Summer reading:

You are encouraged to read the following two books over the summer

e The Story of Mathematics by Anne Rooney (ISBN 978- 1- 84193 -
940-7)
e The Calculus Wars by Jason Bardi (ISBN 978-1-84344-036-9)



Further Mathematics

A Level Further Mathematics involves further and deeper study of
Mathematics and its applications and is taken in addition to Mathematics A
level.

It provides a thorough preparation for further Mathematical study. Students
should be confident in experimenting with and applying their mathematical
knowledge.

Further Mathematics is assessed by 4 equally weighted papers of duration 1
hour 30 minutes of which 2 are compulsory.

The compulsory content covers:

Proof Further vectors
Complex numbers Polar coordinates
Matrices Hyperbolic functions
Further algebra & functions Differential equations

Further calculus

Those who qualify in Further Mathematics are in the fortunate position of
having a wide range of career and degree choices. In the past, students who
have taken Further Mathematics A level have, as a consequence, achieved
good grades in A level Mathematics and secured places at first rate Universities
to study Mathematics, Medicine, Economics, Engineering and the Sciences.

Entry Requirements: As stated in the Admission Policy

Exam Board: Edexcel



Specification

The aims and objectives of this qualification are to enable you to:

e understand Mathematics and mathematical processes in a way that promotes
confidence, fosters enjoyment and provides a strong foundation for progress to
further study

e extend your range of mathematical skills and techniques

e understand coherence and progression in Mathematics and how different areas of
Mathematics are connected

e use your mathematical skills and techniques to solve challenging problems that
require them to decide on the solution strategy

® represent situations mathematically and understand the relationship between
problems in context and mathematical models that may be applied to solve them

e interpret solutions and communicate your interpretation effectively in the context
of the problem

e read and comprehend mathematical arguments, including justifications of methods
and formulae, and communicate your understanding

e take increasing responsibility for your own learning and the evaluation of your own

mathematical development.



Qualification at a glance

Content and assessment overview

The Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
consists of four externally-examined papers.

Students must complete all assessments in May/June in any single year.

Paper 1: Core Pure Mathematics 1 (*Paper code: 9FM0/01)
Paper 2: Core Pure Mathematics 2 (*Paper code: 9FM0/02)

Each paper is:
1 hour and 30 minutes written examination
25% of the qualification

75 marks

Content overview

Proof, Complex numbers, Matrices, Further algebra and functions, Further calculus,
Further vectors, Polar coordinates, Hyperbolic functions, Differential equations

Assessment overview

o Paper 1 and Paper 2 may contain questions on any topics from the Pure
Mathematics content.

« Students must answer all questions.

o Calculators can be used in the assessment.

Paper 3: Further Mathematics Option 1 (*Paper codes: 9FMO0/3A-3D)

Written examination: 1 hour and 30 minutes

25% of the qualification

75 marks

Content overview

**Students take one of the following four options:
A: Further Pure Mathematics 1

B: Further Statistics 1

C: Further Mechanics 1

D: Decision Mathematics 1




Assessment overview
o Students must answer all questions.

e Calculators can be used in the assessment.

Paper 4: Further Mathematics Option 2 (*Paper codes: 9FMO0/4A-4G)

Weritten examination: 1 hour and 30 minutes

25% of the qualification

75 marks

Content overview

**Students take one of the following seven options:
A: Further Pure Mathematics 2

B: Further Statistics 1

C: Further Mechanics 1

D: Decision Mathematics 1

E: Further Statistics 2

F: Further Mechanics 2

G: Decision Mathematics 2

Assessment overview
o Students must answer all questions.

o Calculators can be used in the assessment.




What could this qualification lead to?

Maths graduates are very popular with many employers, who value the
analytical and problem-solving skills which you develop during your studies as
well as the subject knowledge you can bring to a future job. In addition many
Maths graduates go on to further study for an MSc or PhD.

Mathematicians work in

e business (for example, in logistics, financial analysis, market research,
management consultancy or operational research)

e finance industry (in banking, insurance, pensions, accountancy or
actuarial work)

e |T (in systems analysis or research); in the civil service (as scientists or
statisticians)

e medicine (as medical or pharmaceutical researchers or as statisticians)

e engineering industry (in aerospace, building design, transport planning
or telecommunications)

e scientific jobs (in biotechnology, meteorology, oceanography or research
and development)

e and, of course, as teachers.

Relevant Links to Websites

e https://www.thecompleteuniversityguide.co.uk/courses/mathematics/5
-reasons-why-you-should-study-mathematics/
e https://successatschool.org/advicedetails/186/Why-Study-Maths%3F



Summer Work

Questions
Trigonometry:
Practice Section A:
Algebraic fractions:
How to simplify algebraic fractions:

Adding and subtracting algebraic fractions:

Practice Section A:
Practice Section B:
Practice Section C:
Practice Section D:
Proofs
Proof Practice Section A:
Proof Practice Section B:
Matrices
Matrices Practice Section A:
Matrices Practice Section B:
Matrices Practice Section C:
Matrices Practice Section D:
Complex Numbers

Answers
Trigonometry Practice Section A:
Algebraic Fractions Practice Section A:
Algebraic Fractions Practice Section B:
Algebraic Fractions Practice Section C:
Algebraic Fractions Practice Section D:
Proofs Practice Section A
Proofs Practice Section B
Matrices Practice Section A
Matrices Practice Section B
Matrices Practice Section C
Matrices Practice Section D
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uestions

Trigonometry:

Trigonometric Equations
You can of course get one solution to an equation such as sin x = -0.5 from your calculator. But what about
others?

Example 1  Solve the equation sin x° = 0.5 for 0 < x < 360.
Solution The calculator gives sin~!(0.5) = -30.
This is usually called the principal value of the function sin™.
To get a second solution you can either use a graph or a standard rule.

Method 1:  Use the graph of y =sin x
By drawing the line y = -0.5 on the same set of axes as the graph of the sine curve, points of
intersection can be identified in the range
0 <x < 360.
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x=-30° x=210" x=330°

Method 2:  Use an algebraic rule.

To find the second solution you use sin (180 —x)° = sin x°

tan (180 + x)° = tan x°

cos (360 —x)° = cos x°.
Any further solutions are obtained by adding or subtracting 360 from the principal value or
the second solution.
In this example the principal solution is —30°.
Therefore, as this equation involves sine, the second solution is:

180 — (-30)° =210°
—30° is not in the required range, so add 360 to get:

360 + (-30) = 330°.
Hence the required solutions are 210° or 330°.



You should decide which method you prefer. The corresponding graphs for cos x and tan x are shown
below.
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To solve equations of the form y = sin (kx), you will expect to get 2% solutions in any interval of 360°. You
can think of compressing the graphs, or of using a wider initial range.
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Here are the exact trig values that you should have learnt for GCSE:
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Practice Section A:

The following questions are about exact trig values, please do them without a calculator!

a) Below is a right angled triangle.

8/2
4/2
= X
Show that angle x = 30°
Include all your working.
b) Below is a right angled triangle.
4+2/2
= X
J6 +2/3

Show that angle x = 30°
Include all your working.

c) Find the exact value of Sin(45°) + Cos(30°)

Shown below is a right angled triangle.
d)

Y

Find the exact length of the side labelled y.



Algebraic fractions:

If you know that x = x, this section will be quite simple for you.

x? divided by

Algebraic fractions are the same as normal fractions, just with letters.

How to simplify algebraic fractions:

When simplifying fractions, the aim is to find a common factor in the top and the bottom and then
cancel them out, e.g. we get that 6/8 = 3/4 by observing 6 and 8 have a common factor of 2,
which we can then cancel from the top and bottom (in other words, we divide both numbers by it).
Here, the aim is the same, but factors look a little different.

Note: It may be the case that you have to do some expanding first before you can factorise. Bear
this in mind when you’re having a go at the questions below.

Example: Simplify fully the fraction below

First, we will consider factorising the numerator. We see that is a
a2 -+- a — 6 quadratic, so observing that the numbers 3 and -2 multiply to make -6
3 and add to make 1, we get
ab + 3b a’l+a-6=(a+3)a-2)
Now, for the denominator: ab
+ 3b =b(a + 3)
This might seem insignificant, but what we now have is a factor of (a+3) in both the numerator
and the denominator, which means we can cancel it. This looks like:

a®+a-6 (a+3)(a-2) a-2
ab+3b  bla+3) b

There is nothing else that the top and bottom have in common, so that must mean that we're
done.




Adding and subtracting algebraic fractions:

When adding or subtracting algebraic fractions, the aim is still to find a common denominator. If
you can, it might make your life a little easier to use the lowest common multiple of both the
denominators in question as your common denominator. However, it isn’t always easy to know
what this is so if you're unsure, you can always safely use the product of both denominators
instead (and to be honest, in algebraic fraction this often is the lowest common multiple
anyway).

Example:

Our choice of common denominator will be the product of both
denominators, which is

m m 7x(mM—=6)=7(m-6)

6 7 We could expand the brackets, but it's better to leave it

factorised in case we can cancel anything later. So, our
left-hand fraction is being multiplied by 7 on top and bottom, whilst our right-hand fraction is
being multiplied by (m - 6)(m—6). So, we get
m__m m i m(m — 6)
m-6 7 T7m-6) T7(m-—6)
m + m(m - 6)
7(m — 6)
We have written it as one fraction, now we must simplify it fully. First, we should expand the

brackets and collect terms on the top, which we can then factorize to see if there are any common
factors we can cancel.

Denominator:

7m+m(m-6)=7m+m? -6m=m2 +m=m(m+ 1)

We cannot factorize this denominator further, so our fraction becomes
m(m + 1)
7(m — 6)




Practice Section A:

1. Express each of the following as a single fraction in its simplest form:

»

a) .‘i b) _l_ x ’_". C) —3.—Y < i d) 2 —
ab m n y z a a
2 ".("’—I)x’—v £+x(.\'+l) ) a—3x 10 h) _v—l+().'—l)(,v+3) 10}
yx+3) «x y y(y+2) 5 (a-3)a+) 4 8
2. Express each of the following as a single fraction in its simplest form:
y (x+5)(x-2) (v +2y-3)(y-4)
(x+1)(2x-4) (y+3)(,v2—3y-4)
¢) a"+6a+5xa+2 d) .r‘—2x-8+.t'+x—20 9]
a-a-6 a+5 x+2 x-3
3. Write each of the following as a single fraction:
1 1 2 3 5 3
a) —+— b) =- ) ——+ 8
' =y B il 18]
Practice Section B:
1. Express each of the following as a single fraction in its simplest form:
2m  m 4 5
a) ab b) ZExZ ¢) —a— d) -
ac y z nop -
) x(x+D) a_ a(a+4) 2) x+3 4 h) ):-:;-2+(,V+2)9(,V+5) [10]
yy+2) x b b(b-2) 2 (x+4)(x+3)
2. Express each of the following as a single fraction in its simplest form:
(3x—9)(x+1) (}’2*4)"*3)(}’*4)
2) (x-3)(2x+2) (y+1)(»* +6y+8)
a +5a+6_a+4 d) X+ Tx+10 X7 +3x+2 191
a’+3a—4xa+2 xX+5 X+3
3.  Write each of the following as a single fraction: ; »
I ok i o (8]
a) ’;"'E b) a il 2 x+3 2x+6



Practice Section C:

L. Express each of the following as a single fraction in its simplest form:

3 2 ]
2) _\_ b) . Wy+2) 0 x(x-3) X I5]
2 yy-4) x(x-1) Wy=2) y(y+6)
p A Expre;s each of the following as a single fraction in its simplest form:
x+1 3 1 5b-2 4
8) —+— i s —_ !
Jx  bx ) a —2a-15 a" -4a-5 b b2—4b—12+b+2 110]
Practice Section D:
1.  Write each of the following as a single fraction in its simplest form:
i a,c b) ab &) &5_ m(m—2) WL F x(x—4) _2
b d 3be 2x n(n+3) m yy+1) y
0 x+2x 3 o) x_ . 2z h a(a-l)x b
y  (x—-D(x+2) y=5 (y=5)Ay+3) b(b+6) a(a+6)
Hint for part h): cancel common terms, and do not expand. [11]
2. Express each of the following as a single fraction in its simplest form:
) (x2—4x+3)()f'+2) b) (a1—5a+4)(a+2)
a -~ 3
(x=3)(»* - »y-6) (a* +5a+6)(a—4)
9 x'—4x - 3 d) x:+3x—4x 1x+2 [10]
3 x“+3x+2 X +4x+4 x —4x+3
3. Write each of the following as a single fraction:
242 b) —m— ) ————— [10)
y+l y=2 x+2 x-1 m-+m-6 m -3m+2



Proofs

The idea of a proof is to make a universal statement - for example, you don't just want to say that
the angles in some triangles add up to 180, you want to say that the angles in all triangles add up
to 180.

The general structure of a proof is to begin with one statement, take a series of logical and
mathematical steps, and end up at the desired conclusion. Of course, not everything we want can
be proved true. In fact, all it takes to prove a statement false is to find a counterexample - a
particular example for which the universal statement you're trying to make doesn’t hold true.

Example 1 (counterexample): Hernan claims “if you square a number and add 1, the result is
a prime number”. Find a counterexample to prove her statement wrong.
12 +1=1+4+1=2, which is prime
22 +1=4+1=5, which is prime
3?2 +1=9+4+1=10, which is not prime
This is a counterexample for her statement, so we have proved it to be false.

Example 2 (divisibility): Prove that (n +2)?-(n-2) 2 is divisible by 8 for any

positive whole number n.
To do this, we need to show that (n + 2)?- (n - 2)?2 can be written in some way that

is clearly divisible by 8. To find a way to write an expression like this differently, we can try
expanding it. So, the first bracket expands to:

m+2P=n+n+2n+d4=n+4n+4
Then, the second bracket expands to
mn-22=n’-2n-n+d=n"—dn+4

The expression in the question has the second bracket being subtracted from the first one. So,
we will do this subtraction with the expansion of the two brackets:

mn+22-(n-22=(n*+4n+4) - (n* —dn+ 4)
We can see that the n~2n2 terms will cancel, as will the 4s, so all we're left with is:
(n® +dn+4) - (n® —dn +4) =dn - (—dn) = 8n

So, the whole expression simplifies to 8n. Now, if n is a whole number, then 8n must be divisible
by 8 (if we divide it by 8, we get the answer n). Since 8n is equivalent to

the expression we started with, it must be the case that (n + 2)?- (n - 2)?2 is divisible
by 8 for any positive whole number n — so the statement is now universal. Thus, we have

completed the proof.
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Example 3 (odd numbers): Prove that the square of an odd number is also odd.

Okay, so if we're going to make a statement about odd numbers and we want to use algebra to
prove the statement, we need some way to express an odd number with algebra.

To do this, let’s consider even numbers: an even number is a multiple of 2, by definition, so if n is
any whole number, then 2n must be an even number. Indeed, any even number can be expressed
by 2n if you pick the right n. Furthermore, any odd number is always the next one along from an
even number. So, we can express an odd number as 2n+1.

So, now that we have our algebraic expression of an odd number, we can really get going. The
question asks about the square of an odd number, so let’s square our expression for a general odd
number:

Bra+1 =d+2n+m+1=4n"+an+1

The question is now: how do we know this is odd? Well, we can’t take a factor of 2 out of the
whole thing, but we can take a factor of 2 out of the first two terms. Doing so, we get:

4n® + 4n +1=2(2n® + 2n) +1

Now, 2n? + 2n . . . . .
might seem like a reasonably complicated expression but importantly,

it must be a whole number. This is because n is a whole number, and if you square a whole
number/multiply it by other whole numbers, the result must still be a whole number.

And since 2 x (some whole number) is how we defined an even number, it follows that 2 x

2(2n® +2n) + 1 isjust 2 x (some whole number) + 1.
(some whole number) + 1 is how we define an odd number.
Therefore, this expression — and thus, the square of any odd number — must be odd. This is our
universal statement, and we have completed the proof.

11



Proof Practice Section A:

1. Prove algebraically that
(2n + 1)2 - (2n + 1) is an even number

for all positive integer values of n.

2. C is a positive integer.

6c3+ 30c

Prove that ——— is an even number.
3c2 +15

3. a) Prove that the sum of four consecutive whole numbers is always even.

4. Here are the first five terms of an arithmetic sequence.
7 13 19 25 31

Prove that the difference between the squares of any two terms of the sequence is
always a multiple of 24

Proof Practice Section B:

2) If n is a positive integer, which of the following numbers is always even? [1]
A. 11n-3 B. n+4 C. 10n+4 D. 40 +1
3) If n is a positive integer, which of the following shows two consecutive square numbers? [1]
A. nfand n? -2 B. n‘and (n+1)2
C. nand (n+6)? D. nand n* + 6
4) If n is a positive integer, then 4n + 8 is a multiple of:- [1]
A6 B.3 .7 D. 4

5) Prove, using algebra, that the sum of two consecutive whole numbers is always an odd number.  [1]

6) Prove that (5n+ 4)? — (5n —4)? is a multiple of 4, for all positive integer values of n. [1]
7) Prove that (5n+ 2)* — (5n — 2)? is a multiple of 8, for all positive integer values of n. [1]
8) Prove algebraically that the difference between the squares of any two consecutive integers is [1]

equal to the sum of these two integers.

12



Matrices - Introduction:

Matrices, and in particular matrix algebra is used in many branches of mathematics. It used
extensively in 3D computer graphics, they are also used to manage large amounts of data, or in
practical applications such as aviation management control.

Make sure that you set your work out in a clear and logical manner. It should be clearly
labeled so that you can find each exercise easily in September.

Definition: A matrix (plural: matrices) is an array of numbers, which is displayed in a rectangular
table. The number of rows and columns a matrix has is called the dimension of the matrix. If it

has n rows and m columns it is said to be an n by m matrix or n x m matrix. Each number in the
matrix is called an element of the matrix.

Examples

(4 1 0) is a 1 by 3 matrix

-1 4 6 | 0
0 1 3 9 6
11 is a 3 by 3 matrix -5 -2 is a 3 by 2 matrix

Matrices can be added or subtracted by adding or subtracting the corresponding elements.
Matrices can only be added or subtracted if they are the same dimension.

3 2 2 -3) (3+2 2+(-3)) (5 -1
0 =24 1) lo+a —241)7\a 1

Examples
5 1 4 -3 1 4
2 0|1 2 =1 =2
0 9 -1 0 1 9

13



Matrices Practice Section A:

Complete the following questions

1 Describe the dimensions of these matrices.

1 0) (1}
al_; 3 LA
1Y <2 1)
€5 5 3l a1 2 3
{1 0 0}
e (3 -1 flo1 0
o 0 1/
2 For the matrices
(2 —1) A T (6
A= , B= , C=
t] 3) {.—1 —2} lO
find
aA+C bB-A c A+B-C.
3 For the matrices
A=(‘],B=<1 4}, € =<1 1 '),
2 :

D=0 1 -, E=( }F= 1 3,

find where possible:
aA+B bA-E
c F-D+C dB+C
e F-(D+0O f A-F

g C—(F-D)

4 Given that { é 2) [ { 0), find the values of the constants a, b, ¢ and d.
—1 , d —2) S,

(1 2 0'+‘a )_‘( S5

§ Given that ( B (J 1 2 0 t], find the values of @, b and c.
( \ J )

(S 3 fa b\ [7 1)\
6 Giventhat|{g -1+ { c dl= (2 0 |, find the values of a, b, ¢, d, e and [.
2 1 le fI W1 4

14



Scalar Multiplication.

A scalar is a humber. Scalar multiplication is when we multiply each element within the matrix
by the same number.

Example 1 4
40(|=[0
2 8

Matrices Practice Section B:
Complete the following questions:-

S TT ST e f OB
1 For the matrices A 4 —6)' B = L—l.]' find
a 3A b %A c 2B.
0 1 0 2% o 7
2 Find the value of k and the value of x so that {2 0) + k( -1 \ = % 0}
3 Find the values of a, b, ¢ and d so that 2{ ~ 3( 1 )— _4 ~i !

. X S Ay LlE 2% (‘9 i)
4 Find the values of a, b, c and d so that ( b 0 2( 1 _1) =13 d)'

5 Find the value of k so that ( } + k[ ZkJ _ ( k J

15



Matrix Multiplication

Two matrices can only be multiplied together if the number of columns in the first matrix is equal
to the number of rows in the second. The resulting matrix then has the number of rows from the
first matrix and the number of columns from the second.

How matrices are multiplied together is not intuitive. The method is given in general terms for 2
by 2 matrices and examples given for matrices of different dimensions.

Work along the first row of the first matrix while going down the first column of the second matrix,
then do the first row & the second column, second row & first column, second row & second
column.

a b\e f B ae+bg af +bh
c d\g h) \ce+dg cof +dh

1 0Y2 3) (2+0 3+0) (2 3
2 101 2) \4+1 6+2) |5 8

1 1 0y1 0) (2 0

1 0 0 1 21 0f=l1 8

(1 2 3)0 2|=01+0+3 0+4+3)=(4 7) (3 -1 20 4) (2 38
11

Important Example

(3 1} (1 2}
1fA=\—1 2) and B= \3 2) find AB and also BA

Non Commutativity of Matrix Multiplication

You should have found in the example above that the answers AB and BA are not the same.

We say that matrix multiplication is not commutative. (Unlike normal numbers where the order in
which we multiply them does not matter, 3 x 2 = 2 x 3).

Therefore, the order in which we multiply matrices is important and does matter.

16



Matrices Practice Section C:
Complete the following questions

1 Given the dimensions of the following matrices:

Matrix A B C D E

Dimension 2X%X2 1 X2 1xX3 3x2 2X%X3

Give the dimensions of these matrix products.
a BA b DE c CD
d ED e AE f DA

2 Find these products.

a(1 2'(—1) b(l 2‘( 0 5
3 4/\ 2 3 4/\-1 -2
- VORI e M W | 1‘)
3 The matrle—( 0 3) and the matrix B ( 1 0
Find
A?means A X A
a AB b A?

4 The matrices A, B and C are given by

A=(f] B=(_‘;’ ;) C=(-3 -2).

Determine whether or not the following products are possible and find the products of those

that are.
a AB b AC ¢ BC
d BA e CA f CB

P 2 u)(] 3 0‘)
5 l~1ndmtermsofa(1 1o -1 2)

L — 3 2')(x —2)
6 Find in terms of x 1 x\1 3/

17



The Identity Matrix

(1 OJ
1=1\0 1 , is called the identity matrix. So also is any other square matrix which has ones down
the leading diagonal and zeros elsewhere. Define the “leading diagonal”

(3 l} (1 2J
fA=\-1 2)and B=\3 2),

Find the matrices Al, IA, BI, IB IAB, AIB, ABI.
Then write down the effect of the identity matrix when multiplying with other
matrices.

The inverse of a 2 by 2 matrix

We wish to find a matrix so that when we multiply it by A we obtain the identity matrix, I.
This matrix we wish to find is called the inverse of A.

[a bJ 1 [ d —b]
IfA= \C d ) then its inverse is given by Al = ad —bc\—-c a
ad - bc is called the determinant of the matrix A. We write it as detA

If det A = 0 then the inverse of A cannot be found and the matrix is said to be a
singular matrix.

Example:

Show using A and A above that A1 A = 1.

AAl=1(abcd)(d -b-ca)
ad-bc

:_ad(—ab(cj_bc —ab+baCd—dC—bc+ad)
:éu(%(cj—bCOOad—bc)
=1(1001)

ad-bc

Similarly, it can be shown that A A1 =1,

18



Using the inverse of a matrix

Unlike with humbers, the inverse of multiplication by a matrix is not division by a matrix; it
is multiplication by the inverse of the matrix.

Example:
Given that A = (2 i
-143) andAB= (36122), find B.

To find B, we must pre-multiply (multiply on the left) both sides by the inverse of A, p-1°
At 1@B1 -42)
10

AB = (36122)

-iag =1
And so A“AB = 1031 -42) (36122)

Hence B = 110(31 -42) (36122)

So, B= 1 (31 -42) (36122)
B= (1040-120)
B=(%12)

Note, because multiplication of matrices is non-commutative, we must pre-multiply both sides
in this case rather than post-multiply (multiply on the right).

19



Matrices Practice Section D:

1

6

Netermine which af thece matricac are cinonlar and which are nan_cinonlar

a Given that BAC = B, where B is a non-singular matrix, find an expression for A.

bWhenC:(,S 3), find A.

3 2

The matrixA=( N )arldAB=( $ 4 Find the matrix B
-4 3 =8 =13 ISJ' r
5 —4) 11 -1

The matrixB=(2 1Jand AB =| -8 9. Find the matrix A.

=2 =1

3a

The matrix A = ( 45 22), where @ and b are non-zero constants.
\ 4

a Find A .

The matrix B = ( ;‘1 ZZ and the matrix X is given by B = XA.
e I ¢

b Find X.

20



Complex Numbers

The quadratic equation ax? + bx + ¢ =0 has

: : For the equation ax? + bx + ¢ = 0, the
solutions given by

discriminant is 5° — 4ac.

_ =b=xVb?—4ac * If b% — 4ac > 0, there are two distinct real roots.
- 2a » If b2 — 4ac = 0, there are two equal real roots.
- . - - 2 —
If the expression under the square root is negative, If b2 — 4ac < 0, there are no real roots. )
there are no real solutions. SHFANG Yoar 1, Section &5

You can find solutions to the equation in all cases by extending the number system to include v—1.
Since there is no real number that squares to produce —1, the number V-1 is called an imaginary
number, and is represented using the letter i. Sums of real and imaginary numbers, for example

3 + 2i, are known as complex numbers.

. j=y=-1 w The set of all complex numbers is

= An imaginary number is a number of the written as C.
form bi, where b € R. For the complex number z = a + bi:
* Re(z) = ais the real part

= A complex number is written in the e Im(z) = b is the imaginary part

form a + bi, where ¢, b € R.

riteeach.of the following in terms-of 3 You can use the rules of surds to manipulate

a v-36 b v-28 imaginary numbers.
a V=36 =36 x (-1) = VBEV-1 = Gi =
- m An alternative way of writing (2v7)i
b v=28 = /28 x (-1) =28 V-1

is 2iv7. Avoid writing 2\7i as this can easily be
confused with 2V7i.

I
x
N
|

|

N
N

In a complex number, the real part and the imaginary part cannot be combined to form a single term.

= Complex numbers can be added or subtracted by adding or subtracting their real parts and
adding or subtracting their imaginary parts.

= You can multiply a real number by a complex number by multiplying out the brackets in the
usual way.

Simplify each of the following. giving your answers in the form a + bi, where a, b € R.

a (2 + 5i) + (7 + 3i) b (2 - 5i)- (5 - 11i) ¢ 2(5 - 8i) d 10;6'
a 2+50)+(7+30)=(2+7)+(5+23) Add the real parts and add the imaginary parts.
=9 + &i
b (2=5)~=(5—-—MN)=(2=5)+ (=5 =(~11))i=— Subtract the real parts and subtract the
=-3 + Gi imaginary parts.

c 256-8)=2x%x5)-2x8)i=10-16i «
d 1O+63—@+§i—5+31
2 SERgT ' L— First separate into real and imaginary parts.

2(5 — 8i) can also be written as (5 — 8i) + (5 — 8i).
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Solve the equation z2 + 6z + 25 = 0.

Method 1 (Completing the square)
Z+6z=(+3F -9 Because (z+3)2=(z+3)c+3)=22+62+9
P4+ 6z+25=0:c+3P-9+25=(0z+3)F +16

(z+30°+16=0
(z 432 =18 ’/ V=16 =16 x (-1) = V16V-1 = 4i
z+ 3 =%/-16 = %4i
=3¢« 4? . You can use your calculator to find the complex
z==-3+4, z=-3-4i roots of a quadratic equation like this one.

Method 2 (Quadratic formula)

-6 +V6%2 -4 %1% 25 = | T
> Using::———bt th Sac
% a
-6 + V-64
2
== - B L V=64 = /64 x (1) = V64 V=T = 8i
z==-3 + 4, z==3 - 4i

Complex Numbers Practice Section A:

Simplify, giving your answers in the form « + bi, where a, b € R.
a 2(7+2i) b 3(8 —4i)
¢ 23 +1)+32+1) d 5(4 + 3i) —4(-1 +2i)
- 6 —4i f 15 + 251

2 5

9+ 11i h—8+3i_7—2i

£ 3 4 2
Write in the form « + bi, where ¢ and b are simplified surds.

s o
g =2 p 2=6

V2 1+v3
Given that z =7 - 6i and w =7 + 6i, find, w Eoplen M bers are ot

in the form a + bi, where a, b € R: represented by the letter = or the letter w.

az—-w b w+:z
Giventhat z; =a+ 91, z,=-3 + biand z; — z; = 7 + 2i, find @ and b where ¢, b € R. (2 marks)

Given that z; =4 + i and z, = 7 - 3i, find, in the form a + bi, where a, b € R:
a :|"‘:2 b 4:2 c 2:|+5:2

Given that z = a + bi and w=a — bi, a, b € R, show that:
a z+wis always real b z - wis always imaginary
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You can use complex numbers to find solutions to any quadratic equation with real coefficients.

= If % - 4ac < 0 then the quadratic equation ax? + bx + ¢ = 0 has two distinct complex roots,
neither of which are real.

Solve the equation z2 + 6z + 25 = 0.

Method 1 (Completing the square)

ZZ+6z=(2+3)0°-9 Because z+3)2=(z+3)(c+3)=z2+62+9
22+ 6z+25=0C+3)P-9+25=(=z+3¢2+16
z+32+16=0
(G4 32 =-1G — V=16 =16 x (1) = VI6V-1 = 4i
Z+ 3 =x/-16 = %4i
z=-3 %4 You can use your calculator to find the complex
F=Et 4, F==0=4 roots of a quadratic equation like this one.

Method 2 (Quadratic formula)

_—6+V6%°-4x1x25 , b &P hae
= 5 Usmg::——zzl———
_:6"’\-'—64
- 2
z="028 . 344 | /6% = /6hx 1) = /6h V=T= Al
z=-3+4i, z=-3-4

Complex Numbers Practice Section B:

3 Solve each of the following equations. Write your answers in the form a * bi.
az2+2z2+5=0 b z2-22+10=0 ¢c22+4z+29=0
Z2+10z24+26=0 e z22+52+25=0 fz2243245=0

4 Solve each of the following equations. Write your answers in the form a * bi.
a22+5:+4=0 b 72-32+3=0 ¢ 5z22-z+43=0

5 The solutions to the quadratic equation z* — 8z + 21 = 0 are z, and z,.
Find z, and z,, giving each in the form a £ iVb.

6 The equation 22 + bz + 11 = 0, where b € R, has distinct non-real complex roots.
Find the range of possible values of b.
Do not use your calculator in this exercise:
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You can multiply complex numbers using the same technique that you use for multiplying brackets in
algebra. You can use the fact that i = V=1 to simplify powers of i.

m2=-1

Express each of the following in the form « + bi, where ¢ and b are real numbers.

a (2 +3i)(4 + 5i) b (7 - 4i)

L& (2 + 3i)(4 + 50) = 2(4 + 5i) + 3i(4 + 5i) Multiply the two brackets as you would with real
= 8 + 10i + 12i + 151 numbers.

e p—— L Use the fact that iz = —1.

==7+22i Add real parts and add imaginary parts.

b (7 - 4i)? =(7 - 4)(7 - 4i)
= 7(7 — 41) — 4i(7 - 4i) Multiply out the two brackets as you would with

= 49 - 28i — 28i + 162 real numbers.
=49 -28i-28i - 1671 sethe fact that i2=~1.

= (49 - 16) + (-28i — 28i)
= 33 - 56i L

Add real parts and add imaginary parts.
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Complex Numbers Practice Section C:

a Simplify (4 + 5104 - 51), giving your answer in the form a + b1,

b Simplify (7 = 2iM7 + 2i). giving vour answer in the form a + h,

¢ Comment on your answers 10 parts a and b.

d Prove that {a + bi)a — bi) is a real number for any real numbers @ and b.

3 Given that (a + 3i)1 + bi) = 25 - 391, find two possible pairs of values for @ and h.

Write each of the following in its simplest form.

a1 b (3i) ¢ P+i d (4iy - 4°

Express (1 + 1)%in the form @ - b1, where @ and b are integers to be found.

Find the value of the real part of (3 = 2i)%,

(z)=22-z+8 You can use the binomial theorem to
Find: a [2i) b (3 - 6i) expand (@ + 5)". « Pure Year 1, Section 8.3
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Trigonometry Practice Section A:

a)

Below is a right angled triangle.

8/2 m
472
0
b X
Show that angle x = 30° ¢ = _°_ - l’fi o |
Include all your working. 4 H ‘iﬁ 2
x 30"
Below is a right angled triangle.
4+2)2
5 X
ﬂ J6+2/3

Show that angle x = 30°

Include all yourwo‘raklﬂg f# 2 f x((,_zj',)
G5ty © +‘lﬁ % lf—lf?

NG - AUTLHI0-NG -umf

16~ 9
- ~tfﬁ4’6: )
i o
bettmaths 2015 Cdl?_.}z s X239
”

b)

26



c)
Find the exact value of Sin(45°) + Cos(30°)

fonls =

C‘Sk:

NIS) M)

-------------------------

d)

27



Shown below is a right angled triangle.

30°\ 8 + 10/2

Yo
Find the exact length of the side labelled y.

$a30 ® 30T

i %
T »ofe

(HfﬁfJ

-------------------------

Algebraic Fractions Practice Section A:

28



a)

b)

a)

b)

c)

d)

e)

&)

h)

(r+s)a-2)_ SpeI-7)
(e D)(2x—4) "~ (ortfx2(37]

=2 al
2

A

(7 +2p-3)(y-4)  (»- I)MM

Tip: Always try fo factorise and
check what can be cencelled

(y+3)(¥ -3y-4) MMUH)

before multiplying out the bradkets

=___ Al

y+1

@ _a 5

Ab b

1. ﬂ_ﬁ._.’. Al

m n Min on

3z % 3% :_3,(:_3:- "

TSy e e T

6 3 _6 o_f{,{_z_

Z ———‘;X—g—ﬁ——i’—z Al
|

x()'-l)XL’:/(J'-‘)/:y—l Al
yx+3) ¥ Flx+A x43
x x(x+1) xxy(y+2)

y yy+2) p Mx+l)
}{(J*") y+2

}((1-0-1) x+1

a-3 10 M (057
X = M1
5 (a-3a+l)  F(a~F(a+])
1

Al

:_2_ A]

a+l

y—-l+(y—l)(y+3) = y—lx 3

4 8 4 (p-Dy+3)

XM
/M(y+3)

Gt &1
y+3

29

Technique: To divide by & fracti
a

b
%, multiply by the reciprocal —




a)

b)

<)

c)

d)

L+I__lxy 4xxl M1
4x y 4xy 4x_)-'

v+4x

Al
4xy

2.3 ”x(a+2_)_ 3xa
a a+2 ala+2) ala+2)

= 2a+4-3a M1
ala+2)
T [also allow = ] Al Technique: Save time by checking
ala+2) whether one dencminator is @
foctor of ancther. Here,
_i_+_3__=i+ 3 _2x5 3 M1 €——]x-1)%2=2x~ 2, sothe first
x-1 2x-2 x-1 2(x=-h 2x-1) 2(x-1) fraction can just be multiplied by 2
1043 to make the denominators the same.
= — M1
2(x-1)
13 13
= also allow Al |8 Marks]|
2(x~1) 2x=2

a3+6a+5xa+2 (a+S)Ha+) a+2
a-a-6 a+5 (a- a)(a+2) a+5

_ foASta+ D oH D) a+t

(a=3)(a+7) (@+5) a3
x'—2x—8+x‘+x—20=.\' —2.\'-8 Feadi fE= 4)(x+2) x-3
x+2 x—3 x+2 x +x=20 x+2 (x+5)(x-—4)
() (347 (x-3)
M(HS)M
x-3

- Al
s 19 Marks|

M1

30



Algebraic Fractions Practice Section B:

b)

¢)

d)

€)

)

2)

h)

ab _ Ab _b Al

ac pc ¢

X ¥ -\‘}( x

x=—= == Al

y z fz z

n m_2m p 2Mp 2P ) 4
n p nmn om n@ n

4 5 4 x 4k &

— i — = = — 1

2 x x5 g;" SA

x(x+1) __,_ez,\"(x+l)/=x+| Al
yy+2) x g y+2

a ala+4) a blh-2)

+ =—x

b bb-2) b a(a+d)

b (b-2) b-2

- Al
}_ra(a+4) a+4

xe3 4 Apd
2 (x+4)(x+3)  F(x+4)(x3)
1

2
= Al
x+4
']'+2;(y+2)(y+5)=y+2x 9
3 9 3 (p+20y+95)

__Fpm
B ,?’M(J-+5>

3

=—— Al

y+35

[10 Marks]

31

Technique: Te divide by a fraction|

a b
E. multiply by the reciprecal —
a




a)

b)

a)

b)

<)

d)

I x  Ix2y xxx
—t—=— 1
x 2y 2xy 2y
=g.y._+£ Al

2xy
3_ 2 _3x(a+l)_ 2xa
a a+l ala+l) a(a+l)
_3a+3-2a

ala+1)

: (alsoallow ‘+3) Al
a+a

a+
a(a+1)

2+5=2+5:2x2+5

X+3 2x+6 x+3 2(x+3) 2(x+3) 2x+3)
4+5

T Zx+3)

e [alsoallow 2 JA! |8 Marksj
2(x+3) 2x+6

(.:\-9)(x'+l) 3MM

(x=3)(2x+2) szw

Al

(5 +4y+3)(y+4) _ (3 (eTy (ray

|

-~ M
(r+1)(5* +6y+8) (24D 2wy (14 2)

_y+3 Al

y+2

a +5a+6 a+4 (a+2)(a+3)xa+4
a’ +3a- 4 a+2 (a-1a+4) a+2

_lerT@+3)erd) 7
(@=1) (a4 (@47) a

Tachnique: Save time by checking
whether one denominater is a
factor of another. Here,

M1 €¢————[x+ 3) X 2 = 2x + &, 50 the first

fraction can just be multiplied by 2
1o make the denominators the
same,

check what can be cancelled

Tip: Always try to factorize and
before multiplying out the brocket

x° +7x+]0+x +3x+2_x‘+7x+|0 xX+3 _(x+2)(x+5)x
X+5 x+3 X+5 x* +3x42 X+35
MM(\'-’-”
Lusf(xmm

=l 0 19 Marks]
x+1

32

x+3

e L S
(x+1)(x+2) "



Algebraic Fractions Practice Section C:

]

a)

b)

c)

a)

b)

c)

3—Yz—=§-’t—f=£ Al
Ay Y

X y+?) Hr+2)
yy—-4) xx=1)  A(y-4)x-1)

Technique: To divide by o fraction|

= y+2
-a)x-1)
x(x-3) , «x ____‘_(f__sl,‘ﬁ)_+6_) «

y=D 30+ yo-2 x

Alx=3)f(y+6) :

SANETRIANIT:
Fo-0k

_G=3+6) o
y-2

1

|5 Marks)

2 x+l1 2x2+x+l Mi

i ty——

a b
—, multiply by the reciprocal —
b a

Technique: Save time by checking
whether the denominators share a
common factor. Here, both

3x 6x 2x3x 6x -

_44x+l x45

T 6x 6
3 1 3 1

o —2a-15 a -4a-5 (a-SNa+3) (a+a-5)

- 3x(a+1) = Ix(a+3)

T (a=-S)a+3)Na+l) (a+a-5)Na+3)

_ 3a+3-a-3

" (@-5Na+3)a+1)

- 2a Al

(a—=5)a+3)a+1)

_sb-2 4 52 4 .y

B —ab-12 b+2 (b+2)}b-6) b+2

5hH-2 " 4x(b-6)

Al

1 inators have a
factor of 3x, so the first fraction
can just be multiplied by 2 to
make the denominators the same

Technique: Use the same
technique from part @) to make the,

<
l

“b12)b—6) (b+2)b—6)
Sb—2+4b~24
T (h+2)b-6)
9h-26

S o U 110 Marks]
(b+2)(b—-6)

33

common dencminaror
(b+ 2){b - 6)

[Technique: First make sure the |



Algebraic Fractions Practice Section D:

Eow e 24 _2
Xy / y o
b) X 3 F(r43)
Y+6) x(x-2)  p(y+6)x-2)
B y+3
(r+6)(x~2) Technique: To divide by a fraction
x(x+3) x x(x+3) y(y-2) < o b
c) = x -, multiply by the reciprocal —
Y+ yly-2) yyp+D x b a
Ax+3) F(y-2) -
= Ml
Flo+nf
= w Al [5 Marksl
y+l |Technique: Save time by checking |
y+l1 Technique: Save time by checking
whether the denominators share a
5 2) _l+_{:_l:_3_+ 2x(x+1) M1 M?’m‘m factor. Here, both
4x 2x 4x 2x2x have a
factor of 2x, 3o the second fraction|
_3+2x+42  2x+5 Al can just be multiplied by 2 to
4x 4x make the denominators the some.
b) 2 _ 1 = 2 _ 1
@ +2a-3 @ +5a+6 (a+3a-1) (a+2)a+3)
_ 2x{a+2) N Ix{a—1)
(a+30a—-1)a+2) (a+2)a+3)a-1)
_ 2a+d-a+l
(a+3Na~1)a+2)
_ a+5
" (a+3)Na=1)a+2)
of 23b+4 - 2 . 3b+4 = 2 M1
b +b-12 b+4 (b+4)b-3) b+4 Technique: Use the same
3b+4 2x(h-3) - technique from part a) to make the)
= — MI common denominator
(b+4a)b-3) (b+4)b-3) b+ 4ib-3)
_3b+4+2b-6
(b+4)b-3)
O o S [10 Marks]
(b+4)b-3)
Technique: First moke sure the
3 3x+2 __ 3x+2 = ! inator only linear
=4 (x4+2x-2) = expressions. To write a fraction
3x+2 = A B - A(x—2)+B(x+2) ftx) {where g(x) and hix} are
(x+2)x-2) x+2 x-2 (x+2)(x-2) g(x}h{x)

L3x+2=A(x-2)+B(x+2) M1
Substitute x = 2:
32)+2=A42-2)+B(2+2)
-.8=4B

~B=2 Ml

Substitute x = -2:
3(-2)+2=A(-2-2)+B(-2+2)

4 =44
nA=1 Ml
3x+2 1 2

Al |5 Marks|

o —

. (JH-Z)(J:—.-'!)= x+2 x-2

34

linear expressions) as partial
fractions, equate it with the

A
expression -—+-L and find
gix)  hix)
the constants A and B.

Alternatively: Instead of using
substitution, you could also equate
coefficients to find the values of A
and B8,




Proofs Practice Section A

. Qna+)® = (2n+1D
= 4n? D ) -2a-) expand  the brockefs

La* +2n (ollect #he termS

1i

=3 (2a* +n) Take out & Gadto” o5 two

—

S:nr;e i+ s o mulkple G two [+t is an @ven Numbe

2 b +30¢ 32 +100)

= Foactorise
3¢ +15 2 (¢ +§ D
> 0 Lo
= );_L - d‘Va(lQ/(ML(Q
- C + 5
Y02+
— =4l +5) Sactor:se
(* +%
% L divid & [eoncl
Smce i*is amyl+iple OGtwy s aneven Nvmbe —

2, n +lat) + 42D +b0 +3)
I 4n +6 Coilect the ferms
= 2(2n +3) tnke ovt o gacfof 06 2

5} ; ' P x le aan eV Numpbpe ~
Sipe Lhis amoltiple of dwo,
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lt. The pth derm is bntl
(6(nu) H)z - (¢ns)®

— (n+6 1) ~(6ntD T

Z (6070 ~ ()2

= 260 + f4n +49 — 360t =120 =

= 72a t43%

=24 (30 12D

Since i is 2 nunbers Grom the seienceibis amutiple of 24 gor
the digterence 0% two Sqlnre S

5.(n(n+:) ) +(n +1)
— 02 4n 4N +|

— A% 424 +)

=(n+)?

The resufis o Syuvare Number

6, (n4)* =n* =n+b+)
n’-«l-zf\-flor\1 = 2n+]

n+1 ~2ntl
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Proofs Practice Section B

1) C
3) B

5) n+1+n+2=2n+3

So, as 2n is divisible by 2 and 3 is an odd number.

Therefore, the sum of two consecutive whole
numbers is always an odd number.

7) (25n% + 20n + 4) — (25n? — 20n + 4)

=40n

= 8(5n)

So, as 40 is divisible by 8 then (5n+ 2)% —

(5n — 2)? is a multiple of 8, for all positive integer
values of n.

1. (a)2x
(b) 2 x
() 2~
(@) 1 x
(e) 1x
M 3~

QI W = D

W 2

¥ 2
(b) )

0 0
(c)oo]

Matrices Practice Section A

2) C
4 D

6) (25n% +40n + 16) — (25n? — 40n + 16)

= 80n

= 4(20n)

So, as 80 is divisible by 4 then (5n + 4)% —

(5n — 4)? is a multiple of 4, for all positive integer
values of n.

8) Sum of two consecutive integers:-

n+n-—1

=2n-1

Difference between the squares of two consecutive
integers:-

Q1P

= (%) —(m?-2n+1)

=2n—-1

So they are equal

3. (a) Not possible

ol

(11 4)

(d) Not possible

@G -1 4)

(f) Not possible

® (-3 1 -4)
4. a=6,b=3,c=2,d=-1
S. a=4,b=3,¢=5
6. a=2,b

37



Matrices Practice Section B

il ol o

1. (a) 1 x2
(b) 3 % 3
()1 x2
(d)2x2
()2 x3
B3 ~2

J
2. (a)

3. (a)

(b)

Matrices Practice Section C

-2 1
w2

38

. (a) Not possible

LB
®) -3 =2 ]
(c) Not possibic
(C)) O‘]

() (=8)
® -7 -7)

2 6-a 2a
1 4 =2

3x+2 0
0 3x+2



Matrices Practice Section D

: 1
1. (a) Non-singular. Inverse = (0

(b) Singular
(c) Singular

-5
(d) Non-singular. Inverse = ( 3

(e) Singular

0.5
15

-0.2
Non-singular. Inverse =
(f) Non-singular. Inverse [_0.6
2. (a)-3
(b) =5
1
(C)Z |
6. (aA=C"
7 3
(b)(_3 5)
2 4 -3
9.
51 1)
(3 3
8 -2 1
0 -1
" 1 [ 2b —b']
- @ 2ab\-4a 3a
3 2

JE¥1

L %

|
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Complex Numbers Practice Section A

14+ 41
24-12i

(6+21)+(6+31)=(6+6)+1(2+3)
=12+5i

(20+151) +(4—-81)=(20+4) +1(15-8)

=24+T
6_4i—§_ﬂi
a 2 2
=3-2
15+25i_1_5__2_5_l
5 5 3
=3+51
9+1i 9 1j.
3 33
:3+%i
—8+31 7-2 ¢
r = = = 2+41 2+1
( 4 7) .(3 4)
= ———— [+i| =+ —
2 2 4 4
. ) By
vy

40

5

o, 42 _4-2 Ji
IR e
=4~/——2~/_1

2
=22-i\2

2-6i  2-6i (1—5)

- 1+J§_1+\/§x(1—«/§)

=2—2~/3_—6i+6~/3_i
1—3

_2- 2J’ 6J’6
(1+J‘) (3 3J‘)

a z—w=(7-61)—(7+6i)
=(7——7)+i(—6—6)

=-12i

b w+z=(7+6i)+(7-6i)
=(7+7)+i(6-6)
~14

6 7T+2i=2z,-z
=(-3+bi)—(a+9i)
=(-3-a)+(b-9)i

Equate real parts:
T7=-3-a=a=-10

Equate imaginary parts:
2=b-9=b=11



z, -z, =(4+1)-(7-3i)
=(4-7)+i(1--3)
=-3+4

z, =4(7-3i)
=28-12i

2z, +5z, =2(4+1)+5(7-3i1)
=8+2i+35-151
=43-13i

z+w=(a+bi)+a—bi

=2a
So z+w is always real.

z—w=(a+bi)—(a-bi)
=2b1

So z—w is always imaginary.
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Complex Numbers Practice Section B

3 [Note that 3a, 3b & 3¢ use the quadratic
formula, and 3d, 3e & 3f use completion of
the square]

a =1L b=2 =5

__-2+,J(4-20)

b @=L b==2, =10

2+.f(4-40)
T 2

246
2
=1+3i

¢ a=1, b=4, ¢c=29

_ —4+.J16-116)
T 2

_ —4+10i

- B

——2+5i

42

d 22 +10z+26=0
(z+5)"-25+26=0
(z+5) =-1

22 +3z+5=0

(=+3)
Z+=
2

9

-—+5=0
4




4 [Note that 4a uses completion of the square ¢ Use the quadratic formula with

and 4b & 4c use the quadratic formula] g=5 h==)ande=3
a
2:245244=0 —(—l)i\/(—l)2-4(5)(3)
S T
z +5-+2-O 2(5)
(:+§) -B2=0 _1£41-60
4 10
5 7
- 59 -
6 4) 16 =1_161“3§'
:+§=ii
4 4
:_——S-ti 7
4 4

5 Method 1: Completing the square
b Use the quadratic formula with

a=7,b=-3andc=3 (:-4)2—16+21=0
.~ -@0)E) A =5
2(7) z—4=+i5
3+.9-84 ) -
S z=4+if5
3_«/-75
= +14 So :,=4+iJ§ and :2=4—iJ§
_3 .5,
147 14 Method 2: using the quadratic formula
__=(-8)x(-8) -4(1)(21)
) 2(1)
6 z’+bz+11=0 has two distinct complex
_8+4220
roots when T2
b ~4(1)(11)<0 R
S 2
b- <44 =4il\/§

~Ja4 <b<Jaa
or —2«/l_f<b<2«/1_1_
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Complex Numbers Practice Section C

2 a (4+5i)(4-5i) =16-20i+20i 25

=16—20i+20i +25
=41

b (7-2i)(7+2i)=49+14i—14i—4i’
=49+14i—14i+4
=53

¢ The answers to 2a and 2b are both real.

d Let @ and b be any real numbers.
(a+bi)(a—bi) =a’ —abi+abi— b’
=a’ —abi+abi+b’
=a’ +b’

For any a and b, the imaginary parts

cancel (i.e. they sum to zero), so the
answer is always real.
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3 (a+3i)(1+bi)=25-39i
a+abi+3i+3bi° =25-39i
a+abi+31-3b=25-3%
(a—3b)+(ab+3)i=25-39%

Equating real parts:

a-3b=25
a=3b+25 (1)
Equating imaginary parts:
ab+3=-39 (2)

Substituting (1) into (2):
(36+25)b+3=-39

3b* +25b+3=-39
3b” +25b+42=0
(36+7)(b+6)=0

So b=_T7 or b=-6

Substituting b=-6 into (1):
a(-6)+3=-39
g=1
=7

Substituting b = 3 into (1):

a[—z)+3=—39
3

a=18

Hence, the two pairs of values are:
a=7,b=-6

a=18, b=—Z
3



=—1x—-1Ix-1
.

p 3ix3ix3ix31=8l(ixixixi)
=81(i° xi’%)
=81(-1x-1)
=8I

= (~Ix—Ixi)+i
=i+1
=2
d (4i)’ —4i° = (dix4ix4i)—4(ixixi)
=64(ixixi)—4(ixixi)
=60(ixixi)
=60(-1x1)
=—60i

5 To expand (1+ i)6, use the binomial

expansion of (a+ b)‘5
(a+b)’ =a® +6a’b+15a°b* +20a°b*
+15a°b* + 6ab® +b°

Substitute a=1 and b=1:
(1+i)° = (1) +6(1) (i)+15(1) (i) +20(1) (i)
+15(1)2(i)4+6(1)(i)5+(i)6
(141)" =14 6i +15i +201* +15i* + 6i° +i°
[Use i’ =—1i’ =-i,i* =L’ =iand i’ =—1]
(1+i)" =1+6i-15-20i+15+6i -1
=-8i

Soa=0and h=-8
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6 To expand(3—2i )4 , use the binomial
expansion of (a+ b)4 :
(a+b) =d* +4a’b+6a’h* +4ab’ +b°
Substitute a=3 and b=2i:

(3-2i)" =(3)" +4(3)’ (-2i)+6(3)" (-2i)’
+4(3)(-2i) +(-2i)’
(3-2i)" =81-216i +216i> - 96i" +16i*

[Use i’ ==1i =—iandi* =1]

(3-2i)" =81-216i-216+96i +16
=119 -120i

So the real part of (3—2i)4 is —119

7 a f(2i)=2(2i) —(2i)+8
=2(4i")-2i+8
=8(-1)-2i+8
=-2i

b f(3-6i)
=2(3-6i) —(3-6i)+8
=2(9-36i+36i°)-3+6i+8

=18=721+72i> -3+6i+8
=18-721-72-3+6i+8
=49 - 66i



