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Chapter 1

Introduction

1.1 Theories and Unification

The forces of electricity and magnetism have been truly unified in the U(1)en, electro-
magnetic force in the sense that neither force can be entirely disentangled from the
other. Later, the weak force was combined with the electromagnetic force to form
the SU(2),xU(1)y —>U(1)em, electro-weak theory. However, unlike the electromagnetic
force, this is not a true unification. Finally, the strong force was added to the electro-weak
force to complete the Standard Model. Again, this is not true unification. It is more like
two independent theories have been added together and mixed.

The Standard Model is a true quantum field theory. The Grand Unified Theory is
the attempt to combine these theories in true unification.

The interesting thing about electrodynamics is that it is a simple theory which leads
to complex phenomena.

1.2 A Brief Overview

In electrodynamics, we have three different representations of the key equations. In the
center, and most importantly, we have Maxwell’s equations in differential form:

— — — — ]_ — — — = — 4 -
V. E=drp, VxE=--9,B, V.B=0, VxB=-_J
C C

Integrating these gives us another representation—Maxwell’s equations in itegral
form. Also known by names like Gauss’ Law, Faraday’s Law, and Ampere’s Laws:

/E-dl:zm/d?’rp
Vv

Conversely, we can derive Maxwell’s equations, from these laws by differentiating.
The third representation is the relativistic formulation. Recall that in special rela-
tivity, we have 4-vectors like that of position

= (ct, &),

and Lorentz transformations

" = LFa”.
Mapping from Maxwell’s equations in differential form to the relativistic form is just a
matter of notation. In the relativistic formulation, all four of Maxwell’s equations combine

to become the single equation

4
o = o,
c
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where
FHY = 9rAY — 9V A*,

and the scalar and vector potential are combined to form the 4-potential
A — ((;5, A’) :
Recall that the potentials are related to the fields as
B=V x4 B=-Vo ‘04

Plugging these into the differential form of Maxwell’s equations reduces the number of
equations from four to two but at the cost of the first-order differential equations becoming
second-order. A useful tool when working with potentials is multipole expansion. For
example, for the scalar potential,

B an 4 .
0=2 P\ 2g e

lm

Related are the Green’s functions
AG(Z, &) = —4nd(Z — T').

These are closely related to the propagators of quantum field theory.
Gauge invariance of the potentials gives us the gauge transformation

A/u — A‘u + 8"f,

and it means the potentials have unphysical degrees of freedom.
We can also think in terms of the Lagrangian formalism

1
L=——-F"YF, , +---,
167 T+

where the first term is the Lagrangian density for the photon field.
This leads us to conservation laws

OuJ" =0
0, " = 0.
Connecting electromagnetism to mechanics is the Lorentz force
ﬁ—q<ﬁ_1ax§>.
Finally, we have applications and phenomena, such as electrostatics, where the chief

equation is

— —

V - E = 4mp,
magnetostatics, where
~ o 41 o
VxB=2J
c

electromagnetic waves

and radiation

dP 2|2
a0 > |d|
S§— ‘B« B



Chapter 2

Special Relativity and
Electrodynamics

2.1 Relativity Principle

The relativity principle tells us that the laws of physics take the same form in every

inertial (i.e. nonaccelerating) frame.
Consider a stationary frame F and a frame F” that is moving with velocity ¥y relative

to frame F.

F F”

2
\'A

Laq
A

Then Galilean relativity tells us that the position vector & of a point relative to F' is
related to the position vector £’ of the same point relative to F’ by

Z'(t) = B(t) — Bo(t) + Zo.

Velocities and accelerations in the two frames are related as

. d . -
v'(t) = aw’(t): E—vozv(t)—vo
d_,  d§

a'(t)y=—-v'(t)= — =a).
(1) = () = 5 = al)
In frame F', Newton’s equations of motion for a system of particles are

k#i

In frame F’,
—/
miai’ = Zsz ($i/—$k/).
ki
The equations are the same but all vectors now have primes.
Now consider the Lorentz force. In frame F', the Lorentz force is

—

F:q(E—l—’E’XE).
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In frame F’, the Lorentz force is

The transformation between the two frames should hold for any ¥. In particular, it should
hold for ¥ = 0. In that case, we get

On the other hand,
for any ¥, implies that

But this contradicts experiments. Suppose in frame F, B = 0, which occurs when a
charged particle is not moving. What we found above, this means that B = 0, always.
However, from the moving frame F’, the particle appears to be moving, and so B’ # 0.
Logically, there are two possible resolutions of this paradox:
1. The relativity principle holds in mechanics, but maybe it does not hold in electro-
dynamics. Le., maybe there are special (“ether”) frames.
2. The relativity principle also holds for electrodynamics. In that case,
a) Maxwell’s equations and/or the Lorentz force law are incorrect
b) Galilean transformation is incorrect

The Michelson-Morley Experiment

The Michelson-Morley experiments disproved the ether hypothesis, then Einstein showed
in 1905 that it is in fact the Galilean transformation that is incorrect.

mirror 1

LLLLy

half-silvered mirror
’

monochromatic / imor 2
light source 7 mirror

RN

L

= interference

pattern

The idea is to rotate the apparatus and look for differences in the interference pattern
due to an optical path difference As caused by the Earth traveling through the ether. If
the Earth were at rest with respect to the ether (or if there were no ether), then

As = 2((2 — 61)
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On the other hand, if the Earth is moving through the ether at a velocity vy (assume the
direction of motion through the ether is parallel with the line from the light source to
mirror 2), then the time for the light ray to travel from the half-silvered mirror to mirror
2 is

by +x T

Tziz—
C Vo

)

where x is the extra distance the light ray has to travel due to mirror 2 having been carried
away from the point at which the light was emitted from the source. On the return trip
(i.e. the light ray going from mirror 2 back to the half-silvered mirror), the light ray has
to travel a shorter distance due to the half-silvered mirror being carried toward it. This
travel time is , ,
ooy
C Vo

We can solve this pair of equations for z and z’, then the total distance traveled by the
light ray in going from the half-silvered mirror to mirror 2 and back again can be found
after some algebra, to be

245
1= ()"

For the light ray traveling from the half-silvered mirror to mirror 1 and back again,
we can draw a diagram.

52:£2+I’+€27I/:

%,

L
Y

The distance traveled by this light ray is

20
=2 fErpe 20

1= ()

Then the optical path difference is
As = sy — 5.

If we conduct the experiment multiple times while rotating the apparatus, we expect
a change in the interference pattern only if the optical path difference changes as the
apparatus is rotated (due to vg changing). Such a change would indicate the presence of
an absolute background—the ether.

However, the Michelson-Morley experiment found no such change, leading to the
conclusion that vy = 0. So, whereas Galilean relativity claims that

=/

—

— Y0,

oy

the Michelson-Morley experiment found that

=/

¢’ ' =c¢.

That is, the speed of light in a vacuum is the same no matter what speed you are moving
through the vacuum. Le., ¢ is the same in all inertial frames.
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Suppose you flash a light at the origin in frame F. The flash occurs at ¢ = 0 when
the origins of frames F' and F” coincide. The surface of the sphere corresponding to how
far the light wave has traveled, moves at a speed c. So in frame F', a point on this surface
satisfies

AP =2+’ + 22 = A - (x2+y2—|—22) =0.
In frame F”’, a point on this surface satisfies
CQt/Q _ CC/2 +y/2 + 2/2 — C2tI2 _ (1'/2 +y/2 +Z/2) —0,

since ¢ is the same in both frames. Thus, the Michelson-Morley condition is that

242 _ (x2 P +22) — 22 (m’2 +y'2 +z’2) '

2.2 Lorentz Transformations

Transformation of Position and Time

Following Einstein’s 1905 work, we will start with the axioms:
1. The laws of physics are form invariant, i.e., the relativity principle
2. The speed of light in vacuum is ¢ in every inertial frame, i.e., the Michelson-Morley
condition
What are the consequences? What conclusions follow from these axioms?

Consider simultaneous events. Suppose in frame F’, there is a flashing light at the
origin. There are two observers—Alice sitting at —z and Bob sitting at +x. As soon as
they see the light flash, they synchronize their individual clocks. Now, consider observer
Chris in frame F' such that frame F” is moving to the right (with respect to F') at speed
.

L

Alice Bob

|

Chris

LY o

According to Chris, Alice starts her clock first because she is moving toward the light
front approaching her and Bob is moving away from the light front approaching him. On
the other hand, if frame F’ is moving toward the left instead of the right, then Chris sees
Bob start his clock first. So not only do the events not appear simultaneous to Chris, but
their order is not even fixed.

Conclusion: There is no absolute simultaneity. That is, there is no absolute time. If
we change from one reference frame to another, we have to modify time.

Now, let’s consider vector transformations which are compatible with our axioms. In
frame F', we have time ¢t and a vector Z. If frame F’ is moving toward the right (in the
a-direction) with speed ¥, what is the vector &'?

We know that there is something special about time ¢ and the direction of motion
x. However, there is nothing special about the y and z directions. So we start with the
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ansatz
z' = Az + Bt
Y=y
7 =z
t' = Cx+ Dt

Recall the Michelson-Morley condition

22 g2 g2 2 22

c
Plugging in 2/, 3/, 2/, ¢ from our ansatz gives us
A? —2® = @ (Cax + Dt)? — (Az + Bt)”.

Rearranging and gathering like terms gives us
BQ
0=c*t? (1 + D% — 2> + 2% (14 C?c* — A%) + 22t (*CD — AB) .
c

The left side is zero, so the right side must be zero. This should be true for all z and ¢.
This implies that the quantities in each pair of parentheses must be zero

BZ
-14+D>—- = =0
c
14+C%*—A*=0
?CD — AB =0.
Now we have three equations in four unknowns. We need one more equation. Consider
the motion of the origin of F’. This is the point z’ = 0. Since F’ is moving in the z

direction at speed vy with respect to frame F, we know that 2’ = 0 = Az + Bt where
x = vot. This implies

B = —’UQA.
When we solve this system of four equations in four unknowns, we end up with
A=~y
B = —pcy
C= —éw
c
D=7,
where
1

is the Lorentz factor, and

Vo
g="2
c
So our ansatz becomes
' = (x — Bet)
Y=y
7=z




Special Relativity and Electrodynamics

This is the Lorentz transformation or Lorentz boost.
Note that

Be = vg.

The directions perpendicular to the boost are not affected. Only the parallel com-
ponents change during a Lorentz boost.
Discussion:

e If we do an expansion for vy << ¢ (i.e. 8 << 1), we get the Galilean transformation

2 =x — vyt
t' =t

We can think in terms of a Taylor expansion and add 1st-order correction terms
to the Galilean transformation. The first-order relativistic corrections are O(3?)
for 2’ and O(B) for t'. So the time component is affected much more strongly by
relativistic effects than the spatial components.

e To get the inverse Lorentz transformations, just switch the primes and let 8 — —f
(or vg — —wp)

e Consider the limit vg — ¢. Then v becomes undefined. So the speed of light ¢ is a
limiting speed.

The above is all for a Lorentz boost in the z-direction. We can extend this to a
Lorentz boost in a general direction 8 = ¥y/c. For a generic x = (ct, &), we want the
Lorentz transformed 4-vector 2’ = (ct’, £’). The time component now transforms as

ct’zv(ct—ﬁ-:ﬁ).

Notice that we have replaced Sx in the equation with ,5" - &. For the spatial part, we
know that only the components parallel to the direction of relative motion B = 5/ 5 will
change. The perpendicular components are unchanged. We can break the spatial part
into parallel and perpendicular components

foJ_“er
—/ /

The parallel part transforms as
iﬂ =7 (.’fH - ,Bct) .
So combining the parallel and perpendicular parts, the spatial vector transforms as
fIZfL—F’y(.’f}’” —Ect).

We can write the parallel and perpendicular parts as
e (n ANA_ (= A B
7= (#-5) 6= (7-5) ae

= (=2 B

T—%) =%~ (wﬁ) —.

18]?

8

1
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Altogether then, our Lorentz transformation
=/

— - ! !
- ’ - ’ )
z=(ct,@&) — z' = (ct',Z")

for an arbitrary boost 5, is

ct’:'y(ct—ﬁ-:if)

B =F—Bct+(y—1) (55) |§|2

Transformation of Velocity

Suppose we have a velocity ¥ in frame F. What is ¥’ as observed from the frame F”’
which is moving in the z-direction with speed vg?
In frame F', the velocity components are
dx _dy dz

Ve = s Uy = v =

In frame F’, the velocity components are

,dr! ,_dy , dZ

g WS a T

We want to relate the components in the different frames.
By the Lorentz transformation equations, we know that

da' =~ (dx — Bedt) = v (v, — Be) dt

dt' =~ <ﬁdx + dt> =7 (/sz + 1) dt.
C C

Here, we used the fact that v, = ‘fi—”t”. Plugging these into the velocity components for

frame F’ gives us

U,:Lﬁ: v (vy — Be) dt _ Uz =g
coodr y (—ng + 1) a 1—
= s e =
5 (—;vz + 1) a7 (11— )
, dZ dz _ vy
A (e t)a (1)

So given

v = (Uz>vy7vz) ,

in frame F', then in frame F’, which is moving in the positive z-direction with respect to
F, the Lorentz transformed velocity is

_ Vye — Vo Uy (P
T (- ) 5 (- %))

7' = (v;,v;,v;)

Discussion:
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e For f << 1, we get the Galilean velocity transformations

!/

V) = Uz — Vo
/

vy, = Uy

!/

v, = V.

e The speed of light ¢ is a limiting speed. For example, if ¥ = (¢,0,0), then the
transformed velocity is ¥’ = (¢, 0,0). So even though the velocity ¢ and the velocity
vp of the relative motion between the frames should “add”, the final velocity is never
larger than c.

e To get the inverse transformation ¥’ — ¥, just exchange the primes and let ¥y —
—%

e We have experimental evidence, for example in decays

™ — 547,

that relativistic velocities really do add in the manner that we derived.

Transformation of Acceleration

In frame F', we have acceleration components

4, = duy, B dﬂ dv,

b a - b a
dt Yot 2dt

In frame F’, the components of the acceleration can be found by using the chain rule and
plugging in what we found for the velocity components and for dt’/dt

oo Qe At d (v !
Toody  dt dtt dt \1—%= ) |y (1 - =)

L
7 (1 )’

p_ By _dvy dt _df w1
T T d dar Tt \y (1 w1 )

VoVy

_ Gy c2
B 21_M2+ 2 (] — w0v2)3
'Y( 02) 7( 02)

, dvl  dv B

codt _df e N[
oodr dt dt dt \ y (1 - ) (1 — oge)

VU2
a, 2 Ox

+ .
(1= )2 (1 )

x

a

Notice that all three components of @’ depend on a,.
Discussion:

e In the limit 8 = vo/c — 0, we get the expected Galilean transformations for the

acceleration
/

/ !/
a, = G, Ay = ay, a, = ay.
e Relativistic mechanics is a lot more complicated than Newtonian mechanics, because
we have a mixing of the components of acceleration when one changes reference
frames.
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2.3 Length Contraction and Time Dilation

Lorentz Contraction Lorentz contraction tells us

Consider an object of length ¢ that is at rest in frame F. What is its length in frame F’? |that a moving scale always
appears shorter.
F £

—
4
L o
— Time dilation tells us that
—_— — moving clocks run slower.

By applying the inverse Lorentz transformation to both xy and x1, we get
b= —x9 =7 (2} + Bet’) — (g + Bet') = y(zy —ap) =

Thus,

l
0 ==, where always v > 1.
Y

Note that ¢ is the same for both z; and zq because we are assuming that both positions
are measured at the same time in F”.
Discussion:

e The same shortening effect is seen if the change of frames is reversed. Notice that
the relation between the lengths in the two frames is completely independent of the
sign of vy.

e Contraction happens only in the direction of the boost. I.e., a moving volume is
contracted only in the z-direction. The volume elements in the different frames are
related by

dV' =dz' dy' dz' = <1dm> (dy) (dz) = ldV.
Y Y
Notice that there is only « instead of v2 since the contraction only occurs along one
direction.
e A real observer would also have to take light propagation into account to really
explain the appearance of a fast-moving object.

e There is no direct experimental evidence for length contraction simply due to how
difficult it would be to measure this effect.

Time Dilation
Consider a time interval 7 in F. Then in F”,
=t -t =(ta — t1) =T

Thus,

7 =, where always v > 1. ‘

That is, the time interval appears longer in F”.
Discussion:
1. The same effect is seen for change of frames in the reverse direction. I.e. all moving
clocks run slower.
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2. Twin paradox: To be able to compare their ages, one of the traveling twins has to
return to the other. Only the one that didn’t accelerate was always in an inertial
frame. The twin who returns, and therefore accelerates and travels in a noninertial
frame, is younger.

Example 2.3.1: Relativistic Muons

Primary cosmic rays such as pions, produce pu* particles at high speed in our
atmosphere. However, these muons decay quickly via the following mechanisms:

poo—e +TVet+yy,
,u+ —>e++ye+ﬁﬂ.

Ul

/l-*///

In their rest frame, muons have a lifetime of
7, =22x107°
So classically, they travel a distance of
d = v, ~ c1, = 6.6 x 10°m

assuming they enter the atmosphere at essentially the speed of light. This is much
less than the 15 km thickness of our atmosphere, so we would expect most muons
to decay before reaching the surface of Earth.

However, if we take into account relativistic effects, we know that time dilation
means the muon lives a lot longer (and therefore travels further) in its frame. The
time dilation equation tells us that

Tearth = VTu-
Then the actual distance traveled by the muon, as measured on Earth, is closer to

d'r‘elativistic = VoTEarth = V0VTu = 10 x dclassicah

where we’ve taken v = 10, which corresponds to about 99% the speed of light.
Now, we get a value of
d~ 6.6 x 10°m = 6.6 km.

This factor of 10 increase in the lifetime of the muon makes a significant
difference in the number of observed muons. For example, the exponential decay
formula gives us the number N (t) of muons expected to remain after time ¢

N(t) = Noe /7,




2.4. Minkowski Space

13

where Ny was the initial number of particles. For example, if we wait 23 lifetimes,
then

N,
—23 0
N(237‘) = Noe ~ —1010.
So the number of muons has been reduced by a factor of 10'°. This is a very large
number, so we expect to see zero particles remaining. However, if we take the
factor of 10 from relativistic effects into account, we get

No
N(2.37) = Noe 23 ~ —
(2.37) = Noe 10
which is just a reduction by a factor of 10 in the number of remaining particles.
We should definitely still see particles.
In practice, relativistic muons have been used to verify v with a fractional
error of 2 x 1073.

2.4 Minkowski Space

4-vectors and the Metric Tensor

In classical mechanics, a point in space is represented by a 3D vector & = (z,y, z), which
has a norm-squared of ||&||? = & - &, and general scalar product

3
- = 5
xr- -y = L3055 5.
ij=1

Scalar products are useful because they are invariant under orthogonal transformations
such as rotations and reflections. The space of these 3D vectors is called “Euclidean
space”.

In special relativity, we have rotations as well as Lorentz transformations. The norm-
squared is

§2 = 22— g2 g2 -2

This quantity is invariant under the Lorentz group which includes rotations and Lorentz
transformations. More explicitly,

where

1 .
uv = 1 :dlag(laflaflafl)’

-1

is the metric tensor. The space of these 4-vectors is called “Minkowski space”.

In 3D Euclidean space, the norm-squared of a vector is positive definite. This is not
true in Minkowski space. In Minkowski space, the norm of a 4-vector can be positive,
zero, or even negative.
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For some event in spacetime, we define a contravariant 4-vector as
T
h = [ct Ty z} .

Note that we use Greek (or “Lorentz”) indices for 4-vectors (i.e. p = 0,1,2,3), and we
use Latin indices for 3-vectors (i.e. i = 1,2,3).

We can write
3
s2 = g 2" g’

w,v=0
We will use the Einstein summation convention where repeated indices implies a sum
over those indices unless noted otherwise. Using Einstein notation, we write the above
simply as

2 v
S :{L‘“gwjl‘ 3

with the sum being implied.
We define the covariant 4-vector as
Ty = g’

The scalar/inner product of two 4-vectors is

—

zoy =zt =atguy’ ="y’ - F-F.
The scalar product is invariant under

e Normal rotations

e Lorentz boosts

e Parity (¥ — —&)

e Time reversal (t — —t)

Minkowski Diagrams

To visualize motion in 4D Minkowski spacetime, we draw 1 4+ 1 dimensional diagrams.
We ignore the y and z components and draw the x and ¢ dimensions, as shown in the
example below.

ct

A

The blue line is at 45° and represents the worldline of a particle moving at constant
speed c in the +x direction. The red line represents the worldline of a particle moving at
constant speed ¢ in the —z direction. The green line represents the worldline of a particle
moving slower than ¢ (|7] < ¢). Note that

ct c
tana = — = —.
T v



2.4. Minkowski Space

15

The origin of the Minkowski diagram, (0, 0), represents the present. Anything in the
cone above this point is the future of the spacetime event (0,0). Anything in the cone
below this point is the past of the spacetime event (0, 0).

A /—\ the future of (0, 0)
|~ {4~ causally disconnected

lightcone /:// [ from (0, 0)

LY
x
\\ the present (0, 0)
\;\\\\
( the past of (0, 0)

The light cone separates causally disconnected regions of spacetime. If we add a second
spatial dimension as shown below, it becomes more obvious why we call it a “cone”.

There are three possible cases for s2:

o If s2 > 0, then the relation between the two events is called time-like. The two
events are causally connected.

o If s2 =0, then the relation is light-like

e If s2 < 0, then the relation is space-like (i.e. causally disconnected)

In general, for a 4-vector x, determine whether its time-like, light-like, or space-like by
looking at the sign of z - x = ztz,,.

Note: Different authors use different conventions. For example, some use the con-
vention that g,, = diag(—1,1,1,1). Another convention is g,,, = 1 = diag(1,1,1,1), and
then include the imaginary unit in the time part of a 4-vector as in z* = (ict, z,y, z) or
even a* = (z,y, z,ict). Which convention that we use determines, for example, whether
52 > 0 is time-like or space-like.

Rapidity

We can write a Lorentz transformation for motion along the z-direction with speed § as
a matrix-vector multiplication

't = A" Y.
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Fully written out, this is

x' 0 v =By 00 z0
2/ | =By v 00 x!
20 Lo 0 10]|]a?
a3 0 0 01 x>

Doing the multiplication gives us the familiar Lorentz transformation

2’0 =20 — Byat = ct' = yct — Byx
o't = By + ot = 1/ = —fyet +yz
x'? = 2? =y =y

x'? = a? = ==z

Consider the frame F and the Lorentz boosted frame F’ on the same spacetime
diagram as shown below.

Along the boosted time axis ct’, we know that ' = 0. This implies that
1

ct = —ux.

5
Along the boosted space axis x’, we know that ¢’ = 0. This implies that

ct = px.

Thus, the angle o between ct and ct’ is the same as the angle between z and z’. This
angle is related to the relative speed between the frames via

[ = tana.
The Lorentz matrix (A*)) is a symmetric matrix with
det(A*) = 1.
We can also write it using the “hyperbolic” angle (, called the rapidity as
cosh( —sinh¢ 0 0
—sinh{ cosh¢ 0 0

0 0 10
0 0 01

(A) =

Comparing this with the regular Lorentz transformation matrix, we see that

cosh ¢ =7, tanh { = 3.
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Suppose we draw frames F' and F”’ on a single Minkowski diagram as shown below
on the left. Then to scale between the two frames, we use a Lorentz invariant like

2=t —2? =ct'? — 2/ % = const.

This equation is a hyperbola with the light lines as asymptotes. Then, we can relate a
length scale £ in frame F' to the length scale ¢ in frame F’ with the Lorentz factor.

et ct’
~

\k y X  {

L

Doppler Effect and the Aberration of Light

Recall that Maxwell’s equations allow plane wave solutions for E and B of the form
E(Z,t) = Eqcos (—E -E 4+ wt) .

Maxwell’s equations we know are already relativistic, so the phase —k - & + wt should
already be Lorentz invariant. For example, whether or not two light waves interfere with
each other should not depend on the reference frame.

First, consider the constant phase situation. We choose the constant to be zero for
convenience. Then

0:7E~£+wt:wtfk:c,
for propagation in the z-direction. This implies that

X
TR

ol
k

where |k| = w/c. We want the phase to be Lorentz invariant, so we write it as a 4-vector.
Since ¢t = 2% and w/c = kY, we can write

w —
ct-——&-k=a"g, k" =x-k,

=

is the wave 4-vector. It transforms like z# under Lorentz transformations.
Consider a light source at rest in frame F'. Now consider an observer moving in the
z-direction with speed ¥ in frame F”.

where

lale
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%
A8,

observer

source

How are Es and EO related, and how are 65 and 6, related?
In the source frame,

kb = (&,Es) =Y (1,cos6;,sin6s,0) .
c c

In the observer frame,

They are related by the Lorentz transformation

K= ALk B=2
c
or in full form,

1 vy =By 00 1
ws | cosbs | | =By v 00w, | cosb,
clsing, | | 0 0 10| c|sing,

0 0 0 01 0

For the zero (i.e. frequency) component, we see that

Ws Wo
— = —(y—Bycosb,),
c c
or
Wo = ———
(1 —PBcosb,)’

This is the Doppler effect. Note that

e If 6, = 0, then the frequency is blue-shifted

Wo = Ys =w L+5
o = oy — Ws m

(1 —5)

e If 0, = m, then the frequency is red-shifted

> Wg.

Ws

RRICET)

Next, we look at the k! (i.e. ) component.

Wo < Wg.

o

Ys cos 0, = Cd—'y(cos 0o — B),
c c
or
cosb, — 8

g = ————.
€08 1— Bcosb,
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Equivalently,

cosf, + 3

0p= ————F+—.
o8 1+ B cosfy

So in addition to a shift in the frequency, we also have a shift in the direction of light
propagation when we transform from one frame to another. This phenomenon is called
the aberration of light.

star at rest

' apparent position
o'y Ofstar

7
-

2.5 Relativistic Kinematics

4-momentum

Classically, momentum is defined as

di

dt’

We want a “momentum” that transforms as a Lorentz 4-vector. This classical definition
doesn’t even work as the spatial part of a 4-vector. While m is invariant and d& transforms

under Lorentz transformation in the way we want, dt does not.
We know that

p=m

Adr? = Adt? — da? — dy? — d2°.

For real massive particles, which follow timelike trajectories, d72 > 0. So we can rewrite

this as
1 2
dr = —dt = /1 - =at.
Yy (&

This is the proper time, which is the time in the particle’s rest frame. We know that
this quantity dr is Lorentz invariant since we constructed it (i.e. obtained it by taking
the square root) from a scalar product. So if we define

"
p dr

then we have a quantity that transforms as a 4-vector under Lorentz transformations.
I.e., scalar products of this quantity with other 4-vectors are Lorentz invariant. We call
this quantity the 4-momentum.
We can also write
where
dxt

- odr’

is the 4-velocity. However, we will rarely use this quantity.
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We can also write

P 1 c . c
b V1—v2/2| T K 7|

where ¥ is the ordinary 3-velocity.
We can now name the temporal and spatial components of the 4-momentum

E/c

p/"’ = . s ﬁ: "}/m'l_)*

Note that p here is not the classical 3-momentum, but rather, it is « times the classical 3-

momentum. Technically, we can call this p’ the relativistic 3-momentum. In general, from

now on, p will mean this relativistic 3-momentum rather than the classical 3-momentum.
Now the 4-velocity can be written in terms of components as

c
u“:’yl_‘l.
U

e The first component of the 4-momentum tells us that

Discussion:

E = ymc?.

In the f — 0 limit, this becomes
2 1 o
E=mc +§mv 4+

Notice that the first term on the right is the particle’s rest energy, and the second
term is its classical kinetic energy.
e The spatial components of the 4-momentum are

P =ymu.
In the f — 0 limit, this becomes
p=miv+---.

So in the non-relativistic limit, " becomes the classical momentum.
e The scalar product of p with itself is
2 o, B
pEpp=ppt =5 PP
In the rest frame of the particle, ¥ = 0, and so p = 0. Then we just have

E2 212
_ (mc?) — m2e2.

c2 c2
But p? is invariant, so if
P2 =m2e,

in the rest frame, then it must always be true. So we can plug this into the energy
to write

E =+/m2c* + p2c2.

Remember, p'is the relativistic 3-momentum.
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e The 4-vector

E/c

=

i
[19o%})

Whenever there is a “p
without the vector arrow
above it, then it is im-
plied to be the Lorentz 4-
momentum.

works also for massless particles which have p?> = m?c? = 0. Thus, for massless

particles, we find that
E = |ple.

Scattering and Decay Kinematics

We will now consider decay and scattering problems like
et +em —ut+u.

The key to solving such problems is to utilitize the various conservation laws implied by
the symmetries of the problem.

In all decay and scattering problems, the sum of the initial state momenta equals the
sum of the final state momenta. That is,

dorl=) r,
i f

where the sum on the left is over the initial particles, and the sum on the right is over
the final particles. Note that for the O-components, this implies energy conservation, and
for the other three components, this implies momentum conservation.

Consider the decay of a massive particle A into two particles B and C

A— B+C.

Then the 4-momentums are
Pa =pB +pc.

Note, we are suppressing the Lorentz indices here. We want to know, what is the energy
of particle B in the rest frame of particle A?

Note: We can set ¢ = 0 in the beginning and then just add it back in at the end (if
we want it there) by checking the units. The initial state 4-momentum, in its own rest
frame (i.e. P4 =0), is

Eq
pA = -
0
The final state 4-momenta are
Ep Ec
b= _ ) pc =1 4
Pp bc

Since the initial and final momenta have to be equal, we know that

Ey

0

Ep
Pp

Ec

pc

We are trying to calculate Eg. We see that conservation of 4-momentum requires also
conservation of the relativistic 3-momentum. In this case, po = —p5. Next, we use the
general relation E = \/m?2 + p2 to simplify E4 and Eg. We leave Eg since that is what
we’re solving for.

m2A . EB I \/ m% + ﬁB 2
0 P —P3
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This implies the energy conservation

mi:EB—i—\/mQC—l—ﬁBQ.

Moving Ep to the left side, squaring both sides, and then solving for g ? gives us

Pp?=m% —2maEp + E% —m?.

Then from the general formula Eg = \/m% + pp 2, we get that
B} =+ 5’
E% =m% +m% —2maEp + E% — m%,

which gives us
By = Matmp —mg
2m
That was the long way of calculating Ep. An easier way is to work with invariants (i.e.
scalar products). For example, starting from the equation of 4-momenta ps = pp + pc,

we can write the square

e = (pa—pB)* =p4 — 2pa-pB + Db

Just keep in mind that these are 4-vectors. We know that p% = m?, p% = m%, and

pZ = mZ (Recall the rule that p? = m2c?). So
mg =m% — 2pa - pp + mp.
For the remaining scalar product, we have
pa-pp=EaEp — Py -Pp=makp,
since 4 = my4 and p4 = 0. Plugging this in and rearranging, we get

m +my —mg,
EB = )
QmA
as before.
Discussion:

e If we wanted to calculate something in a different frame, we could calculate in the
frame of particle A and then boost to the desired frame. Typically, this would
involve calculating angles as well.

e The example above was for a particle decay. The same procedures and rules apply
for scattering problems.

2.6 Charges in External EM Fields

Our goal is to construct a relativistic theory for the interaction of a charged particle with
electric and magnetic fields. We will start from the action principle with some action S.
Then we obtain the equations of motion from the condition that the action is stationary
(i.e. S = 0) at the physical point. We assume we will be able to describe E and B by
some 4-vector A*. Our building blocks will be dr and A, dz", both of which are Lorentz
invariant. In the end we will be able to show Lorentz invariance by the contraction of
tensors.
We define the action

b
S = / (—m02 dr —qA, dm“) ,
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where m is the mass of the particle, and ¢ is the coupling or “charge” of the particle.
This is in SI units, and ¢ can be positive, negative, or zero. We can write

and 1
det =ut dr = fygfdt,
vy

where u* is the 4-velocity. Then the action can be written
to

S = dt {—ch}Y—q(Aoc—A’oﬁ)} .

t1

—

In standard classical mechanics, the action has the form S = :12 dt L(t, &, V), where
L(t,&,v) is the Lagrangian. In our case, the Lagrangian is

V2

L(t, &,7) = —mc? 1—6—2—q

(AOC—A’.ﬁ).

Keep in mind that Ay = Ay (¢, &) could depend on time and space.
The Euler-Lagrange equations of motion are given by

_doL  dL
N dt a’l)i axz

Taking the relevant derivatives, we get

= myv; + qA; = pi + qA;

a’Uz'

dtov, VT ot T Yoz ot
oL 04 0 (-
dr; —gc Ox; + qaxi (A . v) ’

Remember, for partial derivatives, we only care about ezplicit dependence. Plugging
these into the Euler-Lagrange equation and vectorizing, gives us

0= D5eq0 At (v9) At ae¥a0—q¥ (4-5).
Using a vector identity, we can write
6(Kﬁ) = (E-%)ﬁ—i—(ﬁ)g—i—gx (6><’D’)+17>< (6x§>

The first and third terms on the right are zero. Using this result, our Euler-Lagrange
equation becomes the Lorentz force

d _, _
$ﬁ=qE+q17><B,

where the fields are

=
Il

|

(@)
4
b
o

|

Pl

B

o]
1
4
X
b}
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Tip

The vector potential A
transforms under Lorentz
transformations like the
spatial part of a 4-vector,
since it is. The fields E
and B do not.

The 4-vector A* is the 4-potential

Ao

A

~[-[4]
A

where ¢ and A are the well-known scalar and vector potentials.
We can rewrite the Lorentz force in the manifestly covariant form

dpH
L~ gpru,,

dr

where

F = 0" A — 9" AV, |

is the electromagnetic field tensor. It has components

0 —E;/c —E,/c —E./c
(P = E./c 0 -B, B,
E,/c B, 0 —B,
E./c —By B, 0
The dual field tensor is defined as
- 1
E,, = §EWQBFQB.

The partial derivatives are defined as

G = — w01
" Oz, i v/

Lo [
T O v |

If we transform the 4-potential as
AP — AF — OFA(E, 1),
where A(&,t) is some smooth function, then the field tensor does not change
FH — 9H (AY — 9YA) — 0¥ (A¥ — OMA) = O* AV — OV AH = FHY.

This transformation is called a gauge transformation and the field tensor is gauge
invariant.

The Lorentz transform of the electric and magnetic fields, separated by components
parallel and perpendicular to the direction of the relative motion of the frames, is

—/ —

B =E
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2.7 Groups and Tensors

The group of transformations which leave
ds? = Adt? — dz® — dy® — d2?

invariant is called the Poincare group. It is the semidirect product of the group of
translations

at — A¥ 2”4+ a”,
and the Lorentz group which consists of:

e Boosts (i.e. Lorentz transformations)

e Rotations
10

0 R

b

where R is a 3 x 3 rotation matrix with det R = 1.
e Parity (or space reversal)

(10
0 -1]
where 1 is the 3 x 3 identity matrix.
e Time reversal ) }
-10
0 1]

A tensor of rank n is a quantity with n Lorentz indices. Examples of rank-0 tensors
(also called “scalars”) include numbers like 1 and scalar products of 4-vectors like z - .
Examples of rank-1 tensors (also called “4-vectors”) are the 4-vectors z*, p*, and A*.
Examples of rank-2 tensors (also called “matrices”) include g,, and Fj,,. An example

of a rank-4 tensor is the totally antisymmetric tensor e#*** defined with the convention

80123 = —€0123 = +1.

Every Lorentz index transforms like that of a space-time 4-vector. For example,
xH — A u,:z:”/
Fr— A”M,A”V,F”/”/.
Fully contracted products of tensors are Lorentz invariant or covariant because of
ATgA = g.
For example, to transform a scalar product like
zuyt = 2" gy,

we can write
iy = (Ax)Tg(Ay) = 2" ATgAy = 2" gy = z,y".

In physics, fields are represented by tensors. For example:

symbol rank realized for
10) 0 Higgs field
A 1 EM photons

hHv 2 graviton
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2.8 Maxwell’s Equations

Now our goal is to derive the equations of motion for the electromagnetic fields.
In general, the action has the form

S = Smatter + Sinteractions + Sfields'

In the last section, we considered only the first two terms

Smatter = /dT (—ch)
Sinteractv’,ons = /dT (—quﬂA’“‘) .

In general, Sfieids is a function of the degrees of freedom which in this case are A* and
oY A¥
b
Sfields = Sfields [AM’aVAH] = / dt Lfields~
a
If our system consisted of a finite number of particles, then we would sum over a
finite number of degrees of freedom. Now we are dealing with fields, and we have degrees

of freedom at every point in space. Some key differences between dealing with particles
and dealing with fields are:

particles fields
Z — / >z
i

ot — AM(Z,1)

d
1 v AR (7
i o AM (&, t)

L= —L= /d% L[AM(E,1),0" AM(Z, 1))

Note that £ is the Lagrangian density.
The action

S[L] = /d4x L,

is now a functional of L, hence the square brackets S = S[...]. We want S to be covariant,
i.e., Lorentz invariant. We know that d*x is already Lorentz invariant, so we just need to
ensure that £ is Lorentz invariant.

We also want the whole thing to be gauge invariant, i.e., invariant under the trans-
formation

AF — AF — OFA.

We know that F'*¥ is gauge invariant. The scalar product A, A* is not gauge invariant.
We consider only variations of fields. We write the Lagrangian density as

1
L=——F,, F'" —j A"
4po a Ju

where the first term on the right is the field part of £, and the second term is the
interaction part. The quantity j,A* is Lorentz invariant, and F},, F*" is both Lorentz
and gauge invariant. Recall that previously we had

— 3 _ 4
Linteractions — /d € »Cinteractions - —quA’ .
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Now we have Linteractions = —JjuA". The new quantity j* is the 4-current density
defined as
. cp
]N = - |
J

where p is the regular charge density, and _; is the regular current density. We treat j#
here as an external (i.e. non-varying) source.
The action should be stationary, so

oL oL
= = 4 —_— H —_— v K
0=269 /d x (aA#aA + 3(6%#)6(3 A ))

oL oL
4 ”w v m
/dx<a LA o 0 (04 ))

oL oL
4 14 o
/d ’ (aAu 0 a(avAu)) oA

This implies that the quantity in parentheses is zero, so

oc  oc
H___— - =
P oA aar ~

This is the Euler-Lagrange equation of motion for fields.
In our case, we can write the Lagrangian density in terms of the degrees of freedom
AY and O*AY as

1
L=——F, F" —j A"
4po a Ju
- —i(a A 0" AY — 9, A 6”A“) AR
Qg \ K uliv I
= —i(a Agd* AP — 9 AﬂaﬂA@) — AR,
200 \ " ° "
Then
oL 1 ( 1 1
= (2% 6% 0aAs — 29°,9% Du A ) :——(8 A, —9,A ) = ——F,.
d(0rAY) 20 9 9 B =299 B RNG n s
Note that
o _go _ 1 ifa=up
Tu=%n= 0 else '
Then or )
OV ———=——0"F,,.
HOA) ~ o
The other term in the Euler-Lagrange equation is
oL

9Av —Jug", = —Ju-
Plugging both terms into the Euler-Lagrange equation and simplifying gives us

0 F"™ = piog”.

Let’s consider the v = 0 component of this equation. We find that

V= = po(ep),

o |



28

Special Relativity and Electrodynamics

where cp = J°. Then, defining

we get

For the v = 1 component, we find

10E, 0B. 0B,
c2 ot Oy 5, Mol

We find similar equations for ¥ = 2 and v = 3. Putting them all together and writing
them in vector form gives us

Thus, the relativistic equation 0, F'*" = poJ" gives us the familiar inhomogeneous Maxwell
equations.
Recall that

~ 1
P = et Fyg.
If we wanted to work with F'*” instead of A*, then we would look at
. 1
O = iawaﬂ (0,00 Ap — 0,05A4) = 0.

We know this is zero because we have a symmetric quantity (the quantity in parentheses)
contracted with an antisymmetric quantity (¢#**#). Thus,

9 FM = 0.

In components, we get Maxwell’s homogeneous equations

Earlier, we wrote the interaction part of the action as

1
Sint = —q/dx“ A, = —q/dt ;UHA,L(fo,t).

We also had
Son == [ dte 4, = - [a [ @ (@ naz0.
By comparison,

1
q;u“AM(a_:'o,t) = /dgx JHA,(Z,t).

This implies, after writing u* /v = ¢/¥, that the 4-current for a point charge at & is

v

= [ i] §O(& — ).

While this doesn’t look relativistic, the delta-function ensures that it is.
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Continuity Equation

From the general equation
a/LFHV = ,quV7

we can take the partial derivative to get
0,0, F" = po0y 3"

We know that 0,0, is symmetric in p and v, and we know that F*" is antisymmetric.
Since a symmetric quantity contracted with an antisymmetric quantity is zero, this implies

oug" = 0.
In components, this gives us the continuity equation

8,0 - =
—+V.3=0
8t+ ‘7 b

of charge conservation.
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2.9 Summary: Special Relativity

Skills to Master

Be able to apply time dilation and length contraction to solve problems

Be able to apply Lorentz transformations to calculate boosted 4-vectors

Use Minkowski diagrams to understand problems graphically

Be able to calculate the Doppler effect and the aberration of light

Use invariant quantities and conservation laws to solve particle decay and scattering problems
Be able to derive the EM field tensor F'*¥ components from its definition in terms of A

Be able to apply Lorentz transformation to electric and magnetic fields

Relativity

We will often utilize the picture of a stationary frame
F and a frame F’ that is moving with velocity vg rel-
ative to frame F. Unless noted otherwise, vy will be
along the x direction, and ¢ = ¢’ = 0 when the origins
of F and F’ coincide. All primed quantities will refer
to quantities measured in the moving frame F’, and all
unprimed quantities will refer to those measured in the
stationary frame F'.
Special relativity follows from two axioms:
1. The laws of physics are form invariant
2. The speed of light in vacuum has the same value
¢ in every inertial (i.e. non-accelerating) frame
One consequence is that there is no absolute simul-
taneity. Even the time-ordering of events can change
depending on your frame of reference.
If a light is flashed at the origin of frame F’ at time

t = 0 (this also means it flashes at the origin of frame
F' at t' = 0), then the expanding light front in both
frames is the surface of a sphere. Since c is the same
in both frames, the points on this surface satisfy the
Michelson-Morley condition

242 _ (x2 Tyt z2) — 2 (a:’Q —|—y/2 —|—z’2) '

Lorentz Transformations

If t, z, y, and z are measured in frame F', then the
Lorentz transformation or “boost” gives us the quan-
tities as measured in frame F’

ct’

7 (ct — Bz)
v (x — Bct)
Yy
Z’

’
x
’
Y
’
z

where

Notice that the directions perpendicular to the boost
are not affected. To get the inverse transformation
(F' — F), just switch the primes and let 8 — —f.

For the transformation of velocity; if in frame F,
U = (Vg, Uy, v;), then in frame F”,

g (B 0
S\avdrdr )’
Then we can get dx’, dy’, dz’, and dt’ by taking the

differentials of the Lorentz transformation. After plug-
ging those in and simplifying, we get

1—)0/: Uy — Vo Uy Uz
L=y (=) v (L-2e) )

To get the inverse transformation ¥’ — ¥, just ex-
change the primes and let ¥y — —vj.

For the transformation of acceleration, we have in
frame F', @ = (ay, ay, a,), then in frame F”, we use the
chain rule to write

a <dv; dt dvy, dt dv, dt)'

dt dt’’ dt d’’ dt dt’

Then we plug in dt’/dt and differentiate each of the ve-
locity components v, with respect to ¢ and plug those
in.

An object of length £ at rest in frame F and lying
along the z-axis, has length

==

’Y )

in frame F’. This is length contraction. In general, a

moving length always appears shorter. Keep in mind

that this contraction only happens along the direction

of the boost. For example, a moving volume will only

be contracted along one dimension—mnot along all three

dimensions.

If two events at the origin of frame F' are sepa-

rated by a time interval 7, then in the moving frame
F’, those events will be separated by a time interval

where always v > 1,

=T, where always v > 1,
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This is time dilation. In general, a moving clock runs Some useful 4-vectors include
slower. ot
Consider a particle moving with speed vy. If 7 z# = [ . ], +position
is the (proper) time coordinate in the particle’s rest €T
frame, and ¢ is the time coordinate in your frame, then ‘
u = _ |, «velocity
1 U2 v
dr = —dt = \/1— —5dt.
Y ¢ dzt c E/c
pt = md— =my| _| = e +momentum
This can also be derived from the relation c?dr? = T v p
2 112 2 2 2
codt® — dx® — dy® — dz~°. w/e
kt = Rk +wave vector
Four-Vectors -
: - an— | e EM potential
A contravariant 4-vector is a 4-component vector of | al A potenta.
the form -
a ¢
T , gH = f , «+current density
a L J
where @ is a regular 3-vector, and the Lorentz index is ., 0 %% o
. . . oH=—= S «derivative.
w=0,1,2,3. The corresponding covariant 4-vector is Oz, i v

They are related via
v v
a* = g"a,, ay = guva”,

where

wo_

is the metric tensor of Minkowski space. To raise or
lower a single Lorentz index of a 4-vector or tensor,
multiply the object by the metric tensor. The contrac-
tion of the two objects will result in the three spatial
components associated with the index receiving a neg-
ative sign.

The scalar product of two 4-vectors is

a-b=a,b' =a'g,b" = algb = agby — @ - b.

In general, we use Einstein summation for repeated
indices. The scalar product of 4-vectors is invari-
ant under rotations, parity, time reversal, and most
importantly—Lorentz transformations. Therefore, the
scalar product of two 4-vectors as measured in frames
under relative motion will be equal

a-b=d V.

Note, that p, wherever it appears, is defined to be
the relativistic 3-momentum

p=ymu,
which is the ordinary 3-momentum multiplied by 7.

Since p? is invariant, including in a particle’s rest
frame, we have the general relation

p? =m?c
The relativistic energy is
E =~ymc® = \/ﬂm .
For massless particles,
E = |ple.

The 4-current for a point charge at &y is
c
i = q[ #]5@)(;;_ 0)-
U

The Lorentz transformation of a 4-vector a is
at=A"a".

So if a is the 4-vector in frame F, then o’ is that 4-
vector in F’. The A* are the elements of the Lorentz
transformation matrix. If the relative motion is occur-
ring only along the x-direction, then

¥y =By 00
— 00
A=A )= 57 g 10

0 0 01
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Then we can write the transformation as the matrix-
vector equation a’ = Aa.

Given a 4-vector a in frame F', get the transformed
vector a’ by o’ = Aa. Given a’ (i.e. the 4-vector in the
moving frame), then a = A~'a’. The only difference
between A and A~! is that the minuses in A are turned
to pluses in A~

Alternatively, we can write the Lorentz matrix as

cosh( —sinh¢ 0 0

(AR = —sinh{ cosh{ 0 0 ’
0 0 10
0 0 01

where ( is the rapidity defined as

cosh( =7, tanh { = 3.

Note that rapidities add directly. For two consecutive
boosts in the z-direction with rapidities (; and (o, the
overall rapidity is (1 4+ (2. This is unlike the compli-
cated equation for the addition of velocities.

In general, the Lorentz matrix (A*)) is a symmet-
ric matrix with

det(A") = 1.

In general,
ATgA = g.

This forces fully contracted products of tensors to be
Lorentz invariant. For example, for the scalar product,

iy = (Ax)Tg(Ay) = 2" ATgAy = 2" gy = z,y".

Applications

If x is the spacetime interval between two events, then
the sign of x? tells you if the two events could be
causally connected

e If 22 > 0, then the relation between the two
events is called time-like

e If 22 = 0, then the relation is light-like

o If 2 < 0, then the relation is space-like (i.e.
causally disconnected)

We can draw frames F and F’' on a single
Minkowski diagram. Then to scale between the two
frames, we use a Lorentz invariant like

212 — 22 = ¢t'? — 2/ % = const.

c
This is the equation of a hyperbola with the light lines
as asymptotes. Then, we can relate a unit length ¢ (or
unit time) in frame F to the length scale ¢’ in frame
I’ by tracing along the hyperbolae.

Consider a light source at rest in frame F. At
a point on the light front, the wave is propagating
outward with some wave vector k* whose spatial part
k makes some angle # with the z-axis. In frame F”
moving in the z-direction with speed f relative to F,
the same point on the wave front has wave vector k' #
and makes an angle 6’ with the z-direction. The two
wave vectors are related by the Lorentz transforma-
tion k' # = A¥ k*. Write the wave vectors in terms of
w and 0 and o’ and #’. Remember that |k| = w/c for a
light wave. Then the zeroth component of the Lorentz
transformation gives us

/ w

v v (1 —fBcost)’

This shift of the light’s frequency is called the Doppler

effect. Similarly, the one-component of the Lorentz
transformation gives us
, cosf+p
cosl) = ———.
1+ Bcosf

This change in the direction of the light’s propagation
as seen from different frames is called the aberration of
light.

To solve scattering problems and decays, we use
conservation laws and invariant quantities. In general,
total momentum is conserved,

sz‘ = ZP?'
i f

General approaches include:

o Write down the conservation of momentum equa-
tion in terms of vectors. The first component im-
plies energy conservation. The other components
imply conservation of relativistic 3-momentum.
Simplify the energies using F = \/m?2c* + p2¢?

e Write down the conservation of momentum equa-
tion. Rearrange (if necessary), and square both
sides to get the invariant quantity p?. Simplify
using p? = m?c? and pa-pp = EaEp/c?—p4-Pp-

Charged Particles in EM Fields

In special relativity, electromagnetic fields E and E,
are ultimately derived from the 4-potential A*.

The relativistic Lagrangian for a charged particle
in electromagnetic fields is

2 —
L(t, &,7) :—mc2\/1—z—2—q(AOc—A-{;’).

Plugging this into the action S = [ dt L and minimiz-
ing, yields the Euler-Lagrange equation, which gives us
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the Lorentz force Maxwell’s Equations
iﬁ: qE +qT x §7 For the electromagnetic fields (instead of a particle
dt within the fields), the Lagrangian density is
where the fields are
_, = 0 = 1
=— - = =——F, F —j, A"
E cV Ay atA L 420 m m
B=VxA.

Then the Lagrangian is L = f d®z £, and the action
is S = [dt L. Minimizing the action and solving the
dPl = gFHy resulting Euler-Lagrange equation gives us
dr v
where OuF" = poj”.
PR = gAY — 9V A¥,

is the electromagnetic field tensor. It is antisymmetric This gives us the inhomogeneous Maxwell equations.

The Lorentz force can be written in the form

and has components The v = 0 component of this gives us the scalar equa-
tion
0 —-FE./c —E,/c —FE,/c o -
fe ~Eyfc ~E.] .
(Fv) = E,/c 0 -B, B, . €0
Ey/c  B. 0 —Bs The v = 1,2, 3 components give us the vector equation
E./c —B, B, 0
It transforms under Lorentz transformation as Vv x B — 0%887? = poj.
F'oP = A* AP F" = F' = AFA".
The dual field tensor is defined as If we use the dual tensor F* in the Lagrangian
~ 1 instead of F'*¥, then we get
Fu = SeuapF™’. ~
O F* =0.

The field tensor, and thereby the fields, are gauge

invariant. If we make the gauge transformation
gaus The components of this gives us Maxwell’s homoge-

AP — AF — OMA(Z, 1), neous equations
where A(Z,t) is some smooth function, then the field .
. i V-B=0
tensor does not change.
The Lorentz transform of the electric and mag- -~ - OB
netic fields is VX E+ ot 0
—/ —
Ey=E) Note that
—/ —
By =B R
Ho€o

E;_:W<EL+EXB’>
" . 1 . If we differentiate 0, (9, F"") = 0, (p0j"), we get
BJ_:7<BL—2{;’><E).

c
. . 6uj'u =0.
This comes from the Lorentz transformation F’/#* =
A u,A”V,F # ¥ which is equivalent to the matrix mul-
tiplication F/ = AFAT. Notice that the components
parallel to the direction of the relative motion of the op = -
frames do not change. En +V.j3=0

This is the continuity equation, and in components,
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Electrostatics

Recall Maxwell’s equations

g . B=L
€0
-~ - OB
VxE+22=0
Bty
V.-B=0
. - 10E o
VxB- " 3
x c2 Ot HoJ

Consider now the simplified case where the current and charge densities do not change in
time

o _ 05 _,

o ot 7
the electric and magnetic fields do not change in time

0E 0B 0

o ot 7

and everything is in a vacuum. Then, Maxwell’s equations simplify to the equations of
electrostatics

p

€0
0.

V.- E

VxE

and magnetostatics

V- -B=0
6)(35‘:,[1,0_7.

We will study magnetostatics in the next chapter.

3.1 Gauss’s Law

The first of Maxwell’s equations of electrostatics is

V. E=".
€0



3.1. Gauss’s Law

If we integrate this over some volume V,

/ﬁ-E’dV:l/pdv,
1% € Jv

then we can rewrite the left-hand side by using the divergence theorem

o1 .
/ E~dA:—/pdV:%.
A(V) € Jv €o

This is Gauss’s law. The integral on the left is over the surface A(V') of the volume V.
Note that dA = fudA, where dA is an elemental area of the surface and 7 is the unit
vector normal to the surface at that point. The second integral is the integral of the
charge density p over the volume, so it gives the total charge enclosed in the volume V.

Note that Gauss’s law is only useful for simple distributions with some kind of sym-
metry. If you can solve a problem using Gauss’s law, then that is usually the fastest way
of doing it.

Similarly, we can integrate the second equation of electrostatics over some surface A

/A(exﬁ)dz:o.

Then we can rewrite the left-hand side using Stoke’s theorem to get

5]§E‘~dl7’:0,

where the closed line integral is over the closed path along the border of the surface A.

Point Charges

What is the electric field E produced by a point charge ¢ at 77
The charge density for a single point charge g at 7 is

p(7) = ¢6@ (7 — 7).

Note that the particle sits at ¥y in our coordinate system, and we are measuring the field
from the position #. We will denote the vector pointing from 7y to 7 as R=7—7,. To
use Gauss’s law, we consider a sphere of radius R = \ﬁ| centered on the particle at 7.
Now the measurement point 7 is somewhere on the surface of the sphere. The surface
element dA is a vector with magnitude dA that points outward normally to the surface
of the sphere at point 7.

oA
r

LY
[

Since there’s only a single charge at the center of the sphere, we know that E I dA: and
we know the field is radially symmetric, so we can write it in the form
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where f(R) is a unitless function that gives the magnitude of the field, and R/|R| is
included to get the right units. Then Gauss’s law reduces to

/dA f(R) = %

The function f(R) is independent of position on the surface of the Gaussian sphere, so
we can pull it outside of the integral, then [ dA is just the surface area of the sphere

f(R)/dA = 47R*f(R) = L.

€0

Thus, we find that the field of a point charge ¢ at 7 is

JER
T —T7To

B =12

- 47('60 "I—”* 7?0|3.

If we have multiple point charges, then we can add their fields using the principle
of superposition

- 1 ¥ — T
E(F) = B
() 4meq zi:ql |7 — 73

where i goes over the particles.
For a smooth charge distribution, i.e. for macroscopic objects, consider the charge
dq = pdV in a small volume dV. Then

B T
B(F) = m/dswp(w)w. (3.1)

This is the formula for the “direct integration” of the field E generated by a continuous
charge distribution p.

Charge Distributions

For a point charge at the origin, the charge distribution in Cartesian coordinates is

p(7) = 6 (7) = 8(2)5(y)5 ().

We will also have to consider surface charge distributions when we have infinitesi-
mally thin surfaces. For example, if we have an infinitesimally thin sheet of charge in the
xy-plane, then the charge distribution has the form

p(7) = G(z,y) 6(2),

where G(z,y) is the Cartesian surface charge distribution. If we are in coordinates other
than Cartesian coordinates, then the form of p(#) will look different. However, we can
always parametrize it to get it in the above form so that we can read off the Cartesian
surface charge distribution G(z,y).

For a line of charge along the z-axis, we would write

where A(z) is the line charge distribution in Cartesian coordinates.
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Example 3.1.1

Write down the charge distribution p(#) in cylindrical and in spherical co-
ordinates if the charge distribution is a ring of radius R, lying in the xy-plane,
centered on the z-axis, and carrying a line charge density A(¢).

For spherical coordinates, the temptation might be to write

p(7) = A(@)8(r — R)6(0 — 7/2).

But this is wrong! Notice that the units are incorrect. The left-hand side has
units of charge over length-cubed. Recalling that the units of the delta function is
the reciprocal of its argument, we see that the right-hand side has units of charge
over length-squared. In spherical coordinates, 63(7) # &(r) 6(0) (¢). Rather,

() = o(r) 2 20)

r rsin@’

The correct charge distribution in our case is

A(@)o(r — R)6(0 — 7/2)

rsin 0

p(F) =

In cylindrical coordinates, we have

p(7) = A(@)5(s — R)3(2).

\. J

Given the charge distribution p(#), we can obtain the electric field by direct inte-
gration via Eq. (3.1). Given the electric field, we can compute the charge density by
rearranging one of the Maxwell equations

p = 606 . E .
Note, whenever you have a field that behaves as
s '
E =~ const - ~—= = const -

|7

when 7 = 0, then this behavior is being generated by a point charge at the origin. I.e.,
its generation requires a §(3) (7) distribution. When you see that, it is typically helpful to
treat the point at the origin separately.

\le =»

)

Charged Sphere

Consider a charged sphere of radius R with a spherically symmetric charge distribution
p() = p(r).

We will consider a Gaussian sphere of radius r, where r < R to calculate the field
inside the charged sphere or 7 > R to calculate the field outside the charged sphere.

(7 charged sphere

Gaussian sphere



38

Electrostatics

We then apply Gauss’s law

/ E’.dA’:i/dvp.
A(V) € Jv

The radial symmetry of the charge distribution implies that E(7) = E(r)# and dA =
dA+. Then

/dA E(r)=E(r) /dA = E(r)4nr? = lQ(r)7

€0

where

Q(T)Z/V()pdV,

is the charge contained within the Gaussian sphere of radius r. So the electric field of the
charged sphere is
1 7

Q(r)

For a uniformly charged sphere, we can write the charge distribution as

E() =E(r)f = Tres

5
p(r) =po0(R—r),

where the Heaviside step function (R —r) is +1 for » < R, and 0 for r > R.
An example of a non-uniformly charged sphere is

p(r) = po0(R —1).

A plot of this charge distribution is shown below:

R

Then if r < R, the charge enclosed is

. T T../ T T
Q(r) = /d37"' p(7') = /dQ/O dr’ r’2p0§9(R— r') = 477%) ; ' 3dr = %’IA.

To get the total charge of the whole charged sphere, we just plug in R to get
Qtot = Q(R) = mpo R®.
Notice that in general, we can write
4
Q) = Quor (35) -

For r > R, i.e. outside the sphere, the charge enclosed is just Q(r) = Qo since the
f-function cuts off the integral at that point.
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For the electric field, we get

L.

3.2 Electrostatic Potential

Helmholtz Theorem

The Helmholtz theorem gives us an alternative way to obtain E from p. It states that
for any smooth function C(#),

v lao [, VCF) 12 /3,§’x5(F’)
cr) = 47TV/‘” o Ty <) T TR

This theorem is valid whenever these two integrals are well defined. Note that V' acts
on ¥ (not 7).
We apply this theorem to the electrostatic field

/"—‘/ va&i (7!
e/d?)/v )+ Vx/d?)r/VXE(r).

‘ — —

|7 — 7|

We know that V'’ x E(#') = 0, so the second integral is zero in this case. We also know
that V' - E(7') = p(')/eo, so the above simplifies to

'f")—— V/dBIP_‘_{jO

So we can write the electric field as the gradient of a scalar function

E(F) = V() (3-2)

where

1 1
o(7) = /d3r’ p(f’/)m + const.

4meg

Whenever you compute
quantities, make a habit of
checking the units of your
final quantity.
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We choose the constant to be zero. Otherwise, we get contributions from all distant
charges since a constant does not go to zero as r — co. By setting the constant to zero,
we get ¢ — 0 as r — 0o0. So our scalar potential is

_ L 3,./ —/ 1
o) = o [ 00 53)

Note, for a point charge at 7y, we find the scalar potential

G —

- 47T60 |’I'_"7’IT"0|

What happens if we take the gradient of this potential? We find that

L1 o 0 o , , o 172
() (@2 + =P e 7)

(2(96—:6’) 2(y —y") 2(Z—Z’)>

AR —FB 2R —FIPT 2F— 7P
P

CE =3

Using this, we can take the gradient of the potential given in Eq. (3.3) then plug it into
Eq. (3.2), and we get
!/

o 1 o T—T
E(T‘) = 47‘[’60 /d37"lp(7'l)m.

This is the same result we got earlier for the electric field of a continuous charge distri-
bution.

3.3 Electric Force and Work

The force due to an electrostatic field E on a test charge ¢ is

F =E.

A “test” charge means that it probes the field but does not change it.
The mechanical work done to bring a charge from #; to ¥ along a path C, is

Wﬁ%f:/ﬁ-dizq/ﬁ-de*:fq/ (W))def
C C C

Thus,

Wer, = —a(0(77) = 6(7)).

This is path-independent, which means the electric force is conservative.
The equation W = ¢ [ E-d€ implies that no work is done for motion perpendicular to
E. So along those lines, the electric potential ¢ is constant. We call them “equipotential

surfaces”.
In the image below, the red lines illustrate a few of the field lines for an electric

dipole, and the blue lines show the equipotential surfaces.
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[ equipotentials

rﬂe\dhnes

\ ’ zero potenjtial line

3.4 Electric Moments

Electric Monopole
Recall that for a point charge ¢, the potential is

q 1

¢m0no =
dreg 1’

and it goes as
1

¢mono ~ .

For a point charge ¢, the monopole is just the charge q. For a general charge distri-
bution p(7'), the monopole is the total charge

Q= /d3r' p(r’).

The monopole is also called the zeroth moment.

Electric Dipole

Consider an electric dipole with a charge —q at the origin, a charge +¢ at @, and the
observer at 7, as shown below.

F-a
+1.

S
1}

Rt

.-i.

ru
\-—~ at origin

T
Twe \Foa )

We want to consider the large distance behavior. That is, we want to look at the a << r
limit.
In general, for a Taylor expansion for small a, we can write
of of

f(7+a) = f(7) +az% F+%8y

Then the potential is

e

7
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In our case,
1 1 L =1 n
— —_ % T= a : T
[7—dl |7 7]
So
1 1 I | 1 1 _7
dmeg \ |7 |7 |7 ey " T
If we write
ﬁ: qc—ia
for the dipole moment, then
1 p-7
Paip = dreq 12

is the potential of a point dipole. Notice that this formula is independent of the coordinate-
system, and that it goes as
1
¢dip ~ ﬁ
Note that p' = qa is the dipole moment for a pair of point charges separated by a
distance a. For a general charge distribution p(#’), the dipole moment is

P= /d3r' p(r")7'.

This is also called the first moment.
The electric field of the dipole is

Note, this is for an ideal point dipole. It can be used to approximate the electric fields of
non-ideal dipoles at large distances.
Next, consider the force on a dipole that is in an external field E. The force on the
minus charge is
F‘* = _qE‘(F*)a

and the force on the positive charge is

ﬁ+ = qE(F+)-

F1

e

If we define ¥ = 7_, and ¥y = ¥+ @, then

and
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Then the total force on the dipole is

This can be written as

since P is constant and E is curl-less.
The potential energy of the dipole is

Thus,

=3

The dipole P, is at the origin of our coordinate system, and 7, gives the position of dipole
P;. There is no external electric field. However, each dipole has its own electric field, and
this field exerts a force on the other dipole. The potential energy of this interaction is

-

U= _ﬁ1 : EZ(FI) = _ﬁz : E( ),

where, for example, Eg(f"l) is the field due to P, at the position #;. We can write this as

_ 1 Py Do —3(Py - 7)(Py - 7)
4meg rd '

Electric Quadrupole

Consider the following square arrangement of two positive charges +¢ and two negative
charges —q. The sides of the square are a. We want to know the potential due to these
charges at some distant test point located at 7.

The interaction force be-
tween two dipoles is in gen-
eral not a central force.
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>~
3
Il

@ = al2 @

@) -~ -an &)

This arrangement of charges has zero net charge and zero dipole moment. We will denote,
for example, the vector from the charge in the positive x and positive y quadrant to the
test point 7 by 74. Similarly, the vector from the charge in the bottom right quadrant
to the test point is 7y _. Then

P = 7= 5 (1,1,0)
7o :F—g(L—l,O)
7o, :F—g(—l,l,o)

— - a
F_=7-3 (—1,-1,0).

Then the potential at 7 is

Next, we expand each term at large distance r >> a. To do a Taylor expansion of a
multivariable function about the point 7, we use

£+07) = £ + (00(7) 613+ 5 (80,07 6138 -+
= £ + (V1) o7+ %(aiajf(m) Oriorj 4

Note, summation should be performed over repeated indices.

For example, to expand 1/ryy, we use ¥y = 7 + 0%, where 7 = —(a/2)(1,1,0).
Then
1 1 =/1 a 1 ra\2 1
- =) (==2) a1, ,(,) 1,0, + 20, 4.
-~ T+V<T> ( 2)( 0)+5(5) (00s +20.0,+9,9,) - +
_lie s (110)+a—2(aa 20,0, +0,0,) - +
e 2r2 T g R A S
For the other three terms, we get
1 1 a a? 1
e 4 T p (=11 Z (0.0, +2 Z4...
— T+2r2 7-(—1,-1,0) + 5 (0,02 + 8I8y+6y6y)r+
1 1 a a? 1
= s TR (1,-1,0) — — (0,0, — 20, Z4..
. s (1,-1,0) 3 (050 88y+8y8y)r+
1 1 a a? 1
——— = — — 7 (=1,1,0) — — (0,0, — 20,0, + 8,0,) — + - - .
. s 92" (=1,1,0) 8( y + yy)r"'
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When we add all four results together, the first term in each cancels due to there being
zero net charge. The second term in each cancels due to there being zero net dipole. In
the third term, only the mixed derivatives don’t cancel. We are left with

R ) }
¢_47T60a (amayr>'

Taking the partial derivative with respect to  (we are free to change their order),

1 1
R S S

r z /Z'2+y2+22: 7‘73
Taking the derivative with respect to vy,

1 1 3xy
So we get the quadrupole potential
q 232y
a®—.
dmey 1P

¢quad =

Note that the quadrupole potential goes as

1
(bquad ~ ﬁ

equipotentials

field lines

For a general charge distribution p(#’), the quadrupole moment is defined by the
quadrupole tensor

Qij = /dgr’ p(r') (3rirly — 1/ 2655) .

This is also called the second moment. Note that the quadrupole tensor can be thought
of as a 3 x 3 matrix. The indices ¢ and j go over z, y, and z.
Some important properties of the quadrupole tensor include:

e It is traceless
Qij0ij = 0.
Note, we are summing over repeated indices here.
e [t is symmetric
Qij = Qji-
This implies that it can be diagonalized using orthogonal matrices (i.e. rotations).

In practice, Q;; can be diagonalized by choosing a coordinate system aligned with
the principal axis (i.e. a symmetry axis) of @Q;;.
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Tip If Q4; is diagonalized by the proper choice of coordinate system, then we only need

_ . to know three components to know the whole thing
A symmetry axis is a prin-

cipal axis, so if the coordi- 0
nate system is aligned with re

a symmetry axis, then Q;; Quy

is diagonal. Qs

Then, since we know it is also traceless, we can reduce this to two required components
by writing

sz = _Qxac - ny

If we have an additional symmetry in the problem, we can reduce the number of com-
ponents to calculate even further. For example, if our problem has cylindrical symmetry
(rotational symmetry about the z-axis), then the # and y components are the same

ny = Qmm .

Then we only need to calculate the single component ), to know the whole quadrupole
tensor.
For general charge distributions, the quadrupole potential is

Be careful that you inter-
pret 7; = (#), correctly.

11 iy

¢quad = E§Qm 7"_3

For a discrete charge distribution,

Qij =Y qa (3rirj —r%0;;) ,

where the sum is over the charges.

Example 3.4.1

Calculate the quadrupole tensor for the distribution of four charges shown in
the beginning of this section.
We have a discrete distribution of four charges, so we use the formula

4
Qi; = da (3rir; — %5;5) .

a=1

All of the charges are a distance r = v/2a/2 from the origin, so r2 = a2/2.
For example,

Quz = az:qa <3$2 - C;—Z)
~o(3(5)~5) -1 (o5 - 5) ro (o6 -5)

Similarly, for the other diagonal elements, we get zero, Qyy = @.. = 0.




3.4. Electric Moments

47

For the off-diagonal elements, the Kronecker delta is zero. Then the terms
containing z are zero: Qg = Q.z = Qy> = @~y = 0. A nonzero term is

sz = Z Ga (31'3/)

o (55) o () 4 (5) o)

= 3qa’.
Since the tensor is symmetric, we know that Q. = 3ga®. So the full quadrupole
tensor is
0 3ga® 0
Qij=|3ga®> 0 0
0 0 O

J

Example 3.4.2

Consider a spheroidal and homogeneous charge distribution p with semimajor
axis @ and semiminor axis b. This is a crude model of the charge distribution of a
nucleus.

z

x

We can use scaled spherical coordinates
T = ansinfcos ¢
y = ansin sin ¢
z = bncosb,

where n € [0,1], ¢ € [0,27], and 6 € [0, 7].
Then

Qoy = /d?’r' p(r') (32’2 — 52/2/7’/2) :
The Jacobian to go from x,y, z to 1,0, ¢ is
J = a’bn?sin 6.
Then

3212_7,/2:3212_(x/2+y/2+2,/2)
:22’2—33'2—3/2

= 202 cos? 0 — a®n? sin’ 6.

Tip

The quadrupole tensor has
9 components. However,
you can use its proper-
ties and the symmetries of
the problem to reduce the
number of components that
have to be calculated.
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Then
Q.. = [ a®n?sin@dndf deé po (2b°1° cos® 6 — a’n?sin? 9) .
Ui n P n n
This reduces to

2
sz = 3p0V<b2 - a2)7

where the volume is 4
V = gazbﬂ'.

Rotational symmetry about the z-axis implies that @;; is diagonal, and
Qzz = Qyy. The tracelessness of Q);; implies that Q. = Qyy = —%sz. So
our quadrupole tensor is

5 -3 00
Qij = zpV (" =a®)| 0 —5 0
0 0 1

Since there is net charge, we know that ();; is not independent of the choice of
origin.

3.5 Multipole Expansion

Suppose we have some general charge distribution p(#”) which is localized near the origin
of our coordinate system. What is the potential at large distance?

?ﬁ
Z
o®

x*

The potential is

o) = o [ )

 4re |7 — 7|
We want to expand this for large r.
We can Taylor expand

1 1,0 1
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If we plug this back into the integral, we get

—» 1 3,./ / 1 / 1 1 1,0 1
o(7) = pr /d r" p(r’) [T —rﬁi; +§rirj8i6j;+--~

— ¢(0) + ¢(1) + ¢(2) 4.
where ¢(©) is the monopole term, and so on. At large 7, only the leading term (i.e. the

first nonzero term) ¢(¥) dominates.
Recall that the monopole potential is

¢(0) _ 1 Qtot
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where the monopole is
Qtot = /d?’r/ p(r').

Recall that the dipole potential is

where the dipole is

1 1 1
(2) _ 3,./ N 2o -
0] Tres /d ' p(r )2””818]7“'
We can write ) 5 5
- T’j _ ij ’I"ﬂ’j
0i0;— =, (_73) - (—TS + 2 ) . (3.4)
This expression is traceless. That is,
> 1
> 6i0:0;= =0
ij=1

From Eq. (3.4), we have that

1 52 3T‘i7"
rirdidys = (irg) (~54 + 2 ).

r3 75

Since the expression in parentheses is already traceless, if we contract this quantity with
another term containing J;;, we don’t change anything. So we can write

1 1 Oii  Brrs
1o _ 1o 125 _ Yy ]
rirjaiaj; = (Ti’l"j - gr (5”) ( 3 + 5 ) .

We have not changed anything, since the inclusion of the term —%r’ Qéij has only the
effect of adding zero. The prefactors —%r' 2 are there for later convenience. Notice that,
up to a factor of 3, the quantity in the left pair of parentheses is the integrand of the
quadrupole tensor );;, which we defined earlier. We know that this is also a traceless
quantity, which means the —% in the second parentheses now has only the effect of
adding a zero. So we can now remove it and write

1 1 3r;r;
7"27'3371@‘; = (7’57"} - 37"’2515) ( Z;]> :
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Thus, putting it all back together, we get the quadrupole potential

1 1 ‘rlr]

A given moment is indepen- o3 =
dent of the choice of origin
only if all lower moments
are zero.

r3

In general, any moment is independent of the choice of origin only if all lower moments
are zero. For example, if the monopole and dipole moments of a system are both zero,
then the quadrupole moment of the system is independent of the choice of origin. Then
we could perform a system translation #;’ — #;’ + @; without affecting the quadrupole
moment.

The multipole expansion of the potential of a point charge at the origin yields a single
Be careful that you inter-| ,,,ment—the monopole. All higher multipoles are zero. Similarly, two oppositely charged
pret 7; = (7); correctly. particles centered on the origin will yield a nonzero dipole term, but a zero quadrupole
term. However, the quadrupole term depends on the choice of origin since the dipole
term is nonzero. If the two charges are shifted away from the origin, then there will be a
nonzero quadrupole term.

We did the multipole expansion in Cartesian coordinates. These are not ideal for
rotationally-symmetric systems. For those systems, spherical coordinates are more con-
venient. However, spherical coordinates are a local coordinate system in that the unit
vectors change with position. So when we do the expansion in spherical coordinates, we
have to account for that.

All together, we write the multipole expansion of the potential as

1 . Tl s Tl g
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We can calculate the electric field of the charge distribution using E = —§¢. Then

—»(0)
E Qtot
_.(1) 1 1

" dmegr? {3(5 )P = ﬁ] '

For the quadrupole contribution, we can calculate the k-th component of the field as

1 10,
E(2) Z]
k dreq 2! rd

(615 + s — 57 )7 ).

NOTE: Beware of how you interpret the meaning of something like 7;. This is a scalar—
not a vector. For example,

Py = (), = || sin 6 cos ¢ = sin f cos .

Note: In general there are infinitely many higher order multipoles. Even for the
simplest dipole consisting of two opposite charges (whose dipole moment incidentally is
independent of the choice of origin since the net charge is zero) there will be infinitely
many higher order multipoles. Unlike for the monopole, there is probably no physically
realizable ideal dipole such that all higher order multipoles are zero.

3.6 Multipoles in External Field

Consider a charge distribution p that is localized around #. This charge distribution is in
some external field with potential ¢.,; that varies slowly in the region of 7.
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The interaction energy of the distribution p with the external field can be found by
expanding for 7/ << 7

U = [ & o Youar(7+ )

1
= /d?’r/ p(r/) |:¢eatt(1?) -+ T;ai(lsemt(’f?) -+ 57’;7’;—81'3]‘(7256:“(77) +
:U(O)+U(1)+U(2)+ ,

where

U — /d?’r/ p(r") dext (F) = QrotPext (T)
UM = /d?’r/ p(r) 705 beat () = i Dideat

1
U = /d3r/ P(T/)y;r}aiaj%m(ﬁ)

1 1
= 68i8j¢ea:t/d3r/ p(T/) (37‘;7‘; — TIQ(Sij) = éﬁiaj@inj.

In the last line, we moved the partial derivatives and the potential outside of the integral
since they don’t depend on 7’. We also added a term —r’2§;;. We can do this because
this term contributes nothing since

~2 7] Pext
0;j0;0j¢eet = -V - E = =22,
€0
and peqt is assumed to be effectively zero in the region where our test charges p are.
So all together,

U(7) = Quoud() + 01 0:6(7) + 5Quy0i0;6(7) + -+

where ¢ = ¢z We can also write this in terms of E as
. - L o= 1
U(7) = Qiorp(7) — P+ E — gQijaiEj +oee
The force on p is
. S S S 1 S
F = —VU = Qut (~90) + 9.0 (=) + £Qu0i; (=) + -+

which we can write in vector form as

— —

o o= 1 _,
F:QtotE+V(p-E) +6QijaiajE(;)+..._

Notice that

e The monopole part of the distribution reacts to the external field
e The dipole reacts to the gradient of the field
e The quadrupole reacts to the curvature of the field
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3.7 Laplace Equation in Spherical Coordinates

By substituting E= —6(;5, we can write the Maxwell equation

v.E="

€0

as p
Vip=——.

b=-

This is Poisson’s equation. It is typically written in the form

Ap=-L

)
€0

where A = V-V = V2. If there are no charges in the considered region, then p = 0, and

we get the Laplace equation

In Cartesian coordinates, the Laplace operator is

In spherical coordinates, where 6 is the polar angle and ¢ is the azimuthal angle, the
transformation equations are
x =rsinfcosp
y=rsinfsinp

z=rcosf.

Then the Laplace operator is

102 1 0 (. ,0¢ 1 9%
A¢ = ;ﬁ(mb) + r2sin 0 90 (Smear> * r2 sin2937302'

Keep in mind that ¢ = ¢(r,0, ) is the potential and ¢ is an angle. In the Laplace
equation, this whole thing is zero.

We want to consider a solution suitable for a large distance expansion. We will try
a product ansatz of the form

o(r,0,¢) = v
r
Note, a product ansatz will not always solve all PDEs. It will only solve those which
are separable. The most general solution of a PDE is not a product ansatz, but rather a
linear combination of products.
Plugging the ansatz into the Laplace equation gives us

PU | UQ d( dP) UP d*Q

% % (ginell _Ys 8
dr? + r2sin 6 do St r2sin? 6 dp?

P
@ dé

Multiplying both sides by 72 sin? @ and dividing by UQP gives us

1 d2 1 d dp 1 d2
v L9
Q dp?

2 o2 .
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s [U dr? + Prsinfdg \°"

We can write this as
F(r,0) + G(p) =0,
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where

1 d2U 1 d dP
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If the differential equation is valid for all r, 8, and ¢, then both F(r,6) and G(¢) must be
constant. In other words, since F'(r, ) is independent of ¢, we could take the derivative
of everything with respect to ¢, then we would see that G(¢) must also be independent
of ¢. So we know that F(r,0) and G(¢) are both equal to constants, and in order to sum
to zero, one of these constants must be the negative of the other.

We choose the constant such that

G(p)

1d8Q _ o
Q de?
This is a differential equation of the form Q" = —m?2Q. ILe., it is the equation of motion

of a simple harmonic oscillator. Its solution Q(y) can be written in terms of sines/cosines
or exponentials. The condition that Q(¢ +27) = Q(¢) implies that m € Z. Then we can
write the solution as

Qlp) = =™,

Similarly, we set F(r,0) = +m?2, then we can rearrange the remaining differential
equation as

—5— =0.
sin? 6
Notice that the first term is a function only of 7, and the remainder is a function only of
0. This implies that these two pieces are separately constant. We choose our constants
to be £(¢ 4+ 1) and —£(¢ 4 1), then this differential equation can be separated as

, 1 d2U 1 d< dP)_m2

"Gzt Pemaas M0

LU 00+ 1)
e~ U =0
1 d (. ,dP m?
o (blnﬁde> + {E(Z—i— 1) — sin29} P=0.

For the U(r) differential equation, we try the power ansatz U(r) = r*. Then the
first two derivatives are

ar
U"(r) = ala—1)r*2
Plugging this back into the U(r) differential equation gives us
ala—1)r*2 — L+ 1)r*"2 =0,
for all r in the region of interest. This implies that
ala—1)—L(+1)=0,

and thus, the possible solutions are those in which @« = —¢ or a = ¢ + 1. Since it is a
second-order differential equation, we only require two independent solutions, thus our
general solution for U(r) is

1 l+1
U(T’):Clﬁ+027”+ .
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The remaining ODE for P(#) is

1 d (. dP m?
sin 6 df <Sm0d9> * {Z(éjL - Sin29} F=0

With x = cosf, we can write the #-derivative as

d _d(cost) d _wingd
d9  df d(cos) Y

We can also write sin? @ = 1 —cos? # = 1 — 22, Plugging everything in, our ODE becomes

% ([1—:52] CZ) + <€(£+1)— lm;>P=0.

We now have a differential equation in terms of P = P(cosf) = P(x). This is the
Legendre equation.

Consider the case when m = 0. This occurs whenever the system has azimuthal
symmetry. Then the ODE becomes

d

i (0= ) +aervp=o

Now we try a power series ansatz

P(z) = 2" Z a;xd.

=0

The factor of 2° serves as an offset so that we can start the sum at j = 0 regardless of
where the powers of = actually start. Using the same procedure as when we solved the
U(r) equation, we differentiate this P(z), and then plug P(x) and dP/dx back into the
ODE and equate coefficients. When we do that, we get a second-order recursion relation
that relates the coefficient a;1o with the coefficient a;

o G-nHery
GG+ T

This relation shows us that for large j, a;12 ~ a;, and since = cos§ € [—1, 1], the series
will only converge if |z| < 1 or there exists some j,q. such that the series terminates. In
this case, for example, j,q = £. For this to work, ¢ must be an integer. It turns out that
we can rename,/redefine £ to be non-negative.

For the series to be finite, we must have either ag = 0 (if ¢ is odd) or a; =0 (if £ is
even). Thus, our solutions will be polynomials containing only even or odd terms, so we
have the relation

Py(—z) = (—1) Py(x).

Our solutions Py(x) are special polynomials called Legendre polynomials of the first
kind. They are normalized such that Py(x) = 1. The first several of them are

N = 8

Po(l'
Pl(x

~— ~—
Il

Py(z) = = (—1+ 32%)
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There is another solution to the differential equation that involves the associated Legendre
polynomials. These are polynomials in In(1 — «) and In(1 4+ z). These solutions are less
often required than the ones involving regular Legendre polynomials.

Recalling that we substituted = = cos 6, our solutions for the 6 part of the Laplace
equation, assuming azimuthal symmetry, are the Legendre polynomials of cos 6

| P(0) = Py(cos ). |

Multiplying our three solutions together, our general solution for the Laplace equa-
tion with azimuthal symmetry (i.e. no ¢-dependence) is
Ulr Bz
lr00) = T p(0)- Qo) = (A + 25 ) Plcost),
where A, and By are constants, which may depend on ¢. Note that the solution Q(p)
for the ¢ part is equal to 1 since m = 0 for azimuthal symmetry. The general solution is
then a linear combination of these with different ¢

- B
o(r,0,p) = E (Azr‘f + 7Tf1> Py(cosb),
=0

Legendre Polynomials
From the previous section, recall that the first several Legendre polynomials py(z) are

Po(z)
Pl(llf)

N[ = 8 =

Py(z) = = (=14 32%)

They are normalized such that Py(x) = 1.
These polynomials have the parity relation

Py(—z) = (=1)"Py(),

so if £ is even then Py is even, and if ¢ is odd then Py is odd.
They can be generated using the Rodrigues formula

1 df ‘
= geigt & 1)

Example 3.7.1: Basis for Function Spaces

Consider an arbitrary vector #in R3. We can write it as the linear combination

Pg(m)

T =11€1 + r2€5 + 1r3€3,

where the basis vectors €; are orthonormal

—

ei'ej:(sij7 Vi7ja

and they are complete meaning the basis vectors span R3. Then the coefficients
are r; =T - €;.
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Example 3.7.2: Square Integrable Functions

Consider the space of square-integrable functions defined on the interval
[0, 27]. This space is denoted L*([0,27]). We can expand such a function f as the

linear combination
o0
f = E f m€Em,

m=—00

where the basis functions are

with m € Z. So our expansion is just a Fourier series.

We can also write
o0

f= Z {em!|f) em,

m=—0o0

where the inner product is defined as

(o) = [ " )9ly) di.

The e, form an orthonormal basis
<em|6m’> = 5mm’-

There are countably infinite basis vectors.

With the Legendre polynomials, we can write the basis functions

[20+1
€y = B Pg(ﬂ?).

These form a basis with respect to L?([—1,1]). We normalize the basis functions like this
instead of just using the Py(z) directly, so that we get nicer expressions for the norm.
Now the orthonormality condition is

1
/ dzx 626[ = (5@[/.

-1

Any piecewise continuous function f can be expanded as
(o)
F@) =" fePu,
£=0

where the coefficients are .
fi= [ dn @)
1

The set of e; is complete. The completeness relation can be written as

oo

ec()ez(y) = d(z —y),
=0

then

f(z) = / dy F)o@—y) =S / dy ;) f () o) =3 freos).
-1 =071 =0
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Applications with Azimuthal Symmetry

Example 3.7.3: Point Charge on z-axis

Consider a point charge g at 7’ on the z-axis. What is the potential at 77
We already know the potential of a point charge, and we can simply write it

down
1

471'60 |7 — 7|

o(7) =
We want to relate this to what we learned above.

Since we have azimuthal symmetry, we know that up to a prefactor our solu-
tion is

What are the coefficients?
First, let us assume that |[¥] =r < 7’ = |¥’| = 2. Using the law of cosines, we
can write

|7 — 7| = V2412 — 27 7 = \/r2 + 22 — 2rz cos 0,

where 6 is the angle between 7 and 7/. Since 7’ is along the z-axis, this corresponds
to the polar angle of spherical coordinates. We can write this as

|7 —7'| = z\/1~|— (2)2 -2 <£) cosf.

Since this must hold for all 6, we look at # = 0. Then cosf = 1, and we find

11
|7—7 2 (1-1L)

Using the formula for a geometric series, we can expand the right side as

1 I /ry! = 1t
=7 Z; (2) =2 (F)eFT

£=0

So for r < z, this is our expansion of the left side in powers of . This must be
the r part of the solution since we set § = 0. Putting the # dependence back in,

o
= Z (T/1;£+1 Py(cos9), for r < 1.
=0

We can do a similar thing for > 7’. Then we find that

o

£+1 ), for r > /.

£=0

We can combine these two to write a single general solution

Z e+1 t(cos 0),

=0 ">
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where - means the smaller of r and ' and 7~ means the larger of 7 and r’. This
formula works as a generating function of the Legendre polynomials. It is often
written in the form

¢
\/1—2hx+x2 the

If you expand the left side, then the coefficients on the right are the Legendre
polynomials.

\

Example 3.7.4: Conducting Sphere in a Uniform Field

Consider a conducting sphere in a uniform electric field EO that is pointing
in the z direction. The field is uniform far away, however, near the sphere it is
distorted by the sphere. Find the potential.

We have azimuthal symmetry so the general solution is

o(r,0,0) = Z (AN” + Z_1> Py(cosb).
=0

The first step is to determine the boundary conditions. Since the sphere is a
conductor, we know that it has constant potential on its surface. Second, far away

we must have ¢ = —Ejz, since then E = —ﬁq& = Ey2 as described in the problem
description. So our boundary conditions are
¢(R) 0) = ¢O

o(r — 00,0) = —Eyz.

Applying the boundary condition at r = R, we have

- By
(bo =] Z <AZRZ RZ-‘,—I) PZ(COS 0)
(=0

We can multiply the left side by 1 = Py(cosf). Then we can expand the right side
and equate coefficients of the Legendre polynomials. Since the left side has only
Py(cos ), we find that

B
¢0—A0+E0

B
0= AR + zpp7, for £>0.

Next, we apply the second boundary condition. At r — oo, the B terms go
to zero due to the powers of r in the denominator. Then we are left with

—FEyz = Z AgrtPy(cos ).
=0

Now, we replace z = rcosf = rP;(cosf) on the left and equate coefficients as
before. We find that

AOZO
A1:—E()
A, =0, for/l>1.
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Thus, our solution is

R R3
¢(r,0) = po— — Eorcos 0 + Eg— cos .
r i

The first term is the monopole, the second is due to the external field, and the
third is the induced dipole.

Spherical Harmonics

In the previous sections, we assumed azimuthal symmetry (m = 0). Now we consider the
more general case where there is no azimuthal symmetry. We go back to the associated
Legendre equation

d dP)™ m?2
— (1 -2%) = (l+1)— ——| P =
dx[( I)dx]Jr{(jL) 1—a2| ¢ 0,

whose solutions P;"(z) are the associated Legendre polynomials. They can be gen-
erated from the Legendre polynomials Pp(z) by

dm
PP (z) = (—1)™(1 — x2)m/2d7mpe(x), m > 0,m € N.
It can be shown that regularity requires that
m=—4L,...,0
is an integer.

The closed solution for m > 0 and m < 0 is
l+m

2)m/2 d

Pgn(x) dx[+m

For —m e
Py (@) = (=)™ - xQ)M/deimPZ(x)'
The orthogonality condition is

L om oy pm 2 (L+m)
‘/_1d$ Pf (l‘)Pgl (l’)—d@['mm.

For m # m/, the orthogonality condition is more complicated.
We can combine our solutions Q(y) with these Pj*(cosf), to get the spherical

harmonics
20+1 [(£—m)! eime
Y, " = P (cos .
(0, 0) = 5 Tmyl (cos&)m

The first several, given in spherical and Cartesian coordinates, are

1
Yoo = ——
00 e
Yii=- iSin(%‘/’—— 3zt
T Toor
3 3
Yio =14/ -—cosf = 2z
0 Tr
3 3 x—1
Yi_1 =4/ —sinfe ¥ 2r7Y
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The orthogonality condition is

1 27
/ d(COS 0) / ng )/;;n(aa @)YVf’ml (07 90) = 5€€/§m7n’-
0

-1

The completeness relation is

9] 4

5P (Q— Q) =0(cost —cos0)5(0 — ') =D > Vi, (0,0 Vem (6, ).
(=0 m=—4¢

A general function f on the unit sphere can be expanded as

o] 14
f(ev 90) = Z Z cfmnm(ea (;0)7

=0 m=—4¢
where the coefficients are

1 27
Com = / d(cos 6) deo Y5 (6, 0) (0, ¢).
—1 0

We also have the parity relation

[Yeom(09) = ()" Y50, 9). |

Under the action of the parity operator ]5,
PYim(8,0) = Yom(m — 0,0+ 1) = (=1) Ve (6, 9).

So the Yy, are even or odd under spatial inversion. That is, they have definite parity.
If our problem does not have azimuthal symmetry, then the general solution to
A¢ = 0 in spherical coordinates is

o0 4

B,
o 0.) =5 3 (Azmrf n ;H) Yim(6,9)

=0 m=—¢

3.8 Spherical Multipole Moments

When we performed a multipole expansion of the potential

o) = o [ 3 LT

4meg |7 — 77|

we did so in terms of Cartesian multipole moments. We want to repeat that but derive
the spherical multipole moments.

Suppose 7 goes over the charge distribution, 7 is the observation point, and - is the
angle between the two vectors. Keep in mind that we are no longer assuming azimuthal
symmetry, and 7’ is not generally on the z-axis. Then the cosine law gives us

|7 — 7| = /12 + 12 — 2r1' cos .

We could write cosy = #-# and then write this in terms of spherical variables r, 6, ¢ and
r',0', " which are all mixed together. But this leads to a nasty integral for ¢.
We are rescued by the “addition theorem” which tells us that

14

4 N
Py(cosy) = W+l Z Vi (0,6 Yem (0, ©).

m=—
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This is useful because it allows us to separate the angles. Each term on the right contains
a product of two functions—one a function of the angles of #', and the other a function
of the angles of #. This will allow us to integrate term-by-term. The left side is in terms
of y—the relative angle of # and #'. Now

1 > L’
= —==Py(cos)
— 7
|’r'—'r"| = >+1
(o] e / .
_Z Z 2£+1 €+1 ;;n(eago)}/em(e’@)
=0 m=—¢

So the potential is

L

[eS) 4

1 . ,

¢(T 07@ 47‘(’60 Z Z 2€+ 1nm(97¢)/d3’r‘/ p(,r,/’al’(p/)y'ém(el’@/)@_
=0 m=

Example 3.8.1

Consider a sphere of radius R and p(#¥') = py = constant inside the sphere.
What is the potential inside and outside the sphere?
We know that in general,

4
o T
b6, 0) = 4m5§: zjfw+1yaz y/d%/MWﬂcwvnmw,¢>@L

Since p(7') is independent of the angles, we can use the fact that

1 = VanYoo(0', ¢')

to simplify the angular part as
[ 4 Y0, ) = VAR [ 400 Yy (8,6 Yonl0', ') = VAR o,

Thus, our double sum expression for ¢ simplifies to a single term with ¢ = 0 and

m = 0.
/2

o(r,0, ) = @/dT' i
€0

>
In the region r > R, we have r~ = r, then

3
o(r,0, ) = ”01/ ar' /2= PO B
0

€T 3€g T

In the region r < R, we have to be careful since now the larger of r and r’
(i.e. rs) could be either r or r’. We have to split the integral into two pieces to
get

/2
¢(T,9, 90) pO d / T_ + @ d7’/ 7‘_
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In the example above, we were probing inside the charge distribution. Now we look
at the long distance behavior. In the long distance expansion, we know that r > r’ outside
of a localized charge distribution, so

= 4 dem
47re Z Z 25 + 1ttt yert Yem (0, 0)-
—0 m=—

This is the spherical multipole expansion of ¢(7). The coefficients gy, are the spher-
ical multipole moments

— /dgr’ p(FNY5 (0, )1 L.

Notice that the spherical harmonic in gg,, is the complex conjugate. There are alternative
definitions of the spherical multipole moments in which the complex conjugate is left in
(7).
For each level ¢, notice that
1
¢~ L
Keep in mind that
m=—L£,..., 1L,

so for a given /, there are 2¢ + 1 moments gg,,,. We also have the simple parity relation

‘QK,—m = (_1)mq2<m.

For ¢ = 0, we get the spherical monopole moment. It and its relation to the Cartesian
monopole moment @y is

400 =/d37’l /)(7“/)\/1— \/—Qtot

For ¢ = 1, we get the spherical dipole moments. It and its relation to the Cartesian dipole

ﬁ: (prapyapz) are
/3 /3
_ d3 / —/ 2 o,
¢o / e 47TZ 47
/3 .
q11 = — 877'( (pa: - Zpy)
/3 .
87,/T (pw +7/py)~

If the gy, are defined in terms of the non-complex conjugated spherical harmonics, then
the signs relating the spherical and Cartesian multipole moments will be different.
Similarly, for the quadrupole moments

q1-1

1

922 = 75 (Qu —2iQ12 — Q22)

Go1 = .- \/>(Q13 —iQ23)
G20 = \/>Q33

q2—-2 = q

g2—-1 = _(121~
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The ¢ encodes the radial fall-off of the potential, and within each ¢, the m encodes
the spatial information. Using spherical multipoles instead of Cartesian multipoles makes
it easier to read off the symmetry properties and to add things.

The spherical multipoles moments are closely related to the orbital angular momen-
tum of quantum mechanics. Recall from quantum mechanics that the orbital angular
momentum operator is

- B
La‘:’xﬁfx<_v>.
1

Its components satisfy the commutation relation
[L;, L;] = ihesijiLy.
Furthermore, its components commute with its square
[L?,L;] =0, Vi

and this implies that we can find simultaneous eigenstates for L? and L;, and these can
be used as a basis. The eigenvalue equations are

L2wém = h2€(£ + 1)'¢€m7 Lﬂ/’@m = mhd)Emv

where the algebra and the normalizability requirement imply that ¢ > 0 and m =
—/,...,£. Then those simultaneous eigenstates are precisely the same spherical harmonics

wém = Yﬁm(ea 30)3

which we are using in electrostatics.

3.9 Poisson Equation and General Boundary Conditions

To deal with complicated boundary conditions, we have to use Green’s functions. We will
look at those in a future section.

Consider a boundary surface (e.g. a conducting surface with surface charge o) that
separates two regions.

2

¢ _wrfac@
)
Cklr‘s&

At a given point near the surface, we can write the electric field as the sum of normal
and tangential components

E=E,+E,.

What happens as we cross the surface from outside to inside?

Consider a Gaussian cylinder straddling the surface as shown below. The cylinder
is much smaller than the region in consideration, and its radius is much larger than its
height.
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g E gaﬁ,
i
1

Ea

Gauss’s law tells us

¢ BaA—dp Bakidp  EBoadid) Eoaa
Ocylinder top bottom side

If we let the height of the cylinder go to zero, then the third term vanishes. We can
assume that F is approximately constant along the top and the bottom of the cylinder.

Then
$  Bak=dgp Biadirdp  Biad,
Ocylinder top bottom
:# E‘l.dxl_# B, d4,
top bottom
1 1 .
*Qenc - /dST 14
€0 €0
1 1

=— [ odrdy~ —o-dA;.
€0 €0

In the last step, we used the fact that o ~ const in a small region.
This implies that

Lo 1
<E1 7E2)’fl: —0,
€0

or

g
En+ _En,f =

s €0

where E, . means the normal component of the field on the outside. So the normal

component of E jumps by o/ep. It is not continuous at a charged surface.
Next we apply Stoke’s law by considering a rectangular loop going through the surface
as shown below. By Stoke’s law, we know that

%E.dé‘:o.
C

I ] very

] small

G
.
g

small

Then

[

%Ed*zﬁl'd*+E2~d@:<E1—E2>E~const:0.
C

Thus,
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Ie. the tangential components of E are continuous when crossing a charged surface. We

can write this as

where the left side is the tangential component of the electric field on the outside, and
the right-hand side is the tangential component on the inside.
For the potential,

09— 099+ _ o

3n 877, €0
where 5

o= (V¢) :

So the boundary surface puts constraints on the derivatives of the potential ¢.

3.10 Conductors

A simple model of a conductor is as a material containing positive and negative charges
that are free (zero resistance) to move. Two important properties of conductors in this
model are:

1. The field on the inside is zero

Einside ("_f) =0.

If there were a field on the inside then the free charges would move, and we would
no longer be in the electrostatic case. We only care about the electrostatic case
right now, so charges are not moving by defiinition.
2. The potential is constant
(binside = const.

Consider a region within an arbitrary conductor. If we apply Gauss’s law to this
region, then using the fact that E;p,siq.(7) = 0, we find that

Qenc =0.

Thus, for any charged conductor, all of the charge must reside on its surface.

On the inside of a conductor, the tangential and normal components of the field are
E; =0 and E,, = 0. Immediately on the outside of a conductor with surface charge o,
the tangential and normal components of the field must be

g
6().

Figld
+ Outside

+ =
Freld — +\ 3 E7O

Inside t Exn= g‘;
Lrsig€ A .
E,=0 -+

+
E.=0 *

’t sar-?a.o& c.karses
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Recall the electric field of a homogeneously charged sphere looks like:

E
s

- >

R

Now, the electric field of a conducting sphere looks like:

E

-
o]

R

Since a region within a conductor contains no electric field, we could hollow out that
region, and it would still contain no electric field, regardless of whether or not there is an
electric field outside the conductor. This is the concept of a Faraday cage. If a Faraday
cage is placed in an external field, then negative charge gathers on one side of the surface
and positive charge gathers on the other side such that the field on the inside remains

zero.
¥ >

— = b .

——1f E:O I—)E
—— H—
> >

3.11 Image Charges

Consider a grounded conducting sphere of radius R. There is a charge ¢ at a position @
above the sphere. What is the potential in the region outside the sphere?

z

%
a
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Since the sphere is grounded, we have the boundary condition
¢(r<R)=0.
We also have the boundary condition
d(F) = 0, as r — o0.

The Poisson equation is

Vo=-L = L5 - a).
€0 €0

Without loss of generality, we can orient our coordinate system such that @ is on the

z-axis. Then we have the ansatz solution
1 < A 1 q

——Py(cosf) + — ————=.

d7eg ez; rltl d ) dmeq |7 — @

o(T) =

For convenience, we separated out the part of the potential due to the point charge at a.
The first term solves the Laplace equation A¢ = 0. The second term solves the Poisson
equation A¢p = —p/eg.

To fix the boundary condition at r = R, it is useful to expand 1/|# — @| in terms of
Py(cos ) as we did before. We then apply the boundary condition ¢(r = R) = 0, and fix
the coefficients A;. Then we recognize that we can write the solution in the closed form

. 1 q 1 q
= ) >> z,
)= eii—a TamaFa) "
where
/ R , R
¢ =-q—, ad=—.
a a

The second term in the potential looks like the potential of a charge ¢’ sitting at @’.
That is, we interpret ¢’ as an image charge (with opposite sign of the charge ¢) sitting at

—/

In the region outside the sphere, the solution ¢(7) looks exactly the same as the potential
due to two charges—q at @ and ¢’ at @ .
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the physical

problem model with

image charges

@ Q

Note, the potential calculated above is only valid in the region outside the sphere.
On the surface of the conducting sphere, there is an induced surface charge density

6¢outside
€0 on )

where 7o = 7 in this case. If we plot it, it looks something like:

The total induced surface charge is

Qind = #odA.

The utility of the image charge method is that if you have a good guess for the
solution, and it satisfies all the constraints, then just write it down because the solution
is unique.

Example 3.11.1

Now instead of a grounded sphere, we repeat the problem but for a conducting
sphere held at some constant potential V. Given the charge ¢ at @, what is the
potential outside the sphere?

g -
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We have the same setup as the example above. The only difference is that the
potential on the surface of the sphere is changed from zero to V. We can achieve
this by adding a (image) charge ¢” at the center of the sphere. Now, the solution
has the form

1 q//
¢p=¢1+ Treg [F— 7]’
where ¢; is the solution for the problem with the grounded sphere. Since the
potential is a constant V' at constant radius R, we want ¢” to be at the center of
the sphere. Thus, 7" = 0, and

OB = (R + T =V,
Since ¢1(R) = 0, this implies that
q" = 4megVR.
Our final solution is
o(r) = 477160 |FE al 47360 |;*q—R 1{1’a| 47360 4|7:0_‘i)]|%’

Example 3.11.2

We have the same problem, but now instead of knowing anything about the
potential on the surface of the sphere, we only know that it has some total charge
Q¢ distributed over its surface.

ic

o Quat

This example is really the same as the previous example, but now we don’t
know V beforehand. Now,

Quot =4¢ +4",
and we use .
V= }_% (Qtot - q').

3.12 Green’s Theorem

Green’s theorem is useful in applications involving conductors.
For the following discussion, we consider an arbitrary region of charge density p
contained within an arbitrary volume V that is bounded by a surface S.
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Recall the divergence theorem

/§~§d3r:¢X~ﬁdA.
Vv S

Consider two arbitrary scalar fields ¢ and . Then
v (Ww) — OAY + V- V.

We can write

(690) 2= 002

Then the divergence theorem implies that

| (o0 +90-9v)a'r = f oFan

This is called Green’s first identity. We can repeat the same thing with ¢ and ¢
interchanged and then subtract one from the other to get the result

| (v —vao)ar—§ (N’—w ‘b)

This is Green’s second identity, but more commonly known as Green’s theorem.
Now we choose

1
T

P =

where 7 is the observation point, and 7’ is the integration variable. Up to a prefactor of
1/4meg, this is the potential of a point charge. Then we know from previous work that

AYp = —4md(F— 7).
We also choose ¢ to mean the potential. Then we know from Poisson’s equation that

Ap=-L.

€0

Plugging ¢, A¢, ¥, and A into Green’s theorem gives us

_ SIS = i p(F’) 3 /_yg i 1 — 1 0¢ !
/V{ 4 (7)o (7 "")"_60 7 — 7| d'rt = 5 ¢8n/|F—F/‘ r—r'|an dA.

If 7 is not in the volume V, then the delta function term vanishes. On the other hand,
if 7 is in the volume V', then after integrating the delta function term, we can rearrange

the result as
1 1 ol 0 1
3/ /
P -, D d.Aa
/ \T—F’| S[F—F’|8n’ 8n’F—F’|}

47T€0
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Notice that the volume integral is just the potential due to the explicit charges. The
surface integral contains two terms. The first term gives the surface charge (a discontinuity
in E), and the second term is the “dipole layer term” (a discontinuity in the potential).
The dipole layer corresponds to the potential of two charged surfaces in the limit that
the two surfaces come together.

If S — oo, then the electric field E on the surface S falls off faster than 1/R, and
the surface integral vanishes. So in the infinite-volume limit, we only have the potential
due to the explicit charges.

For a charge-free volume, i.e. if p(#’) = 0, then the volume integral is absent. Then
we get a formula for ¢ in terms of ¢ and % on the boundary S. That is, we get an integral
equation for ¢. We can’t get an explicit solution since ¢ and g—i cannot be independently
chosen.

Suppose there exist two solutions ¢; and ¢o with correct boundary conditions on the
surface S. Le., ¢1 and ¢ satisfy Poisson’s equation. Now, let

U= ¢1— o,

be the difference between the two solutions. Then we know that their Laplacian is zero:
AU = 0. We also know that either

U‘ 0. o Yy,
S onls

where it’s the first if we have Dirichlet boundary conditions and the second if we have
Neumann boundary conditions. Let ¢ = ¢ = U, then Green’s first identity gives us

L2
/ (UAU—i—‘VU‘ >d3 ’:/Ud—UdA.
\% S dn

Since we know that AU = 0 and either U = 0 on the surface or % = 0 on the surface,

this simplifies to
o2
/’VU‘ &' = 0.
v

U = const.

This implies that

For Dirichlet boundary conditions, U’S = 0, which implies that U = 0. In any case, we

know that ¢ and ¢ are the same, up to an overall constant (zero for Dirichlet), if we
have pure Dirichlet or Neumann boundary conditions.

Above, we chose ¢ = 1/|¥ — #'|. What if we made a different choice? We want to
make a choice that simplifies our problem as much as possible. The requirement for the
function ¢ = G(¥,7') is that

|AG(T,7') = —4md(7 — 7). |

Then the function G(7,7’), called the Green’s function, must have the form

1
G(7, 7)) = o + F(7,7"), where AF =0 in the volume V.

Note that Green’s function is a function of six variables (¥ and 7).

Think of Green’s function G as an impulse response of the inhomogeneous differential
equation with boundary conditions. IL.e., it is effectively the potential of a point charge
but takes into account the reaction of the system and the boundary conditions. The
quantity F'/4mey corresponds to the potential of the image charge.
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Tip

When using these formulae,
remember that the normal
direction n/ points outward
from the volume of interest.
For example, if the problem
is to find the potential in
the half-space z > 0, then
the normal direction would

ben' = —7.

The idea is to choose F' such that boundary constraints become easy to implement.
Now when we write Green’s theorem, we interpret ¢ as the potential and ¥ = G

) BG

o(r) = /Vp(F’>G(F, )’ + ié [G(F, 7)o = 0 )5 | dA.

4dmeq

Case: (Dirichlet B.C.s) For Dirichlet boundary conditions, we choose F' such that
G is zero on the boundary

=0.

Then the first term in the surface integral is zero and

=/ = =2\ 3.
o | G = o [ ot

In practice, the difficulty is in finding an F' such that G = 0 on the boundary S. Remember
that p(7) is the explicit charges in the volume V. To construct G, we place a test charge
at 7' and identify the image charge. Then

—./ aGD

o(T) =

where the first term is the potential of the test charge (up to the prefactor of 1/4meg),
and F is the potential of the image charge (up to the prefactor), where the image charge
is placed such that the boundary conditions are satisfied. So the problem of finding G
is reduced to that of finding the potential of an image charge given a test charge at an
arbitrary location in the system.

Case: (Neumann B.C.s) For Neumann boundary conditions, one’s first guess

might be to choose an F' such that % = 0 on the boundary. However, this does not
work since f s aG & dA’ = —4m. The simplest allowed choice is to choose F' such that

8GN RN 4

- ()| =

on 7'es S

where S is the total surface area. Now we get

1
4dmeg

/ p(F/)GN(F,F’)d%’Jri / Gn (7 7)o 00 4a + +(9)s
v 47'(' S 5’ !

¢(7) =

where ()¢ is the average of ¢ over the surface S. In typical applications where S — oo,
this term vanishes. An example of Neumann boundary conditions would be a conducting
sphere in a constant, uniform field E. The boundary conditions are Neumann if we are
given the field E which is the derivative of the potential.

For Dirichlet boundary conditions,

G(F 7' = G(7', 7).

Le. the variables can be swapped. For Neumann boundary conditions, one can choose G
such that the same is true.

Example 3.12.1

Consider the case of a conducting sphere of radius R with the potential ¢(r =
R,0,p) on the surface given (and it could be complicated), and the potential
¢(r — 00) = 0 at infinity. These are Dirichlet boundary conditions. What is the
potential outside the sphere?
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In this example, we have a boundary surface at r = R (the surface of the
sphere), and at » = co. The volume V' of interest is between these two bounding
surfaces. That is, V is the entirety of the outside of the sphere.

We can use the image charge method to write down the Green’s function. We
want

AGp = —4md(7 — ),

with
Gp(7,7") = 0.

S

Suppose the potential on the surface is zero. We solved this case earlier. To find
the Green’s function, we place a point test charge at 7/, and consider the response
of the system. We know that the potential on the outside can now be found by
replacing the conducting sphere with an image charge. We find that®

1 q/q 1 R/r!
G A — — c
p(7,7") 7 — 7| + [F—a’'|  |[F-7] |- 5227—.»/|

%The Green function in spherical coordinates can also be computed without reference to
image charges. See Jackson, for example.

3.13 Laplace Equation in Cylindrical Coordinates

We want to solve Laplace’s equation
Ad =0,
in cylindrical coordinates
0*® 10 10°® 0?9
o pp o o

%

We assume a separable solution

(p, p,2) = R(p)Q(p)Z(2),

then using separation of variables, we get the three ODEs

2z,
d*Q 9
— + Q:
dp?

d®R  1dR ( 2
—+-=+ k2—>R:0.
dp*  pdp p
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This implies the solutions for Z and @

For the R ODE, there are three cases.
Case 1 (k € R and k > 0): For this case, we write z = kp, then our ODE becomes

d’R  1dR v?
i I I (F TR | )
dx2+xda:+( x2>R 0

This is the Bessel differential equation. It can be solved with a power series ansatz
to get a recursion relation between the coefficients. This leads us to two solutions

a = (3) % ;lr(ﬁ)ﬂ) (3)”

Jj=0

0= (5) " gy 6)

=0

called Bessel functions of the first kind. These are linearly independent if v ¢
Z. Away from localized charges, we require Q(¢ + 2m) = Q(¢), which implies v € Z.
This means J,(z) and J_,(x) are not linearly independent, so we need to use a second
independent solution like

Jy(x) cos(vm) — J_, ()

sin(vm)

N,(z) =

)

which is called a Bessel function of the second kind. Also related are the Hankel
functions of the first and second kinds:

H{V(2) = J,(2) +iN,(z)
H® (z) = J,(x) — iN,(x).

Case 2 (k imaginary): If k is imaginary, then we get the ODE

d’R  1dR v?
pdiuh It (N [ _
i rdr ( x2>R 0

where again x = kp. The solutions are the modified Bessel functions of the first and
second kinds:

I(x) =iV J,(iz)
1
K,(x) = gm'”“H,Sl)(ix).

Case 3 (k= 0): If k = 0, which occurs when the problem has no z-dependence, (i.e.
Z(z) = const). This effectively reduces it to a 2D problem. Now the p equation is

PR 1dR 12
— + R=
dp*  pdp  p?

Suppose that R(p) is a solution. Then

R(p) = R(p),
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is also a solution. This implies the ODE is homogeneous in p, which suggests that we try
the solution R = p®. Then we get

(oz2 — 1/2) R=0.
This should be valid for all p, which implies that
a = *tv.

So our solution is
R(p) = Ap” + Bp™”

These are two linearly independent solutions provided that v # 0. In the special case
that v = 0, we can directly integrate the ODE to get

R(p) = A+ Blup.

Then, since there’s no z-dependence, the general solution is

®(p, ) = ao+bolnp+ i {p" {an cos(ne) + by Sin(w)} }

n=1

=S { [ca cos(n) + d sm(nso)]}

n=1

Example 3.13.1

Consider a long conducting cylinder of radius R lying along the z-axis. It is
in an electric field that without the cylinder, would be uniform and E = Ey&.

L,

—

E

b
7
~
N
7
N
7

We are in cylindrical coordinates, and the setup is symmetric about the z-axis,
so the general solution is

@(p,w>=ao+bolnp+§j{ "[an cos(ng) + by sin(ng)|

oo

Z {—n [cn cos(ng) + dy sm(ncp)} }

—_

Since it is a conducting cylinder, we know that E = 0 on the inside. We know
the parallel components of E do not jump as one crosses the surface from inside
the cylinder to outside the cylinder, but the perpendicular component of the field
does jump. So at the outer surface of the sphere, we know the electric field is
perpendicular to the surface of the sphere.

Tip

The choice of the solu-
tions (oscillatory or expo-
nential) depends on the
boundary conditions of the
given problem.
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As p — o0, we know that E— FEp2. This implies that ® — —FEyx as p — oo.
We can write this boundary condition as

® — —Eypcosy, as p — oo.

Looking at the general solution, we see that as p — oo,

o — i " {an cos(ny) + by, sin(ngo)} .

n=1

Equating this with the boundary condition at infinity, we see that
ag=—Ey, a,=0forn>1, b,=0forn>0.

Now our general solution is simplified to

(1
D(p, ) =ap + bolnp— pEycosp + Z {E {cn cos(ny) + dy, sin(mp)} } .

n=1

At the surface of the cylinder, we have the boundary condition
O(R) = .

Le. at p= R, ® is constant and there is no dependence on ¢. Then

(1
Dy =ag+bypln R — REjcos p + Z {ﬁ [cn cos(ny) + dy, sin(mp)} } .

n=1

Since it is independent of ¢, the sum must cancel with the —RFj cos ¢ term. That
is,

REycosp = Z {% {cn cos(ny) + dy, sin(ngo)} } :
n=1

Equating angular pieces, implies that d,, = 0 for all n and ¢, = 0 for all n > 1,
with ¢; determined by

1
REycosp = ik cos(1lyp).
This implies that ¢; = R?Ey. Then the angular parts cancel each other, and we

have
Py =ag+bogInR,

which we can use to determine the coefficient ag
apg = (I)() — bolnR.

Incorporating these facts, our general solution is now
R2
®(p, ) = o + b01D% — Ey (1 — F) pCOS .

This leaves the by coefficient undetermined, and it is related to the charge per
unit length on the surface of the cylinder.
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3.14 Summary: Electrostatics

Skills to Master

Given a potential ¢, calculate the field E

and continuous charge distributions

systems of conductors

Use Gauss’s law to calculate the electric fields of simple charge distributions

Given a field E, calculate the charge distribution p that generates that field

Given a charge distribution p, calculate the total charge of the distribution, and the field

Plot p(r), Q(r), and E(r) for spherically-symmetric charge distributions

Calculate the Cartesian electric monopole, dipole, and quadrupole moments for various discrete

e (Calculate the potential and field of an electric monopole, dipole, or quadrupole
e Calculate the force on, potential energy of, and torque on an electric dipole in an external field
e Solve the Laplace equation in Cartesian, spherical, and cylindrical coordinate systems for various

e (Calculate the potential of some system using the method of images
e Calculate the potential of some system using Green’s theorem
e (Calulate spherical multipole moments for various discrete and continuous charge distributions

Maxwell’s equations for electrostatics are

V. E="
€0
V xE=0.

Gauss’s Law

If we integrate the first of Maxwell’s equations over
some volume V' and then rewrite using the divergence
theorem, we get Gauss’s law

—1 g 1 enc
/ E-dA=— / pdV = @ .
A(V) € Jv €0

The integral on the left is over the surface A(V') of the
volume V. Note that dA = ftdA, where dA is an el-
emental area of the surface and n is the unit vector
normal to the surface at that point.

Using Gauss’s law, we find that the field of a point
charge ¢ at 7 is

This can be extended immediately to multiple particles
using the principle of superposition, and to continuous
charge distributions with the integral

3 / —»/ -7
_‘)_ 7—: 7-:/|3

Charge Distributions

Given a field E, the first of Maxwell’s equations for
electrostatics can be used to calculate the charge dis-

tribution that generates the field
p = 606 . E

Usually, we don’t know E, and we want to cal-
culate it by writing down the charge distribution p(7)
and integrating.

In Cartesian coordinates, we can use the Dirac
delta function to write the charge distribution for a
point charge at the origin, a line charge along the z-
axis, and a surface charge in the xy-plane

p(7) = 6O = 3(2)8(y)é(2),
p(7) = A(2) 6(x) 6(y),
p(7) = G(x,y) 5(2),

Here, G(x,y) is the Cartesian surface charge distribu-
tion, and A(z) is the line charge distribution.

point charge
line charge

surface charge

Potential

Using the Helmholtz theorem, we can write the electric
field as the gradient of a scalar function

E(7) = -V o(7),

where the scalar function

1 1
d3 / =/
47reo/ " p<r)\7"—17’|’

is called the electric potential.
For a point charge

o) =

q 1
47T60 |F—’Fo|

o(7) =
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Force and Work

The force on a test charge g due to an external electro-
static field E is

F =qFE.
Thus, the mechanical work done to bring a charge from
7; to 7y along a path C, is

Wesr, = [ Bl = —a(0(7) - o(7)).

The work done is path-independent, which means the
electric force is conservative.

Electric Moments
Monopole

The monopole moment of a system is just the total
charge

Q= /d3r' p(r’).

The monopole potential is the potential of a point
charge @
Q 1

= (O) = .
¢’ITLO7LO (ZS 47T€0 r

Note that ¢ ~ 1/r for a monopole.

Dipole

Two point charges —g and ¢ separated by a distance
|@| where @ points from the negative charge to the pos-
itive charge form an ideal dipole in the limit @ — 0.
The dipole moment of such a system is

—

P =qa.

For a general charge distribution p(7'), the dipole mo-
ment is

p= /d3r’ p(r')7'.
The dipole potential is

1
dmeg T

By
=

Gaip = ¢V =

2

Notice that it goes as ¢ ~ 1/72. The electric field of an
ideal dipole can be written in the coordinate-free form

—

1 3(5-#)F — P

E =
(7) 4req r3

This can also be used to approximate the field of non-
ideal dipoles at large distances. The force on a dipole
in an external electric field E is

Fuy=5(V-E) =V (5-E).

its potential energy is
U:—/ﬁd@’:-ﬁ-ﬁ,
and the torque on the dipole is
F=pxE+7xF,

where F is some other external force (if it exists).
The interaction energy of two dipoles is

U— L Py Py —3(Py - 7) (D - 7)
47eq 73

This can easily be derived by calculating the field E_"l
of dipole p; and then plugging that into the formula
for the potential energy of dipole ps.

Quadrupole

For a general charge distribution p(#'), the quadrupole
moment is defined by the quadrupole tensor

Qij = /d37°’ p(r') (3riry — r'26;5) .

The indices ¢ and j go over z, y, and z. Note, the r’s
in the formula above all indicate distance of the charge
from the origin—mnot distance between the charge and
the observer. For a discrete charge distribution,

Qij =Y _ aa (3rirj —r%5;;)

where the sum is over the charges.
Remember, in cylindrical coordinates, r? = s2 4
2
z°.
Some important properties of the quadrupole ten-

sor include:

o It is traceless: ();;0;; =0

o It is symmetric: @;; = Qj;. This implies that
Qij can be diagonalized by choosing a coordinate
system aligned with a principal axis

For general charge distributions, the quadrupole
potential is

1 1 fi’l"j

— 42 = 0.1
qsquad ¢ 471'602@” 7’3 .

Notice that the quadrupole potential goes as ¢ ~ 1/r3.

Be careful how you interpret something like #;.
This is a scalar—mot a vector. It is a component
of the unit vector in the 7 direction. For exam-
ple, 7, = (7), = sinfcosp. It is not the same as
& =(1,0,0).

In general, any moment is independent of the
choice of origin only if all lower moments are zero.
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Multipole Expansion

For a general charge distribution p(7') localized near
the origin of our coordinate system, we can expand the
potential for large r to get the multipole expansion

o(7) = ¢(0) + ¢(1) + ¢(2) 4.

_ 1 <Qt0t + .
r

47eq T

rzr]
@] .)_

At large r, only the leading term dominates.
We can calculate the electric field of the charge
distribution using E = —V¢. Then

E‘:E(O)+E(1)+~-~

(Qtot 5 T.ig 3(5";)72_5}4‘)

47T€

Laplace’s Equation
Spherical Coordinates

By substituting E = —6¢, into one of Maxwell’s equa-
tions, we get Poisson’s equation V2¢ = A¢ = —i.
If there are no charges in the considered region, then

p =0, and we get the Laplace equation
V26 =A¢p=0.
In spherical coordinates, this is

182 1 . c’)¢ 1 8%
82(¢)+r251n989<1 ar)Jrr?sinQH&pQ'

Assuming a separable solution, we try ¢(r,0,¢) =

U(r)
U0 p(6) - Q).

If our system is azimuthally symmetric, so that
there is no dependence on ¢, then the general solution
to Laplace’s equation is

o(r,0) = Z (Aﬂ” + Z_1> Py(cos0).
=0

The Py(x) are Legendre polynomials. The first

several are
Py(z) =
P1 ((E) =

M\»—AH =

Py(z) = = (=1 + 32?)

These polynomials have the parity relation

Py(—z) = (-1)"Py(x),

so if £ is even then Py is even, and if £ is odd then P,
is odd.

The P;(x) form a basis with orthonormality con-
dition
2

TR

1
/ dx Py(z)Pp,(z) =
-1

A useful trick when integrating a Legendre poly-
nomial is to use the orthonormality condition and
1 = Py(cos¥).

If integrating Legendre polynomials, it’s often
much faster to make the substitution = cos§. Then
the Legendre polynomials are simply polynomials in z,
which are much easier to integrate than polynomials in
cos 6. For example,

T 1
/ sinfdf Py(cosf) = / dx Py(x).
0 -1

If a problem does not have azimuthal symmetry,
then the general solution is

>y

£=0 m=—¢

By
o(r,0,0) = (Agmr + Hl)ng(@ ©),

where the Yy, (0, p) are the spherical harmonics. The
first several, given in spherical and Cartesian coordi-
nates, are

1
Vo — ——
00 A7
Yii=—- ismﬂew*f ix—i—%y
T 8t r
3 3
Yio =4/ -—cosf = 2z
T Tr
3 3 x—1
Vi =1/ sinfe i = ) 2T
s T T

The orthogonality condition is

[ 49 ¥ 0.0)¥irr (6. 0) = 8B

where the integral goes over the spherical angles. The
spherical harmonics have definite parity, and

}/Z,—m(ov <P) = (*1)m}/€tn(0a QO)-

Remember that m = —¢,... /.
A useful trick when integrating a Legendre poly-
nomial is to use the orthonormality condition and

1= \/47’(’%0(8,@).
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Cylindrical Coordinates

Laplace’s equation A® = 0, in cylindrical coordinates
is
0?0 100  10°® 0% 0
op*  pdp  p? 0 922 T
We again assume a separable solution ®(p,p,z) =
R(p)Q(¢)Z(z). In general, the solutions are Bessel
functions or modified Bessel functions. However, if the
problem has no z-dependence, then the general solu-
tion reduces to

D(p,p) =ag+bolnp+ Z {p” [an cos(ny) + by, sin(ngp)B

n Z { [; cos(nig) + dy sin(ng)| }

General Procedure

The general procedure for solving Laplace’s equation
is:

1. Choose a coordinate system

2. Write down the general solution for Laplace’s
equation in that coordinate system. Is the prob-
lem azimuthally symmetric?

3. Identify the boundary conditions and write them
in the most convenient form for your chosen coor-
dinate system. For example, if a boundary con-
dition contains z and you are in spherical coor-
dinates, then write z = r cos @ = rP;(cosf).

e What is the potential at the given surfaces?
Are they conductors?

e What is the potential at infinity? Does it
go to zero?

4. Apply the boundary conditions to identify the
values of the nonzero coefficients in your general
solution. Equate coefficients. Use the orthonor-
mality condition.

Spherical Multipole Expansion

If we’re far away from a charge distribution, we can
expand the potential of the charge distribution as

¢

T >3

{=0 m=—4

A qem

o) = 20 1 1 ritl Yem (0, ¢),

where
i = [ @0 p(F)Y5 (00,

are the spherical multipole moments.

charges,
¢
m = Z q;7; Yzfm :
i

For discrete

Notice that the spherical harmonic in gy, is the com-
plex conjugate. Remember, if the system has az-
imuthal symmetry, then m = 0.

For each level ¢, notice that ¢ ~ 1/r*1. Keep in
mind that m = —/£,...,/, so for a given ¢, there are
2¢ + 1 moments qz,. We also have the simple parity
relation

qe,—m = (_l)qum

For ¢ = 0, we get the spherical monopole moment.
and its relation to the Cartesian monopole moment
tot is

1

E \/7 Qtot

qoo = /dST/ P(FI)

For / = 1, we get the spherical dipole moments,
which can be related to the Cartesian dipole moment

ﬁ: (pazapyvpz)

3 3
. 3 7 -/ 2 9
Q10—/d " p(F )\/47r2 \ 2:P=
/3 .
qi1 = — g(px_lpy)
3 )
Q1= \/87(pz+zpy)~

Boundary Behavior

Consider a boundary surface with surface charge den-
sity o. The normal component of the electric field is
discontinuous across such a charged surface. In gen-
eral,

En’+ - En,, =

o
0 b

where E,, . means the normal component of the field

on the outside. So the normal component of E jumps

by o/eg. The tangential components are continuous
across a charged surface

Bt = Ei,—.

Since the electric field is the negative derivative of the
potential, we can write these two results in terms of
the potential. For example,

5‘(1), 8¢>+ . o

on

on €



3.14. Summary: Electrostatics

81

Conductors

We model conductors as materials containing positive
and negative charges that are completely free to move.
Some important facts about conductors are:

e The field inside a conductor is zero

—

Einside(F) = 0.
e The potential inside a conductor is constant

@eonst(T) = const.

e Within a conductor, Gauss’s law and E =0 im-
ply that
Qenc =0.

Thus, any charge, if it exists, must reside on the
surface of the conductor.

e On the inside of a conductor, the tangential and
normal components of the field E are zero. Im-
mediately on the outside of a conductor with sur-
face charge o, these components are

Et:(), En:

o
€0 '

These follow directly from the boundary condi-
tions discussed earlier.

Image Charges

The solution to the Poisson equation is unique. Thus, if
a solution can be guessed that satisfies all the boundary
conditions, then it must be the solution to the problem.
This is the idea behind image charges. The general
procedure is:

1. Identify the boundary conditions and the region
within which you want to solve Poisson’s equa-
tion for the potential ¢. Typically, this is the
region outside of any conductors described in the
problem statement

2. Remove all conductors from the problem. Put
in image charges such that the potential due to
all original charges plus all image charges satis-
fies the same boundary conditions as the original
problem containing conductors

3. Write down the potential due to all original and
image charges and verify explicitly that the orig-
inal boundary conditions are satisfied. Since
the solution to Laplace’s equation is unique, this
must be the solution to the original problem

Keep in mind:

e Never put image charges into the region for which
you are calculating the potential

e The calculated potential is only valid in the re-
gion identified earlier. It is not valid in the region
containing image charges

A charge near a conducting surface will induce a
surface charge density

€ a(boutside

0 on )

on the conducting surface. This is evaluated on the
surface. The total induced surface charge is

Qind = # g dAa

where the integral goes over the entire surface.

oc=¢kl, =—

Green’s Theorem

Consider an arbitrary region of charge density p con-
tained within an arbitrary volume V that is bounded
by a surface S. Given two arbitrary scalar fields ¢ and
1, Green’s theorem says that

/V <¢A¢ — qus) Br = 512 <¢g:f — g;i) dA.

To get a version of this theorem that is particularly
useful for electrodynamics, we choose ¢ to be the ordi-
nary electric potential, and call ¢ the Green’s function
G(7,7'), whose only requirement is that AG(#,7’) =
—47§(¥ — 7). This implies the form
GF ) = — + P77
) |—»_ ’f"/‘ 9 )
where AF' = 0 in the volume V. Note that + is the
observation point and 7’ is the integration variable.
If the problem has Dirichlet boundary conditions,
we choose F' such that G is zero on the boundary

=0.

7'es

Gp(7,7")

Then the Green’s theorem can be written as
1
o(7) = / p(FGp (7, 7)d>r
v

4meq
1 L 9Gp
_47r/s"5(’°)an/ dA"

In practice, the difficulty is in finding an F' such that
G = 0 on the boundary S. Remember that p(¥') is the
explicit charges in the volume V. To construct G, we
place a test charge at ¥/ and identify the image charge.
Then

1
G= —— +F,

|7 — 7|
where the first term is the potential of the test charge
(up to the prefactor of 1/4mep), and F' is the potential
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of the image charge (up to the prefactor), where the
image charge is placed such that the boundary condi-
tions are satisfied.

Remember, G(7,7') is a function only of the ge-
ometry and does not care about the actual value the
potential may or may not have.

If the problem has Neumann boundary conditions,
we choose F such that

47
Fes S

(7, 7)

on’
where S is the total surface area. Now we get

1
47

o) /V p(7)G (7, 7)o

1l om0
+ s [ anE ) ghan + o),

where (¢)¢ is the average of ¢ over the surface S. In
typical applications where S — oo, this term vanishes.

When using these formulae, remember that the
normal direction n’ points outward from the volume of
interest.

Miscellaneous

Memorize at least the radial part of the gradient, and
divergence in spherical coordinates.

o, 00,
Vd)far
Lo 10,

Be careful when taking divergences. If you’re taking
the divergence of something that contains any #/r?,
then it is generally safer to fully expand the divergence
of products of functions using the product rule

-,

V. (fA)=f(V-A)+ A (V)),

and then using the fact
v -

7
5 =4n 53 ().

Whenever you have a field that behaves as E ~ 7 /r?
when 7 ~ 0, then this behavior is being generated by
a point charge, i.e., the charge distribution contains a

delta function.
The law of cosines may be useful:
7 =72 =r? 402 277

To do Taylor expansion of a multivariable scalar
function about the point 7, we use

S+ 67) = [(7) + (V1 (7)) o7
1 .,
+ 5 (0.0, () bri oy + -
If F/(7+ 67) is a vector function, then
F(7+07) = F(7) + (6 : F’(m) SF 4

Notice that for a vector function, the gradient becomes
the divergence.
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Magnetostatics

Recall that Maxwell’s equations decouple when p, 3, E7 and B are independent of time.
The two Maxwell’s equations for magnetostatics are

HoJ
0.

X

T
I

4

X

4.1 Laws of Ampere and Biot-Savart

We can use the continuity equation 0,j* = 0, and the time-independence of the charge
density % = 0 to conclude that
V.j=0,

in electrostatics and magnetostatics. Then we can use V xB = Mo.; and Stoke’s theorem

/ (exﬁ)dff:%ﬁ-dz

s c

where S is the surface of some volume and C' is the closed curve along the boundary of
S, to get Ampere’s law

yg E : d[: tolc,
C

fc:/f-dz,
S

is the current passing through the surface S.
The other Maxwell equation, V- B = 0, implies that there exist no monopoles. Using
the divergence theorem gives us
¢ B-ai-o,
s

where S is the surface enclosing some volume V. More generally,

where

/E-dA’:m,
S

is the flux of the magnetic field through the surface S.
Similar to what we did in electrostatics, we can use the Helmholtz theorem to write a
function B(7) in terms of the divergence and curl of B. This leads us to the Biot-Savart

law .
3(7")

|7 — 7|

)

1 _o. Mo 3,/
B(m_VxM/dr
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which can be written as

-

5 Ho 3.1 =t T
B = — _—
=20 [ )«

For a thin wire, we can write the Biot-Savart law as

4.2 The Vector Potential

Recall that

B=VXxA,
where A is the vector potential. This equation holds in general—not just for magneto-
statics.

By gauge invariance, we can choose a different A resulting in the same field B. For
the 4-potential, the gauge transformation is

AP — AP — OQFA
for some function A. For the 3-potential,
A— A+ VA,
Suppose we have some generic Al , which we can transform via the gauge transformation
A=A"+VA.
Then oL L
V- A=V A"+ AA.
We can always set this quantity to zero because we can always find a A such that
AN =-V- A’
In other words, we can always choose A’ such that

— —

V- -A=0.

This is called the Coulomb gauge. There are other gauge choices such as the Lorentz
gauge, but the Coulomb gauge is often the most convenient because then we get magne-
tostatics equations which are similar in form to the equations of electrostatics.

The Coulomb gauge is also valid in dynamical situations. It is not just for magneto-
statics.
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The Coulomb gauge V - A =0 does not uniquely determine A. Whenever A\ = 0,
the resulting A is the same. That is, we can have different choices A and A’, but if
AN = AA, then the resulting A will be the same. On the other hand, if A vanishes at
infinity, then V - A =0 does uniquely determine A.

One drawback of the Coulomb gauge is that it hides causality and the Lorentz struc-
ture. Results in the Coulomb gauge can end up looking acausal, but once you go to the
level of the fields, all acausalities are resolved.

In the Coulomb gauge,

—

6><1§:6><(ﬁxj):v(ﬁ-E)—AfT:uoj’.

Since we are in the Coulomb gauge, V-A=0,and we get

AA = —poj.

This is the Poisson equation for the vector potential. Keep in mind that this is a vector
equation, so it is really three Poisson equations. From this, if we know 7, then we can
calculate A by integration
_‘ —' /dS / T‘
[7— 7| *’I

Taking the curl of this equation gives us the Biot-Savart law. This result for the vector
potential is similar to the result in electrostatics for the scalar potential, but now we
have three equations. This results in richer physical phenomena in magnetostatics than
is found in electrostatics.

4.3 Magnetic Dipoles

-
Consider currents j localized in some volume.

\>

As in electrostatics, we can expand

for large 7. Then we can expand the components of the vector potential as
Mo 1 3 1 . F 30 @2l (!

The first term gives us the monopole contribution, and the second term gives us the dipole
contribution.
Since the currents are localized, i.e. 7 = 0 on the surface of some volume, then the

divergence theorem implies that
/d?’r’ v’ (r;;) =0.
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We can expand the left side as
/d3T’ (ji('F”) + rﬁ’ _;) =0.

Since we’re only considering the static case, we know that v/ ; = 0, so the second term
in the integral is zero. Thus,

/d3r’ Ji(7) = 0.

That is, there is no monopole contribution, and so

A7) = 1o V . /d%’ T + - ] .

4w |3

For the dipole term, we again use charge localization and the divergence theorem to

reason that
/d3r’ v’ (r;r;;) =0.
/d?’r/ (]zr; +jjr;) =0.

F-/d?’r' 75, (F") :Tj/d?’r’ r;ji
1
= —§7~j/d3r’ (réjj —T;ji)
1 3,./ =/ s
= —5CiikTi d°r (r xg)k
1 -
=3 (Fx /d?’r’ (F’ xj)) .
i

Remember, we are using Einstein summation notation. So we can write the vector po-
tential as

We can expand this as

So we can write

o oM X T
A =0T

where

1 -
m = 5/d%' 7 x 3 (7",

is the magnetic dipole moment.
Taking the cross product allows us to write the magnetic field in terms of the magnetic
dipole moment as
B(7) = —
(7) 47
The dipole term is typically the leading term. In fact, we will not do anything beyond
the dipole term in this course.
Recall that the force on a moving point charge due to a magnetic field is

r3

ﬁ:qﬁxg.

This implies that F 1 ¥, which implies that the magnetic field does no work on the
particle. Now, suppose ¢ is a small current element, then we get the force on a current
density due to a magnetic field

ﬁ:/dw;xg.
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For a thin wire,
dF =1d¢ x B.

If we expand the magnetic field

—

B(7) = BO)+ (7¥) BO)+ -,

and plug it into the integral formula for F, we get

—

F(F’):(ﬁixV)xE,

which we can write as

— —

PWﬁ:V(m~§)+m

This is the force on a magnetic dipole m due to B.
This implies that the potential energy of a magnetic dipole 1m in a magnetic field B
is

‘U:_m.§+...‘

Note that this is not exact—hence the ellipses. Even an ideal current loop has higher
orders.
The general formula for the torque on a dipole is

?:/ﬁwwxgxéy

With multipole expansion,
F:i/d%’KW-§>f—(F“])§y

|7—mxB+- ]

This simplifies to

Does 1 depend on the origin of the coordinate system? Given a magnetic moment

1 -
ﬁ’z:i/d%’ 7' x 3(7"),
we can shift it by a constant vector 7y to get
~_1 d3/ — =/ ‘-’—»/_1 d3/—»/ 2= 1-» d3/‘-“-»/
m=g r (r0+r)><g(r)—§ rrxg(r)+§r0>< r' g (7).

The first term on the right is the old expression for m, and the second term is zero, so
m does not depend on the choice of origin.
Previously, we had 7 localized at the origin, then

—

7 =m x B(0).

Now we generalize to distributions away from the origin.
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Now,

Br' (7+7) x (;’(F+ 7') x B(7 + F’))

,7—_’

I
—

s

—ix /d%/ (G4 7)) < B+ 7)) +/d3r’ # o (F 7 < B ).

The first term is 7 cross the force F(7) and the second is the expression for 7 for j
localized at the origin. So

F(7) = 7 x F(F) + m x B(F) + - --

4.4 Field of Moving Point Charge

For a moving particle with trajectory 7o(t),

g

J( 1) = quo® (7 - 7).

To calculate A: we can’t just plug this into our previous integral formula for ff(F) since

that was derived assuming magnetostatics.

Consider a point charge ¢ at rest at the origin in frame F’. Its potential in this frame
is 1

q =
T A'(F) =0.

¢'(r') =

 Ameg |7

Now consider a frame F wherein the charge (which is at rest in F’) is moving in the +x
direction with velocity ¥. Assume the charge is at the origin in F' at time t = 0.

F

The potentials in F and F’ are

Then we do a Lorentz boost A*’/ — A#

¥y By 00
At — By v 00 AR [-]’:E
0O 010 c
0 0 01
This implies that
¢:7¢,7
and
(;S/
Az:’)/ﬁ*, Ay:Az:07

c
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o.

o @y

or
A=1fy =
C

1 Yq

We have
Pl Y .
¢($,y7z) 47‘(60 x’2+y’2+2'2

We want ¢(z,y, ), rather than ¢(z’,y’, 2’), so we Lorentz transform the coordinates

= A" v,

This implies
o' =y(@—Bet), Y=y, =z
SO
|,F»/|2 _ 72(.% _ Bct)2 +y2 +222,
with 1/9? =1 — 32, Thus,
1 ¢
d)(xa Y, Z) - 47'['60 ;a
where
s=y/@—BP +1— B + ).
The electric field is .
_, - 0A
E=-V¢— —.
¢ ot

E =
4req s3
More generally,
= 1 q-p% ,
E=—— TP )@ _ g,
4meg $3 (7= 1)
For the magnetic field,

Bo¥x A=V (%) —(96) < B9 B <_ﬁ_“> B 5.8
c c c ot c c

Here we used the fact that V x 3 = 0 and that % x B = 0 since A I B. This tells us

that a moving charge generates a magnetic field
1
2

B=-_Ex@v.

[

<l
[
N

=L
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The fields refer to the charge’s location at its current position—seemingly violating time
dilation. However, it just appears to be wrong. It is really the field of the charge at a
slightly earlier time (retarded position).
Keep in mind that this is no longer magnetostatics since ; is not time-independent.
Consider the non-relativistic limit 8 << 1. In this limit,

Bt TXToT0) L o).

47 ‘7?77?0|

This reproduces the Biot-Savart law for _; = BB (7 — 7).

4.5 Larmor Precession

Consider a magnetic dipole

1 -
m = 5/d%' 7 x 3 (7',

generated by point charges ¢; moving non-relativistically with speed v(; << c. Then

Iy = 6800 (F— 7, (1)) -
Then

1 -
m = Z 3 / d*r' 7' x (qﬁ(i)5<3> (7— F(i)(t)))

= 25 T X T

If all charges have the same charge to mass ratio, then ¢;/m; = g/m is a constant and

- qa 7
=—0L
m=, L,

is the total angular momentum of the system.
Consider a dipole at the origin in a uniform magnetic field B. Then

where

. dL
T=mxB=—.
dt
This implies
dL .
@ _ 1« B
dt 2m
Thus,
dL "
E - (:5 X _L7
where
c-_18
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So the angular momentum L, and thus m, precesses around & (or _E) with Larmor
frequency w.
The spin of a particle is also an angular momentum and generates a magnetic dipole
moment. Consider a particle with charge e
e =
m=g—3S,
g?m
for g = 1 for orbital momentum. For spin, it can have other values. For example, for a
spin-1/2 electron, |S| = A/2 and Dirac theory predicts g. = 2. In reality, g deviates from
2 due to quantum field effects. This anomalous magnetic moment of the electron is
ge—2 «

L 40
2 27T+ 70,

ae =

where o &= 1/137 is the fine structure constant. The experimental value for the electron
is
al® = 0.001 159 652 180 85(76).

This agrees very well with QED, and it’s actually how we are able to measure the fine
structure constant « to high precision.
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4.6 Summary: Magnetostatics

Skills to Master

The two Maxwell’s equations for magnetostatics
are

HoJ
0.

T

X
X

4

Ampere and Biot-Savart Laws

Using VxB = ,uof and Stoke’s theorem, we can derive
Ampere’s law

gﬁ B-df = pole,
C

which allows us to easily calculate the magnetic field
for some simple symmetric current distributions. The
current I through the closed loop C is given by

IC:/;.M.
S

The flux of the magnetic field B through a surface
S'is
/ B - dA = ¢y.
s
This quantity is zero for any closed surface.

Using the Helmholtz theorem with the magnetic
field gives us the Biot-Savart law

—/

5 = Ho 2/ T
B(T> 47T/d3/ ( /)X |,,—,* ,’:*/|3>

which allows us to calculate the magnetic field due to
a general current distribution. For a thin wire, this
simplifies to

where I is the current through the wire.

The Vector Potential

Recall that the magnetic field can be written as the
curl of a vector potential A

B=V x A.
Under a gauge transformation,

A’—)A’+§A,

where A is some scalar function, the magnetic field
is unchanged. This allows us always to choose the
Coulomb gauge where

— —

V-A=0.

In the Coulomb gauge, replacing Bin the Maxwell
equation VxB = wog with the equivalent VxA gives
us the Poisson equation for the vector potential

AA = —poj.

Since A is a 3-vector, this is really a set of three Pois-
son equations. This Poisson equation implies that for
a general current distribution,

3/.7()

g Ho j (7'
A =10 [ gy 2T
(7) 47r/ i

Magnetic Dipoles

If the current distribution _; is localized in some re-
gion, we can perform a long distance expansion of the
integral formula for A(#). This allows us to write the
vector potential as

uoﬁixf"
A 3 ’

/d3/—»/ _-’ )

is the magnetic dipole moment. This is the first
nonzero moment in the multipole expansion of A’(F)
As such, m is always independent of the choice of ori-
gin.

Taking the cross product of A(7) gives us

A7) =

where

B -1 |

3(m - F)F — ]
3 4+
-

The force on a current distribution, due to an ex-
ternal B field is

—

F(F):ﬁ(m-§)+---.

This is the force on a magnetic dipole 1m due to B. Its
potential energy is
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The torque on it is
7(7) = m x B(F) + 7 x F(7) + - --

If ; is localized at the origin, then the second term is
Zero.

Field of Moving Point Charge

For a moving point charge with trajectory ¥y(t), we
have the “current”

37 1) = qB0'™ (7 — 7).

Consider the scalar and vector potentials in our frame
F and in the particle’s rest frame F’, which is mov-
ing in the +x direction with velocity ¥. After Lorentz
transforming the 4-potential to get X(x’ ,y',2') and
¢(x',y’,2") and then Lorentz transformating the co-
ordinates to get them in terms of x,y, z, we find that
the scalar and vector potentials are

1 ¢

d)(mvyaz) - 47T€0g
i-P
c

where

s=y/@—BAP +1— ) + ).
Then the electric field of the moving particle is

= 1 q-p) .,
E=—"—_"-(F—17t).
4req s3 ( )
For example, if the particle is moving in the x direc-
tion with speed v, then ¥ — ¥t = (z — vt,y,z). The

associated magnetic field is

Larmor Precession

If we have a group of point charges moving non-
relativistically and they all have the same charge to
mass ratio ¢/m, then the magnetic dipole moment they
form can be written in terms of the total angular mo-
mentum of the system

m = —0L.

Recall that the total angular momentum of a system
of particles is just the sum of their individual angular
momenta

g — —
L= E T X m;U;.
i

For a dipole m at the origin in a uniform magnetic
field B, we can write the torque ¥ = m x B as the
time derivative of the total angular momentum. Thus,

dL -
E = U_J‘ X _L7
where
s=-18
2m

This implies that the angular momentum vector L (and
also M) precesses about & (or —B) with the Larmor
frequency

_ 4B

w=|d| = o



Chapter 5

Electrodynamics

5.1 Plane Waves

Now we return to the full time-dependent Maxwell equations

. BE_r

€0

. - 10E -

VxB- """ =]

X 2 ot HoJd
. - OB

VxE+2"=0
Bty

V-B=0

-

Consider a region with no charge or currents, so p =0 and j 0. Then
1 0% 5

——E.
c? ot?

Here we used a vector calculus identity as well as the Maxwell equations with p = 0 and

; = (0. This implies that
1 02 _,
———-A|)E=0.
<02 ot? ) 0

This is the wave equation for the electric field E. We define the d’Alembert operator
as

6><(6><E’):6(6.E’>_AE’:_%6XB’:_

1 92
chfzﬁ—Azauaﬂ,

then we can write the wave equation as

- [

We repeat the same thing for E,

Recall that

o=

Qi 8o

G (9xB)=-aB=10

This gives us the wave equation for the magnetic field B

1 0? =




5.1. Plane Waves

Consider solutions f = f(z,t) which depend only one a single spatial variable. Such
solutions are called plane waves. We can “factor” the PDE as

1 62
10 0 10 0
(c@t - a) <8t + a) J(z) =0.
If we define the d’Alembert variables

E=z+ct, n=z-—ct,

then
o _1(o 10y 0 _1(0 10
o6 2\0z cot)’ on  2\9z «cot)’
and )
0
8§8nf(z’t) =0.

Thus, we can treat f(z,t) as independent of £, then

%f(:at) — o)) = f(en) = / dn ga() + F2(6).

Alternatively, we can treat f(z,t) as independent of 7, then

0
sl =0 = flem = / de u(€) + Fa(n).
This implies that

FEm) = fi(m) + fa(©),

which we can write as

[ f(zt) = iz = ct) + folz + ). |

A function like fi(z — ct) gives some shape defined by f; that is moving to the right with
speed c¢. A function like fo(z + ct) gives some shape defined by fo that is moving to the
left with speed c.

Transverse EM Waves

We now consider transverse electromagnetic (TEM) plane waves involving E = E(z, )
and B = B(z,t), which depend only a single spatial variable—z. Since p = 0, we know
that V - E = 0, and this implies that

OE,

0z =0

That is, E, has no z-dependence. We also have

(98) 2= (557) = = O e (95) ~o

which implies that E, also has no t-dependence.

OE.
ot
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Thus, E,(z,t) has neither z nor ¢ dependence, so
E. = constant.

We can set the constant to be zero. Thus, E oscillates only in the xzy-plane. We have
two solutions, both of which are perpendicular to 2

E+(z7t):fL(Z+Ct)v E’_(Z,t):g’L(cht).

Then
0.f1y ~
05 o =z B ’ . 8.fl__A lg—»
aB+— VXfJ_(Z+Ct)— *asz,m = —2 X 92 = —2z X (Cat'fJ‘)
0

In the last equality we used the fact that the dependence of f, on z and ¢ has the form
z +ct, so

of L _10f,
0z c Ot
So we found that,
0 = 10 > 190 4
— B, = -2 _ — _23 __E
oot ZX(cath> Zx(cf)t *)’
which implies - -
cBy =—-%2x E; 4+ (time-independent piece).

This implies that

E+'B+:O — E+LB+.
Similarly, one can show that

E B =0— E_1B._.
In general,

E=E,+FE_.

but

<E+ + E_) : (B+ + B_) £0.

For EM waves traveling in a generic but constant direction I::,

EFt)=E, (¢t —k-7),

where E | is perpendicular to the direction of propagation k. The associated magnetic
field is

cB(#t) =k x E(7,t).

The magnitudes of the field are related as
|E| = c|B].

In general, for transverse EM waves, E, B , and k form a right-handed mutually-
perpendicular triad of vectors.

A
E

|

5
B
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Monochromatic Plane Waves

For the wave equation
1 62 02
<c2c’)t2 a 8z2> fz1) =0,

we assume a separable solution

F(2,t) = Z(=)T(0).

In the special case of monochromatic plane waves, we can write the solution in the
form

El(¢) = Re (El70€i¢) 5
where ¢ k-7 —ct, and E 1,0 is a complex constant vector in the zy-plane. That is,
EL(ﬁ t) = Re (E’Lpei(’;?iwt)) s

with w = C|E\ We can also write it in 4-vector notation as

EL(F, t) = Re (E_’Lpe_ik"’zﬂ) ,

o= (25)

is the wave 4-vector. For B we have a similar structure.
The physical fields are always real. Remember that

where

Re e'? = cos ¢.

Typically people will write the fields without explicitly noting that the real part must be
taken. For example, people will write

This is fine as long as we only perform linear operations with the fields. However, taking
products, magnitudes, etc. of the fields will cause problems unless we first take the real
parts of the fields.

Polarization

At a fixed point 7 in space, the fields are harmonic oscillators.
Consider a linear combination of two plane wave solutions with the same direction
of propagation

E = Aé; cos (E S —wt + (51) + Bés cos (E S —wt + (52) = F1é1 + Esé,, (51)

where all quantities are real and é; and é, are perpendicular to k and to each other. At
a fixed position 7, E, and E, act like a pair of perpendicular harmonic oscillators, and
the general shape traced out by the vector E (at the fixed position 7) is an ellipse. After
some algebra, it can be shown that

FEq 2 by 2 E1Es .9
<A> +(B) -2 1B cos d = sin” 4,

where § = d; — d2. This is the equation of an ellipse centered at the origin and rotated
through an angle

2AB cos d

2 p2
Hicotl{A B ]
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Elliptic Polarization

In general, for the EM wave given in Eq. (5.1), we have elliptical polarization

Ea

M

Circular Polarization

For the EM wave given in Eq. (5.1), if A = B and § = 01 — d2 = 7/2 4+ mmw for m € Z,
then we have circular polarization.

Ey

A
N

Circular polarization corresponds to the spin of the photon in or opposite the direction
of motion. We can have left or right circular polarization. The convention in high en-
ergy physics, is that if the photon’s spin is in the direction of motion, then it has right
polarization. If its spin is opposite its direction of motion then it has left polarization.
A circular wave is right-polarized if when you wrap your fingers around the direction
of rotation (i.e. right-hand rule) your thumb points in the direction of the wave’s propa-
gation. It is left-polarized if your thumb points opposite the direction of propagation.

Linear Polarization

For the EM wave given in Eq. (5.1), if § = 6; — d2 = mn for m € Z, then we have linear
polarization
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Wave Packets

We can write the general superposition of solutions as the Fourier transform with respect
to space

0 = e ([ @k p@eErn),
where for electromagnetic waves in a vacuum,
w(k) = ck,

is the dispersion relation. The Fourier coefficient is

F(R) = (er)g / B f(7 = 0)e— R

Note, the “Re(---)” ensures that we only need to include the —iwt solutions and not also
the +iwt solutions since

Re (ei(E'FJF“’t)) = cos(k - ¥+ wt) = cos(—k - 7 — wt) = Re (ei(*ﬁ"tm)) .

That is, by integrating over —k as well as +E, we are already including the +iwt solutions.
In 1D, e.g. for a wave packet traveling in the z-direction,

Fet= [ ak paeten

— 00

f(k) = i/m dz f(z,0)e” "=,

27 J_ o

Taking the real part in the end is implied here.

Lorenz Gauge

Recall that

Adding and subtractingc%% between the two equality symbols allows us to write

1 92 0 (106 = =\ p
(aatz‘A)d"at(czaﬁV'A)—eO'

Similarly, one can derive
1o - o (10 o = -
——-—-A)JA+V|—+V-A) =pJ.
<c2 ot? ) * <62 ot * ) fol
We want to pick a gauge where the second term is zero

106 o =
=99 LA =0.
028t+v 0
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This is called the Lorenz gauge, and in covariant notation, it is

In the Lorenz gauge, the simplified equations for ¢ and A can be written in covariant

form as
0,0" A" = poj*.

If A" is not in the Lorenz gauge, then we can make a gauge transformation
AP = AP 4 QHA.
Then we need a A such that
0=09,A"" =09,A" + 9,0"A.

This implies
0,0"A = -0, A",

This is a wave equation, and it can always be solved for A.

One advantage of the Lorenz gauge is that d,A* = 0 is a scalar product of two
Lorentz vectors, so it is Lorentz invariant and independent of the frame. A disadvantage
of the Lorenz gauge is that it’s not very restrictive. For monochromatic plane waves,
there are six components of E and B , but there are really only two degrees of freedom
sinceELE,ELEandELE.

In a charge-free vacuum, it is possible to choose a frame with ¢ = 0. Combine this
with the Lorenz gauge condition 9, A" = 0, and this implies V -A = 0. This is the
Coulomb gauge. With this choice (and remember this is not generally true), A% = 0,
and

A(F.1) = Re / Ph A(R)e Er—en),

where

—

Ak) =

3. A= —ik-7
BB /d r A(7,t =0)e .

Then V - A = 0 implies that
0=Re ¥ [ @ AReFT 0 —Re [ @k i AR ET,
and this implies that .o
kE-A=0.
5.2 Energy and Momentum Conservation

Poynting’s Theorem and Energy Conservation

Consider the work performed by the electric field Eona charged particle (recall that B
does no work). The Lorentz force is

ﬁ:q(ﬁ—k'f)’xﬁ).

Then oL
dEmech = F -dS = F - v dt,

where E,¢cn, 18 the mechanical energy. Recall that for a charged particle,

7 = qU6(F — Fo(t)).
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We can write

dgmech /d " .1 /d E’ 5’

Here, E - ; is the “mechanical work density per unit time” or the “mechanical power
density”.
If we plug in one of the Maxwell equations,

— - — 1 = — 1 E
E.-j=E — <V><B 28>
Ho 0

Using the vector identity

we can write

5 ;:ﬂg (VxB) -9 (BxB)| -k aaif
:H_g By (Exg)]_goﬁ.‘f

where

1 - 1 =
== (€0|E|2 + B|2> ;
2 Ho

is the energy density of the electromagnetic fields, and

ExB
Ho

§:

is the Poynting vector with units of energy per area per unit time. It is a measure of
the energy flowing in the S direction.
A non-vanishing S on the surface of a volume V does not necessarily imply that there
is an energy exchange through the surface of V. There could be energy exchange, but S
could also be parallel to the surface implying no energy exchange through the surface.
Then 5
- u [
E-j+ ot +V.5§=0,

which implies Poynting’s theorem of energy conservation

d oo
% (gmech + gfields) + / S -dA = 0
surface
where
dE / &r E ;
7, ¢mech — 7
dt v
and

gfields :/ d37" u.
14

This all assumes that no particles are leaving the volume.
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Momentum Conservation

‘We know that
d _ - =
%ﬁ’mech :F:(I(E+17x B) .

This implies

d o o
aﬁ;nech = /dST (pE+.7 X B)a

where
pE + ; X ﬁ,

is the “mechanical momentum density per unit time”.
Using Maxwell’s equations to eliminate all references to the charges p and 3, it can
be shown that

N 0 (= = 0
E+jxB=— —(ExB) AP
pEtI 7 T
where
1 = 9 1 1 =5
Uij = €0 ElE] — 557]‘E| —+ % B,Bj — 5511|B| 5
are the components of Maxwell’s stress tensor. Then we can write

N ] )
E+j3jxB+— | =0,
(p + 7 X +at)j 83:103

where

_ — 1 =
g‘ZEOEXB:?S,
C

is the momentum density of the fields. If we integrate, then

L L N d
[/ av (pE+j><B)+dt/dVg’] :/dAmoij.
v 1% i Js

This is momentum conservation. The quantity on the right side is a force. Specifically,
0;j dA; is a force in the jth direction and applied across the area dA pointing in the ith
direction. That is,

force in the jth direction

;i dA; = .
R area in the ith direction
For example
F,
Opz = A—m, (compression)
T
F,
Opy = A—y, (shear).
T

F‘f
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In 4D, we can write energy-momentum conservation together as

0, T" + f* =0,
| |

where f* is the force density and

u  Sgfc Sy/c S./c u  Sgfc Sy/c S./c

THY — gazC —Ozx —Ozy —Ozxz _ Sm/c —Ogy —Ogy —Ogxz
Gy€ —Oyz —Oyy —Oyz Sy/c —Oya —Oyy —0ys

gzC —O:xg _Uzy —O0zz Sz/c —Ozx _Uzy 02z

Notice that © = 0 gives us energy conservation, and p = i gives us momentum conserva-
tion.

5.3 Retarded Green’s Function

We now look at Green’s function for time-dependent potentials.

Recall
80" At — ppoilt s iﬁ_A AF = i
v = HoJ C2 8t2 = HoJ]" -
Recall that for the Poisson equation A¢ = —p/ey with boundaries at infinity we can
use Green’s function. For a point charge distribution, G = 1/|F — 7’|, then AG =

—4mé(7 — 7). For a general charge distribution,

1 / —/ — =/
o(T) = Ireo d*r' p(7)G(7, 7).

We repeat this but now for the time-dependent Green’s function. We start with

1 2
(CQSIQ - A) GF,t, 7, t') = 4md®) (7 — #)5(t — t').

This implies
1
S ) = —— / B d p(7 )G (F 1,7 ).

T Areo

We can show that this time-dependent potential solves 9,0"¢ = p/ey. Note that if we
calculate (c%g—; — A) ¢, then the operator (C%g—; — A) acts only on 7 and ¢t and not on
7' or t'.

Now we want to construct an appropriate Green’s function G(7,t,7',t'). As for
boundary conditions, we will assume the volume is bounded at infinity.

Our first assumption is that G is invariant under translations in time and space.
That is, we want G to be invariant under

77 —7F+ar +da
t,t' — t+b,t' +b,
where @ and b are arbitrary constants. Notice that under this transformation,

P s

So we can write

where
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Our second assumption is that G — 0 at infinity.
The Fourier transform is

GR,7) = /d3k dw é(E,w)eiER_iW.

Notice that

Ans(R)S(1) = (2477:)4 /d3k:dw ik R—iwr, (5.2)

From the Fourier definition of G,

1 82 (_iw)Q .7 ik-R—iwT
9,0"G = (QW —A) G= /d3kdw ( ke (zk)2> elk-Riwr,

We want this to be equal to the negative of Eq. (5.2). So we require

This implies

Then

— 4 2 1 B
GR.7) =1 | Bhdw —— iR Rriwr,
(27r)4 w2 — k22

This is the Green’s function G that solves
9,0"G = —4md® (R)o (7).

We can perform the angular integrals using

27
/d3k—/ dk k2/ cose)/ de.
0

Writing k- R = kR cos 0,

~ A7c? 1 .
GR, 1) = | BPhdy —— R Riwr
(2m)* w? —k2c2

Amc? —iwT o 2 1 ! ik R cos 6 o
= —W dw e o dk k m » d(COS 9) e o dg@
4rc? Ciwr [T 2 1 ! L ikr  —ikR
= — (27T)3 /d w e / dk k W / (COS 9) @ (e — e )
7TC /dw e—wn—/ dk k k2 = (eikR _ e—ikR)

47'('02 1 —iwT 1 ikR
= ( ) /LR dUJ e / dk kﬁe

7rc / i k/ dw k2 _ Gi(kR—wT)

Next, we want to do the w-integral. Using partial fraction decomposition, we can write

e 1 1 1 .
d (kaw'r) — / dw — _ z(kaw'r)'
/ v k202 e Y oke\w_ke wike)C
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The problem is that we have poles at w = k¢ where the integral over w is undefined. We
must define it more carefully. To resolve this, we redefine the integral using a regularizing
parameter €, which is taken to zero in the end. This is a standard approach in quantum
field theory.

The idea is to deform the integration contour into the complex w-plane. When we
integrate along the real axis, we avoid the poles at +kc by integrating along semi-circles
of radius €.

T (o)

o o 5 Re(w)
~ke ke

Note, this choice of integration path is not unique. We could also choose the semi-circles
to extend downward, or for either one to extend upwards and the other one downwards.
To evaluate the integral, we use Cauchy’s theorem, which states that

ygdz f(z) = 27riZRcs f(z).

On the left, we have the counter-clockwise integral of a complex function f(z) over a
closed curve C. On the right, we have a sum over the residues of the poles z;, contained
inside C, of the function f(z). Cauchy’s theorem is valid for functions f(z) which are
analytic except for a finite number of poles. To obtain the residue of a pole, we can use a
Laurent series expansion. For example, for a pole at z = 0, we would expand f(z) about
z=0

Then the residue of the pole is the coefficient of the 1/z term. In this case, the residue is
C_1.

We can close the contour (remember, we require a closed loop to apply Cauchy’s
theorem), either by going upward (C;) or downward (Cz) in a semi-circle of radius R — oo.
In this limit, the contribution from the semi-circle part of the contour must go to zero in
order for us to recover the integral along only the real axis, which is what we want.
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ro—s 5—¢) Ca
-ke ke

The contour we choose depends on the sign of 7 =t — t'.
If 7 < 0, we use the upper semi-circle. That is, we use the contour C;, which contains
no poles. So by Cauchy’s theorem,

efirw
dw ——— =0.
él w2 — k22

We can break the contour into the real line and the upper semi-circle,

efirw oo efirw efirw
%dwz 22:/ 2 22+/ dw —5 2,.2°
Cy w? — k¢ —oo W7 k*c semi—circle w? — k3¢

It can be shown that the second integral goes to zero in the limit in which the semi-circle
radius goes to infinity, thus implying that

00 e—irw e—irw
%5 5 — dw ——=—= =0 for 7 < 0.
/ w2 — k22 fél w2 — k22 )

— 00

If 7 > 0, we use the lower semi-circle. That is, we use the contour Cy, which contains
the two poles. Calculating the residue of each pole and then applying Cauchy’s theorem,
we get

e—iTw 1 " "
dw ——— =2mi— (e "7 — "),
%%2 w? — k2c? 2kc ( )
A slight complication is that this result is valid for a counter-clockwise oriented circle,
and we want a clockwise oriented circle so that the integral along the real line goes in
the right direction. So when we break the contour into two pieces—the real line plus the
lower semi-circle, we have to insert a negative sign.

e—i‘rw oS} e—i‘rw e—iTw
_ygdwz 22:/ 2 22+/ dw — 2.2
Co w? — k?c —c0 W7 — k2c semi—circle w? — k?c

Again, it can be shown that the second integral goes to zero in the limit in which the
semi-circle radius goes to infinity, thus implying that

[es} e—iTUJ e—iTw 1 ik ik
/ J _% dw - = _9m— (e_z T _ e’L CT) s fOr T > 0.
C

oo W2 —K2c? w? — k2c? 2kc

Now that we’ve completed the w-integral, our Green’s function is simplified to
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for 7 < 0. For 7 > 0,

G(R,7) = %% dk (eﬂ'km _ eik'r) oIk R
c
= (5(3 —er) —8(R+ CT)).

The quantity R + c7 is always positive for the case when 7 > 0, so the second delta-
function does not contribute. We can then combine both 7 < 0 and 7 > 0 cases in the
single function

—

G(R,T) = %5 (tr—R/c),

or

1 77
— =/ 4/ /
G177 1) = (g (tt _rerly.

r Cc

If we have a source at 7', then points on the wave front satisfy the retarded time
relation
|7 —7'| =c(t—t).

=c ""t’)

2 -F

)’
T
=y
r

A change of source at ¥/ and time ¢’ changes the potential at another point 7 only at the
later (retarded) time

In the limit where ¢ — 0o, we get the “instantaneous” Green’s function

1

N

G ot —t).

We can also consider the advanced (as opposed to the retarded) Green’s function.
However, this seems to be unphysical since the reaction at 7 occurs before the change in
source at 7.

From

1
o0 = o [ ol G )

we get the retarded potential

Similarly,
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5.4 Radiation

Radiation of Oscillating Sources

Consider an oscillating source

g

J(7 ) = e 5 (7).
In general we can decompose a current density in a Fourier decomposition
—_ Rl . —
jr= [ aw e,
— 00

and treat each component separately. Then the oscillating source gives us the vector
potential

A7 t) = %‘;e—iwt / >’ 5’(7?’)7]2

where k = w/c.
There are three relevant length scales:

e We assume that the source is localized such that |#'| < d for some d. Also, we
assume the source is at the origin

e We have the observer at 7

o We have the wavelength

of the emitted radiation

So our three relevant length scales are d, 7, and . In general, we assume the observer
is outside the source distribution (i.e. 7 >> d) and the sources are non-relativistic (i.e.
A>>d)

‘We have three zones to consider:

e Near (static) zone: d << r << A
e Intermediate (induction) zone: d << r ~ A
e Far (radiation) zone: d << A << r

Near Zone

In the near zone, we have A >> r which implies w, k ~ 0. That is,
ElFf— 7| mkr << 1 = F™ 11,

Then o
A=t [ g IO

47 |7 — 7|

This is just e~** times the static vector potential. This is a quasistationary result. Le.,
the source varies so slowly that the static solution is good.
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Intermediate Zone

In the intermediate or induction zone, we have d << r ~ A. In this zone we have to keep
all powers of kr, making this region complicated to deal with. We will not do anything
in this zone.

Far Zone

In the far or radiation zone, we have d << A << r. For this zone we can do a simultaneous
expansion of ' /r and kr’. We can write

~ T, "
'I"*'I"|7\/T2 T/Q _"7'/:7"77'7'/4’"'27‘77"7—:/.
r
Thus,
1 1 d?
— =/ Nf"’o NN R
|[7—7" r r
SO

eik\i”ff"\ _ eikrefik('ﬁ-i'") + O(d/f’)

So the vector potential can be written as

o i(kr—wt) N o,
At =2 —— /d3r' FFe RET,

At large distances, e?*"=“!) /1 is an outgoing spherical wave. At wvery large distances,
the spherlcal wave front looks locally like a plane wave.

From B = V x A and E = ¢B x # and with A4 in spherical coordinates, we can
write (after some algebra)

oA i A
ot
E =c¢B x .

The energy carried away by radiation is given by the Poynting vector which reduces
to

S = = |B)*.
Ho

—:/fd@:/@Wm.

The 72 in the integrand is cancelled by a factor of 1/72 in [B|2. The power radiated in
some solid angle df? is

The power is given by

P = ¢ =
— =|S|r* = —|B’r*.
70 = 18I MOI |7

We can expand the remaining oscillating factor as

- 1
e"’“(”"'):1—ik(7‘*-F’)—§(kf~F’)2+~-~.

Each term is suppressed by kd ~ v/c. Typically, we keep only the leading term. The
first term in this expansion corresponds to electric dipole radiation, and the second term
corresponds to magnetic dipole or electric quadrupole radiation.
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Electric Dipole Radiation
For the dipole approximation, we keep only the first term in the & - d expansion

G INY

Then the vector potential can be written

—jwt’
Ay =100 / &' §(7),

where t =t — r/c. Since j(7,t) = ™!} (), we can write this as

o 1 R
A7) = Z—;;/dgr’ @),

-

and differentiating 7), and then applying the

)

Integrating by parts (integrating ‘1
continuity equation, we can write

/dBT/ ;(F’,t’) _ 7/d37’/ 7

_4d
Tdt

= p(t').

where ' is the electric dipole moment. Note that d/dt = d/dt’ here. Therefore,

~;(F’,t’)) + surface term

= po 1 -,
A(rt) = E;P(t/)

t’:tfr/c.

The magnetic field is

which becomes

S po 1= .
B(T’,t) = %;p(t/) xXr

t’=t—r/c.

Only the magnitude of B enters into the formula for the power. Suppose P is along the
z-axis, and 6 is the angle between p and the observer at #, then since the time derivative
doesn’t change the direction of P, we can write

‘5’>< f" = ‘ﬁ‘ sin 6.
Therefore,
apP RN
— = t 0 .
dQY  167m2c ‘p( )| sin t'=t—r/c

This is the power at a moment in time. It gives the general angular distribution of
radiated power for electric dipole radiation. In general, the angle between the dipole and
the observer can be time-dependent, and p may not be in the z-direction, so we should
really write

dp Ho

2
Pl 12 '
dQ ~ 16m2c sin*(a(t'))

)

zf’ztfr/c7
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where «(t') is the angle between p and 7. Note that dP/dS2 is does not depend on the
distance r to the observer, because the solid angle does not depend on the distance to
the observer. However, the total power received by a receiver with fixed surface area will
fall off as 1/r2 since the solid angle subtended by the receiver falls off as 1/r2.

Consider the dependence in dP/dS) of r, w, and the angles:

e We know that B o 1 /r?, but this cancels in dP/dS). Then the only r-dependence
in dP/dQ is in ' =t — r/c, which is averaged out. So dP/d} is effectively constant
in r for a given df2.

e This form of the equation for dP/dS) is independent of w—it works for all modes.
For a single mode, we would have dP/dS2 oc w?.

e The only angular dependence in dP/dS2 is sin? 0. We see that no radiation is pro-
jected in the forward or backward directions relative to p. In fact, most of the

radiation is orthogonal to the direction of B.

To get the total power radiated, we have to integrate
! 8
/dQ sin? 6§ = 27r/ d(cos ) (1 — cos? 0) = 3™
-1

So we get
2 Mo | =, 2
P=-—1p
34nc pt)

Suppose
P = P, CoS (wt — wz) .
c

The time average of cos?(wt — wr/c) over a single period is

1/Tdt cos?(wt) = 1 /%dqﬁ c032¢—1
T 0 @ _271' 0 _2

When averaging, we can ignore the phase shift /¢ in the cosine since a phase shift does
not change the average value. Then the time average of the radiated power is

ar Ko 2 .
<E> ~ 3272 [Bo|” * sin® 6.
¢

The time average of the total power radiated is

_ 1o

__—»2 4
_647Tc|p0| W

(P),

Example 5.4.1

Suppose you have a dipole moment p that rotates in the zy-plane with angular
velocity & = wZ2.

b
Fa
-\
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The dipole moment is
p= (cos(wt — ), sin(wt — @), 0),

and so
pP=—

=

Then plugging it into the formula,

dP 140
E 167‘(’2 ‘f)‘l sin ( <t )) t’=t—r/c.

Note that the angle « between p and the observer at 7 is now time-dependent.
We can write the cosine of the angle as a dot product cosa = p - 7. Since we will
be taking the time-average anyway, we are free to choose # to be in the zz-plane
at a given time. So

cosa=p- 7 = (cos(wt — ), sin(wt — @),O) : (SinH,O,COS 9) = cos(wt — @) sin b.

Then
(sin® a(t)), = (1 — cos® a(t)),
=1— (cos’ at)),
=1— (cos®*(wt — ®)), sin? @
1 1 20
=1- isin29: —’—C%.
Therefore,

E |__Ig 1—|—cos 9.
dQ) 1671'26

Keep in mind that 6 is the polar angle to the observation point. Notice that the
radiation is stronger in the directions perpendicular to the plane in which g is
rotating.

For a point charge ¢ with mass m at 7, the dipole moment is simply
pP=qrf = p=qr.

If the particle is accelerated by some force F=ma= m;‘:’, then

Then it radiates power
’ = zﬂq%?.
34mce
This is the rate at which the particle loses energy due to dipole radiation. This is the
Larmor formula. It is generally valid for non-relativistic particles with speed v << ¢.
Suppose instead of being given P, we are given the current distribution. Then we
know from earlier work that

pt) = / &' 37 0).

REY PP

From this,
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Example 5.4.2

Consider a center-fed linear antenna as shown below. It has length 2a, is
centered at the origin, and lies along the z-axis. The current in the antenna is

It) = I < - '%') cos(wt).

-0 -

In this example,

a a
p= /d3r j= dz 12 = I cos(wt)ﬁ/ dz <1 - %) = aly cos(wt)Z2.
—a

—a

Then .
1P1? = a’I3w? sin?(wt).

The total power radiated is

282
. (alow)? sin®(wt).

2 o =)
P=—-——|p(t
p(t) 34me

" 34r7c

Then .
Mo 2
= ——(al .
34re (lies)

Magnetic Dipole and Electric Quadrupole Radiation

Suppose we have a current loop carrying an AC current I = Ipsinwt. This system has
no electric dipole, so there is no electric dipole radiation. We have to go to the next term
in the expansion

— 1 . o
A(7,t) = Z—i;e“’“wﬂ / d*r' 3(7) [1 — ik T

We can write this expansion in the form
g(ﬁt>zgo+j1+"' )
where Aj is the dipole term that we already derived. Note that

1d- ) -
E@J(fﬂvt,) _ _Z-k,ez(kr—ut)j(,';‘/).

After some algebra and with the use of vector identities, the new term can be written

—

A\(7t) = Ay a(F,t) + Ay p(7,1),
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where
1 — Ho 1 d 1/ 3,0 = 2=l g
A t) = —— —— | d t
1a(7t) drer % dt 2 rr g )

- - 1d 1/, & o PN
AlB(r,t):%;% dg'f'/ |:2( -])T‘/-l—(’l“-?‘/)g].

The first can be written as )
g _ Ho . 2,
A7 t) = ——7F x m.

14(7 1) 41 cr

Using the continuity equation and integrating by parts, the components of the second one
can be written as

1 Mo 1 ~ 1 d2 3.,/ !
A ) LN A 3
( B, 7 4 crrkﬁ dt? r3pTiT

Double-check this result. This is almost the electric quadrupole moment Qg;. Recall that

Qri = /d3T/ (307";@7'2 - 5ki7“'2)-

Note that
Prlki = 74
The result is that )
Ap—Ap =t L
15 1B 4drm 6er 7’

where (Q’)Z = #,Qpi. Then
- 1 [ 13
B, =1 —(n‘ixf) X P+ —Q x|
4dme | er 6
Compare this with the result from electric dipole radiation
~ 1 /e
By= o2 (ﬁ x 7") .
dmer

We have the same 1/r behavior in both, but in B, we have a factor of 1 /c. This velocity
suppression is the result of this being a higher-order term in the kd expansion.
For the electric field, we get

— 1 /- 1 L
B = —(ﬁzxﬁ)—}-— Qx7)x#|.
47 |er 6re
Compare this with the result from electric dipole radiation

R 1 /e
By=Hoz (ﬁx 1') X 7.
4 r

The electric dipole, magnetic dipole, and electric quadrupole contributions to multi-
pole radiation are

B 1. 1 (.- 1z

A=P01250 = (imxi+ Q)+
dm |7 rc 6

L 1/ 1 (/- 1/

B=Ho |2 ﬁxﬁ)+— (n’ixf it - (Gx#))+
4dre | r rc 6

— (1 /- 1 [ 1%

E=H (ﬁxr‘)xf'+<"xf'+<Q><f'>><ﬁ)+~~].
4m |7 rc 6

The total power radiated is

_ Mo |21ma 2 m 1ot
PtOt_47rc [Bﬁl +302 | +18002Q Q + '
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Example 5.4.3
Consider a circular antenna of radius R carrying an alternating current
I(t) = Ipsin(wt),

along the wire. What is the total power radiated?

In vector form, we write the current along the wire as

~

I(t) = I sin(wt) .

For the electric dipole, we know that

pt) = / &' 3(7',t) = Iy sin(wt) / e ¢
2T
=1y Sin(wt)R/ dp (—sinp &+ cospy) = 0.
0
So there is no electric dipole contribution to the radiation.

Recall that the magnetic dipole moment of a flat loop of current is m = I

In this case,
m = Iy R? sin(wt) 2.

Then .
m = —w?lyrR%sin(wt) 2.
The power radiated is
_ Mo 2 o B0 2 410 94 .o
tot — R@hn' = 4—7‘_03?0.) IOTl' R*sin (wt)

The time average is

—

a.
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5.5 Summary: Electrodynamics

Skills to Master

Plane Waves

Consider a region with no charge (p = 0) or currents
(7 = 0). If we take the curl of two of Maxwell’s equa-
tions and plug in the other two equations, we can derive
the wave equations for the electric and magnetic fields

1 92 ~
——-A|E=0
<02 ot? )
1 92 =
———-A)B=0.
<02 ot? )
In the special case of monochromatic plane waves

traveling in the k direction, we can write the solutions
in the complex form

(,’—:’ t) _ E’Oei(k»'r‘"fwt) _ E’Oefik“a:“

ool

—

— 14
B(7.1) = ~k x E(71),
C

where w = c|k| and k* = (w/c, k) is the wave 4-vector.
In general, the coefficient Eo is a complex vector whose
real part is perpendicular to k. The physical fields are
always real. The implication is that one takes the real
part of the complex fields given above.

Consider a linear combination of two plane wave
solutions with the same direction of propagation

E:Aélcos (E~F—wt+51>
+ Bés cos <E~F’7wt+52)
= E1é1 + Ezéy,
where all quantities are real and é; and é, are perpen-
dicular to k and to each other. At a fixed position 7,
E, and E act like a pair of perpendicular harmonic
oscillators, and the general shape traced out by the

vector E (at the fixed position 7) is an ellipse. After
some algebra, it can be shown that

EN? | (B2’ BBy
<A> +(B) -2 Vi cos d = sin” 4,

where 6 = §; — d2. Then

e In general, we have elliptic polarization
e f A=Band § =6, —dy =n/2+mn for m € Z,
then we have circular polarization

e § =61 — Iy = mm for m € Z, then we have linear
polarization

We can write the general superposition of plane
wave solutions as the Fourier transform with respect
to space

170 = [ @k e Er
1) = s [ &7 1(FE = 0)e R

1
(2m)?
where for electromagnetic waves in a vacuum,

w(k) = ck,

is the dispersion relation. Taking the real part in the
end is implied here. In 1D, e.g. for a wave packet
traveling in the z-direction,

s = [ ke fR)ei e
1 oo

£ =5 [ ds f(0)e

In the Lorenz gauge,
0, A" = 0.

Then ¢ and A can be written in covariant form as
0,0 A¥ = pgj*. If A* is not in the Lorenz gauge, then
we can always make a gauge transformation A'# =
A¥ + OFA that leads to the wave equation for A
0,0*A = —0,A", which can always be solved for A.
One advantage of the Lorenz gauge is that 9, A* = 0 is
a scalar product of two Lorentz vectors, so it is Lorentz
invariant and independent of the frame.

In a charge-free vacuum, it is possible to choose a
frame with ¢ = 0. Combine this with the Lorenz gauge
condition d,A* = 0, and this implies the Coulomb
gauge

V-A=0.
With this choice (and remember this is not generally
true), A° = 0, and

A(7,t) = Re / &k A(k)e! Rt

— =

A(k) =

3. A+ — () p—ikT
G /d r A(7,t =0)e .

Then V-A =0 implies that k-A=0.
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Energy and Momentum

Poynting’s theorem of energy conservation states that

d
> (gmech + 5fields) + /
dt surface

—

S.dA =0,

where the time rate of change of the mechanical energy
is

dt

and the energy stored in the fields is the integral over
the volume of the fields

Efields :/ dgr u,
14

of the energy density of the fields

1 s 1 =
U= <€0E|2 + |B|2> .
2 Ho
The Poynting vector
- ExB
S = ,
Ho

with units of energy per area per unit time, is a mea-
sure of the energy flowing in the S direction. The flux
of energy through a surface is

/§1¢&

The statement of momentum conservation is given

by

v dt Jy ;i Js

where pE +_7>< B is the mechanical momentum density
per unit time,

d ..
*5mech :/ d3T E 'ja
14

G=ewBxB=_3
c
is the momentum density of the fields, and o;; dA; is
a force in the jth direction applied across the area dA
pointing in the ¢th direction.

In 4D, we can write energy-momentum conserva-

tion together as
o,T* + f* =0,

where f# is the force density and

u  Sy/e Sy/c Si/c

TRV gz2C —Ozx —Ogy —Ozz
9y€ —Oyz —Oyy ~Oyz

92C —0:xg —Ozy —O0zz

Notice that p = 0 gives us energy conservation, and
1 =1 gives us momentum conservation.

Retarded Green’s Function

In electrostatics, we were able to write the potential as
an integral over the charge distribution times a Green’s
function G () that satisfied AG = —476®) (#—#"). For
the time-dependent case, we can derive the retarded

Green’s function
;5 t—t — M
|7 — 7| c ’

0,0"G = —4md®) (7 — 7)o (t — t').

G(rt, 7' t)

which satisfies

If we have a source at 7', then points on the
wave front satisfy the retarded time relation |7 — 7’| =
c(t —t'). A change of source at ¥ and time ¢’ changes
the potential at another point # only at the later (re-
tarded) time

1
P t) = d*r’
(7?) 47T60/ " |7 — 7/
2 7|
Jl7 - )
N Mo 3 1 ( ¢
t)y=— [ d
(1) 4w/17’ 7 7]
Radiation

Consider an oscillating source

This implies the vector potential

T [
A7) = POt [ g3, 57
(7‘, ) 471'6 / r _7(7" ) |7?—'F/| )

where k = w/c.

In general, we assume the source 5 is localized and
small such that both the wavelength A of the emitted
radiation and the observer distance r are much larger
than the extent of the source distribution.

In the “near” zone where r << A, we have
eRIT=7] 1, then we get the quasistationary result
/d37"l J(T_ﬂ)

__—iwt Mo
—e zwi |F_F/‘.

A(7)t) e
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In the “far” or “radiation” zone where r >> X\, we
can do a simultaneous expansion of r'/r and kr’ to get

N i(kr—wt) N o
A =2 —— / &r' (7 e KT,

From now on we will assume that we are in the radi-
ation zone. We can expand the remaining oscillating
factor as

B 1
e"’“(""’):1—ik(ﬁ-F')—§(kﬁ~F’)2+~-~

The first term corresponds to electric dipole radiation,
and the second term corresponds to magnetic dipole or
electric quadrupole radiation. Typically, we keep only
the leading term.
From B =V x A and E = ¢B x # and with A in
spherical coordinates, we can derive the fields
B=22 i k<A
ot
E =cB x 7.
The energy carried away by radiation is given by
the Poynting vector which reduces to
c

|B|*#.
Ho
The power radiated in some solid angle df2 is

dP

— C =
— =|S|r? = —|BJ*r%
70 = 18I MOI °r

E1 Radiation

For electric dipole (E1) radiation,

. 1 -
Ao =0 [ G

This leads us to

=, po 1 N
B('r',t):m; (t/)XT

t’:t—r/c7
where p(t') is the second time derivative of the electric
dipole moment p.

Recall that for discrete point charges,

o N
p= €iT5.
i

More generally,

pt) = /d37"' p(7 7.

If given a current distribution, the first time derivative
of the dipole moment can be calculated (after integrat-
ing by parts and applying the continuity equation) as

B = / &' 37 1),

If a(t') is the (possibly time-dependent) angle be-
tween the dipole moment p and the observation point
7, then the angular distribution of the power radiated
at a given moment in time is

’ sin?(a(t'))

ar Mo |
a0~ 16n2c ‘p )

t'=t—r/c

Note that dP/dS) is does not depend on the distance
r to the observer, because the solid angle does not de-
pend on the distance to the observer. However, the
total power received by a receiver with fixed surface
area will fall off as 1/r? since the solid angle subtended
by the receiver falls off as 1/r2. To get the total power
P, we integrate dP/d2 over the spherical angles. Typ-
ically we want a time average of P or dP/df) in which
case it is helpful to remember that the time average of
sin? @ and cos? @ is simply 1/2.

For a point charge ¢ with mass m at +, the
dipole moment is simply § = ¢7, which implies that
P = qF = qga, where @ is the acceleration of the parti-
cle. Then it radiates power

This is the Larmor formula for the rate at which the
particle loses energy due to dipole radiation.
In summary, for electric dipole radiation,

5_ tol (5“2)
41 ¢ T
Lo (f)‘x f) X T
47 T
Pic= 12215,

M1 Radiation

If 5 = 0 as is the case for a current loop, then to cal-
culate the radiation fields and radiated power, we have
to go to higher order such as to magnetic dipole (M1)
or electric quadrupole (E2).



5.5. Summary: Electrodynamics

119

For M1 radiation,

. 1 /-
A:@—(ﬁixf)
41 re
= o 1o R
B:E@ mX"')X"'
- 1 /.
E:@—(ﬁ‘zxf)
47 re
Ho 2 =9
Pt = —— .
fot 4%303‘m|

Procedure

If given a time-dependent current I(t), calculate the

radiation as follows:

1. Write the current in vector form I(t) — I(t). For
example, if it is along the z-axis, attach a 2. If

it forms a circle in the zy-plane, attach a J)

. Calculate the second time-derivative of the elec-

tric dipole moment

. d - d -
=/, /\ 3.0 =4l
p(t)——dt/dr (7 ,t)—>—dt/d£I.

When you integrate, remember to also integrate
the unit direction vector e.g. (¢ = —singp& +

cospg)

. Plug this result into the E1 formulae for the fields

and radiated power

. If the electric dipole moment is zero, calculate

the magnetic dipole moment. For a flat loop of
current, m = Id.

. Plug this result into the M1 formulae for the fields

and radiated power






	Preface
	Introduction
	Theories and Unification
	A Brief Overview

	Special Relativity and Electrodynamics
	Relativity Principle
	Lorentz Transformations
	Length Contraction and Time Dilation
	Minkowski Space
	Relativistic Kinematics
	Charges in External EM Fields
	Groups and Tensors
	Maxwell's Equations
	Summary: Special Relativity

	Electrostatics
	Gauss's Law
	Electrostatic Potential
	Electric Force and Work
	Electric Moments
	Multipole Expansion
	Multipoles in External Field
	Laplace Equation in Spherical Coordinates
	Spherical Multipole Moments
	Poisson Equation and General Boundary Conditions
	Conductors
	Image Charges
	Green's Theorem
	Laplace Equation in Cylindrical Coordinates
	Summary: Electrostatics

	Magnetostatics
	Laws of Ampere and Biot-Savart
	The Vector Potential
	Magnetic Dipoles
	Field of Moving Point Charge
	Larmor Precession
	Summary: Magnetostatics

	Electrodynamics
	Plane Waves
	Energy and Momentum Conservation
	Retarded Green's Function
	Radiation
	Summary: Electrodynamics


