3 + 1o
1 6 4 ] 1 00
0 -8 -9 | -2 10
0 o0 0 | -1 11

It follows that the given matrix is row equivalent to a matrix with a row of
zeros. By Theorem 255 this matrix is singular W

Exercise 135
For what values of a does the following homogeneous system have a nontrivial

solution?
(a—1Dx + 219 0
224 + (a—1lzy = 0

Solution.
Let A be the coefficient matrix of the given system, i.e.

a—1 2
A_< 2 a—l)
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By Exercise 94, A is invertible if and only if (a — 1)> —4 # 0 ,i.e. a # 3 and
a # —1. In this case the trivial solution is the only solution. Hence, in order to
have nontrivial solution we must have a = -1 ora =3 R

Exercise 136
Find the inverse of the matriz

1 1 1
2 3
5 5 1
Solution.
We first construct the matrix
111100
0 23] 010
5 5 1 ] 0 0 1
Step 1: r3 « r3 — 51y
11 1 | 1 0 0
02 3 | 0 10
0 0 -4 ] -5 01
Step 2: T2<—%7"2 and r3<__ir3
11 1] 10 o0
010 o
001 1] 2 0 —3
Step 3: 71 «— 11 — 19
10 -2 |1 -1 0
o1 £ 1o § oo
00 1 | 3 0 —1
Step 4: TzHrzfgv"g and 7"1<—7"1+%7’3
1 0 0 3 1 1
01 0 | ERCRE S
Ty 2§
0 0 1 | 2 0o -1
It follows that
3 1 _1
2 8
/o S R G g I
R
4 4

Exercise 137
What conditions must by, ba, bs satisfy in order for the following system to be
consistent?

X + x2 + 21’3 b1

x1 + @3 = by

21 + x> + 3x3 = b3



226 CHAPTER 7. SOLUTIONS TO REVIEW PROBLEMS

Solution.
The augmented matrix of the system is

11 2 b
1 0 1 be
2 1 3 b3

Step 1: 19 <« 19 — 11 and r3 «— 3 — 217

1 1 2 b1
0 -1 —1 ba—0;
0 -1 —1 b3—2b

Step 2: r3 «— 13 — 19

1 1 2 b1
0 -1 -1 ba — by
0 0 0 b3—by—b;

The system is consistent if and only if b3 —bs —b; =0 R

Exercise 138
Prove that if A is symmetric and nonsingular than A~' is symmetric.

Solution.
Let A be an invertible and symmetric n x n matrix. Then (A~1)T = (A7)~ =
A=l That is, A~! is symmetric B

Exercise 139

If
4 0 0
D=0 -2 0
0 0 3
find D71
Solution.
According to Exercise 100 we have
i 0 0
D?'=10 -1 0 |m
0 0 3

Exercise 140
Prove that a square matriz A is nonsingular if and only if A is a product of
elementary matrices.

Solution.
Suppose first that A is nonsingular. Then by Theorem 19, A is row equivalent
to I,,. That is, there exist elementary matrices Fq, Fs,-- -, F) such that I,, =
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E.E,_1---F1A. Then A = EflEgl . --E,;l. But each E[l is an elementary
matrix by Theorem 18.

Conversely, suppose that A = E1FEy - - Ey,. Then (E1E; -+ E,)"'A = I,,. That
is, A is nonsingular Wl

Exercise 141
Prove that two m x n matrices A and B are row equivalent if and only if there
exists a monsingular matriz P such that B = PA.

Solution.

Suppose that A ~ B. Then there exist elementary matrices F1, Es, - - -, Ey such
that B = EyEy_1---F1A. Let P = ExE,_1---FE1. Then by Theorem 18 and
Theorem 15 (a), P is nonsingular.

Conversely, suppose that B = P A, for some nonsingular matrix P. By Theorem
19, P ~ I,. That is, I, = ExEj_1--- E;P. Thus, B = E;'Ey' - E, ' A and
this implies that A ~ B R

Exercise 142
Let A and B be two n X n matrices. Suppose A is row equivalent to B. Prove
that A is nonsingular if and only if B is nonsingular.

Solution.

Suppose that A ~ B. Then by the previous exercise, B = PA, with P nonsingu-
lar. If A is nonsingular then by Theorem 15 (a), B is nonsingular. Conversely,
if B is nonsingular then A = P~!B is nonsingular W

Exercise 143
Show that the product of two lower (resp. upper) triangular matrices is again
lower (resp. upper) triangular.

Solution.
We prove by induction on n that the product of tow lower triangular matrices
is lower triangular. For n = 2 we have

AB — a1 O biu O
a1 Aa22 bar  bao

_ ( a11b11 0
a21b11 + agzbar  azzbaa

Thus, AB is lower triangular. So suppose that the result is true for all lower
triangular matrices of sise < n—1. Let A and B be two lower triangular matrices

of size n x n. Then
a O b 0
s = (% 2y )
0

ab
bX +AY A B
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where X and Y are (n — 1) x 1 matrices and A1, By are (n — 1) X (n — 1) lower
triangular matrices. By the induction hypothesis, A;B; is lower triangular so
that AB is lower triangular.

The fact that the product of two upper triangular matrices is upper triangular
follows by transposition. Wl

Exercise 144
Show that a 2 x 2 lower triangular matriz is invertible if and only if ay1a22 # 0
and in this case the inverse is also lower triangular.

Solution.
By Exercise 94, the lower triangular matrix

= o)
agz1 a2

is invertible if and only in aj1a22 # 0 and in this case

L 0
-1 _ a1
A7 = ( _ A 1 )l
a11a22 a2
Exercise 145

Let A be an n X n matriz and suppose that the system Ax = 0 has only the
trivial solution. Show that A¥z = 0 has only the trivial solution for any positive
integer k.

Solution.

Since Az = 0 has only the trivial solution then A is invertible. By indiction on
k and Theorem 15(a), A* is invertible and consequently the system A*z = 0
has only the trivial solution

Exercise 146
Show that if A and B are two n X n matrices then A ~ B.

Solution.

Since A is invertible then A ~ I,,. That is, there exist elementary matri-
ces By, Fo,---, Ey such that I,, = FyxFy_1---E1A. Similarly, there exist ele-
mentary matrices Fy, Fy, -+, F; such that I,, = FjF;_1---F|B. Hence, A =
ET'E;Y - E'FFi_q---F1B. That is, A~ B

Exercise 147
Show that an n X n matriz invertible matriz A satisfies the property (P): If
AB = AC then B =C.

Solution.

Suppose that A is invertible. Let B abd C be two n X n matrices such that
AB = AC. Then A(B — C) = 0. Multiplying both sides by A~! to obtain
B-C=0orB=Cn
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Exercise 148
Show that an n x n matriz A is invertible if and only if the equation yA = 0
has only the trivial solution.

Solution.

Suppose that A is invertible and let y be a 1 X n matrix such that yA4 = 0.
Multiplying from the left by A=! we find y = 0.

Conversely, suppose that the equation yA = 0 has only the trivial solution.
Then ATz = 0 has only the trivial solution. By Theorem 19, AT is invertible
and consequently A is invertible B

Exercise 149
Let A be an n X n matriz such that A™ = 0. Show that I,, — A is invertible and
find its inverse.

Solution.

We have (I, — A) (I, + A+ A%+ A" P = [+ A4 A1 A A2 ... —
A=l — A" = [,. Thus, I,, — A is invertible and (I, — A)"! = I, + A+---+ A"~}
[ |

Exercise 150
Let A = (a;j(t)) be an m X n matriz whose entries are differentiable functions

of the variable t. We define dd—‘? = (dgt” ). Show that if the entries in A and B
are differentiable functions of t and the sizes of the matrices are such that the
stated operations can be performed, then

(a) %(k;A) = k%.

(0) A+ 5) = 4+ 42,

(c) 4(AB) = 4B+ A4B

Solution. ., .

(@) f(kA) = (i (hass)) = (K%)= K% = ke

(b) 4 (A + B) = ((as; + bij)) = (G + G) = G + &
(c) Use the product rule of differentiation W

Exercise 151

Let A be an n x n invertible matriz with entries being differentiable functions of
—1

t. Find a formula for 44—,

dt
Solution.
Since A is invertible then AA~! = I,. Taking derivative of both sides and
—1
using part (¢) of the previous exercise we find %A’l + Ad‘?it = 0. Thus,
Ad‘zt_l = —%A‘l. Now premultiply by A~! to obtain d‘zt_l = —A_l%A_1 [ ]

Exercise 152 (Sherman-Morrison formula)
Let A be an n X n invertible matrixz. Let u,v be n X 1 matrices such that
v A= u + 1 # 0. Show that
-1 T 4—1
(a) (A+uvT)(A7L — M%) =1,.
(b) Deduce from (a) that A is invertible.
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Solution.
(a) Using the properties of matrix multiplication we find

T —1 A w0 TA uvl A~ T A—1 wl A" tywTA—E
(A+w ) (AT = Grat) = In — fgra tuvt A7 — et — =

T A—1, T p—1_ T py—1 T A—1 TA*l TAfli TA71
I, + A" v AlJrvuTAu})IUA wo AT0 I, + v u(lufvTAiluuv ) _ .
(b) Tt follows from Theorem 20 and (a)that A + uv? is invertible and

A LT AL

A -1 _ A71 o
(A+uw) 1+0TA 1y

Exercise 153
Let © = (z1,29, - Tm)T be an m x 1 matriz and y = (y1,y2, -, yn)’ be an
n x n matriz. Construct the m x n matriz xy” .

Solution.
Using matrix multiplication we have

z1
T T2
xry = . (yhyZa”'vyn)
Tm
T1yYyr  T1yY2 - TiYn
T2y T2Y2 - T2Yn .
TmY1 TmY2 - TmYn

Exercise 154
Show that a triangular matriz A with the property AT = A=1 is always diagonal.

Solution.
Since A is invertible and upper triangular then A~! is also upper triangular.
Since A is upper triangular then A7 is lower triangular. But A” = A=!. Thus,
AT is both upper and lower triangular so it must be diagonal. Hence, A is also
diagonal W

Chapter 3

Exercise 186
(a) Find the number of inversions in the permutation (41352).
(b) Is this permutation even or odd?

Solution.
(a) There are five inversions: (41), (43), (42), (32), (52).
(b) The given permutation is odd W
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Exercise 187
Evaluate the determinant of each of the following matrices

(a)
3 5
a=(50)

(b)
-2 7 6
A= 5 1 =2
3 8 4

Solution.

(a) |A] = (3)(4) — (=2)(5) = 22.
(b) |A] = —2(—14—6) — 7(20+ 6) + 6(40 —3) =0 W

Exercise 188
Find all values of t for which the determinant of the following matriz is zero.

t—4 0 0
A= 0 t 0
0 3 t—1

Solution.
|[A|=t(t—1)(t —4) =0 implies t =0,t =1, ort =4 N

Exercise 189
Solve for x

Solution.
Evaluating the determinants on both sides we find

z(l1—z)+3=xz(r—5)+ 18 —-3(6 — x)

Simplifying to obtain the quadratic equation 222 — 32z — 3 = 0 whose roots are

£, = 374\/33 and z; = 3+4\/33 n

Exercise 190
Evaluate the determinant of the following matrix
1 2 3
A=1 4 5 6
0 00

Solution.
Since the given matrix has a row consisting of 0 then |A| =0 W
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Exercise 191

CHAPTER 7. SOLUTIONS TO REVIEW PROBLEMS

Evaluate the determinant of the following matrix.

2 7 =3
0o -3 7
0 0 6
0 0 0
0o 0 0

Solution.

8

S © g ot
= 00 O — W

The given matrix is upper triangular so that the determinant is the product of
entries on the main diagonal, i.e. equals to —1296 W

Exercise 192

Use the row reduction technique to find the determinant of the following matriz.

2 5
-2 -3
A=l 1 3
-1 -6
Solution.
Step 1: 11 «— 71+ 14
1 -1
-2 =3
Bi=1 1 3
-1 -6
and |By| = |A].
Step 2: 19 «— 1o+ 2r; and r3 «— 13+ 174
1 -1
0 -5
B2=1 o _3
-1 -6
and |Bs| = |A].
Step 3: rqg — 14+ 1
1 -1
0 -5
Bs=1| ¢ _3
0 -7
and |Bs| = |A].
Step 4: r9 «— 19 — 2713
1 -1
0 1
Bi=1 ¢ _3
0 -7

-3 -2
2 -5
—2 2
4 3
11
2 -5
—2 2
4 3
11

4 -3
2 5
4 3
11

4 -3
2 5

5 4

11

0 -13
2 5
5 4



and |By| = |A].
Step b: 13 < r3 + 319 and rq «— 14 + Tro
1 -1 1 1
0 1 0 -13
Bs=10 0 2 —34
0 0 5 =87
and |Bs| = |A|.
Step 6: 15 « ir;
1 -1 1 1
0 1 0 -13
Bs=119 0o 1 —17
0 0 5 —87
and |Bg| = %|A\
Step 7: r4 < 14 — 5713
1 -1 1 1
0 1 0 -13
Br=109 0 1 -17
0 0 0 -2
and |By| = |A|. Thus, |[A| =2|B;|= -4 1
Exercise 193
Given that
a b c
d € f = _67
g h 1
find
(a)
d e f
g h i},
a b c
(b)
3a 3b 3c
—-d —e —f
4g Ah  4i
(c)
a+g b+h c+i
d e f
g h 1
(d)
—3a —3b —3c
d e f

g—4d h—4e i—4f

233
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Solution.
(a) The process involves row interchanges twice so
d e f
g h 1 |=-6
a b ¢
(b) We have
a b ¢ 3a 3b 3c
d e f :% d e f
g h 1 g h i
3a 3b 3c 3a 3b 3c
= % d e f :f% —-d —-e —f
4g 4h 4i 4g 4h  4i
Thus,
3a 3b 3c
—d —e —f |=72
4g 4h  4i
()
a+g b+h c+i a b c
d e f =|d e f|=-6
g h i g h i
(d)
a b c 1 —3a —-3b —3c 1 —3a -3b —3c
d e f =-3 d e f =-3 d e f
g h i g h i g—4d h—4de i—A4f
Thus,
—3a —3b —3c
d e f =181

g—4d h—4e i—A4f

Exercise 194
Determine by inspection the determinant of the following matriz.

1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 20
2 4 6 8 10

Solution.
The determinant is 0 since the first and the fifth rows are proportional Wl
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Exercise 195
Find the determinant of the 1 x 1 matriz A = (3).

Solution.
By definition the determinant of a 1 x 1 matrix is just the entry of that matrix.
Thus, |A| =31

Exercise 196
Let A be a 3 x 3 matriz such that |2A] = 6. Find |A|.

Solution.
We have, 6 = [2A| = 23| A| = 8|A|. Thus, [A| =3 &

Exercise 197
Show that if n is any positive integer then |A™| = |A|™.

Solution.
The proof is by induction on n > 1. The equality is valid for n = 1. Suppose
that it is valid up to n. Then |A"T1| = |[A"A| = |A"||A] = |A|"|A] = |A]"T m

Exercise 198
Show that if A is an n x n skew-symmetric and n is odd then |A| = 0.

Solution.
Since A is skew-symmetric then A7 = —A. Taking the determinant of both
sides we find |AT| = | — A] = (-1)"|A| = —|A| since n is odd. Thus, 2|A| =0

and therefore [A| =01

Exercise 199
Show that if A is orthogonal, i.e. ATA = AAT = I,, then |A| = £1. Note that
AL = AT,

Solution.
Taking to determinant of both sides of the equality ATA = I, to obtain
|AT||A] =1 or |A|? = 1 since |AT| = |A|. It follows that |[A| = +1 W

Exercise 200
If A is a nonsingular matriz such that A?> = A, what is |A|?

Solution.
Taking the determinant of both sides to obtain [A%| = |A| or |A|(|A] — 1) = 0.
Hence, either A is singular or [A| =11

Exercise 201
True or false: If

1 00
A=11 2 0
310

then rank(A) = 3. Justify your answer.
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Solution.
Since A has a column of zero then |A| = |AT| = 0. In this case, rank(A) <3 W

Exercise 202
Find out, without solving the system, whether the following system has a non-
trivial solution

I — 21’2 + Trs = 0
2161 + 31’2 + Irs = 0
3z1. + 2 + 2x3 = 0
Solution.
The coefficient matrix
1 -2 1
A= 2 3 1
3 1 2

has determinant |A| = 0. By Theorem 32, the system has a nontrivial solution

Exercise 203
For which values of ¢ does the matrix

1 0 —c
A= -1 3 1
0 2¢ -4

have an inverse.

Solution.
Finding the determinant we get |A| = 2(c + 2)(c — 3). The determinant is 0 if
c=-2orc=31

Exercise 204
If |A| = 2 and |B| = 5, calculate |A3B~*AT B2|.

Solution.
|A*B~T AT B?| = |A]*|B|7HA||BI* = |AI*|B| =80 m

Exercise 205
Show that |AB| = |BA].

Solution.
We have |AB| = |A||B| = |B||A| = |BA| R

Exercise 206
Show that |A + BT| = |AT + B| for any n x n matrices A and B.

Solution.
We have |[A+ BT| = |(A+ BT)T| = |AT + B|m
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Exercise 207
Let A = (a;5) be a triangular matriz. Show that |A| # 0 if and only if a;; # 0,
for1<i<n.

Solution.
Let A = (ai;) be a triangular matrix. By Theorem 32, A is nonsingular if and
only if |A| # 0 and this is equivalent to aj1a22 - apy, 0 W

Exercise 208

FExpress

a1 +b1 c+dy
az +by ca+do

as a sum of four determinants whose entries contain no sums.

Solution.
a1 +b1 e+ dy _|la a | _|ao dq _ by _ by dq -
as +by o+ do as C2 as do by o by doy
Exercise 209
Let
3 -2 1
A=| 5 6 2
1 0 -3
(a) Find adj(A).
(b) Compute |Al.
Solution.
(a) The matrix of cofactors is
021 022 023 = —6 —10 -2
C31 032 C33 —10 -1 28

The adjoint of A is the transpose of the cofactors matrix.

18 -6 —10
adj(A)=| 17 -10 -1
-6 -2 28

(b) |A| = —18(—280 + 2) 4 6(476 — 6) — 10(—34 — 60) = —94 W

Exercise 210
Find the determinant of the matriz

3 0 0 0

5 1 2 0

A= 2 6 0 -1
-6 3 1 0
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Solution.
Expanding along the first row

|A] = 3C11 + 0C12 + 0C13 + 0C14 = —150

Exercise 211
Find the determinant of the following Vandermonde matriz.

1 1 1
A= a b ¢
a? b
Solution.
We have
1 1 1 1 0
a b ¢ |=]| a b—c c
a? b2 2 a? - A2
1 0 0
= a b—c c—a
a? -2 2—-d?
b—c c—a

B2 2 g2
= (b—c)(c®—a?) — (®*—c*)(c—a)

= (b—c)(c—a)(a—0)

Exercise 212
Let A be an n x n matriz. Show that |adj(A)| = |A|"~L.

Solution.

Suppose first that A is invertible. Then adj(A) = A™'| A so that |adj(A)| =
|AJA=Y] = |A["|A7Y = FIE = [A]"~L T A is singular then adj(A) is singu-
lar. To see this, suppose there exists a square matrix B such that Badj(A) =
adj(A)B = I,,. Then A = AI, = A(adj(A)B) = (Aadj(A))B = 0 and this leads
to adj(A) = 0 a contradiction to the fact that adj(A) is nonsingular. Thus,
adj(A) is singular and consequently |adj(A)] =0 = |[A|""' &

Exercise 213

If
3 0 1
A7l = 0 2 3
3 1 -1
find adj(A).
Solution.

The determinant of A=! is [A~!| = —21 and this implies that [4| = — . Thus,

=

S
|

adj(A) = |A]A™! = -1 m

sl ©
B""\w—nﬁ‘u

~|=
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Exercise 214
If |Al =2, find |A_1 + adj(A)|.

Solution.

We have [A~! + adj(A)] = [A=X (I, + |A|L)] = [A7|(1+ A" = & = 5 m

Exercise 215
Show that adj(aA) = o™ tadj(A).

Solution.
The equality is valid for & = 0. So suppose that a # 0. Then adj(ad) =
aAl(ad)™ = (a)"|A]FA™ = ()" HAJAT! = (a)"tadj(A) B

Exercise 216
Consider the matriz

1 2 3
A= 2 3 4
1 5 7
(a) Find |A|.
(b) Find adj(A).
(c) Find A~L.
Solution.

(a) |A] = 1(21 — 20) — 2(14 — 4) + 3(10 — 3) = 2.
(b) The matrix of cofactors of A is

1 -10 7
1 4 =3
-1 2 -1

The adjoint is the transpose of this cofactors matrix

11 -1

adj(A) | —10 4 2

7 -3 -1

(c)
w (1 3
P ACCO N R R o I

Al 73 _1
2 2 2

Exercise 217
Prove that if A is symmetric then adj(A) is also symmetric.

Solution.
Suppose that AT = A. Then (adj(A))T = (JA|A=HT = |A|(A~HT = |A|(AT)~! =
|A|A_1 =adj(A)
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Exercise 218
Prove that if A is a nonsingular triangular matriz then A= is also triangular.

Solution.

Suppose that A = (a;;) is a lower triangular invertible matrix. Then a;; = 0 if
i < j. Thus, C;; = 0 if 4 > j since in this case C;; is the determinant of a lower
triangular matrix with at least one zero on the diagonal. Hence, adj(A) is lower
triangular and Al = adlef‘A) is also lower triangular W

Exercise 219

Let A be an n x n matrix.

(a) Show that if A has integer entries and |A| = 1 then A~! has integer entries
as well.

(b) Let Ax = b. Show that if the entries of A and b are integers and |A] = 1
then the entries of x are also integers.

Solution.

(a) If A has integer entries then adj(A) has integer entries. If |A| = 1 then
A~1 = adj(A) has integer entries.

(b) Since |A| = 1 then A is invertible and z = A~1b. By (a), A~! has integer
entries. Since b has integer entries then A~1b has integer entries W

Exercise 220
Show that if A¥ =0 for some positive integer k then A is singular.

Solution.
Suppose the contrary. Then we can multiply the equation A* =0 by A=! k—1
times to obtain A = 0 which is a contradiction H

Exercise 221
Use Cramer’s Rule to solve

X + 2x3 = 6
—3x1 + 4z 4+ 6x3 = 30
—X1 — 2%2 + 3333 = 8
Solution.
1 0 2
A= -3 4 6 |,14 =2
-1 -2 3
6 0 2
A= 30 4 6 |,|Al=—d0
8 -2 3
1 6 2
As=| =3 30 6 |, |As|=T72.

-1 8 3
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1 0 6
As=1| -3 4 30 |,|4|=152.
-1 -2 8
_ 1A 10 _ A2 _ 18 _ |As] _ 38
Thus, 2, = |Alll =Tt = ‘\Az\‘ =¥ = |IASI| =i N
Exercise 222
Use Cramer’s Rule to solve
5{E1 + X2 — r3 = 4
9(E1 + X2 - r3 = 1
Ty — T2 + dxz = 2
Solution.
5 1 -1
A= 9 1 -1 |,|4 =-16.
1 -1 5
4 1 -1
A = 1 1 =1 ],|A=12.
2 -1 5
5 4 -1
As=19 1 -1 |,|As| =—166.
1 2 5
5 1 4
As=1[ 9 1 1 |,|A3]=—42.
1 -1 2
Chapter 4

Exercise 283
Show that the midpoint of P(x1,y1,21) and Q(x1,ys, 22) is the point

T1+T2 Yy1+Y2 21+ 22

M( 2 72 72 )
Solution.
Let M = (z,y, z) be the midpoint of the line segment PQ. Then
on - OP + Pl = OP + 1P0

= (z1,91,21) + 3(T2 — 21,92 — Y1, 22 — 21)
— (Ilerz Y1+Yy2 21+Zz)
2 ’ 2 2
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Exercise 284

(a) Let i = (a,b,c) be a vector orthogonal to a plane P. Suppose Py(Zo, Yo, 20)
s a point in the plane. Write the equation of the plane.

(b) Find an equation of the plane passing through the point (3,—1,7) and per-
pendicular to the vector i = (4,2, —5).

Solution.

(a) Let P = (z,y,2) be an arbitrary point in the plane. Then the vector
130?’ = (z — 20,y — Yo, 2 — 20) is contained in the plane. Since 7 is orthogonal to
the plane then < 7, PyP >= 0 and this leads to the equation a(x —xo) + by —
Yo) +¢c(z — z0) = 0.

(b) Here we have a = 4,b =2,¢c = —5,z9 = 3,y0 = —1, and 2y = 7. Substituting
in the equation obtained in (a) to find 4z +2y —52+25=0M1

Exercise 285
Find the equation of the plane through the points Py(1,2,—1), P»(2,3,1) and
Ps(3,-1,2).

Solution.
First we find the normal vector as follows
L i 7k L
n=PPhbxPP;=|1 1 2|=9%+7j—5k

2 -3 3
Using Exercise282 (a) we find 9(z—1)+(y—2)—5(z—1) = 0 or 9z+y—5z = 16

Exercise 286
Find the parametric equations of the line passing through a point Py(xo, Yo, 20)
and parallel to a vector ¥ = (a,b, c).

Solution.

Let P = (x,y,2) be an arbitrary point on the line. Then 13170> = tv; that is,
(z — x0,y — Yo, 2 — 20) = (ta,tb, tc). Hence, the parametric equations of the line
are x = xg +ta,y =yo +bt,z =29 +tc il

Exercise 287

Compute < 4,7 > when 4 = (2,—1,3) and 7 = (1,4, —1).
Solution.

<uT>= 2+ (DA +B)(-)=-5n

Exercise 288
Compute the angle between the vectors 4 = (—1,1,2) and ¥ = (2,1,—1).

Solution.
If 6 denotes the angle between the vectors then
<u,v > 1
cosf = ST ST — -
] I1]@1] 2

SinceOSHSwthen@z%”l
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Exercise 289
For any vectors i and v we have

i > @]|* = ||a@|[*||v]]*— < @,7 >*.
Solution.

Suppose that @ = (z1,y1,21) and ¥ = (22,¥y2,22). Then @ X ¥ = (y122 —
Y221, Ta21 — T122, T1Y2 — T2y1). Thus,

@ x T = (y122 — y221)? + (2221 — 2122)° + (2192 — 211)”
On the other hand,
1@l *[18]]*~ < @, 7 >*= (21 + 9 + 27) (23 + 43 + 23) — (2122 + Y192 + 2122)%.
Expanding one finds that the given equality holds W

Exercise 290
Show that ||@ x V|| is the area of the parallelogram with sides @ and .

Solution.

Let 6 be the angle between the vectors ¢ and ¢. Constructing the parallelogram
with sides @ and ¢ one finds that its area is ||d]|||¥]]|sinf. By the previous
exercise, we have

lax o> = [laP|o]]*- < a7 >
= |al?l|v]]* — ||@|*]|&]|* sin® 0
= @91 (1 — sin® ¢
= [l [[[2]]* cos? 6
Since 6 € [0, 7] then sin@ > 0 and therefore || x || = ||@]|||7]]| siné A

Exercise 291

Let P be the collection of polynomials in the indeterminate x. Let p(x) = ag +
Az +ax®+- -+ and q(x) = by +bix+box? +c. .. be two polynomials in P. Define
the operations:

(a) Addition: p(x) + q(x) = ag + bo + (a1 + b1)x + (ag + by)ax? + - -

(b) Multiplication by a scalar: ap(z) = aag + (aar)r + (caz)r? + - -.

Show that P is a vector space.

Solution.

Since P is a subset of the vector space of all functions defined on IR then it
suffices to show that P is a subspace. Indeed, the sum of two polynomilas
is again a plynomial and the scalar multiplication by a polynomial is also a
plynomial W

Exercise 292

Define on R? the following operations:

(i) (w,y) + (@y) = (@ + 2",y +p,);

(i1) a(z,y) = (ay, ax).

Show that IR? with the above operations is not a vector space.
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Solution.

Let @ # y. Then a(8(z,y)) = a(By, fz) = (afz,afy) # (af)(z,y) then R”
with the above operations is not a vector space Wl

Exercise 293
Let U = {p(x) € P : p(3) = 0}. Show that U is a subspace of P.

Solution.
Let p,q € U and « € R. Then ap + ¢ is a polynomial such that (ap + ¢)(3) =
ap(3) + ¢q(3) = 0. That is, ap + ¢ € U. This says that U is a subspace of P B

Exercise 294
Let P, denote the collection of all polynomials of degree n. Show that P, is a
subspace of P.

Solution.

Let p(x) = ap+ a1z +- -+ apnz™, q(x) = by +byz+---+by2™, and o € R. Then
(ap + q) () (aapby) + (aarby)x + - - - + (aanby )™ € P,. Thus, P, is a subspace
of PH

Exercise 295 ,
Show that < f,g >= [ f(x)g(x)dx is an inner product on the space C([a,b])
of continuous functions.

Solution.

(a) < f, f >= fab f?(z)dzr > 0. If f = 0 then < f,f >= 0. Conversely, if
< f, f >= 0 then by the continuity of f, we must have f = 0.

(b) a< f,g>= aff f(x)g(z)dz = fab(af)(x)g(x)dsc =<af,g>.

() < fig>=<g,f>.

(d) < figt+h>=<fig>+<f,h>N

Exercise 296
Show that if u and v are two orthogonal vectors of an inner product space, i.e.
< u,v>=0, then

llu +oll* = Jull* + [Jv]*.

Solution.

Indeed,

llu +v|]? =<u+vutv>=<uu>-2<uv>+<v,v>=|ul]>+|v|?
since < u,v >= 0 by orthogonality B

Exercise 297

(a) Prove that a line through the origin in R? is a subspace of R® under the
standard operations.

(b) Prove that a line not through the origin in IR® in not a subspace of IR>.
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Solution.
(a) Let (L) be a line through the origin with direction vector (a, b, ¢). Then the
parametric equations of (L) are given by

x(t) = ta,y(t) = tb, z(t) = te.
Let (x1,y1,21), (T2,92,22) € (L) and « € IR. Then
axy + xo = (aty + ta)a = t3a

where t3 = aty + to. Similarly, ay; + y2 = t3b and az; + 2o = tzc. This shows
that a(xl,yl, Zl) + (iEQ,yQ, 22) S (L)

(b) Let (L) be the line through the point (—1,4,2) and with direction vector
(1,2,3). Then the parametric equations of (L) are given by z(t) = —14+1¢,y(t) =
442t, z(t) = 2+3t. It is clear that (—1,4,2) € (L), (0,6,5) € (L) but (—1,4,2)+
(0,6,5) = (—1,11,7) & (L) W

Exercise 298
Show that the set S = {(x,y) : © < 0} is not a vector space of R* under the
usual operations of IR2.

Solution.
(=1,0) € S but —2(—1,0) = (2,0) ¢ S so S is not a vector space l

Exercise 299
Show that the collection C([a,b]) of all continuous functions on [a,b] with the
operations:
(f+9)=) = flz)+g(z)
(af)(z) = af(x)

18 a vector space.

Solution.
Since for any continuous functions f and g and any scalar « the function af +g¢
is continuous then C([a, b]) is a subspace of F'([a,b]) and hence a vector space Bl

Exercise 300
Let S = {(a,b,a +b) : a,b € R}. Show that S is a subspace of R® under the
usual operations.

Solution.
Indeed, a(a,b,a+b)+ (a’,b',a' +V') = (a(a+d'),a(b+V),a(a+b+ad +V')) € S
|

Exercise 301
Let V' be a vector space. Show that if u,v,w € V are such that u+v =u+w
then v = w.
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Solution.
Using the properties of vector spaces we have v = v+ 0 = v + (u+ (—u)) =
(t+u)+(-u)=(wtu) +(-u)=w+(ut(-u)=wt+t0=wn

Exercise 302

Let H and K be subspaces of a vector space V.

(a) The intersection of H and K, denoted by H N K, is the subset of V that
consists of elements that belong to both H and K. Show that HNV is a subspace
of V.

(b) The union of H and K, denoted by H U K, is the susbet of V' that consists
of all elements that belong to either H or K. Give, an example of two subspaces
of V' such that H U K is not a subspace.

(¢) Show that if H C K or K C H then HU K is a subspace of V.

Solution.

(a) Let u,v € HN K and a € R. Then u,v € H and u,v € K. Since H and K
are subspaces then au+v € H and au+ v € K that is au +v € H N K. This
shows that H N K is a subspace.

(b) One can easily check that H = {(2,0) : z € R} and K = {(0,y) : y € R}
are subspaces of IR?. The vector (1,0) belongs to H and the vector (0, 1) belongs
to K.2But (1,0)+(0,1) = (1,1) ¢ HUK. It follows that HUK is not a subspace
of R”.

(¢) If H C K then HU K = K, a subspace of V. Similarly, if K C H then
H UK = H, again a subspace of V I

Exercise 303
Let u and v be vectors in an inner product vector space. Show that

[+ ol + [Ju = ol = 2(][ul|* + [[v]]*)-

Solution.

Recall that ||u|| = /< u,u >. Then

llu+ ) + |Ju—v|]* = <utviutv>+<u—vu—uv>
<u,u>+2<u,v>+<v,v>
<u,u>-2<u,v>+<v,0>

2(< uyu >+ < v,v>) =2([ul?+ [|v]|*)m

=+l

Exercise 304
Let u and v be vectors in an inner product vector space. Show that

lJu+ol> = lu—v|? =4 <uv>.

Solution.
Indeed,

fu+v|2=llu—2|? = <utvut+v>—<u—vu—v>
= <u,u>+2<u,v>+<v,0>
— <u,u>+2<u,v>—<v,0>
= 4 <u,v >N
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Exercise 305
(a) Use Cauchy -Schwarz’s inequality to show that if u = (1,22, ,x,) € R"
and v = (y1,Y2, -+, yn) € R" then
(@11 + @2y + o Tyn)® < (@ + 25+ )W s+ ).
(b) Use (a) to show
1 1 1
P<(atas+-+a)(—+—++—)
ay  as an,
where a; >0 for 1 <i<n.
Solution.
(a) The standard inner product in IR" is given by < u,v >= z1y1 + Tay2+ -+
ZnYn. By Cauchy - Schwarz inequality we have that < u,v >2<< u,u >< v,v >
that is

(@191 + 2oz + -+ 2nyn)” < (2] + 25+ 2D+ ys )
(a) Let 2; = \/a; and y; = \/TT- in(a) W

Exercise 306
Let C([0,1]) be the vector space of continuous functions on [0, 1]. Define

< f.g >=/0 f(z)g(x)dx

(a) Show that < .,.> is an inner product on C([0,1]).
(b) Show that

[ oo <[ ] [ oo

This inequality is known as Holder’s inequality.
(c) Show that

foervora] <[ seru] s sore]

This inequality is known as Minkowski’s inequality.

Solution.

(a) See Exercise 295

(b) This is just the Cauchy-Schwarz’s inequality

(¢) The inequality is definitely valid if fo ) + g(x))?dz = 0. So we may
assume that this integral is nonzero. In this case, we have

o (f (2))%dz = fo (@)(f(z) + (l‘))dw
= Jo J@)(S( (ldl‘+f0 ) + g(x))dx

o [ 3 i
6 o] oo

m\»—A

IN

Nl=

+

)%d
)%d
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=

Now divide both sides of this inequality by [ fo )+ g(x))? dx} to obtain the
desired inequality W

Exercise 307

Let W = span{vy,va, -+ ,v,}, where vy,ve, -+, v, are vectors in V. Show that
any subspace U of V' containing the vectors vy,va, -+, v, must contain W, i.e.
W C U. That is, W is the smallest subspace of V' containing vi,va, -, Up.

Solution.
Let U be a subspace of V' containing the vectors vi,vs, -+,v,. Let x € W.
Then xz = ayvy + asve + - - - + apv, for some scalars aq, ao, - -+, . Since U is

a subspace then € U. This gives « € U and consequently W C U R

Exercise 308
Express the vector @ = (—=9,—7,—15) as a linear combination of the vectors
01 = (2,1,4),v5 = (1,-1,3),v3 = (3,2,5).

Solution.
The equation 4 = avi + fv3 + yv3 gives the system

20 + B + 3y = -9
a — B + 2y = -7
0 + 38 + By = -15

Solving this system (details omitted) we find « = =2, =1and vy = -2 1

Exercise 309

(a) Show that the vectors vi = (2,2,2),v3 = (0,0,3), and v3 = (0,1,1) span IR
(b) Show that the vectors vi = (2,—1, ),v = (4 1,2), and v3 = (8,—1,8) do
not span IR®.

Solution.
(a) Indeed, this follows because the coefficient matrix

2 2 2
A=1 0 0 3
0 1 1

of the system Az = b is invertible for all b € R® ( |A] = —6)
(b) This follows from the fact that the coefficient matrix with rows the vectors
11, U3, and v3 is singular W

Exercise 310
Show that

(3 0).(88)(20).(50)
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Solution.

Indeed, every Z ) can be written as

b
d
(09 8 ee(0 0 ) wa( S 0 )m

Exercise 311

(a) Show that the vectors v = (2,—1,0,3),v3 = (1,2,5,—1), and v3 = (7,—1,5,8)
are linearly dependent.

(b) Show that the vectors v; = (4,—1,2) and v3 = (—4,10,2) are linearly inde-
pendent.

Solution.
(a) Suppose that o307 + @93 + azvz = 0. This leads to the system

20[1 + (%) + 70[3 =0
-1+ 20[2 - a3 = 0

50[2 + 50[3 = 0
3y — as + 8ag = 0

The augmented matrix of this system is

2 -1 0 3 0
1 2 5 -1 0
7 -1 5 8 0

The reduction of this matrix to row-echelon form is carried out as follows.

Step 1: 71 <« ry — 279 and r3 <« r3 — Try

0 -5 —-10 6 O
1 2 5 -1 0
0 -15 =30 15 O

Step 2: 71 < 1o

0 -5 —-10 6 O
0 —-15 =30 15 O

Step 2: r3 < r3 — 319

1 2 5 -1 0
0 -5 =10 6 O
0 O 0 -3 0

The system has a nontrivial solution so that {v1,v3,v3} is linearly dependent.
(b) Suppose that «(4,—1,2) 4+ 5(—4,10,2) = (0,0,0) this leads to the system

4051 — 40(2 = 0
—a; 4+ 10as = 0
2000 + 200 = 0
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This system has only the trivial solution so that the given vectors are linearly
independent W

Exercise 312
Show that the {u, v} is linearly dependent if and only if one is a scalar multiple
of the other.

Solution.
Suppose that {u, v} is linearly dependent. Then there exist scalars « and 8 not
both zero such that au + Sv = 0. If @ # 0 then u = —gv, i.e. u is a scalar

multiple of v. A similar argument if 3 # 0.
Conversely, suppose that u = Av then 1u 4+ (=A)v = 0. This shows that {u,v}
is linearly dependent W

Exercise 313
Let V' be the vector of all real-valued functions with domain IR. If f,g,h are
twice differentiable functions then we define w(x) by the determinant

flx) g(z)  h(x)
w(z)=| f(z) ¢(x) W)
f'(@) g"(x) ()

We call w(zx) the Wronskian of f, g, and h. Prove that f,g, and h are linearly
independent if and only if w(x) # 0.

Solution.
Suppose that af(x) + Bg(x) + yh(zx) = 0 for all z € IR. Then this leads to the
system

f(x)  g(x)  h(z) a

(@) g'(x) W) s

f'(@) ¢"(x) h'(z) g

Thus {f(z), g(x), h(x)} is linearly independent if and only if the coefficient ma-
trix of the above system is invertible and this is equivalent to w(z) # 0 R

Exercise 314

Use the Wronskian to show that the functions e®, xe®, x>

e’ are linearly indepen-

dent.
Solution.
Indeed,
@ ze® z2e”
w(r)=|e* e*+ xe” 2xe® + x2e” = 2e” # 0l

e®  2eT 4+ xe®  2e% + 4xe® 4 x2e”

Exercise 315
Show that {1 + x,3z + 22,2 + x — 22} is linearly independent in P;.
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Solution.
Suppose that (1 + 2) + B(3z + 2%) + v(2 + 2 — 2%) = 0 for all x € R. That is,
(B—=27)2% + (a+3B+~)x+a+2y =0 for all z € IR. This leads to the system

B — 2y =0
a + 38 + v =0
e + 2y =0

Solving this system by Gauss elimination (details omitted) one finds o = 8 =
v = 0. That is {1 + x,3z + 22,2 + x — 2%} is linearly independent W

Exercise 316
Show that {1+ x,3z + 22,2 + 2 — 22} is a basis for Ps.

Solution.
Since dim(Py) = 3 and {1 + z,3z + 22,2 + = — 22} is linearly independent by
the previous exercise then {1+ z,3z + 22,2 + 2 — 2%} is a basis by Theorem 58

Exercise 317
Find a basis of Py containing the linearly independent set {1 + x,1 + 2%}.

Solution.

Note first that any polynomial in the span of {1 + 2,1 + 22} is of degree at
most 2. Thus, 2 ¢ span{l + x,1 + 22} so that the set {1 + z,1 + 22,23} is
linearly independent. Since 1 is not in the span {1,1+ 2,1+ 22,23} is linearly
independent. Since dim(Ps;) = 4 then {1,1+ z,1 + 2% 2%} is a basis of P; R

Exercise 318
Let v1 = (1,2,1),03 = (2,9,0),v3 = (3,3,4). Show that S = {v1,v3,v3} is a
basis for IR,

Solution.

Since dim(R3) = 3 then by Theorem 58 it suffices to show that the given vectors
are linearly independent, that is the matrix A whose rows consists of the given
vectors is invertible which is the case since |[A| = —-1# 0N

Exercise 319
Let S be a susbet of R™ with n+ 1 vectors. Is S linearly independent or linearly
dependent?

Solution.
By Theorem 53 S is linearly dependent W

Exercise 320
Find a basis for the vector space Mas of 2 X 2 matrices.
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Solution.
We have already shown that

1 0 0 1 0 0 0 0
MQQ—SPGTL{MI—(O 0)7M2_<0 0>7M3_<1 0>aM4<0 1

I\IOW7 if OélMl + OLQMQ + OégMg + Oé4M4 = 0 then

a1 Q9 o 0 0

a3 Q4 o 0 0
and this shows that a3 = ay = a3 = a4 = 0. Hence, {My, My, M3, My} is a
basis for Mso B

Exercise 321

(a) Let U,W be subspaces of a vector space V. Show that the set U + W =
{u+w:uelUand we W} is a subspace of V.

(b) Let May be the collection of 2x 2 matrices. Let U be the collection of matrices
in Msy whose second row is zero, and W be the collection of matrices in Mao
whose second column is zero. Find U + W.

Solution.

(a) Let v1 = w1 + w1 and vy = ugy + wo be two vectors in U + W and a € RR.
Then av; + ve = (auy + uz) + (awy + we) € U + W since auy + us € U and
awy + we € W. Hence, U + W is a subspace of V.

(b)U+W:{(8 8>:a€IR}I

Exercise 322
Let S = {(1,1)7,(2,3)T} and S’ = {(1,2)7,(0,1)T} be two bases of IR*. Let
i =(1,5)T and 7= (5,4)T.

(a) Find the coordinate vectors of @ and ¥ with respect to the basis S.
(b) What is the transition matriz P from S to S'?
(¢) Find the coordinate vectors of @ and U with respect to S’ using P.
(d) Find the coordinate vectors of @ and U with respect to S” directly.
(e) What is the transition matriz Q from S’ to S?
(f) Find the coordinate vectors of @ and U with respect to S using Q.

Solution.
(a) Since @ = —7(1,1)T + 4(2,3)T then [id]s = ( ;7 ) Similarly, [d]s =

(%)

(b) Since

)=(2)-(V)
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and

(3)=2(2)- (V)

Thus, the transition matrix from S to S’ is

r(44)

and

(3)=a(5)olV)

implies @« = 5 and § = 3 so
ulsr = 3

(5)-r(2)2(2)

implies &« = 4 and # = —6 so that

()

Similarly,

and

Ms=ame=( 3 ) ()= )

Exercise 323
Suppose that S/ = {u,uy,us} is a basis of R®, where ui = (1,0,1),1d3 =
(1,1,0),u3 = (0,0,1). Let S = {v1,v3,03}. Suppose that the transition matriz

from S to S’ is
1 1 2
2 1 1
-1 -1 1

Determine S.
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Solution.
We have
3
n=u +2up —uz=[ 2
0
3= Ui Uy — U3 =

w = W S = N

Exercise 324
Show that if A is not a square matrix then either the row vectors of A or the
column vectors of A are linearly dependent.

Solution.

Let A be an n x m matrix with n # m. Suppose that the row vectors of A are
linearly independent. Then rank(A) = n. If the column vectors of A are linearly
independent then rank(AT) = m. But rank(A) = rank(AT) and this implies
n = m a contradiction. Thus, the column vectors of A are linearly dependent B

Exercise 325
Prove that the row vectors of an n x n invertible matriz A form a basis for IR™.

Solution.

Suppose that A is an n x n invertible matrix. Then rank(A) = n. By Theorem
71 the rows of A are linearly independent. Since dim(IR™) = n then by Theorem
55 the rows of A form a basis for IR" W

Exercise 326
Compute the rank of the matrix

1 2 2 -1
A=1 3 6 5 0
1 21 2

and find a basis for the row space of A.

Solution.
The reduction of this matrix to row-echelon form is as follows.

Step 1: 19 «— 1o — 3r; and r3 «— r3 — 11

1 2 2 -1
0 0 -1 3
0 0 -1 3
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Step 2: 13 «— r3 —ro

1 2 2 -1
0 0 -1 3
0 0 O 0
Hence, rank(A) = 2 and {(1,2,2,-1),(0,0,1,—3)} is a basis for the row space

of AR

Exercise 327

Let U and W be subspaces of a vector space V. We say that V is the direct sum
of U and W if and only if V=U~4+W and UNW = {0}. We write V. =U dW.
Show that V is the direct sum of U and W if and only if every vector v in V
can be written uniquely in the form v = u + w.

Solution.

Suppose that V =U @& W. Let v € V such that v = u; + w; and v = ug + ws.
Then u; — up = we — wy. This says that uy —us € UNW = {0}. That is,
u1 — ug = 0 or u; = us. Hence, w1 = wo.

Conversely, suppose that every vector in v € V' can be written uniquely as the
sum of a vector in u € U and a vector in w € W. Suppose that v € U N W. Then
veUandveW. Butv=v+0sothat v =01

Exercise 328

Let V be an inner product space and W is a subspace of V. Let W+ = {u €
Vi<u,w>=0,Ywe W},

(a) Show that W+ is a subspace of V.

(b) Show that V=W @& W+.

Solution.

(a) Let ui,us € W+ and o € R. Then < auy + ug,w >= o < uy,w > + <
ug,w >= 0 for all w € W. Hence, au; + us € W and this shows that W= is a
subspace of V.

(b) We first show that W N W= = {0}. Indeed, if 0 # w € WNW then w € W
and w € W+ and this implies that < w,w >= 0 which contradicts the fact that
w # 0. Hence, we must have W N W+ = {0}. Next we show that V = W + W+,
Let {v1,v9,--+,v,} be an orthonormal basis of W. Then by Exercise 266 (d),
every vector v € V can be written as a sum of the form v = w; + wy where
wy €W and wy € W R

Exercise 329
Let U and W be subspaces of a vector space V. Show that dim(U + W) =
dim(U) + dim(W) — dim(U N W).

Solution.
If UNW = {0} then we are done. So assume that UNW # {0}. Then UNW has
a basis, say {21, 22, -, 2 }. Extend this to a basis {21, 22, -, 2k, Uk41," ", Um |

of U and to a basis {21, 22, ", 2k, Wgt1, -+, Wn } of W. Let v € U + W. Then
v=u+w= (121 + Q222 + -+ Qzp + Q11 o0+ Qpm) + (B2 +
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Boza + -+ + Brzk + Brt1Wkar + - + Bawn) = 121 + Y2z2 + 0+ ez +
Vet1Uk+1 + 0+ YmUm + Okr1Wgr1 + -+ - + dpwy,. This says that U + W =
Span{z1, 22,y Zky Uk41,* ** » Umy Wht1, * * * , Wy . Now, suppose that ;21 +7y222+
oo YeZk T Ye41Uker o+ YmUm + Opp1Wiyr + o0 + dpw, = 0. Then
Okt1Wit1 + -+ + Opw, = —(7121 + -+ + Y2k + Ver1Ug+1 + - + Ymtm € U.
Hence, dpi1wra1 + -+ + dpwy, € U N W and this implies that dx1wei1 +
o4 Opwp = 0121 + 0222 + -0 4 02k OF Opp1Why1 + -0+ Wy — 0121 —
0929 — -+ — oz, = 0. Since {z1, 29, -+, 2k, W1, - -, Wy} i linearly indepen-
dent then dx41 = --- = 6, = 0. This implies that v121 + y220 + -+ + Y2k +
Ve+1Uk+1 + -+ Ymum = 0. Because {21, 22, , Zk, Up+1, ", Um } 1s linearly
independent then we must have y; = -+ = 7, = 0. Thus, we have shown that
{21,292, 2k, U1, " * » U, Wht1, "+, Wy + 1 & basis of U + W. Tt follows that
dim(U + W) = dim(U) + dim(W) —dim(UNW) R

Exercise 330
Show that cos 2z € span{cos® x,sin® x}.

Solution.

This follows from the trigonometric identity cos (2z) = cos?

r—sin’z W
Exercise 331

If X and Y are subsets of a vector space V and if X CY, show that spanX C
spany.

Solution.
First of all note that X C Y C spanY. Let u € spanX. Then u = a1z +asxo+
-+ + apx, where x1, 29, -, x, € X. But for each i, ayx; € spanY. Since spanY

is a subspace then u € spanY R

Exercise 332
Show that the vector space F(IR) of all real-valued functions defined on IR is an
infinite-dimensional vector space.

Solution.

We use the proof by contradiction. Suppose that dim(F(IR)) = n. Then any S
of m > n functions must be linearly dependent. But S = {1,z,---,2"} C F(IR)
is linearly independent set with n + 1 functions, a contradiction. Thus, F(IR)
must be an infinite-dimensional vector space B

Exercise 333
Show that {sinz, cosx} is linearly independent in the vector space F([0,2w]).

Solution.

Suppose that « and g are scalars such that asinz+ (3 cosx = 0 for all z € [0, 27].
In particular, taking x = 0 yields 3 = 0. By taking, z = 5 we find a =0
Exercise 334

Find a basis for the vector space V' of all 2 x 2 symmetric matrices.
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Solution.

IfA= < Ccl € V then we must have b = ¢. Hence

a b 1 0 0

(2 538
1 0 0 1

(3 $)(31)

0

0

linearly independent. Indeed, if

(o)) ()=(00)

Then ao = =+ = 0. Thus, S is a basis and dim(V) =3 1

IS~

That is,

Exercise 335
Find the dimension of the vector space My, of all m X n matrices.

Solution.

For 1 <i<mand1l<j<nlet A; be the matrix whose (7,7)th entry is 1
and 0 otherwise. Let S ={A4;;: 1 <i<mand 1 <j <n}. We will show that
S is a basis of M,,,. Indeed, if A = (a;;) € My, then A =3"" 2?11 a;jAij.
That is, M,,, = spanS. To show that S is linearly independent, we suppose
that >2i", 377 a;;Ai; = 0. Then the left-hand side is an m x n matrix with
entries a;;. By the equality of matrices we conclude that o;; = 0 that is S is
linearly indepndent and hence a basis for M,,,. Also, dim(M,,,) = mn B

Exercise 336
Let A be an n X n matriz. Show that there exist scalars ag,a1,as, -, a,2 not
all 0 such that

aoln+a1A+a2A2+-~-+an2A”2 =0. (7.1)
Solution.
Since dim(M,,,) = n? then the n? + 1 matrices I,,, A, A%,---, A" are linearly
dependent. So there exist scalars ag, a1, -, a,2 not all 0 such that (7.1) holds
|

Exercise 337
Show that if A is an n X n invertible skew-symmetric matriz then n must be
even.
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Solution.

Since A is skew-symmetric then A7 = —A. Taking the determinant of both
sides to obtain |A| = |AT| = (—1)"|A|. Since A is invertible then |A| # 0 and
consequently (—1)™ = 1. That is, n is even H

Chapter 5
Exercise 363
Show that A\ = —3 is an eigenvalue of the matriz
5 8 16
A= 4 1 8
-4 -4 -11

and then find the corresponding eigenspace V_s.

Solution.
The characteristic equation of the matrix A is

A-=5 =8 —16
-4 -1 -8
—4 -4 X+11

Expanding the determinant and simplifying we obtain
A+3)*(A=1)=0.

Thus, A = —3 is an eigenvalue of A.
A vector x = (1,22, 23)T is an eigenvector corresponding to an eigenvalue \ if
and only if x is a solution to the homogeneous system

()\ — 5)%‘1 — Sl‘g — 16333 = 0
—4dxy + (A—1z2 — 83 =0 (7.2)
4xq + 4xo + ()\ + 11)1’3 =0
If A = —3, then (7.2) becomes
—833‘1 — 8%‘2 — 16.133 = 0
741‘1 - 41‘2 - 81‘3 =0 (73)
4%1 + 41’2 + 81’3 = 0
Solving this system yields
Ty =—85—2t,x0 =5,x3 =1
The eigenspace corresponding to A = —3 is
—2t—s -2 -1
V_g = s :s,t€R ) = span 0 , 1 ]

t 1 0
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Exercise 364
Find the eigenspaces of the matriz

Solution.
The characteristic equation of the matrix A is

A—3 0
-8 A+1
Expanding the determinant and simplifying we obtain
(A=3)2(\+1)=0.

Thus, A = 3 and A = —1 are the eigenvalues of A.
A vector x = (71, 22)7 is an eigenvector corresponding to an eigenvalue \ if and
only if x is a solution to the homogeneous system

(A=3)x = 0
{ —8x1 1 + (/\ + 1)I2 = (74)

|
o

If A =3, then (7.4) becomes

{ —8r1 4+ 4z = 0 (75)
Solving this system yields
1
T = §S,$2 =S

The eigenspace corresponding to A = 3 is

(2 e

If A = —1, then (7.4) becomes

—41‘1 =
{ *81’1 =0 (76>

Solving this system yields

i
N——
—

o

r1=0,29 =5

The eigenspace corresponding to A = —1 is

{4 ren) ()
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Exercise 365
Find the characteristic polynomial, eigenvalues, and eigenspaces of the matriz

2 1 1
A= 2 1 =2
-1 0 -2

Solution.
The characteristic equation of the matrix A is

A=—2 -1 -1
-2 -1 2
1 0 A+2
Expanding the determinant and simplifying we obtain

(A=3)2(\+1)2=0.

Thus, A = 3 and A = —1 are the eigenvalues of A.
A vector x = (z1,22,73)T is an eigenvector corresponding to an eigenvalue \ if
and only if x is a solution to the homogeneous system

()\ — 2)%1 - xIo - I3 = 0
-2z + A=1Dzo + 23 =
1 + (A+2)zx3

(.
o O
—
~
-3
~

If A =3, then (7.7) becomes

T1 — T2 — T3 = 0
—2x1 4+ 2x9 4+ 2x3
1 + 51‘3 = 0

I
(a]
—~
=
oo
~—

Solving this system yields
Tr1 = —5s,x9 = —6s,x3 =5

The eigenspace corresponding to A = 3 is

—5s —5
Vs = —6s | :s€R ) = span —6
s 1

If A= —1, then (7.7) becomes

—3.’171 — T2 — T3 = 0
—2r1 — 2x9 + 2x3
1 + T3 = 0

Il
(e}
—~
I\
=]
Nt

Solving this system yields

T = —8,Ty =28,x3=3S§
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The eigenspace corresponding to A = —1 is
—s -1
Vo= 2s :se€R p = span 2 [ |
s 1

Exercise 366
Find the bases of the eigenspaces of the matrix

-2 0 1
A= -6 -2 0
19 5 -4

Solution.
The characteristic equation of the matrix A is

A+2 -1
6 A+2 0
-19 -5 A+4

Expanding the determinant and simplifying we obtain
A+8)(A\+1)=0.

Thus, A = —8 is the only eigenvalue of A.
A vector x = (z1,22,73)T is an eigenvector corresponding to an eigenvalue \ if
and only if x is a solution to the homogeneous system

()\ + 2)3?1 — X3 = 0
719I1 - 51’2 + (/\ + 4)563 =0

If A = —8, then (7.10) becomes

—6%‘1 — T3 = 0
61‘1 - 61?2 = 0 (7.11)
719501 - 5$2 - 41’3 = 0

Solving this system yields

1 1
Tl =—=8T3=—=8T3=2=
1 R 65 T3
The eigenspace corresponding to A = —8 is
1 _%
V_g= —58 :s€IR ) = span -5 [ |
s 1

Exercise 367
Show that if X is a nonzero eigenvalue of an invertible matriz A then % s an
eigenvalue of A~1.
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Solution.

Let x be an eigenvector of A corresponding to the nonzero eigenvalue A. Then
Ax = Ax. Multiplying both sides of this equality by A~! and then dividing the
resulting equality by A to obtain A= 1z = %x That is, x is an eigenvector of
A~! corresponding to the eigenvalue % [ |

Exercise 368
Show that if X is an eigenvalue of a matriz A then \™ is an eigenvalue of A™
for any positive integer m.

Solution.

Let x be an eigenvector of A corresponding to the eigenvalue A\. Then Az = A\z.
Multiplying both sides by A to obtain A%z = AAxz = A%z. Now, multiplying
this equality by A to obtain A3z = A3z. Continuing in this manner, we find
Az ="z

Exercise 369

(a) Show that if D is a diagonal matriz then D¥, where k is a positive integer,
s a diagonal matriz whose entries are the entries of D raised to the power k.
(b) Show that if A is similar to a diagonal matriz D then A¥ is similar to DF.

Solution.
(a) We will show by induction on k that if
diy, 0 - 0
0 dog -+ O
D= )
0 0 dnn
then
di, 0 -~ 0
D 0 ds, -~ 0
0 0o .- dk,
Indeed, the result is true for £k = 1. Suppose true up to £ — 1 then
d’ffl 0 0 dy 0 - 0
k—1 o
Db ph-ip_ 0 dyy™ - 0 0 da 0
0 0 dk-1 0 0 dpn
di, 0 -~ 0
0 db, 0
0 0 dk

nn

(b)Suppose that D = P~1AP. Then D? = (P~'AP)(P~'AP) = P71AP%
Thus, by induction on k one finds that D*¥ = P~1A*P @
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Exercise 370
Show that the identity matriz I, has exactly one eigenvalue. Find the corre-
sponding eigenspace.

Solution.

The characteristic equation of I, is (A — 1)” = 0. Hence, A = 1 is the only
eigenvalue of I,,. The corresponding eigenspace is V; = span{e,es, -, e} =
R"

Exercise 371

Show that if A ~ B then
(a) AT ~ BT.

(b) A=t ~ B7L.

Solution.

(a) Suppose that A ~ B and let P be an invertible matrix such that B =
P~1AP. Taking the transpose of both sides we obtain BT = (PT)~1ATPT;
that is, AT ~ BT.

(b) Suppose that A and B are invertible and B = P~!AP. Taking the inverse
of both sides we obtain B! = P~ A~!P. Hence A~! ~ B~ &

Exercise 372
If A is invertible show that AB ~ BA for all B.

Solution.
Suppose that A is an n x n invertible matrix. Then BA = A~1(AB)A. That is
AB~ BANR

Exercise 373
Let A be an n x n nilpotent matriz, i.e. A¥ =0 for some positive ineteger k.

(a) Show that A = 0 is the only eigenvalue of A.
(b) Show that p(A\) = A\™.

Solution.

(a) If X is an eigenvalue of A then there is a nozero vector x such that Az = Az.
By Exercise 368, A\* is an eigenvalue of A* and AFz = Az, But A* = 0 so
Az = 0 and since = # 0 we must have \ = 0.

(b) Since p(A) is of degree n and 0 is the only eigenvalue of A then p(A) = A" R

Exercise 374

Suppose that A and B are n x n similar matrices and B = P~ AP. Show that if
A is an eigenvalue of A with corresponding eigenvector x then X is an eigenvalue
of B with corresponding eigenvector Pz,

Solution.

Since A is an eigenvalue of A with corresponding eigenvector x then Ax = Az.
Postmultiply B by P~! to obtain BP~! = P~'A. Hence, BP 'a = P~ 1Az =
AP~ 1z. This says that A is an eigenvalue of B with corresponding eigenvector
Plzm
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Exercise 375
Let A be an nxn matrix with n odd. Show that A has at least one real eigenvalue.

Solution.

The characteristic polynomial is of degree n. The Fundamental Theorem of
Algebra asserts that such a polynomial has exactly n roots. A root in this case
can be either a complex number or a real number. But if a root is complex then
its conjugate is also a root. Since n is odd then there must be at least one real
root M

Exercise 376
Consider the following n X n matrix

0 1 0 0

0 0 1 0

A= 0 0 0 1
—ap —a; —a2 —ag

Show that the characterisitc polynomial of A is given by p(A\) = A\* + az\® +
asA? + a1\ + ag. Hence, every monic polynomial (i.e. the coefficient of the
highest power of X is 1) is the characteristic polynomial of some matriz. A is
called the companion matrix of p(A).

Solution.
The characterisitc polynomial of A is

A -1 0 0

0 A -1 0
PN=10 0 A

ag a1 az A+as

Expanding this determinant along the first row we find

A -1 0 0 -1 0
pA) = Al 0 A -1 |[+]0 A -1
a1 as )\+a3 ag as )\+a3

AAA? + agA + az) + a1] + ag
= )\4+a3/\3+a2/\2—|—a1)\+a0l

Exercise 377
Find a matriz P that diagonalizes

0 0
A=11 2 1
1 0

Solution.
From Exercise 346 the eigenspaces corresponding to the eigenvalues A = 1 and
A =2 are
-2
Vi = span 1
1
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and
-1 0
Vo = span 0 11
1 0

Let v1 = (—2,1,1)T, 05 = (—1,0,1), and v3 = (0,1,0)7. It is easy to verify that
these vectors are linearly independent. The matrices

-2 -1 0
P = 1 0 1
1 1 0
and
1 0 0
D= 0 2 0
0 0 2

satisfy AP =PD or D=P AP R

Exercise 378
Show that the matrixz A is diagonalizable.

0o 1 0
A= 0 0 1
4 —-17 8

Solution.
From Exercise 5.13, the eigenvalues of A are A =4, A =2+ V3and A =2—+/3.
Hence, by Theorem 80 A is diagonalizable Wl

Exercise 379
Show that the matriz A is not diagonalizable.

2 1 1
A= 2 1 =2
-1 0 -2

Solution.
By Exercise 365, the eigenspaces of A are

-5 -1
V1= 2s :s € R ) = span 2
S 1
and
—5s -5
Vs = —6s | :se€R ) = span —6
s 1

Since there are only two eigenvectors of A then A is not diagonalizable B
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Exercise 380
Show that if A is diagonalizable then the rank of A is the number of nonzero
eigenvalues of A.

Solution.

Suppose that A is diagonalizable. Then there exist matrices P and D such
that D = P~'AP, where D is diagonal with the diagonal entries being the
eigenvalues of A. Hence, rank(D) = rank(P~1AP) = rank(AP) = rank(A) by
Theorem 70. But rank(D) is the number of nonzero eigenvalues of A W

Exercise 381
Show that A is diagonalizable if and only if AT is diagonalizable.

Solution.

Suppose that A is diagonalizable. Then there exist matrices P and D such that
D = P~ AP, with D diagonal. Taking the transpose of both sides to obtain
D= DT = PTAT(PH)T = Q1ATQ with Q = (P~H)T = (PT)~!. Hence, AT
is diagonalizable. Similar argument for the converse B

Exercise 382
Show that if A and B are similar then A is diagonalizable if and only if B is
diagonalizable.

Solution.

Suppose that A ~ B. Then there exists an invertible matrix P such that
B = P~'AP. Suppose first that A is diagonalizable. Then there exist an in-
vertible matrix @ and a diagonal matrix D such that D = Q~'AQ. Hence,
B = P7'QDQ~! and this implies D = (P~'Q)"!B(P~1Q). That is, B is diago-
nalizable. For the converse, repeat the same argument using A = (P~1)~1BP~!

Exercise 383
Give an example of two diagonalizable matrices A and B such that A+ B is not
diagonalizable.

Solution.
Consider the matrices

1= (6 4)e=(0s)

The matrix A has the eigenvalues A = 2 and A = —1 so by Theorem 80, A is
diagonalizable. Similar argument for the matrix B. Let C = A 4+ B then

11
=(01)
This matrix has only one eigenvalue A = 1 with corresponding eigenspace (de-

tails omitted)
Vi = span{(1,0)T}
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Hence, there is only one eigenvector of C' and by Theorem 78, C' is not diago-
nalizable W

Exercise 384

Show that the following are equivalent for a symmetric matriz A.
(a) A is orthogonal.

(b) A2 = I,.

(¢) All eigenvalues of A are £1.

Solution.

(a) = (b): Suppose that A is orthogonal. Then A~! = AT. This implies
I, =A"1TA=ATA=AA = A%

(b) = (c): Suppose that A% = I,,. By Theorem 81, there exist an orthogonal
matrix P and a diagonal matrix D such that D = PTAP. This implies that
PDPT = A. Hence, I, = A> = PDPTPDPT = PD?PT or D? = I,, since P
is orthogonal. If )\; is an eigenvalue of A then ); is on the main diagonal of D
and since D? = I,, then \? = 1. It follows that \; = +1.

(¢) = (a): Suppose that all the eigenvalues of A are £1. Since A is symmetric
then D = PTAP. Thus, I,, = D> = PTAPPTAP = PTA?P. Thus, I, = A? =
AT A and by Theorem 20, A is invertible with A=' = AT. This means that A is
orthogonal W

Exercise 385

A matriz that we obtain from the identity matriz by writing its rows in a different
order is called permutation matrix. Show that every permutation matrix is
orthogonal.

Solution.

‘The columns of a permutation matrix is a rearrangement of the orthonormal set
{e1,ea,- -+, en}. Thus, by Theorem 63 a permutation matrix is always orthogonal
|

Exercise 386

Let A be an n X n skew symmetric matriz. Show that
(a) I, + A is nonsingular.

(b) P = (I, — A)(I,, + A)~! is orthogonal.

Solution.

(a) We will show that the homogeneous system (I, + A)x = 0 has only the
trivial solution. So let z € IR™ such that (I, + A)z = 0. Then 0 =< z,z +
Ax >=< z,2 > + < 2,Az >=< z,2 > +xTAz. But 27Az € R so that
(2T Az)T = 2T Az, ie. 2T ATz = 2T Az and since AT = —A then 2T Az = 0.
Hence, < z,z >= 0. This leads to x = 0.

(b) It is easy to check that (I, —A)(I,+A) = (I,+A)(I,—A). Then, PPT =
(I,—A) L, +A) I, - AL, +A) = (L, —A)[(I,— AL, + A)] (I, + A) =
(I,—A)([(In+A) (I, —A)] Y (I, +A) = (I,—A)(I,—A) " (L, +A) " (I, +A) = L,.
Thus, P is orthogonal W
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Exercise 387
We call square matriz E o projection matrix if E> = E = ET.

(a) If E is a projection matriz, show that P = I, — 2E is orthogonal and
symmetric.

(b) If P is orthogonal and symmetric, show that E =
matriz.

1(I,, — P) is a projection

Solution.

(a) P = I, —2ET = I, — 2F so that P is symmetric. Moreover, PPT =
(I, — 2E)(I, — 2E) = I, — 4E + 4E* = I, — 4E + 4E = I,,. Hence, P is
orthogonal.

(b) Suppose P is a symmetric and orthogonal n x n matrix. Then ET =
b(In—PT) = §(I,— P) = B and B* = {(I, — P)(I,— P) = (I, =2P + P?) =
21, -2P)=Em

Chapter 6

Exercise 416
Show that the function T : R* — IR? defined by T(x,y) = (x +y,x — 2y, 3x) is
a linear transformation.

Solution.
Let (x1,1), (z2,%2) € IR? and o € R. Then

T(ox1,y1) + (x2,12)) = T(oxy + 2,01 + y2)
= (ax1 + 22 + ay1 + yo, ax1 + x2 — 201 — 2y2, 3ax; + 3x2)
= a(zy +y1, 21 — 2y1, 321) + (T2 + Y2, T2 — 2y9, 3x2)
= T (z1,y1) + T(w2,y2)

Hence, T is a linear transformation W

Exercise 417

(a) Show that D : P, — P, _1 given by D( y=1p z's a linear transformation.
(b) Show that I : P,, — P, 41 given by I(p fo t)dt is a linear transforma-
tion.

Solution.
(a) Let p,q € P, and o € R then

Dlap(z) + q(x)] = (ap(z) + q(z))’

Thus, D is a linear transformation.

(b) Let p,q € P,, and o € IR then

Iap(z) +q(z)] = o (ap(t) + q(t))d
= afo t)dt + fo q(t)dt = al[p(x)] + I]
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Hence, I is a linear transformation.ll

Exercise 418
IfT: R® — IR is a linear transformation with T(3,—1,2) =5 and T(1,0,1) =
2. Find T(~1,1,0).

Solution.
Suppose that (—1,1,0) = «(3,—1,2) + 3(1,0,1). This leads to a linear system
in the unknowns « and (. Solving this system we find & = —1 and § = 2. Since

T is linear then
T(-1,1,0) = -T7(3,-1,2) + 27(1,0,1) = -5+ 4= —1m

Exercise 419
Let T : R® — TR? be the transformation T(x,y,z) = (z,y). Show that T is
linear. This transformation is called a projection.

Solution.
Let (z1,y1,21 € IR?, (z2,y2,22) € R? and o € IR. Then

T(a(z1,y1,21) + (22,92, 22)) = T(axy + 2, Y1 + Yo, 21 + 22)
= (ax1 4+ x2,0y1 + y2) = a(z1,y1) + (22,92)
= ol (z1,y1,21) + T(x2, Y2, 22)

Hence, T is a linear transformation W

Exercise 420
Let 0 be a given angle. Define T : IR? — IR? by

r(* )= cosf —sinf T
y )\ sinf cosé Yy

Show that T is a linear transformation. Geometrically, Tv is the vector that
results if v is rotated counterclockwise by an angle 6. We call this transformation
the rotation of IR? through the angle 6

Solution.
Let ( ;1 ) and ( 22 ) be two vectors in IR? and & € IR. Then
1 2

() (e) = (o))
n Y2 ayi + Yo

cos) —sind axy + X
( sinf  cosf >( ay1 + Y2 >
(awy + x2) cos — (ayr + y2) siné
(axy + @) sinb + (ay; + y2) cos b )

S

This shows that T is linear W
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Exercise 421
Show that the following transformations are not linear.

(a) T : My, — IR given by T(A) = |A].
(b) T : My, — R given by T(A) = rank(A).

Solution.

(a) Since |A + B| # |A| + |B| in general (See Exercise 173), then the given
transformation is not linear.

(b) Suppose m > n. let A be the m x n matrix such that a; = 1 and a;; = 0
for i # j. Let B € My, such that b;; = —1 and b;; = 0. Then rank(4) =
rank(B) = n. Also, A+ B = 0 so that rank(A + B) = 0. Hence, T is not linear
]

Exercise 422
IfT, : U — Vand Ty : V — W are linear transformations, then T o Ty :
U — W is also a linear transformation.

Solution.
Let uy,u; € U and a € IR. Then

(TQ [¢] Tl)(Oéul + UQ) = T2 (Tl (OzU1 + UQ)

= 15 (OéTl (ul) + T (Ug)
= oTy(T1(ur)) + To(T1 (u2)
= a(TQOTl)(U1)+(TQOT1) U2

)
'n
)

Exercise 423

Let {vy,v9,-++,v,} be a basis for a vector space V, and let T : V. — V be a
linear transformation. Show that if T'(v;) = vy, for 1 <i <n then T = idy, i.e.
T is the identity transformation on V.

Solution.

Let v € V. Then there exist scalars aq, as, -+, a,, such that v = ayv1 + asve +
-+ + QuUy,. Since T is linear then T'(v) = aTvy + aTvy + -+ apTv, = av; +
gV 4+ apvy, =v

Exercise 424
Let T be a linear transformation on a vector space V' such that T(v — 3v1) = w
and T(2v — v1) = wy. Find T(v) and T(vy) in terms of w and wy.

Solution.
Consider the system in the unknowns T'(v) and T'(v1)

{ T(w) — 3T(vn) w
2T(v) — 2T(v1) = w

Solving this system to find T'(v) = £ (3w; — w) and T'(v1) = £(w; — 2w) W



271

Exercise 425
Let T : My — My be given by T(X) = AX for all X € My, where A is an
m X m invertible matriz. Show that T is both one-one and onto.

Solution.

We first show that T is linear. Indeed, let X,Y € M,,, and o € IR. Then
T(aX+Y)=AaX+Y)=aAX + AY = oT(X) + T(Y). Thus, T is linear.
Next, we show that T is one-one. Let X € ker(T). Then AX = 0. Since A is
invertible then X = 0. This shows that ker(T) = {0} and thus T is one-one.
Finally, we show that T is onto. Indeed, if B € R(T) then T(A~!B) = B. This
shows that T" is onto W

Exercise 426
Consider the transformation T : R" — IR™ defined by T(x) = Ax, where
A€ M.

(a) Show that R(T) = span{ci,ca, -+, cn}, where c1,ca,- -+, cpn are the columns
of A.

(b) Show that T is onto if and only if rank(A) = m(i.e. the rows of A are
linearly independent).

(¢) Show that T is one-one if and only if rank(A) = n (i.e. the columns of A
are linearly independent).

Solution.
(a) We have
&
T2
R(T)={Az:2 e R"} = [c1 e -+ ¢y ] )
T
= {zic1 +xeca+ -+ xpen sz € R}
= span{ci,ca, -+, Cn}

(b) Suppose that T is onto. Then R(T) = span{ci,ca,---,cn,} = IR™. Thus,

rank(A) = dim(span{ci,ca, -+, cn}) = dim(IR™) = m. Since dim(span{cy,co, -, cn}) =
dim(span{ri,ro, -+, rm}) then the vectors {ry,rq,- -, 7, } are linearly indepen-

dent.

Conversely, suppose that rank(A) = m. Then dim(span{ci,ca, -, cn}) =
dim(IR™). By Exercise 265, R(T) = IR™. That is, T is onto.

(c) Suppose that T'is one-one. Then ker(T") = {0}. By Theorem 91, dim(R(T)) =

rank(A) = dim(IR™) = n. An argument similar to (b) shows that the columns

of A are linearly independent. Conversely, if rank(A) = n then by Theorem 91,
nullity(T) = 0 and this implies that ker(T") = {0}. Hence, T is one-one W

Exercise 427
Let T :V — W be a linear transformation. Show that if the vectors

T(v1),T(va), -, T(vy)



272 CHAPTER 7. SOLUTIONS TO REVIEW PROBLEMS

are linearly independent then the vectors vi,vs, - -+, v, are also linearly indepen-
dent.

Solution.

Suppose that ajv; + agve + -+ + v, = 0. Then anT(vy) + axT (ve) + - -+ +
a,T(vy,) = T(0) = 0. Since the vectors T'(vy), T(vs), - - -, T (vy,) are linearly inde-
pendent then ay = ag = - -+ = a,, = 0. This shows that the vectors vy, vs, -+, v,
are linearly independent W

Exercise 428
Show that the projection transformation T : R® — IR? defined by T(z,y,z) =
(z,y) is not one-one.

Solution.
Since (0,0, 1) € ker(T) then by Theorem 89, T is not one-one W

Exercise 429

Let M, be the vector space of all n x n matrices. Let T : My, — My, be given
by T(A) = A — AT,

(a) Show that T is linear.

(b) Find ker(T) and R(T).

Solution.

(a) Let A, B € My, and a € R. Then T(aA + B) = (0¢A+ B — (aA+ B)T =
a(A—AT) + (B - BT) = aT(A) + T(B). Thus, T is linear.

(b) Let A € ker(T). Then T(A) = 0. That is AT = A. This shows that A
is symmetric. Conversely, if A is symmetric then T(A) = 0. It hollows that
ker(T) = {A € My, : A is symmetric}. Now, if B € R(T) and A is such that
T(A) = B then A — AT = B. But then AT — A = BT. Hence, BT = —Bii.e.
B is skew-symmetric. Conversely, if B is skew-symmetric then B € R(T') since
T(1B) = 3(B — BT) = B. We conclude that R(T) = {B € M,,, : B is skew —
symmetric} B

Exercise 430
Let T : V. — W. Prove that T is one-one if and only if dim(R(T')) = dim(V).

Solution.
Suppose that T is one-one. Then ker(T) = {0} and therefore dim(ker(T)) = 0.
By Theorem 91, dim(R(T')) = dimV. The converse is similar i

Exercise 431
Show that the linear transformation T : My, — My, given by T(A) = AT is an
isomorphism.

Solution.

If A€ ker(T) then T(A) = 0 = AT, This implies that A = 0 and consequently
ker(T) = {0}. So T is one-one. Now suppose that A € M,,,,. Then T(AT) = A
and AT € M,,,. This shows that T is onto. It follows that T is an isomorphism
|
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Exercise 432

Let T : P, — P; be the linear transformation Tp = p’. Consider the standard
ordered bases S = {1,x,2%} and S' = {1,x}. Find the matriz representation of
T with respect to the basis S and S’.

Solution.

One can easily check that p(1) = 0(1)+0x, p(z) = 1+0x, and p(z?) = 0(1) + 2.
Hence, the matrix representation of 7' with respect to S and S’ is

Exercise 433

010
(o 0 2)'
Let T : R?> — IR? be defined by

T(zgj):(xy)

(a) Find the matriz representation of T with respect to the standard basis S of

R?.
(b) Let
.1 ~1
=) ()
Find the matriz representation of T with repspect to the bases S and S’.

Solution.
(a) We have

So the matrix representation of T with respect to the standard basis is

1 0
0 -1
(b) One can easily check that
1 1/1 1/ -1
r(0)=3(1)=:(3)
0 1/1 1/ -1
r(1)=3(1)+: ()

So the matrix representation of T" with respect to the standard basis is

(5 1)

and

[
DO |00 [ =
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Exercise 434

Let V' be the vector space of continuous functions on IR with the ordered basis
S = {sint,cost}. Find the matriz representation of the linear transformation
T:V —V defined by T(f) = f' with respect to S.

Solution.
Since T'(sint) = cost and T'(cost) = —sint then the matrix representation of T'

with respect to S is
0 -1
(13 )n
Exercise 435
Let T : IR® — IR? be the linear transformation whose matriz representation with
the respect to the standard basis of R® is given by

1 3 1
A= 1 2 0
0 1 1
Find
1
T 2
3
Solution.
We have
1 1 3 1
T 2 = 1 2 2
3 0 1 3

ANO = O =





