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As ground-based gravitational wave detectors are searching for gravitational waves
at their design sensitivity and plans for future space-based detectors are underway,
it is important to have accurate theoretical models of the expected gravitational
waves to be able to detect potential signals and extract information from the mea-
sured data. This thesis contains work on developing theoretical tools for modeling
the expected gravitational waves from two different classes of sources, which are
key targets for current and future gravitational wave detectors. The work is based
on four papers in collaboration with Eanna Flanagan. (i) We show that ground-
based gravitational wave detectors may be able to constrain the nuclear equation
of state using the early, relatively clean portion of the signal of detected neutron
star neutron star inspirals.

(ii) The second class of gravitational wave source we consider are radiation - re-
action driven inspirals of test particles into much more massive black holes. Chap-
ter 5 contains our work on developing a rigorous formalism based on two-timescale
expansions for treating the evolving orbit. Our results provide a clarification of the
existing prescription for computing the leading order orbital motion and resolve
the difficulties with previous approaches for going beyond leading order.

(iii) In Chapter 6, we analyze the effect of gravitational radiation reaction on
generic orbits around a body with an axisymmetric mass quadrupole moment Q

to linear order in ), to linear order in the mass ratio and in the weak-field limit.



In addition we consider a system of two point masses where one body has a single
mass multipole or current multipole. We show that within our approximations the
motion is not integrable (except for the cases of spin and mass quadrupole).

(iv) Chapter 7 gives an alternative derivation of the result of Sago for an explicit
expression for the time-averaged rate of change of the Carter constant (a third
constant of geodesic motion around a rotating black hole in addition to energy
and axial angular momentum) in the adiabatic limit which is formulated in terms
of sums over modes and can be used for numerically computing leading order

waveforms.
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CHAPTER 1
INTRODUCTION

1.1 Gravitational Wave Astronomy

To introduce the work in this thesis on theoretical tools for analyzing sources of
gravitational waves, we first give some well - known background material that can

be found in textbooks such as [1, 2].

1.1.1 Gravitational Waves

Almost a century ago, Einstein’s theory of general relativity radically changed
the notion of space and time: they are not just the stage upon which events
occur; instead spacetime is a dynamic entity which curves, expands and contracts
around matter and energy. The theory of general relativity predicts the existence of
transverse distortions of spacetime curvature, called gravitational waves, which, as
a consequence of causality, propagate at the speed of light (since information about
the changing gravitational field cannot reach distant observers faster than light).
However, scientists at the time concluded that gravitational radiation would not
be observable because it is produced only in extremely small quantities in everyday
and atomic processes. For example, the probability for an electron transition of
energy E ~ 1eV between two atomic states by gravitational radiation rather than
electromagnetic radiation is of order the ratio of the square of the dimensionless
”coupling constants” for the gravitational and electromagnetic interactions [1]:
~ (G/)(E?/h)/(e?/hc) ~ 1075 which reflects how weakly gravitational waves

interact with matter fields.



(OO
(O

Figure 1.1: The effect of a gravitational wave passing down the z—axis on
a ring of test particles is an oscillatory stretching and squeezing
of space along orthogonal axes.

Nevertheless, in the 1960’s, scientists started to look for gravitational radiation
emitted coherently by the bulk motion of matter and energy in violent astrophysical
processes, for which the prospects of detection were better. One characteristic of a
gravitational waves’ spacetime warpage is an oscillatory stretching and squeezing of
space. Test particles in the presence of a passing gravitational wave will experience
gravitational tidal forces that alternately stretch and squeeze along orthogonal axes
in the plane perpendicular to the direction of propagation. The tidal deformations
preserve the area enclosed by a ring of test particles, so a measure of the strength is
the relative fractional deformation, or dimensionless strain amplitude, h = 2AL/L,
where L is the length and AL is the change in length. Just as electromagnetic
waves, gravitational waves have two polarizations, commonly called h, and hy,
however, they are rotated by 45° with respect to one another as opposed to 90°
because they correspond to a spin-2 field. The effect of the two polarization fields

on a ring of test particles is illustrated in Fig. (1.1).

The strain amplitude will typically be very small when waves from astrophys-

ical sources reach the Earth. In the leading order approximation at large dis-



tances from the source, gravitational waves are produced by the time-changing
mass quadrupole moment Q;;(t) = [ d*zp(x,t)[z;x; — x20,;/3], where p is the
density, since monopole waves would violate mass-energy conservation and dipole

waves would violate momentum conservation. The dimensionless strain is of order

[1]: )

S ) (L.1)
where 7 is the distance to source. The tiny factor of (G/c?) = 8 x 10™°s%kg ™ 'm ™"
reflects the fact that gravity is the weakest of the fundamental interactions. Only
sources which are compact and highly dynamical can compensate for this factor.

But even for large masses undergoing rapid variation, the expected strain from

typical sources scientists hope to detect on earth is still very small:

hoto (M 55 70.01s\ * /100Mpc 12)
28M® P T ’ ’

where the numbers correspond to typical binary neutron stars that are spiralling

together with an orbital period P, and the symbol M, denotes the mass of the

Sun, ~ 2 x 103%g.

The gravitational waves from astrophysical sources have low frequencies
(10~'%Hz - 10°Hz) since the frequency is determined by the characteristic timescale
for the source, and we expect that events involving large astrophysical bodies
probably have timescales greater than a millisecond. Compare this to the high
frequency of order 10°Hz of visible light. For light, the wavelength is typically
much smaller than the size of its source, so it can form images; this is not possible
for gravitational waves whose wavelength is typically much larger than the size of
source. The information contained in the waves is encoded in the time varying
amplitudes of the two polarizations h, (t) and hy(t), as for stereophonic sound.

Gravitons are typically phase coherent, emitted by bulk mass motion, rather than



phase incoherent superpositions of waves from atoms, molecules, and particles.

Gravitational waves have not yet been directly detected but compelling indirect
evidence for their existence was the basis of the 1993 Nobel Prize in physics. Hulse
and Taylor had monitored the orbital motion of the binary pulsar PSR1913+16
(two neutron stars orbiting each other) for 18 years from the Doppler shifting
of radio signals emitted by the pulsar. General relativity predicts that gravita-
tional radiation carries off energy and angular momentum and as a result the orbit
shrinks. The prediction for the inspiral rate of 3mm per orbit agrees to ~ 0.1% with
the observation, within the experimental uncertainty [3]. Today, astronomers are
performing similar measurements on five more such double neutron star systems

that have been discovered since then [4].

Scientists are now trying to detect gravitational waves directly, and to use them
as a tool for astronomy to study phenomena that are likely not visible electromag-
netically. Whereas electromagnetic signals from distant events are easily absorbed
and scattered (for example by dust), gravitational waves pass through essentially

unimpeded because they couple so weakly to matter.

The theoretical description of gravitational waves

We now discuss the regime in which the notion of “gravitational waves” makes
sense. Within finite regions of space, gravitational waves cannot be defined at
a fundamental level, one can only speak about time-varying gravitational fields.
Gravitational waves can only be approximately defined in local regions in the spe-
cial context when their wavelength Aqw is much smaller than the characteristic
scale R of the background curvature. This is analogous to the surface of a grape-

fruit, which has an overall, roughly spherical background curvature and dimples



on small scales, analogous to the gravitational waves. For example, for ~ 100Hz
waves, the wavelength is Agw ~ 500km and on earth, the background curvature
is R ~ 10%m, so this will be a good approximation [1]. Mathematically, one can
describe gravitational radiation in this regime as approximately plane waves within
a small region of space and, to linear order, define the background quantities such

as the curvature and the distance rule to be the “coarse-grain ”

average value over
lengthscales large compared to Aqw but small compared to R. The leftover, fluctu-
ating pieces can be interpreted as effectively describing gravitational waves, which
can then be treated as any other matter source. A meaningful concept is then
the average energy density over spacetime volumes of dimensions larger than Agw
but much smaller than R, which must include the backreaction describing how the
wave produces background spacetime curvature due to the nonlinear interactions
with itself. Energy and momentum density cannot be localized at a point and are
not defined on lengthscales shorter than the wavelength. A plane wave propagating
in a flat background spacetime is completely described by its two dimensionless

polarization amplitudes hy and h,. Taking the propagation direction to be along

the z—axis, one finds that the energy flux 7% in the gravitational wave is given by

3
" 1 ¢

- 16—71'5«816}7/—1—)2 + (Ohy)?), (1.3)

where the angular brackets mean an average over several wavelengths. Assuming

that the wave varies as h, = hcos(wt — wz), the energy flux is given by

7T s 10 Swm 2 LY 1.4
= acel R o102 ) \ 1z ) (1.4)

where the numbers are for a supernova in the Virgo cluster of galaxies. Note that
this flux is large by astronomical standards: it is comparable to the flux of reflected
sunlight from a full moon. However, most gravitons pass through a detector (like

neutrinos and unlike photons).



Interaction of gravitational waves with a detector

A simple way to see how the waves affect matter is to consider how two free particles
in empty space react to the wave. Gravitational waves cause the proper distance
between two freely falling particles to oscillate, even if the coordinate separation
is constant. Consider a freely falling test particle and define a coordinate system
that is chosen to be as nearly Newtonian as possible, i.e. distorted as little as
possible by the gravitational waves, so that coordinate displacements are the same
as proper separations to a good accuracy. In this coordinate system, consider
another nearby test particle and let L’ be the components of the separation vector
between the particles” worldlines initially. In the approximation that L << Agw,
a passing gravitational wave will produce a relative acceleration given by [1]

L1
a2 2

N
I (1.5)

where the overdots indicate time derivatives and hiTjT is a symmetric spatial tensor
which is transverse to the propagation direction and trace - free (the analog of
the vector potential in Lorentz gauge in electromagnetism) and has non - zero
components hy, = —hy, = h(t — z) and hyy = hy, = hy(t — 2) (for propagation

along the z - axis). It follows that the particles’ separation changes by and amount
i Lo i

where 0L° is the coordinate displacement produced by the passing wave.

Current interferometer detectors

The great challenge in detecting gravitational waves is the extraordinarily small

effect the waves produce on a detector. As discussed above, even waves from violent



astrophysical events have a very small amplitude when they reach the Earth, of
order h ~ 1072!, For an object 1 m in length, this means that its ends would move
by 10~2'm relative to one other. This distance is about a millionth of the width
of a proton. The most sensitive gravitational wave detectors today are Michelson-
type interferometers, such as LIGO, the Laser Interferometer Gravitational wave
Observatory with sites in Livingston, Louisiana and Hanford, Washington [5]. The
LIGO detectors are part of a network of similar detectors around the world, most
notably the French-Italian VIRGO, the British-German GEQO, and the Japanese
TAMA detector [6]. The cartoon-version of the detectors is illustrated in Fig.
(1.2). Two mirrors, which act as test masses, hang far apart in a vacuum pipe
(4 or 2 km) forming one “arm”, and two more mirrors form a perpendicular arm.
A laser beam is split in two after passing through a beam splitter located at the
vertex of the perpendicular arms and each beam enters one of the arms. The light
bounces between the mirrors repeatedly before recombining at the beam splitter
and returning to the readout at the photodiode. A relative change in separation
AL = L, — 6L, of the end mirrors and the beam splitter will produce a phase
shift of the laser beams d¢ = (47 /A\)AL, where X is the wavelength of the laser,

which results in a change in the intensity at the photodiode.

The detector sensitivity is limited by frequency-dependent noise of various kinds:
For example, there are non-gravitational wave contributions to the time-varying
spacetime curvature or tidal fields from near-zone sources such as due to the
weather or human or seismic activity, which act as sources of noise in the de-
tector output and dominate at frequencies below ~ 10Hz. At higher frequencies,
thermal noise (such as due to thermal motion of modes of vibration of the mirrors

or of the suspension fibers) and photon shot noise are the limiting factors.
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Figure 1.2: The principles of a laser interferometer detector. The top por-
tion shows the forcelines at a given instant due to a gravitational
wave propagating vertically downwards. Two mirrors in each of
two perpendicular arms act as test masses. Laser light enters the
arms simultaneously and is read out at the photodiode after trav-
eling up and down the arms. The presence of the gravitational
wave changes the proper separation of the mirrors, which results
in a phase shift between the laser beams from the different arms,
producing a change in the interference pattern at the diode. In
general, the interferometer will measure some weighted combina-
tion of the two polarizations with the weights depending on the
location of the source in the sky and its orientation relative to
the detector. From K. Thorne.

Sources of gravitational waves

LIGO has gathered a full year of data at its design sensitivity, monitoring dis-
placements a thousand times smaller than the size of a proton. Reaching this
design sensitivity was a great achievement, and was aided by the formation of a
large international collaboration of over 500 people from 35 institutions. LIGO’s
frequency band is ~ 40 — 1000Hz, which corresponds to the last few minutes of

the inspiral of binary neutron stars or black holes of a few solar masses, visible



to LIGO out to ~ 15 megaparsecs. Astrophysical sources in this band besides
compact object (neutron star, black hole) inspirals and mergers include spinning
neutron stars in our Galaxy, supernovae, stochastic waves from processes in the
early Universe (inflation, phase transitions, etc.) and the large discovery space of
unexpected sources and effects in the universe. LIGO can observe neutron star
binary inspirals out to a distance of ~ 20Mpc ~ 6 x 10*km, which includes the
thousands of galaxies in the Virgo cluster. The fact that no events have been seen
yet has been used to place upper limits on the event rates. For binary neutron
stars, statistical analyses based on the observed number of progenitor binary star

systems indicated an event detection rate of between (1/3000)yr~" to 1/8yr™'.

LIGO is currently being upgraded and will explore a ten times larger volume
of the Universe in a two-year run starting in 2009. After 2010, a new, improved
detector will be installed, which will survey a volume a thousand-fold larger than
initial LIGO. The expected event detection rate for neutron star inspirals is be-

tween 1yr—! to 2day .

Planned space-based interferometer detector

As discussed above, the sensitivity of ground based detectors is fundamentally
limited at low frequencies because they cannot be shielded from time-varying cur-
vature fluctuations due to the environment. This problem could be avoided by
having a detector in space, such as the planned Laser Interferometer Space An-
tenna (LISA) [7], jointly sponsored by the European Space Agency (ESA) and
NASA and hoped to launch in 2018. The mission consists of three drag-free space-
craft flying five million kilometers apart in an equilateral triangle whose center will

follow Earth’s orbit around the Sun. Each spacecraft carries instruments made up



of two optical assemblies, which contain the main optics, lasers, and a free-falling
gravitational reference sensor. The sensor is used to control the motion of the
spacecraft and contains two small cubes, shielded from any disturbances and al-
lowed to float freely within the spacecraft. The cubes, which act as test masses,
are highly polished to enable them to reflect laser light and thus act as mirrors in
an interferometer. The relative motion of these cubes on different spacecraft, five

million km apart, are what will detect passing gravitational waves.

LISA will make its observations in a low-frequency band between ~ 0.1 —
100mHz making it complementary to ground based detectors. Sources of gravita-
tional waves detectable by LISA should include newly forming black holes, collid-
ing massive black holes, inspirals of neutron stars or black holes into massive black
holes and pairs of inspiralling white dwarf stars (these are guaranteed sources, with

quite a few target binaries already catalogued by X-ray and optical studies) [8].

Other kinds of gravitational wave detectors

The oldest kind of detector is the bar detector first built by Weber in the 1960’s.
Bar detectors are typically massive cylinders of materials which have little damping
(high quality factor) in their fundamental frequency of oscillation. The idea is that
an impinging gravitational wave of the right frequency will set the fundamental
mode into oscillations, and the bar’s displacement can be detected by a sensor.
The bar’s resonant frequency must be in the range of frequencies of the incoming
wave, so the bars operate as narrow-band detectors and measure only the Fourier
component of the waveform at the resonant frequency. For a supernova explosion,
the typical frequency is ~ 1kHz but since they are broadband sources, bar detectors

with resonant frequencies near 1kHz should be able to detect it. Tuning to this

10



frequency range means bars with typical lengths of ~ 1—4m. Bars cooled to liquid

helium temperatures can measure strains of order h ~ 10719,

Gravitational wave searches in space have been made for short periods by plan-
etary missions with other primary science objectives. Some current missions are
using microwave Doppler tracking to search for gravitational waves in the low-
frequency (~ 1072 —10"*Hz) gravitational wave band [9]. This is set by the ~ 100s
it takes for accurate clock readout and also by the fact that Earth’s rotation pre-
vents continuous tracking from the same site. In the Doppler method the earth
and a distant spacecraft (at a separation of ~ 1 — 10AU) act as free test masses
with a ground-based precision Doppler tracking system continuously monitoring
the ratio Av /vy of the Doppler shift in frequency Av to the earth-spacecraft radio
link carrier frequency 1. A gravitational wave having strain amplitude h incident

on the earth-spacecraft system causes perturbations of order A in the time series

of Av/v.

A technique to detect passing gravitational waves in the ultra low frequency
band (f ~ 107%Hz) is by using pulsar timing observations. Pulsars are extremely
stable clocks, and it is now possible to make timing observations of millisecond
pulsars to a precision of ~ 100 ns, which allows the pulsar parameters to be de-
termined with great accuracy. The Parkes Pulsar Timing Array project aims to
observe 20 millisecond radio pulsars over several years and to compare the observed
arrival times of pulses with a model of the pulsars parameters. The differences be-
tween the actual arrival times and the predictions, i.e. the “timing residuals”,
indicate the presence of unmodelled effects such as calibration errors, (additional)
orbital companions, spin-down irregularities and gravitational waves. For a given

pulsar and gravitational wave source, the effect of a passing gravitational wave is
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only dependent upon the characteristic strain at the pulsar and at the Earth. The
strains evaluated at the positions of multiple pulsars will be uncorrelated, whereas
the component at the Earth will lead to a correlated signal in the timing residuals

of all pulsars.

Sources include stochastic backgrounds from supermassive black holes, cosmic
strings or relic gravitational waves from the big bang, the formation of supermassive

black holes, and from cosmic string cusps.

1.1.2 Benefits of Theoretical Modeling of Gravitational

Wave Sources

The detection and interpretation of a large class of gravitational wave signals is
based on matched filtering, i.e. the noisy detector output is integrated against a
bank of theoretical waveforms called templates, and the parameters of the template
are varied to maximize the overlap integral. Schematically, the overlap integral of
the template with the signal has the form ~ [[s(f)T*(f)/S.(f)]df, where s(f) is
the Fourier transform of the signal, 7%(f) the template, and S, (f) the detector
noise power spectrum. The signal waveforms from compact object inspirals are
oscillatory with many cycles (tens of thousands for LIGO, hundreds of thousands
for LISA), so the template must capture the phase evolution with extremely high
accuracy. If the waveforms slip by a fraction of a radian, it will be obvious in the
cross-correlation and may impede detection. Therefore, the required theoretical
accuracy is ~ 1 radian or better. Alternatively, the detection of a phase perturba-
tion could give information about neutron star or black hole physics. Computing

waveforms to this accuracy is a great theoretical challenge.
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The work in this thesis focuses on developing the theoretical tools for describing
the gravitational radiation from binary inspirals, so that we may answer questions
such as: What is the nature of the gravitational waves generated? What informa-
tion about these sources can be extracted from the measured signal? What is the
effect of the loss of energy and angular momentum to the gravitational radiation on
its source? This thesis studies theoretical aspects of two different classes of sources
of gravitational radiation. The first kind of source is a system of two neutron stars
orbiting one another and is discussed in Sec. (1.2) below and Chapters (2) and
(3). The second class of sources are test body inspirals into massive black holes,
which is presented in Sec. (1.3) below and Chapters (4), (5), and (6). For each
class of sources, we first give some well - known background material in order to

place the work in context.

1.2 Neutron stars

Our present understanding is the following. Neutron stars are produced when
the degenerate cores of massive stars undergo gravitational collapse to nuclear
densities, driving off the outer layers as a supernova explosion. If the Sun were
a neutron star, all of its matter would be packed into a ball that could fit inside
Crater Lake (in Oregon), with one teaspoon of its material having a mass over
5 x 10*? kg. Neutron stars are often described as a macroscopic nucleus of 10°!
nucleons held together by gravity instead of the strong force. A neutron star’s
gravity is so intense that the escape velocity from the surface is half the speed
of light; they are the most compact objects without event horizons known today.
They are observed electromagnetically as X-ray sources and radio pulsars, and

at present there are over 2000 known neutron stars in the Milky Way and the
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Magellanic Clouds.

Neutron stars are very complicated objects whose internal structure remains
poorly understood. For example, they are believed to have solid crusts and a heavy
liquid mantle of free electrons, protons and neutrons. The neutrons are likely to be
superfluid and the protons superconducting, which occurs at temperatures of > 10°
K and thus makes neutron stars the ultimate high-temperature superconductors.
Little is known about the exact nature of the superdense matter in the core, at
densities ~ 10 times the density of an atomic nucleus. It has also been suggested
that neutron-star cores may contain unique forms of matter, for example Bose
Einstein condensates of subatomic particles such as pions and kaons or deconfined

quarks.

Learning about dense matter from neutron stars is challenging because obser-
vations only provide indirect information. One approach is to exploit the fact that
the equation of state, or pressure-density relation p = p(p) for a neutron star can
be directly mapped onto relations that involve macroscopic quantities such as a
mass-radius relation M = M(R). Existing individual measurements of M and
R can give some useful constraints, which we will review below, however, strong
constraints on the equation of state would come from accurate measurements of

M and R in a single neutron star.

The neutron star mass has a theoretical upper limit of at most 3M,, assuming
causality. The existence of a maximum mass is a consequence of general relativity,
and it reflects the stiffness of the equation of state at high densities of several
times nuclear density. If high-density matter is very compressible, the star will be
comparatively small for its mass. The presence of exotic matter (such as hyper-

ons, Bose - condensates or quarks), which is especially compressible, also lowers
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the maximum stable mass for a neutron star. Observations of extremely massive
neutron stars can therefore eliminate entire families of equations of state, and in

particular the existence of exotic matter in a star’s interior.

The neutron star radius is controlled primarily by properties of the nuclear force
at densities in the immediate vicinity of the nuclear saturation density [10]. For
the nearly pure neutron matter found in neutron stars, it is a direct measure of the
density dependence of the nuclear symmetry energy (the symmetry energy is the

change in nuclear energy associated with changing the neutron-proton asymmetry)

10].

We now review as background existing methods for determining neutron star

masses and radii in order to place the new work in this thesis in context.

Existing mass measurements

Accurate measurements of neutron star masses are obtained from timing observa-
tions of the radio signals in binary pulsars. If at least two parameters characterizing
relativistic effects such as Shapiro time delay, periastron advance or orbital decay
due to gravitational radiation can be determined, the masses can be inferred to
accuracies as high as 0.01%. Most of the neutron stars in such binaries have masses

in the range of M ~ 1.25 — 1.44M, [10].

For neutron stars with white dwarf or main sequence star companions, as-
tronomers can estimate the neutron star mass if the companion mass can be de-
termined from its electromagnetic spectrum. The range of masses in such binaries

is from 1.1 — 2.2Mg, but with typical accuracies of only ~ 10% [10].
Mass estimates for neutron stars are also possible for some X-ray sources, which
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involve a neutron star accreting matter from a companion. Combining measure-
ments of the X-ray pulse delays, X-ray eclipses and radial velocities give indications
of a wide range of masses 1 —2.4M.. However, the complicated properties of these

sources make the mass estimates highly uncertain [10].

It may also be possible to constrain neutron star masses from observations of
quasi-periodic oscillations of X-rays from gas accretion onto the neutron star once

a reliable theoretical model of this process becomes available [10].

Existing radius constraints

A determination of the radius of a neutron star in addition to its mass would yield
important information about the state of matter at nuclear densities. Different the-
oretical models for the nuclear equation of state predict, for a 1.4M neutron star,
radii in the range of R ~ 7—16km. However, there is currently no accurate method
of measuring radii. Some weak constraints can be inferred from electromagnetic
observations, although these are highly dependent on the theoretical models used

to interpret the observations.

A lower limit on the radius for a given mass can be inferred from pulsar
glitches, which are sudden discontinuities in the spin-down of pulsars. One lead-
ing model supposes that the glitches involve the transfer of angular momentum
from superfluid neutrons in the crust to the entire star, which is spinning down

due to electromagnetic emission. For the Vela pulsar, this model implies that

R > 3.6+ 3.9(M/M_)km [10].

Observations of the thermal radiation from isolated cooling neutron stars can

potentially constrain the redshifted radius Ro, = R/y/1 —2GM/Rc2. This re-
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quires that the source’s distance can be accurately assessed and the composition
of the atmosphere and magnetic field can be modeled. The measured quantities
are the flux and temperature of the radiation, both of which are redshifted as the

radiation climbs out of the neutron star’s potential well.

Neutron star seismology combined with tentative models limits the ratio of the
thickness of the crust to the radius and can be used to place limits on the M(R)
parameter space. This comes from measurements of more than one frequency of

oscillation, which can for example be due to torsional vibrations of the star’s crust.

Gravitational light-bending suppresses the amplitude of variations of the pulsed
emission of X-rays such as from rotating neutron stars since it allows an observer
to see a larger part of the star than just the hemisphere facing towards him.
Observations of pulsations in the emitted radiation can therefore constrain the
ratio M/R. For Her X-1, with M ~ 1.291.59M,, this method implies a radius
range of 10.1km < R < 13.1km. However, this result depends on the model

assumed, for example, for the magnetic field.

The effects of gravity cause the observed frequencies of the spectral lines to
be shifted to lower values, by a factor of 1/(1 4 z) = [l — 2GM/Rc?]"/2, where
z is the redshift. X-ray observations of EXO0748 676, a neutron star that is
accreting gas from a lower-mass star, showed a pair of resonance scattering lines
which were interpreted to be Fe XXV and XXVI, implying z = 0.345 if the spectral
line identifications are correct. A few similar measurements have been performed,

for example using data from the XMM-Newton satellite [11].

X-ray bursts, possibly due to thermonuclear reactions on neutron star surfaces,

have peak fluxes comparable to the to the Eddington flux (when the radiation pres-
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sure equals the gravitational force on the gas) Fraq = GMc/(kd?)[1-2G M/ Rc*]Y/?,
where k is the opacity (which is modeled theoretically) and d the distance to the
source. Many sources exhibit quiescent states between bursts, believed to in-
volve the radiation of thermal emission with a cooling flux Fi.. = o(R?/d*)[1 —
2GM/Rc?|~!, where o depends on the composition and temperature and is mod-
eled theoretically. If in addition, spectral lines allow a determination of the redshift,
these three observations can be combined to determine the distance, mass and the

radius of a single star.

Analogous to the existence of a maximum mass is the existence of a maxi-
mum compactness GM/Rc?, which is thought to be such that R > 2.8M. This
limits the minimum spin period before the star starts to shed its mass to be
~ /My /M(R/10km)*?ms. The spin rate therefore sets an upper limit to the
radius of a star of a given mass. The pulsar with the most rapid spin rate cur-
rently known is PSR J1748-2446ad with a frequency of 716 Hz, which, for a mass

of 1.4M, implies a radius of R < 14.3km.

The most relativistic binary neutron star currently known is PSR J0737-3039,
for which a measurement of spinorbit coupling could eventually lead to a deter-
mination of the moment of inertia of one of the neutron stars within a few years.
The moment of inertia, being roughly proportional to M R?, is a sensitive measure

of neutron star radius since the mass will be accurately known.

The radius could also potentially be constrained from quasi-periodic oscillations
of X-rays from gas accretion onto the neutron star if the frequency of the innermost
stable circular orbit for the gas can be determined from the shape of the peaks
in the frequency spectrum. Potential future constraints on the radius could also

come from neutrino observations from supernova signals, when the proto-neutron
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stars are formed.

Complementary to astrophysical observations, scientist use laboratory measure-
ments of dense matter parameters such as the nuclear charge radii of neutron-rich
heavy nuclei such as 2°*Pb to place some constraints on the large parameter space

of neutron star interiors.

In summary, neutron star masses can be determined accurately in some cases,
radii are poorly constrained, and a few redshifts have been measured, but there

are no accurate, model-independent measurements of M and R for the same star.

1.2.1 Potential gravitational wave measurements

Astronomical observations (such as from orbital motion, Doppler shifts of spectral
lines, eclipsing X-ray signals, etc.) show that about two-thirds of stars have a
gravitationally bound stellar companion; these are called binary stars. In binary
systems consisting of compact objects (white dwarfs, neutron stars of black holes)
the two bodies can approach one another closely without being disrupted by tidal
forces. The lifetime of the binary is approximately t, ~ 10°P(P/1s)%? [1], where
P is the orbital period (three of the five double - neutron star systems known
so far have orbits tight enough that the two neutron stars will merge within a
Hubble time). If P < 1/2 day, the lifetime is less than the Hubble time. This is
the population targeted by LIGO. The binary undergoes a long inspiral phase in
which the orbit gradually shrinks due to gravitational wave backreaction. Only
the last few minutes, at frequencies 10Hz< f < 1000Hz will be within LIGO’s

sensitive frequency band.
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In addition to being a key source for LIGO, neutron star binary inspirals are
also the leading candidates for the source of a type of gamma - ray burst observed
by astronomers, the so-called “ short/hard” bursts, which refers to their duration
and intensity. According to this hypothesis, the bursts are produced by the merger

phase, which is very sensitive to the neutron star internal structure.

Observations of the gravitational waves from merger events could potentially
yield the simultaneous direct determinations of the masses and radii. The adiabatic
inspiral terminates either when the orbit becomes unstable (at which point two
neutron stars are orbiting each other at hundreds of times per second) and the
objects merge or, for some neutron star - black hole binaries, when the neutron star
is tidally disrupted. In either case, a measurement of the gravity-wave frequency
at this point can be used to constrain the neutron star radius. Fig. (1.3) shows
the expected gravitational wave signal from a neutron star binary inspiral together
with the LIGO noise curves. The signal terminates at the innermost stable circular

orbit, when the gravitational wave frequency is of order 800 Hz.

The highly dynamical spacetime gives rise to gravitational radiation with a
characteristic pattern (a “chirp”), with the amplitude and frequency both increas-
ing with time. Fig. (1.4) shows qualitatively an expected inspiral waveform as a

function of time.

Computing the dynamical spacetime for the binary is in general a very difficult
task; however, there are certain regimes in the parameter space of the member’s
masses and orbital separation which admit analytical approximation methods. The

main theoretical tool for modelling the early, low frequency part of the inspiral is
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Figure 1.3: The noise curves hyys(f) = /fSk(f) for LIGO I and LIGO II are
shown in red (thin lines). The thicker blue line shows the signal
he(f) for two 1.4Mg neutron stars at a distance of 200Mpc. The
signal terminates at the innermost stable circular orbit, where
the gravitational wave frequency (twice the orbital frequency) is
fisco ~ 850Hz assuming the stars have R = 10km, and pressure-
density relation p oc p?. From Racine and Flanagan, 2006.
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Figure 1.4: The form of an expected “chirp” signal from an inspiralling bi-
nary as a function of time. Both the frequency and amplitude
increase as the inspiral progresses. From K. Thorne.
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the post-Newtonian formalism, which assumes that the two bodies, treated as spin-
ning point particles, are moving at slow velocities under their mutual gravitational
influences. The expansion parameter is v?/c? ~ GM/(rc?), where v is the orbital
velocity and M the total mass. This approximation is very accurate during the
early part of the inspiral, at frequencies below ~ 400Hz and has been iterated to
high orders. A point particle description of binaries involving neutron stars may
not be adequate because finite-size effects could be non-negligible even during the

early part of the inspiral, as will be discussed in Ch. 2.

Previous investigations of the possibility of obtaining constraints on the internal
structure from the gravitational wave signal have focused on the very end of the
inspiral and the coalescence phase. (i) A method for determining the compactness
ratio GM/Rc? based on the observed deviation of the gravitational wave energy
spectrum from point-mass behavior at the end of inspiral has been suggested [12].
(ii) For neutron star-black hole binaries, the frequency at which the neutron star is
tidally disrupted strongly depends on the star’s radius [13]. (iii) Several numerical
simulations have studied the dependence of the gravitational wave spectrum on the
radius during the coalescence phase (see, e.g. [14]). (iv) The quasinormal mode

frequencies of a neutron star differ from those for a black hole [15].

However, there are a number of difficulties associated with trying to extract
equation of state information from this late time regime after contact or innermost
stable orbit, at frequencies f 2 7T00Hz: (i) The highly complex behavior requires
solving the full nonlinear equations of general relativity together with relativistic
hydrodynamics. (ii) The signal depends on unknown quantities such as the spins
of the stars. (iii) The signals from the hydrodynamic merger (at frequencies 2

1000 Hz) are outside of LIGO’s most sensitive band.

22



It would therefore be of great advantage if one could instead obtain information
about the neutron star internal structure from the early, relatively clean part of
the inspiral signal at frequencies f < 400Hz. We investigate the prospect of this

possibility in the next section and in Ch. 2.

Our results suggest that there is a potential to obtain useful information from
an analysis of this early portion of the gravitational wave signal, complementary

to the (more studied) information in the late time signal.

Obtaining information about neutron star internal structure from the

inspiral signal

In chapter (2), we show how model-independent constraints of the neutron star
internal structure can be obtained instead from gravitational wave observations
with LIGO using data only from the early part of the inspiral at frequencies f <
400Hz, where the signal is very clean and theoretical errors are well-understood.
The stars can be accurately modeled as point particles, possibly spinning, with
a small correction due to finite size effects. As discussed above, because of the
matched-filtering based signal, if the accumulated phase shift due to the finite
size corrections becomes of order unity or larger, it could corrupt the detection
of signals or alternatively, detecting a phase perturbation could give information
about the neutron star structure. The influence of the internal structure on the
gravitational wave phase in this early regime of the inspiral is characterized by a
single parameter, namely the ratio A of the induced quadrupole to the perturbing

tidal field due to the companion.

The ratio A is related to the star’s dimensionless tidal Love number ko by ko =

3GAR™°/2, where R is the star’s radius. The Love number encodes information
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about the star’s degree of central condensation. Stars that are more centrally
condensed will have a smaller response to a tidal field, resulting in a smaller Love
number. We computed the Love numbers for fully relativistic neutron stars for the
first time and found that they differ from the Newtonian values that were used in
previous analyses by up to ~ 24% for plausible approximate neutron star models
(for simplicity, we modelled the pressure-density relation with a simple polytropic
form p = Kp't'/", where p is the pressure and p is the rest mass density. The
constant K describes how compressible the matter is, and the exponent 1 + 1/n
is related to the degree of central concentration of the neutron star interior). In
Ch. (2) we show that for an inspiral of two non-spinning 1.4M neutron stars
at a distance of 50 Mpc, LIGO II detectors will be able to constrain A to A <
2.01 x 1037g cm?2s? with 90% confidence. This number is an upper limit on A in the
case that no tidal phase shift is observed. The corresponding constraint on radius
would be R < 13.6km (15.3km) for relevant fully relativistic neutron star models,

for 1.4M., neutron stars.

We now turn to the discussion of the second class of source of gravitational
waves, namely test particles inspiralling into much more massive black holes. The
work in this thesis focused on developing the mathematical formalism for treating
this system, but we first give some relevant motivation and background informa-

tion.

1.3 Extreme mass ratio inspirals

So far, we have only discussed some aspects of the two-body problem in the weak-

field, slow motion regime valid for binaries at large orbital separation. Different
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computational techniques are necessary for binaries which are highly relativistic.
For comparable masses at small separation, one must use numerical relativity. Nu-
merical relativists have recently made spectacular progress: They can simulate the
merger of two spinning black holes (see e.g. [16] and references therein) and make
important astrophysical predictions such as the potentially large size of the kicks
given to the black holes by the emitted gravitational waves [17, 18], which may
recently have been observationally confirmed [19]. Numerical methods become in-
creasingly difficult and computationally expensive as the mass ratio is decreased
and as the separation is increased. However, one can instead use systematic ana-
lytical approximation methods that rely on identifying a small parameter to define
a perturbation expansion. As discussed above, the main such theoretical tool that
has been used for binaries at large separation, where the gravitational field is weak,
are post-Newtonian expansions [20]. These methods have been very successful for
modelling motion in the solar system and of binary pulsars [21] but break down
in the highly relativistic regime. A theoretical understanding of binaries in the
relativistic regime with one member much more massive than the other can be
obtained by exploiting the fact that the mass ratio is small: the binary can be
modeled as the spacetime of the larger mass with a perturbation due to the small

mass.

Observational relevance

The highly relativistic, small mass ratio regime is now becoming observationally
accessible: Compact objects spiraling into much larger black holes due to gravita-
tional wave backreaction are expected to be a key source for both LISA and LIGO.
Infrared and optical observations of stars and gas in the central regions of galaxies

indicate the presence of dark central objects with mass more than a million times
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the mass of the sun confined to a very small region of space; these objects with
masses in the range of 10* < M < 107M,, are believed to be supermassive black
holes [22]. Stellar mass compact objects get kicked by multibody gravitational
deflection processes in the stellar cluster that surrounds these central objects and
get captured into highly relativistic orbits. Most orbits will be highly eccentric,
and the orbits will gradually shrink and become less eccentric due to gravitational
wave backreaction. Such inspirals will be visible to LISA out to redshifts z ~ 1
23, 24, 25]. It has been estimated [26, 27| that LISA should see about 50 such
events per year, based on N-body simulations of stellar dynamics in galaxies’ cen-
tral cusps [28]. There are many uncertainties associated with the estimates for
the LISA event rates, for example the populations of compact objects in galactic

nuclei are not well known.

Inspirals of black holes or neutron stars into intermediate mass (50 < M <
1000M,) black holes would be visible to Advanced LIGO out to distances of several
hundred Mpc [29], where the event rate could be about 3 — 30 per year [29, 30].
Evidence for the existence of intermediate mass black holes comes for example from
a class of X-ray sources discovered in recent years which seem to be too bright to
be black holes of a few tens of solar masses but too dim to be supermassive black

holes.

Science payoffs

For both types of sources discussed above, the small body will linger in the central
object’s strong curvature region for many thousands of wave cycles before merger;
this will allow high precision studies. The gravitational waves will be rich with

information. For example, one will be able, for the first time, to extract an ac-
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curate observational map of the large body’s spacetime geometry, or equivalently
the values of all its multipole moments. This will allow an unambiguous identifi-
cation of the central object as a black hole or potentially lead to the discovery of
non-black-hole central objects such as boson stars [31, 32 or naked singularities.
Inferring the properties of the central object’s spacetime geometry from the much
smaller object’s orbital evolution is analogous to what geodesy satellites such as
the GRACE and CHAMP missions do for the Earth. The satellites’ orbits probe
the Earth’s gravitational potential, which encodes an extremely precise map of the
matter distribution of earth and is used to monitor climate changes such as the

loss rate of the polar ice caps.

The gravitational waves also carry important astrophysical information. Ob-
serving many events and measuring the central object’s mass and spin to high
accuracy will provide a census of the properties of central black holes and can
provide useful information about the hole’s growth history [33]. Measuring the in-
spiralling objects masses will teach us about the stellar population in the central
parsec of galactic nuclei. A potential payoff for cosmology is that if the LISA event
rate is large enough, one can measure the Hubble constant Hy to about 1% [34],

which would indirectly aid dark energy studies [35].

1.3.1 Modelling extreme mass ratio inspirals

To realize the science goals for these sources requires reliable theoretical models of
the inspiral waveforms for matched filtering. The accuracy requirement is roughly
that the theoretical template’s phase must remain accurate to ~ 1 cycle over the
many cycles of waveform in the highly relativistic regime (~ 10? cycles for LIGO,

~ 10° for LISA). There has been a significant research effort within the general
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relativity community aimed at providing such accurate templates [36, 37, 38]. A
theoretical understanding of binaries in the relativistic regime with one member
much more massive than the other can be obtained by exploiting the fact that the
mass ratio is small: the binary can be modeled as the spacetime of the larger mass

with a perturbation due to the small mass.

On short timescales, the small object moves on a bound geodesic orbit of the
black hole’s spacetime, characterized by its conserved energy FE, z-component of
angular momentum L., and a third constant of the motion, the Carter constant ()
(the relativistic analogue of the magnitude of the non-axial angular momentum).
In contrast to Newtonian orbits, which are planar and have only a single frequency,
strong field black hole geodesic orbits have three distinct orbital frequencies. The
motion is confined within a toroidal region with three degrees of freedom. De-
spite being more complicated than the Newtonian analogue, the motion is still
completely integrable and can be treated using the methods of Hamiltonian me-

chanics.

The small body’s geodesic motion in the Kerr background is corrected by self-
force and radiation reaction effects describing the body’s interaction with its own
spacetime distortion [39]. In the regime where the radiation reaction time is much
longer than the orbital time, which is a good approximation for most of the inspiral
for astrophysical binaries, the self-force effects cause the parameters F, L, and

to evolve adiabatically and the orbit to shrink.

The formal expression for the leading order gravitational self-interaction of a
body was derived more than ten years ago. However, the practical implementation
presents difficulties because the self-force is singular at the body’s location and

must be regularized. The full leading order self-force for practical implementa-
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tions is not yet available for generic orbits around spinning black holes, although
there has been great recent progress. Many researchers are now working on vari-
ous approximate methods of computing the orbital motion and the gravitational

waveform.

To compute just the leading order motion, one can sidestep the requirement of
computing the full self-force and replace use its time averaged (actually averaged

over the orbital torus), radiative piece instead, which is fairly simple to compute.

There are various theoretical difficulties associated with going to higher order,

which we resolved in the work presented in Ch. 4.

Two-timescale expansion method

We have developed a new approximation scheme based on a two-timescale expan-
sion, which resolves the difficulties with the standard perturbation formalism and
is presented in chapter 4. We cast the equations describing binary inspiral in the
extreme mass ratio limit in terms of action angle variables, and derive properties of
general solutions using two-timescale expansions, which are a systematic method
for studying the cumulative effect of a small disturbance on a dynamical system
that is active over a long time. The method is based on the fact that the systems
evolve adiabatically: the radiation reaction timescale is much longer than the or-
bital timescale. Our formalism applied to the orbital motion provides a rigorous
derivation and clarification of the leading order, adiabatic approximation to Kerr
inspirals and gives a systematic framework for computing post-adiabatic correc-
tions needed for measurement templates. One of the key results of our analysis
is the identification of which pieces of the self-forces are required to compute the

adiabatic and post-adiabatic motions, which is of great practical importance as an
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explicit computational prescription currently exists only for a piece of the leading

order self-force.

Analytical results for inspirals in the weak field regime

As discussed above, the leading order waveforms for extreme mass ratio inspi-
rals can currently be computed for generic orbits. However, the calculations are
computationally expensive, and they give only the leading order evolution. To
complement these waveforms, it is desirable to have approximate waveforms that
can be generated cheaply and quickly but which still capture the main features of
true waveforms. These can also be useful to assess the accuracy of the leading or-
der, adiabatic approximation since the self-force in the weak field regime is known
to higher order. Different kinds of such weak field, approximate waveforms have

already been used to scope out data analysis issues for LISA.

As discussed above, astronomical observations have established the existence
of extremely compact, massive objects. Generally, these objects are thought to
black holes as predicted by general relativity. Testing this hypothesis requires
going beyond black holes, which is difficult because very few alternative theories of
gravity make predictions for black holes that differ from those of general relativity.
One can focus instead on the simpler task of considering spacetimes which are more
general than the black hole spacetimes in general relativity, which does not require
a priori knowledge of the corresponding theory of gravity. For any gravitating
body that is stationary, axisymmetric, and reflection symmetric across the equator
(which encompasses black holes plus a wide variety of perturbations and other
objects) the exterior spacetime is fully specified by a pair of multipole moment

families: the mass multipole moments and the current multipole moments. If the
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gravitating body is a black hole in general relativity, then the values of the mass
and current moments are strongly restricted: the exterior spacetime is completely
characterized by its two lowest multipole moments, the total mass and the spin
angular momentum, all higher multipoles are completely determined by these two
values; this is called the Kerr spacetime. More general spacetimes of a massive
compact object have a different multipolar structure, which does not satisfy these
strict constraints. Testing if the object is a black hole with just two independent
multipole moments therefore requires that we be able to compare against objects
with the wrong multipole structure. As discussed above, the spacetime’s multipolar

structure in encoded in the orbital motion of test bodies.

In Chapter (5), we consider the effects of multipole moments on inspiral wave-
forms, in particular the effects of the central object’s quadrupole moment and of
the leading order spin self interaction in the weak field regime. We examine the
effect of an axisymmetric quadrupole moment () of a central body on test par-
ticle inspirals, to linear order in @), to the leading post-Newtonian order, and to
linear order in the mass ratio. This system admits three constants of the motion
in absence of radiation reaction: energy, angular momentum along the symmetry
axis, and a third constant analogous to the Carter constant. We compute instan-
taneous and time-averaged rates of change of these three constants. Our result,
when combined with an interaction quadratic in the spin (the coupling of the black
hole’s spin to its own radiation reaction field), gives the next to leading order evo-
lution. The effect of the quadrupole is to circularize eccentric orbits and to drive

the orbital plane towards antialignment with the symmetry axis.

In addition we consider a system of two point masses where one body has a

single mass multipole or current multipole. To linear order in the mass ratio, to
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linear order in the multipole, and to the leading post-Newtonian order, we show
that there does not exist an analog of the Carter constant for such a system (except
for the cases of spin and a mass quadrupole). Thus, the existence of the Carter
constant for a black hole in general relativity depends on interaction effects between
the different multipoles. With mild additional assumptions, this result falsifies the
conjecture that all vacuum, axisymmetric spacetimes possess a third constant of

the motion for geodesic motion.

Evolution of the Carter constant in the adiabatic limit

As discussed above, the leading-order, adiabatic waveforms can be computed using
only the time-averaged, radiative piece of the full first order self force. In practice,
this means that it only requires computing the time - averaged time rates of change
of the three constants of motion: the energy, axial angular momentum, and Carter
constant. For the energy and angular momentum, one can compute the amounts
radiated to infinity and the horizon using the well - known technique of black
hole perturbation theory and impose global flux conservation to infer the time-
averaged rates of change of the orbital constants. Incorporating radiation reaction
for generic orbits requires in addition a method of computing the rate of change
of the Carter constant, for which there is no currently known conservation law.
The authors of Ref. [40] derived an explicit formula for the the time-averaged
time derivative of the Carter constant in terms of a mode sum expansion for a
particle coupled to a scalar field, and Ref. [41] extended this result to the tensor
case. Chapter 7 contains a rederivation and extension of this result, giving more
details on the derivation than previously available and a self-contained treatment
in a unified notation. It also shows that the standard results are consistent with

the two - timescale approximation at leading order.
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CHAPTER 2
CONSTRAINING NEUTRON STAR TIDAL LOVE NUMBERS
WITH GRAVITATIONAL WAVE DETECTORS

SUMMARY:: Ground-based gravitational wave detectors may be able to con-
strain the nuclear equation of state using the early, low frequency portion of the
signal of detected neutron star mneutron star inspirals. In this early adiabatic
regime, the influence of a neutron star’s internal structure on the phase of the
waveform depends only on a single parameter A of the star related to its tidal Love
number, namely, the ratio of the induced quadrupole moment to the perturbing
tidal gravitational field. We analyze the information obtainable from gravitational
wave frequencies smaller than a cutoff frequency of 400 Hz, where corrections to
the internal-structure signal are less than 10%. For an inspiral of two nonspinning
1.4M neutron stars at a distance of 50 Megaparsecs, LIGO II detectors will be
able to constrain A to A < 2.0 x 103"gem?s? with 90% confidence. Fully relativis-
tic stellar models show that the corresponding constraint on radius R for 1.4M
neutron stars would be R < 13.6 km (15.3 km) for a n = 0.5 (n = 1.0) polytrope

with equation of state p oc p'+1/7.

Originally appeared in Phys. Rev. D 77 021502(R), (2008), with E. Flanagan.

Copyright: The American Physical Society, 2008.

2.1 Background and Motivation

Coalescing binary neutron stars are one of the most important sources for grav-
itational wave (GW) detectors [24]. LIGO I observations have established upper

limits on the event rate [42], and at design sensitivity LIGO II is expected to detect
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inspirals at a rate of ~ 2/day [43].

One of the key scientific goals of detecting neutron star (NS) binaries is to
obtain information about the nuclear equation of state (EoS), which is at present
fairly unconstrained in the relevant density range p ~ 2 —8 x 10*gcm™3 [44]. The
conventional view has been that for most of the inspiral, finite-size effects have a
negligible influence on the GW signal, and that only during the last several orbits
and merger at GW frequencies f 2 500 Hz can the effect of the internal structure

be seen.

There have been many investigations of how well the EoS can be constrained
using these last several orbits and merger, including constraints from the GW
energy spectrum [12], and, for black hole/NS inspirals, from the NS tidal disruption
signal [13]. Several numerical simulations have studied the dependence of the GW
spectrum on the radius [45]. However, there are a number of difficulties associated
with trying to extract equation of state information from this late time regime:
(i) The highly complex behavior requires solving the full nonlinear equations of
general relativity together with relativistic hydrodynamics. (ii) The signal depends
on unknown quantities such as the spins of the stars. (iii) The signals from the
hydrodynamic merger (at frequencies 2 1000 Hz) are outside of LIGO’s most

sensitive band.

The purpose of this paper is to demonstrate the potential feasibility of instead
obtaining EoS information from the early, low frequency part of the signal. Here,
the influence of tidal effects is a small correction to the waveform’s phase, but it is

very clean and depends only on one parameter of the NS — its Love number [46].
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2.2 Tidal interactions in compact binaries

The influence of tidal interactions on the waveform’s phase has been studied previ-
ously using various approaches [47, 48, 49, 14, 15, 46]. We extend those studies by
(i) computing the effect of the tidal interactions for fully relativistic neutron stars,
i.e. to all orders in the strength of internal gravity in each star, (ii) computing
the phase shift analytically without the assumption that the mode frequency is
much larger that the orbital frequency, and (iii) performing a computation of how

accurately the Love number can be measured.

The basic physical effect is the following: the [ = 2 fundamental fmodes of
the star can be treated as forced, damped harmonic oscillators driven by the tidal
field of the companion at frequencies below their resonant frequencies. Assuming

circular orbits they obey equations of motion of the form [50]
G+ +wig = A(t) cos[m®(t)], (2.1)

where ¢(t) is the mode amplitude, wy the mode frequency, v a damping constant,
m is the mode azimuthal quantum number, ®(t) is the orbital phase of the binary,
and A(t) is a slowly varying amplitude. The orbital frequency w(t) = ® and A(t)
evolve on the radiation reaction timescale which is much longer than 1/wg. In
this limit the oscillator evolves adiabatically, always tracking the minimum of its

time-dependent potential. The energy absorbed by the oscillator up to time ¢ is

2 2 t 2 AV N2
_ WA@Y / , mw(t') At
Ew_?@%wﬁwP+7_mﬁwﬁwﬁwwwf (2.2)

The second term here describes a cumulative, dissipative effect which dominates
over the first term for tidal interactions of main sequence stars. For NS-NS binaries,
however, this term is unimportant due to the small viscosity [49], and the first,

instantaneous term dominates.
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The instantaneous effect is somewhat larger than often estimated for several
reasons: (i) The GWs from the time varying stellar quadrupole are phase coherent
with the orbital GWs, and thus there is a contribution to the energy flux that
is linear in the mode amplitude. This affects the rate of inspiral and gives a
correction of the same order as the energy absorbed by the mode [48]. (ii) Some
papers [49, 47, 14] compute the orbital phase error as a function of orbital radius r.
This is insufficient as one has to express it in the end as a function of the observable
frequency, and there is a correction to the radius-frequency relation which comes
in at the same order. (iii) The effect scales as the fifth power of neutron star
radius R, and most previous estimates took R = 10km. Larger NS models with

e.g. R =16km give an effect that is larger by a factor of ~ 10.

2.3 Tidal Love number

Consider a static, spherically symmetric star of mass m placed in a time-
independent external quadrupolar tidal field &;;. The star will develop in response
a quadrupole moment ;. In the star’s local asymptotic rest frame (asymptoti-
cally mass centered Cartesian coordinates) at large r the metric coefficient gy is

given by (in units with G = ¢ = 1) [51]:

1- 3Qi (5 Y Eij ;s
% = —% — % (nlnj - ?) + 7]:6@3:” +... (2.3)

where n* = 2’ /r; this expansion defines the traceless tensors &;; and Q;;. To linear

order, the induced quadrupole will be of the form
Qij = —AEij. (2.4)

Here ) is a constant which we will call the tidal Love number (although that name

is usually reserved for the dimensionless quantity ko = %G)\R_‘r’). The relation
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(2.4) between @);; and &;; defines the Love number A for both Newtonian and
relativistic stars. For a Newtonian star, (1 — g;) /2 is the Newtonian potential,

and Q;; is related to the density perturbation dp by Qi; = [ d*xdp (w;x; — r28;;/3).

We have calculated the Love numbers for a variety of fully relativistic NS
models with a polytropic pressure-density relation P = Kp't'/". Most realis-
tic EoS’s resemble a polytrope with effective index in the range n ~ 0.5 — 1.0
[52]. The equilibrium stellar model is obtained by numerical integration of the
Tolman-Oppenheimer-Volkhov equations. We calculate the linear [ = 2 static
perturbations to the Schwarzschild spacetime following the method of [53]. The
perturbed Einstein equations 0G,” = 8mdT),” can be combined into a second order
differential equation for the perturbation to gy. Matching the exterior solution
and its derivative to the asymptotic expansion (2.3) gives the Love number. For
m/R ~ 107 our results agree well with the Newtonian results of Refs. [47, 54].
Figure 1 shows the range of Love numbers for m/R = 0.2256, corresponding to the
surface redshift z = 0.35 that has been measured for EXO0748-676 [55]. Details

of this computation will be published elsewhere.

2.4 Effect on gravitational wave signal

Consider a binary with masses my, mo and Love numbers A;, A\y. For simplicity,
we compute only the excitation of star 1; the signals from the two stars simply
add in the phase. Let w,, A1, and Q}; be the frequency, the contribution to A
and the contribution to @);; of modes of the star with [ = 2 and with n radial

nodes, so that A\; = X, A, and Q;; = EnQ%. Writing the relative displacement as
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Figure 2.1: [Top] The solid lines bracket the range of Love numbers A for fully
relativistic polytropic neutron star models of mass m with sur-
face redshift z = 0.35, assuming a range of 0.3 < n < 1.2 for the
adiabatic index n. The top scale gives the radius R for these rel-
ativistic models. The dashed lines are corresponding Newtonian
values for stars of radius R. [Bottom] Upper bound (horizontal
line) on the weighted average X of the two Love numbers obtain-
able with LIGO II for a binary inspiral signal at distance of 50
Mpc, for two non-spinning, 1.4M neutron stars, using only data
in the frequency band f < 400 Hz. The curved lines are the ac-
tual values of A for relativistic polytropes with n = 0.5 (dashed
line) and n = 1.0 (solid line).
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x = (rcos ®,rsin ®,0), the action for the system is

1 Mp 1
S = /dt|: ,U/l" + 2/Lr2(1>2—|— . :| - §/dtQ2]gZ]
n n —_ 20 Omn
+Z/dt4>\l nQ —WQr U}. (2.5)

Here M and p are the total and reduced masses, and &; = —m»0,;0; (1/r) is the

tidal field. This action is valid to leading order in the orbital potential but to all
orders in the internal potentials of the NSs, except that it neglects GW dissipation,

because Q);; and &;; are defined in the star’s local asymptotic rest frame [56].

Using the action (2.5), adding the leading order, Burke-Thorne GW dissipation
terms, and defining the total quadrupole QiTj = Qij + pxir; — pr?d;; /3 with Q;; =

¥,Q7, gives the equations of motion

g M i m2 1 2 d5 T

T + 7‘_2n = ﬂQﬂﬁlaﬁk; 51’] dt5 y (26&)
An 2 yn 2 ]‘ d5

ij + Wy, ij mg)\l,nwn@-@- - )\1 Wy dt (26b)

By repeatedly differentiating QiTj and eliminating second order time derivative
terms using the conservative parts of Eqs. (2.6), we can express d° 5 /dt® in terms
of at, i, Q7 and QZ and obtain a second order set of equations; this casts Eqs.

(2.6) into a numerically integrable form.

When GW damping is neglected, there exist equilibrium solutions with r =
const, ® = Py + wt for which QiT» is static in the rotating frame. Working to
leading order in A;,, we have Qf, = Q + Qcos(29), = Q@ — Qcos(29),

L = Qsin(29), Q1; = —2Q', where

3m2>\1n , 1 ) m2>\1,n
= —w' + Z ~ a2 7"3’ = é,w“ + Z 53 (2.7)

and x, = w/w,. Substituting these solutions back into the action (2.5), and into the

quadrupole formula F = (Q”QU> for the GW damping, provides an effective
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description of the orbital dynamics for quasicircular inspirals in the adiabatic limit.

We obtain for the orbital radius, energy and energy time derivative

rw) = MYB,=23

1+ 2 Z Xng1 (wn)] , (2.8a)

Ew) = —g( ) angz xn] (2.8b)
. 32
Bw) = _€M4/3M2w10/3 1+6’angs(xn)], (2.8¢)

where x, = maA WM M3 gi(x) = 1+ 3/(1 — 42?), go(x) = 1+ (3 —
42%)(1 — 42%)72, and g3(z) = (M/my + 2 — 22%)/(1 — 42?). Using the formula
d*V /dw? = 2 (dE /dw) / E for the phase ¥(f) of the Fourier transform of the GW

signal at GW frequency f = w/7 [57] now gives for the tidal phase correction

15m% /7 /
SU(f) = _16u2M5z>\1n dvv (v = v"®) ga(al,),
@ = 2M | 22— 11722 1 34820 — 35240
INE) = (1 — 4a2) (1 — 422)

(2.9)

Here v = (7 M f)'/3, v; is an arbitrary constant related to the initial time and phase
of the waveform, and 2/, = (v)3/(Mw,). In the limit w < w, assumed in most

previous analyses [47, 49, 14, 46], we get

5
o2 [(11@+%) A1+1HQ], (2.10)

which depends on internal structure only through \; and \,. Here we have added
the contribution from star 2. The phase (2.10) is formally of post-5-Newtonian
(P5N) order, but it is larger than the point-particle P5N terms (which are currently
unknown) by ~ (R/M)> ~ 10°.
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Figure 2.2: [Top] Analytic approximation (2.10) to the tidal perturbation to
the gravitational wave phase for two identical 1.4M. neutron
stars of radius R = 15 km, modeled as n = 1.0 polytropes, as a
function of gravitational wave frequency f. [Bottom| A compar-
ison of different approximations to the tidal phase perturbation:
the numerical solution (lower dashed, green curve) to the sys-
tem (2.6), and the adiabatic analytic approximation (2.9) (upper
dashed, blue), both in the limit (2.11) and divided by the leading

order approximation (2.10).

2.5 Accuracy of Model

We will analyze the information contained in the portion of the signal before f =
400 Hz. This frequency was chosen to be at least 20% smaller than the frequency
of the innermost stable circular orbit [58] for a conservatively large polytropic
NS model with n = 1.0, M = 1.4M,, and R = 19km. We now argue that in
this frequency band, the simple model (2.10) of the phase correction is sufficiently

accurate for our purposes.

We consider six types of corrections to (2.10). For each correction, we estimate
its numerical value at the frequency f = 400 Hz for a binary of two identical
m = 1.4Mg, R =15, n = 1.0 stars: (i) Corrections due to modes with { > 3 which
are excited by higher order tidal tensors &y, .... The [ = 3 correction to E(w),

computed using the above methods in the low frequency limit, is smaller than
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the [ = 2 contribution by a factor of 65ksR?/(45kyr?), where ko, ks are apsidal
constants. For Newtonian polytropes we have ko = 0.26, k3 = 0.106 [46], and the
ratio is 0.58(R/r)? = 0.04(R/15km)?. (ii) To assess the accuracy of the w < w,

limit underlying (2.10) we simplify the model (2.5) by taking
wp =wo for all n, (2.11)

so that Q};/\1, is independent of n. This simplification does not affect (2.10)
and increases the size of the finite frequency corrections in (2.9) since w, > wy '
This will yield an upper bound on the size of the corrections. (Also the n > 1
modes contribute typically less than 1 — 2% of the Love number [47].) Figure
2 shows the phase correction 0¥ computed numerically from Eqs. (2.6), and the
approximations (2.9) and (2.10) in the limit (2.11). We see that the adiabatic
approximation (2.9) is extremely accurate, to better than 1%, and so the dominant
error is the difference between (2.9) and (2.10). The fractional correction to (2.10)
is ~ 0.72% ~ 0.2(f/ fo)?, where fo = wo/(27), neglecting unobservable terms of the
form o + Bf. This ratio is < 0.03 for f < 400 Hz and for f; > 1000 Hz as is the
case for f-mode frequencies for most NS models [15]. (iii) We have linearized in
A1; the corresponding fractional corrections scale as (R/r)° ~ 1073(R/15km)> at
400 Hz. (iv) The leading nonlinear hydrodynamic corrections can be computed by
adding a term —aQ);Q%.Q}; to the Lagrangian (2.5), where a is a constant. This

corrects the phase shift (2.10) by a factor 1 — 28507 jw?/968 ~ 0.9995, where we

have used the models of Ref. [59] to estimate a. (v) Fractional corrections to the

tidal signal due to spin scale as ~ szpin /f2 ., where f,, is the spin frequency and
fmax the maximum allowed spin frequency. These can be neglected as fia.c 2 1000
Hz for most models and fpin is expected to be much smaller than this. (vi) Post-

1-Newtonian corrections to the tidal signal (2.10) will be of order ~ M/r ~ 0.05.

Buoyancy forces and associated g-modes for which w, < wp have a negligible influence on
the waveform’s phase[50].
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However these corrections will depend only on A\; when w < w,,, and can easily be

computed and included in the data analysis method we suggest here.

Thus, systematic errors in the measured value of A due to errors in the model
should be < 10%, which is small compared to the current uncertainty in A (see

Fig. 1).

2.6 Measuring the Love Number

The binary’s parameters are extracted from the noisy GW signal by integrating
the waveform h(t) against theoretical inspiral templates h(t,6%), where 6 are the
parameters of the binary. The best-fit parameters fi are those that maximize the
overlap integral. The probability distribution for the signal parameters for strong
signals and Gaussian detector noise is p (6) = Nexp (—1/2';;A0'A67) [60], where
AG = 0" — 0 Ty = (0h)8", dh/H7) is the Fisher information matrix, and the
inner product is defined by Eq. (2.4) of Ref. [60]. The rms statistical measurement

error in 6 is then y/(I'~1)".

Using the stationary phase approximation and neglecting corrections to the

amplitude, the Fourier transform of the waveform for spinning point masses is
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given by h(f) = Af~"/Sexp (i¥). Here the phase ¥ is

T 3M 20 (743 11 p
U(f) = 2nfte—do— -+ M8 |1+ 2 (22 )2
(/) Tt = 0e = 3+ g5, (TMI) [+9(336+4M)”

3058673 5420 j1 617 42 )
—4{dm = F)o" +10 (1016064 T ooz T 1aae “) v

(86457r 65”)111 (11583231236531 6407> 68487) 6
v — v

252 4694215680 3 21
L 15335597827 . 295572 . 47324 7948
M\ 3048192 12 63 9

1728 M2 1296 M3 21
TI09G6T5 | 378515 4 74045 4\
254016 1512 M 756 M2) " |

<76055 p> 127825 0 6848 ( 40))

(2.12)

where v = (7 M f)'/3, 3 and o are spin parameters, and + is Euler’s constant [61].
The tidal term (2.10) adds linearly to this, yielding a phase model with 7 param-
eters (te, de, M, 1, 3,0, \), where X = [(11my + M)y /myq + (11my + M)Ay /ms,] /26
is a weighted average of A\; and A\y. We incorporate the maximum spin constraint

for the NSs by assuming a Gaussian prior for 5 and o as in Ref. [60].

Figure 1 [bottom panel] shows the 90% confidence upper limit A < 20.1 x
10% g cm?s? we obtain for LIGO II (horizontal line) for two nonspinning 1.4 M, NSs
at a distance of 50 Mpc (signal-to-noise of 95 in the frequency range 20 — 400Hz)
with cutoff frequency f. = 400 Hz, as well as the corresponding values of A for
relativistic polytropes with n = 0.5 (dashed curve) and n = 1.0 (solid line). The
corresponding constraint on radius assuming identical 1.4/ stars would be R <
13.6km (15.3km) for n = 0.5 (n = 1.0) polytropes. Current NS models span the
range 10km < R < 15km.

Our phasing model (2.12) is the most accurate available model, containing
terms up to post-3.5-Newtonian (P3.5N) order. We have experimented with using

lower order phase models (P2N, P2.5N, P3N), and we find that the resulting upper
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bound on A varies by factors of order ~ 2. Thus there is some associated systematic
uncertainty in our result. To be conservative, we have adopted the most pessimistic

(largest) upper bound on A, which is that obtained from the P3.5N waveform.

In conclusion, even if the internal structure signal is too small to be seen, the
analysis method suggested here could start to give interesting constraints on NS

internal structure for nearby events.

This research was supported in part by NSF grants PHY-0140209 and PHY-

0457200. We thank an anonymous referee for helpful comments and suggestions.
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CHAPTER 3
TIDAL LOVE NUMBERS OF NEUTRON STARS

SUMMARY: For a variety of fully relativistic polytropic neutron star models
we calculate the star’s tidal Love number ky. Most realistic equations of state for
neutron stars can be approximated as a polytrope with an effective index n =~
0.5 — 1.0. The equilibrium stellar model is obtained by numerical integration
of the Tolman-Oppenheimer-Volkhov equations. We calculate the linear [ = 2
static perturbations to the Schwarzschild spacetime following the method of Thorne
and Campolattaro. Combining the perturbed Einstein equations into a single
second-order differential equation for the perturbation to the metric coefficient
and matching the exterior solution to the asymptotic expansion of the metric in
the star’s local asymptotic rest frame gives the Love number. Our results agree
well with the Newtonian results in the weak field limit. The fully relativistic values
differ from the Newtonian values by up to ~ 24%. The Love number is potentially

measurable in gravitational wave signals from inspiralling binary neutron stars.

Originally appeared in The Astrophysical Journal, 677, 1216 (2008)

3.1 Introduction and Motivation

A key challenge of current astrophysical research is to obtain information about the
equation of state (EoS) of the ultra-dense nuclear matter making up neutron stars
(NSs). The observational constraints on the internal structure of NSs are weak:
the observed range of NS masses is M ~ 1.1 —2.2M, [10], and there is no current
method to directly measure the radius. Some estimates using data from X-ray

spectroscopy exist, but those are highly model-dependent (e. g. [11]). Different
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theoretical models for the NS internal structure predict, for a neutron star of mass
M ~ 1.4M,, a central density in the range of p. ~ 2 — 8 x 10*gem =3 and a radius
in the range of R ~ 7 — 16km [10]. Potential observations of pulsars rotating at
frequencies above 1400Hz could be used to constrain the EoS if the pulsar’s mass

could also be measured (e. g. [62]).

Direct and model-independent constraints on the EoS of NSs could be ob-
tained from gravitational wave observations. Coalescing binary neutron stars are
one of the most important sources for ground-based gravitational wave detectors
[63]. LIGO observations have established upper limits on the coalescence rate per
comoving volume [64], and at design sensitivity LIGO II is expected to detect

inspirals at a rate of ~ 2/day [43].

In the early, low frequency part of the inspiral (f < 100Hz, where f is the
gravitational wave frequency), the waveform’s phase evolution is dominated by
the point-mass dynamics and finite-size effects are only a small correction. To-
ward the end of the inspiral the internal degrees of freedom of the bodies start to
appreciably influence the signal, and there have been many investigations of how
well the EoS can be constrained using the last several orbits and merger, including
constraints from the gravitational wave energy spectrum [12] and from the NS tidal
disruption signal for NS-black hole binaries [13]. Several numerical simulations of
the hydrodynamics of NS-NS mergers have studied the dependence of the gravita-
tional wave spectrum on the radius and EoS (see, e.g. [45] and references therein).
However, trying to extract EoS information from this late time regime presents
several difficulties: (i) the highly complex behavior requires solving the full nonlin-
ear equations of general relativity together with relativistic hydrodynamics; (ii) the

signal depends on unknown quantities such as the spins and angular momentum
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distribution inside the stars, and (iii) the signals from the hydrodynamic merger

are outside of LIGO’s most sensitive band.

During the early regime of the inspiral the signal is very clean and the influ-
ence of tidal effects is only a small correction to the waveform’s phase. However,
signal detection is based on matched filtering, i. e. integrating the measured
waveform against theoretical templates, where the requirement on the templates
is that the phasing remain accurate to ~ 1 cycle over the inspiral. If the ac-
cumulated phase shift due to the tidal corrections becomes of order unity or
larger, it could corrupt the detection of NS-NS signals or alternatively, detect-
ing a phase perturbation could give information about the NS structure. This
has motivated several analytical and numerical investigations of tidal effects in NS
binaries [65, 47, 49, 14, 46, 66, 67, 15, 68]. The influence of the internal structure
on the gravitational wave phase in this early regime of the inspiral is character-
ized by a single parameter, namely the ratio A of the induced quadrupole to the
perturbing tidal field. This ratio A is related to the star’s tidal Love number ko by
ko = 3GAR™°/2, where R is the star’s radius. The authors of Ref. [69] have shown
that for an inspiral of two non-spinning 1.4M NSs at a distance of 50 Mpc, LIGO
IT detectors will be able to constrain A to A < 2.01 x 103"g cm?s? with 90% confi-
dence. This number is an upper limit on A in the case that no tidal phase shift is
observed. The corresponding constraint on radius would be R < 13.6km (15.3km)

for an = 0.5 (n = 1.0) fully relativistic polytrope, for 1.4M; NSs [69].

Because neutron stars are compact objects with strong internal gravity, their
Love numbers could be very different from those for Newtonian stars that have

been computed previously, e. g. in Ref. [54].

Knowledge of Love number values could also be useful for comparing different
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numerical simulations of NS binary inspiral by focusing on models with the same

masses and values of \.

In Ref. [69], the [ = 2 tidal Love numbers for fully relativistic neutron star
models with polytropic pressure-density relation P = Kp't'/" where K and n are
constants, were computed for the first time. The present paper will give details
of this computation. Using polytropes allows us to explore a wide range of stellar
models, since most realistic models can be reasonably approximated as a polytrope
with an effective index in the range n ~ 0.5 — 1.0 [10]. Our prescription for
computing A is valid for an arbitrary pressure-density relation and not restricted
to polytropes. In Sec. 3.2, we start by defining A in the fully relativistic context
in terms of coefficients in an asymptotic expansion of the metric in the star’s local
asymptotic rest frame and discuss the extent to which it is uniquely defined. In
Sec. 3.3, we discuss our method of calculating A\, which is based on static linearized
perturbations of the equilibrium configuration in the Regge-Wheeler gauge as in
Ref. [53]. Section 4.4.4 contains the results of the numerical computations together

with a discussion. Unless otherwise specified, we use units in which ¢ = G = 1.

3.2 Definition of the Love number

Consider a static, spherically symmetric star of mass M placed in a static external
quadrupolar tidal field &;;. The star will develop in response a quadrupole moment

Qi; ' In the star’s local asymptotic rest frame (asymptotically mass centered

!The induced quadrupolar deformation of the star can be described in terms of the star‘s
I = 2 mode eigenfunctions of oscillation.
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Cartesian coordinates) at large r the metric coefficient g is given by [51]:

A—gu) _ _%_%(nina‘_lgij)JrO(l)
3

2 r 213 r3

—F%gijl'il'j +0 (Tg) 5 (31)

where n' = z'/r; this expansion defines &;; * and @Q;;. In the Newtonian limit, Q;;

is related to the density perturbation dp by
3 L,
Qij = d [L’(Sp(X) [L’Z'[L’j — g’f’ 6ij s (32)
and &;; is given in terms of the external gravitational potential ®.y as

82 (I)ext
0xtOx

Ei = (3.3)

We are interested in applications to fully relativistic stars, which requires going
beyond Newtonian physics. In the strong field case, Egs. (3.2) and (3.3) are no
longer valid but the expansion of the metric (3.1) still holds in the asymptotically

flat region and serves to define the moments @);; and &;.

We briefly review here the extent to which these moments are uniquely defined
since there are considerable coordinate ambiguities in performing asymptotic ex-
pansions of the metric. For an isolated body in a static situation these moments
are uniquely defined: &;; and @);; are the coordinate independent moments de-
fined by Geroch [71] and Hansen [72] for stationary, asymptotically flat spacetimes
in terms of certain combinations of the derivatives of the norm and twist of the
timelike Killing vector at spatial infinity. In the case of an isolated object in a
dynamical situation, there are ambiguities related to gravitational radiation, for
example angular momentum is not uniquely defined [73]. For the application to
the adiabatic part of a NS binary inspiral, we are interested in the case of a non-

isolated object in a quasi-static situation. In this case there are still ambiguities

2The [ = 2 tidal moment can be related to a component of the Riemann tensor Rapys of the
external pieces of the metric in Fermi normal coordinates at r = 0 as &;; = Roio; (see [70]).
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(related to the choice of coordinates) but their magnitudes can be estimated [56]
and are at a high post-Newtonian order and therefore can be neglected. We are
also interested in (i) working to linear order in &; and (ii) in the limit where the

source of &;; is very far away. In this limit the ambiguities disappear.
To linear order in &;;, the induced quadrupole will be of the form
Qij = —AEij. (3.4)

Here X is a constant which is related to the [ = 2 tidal Love number (apsidal
constant) ko by [69]
3
ky = iG)\R_S' (3.5)

Note the difference in terminology: in Ref. [69], A was called the Love number,

whereas in this paper, we reserve that name for the dimensionless quantity ks.

The tensor multipole moments );; and &;; can be decomposed as

2
Ej= Y EVI, (3.6)
m=—2
and
2
Qij = Z QuY", (3.7)
m=—2

where the symmetric traceless tensors Y™ are defined by [74]
_ 2m, i, ]
Yom (0, 0) = V;"n'n/ (3-8)
with n = (sin 6 cos ¢, sin 0 sin ¢, cos ). Thus, the relation (3.4) can be written as
Qm = —Anm. (3.9)

Without loss of generality, we can assume that only one &,, is nonvanishing, this

is sufficient to compute \.
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3.3 Calculation of the Love number

3.3.1 Equilibrium configuration

The geometry of spacetime of a spherical, static star can be described by the line

element [70]
ds? = g\ dada” = —e"Ddt? + AOdr? + 1 (d6? + sin® 0d¢?) . (3.10)
The stars stress-energy tensor is given by
Top = (p + p) tatis + Dgs). (3.11)

where @ = /20, is the fluid’s four-velocity and p and p are the density and
pressure. Numerical integration of the Tolman-Oppenheimer-Volkhov equations

(see e.g. [70]) for neutron star models with a polytropic pressure-density relation
P = Kp'ti/n, (3.12)

where K is a constant and n is the polytropic index, gives the equilibrium stellar

model with radius R and total mass M = m(R).

3.3.2 Static linearized perturbations due to an external

tidal field

We examine the behavior of the equilibrium configuration under linearized pertur-
bations due to an external quadrupolar tidal field following the method of Thorne

and Campolattaro [53]. The full metric of the spacetime is given by
Gap = ggg + hoeﬁa (313)
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where h,gs is a linearized metric perturbation. We analyze the angular dependence
of the components of h,g into spherical harmonics as in Ref. [75]. We restrict our
analysis to the [ = 2, static, even-parity perturbations in the Regge-Wheeler gauge

[75]. With these specializations, h,s can be written as [75, 53]:
hos = diag [e_”(r)Ho(r), A Hy(r), r2K(r), 1% sin’ OK ()] Yam(6, ).  (3.14)

The nonvanishing components of the perturbations of the stress-energy tensor
(3.11) are 619 = —6p = —(dp/dp)~'6p and 6T} = dp. We insert this and
the metric metric perturbation (3.14) into the the linearized Einstein equation
0GP = 86T’ and combine various components. From §GY — 5G$ = 0 it fol-
lows that that Hy = Hy = H, then G} = 0 relates K’ to H, and after using
6GY + 5G£ = 16mwdp to eliminate dp, we finally subtract the » — r component of
the Einstein equation from the ¢ — ¢ component to obtain the following differential

equation for Hy = H (for | = 2):

2 2
H"+ H' {— + et ( mgr) +47r (p — p))}
T r
+H {—6—€A + 4met (5p + 9p + u) — 1/2} =0 (3.15)
r? (dp/dp) ’

where the prime denotes d/dr. The boundary conditions for Eq. (3.15) can be
obtained as follows. Requiring regularity of H at » = 0 and solving for H near

r = 0 yields

p(0) + p(0)
(dp/dp)(0)

where aq is a constant. To single out a unique solution from this one-parameter

Hr) = agr? [1 2 <5p(0) +9p(0) +

- ) r? + O(r?’)} , (3.16)

family of solutions parameterized by ag, we use the continuity of H(r) and its

derivative across r = R. Outside the star, Eq. (3.15) reduces to

2 A
H' + <— - X) H — <6i + A/2) H=0, (3.17)

T 72
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and changing variables to x = (r/M — 1) as in Ref. [53] transforms Eq. (3.17) to

a form of the associated Legendre equation with [ = m = 2:

4
(22— 1) H" + 2zH' — (6 + 1) H=0. (3.18)

2 _
The general solution to Eq. (3.18) in terms of the associated Legendre functions

Q2 %(z) and P, ?(x) is given by

H=c,0,° (% - 1) teaPy? (% - 1) , (3.19)

where ¢; and ¢y are coefficients to be determined. Substituting the expressions for

Q2 ?(x) and P, ?(z) from Ref. [76] yields for the exterior solution

o (o) [ e )

te (%)2 (1 - g) . (3.20)

The asymptotic behavior of the solution (3.20) at large r is

=2 (M) o (X)) +a(f) avo (7). e

where the coefficients ¢; and ¢y are determined by matching the asymptotic solution

(3.21) to the expansion (3.1) and using Eq. (3.9):

15 1 1,
C1 = gﬁ)\g, Cy = gM 5 (322)
We now solve for A\ in terms of H and its derivative at the star’s surface r = R

using Egs. (3.22) and (3.20), and use the relation (3.5) to obtain the expression:

ko = 8—? (1-2C%)[242C(y—1) —y] x (3.23)

{20 (6 — 3y +3C(5y — 8)) +4C° [13 — 11y + C(3y — 2) + 2C*(1 + y)]

+3(1 =2C%) 2 —y +2C(y — 1)]log (1 — 20) }_ ,

where we have defined the star’s compactness parameter C' = M /R and the quan-
tity y = RH'(R)/H(R), which is obtained by integrating Eq. (3.15) outwards in

the region 0 < r < R.
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3.3.3 Newtonian limit

The first term in the expansion of the expression (3.23) in M/R reproduces the

ky = % <2 — y) : (3.24)

Newtonian result:

y+3

where the superscript N denotes ”Newtonian”. In the Newtonian limit, the differ-

ential equation (3.15) inside the star becomes

2 4
H'+ “H'+ ( e E) H=o0. (3.25)

For a polytropic index of n = 1, Eq. (3.25) can be transformed to a Bessel equation
with the solution that is regular at r = 0 given by H = A\/r/R Js5(nr/R), where
A is a constant. At r = R, we thus have y = RH'/H = (7* — 9)/3, and from Eq.
(3.23) it follows that

115
EN(n=1)= <—§ + ﬁ) ~ 0.25991, (3.26)

which agrees with the known result [54].

3.4 Results and Discussion

The range of dimensionless Love numbers ky obtained by numerical integration of
Eq. (3.23) is shown in Fig. 3.1 as a function of M/R and n for a variety of different
neutron star models, and representative values are given in Table 3.1. These values
can be approximated to an accuracy of ~ 6% in the range 0.5 < n < 1.0 and

0.1 < (M/R) <0.24 by the fitting formula

3 0.56\ /M "0
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Figure 3.2: The difference in percent between the relativistic dimensionless
Love numbers ky and the Newtonian values k2.
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Figure 3.3: The range of Love numbers for the estimated NS parameters
from X-ray observations. Top to bottom sheets: EXO0748-676,
wCen, M 13, NGC 2808. For an inspiral of two 1.4M. NSs at a
distance of 50 Mpc, LIGO II detectors will be able to constrain
A to A <20.1 x 10%g em?s? with 90% confidence.

Both Fig. 3.1 and Table 3.1 illustrate that the dimensionless Love numbers
ko depend more strongly on the polytropic index n than on the compactness C' =
M/R. 3 This is expected since the weak field, Newtonian values k% given by Eq.
(3.24) just depend on n (through the dependence on y). The additional dependence
on the compactness for the Love numbers ks in Eq. (3.23) is a relativistic correction
to this. For M/R ~ 107° our results for ky agree well with the Newtonian results
of Ref. [54]. Figure 3.2 shows the percent difference (k3 — ky)/ks between the
relativistic and Newtonian dimensionless Love numbers. As can be seen from
the figure, the relativistic values are lower than the Newtonian ones for higher

values of n. This can be explained by the fact that the Love number encodes

3Note, however, that LIGO measurements will yield the combination ks R® and therefore will
be more sensitive to the compactness than the polytropic index.
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Table 3.1: Relativistic Love numbers ko

n M/R ks
0.3 1075 0.5511
0.3 0.1 0.5401
03 0.5 0.5691
0.3 02 0.6146
0.5 107° 0.4491
05 0.1 0.4260
0.5 0.15 0.4349
05 02 0.4489
0.5 025 0.4589
0.7 1075 0.3626
0.7 0.1 0.3373
0.7 0.5 0.3369
0.7 02 0.3363
0.7 025 0.3267
1.0 107° 0.2599
1.0 0.1 0.2405
1.0 0.15 0.2363
1.0 02 0.2282
1.0 025 0.2081
1.2 1075 0.2062
1.2 0.1 0.1936
1.2 0.15 0.1900
1.2 02 0.1811
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Table 3.2: Estimated neutron star parameters from X-ray observations from
Webb and Barrett and Ozel used to generate the figure.

Cluster / object M (M) R(km) M/R
w Cen * 1.61+£0.15 10.99+£0.71 0.18 £0.04
M13 ¢ 1.36 £0.04  9.89£0.08 0.2

NGC 2808 ¢ 0.84£0.12 7.34+£0.96 0.22+£0.01
EXO 0748-676 * >2140.28 >13.84+1.8 0.2256

information about the degree of central condensation of the star. Stars with a
higher the polytropic index n are more centrally condensed and therefore have a

smaller response to a tidal field, resulting in a smaller Love number.
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CHAPTER 4
TWO TIMESCALE ANALYSIS OF EXTREME MASS RATIO
INSPIRALS IN KERR. I. ORBITAL MOTION

SUMMARY: Inspirals of stellar mass compact objects into massive black holes
are an important source for future gravitational wave detectors such as Advanced
LIGO and LISA. Detection of these sources and extracting information from the
signal relies on accurate theoretical models of the binary dynamics. We cast the
equations describing binary inspiral in the extreme mass ratio limit in terms of ac-
tion angle variables, and derive properties of general solutions using a two-timescale
expansion. This provides a rigorous derivation of the prescription for computing
the leading order orbital motion. As shown by Mino, this leading order or adi-
abatic motion requires only knowledge of the orbit-averaged, dissipative piece of
the self force. The two timescale method also gives a framework for calculating
the post-adiabatic corrections. For circular and for equatorial orbits, the leading
order corrections are suppressed by one power of the mass ratio, and give rise to
phase errors of order unity over a complete inspiral through the relativistic regime.
These post-1-adiabatic corrections are generated by the fluctuating piece of the
dissipative, first order self force, by the conservative piece of the first order self
force, and by the orbit-averaged, dissipative piece of the second order self force.
We also sketch a two-timescale expansion of the Einstein equation, and deduce an
analytic formula for the leading order, adiabatic gravitational waveforms generated

by an inspiral.

To be published in Physical Review D 15, (2008), with E. Flanagan
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4.1 Introduction and Summary

4.1.1 Background and Motivation

Recent years have seen great progress in our understanding of the two body prob-
lem in general relativity. Binary systems of compact bodies undergo an inspiral
driven by gravitational radiation reaction until they merge. As illustrated in Fig.
4.1, there are three different regimes in the dynamics of these systems, depend-
ing on the values of the total and reduced masses M and p of the system and
the orbital separation r : (i) The early, weak field regime at r > M, which can
be accurately modeled using post-Newtonian theory, see, for example, the review
[61]. (ii) The relativistic, equal mass regime r ~ M, u ~ M, which must be
treated using numerical relativity. Over the last few years, numerical relativists
have succeeded for the first time in simulating the merger of black hole binaries,
see, for example, the review [77] and references therein. (iii) The relativistic, ex-
treme mass ratio regime r ~ M, y < M. Over timescales short compared to the
dephasing time ~ M \/W , systems in this regime can be accurately modeled
using black hole perturbation theory[78], with the mass ratio € = /M serving as
the expansion parameter. The subject of this paper is the approximation methods
that are necessary to treat such systems over the longer inspiral timescale ~ M?/p

necessary for computation of complete inspirals.

This extreme mass ratio regime has direct observational relevance: Compact
objects spiraling into much larger black holes are expected to be a key source for
both LIGO and LISA. Intermediate-mass-ratio inspirals (IMRIs) are inspirals of
black holes or neutron stars into intermediate mass (50 < M < 1000M) black

holes; these would be visible to Advanced LIGO out to distances of several hundred
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Figure 4.1: The parameter space of inspiralling compact binaries in general
relativity, in terms of the inverse mass ratio M/ = 1/e and the
orbital radius r, showing the different regimes and the computa-
tional techniques necessary in each regime. Individual binaries
evolve downwards in the diagram (green dashed arrows).

Mpec [29], where the event rate could be about 3 — 30 per year [29, 30]. Eztreme-
mass-ratio inspirals (EMRIs) are inspirals of stellar-mass compact objects (black
holes, neutron stars, or possibly white dwarfs) into massive (10* < M < 10"M)
black holes in galactic nuclei; these will be visible to LISA out to redshifts z ~ 1
23, 24, 25]. It has been estimated [26, 27| that LISA should see about 50 such
events per year, based on calculations of stellar dynamics in galaxies’ central
cusps[28]. Because of an IMRI's or EMRI’s small mass ratio ¢ = u/M, the small
body lingers in the large black hole‘s strong-curvature region for many wave cycles
before merger: hundreds of cycles for LIGO’s IMRIs; hundreds of thousands for
LISA’s EMRIs [23]. In this relativistic regime the post-Newtonian approximation
has completely broken down, and full numerical relativity simulations become pro-
hibitively difficult as ¢ is decreased. Modeling of these sources therefore requires

a specialized approximation method.

Gravitational waves from these sources will be rich with information [24, 25]:
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e The waves carry not only the details of the evolving orbit, but also a map
of the large body’s spacetime geometry, or equivalently the values of all its
multipole moments, as well as details of the response of the horizon to tidal
forces [79, 80]. Extracting the map (bothrodesy) is a high priority for LISA,
which can achieve ultrahigh accuracy, and a moderate priority for LIGO,
which will have a lower (but still interesting) accuracy [29]. Measurements of
the black hole’s quadrupole (fractional accuracy about 1072 for LISA [81, 82],
about 1 for Advanced LIGO [29]) will enable tests of the black hole’s no hair
property, that all of the mass and current multipole moments are uniquely
determined in terms of the first two, the mass and spin. Potentially, these
measurements could lead to the discovery of non-black-hole central objects

such as boson stars [31, 32] or naked singularities.

e Omne can measure the mass and spin of the central black hole with fractional
accuracies of order 10™* for LISA [83, 84] and about 1072-10~! for Advanced
LIGO [29]. Observing many events will therefore provide a census of the
masses and spins of the massive central black holes in non-active galactic
nuclei like M31 and M32. The spin can provide useful information about the

hole’s growth history (mergers versus accretion) [33].

e For LISA, one can measure the inspiralling objects’ masses with precision
about 1074, teaching us about the stellar population in the central parsec of

galactic nuclei.

e If the LISA event rate is large enough, one can measure the Hubble constant
Hy to about 1% [34], which would indirectly aid dark energy studies [35].
The idea is to combine the measured luminosity distance of cosmological
(z ~ 1/2) EMRIs with a statistical analysis of the redshifts of candidate host

galaxies located within the error box on the sky.
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To realize the science goals for these sources requires accurate theoretical mod-
els of the waveforms for matched filtering. The accuracy requirement is roughly
that the theoretical template’s phase must remain accurate to ~ 1 cycle over the
~ &1 cycles of waveform in the highly relativistic regime (~ 10 cycles for LIGO,
~ 10° for LISA). For signal detection, the requirement is slightly less stringent
than this, while for parameter extraction the requirement is slightly more strin-
gent: The waveforms are characterized by 14 parameters, which makes a fully
coherent search of the entire data train computationally impossible. Therefore,
detection templates for LISA will use short segments of the signal and require
phase coherence for ~ 10* cycles [27]. Once the presence of a signal has been
established, the source parameters will be extracted using measurement templates
that require a fractional phase accuracy of order the reciprocal of the signal to

noise ratio [27], in order to keep systematic errors as small as the statistical errors.

4.1.2 Methods of computing orbital motion and waveforms

A variety of approaches to computing waveforms have been pursued in the com-
munity. We now review these approaches in order to place the present paper in
context. The foundation for all approaches is the fact that, since ¢ = u/M < 1,
the field of the compact object can be treated as a small perturbation to the large
black hole’s gravitational field. On short timescales ~ M, the compact object
moves on a geodesic of the Kerr geometry, characterized by its conserved energy
E, z-component of angular momentum L., and Carter constant ). Over longer
timescales ~ M /e, radiation reaction causes the parameters F, L, and @ to evolve

adiabatically and the orbit to shrink. The effect of the internal structure of the
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object is negligible!, so it can be treated as a point particle. At the end of the
inspiral, the particle passes through an innermost stable orbit where adiabaticity
breaks down, and it transitions onto a geodesic plunge orbit [89, 90, 91, 92]. In

this paper we restrict attention to the adiabatic portion of the motion.

Numerical Relativity: Numerical relativity has not yet been applied to the extreme
mass ratio regime. However, given the recent successful simulations in the equal
mass regime € ~ 1, one could contemplate trying to perform simulations with
smaller mass ratios. There are a number of difficulties that arise as ¢ gets small:
(i) The orbital timescale and the radiation reaction timescale are separated by the
large factor ~ 1/e. The huge number of wave cycles implies an impractically large
computation time. (i) There is a separation of lengthscales: the compact object
is smaller than the central black hole by a factor e. (iii) Most importantly, in
the strong field region near the small object, the piece of the metric perturbation
responsible for radiation reaction is of order e, and since one requires errors in
the radiation reaction to be of order €, the accuracy requirement on the metric
perturbation is of order 2. These difficulties imply that numerical simulations
will likely not be possible in the extreme mass ratio regime in the foreseeable

future, unless major new techniques are devised to speed up computations.

Use of post-Newtonian methods: Approximate waveforms which are qualitatively
similar to real waveforms can be obtained using post-Newtonian methods or using

hybrid schemes containing some post-Newtonian elements [93, 88, 94]. Although

!There are two exceptions, where corrections to the point-particle model can be important: (i)
White dwarf EMRIs, where tidal interactions can play a role [85]. (ii) The effect due to the spin,
if any, of the inspiralling object, whose importance has been emphasized by Burko [86, 87]. While
this effect is at most marginally relevant for signal detection [88], it is likely quite important for
information extraction. We neglect the spin effect in the present paper, since it can be computed
and included in the waveforms relatively easily.
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these waveforms are insufficiently accurate for the eventual detection and data
analysis of real signals, they have been very useful for approximately scoping out
the detectability of inspiral events and the accuracy of parameter measurement,
both for LIGO [29] and LISA [27, 88]. They have the advantage that they can be

computed relatively quickly.

Black hole perturbation theory — first order: There is a long history of using first
order perturbation theory [78] to compute gravitational waveforms from particles
in geodesic orbits around black holes [95, 96, 97, 98]. These computations have
recently been extended to fully generic orbits [99, 100, 101]. However first order
perturbation theory is limited to producing “snapshot” waveforms that neglect
radiation reaction.? Such waveforms fall out of phase with true waveforms after a
dephasing time ~ M/+/e, the geometric mean of the orbital and radiation reaction

timescales, and so are of limited utility.?

Black hole perturbation theory — second order: One can in principle go to sec-
ond order in perturbation theory [103, 104, 105]. At this order, the particle’s
geodesic motion must be corrected by self-force effects describing its interaction
with its own spacetime distortion. This gravitational self force is analogous to
the electromagnetic Abraham-Lorentz-Dirac force. Although a formal expression
for the self force is known [106, 107], it has proved difficult to translate this ex-
pression into a practical computational scheme for Kerr black holes because of
the mathematical complexity of the self-field regularization which is required.

Research into this topic is ongoing; see, for example the review [108] and Refs.

2The source for the linearized Einstein equation must be a conserved stress energy tensor,
which for a point particle requires a geodesic orbit.

3Drasco has argued that snapshot waveforms may still be useful for signal detections in certain
limited parts of the IMRI/EMRI parameter space, since the phase coherence time is actually
~ 100M /+/€ [102].
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[109, 110, 111, 112, 113, 114, 115, 105] for various approaches and recent progress.

When the self-force is finally successfully computed, second order perturbation
theory will provide a self-consistent framework for computing the orbital motion
and the waveform, but only over short timescales. The second order waveforms will
fall out of phase with the true waveforms after only a dephasing time ~ M/\/e
4 [116, 117]. Computing accurate waveforms describing a full inspiral therefore

requires going beyond black hole perturbation theory.

Use of conservation laws: This well-explored method allows tracking an entire
inspiral for certain special classes of orbits. Perturbation theory is used to compute
the fluxes of E and L. to infinity and down the horizon for geodesic orbits, and
imposing global conservation laws, one infers the rates of change of the orbital
energy and angular momentum. For circular orbits and equatorial orbits these
determine the rate of change of the Carter constant (), and thus the inspiralling
trajectory. The computation can either be done in the frequency domain [95, 96,
97, 98], or in the time domain by numerically integrating the Teukolsky equation
as a 241 PDE with a suitable numerical model of the point particle source [118,
119, 120, 121, 122, 123, 124, 125, 126, 127]. However, this method fails for generic
orbits since there is no known global conservation law associated with the Carter

constant Q).

Adiabatic approximation — leading order: Over the last few years, it has been dis-

covered how to compute inspirals to leading order for generic orbits. The method

4The reason is as follows. Geodesic orbits and true orbits become out of phase by ~ 1 cycle
after a dephasing time. Therefore, since the linear metric perturbation is sourced by a geodesic
orbit, fractional errors in the linear metric perturbation must be of order unity. Therefore
the second order metric perturbation must become comparable to the first order term after a
dephasing time.
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is based on the Mino’s realization [128] that, in the adiabatic limit, one needs
only the time averaged, dissipative piece of the first order self force, which can
be straightforwardly computed from the half retarded minus half advanced pre-
scription. This sidesteps the difficulties associated with regularization that impede
computations of the full, first order self force. From the half advanced minus half
retarded prescription, one can derive an explicit formula for a time-average of Q
in terms of mode expansion [99, 40, 41, 129, 130]. Using this formula it will be

straightforward to compute inspirals to the leading order.

We now recap and assess the status of these various approaches. All of the
approaches described above have shortcomings and limitations [117]. Suppose
that one computes the inspiral motion, either from conservation laws, or from
the time-averaged dissipative piece of the first order self-force, or from the exact
first order self-force when it becomes available. It is then necessary to compute
the radiation generated by this inspiral. One might be tempted to use linearized

perturbation theory for this purpose. However, two problems then arise:

e As noted above, the use of linearized perturbation theory with nongeodesic
sources is mathematically inconsistent. This inconsistency has often been
remarked upon, and various ad hoc methods of modifying the linearized
theory to get around the difficulty have been suggested or implemented [107,
131, 132].

e A related problem is that the resulting waveforms will depend on the gauge
chosen for the linearized metric perturbation, whereas the exact waveforms
must be gauge invariant.

It has often been suggested that these problems can be resolved by going to second
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order in perturbation theory [108, 105]. However, as discussed above, a second
order computation will be valid only for a dephasing time, and not for a full

inspiral.

Of course, the above problems are not fatal, since the motion is locally very
nearly geodesic, and so the inconsistencies and ambiguities are suppressed by a

> Nevertheless, it is clearly

factor ~ e relative to the leading order waveforms.
desirable to have a well defined approximation method that gives a unique, consis-
tent result for the leading order waveform. Also, for parameter extraction, it will
be necessary to compute the phase of the waveform beyond the leading order. For

this purpose it will clearly be necessary to have a more fundamental computational

framework.

4.1.3 The two timescale expansion method

In this paper we describe an approximation scheme which addresses and resolves all
of the theoretical difficulties discussed above. It is based on the fact that the sys-
tems evolve adiabatically: the radiation reaction timescale ~ M /e is much longer
than the orbital timescale ~ M [128]. It uses two-timescale expansions, which are
a systematic method for studying the cumulative effect of a small disturbance on

a dynamical system that is active over a long time [133].

The essence of the method is simply an ansatz for the dependence of the metric
gap(€) on g, and an ansatz for the dependence of the orbital motion on ¢, that
are justified a posteriori order by order via substitution into Einstein’s equation.

The ansatz for the metric is more complex than the Taylor series ansatz which

5This is true both for the instantaneous amplitude and for the accumulated phase of the
waveform.
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underlies standard perturbation theory. The two timescale method has roughly
the same relationship to black hole perturbation theory as post-Newtonian theory
has to perturbation theory of Minkowski spacetime. The method is consistent
with standard black hole perturbation theory locally in time, at each instant,
but extends the domain of validity to an entire inspiral. The method provides a
systematic procedure for computing the leading order waveforms, which we call
the adiabatic waveforms, as well as higher order corrections. We call the O(e)
corrections the post-1-adiabatic corrections, the O(g?) corrections post-2-adiabatic,

etc., paralleling the standard terminology in post-Newtonian theory.

The use of two timescale expansions in the extreme mass ratio regime was
first suggested in Refs. [116, 134]. The method has already been applied to some
simplified model problems: a computation of the inspiral of a point particle in
Schwarzschild subject to electromagnetic radiation reaction forces by Pound and
Poisson [135], and a computation of the scalar radiation generated by a inspiralling
particle coupled to a scalar field by Mino and Price [136]. We will extend and

generalize these analyses, and develop a complete approximation scheme.

There are two, independent, parts to the the approximation scheme. The first
is a two timescale analysis of the inspiralling orbital motion, which is the focus
of the present paper. Our formalism enables us to give a rigorous derivation and
clarification of the prescription for computing the leading order motion that is valid
for all orbits, and resolves some controversies in the literature [135]. It also allows
us to systematically calculate the higher order corrections. For these corrections,
we restrict attention to inspirals in Schwarzschild, and to circular and equatorial
inspirals in Kerr. Fully generic inspirals in Kerr involve a qualitatively new feature

— the occurrence of transient resonances — which we will discuss in the forthcoming
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papers [137, 138].

The second part to the approximation scheme is the application of the two
timescale method to the Einstein equation, and a meshing of that expansion to
the analysis of the orbital motion. This allows computation of the observable
gravitational waveforms, and is described in detail in the forthcoming paper [139].
We briefly sketch this formalism in Sec. 4.1.5 below, and give an analytic result

for the leading order waveforms.

We note that alternative methods of attempting to overcome the problems with
standard perturbation theory, and of going beyond adiabatic order, have been
developed by Mino [131, 117, 140, 141, 142]. These methods have some overlap
with the method discussed here, but differ in some crucial aspects. We do not
believe that these methods provide a systematic framework for going to higher

orders, unlike the two-timescale method.

4.1.4 Orbital Motion

We now turn to a description of our two timescale analysis of the orbital motion.
The first step is to exploit the Hamiltonian structure of the unperturbed, geodesic
motion to rewrite the governing equations in terms of generalized action angle

variables. We start from the forced geodesic equation

d>x dx® dxP
q2 +17, i dr caM? + 2@V £ O(e?). (4.1)

Here 7 is proper time and a” and «®¥ are the first order and second order
self-accelerations. In Sec. 4.2 we augment these equations to describe the leading

order backreaction of the inspiral on the mass M and spin a of the black hole, and

71



show they can be rewritten as [cf. Eqgs. (4.59) below]

dq.
E - (Ua(']o> + gg((xl) (qT7 qo, ']0) + 829((12) (qr’ 0, JO)
+O(€3), (42&)
dJ
d—T)\ - €G§1)(Q7‘7 4q0, Jo) + 62G§\2)(q7‘7 46 ']0)

+0(&%). (4.2b)

Here the variables J are the three conserved quantities of geodesic motion, with
the dependence on the particle mass scaled out, together with the black hole mass

and spin parameters:
J)\ = (E/:U“a Lz/lu“a Q/ILL27M7 CL). (43)

The variables ¢, = (qr, o, g5, @) are a set of generalized angle variables associated
with the r, 6, ¢ and t motions in Boyer-Lindquist coordinates, and are defined
more precisely in Sec. 4.2.4 below. The variables g, gg, and g4 each increase by
27 after one cycle of motion of the corresponding variable r, 8 or ¢. The functions
wa (J,) are the fundamental frequencies of geodesic motion in the Kerr metric. The
functions g,(ll), Gg\l) are currently not known explicitly, but their exact form will not
be needed for the analysis of this paper. They are determined by the first order
self acceleration [106, 107]. Similarly, the functions ¢ and Gg?) are currently not

known explicitly, and are determined in part by the second order self acceleration

(143, 144, 145, 146, 147]; see Sec. 4.2.6 for more details.

In Secs. 4.4 — 4.5 below we analyze the differential equations (4.2) using two
timescale expansions. In the non-resonant case, and up to post-1-adiabatic order,
the results can be summarized as follows. Approximate solutions of the equations

can be constructed via a series of steps:

e We define the slow time variable 7 = e7.
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We construct a set of functions ¢ (7), j)fo) (7), w&l)(%) and j/\(l)(%) of the

slow time. These functions are defined by a set of differential equations that

involve the functions w,, g&l), Gf\l), g&z) and Gf) and which are independent
of € [Eqgs. (4.188), (4.193), (4.191), (4.201), (4.199) below].

We define a set of auxiliary phase variables v, by

1
Yu(r,€) = SO (er) + 9(er) +0(), (1.4
where the O(eg) symbol refers to the limit € — 0 at fixed 7 = e7.
Finally, the solution to post-1-adiabatic order is given by
Go(T,8) = Yo+ 0(e), (4.5a)
N(re) = T(er) +eTV(er)
+HA[Ur, 09, T (e7)] + O(e?), (4.5b)

where the O(e) and O(g?) symbols refer to ¢ — 0 at fixed 7 and v,. Here
H, is a function which is periodic in its first two arguments and which can

computed from the function Gg\l) [Eq. (4.243) below].

We now turn to a discussion of the implications of the final result (4.5). First,

we emphasize that the purpose of the analysis is not to give a convenient, practical

scheme to integrate the orbital equations of motion. Such a scheme is not needed,

since once the self-acceleration is known, it is straightforward to numerically inte-

grate the forced geodesic equations (4.1). Rather, the main benefit of the analysis

is to give an analytic understanding of the dependence of the motion on ¢ in the

limit € — 0. This serves two purposes. First, it acts as a foundation for the two

timescale expansion of the Einstein equation and the computation of waveforms

(Sec. 4.1.5 below and Ref. [139]). Second, it clarifies the utility of different approx-

imations to the self-force that have been proposed, by determining which pieces of
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the self-force contribute to the adiabatic order and post-1-adiabatic order motions
99, 40]. This second issue is discussed in detail in Sec. 4.7 below. Here we give a

brief summary.

Consider first the motion to adiabatic order, given by the functions w&o) and
j/\(o). These functions are obtained from the differential equations [Eqgs. (4.188),
(4.193) and (4.191) below]

(0)
W e 160
(0)

where (...) denotes the averageS over the 2-torus

1 27 2
(607) =) (27r)2/0 da /0 dao G (ar, 0. 7). (4.7)

This zeroth order approximation describes the inspiralling motion of the particle.
In Sec. 4.2.7 below we show that only the dissipative (ie half retarded minus half
advanced) piece of the self force contributes to the torus average (4.7). Thus, the
leading order motion depends only on the dissipative self-force, as argued by Mino
[128]. Our result extends slightly that of Mino, since he advocated using an infinite
time average on the right hand side of Eq. (4.6b), instead of the phase space or
torus average. The two averaging methods are equivalent for generic geodesics, but
not for geodesics for which the ratio of radial and azimuthal periods is a rational
number. The time-average prescription is therefore correct for generic geodesics,
while the result (4.6) is valid for all geodesics. The effect of the nongeneric geodesics

is discussed in detail in Refs. [137, 138].

Consider next the subleading, post-1-adiabatic corrections to the inspiral given

by the functions 1@9) and j/\(l). These corrections are important for assessing the

6This phase space average is uniquely determined by the dynamics of the system, and resolves
concerns in the literature about inherent ambiguities in the choice of averaging [135].
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accuracy of the adiabatic approximation, and will be needed for accurate data
analysis of detected signals. The differential equations determining 1@9) and jA(l)
are Eqs. (4.201) and (4.199) below. These equations depend on (i) the oscillating
(not averaged) piece of the dissipative, first order self force; (ii) the conservative
piece of the first order self force, and (iii) the torus averaged, dissipative piece of
the second order self force. Thus, all three of these quantities will be required
to compute the inspiral to subleading order, confirming arguments made in Refs.
(148, 99, 40, 149]. In particular, knowledge of the full first order self force will not
enable computation of more accurate inspirals until the averaged, dissipative piece

of the second order self force is known.”

4.1.5 Two timescale expansion of the Einstein equations

and adiabatic waveforms

We now turn to a brief description of the two timescale expansion of the Einstein
equations; more details will be given in the forthcoming paper [139]. We focus
attention on a region R of spacetime defined by the conditions (i) The distance
from the particle is large compared to its mass yu; (ii) The distance r from the large
black hole is small compared to the inspiral time, » < M?/u; and (iii) The extent
of the region in time covers the entire inspiral in the relativistic regime. In this
domain we make an ansatz for the form of the metric that is justified a posteriori

order by order.

At distances ~ u from the particle, one needs to use a different type of analysis

(eg black hole perturbation theory for a small black hole), and to mesh that analysis

"This statement remains true when one takes into account resonances [138].
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with the solution in the region R by matching in a domain of common validity.
This procedure is very well understood and is the standard method for deriving
the first order self force [106, 108]. It is valid for our metric ansatz (6.323) below
since that ansatz reduces, locally in time at each instant, to standard black hole
perturbation theory. Therefore we do not focus on this aspect of the problem here.
Similarly, at large distances, one needs to match the solution within R onto an

outgoing wave solution in order to read off the asymptotic waveforms.®

Within the region R, our ansatz for the form of the metric in the non-resonant

case is

o . 1 -
9o 756) = g\ (@) + 9\ (ar, a0, 4 T, )

+e290(ar, 9. 40, 1, 7) + O(%). (4.8)

Here ggg is the background, Kerr metric. The coordinates (¢, 77) can be any set of

coordinates in Kerr, subject only to the restriction that 9/t is the timelike Killing
vector. On the right hand side, t is the slow time variable ¢ = t, and the quantities
qr, qo and g, are the values of the orbit’s angle variables at the intersection of the
inspiralling orbit with the hypersurface ¢ = constant. These are functions of ¢
and of £, and can be obtained from the solutions (4.4) and (4.5a) of the inspiral

problem by eliminating the proper time 7. The result is of the form
_ 1 - -
ai(t.€) = —f7(0) + £ (1) + Ofe), (4.9

for some functions fi(o), fi(l). On the right hand side of Eq. (6.323), the O(e?) refers
to an asymptotic expansion associated with the limit € — 0 at fixed ¢;, 2" and .
Finally the functions g(lﬁ) and g((fﬁ) are assumed to be multiply periodic in ¢,, gy

«Q

and g4 with period 27 in each variable.

8This matching is not necessary at the leading, adiabatic order, for certain special choices
of time coordinate in the background spacetime, as argued in Ref. [136]. It is needed to higher
orders.
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By inserting the ansatz (6.323) into Einstein’s equations, one obtains a set of
equations that determines the free functions, order by order. At leading order we
obtain an equation of the form

Dyl =0, (4.10)

where D is a linear differential operator on the six dimensional manifold with
coordinates (g, s, ¢, Z7). In solving this equation, t is treated as a constant. The

solution that matches appropriately onto the worldline source can be written as

89(0) B 89(0) B
1 af af
Jop = 8M5M(t)+—8a da(t) + ...
+faﬁ[QT7q97q¢vjju E(£)7Lz(t~)7 Q(tN)] (411>

Here the terms on the first line are the secular pieces of the solution. They arise
since the variable ¢ is treated as a constant, and so one can obtain a solution by
taking the perturbation to the metric generated by allowing the parameters of
the black hole (mass, spin, velocity, center of mass location) to vary as arbitrary

functions of . For example, the mass of the black hole can be written as M(t) =

M + dM(t), where M = M (0) is the initial mass. The functions M (t), da(t) etc.
are freely specifiable at this order, and will be determined at the next (post-1-

adiabatic) order.

The second line of Eq. (4.11) is the oscillatory piece of the solution. Here one

obtains a solution by taking the function F,z to be the function

faﬁ(qmq%qqﬁvjjva LZ7 Q)

that one obtains from standard linear perturbation theory with a geodesic source.

This function is known analytically in Boyer-Lindquist coordinates (¢,r,6, ¢) in
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terms of a mode expansion.” °

The gauge freedom in this formalism consists of those one parameter families
of diffeomorphisms which preserve the form (6.323) of the metric ansatz. To the
leading order, these consist of (i) gauge transformations of the background coor-
dinates that are independent of £, which preserve the timelike Killing vector, and

(ii) transformations of the form
2% — 2% +£€%(qr, o, 4, 1, 27) + O(?). (4.12)

Note that this is not the standard gauge freedom of linear perturbation theory, since
&% depends on 4 “time variables” instead of one. This modified gauge group allows
the two timescale method to evade the two problems discussed at the end of Sec.
4.1.2 above, since the gradual evolution is described entirely by the ¢ dependence,
and, at each fixed 7, the leading order dependence on the variables q,, go, s,
r, # and ¢ is the same as in standard perturbation theory with the same gauge

transformation properties.

9In coordinates t =t —r, 7, 0, ¢, the explicit form of the asymptotic solution can be obtained
by taking Eq. (3.1) of Ref. [102], eliminating the phases Ximin using Eq. (8.29) of Ref. [40], and
making the identifications ¢, = Q. [t —r — to 4+ (= Aro) — to(—Xg0)] — Lo Aro, g9 = Qo[t — 1 —to +
tr(=Aro) —to(=Ag0)] = Torgo, and gy = Qu[t — 1 — to +1,(=Aro) — To(=Ae0)] + Po — dr(=Aro) +
P9 (—Ngo)-

9The function F,p depends on g4 and ¢ only through the combination gs — ¢. This allows
us to show that the two-timescale form (6.323) of the metric reduces to a standard Taylor
series expansion, locally in time near almost every value # of . For equatorial orbits there is no
dependence on gy, and the € dependence of the metric has the standard form up to linear order, in
coordinates (t/,77,6', ¢’) defined by t' = (f—fo)/s—l—[fﬁo)(fo)/a]/wro, ¢ = d+weo [fﬁo) (to)/e]/wro—
[f(o) (to)/e], v = r, 0 = 0, where w,o = fr(o)/(fo), Weo = fq(bo)/(fo), and for any number z,
[z] = x + 27n where the integer n is chosen so that 0 < [¢] < 2. A similar construction works
for circular orbits for which there is no dependence on ¢,.. For generic orbits a slightly more
involved construction works, but only if wy/wgo is irrational [139], which occurs for almost every
value of .
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4.1.6 Organization of this Paper

The organization of this paper is as follows. In Sec. 4.2 we derive the fundamental
equations describing the inspiral of a point particle into a Kerr black hole in terms
of generalized action-angle variables. In Sec. 4.3 we define a class of general, weakly
perturbed dynamical systems of which the inspiral motion in Kerr is a special case.
We then study the solutions of this class of systems using two-timescale expansions,
first for a single degree of freedom in Sec. 4.4, and then for the general case in Sec.
4.5. Section 4.6 gives an example of a numerical integration of a system of this

kind, and Sec. 4.7 gives the final discussion and conclusions.

4.1.7 Notation and Conventions

Throughout this paper we use units with G = ¢ = 1. Lower case Roman indices
a,b,c,... denote abstract indices in the sense of Wald [73]. We use these indices
both for tensors on spacetime and for tensors on the eight dimensional phase space.
Lower case Greek indices v, \,0,7,... from the middle of the alphabet denote
components of spacetime tensors on a particular coordinate system; they thus
transform under spacetime coordinate transformations. They run over 0, 1,2, 3.
Lower case Greek indices «, 3,7 ... from the start of the alphabet label position
or momentum coordinates on 8 dimensional phase space that are not associated
with coordinates on spacetime. They run over 0, 1, 2, 3 and do not transform under
spacetime coordinate transformations. In Sec. 4.5, and just in that section, indices
a,3,7,90,¢e,... from the start of the Greek alphabet run over 1... N, and indices
A, i, v, p, 0, ... from the second half of the alphabet run over 1... M. Bold face

quantities generally denote vectors, as in J = (Ji,..., Jy), although in Sec. 4.2
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the bold faced notation is used for differential forms.

4.2 Extreme Mass Ratio Inspirals in Kerr formulated using

action-angle variables

In this section we derive the form of the fundamental equations describing the
inspiral of a point particle into a Kerr black hole, using action-angle type variables.
Our final result is given in Eqgs. (4.59) below, and the properties of the solutions

of these equations are analyzed in detail in the remaining sections of this paper.

The description of geodesic motion in Kerr in terms of action angle variables was
first given by Schmidt [150], and has been reviewed by Glampedakis and Babak
[151]. We follow closely Schmidt’s treatment, except that we work in an eight
dimensional phase space instead of a six dimensional phase space, thus treating
the time and spatial variables on an equal footing. We also clarify the extent to
which the fundamental frequencies of geodesic motion are uniquely determined and

gauge invariant, as claimed by Schmidt.

We start in subsection 4.2.1 by reviewing the geometric definition of action
angle variables in Hamiltonian mechanics, which is based on the Liouville-Arnold
theorem [152]. This definition does not apply to geodesic motion in Kerr, since the
level surfaces defined by the conserved quantities in the eight dimensional phase
space are non-compact. In subsection 4.2.2 we discuss how generalized action angle
variables can be defined for non-compact level surfaces, and in subsection 4.2.3
we apply this to give a coordinate-independent construction of generalized action

angle variables for generic bound geodesics in Kerr. Subsection 4.2.4 specializes
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to Boyer-Lindquist coordinates on phase space, and describes explicitly, following
Schmidt [150], the explicit canonical transformation from those coordinates to the

generalized action angle variables.

We then turn to using these variables to describe a radiation-reaction driven
inspiral. In subsection 4.2.5 we derive the equations of motion in terms of the
generalized action angle variables. These equations define a flow on the eight
dimensional phase space, and do not explicitly exhibit the conservation of rest
mass. In subsection 4.2.6 we therefore switch to a modified set of variables and
equations in which the conservation of rest mass is explicit. We also augment the
equations to describe the backreaction of gravitational radiation passing through

the horizon of the black hole.

4.2.1 Review of action-angle variables in geometric Hamil-

tonian mechanics

We start by recalling the standard geometric framework for Hamiltonian mechanics
[152]. A Hamiltonian system consists of a 2/N-dimensional differentiable manifold
M on which there is defined a smooth function H (the Hamiltonian), and a non-
degenerate 2-form (1, which is closed, V({2 = 0. Defining the tensor Q% by

Q. = 6%, the Hamiltonian vector field is defined as
v = Q®V, H, (4.13)

and the integral curves of this vector fields give the motion of the system. The two
form €, is called the symplectic structure. Coordinates (g, po) with 1 < o < N
are called symplectic coordinates if the symplectic structure can be written as

Q= dpa AN dqa, i.e. Qab = QV[apaVb}qa.
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We shall be interested in systems that possess N — 1 first integrals of motion
which, together with the Hamiltonian H, form a complete set of N independent
first integrals. We denote these first integrals by P,, 1 < a < N, where P, = H.

These quantities are functions on M for which the Poisson brackets
{P,,H} = Q"(V,P.)(V,H) (4.14)

vanish for 1 < a < N. If the first integrals satisfy the stronger condition that all
the Poisson brackets vanish,

{P,,P3} =0 (4.15)

for 1 < a, 8 < N, then the first integrals are said to be in involution. If the 1-forms
V.P, for 1 < a < N are linearly independent, then the first integrals are said to
be independent. A system is said to be completely integrable in some open region
U in M if there exist N first integrals which are independent and in involution at

every point of U.

For completely integrable systems, the phase space M is foliated by invariant
level sets of the first integrals. For a given set of values p = (p1, ..., pn), we define
the level set

My ={z € M| Py(z) = pa,1 <a < N}, (4.16)

which is an N-dimensional submanifold of M. The level sets are invariant under
the Hamiltonian flow by Eq. (4.14). Also the pull back of the symplectic structure

2 to M, vanishes, since the vector fields v, defined by
Ve = Q®V, P, (4.17)

for 1 < a < N form a basis of the tangent space to M, at each point, and satisty

Qupvivy =0 for 1 < o, f < N by Eq. (4.15).
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A classic theorem of mechanics, the Liouville-Arnold theorem [152], applies to
systems which are completely integrable in a neighborhood of some level set M,

that is connected and compact. The theorem says that

e The level set M, is diffeomorphic to an N-torus TV. Moreover there is a
neighborhood V of M, which is diffeomorphic to the product 7% x B where

B is an open ball, such that the level sets are the N-tori.

e There exist symplectic coordinates (ga,Js) for 1 < a < N (action-angle

variables) on V for which the angle variables ¢, are periodic,
da + 27 = qa,

and for which the first integrals depend only on the action variables, P, =

P(J1,...,Jy) for 1 <a < N.

An explicit and coordinate-invariant prescription for computing a set of action
variables J, is as follows [152]. A symplectic potential © is a 1-form which satisfies
d® = . Since the 2-form €2 is closed, such 1-forms always exist locally. For ex-
ample, in any local symplectic coordinate system (q,, po ), the 1-form © = p,dgq, is
a symplectic potential. It follows from the hypotheses of the Liouville-Arnold the-
orem that there exist symplectic potentials that are defined on a neighborhood of
My, [153]. The first homotopy group I1; (M) is defined to be the set of equivalence
classes of loops on M,,, where two loops are equivalent if one can be continuously
deformed into the other. Since M, is diffeomorphic to the N-torus, this group is
isomorphic to (ZY,+), the group of N-tuples of integers under addition. Pick a

set of generators vq,. ..,y of II;(M,), and for each loop 7, define

1
—— [ e. 4.1
J, o (4.18)

Yo
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This integral is independent of the choice of symplectic potential ®.1' It is also
independent of the choice of loop 7, in the equivalence class of the generator of

IT; (M), since if v, and v/, are two equivalent loops, we have

/6_//82/%@:/716[@:/729:0’ (4.19)

Here R is a 2-dimensional surface in M, whose boundary is 7, — ., we have used
Stokes theorem, and in the last equality we have used the fact that the pull back

of € to the level set My, vanishes.

Action-angle variables for a given system are not unique [154]. There is a

freedom to redefine the coordinates via
Qo — Aopqs;,  Jo — Bapds, (4.20)

where A,z is a constant matrix of integers with determinant £1, and A,gB., =
0. This is just the freedom present in choosing a set of generators of the group
I1; (M) ~ (Z",+). Fixing this freedom requires the specification of some addi-
tional information, such as a choice of coordinates on the torus; once the coor-
dinates g, are chosen, one can take the loops v, to be the curves gz = constant
for § # a. There is also a freedom to redefine the origin of the angle variables

separately on each torus:

0Z(Jg)
oJ, '’

o — Qo T Ja — Ja- (421)

Here Z(J3) can be an arbitrary function of the action variables.

"The type of argument used in Ref. [153] can be used to show that the pullback to M, of the
difference between two symplectic potentials is exact since it is closed.
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4.2.2 Generalized action-angle variables for non-compact

level sets

One of the crucial assumptions in the Liouville-Arnold theorem is that the level set
M, is compact. Unfortunately, this assumption is not satisfied by the dynamical
system of bound orbits in Kerr which we discuss in Sec. 4.2.3 below, because we will
work in the 8 dimensional phase space and the motion is not bounded in the time
direction. We shall therefore use instead a generalization of the Liouville-Arnold

theorem to non-compact level sets, due to Fiorani, Giachetta and Sardanashvily

[153).

Consider a Hamiltonian system which is completely integrable in a neighbor-
hood U of a connected level set My, for which the N vector fields (4.17) are
complete on U, and for which the level sets M, foliating U/ are all diffeomorphic

to one another. For such systems Fiorani et. al. [153] prove that

e There is an integer k£ with 0 < k& < N such that the level set M, is dif-
feomorphic to the product 7% x R¥~*, where R is the set of real numbers.
Moreover there is a neighborhood V of M, which is diffeomorphic to the

product 7% x R¥=* x B where B is an open ball.

e There exist symplectic coordinates (qa,J,) for 1 < a < N (generalized

action-angle variables) on V for which the first k variables ¢, are periodic,
o + 21 =¢q,, 1< a<k,

and for which the first integrals depend only on the action variables, P, =

P,(Ji,...,Jy) for 1 <a < N.
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Thus, there are £ compact dimensions in the level sets, and N — k non-compact
dimensions. In our application to Kerr below, the values of these parameters will

be k=3 and N —k = 1.

The freedom in choosing generalized action-angle variables is larger than the
corresponding freedom for action-angle variables discussed above. The first k ac-
tion variables can be computed in the same way as before, via the integral (4.18)
evaluated on a set of generators 7, ..., of II;(Mp), which in this case is iso-
morphic to (Z*,+). This prescription is unique up to a group of redefinitions of

the form [cf. Eq. (4.20) above]

k k
Qo — ZAagqg, Jo — Z B.sJs, (4.22)
=1 p=1

for 1 < a < k, where the k x k matrix A, is a constant matrix of integers
with determinant +1, and A,3B,, = d3y. There is additional freedom present in
the choice of the rest of the action variables Jiy1,...,Jny. As a consequence, the
remaining freedom in choosing generalized action-angle variables consists of the

transformations (4.21) discussed earlier, together with transformations of the form
Qo — AaﬁQﬁ, Ja i Baﬁjﬁ, (423)

where A,3 and B,g are constant real N x N matrices with A,3B,, = g, such

that Jy, ..., J, are preserved.

In generalized action-angle variables, the equations of motion take the simple

form
. _aH(J)
A (4.24)
and
. oH()
Jo . = (. (4.25)



We define the quantities

o (4.26)

which are angular frequencies for 1 < a < k but not for £ +1 < a < N. The

solutions of the equations of motion are then

Ga(t) = Qa(Jo)t + dao (4.27a)

Jo(t) = Jao, (4.27b)

for some constants Jg and qp.

4.2.3 Application to bound geodesic motion in Kerr

We now apply the general theory discussed above to give a coordinate-invariant
definition of action-angle variables for a particle on a bound orbit in the Kerr
spacetime. We denote by (Mk, gq) the Kerr spacetime, and we denote by £* and
n® the timelike and axial Killing vector fields. The cotangent bundle over My
forms an 8-dimensional phase space M = T* Myx. Given any coordinate system
x” on the Kerr spacetime, we can define a coordinate system (z”,p,) on M, such
that the point (z¥, p,) corresponds to the covector or one form p,dz” at x” in Mx.
The natural symplectic structure on M is then defined by demanding that all such
coordinate systems (z”,p,) be symplectic [152]. The Killing vector fields £* and
n® on Mg have natural extensions to vector fields on phase space which Lie derive

the symplectic structure.

Consider now a particle of mass p on a bound geodesic orbit. A Hamiltonian

on M that generates geodesic motion is given by
v 1 Vo (,.p
H(2",py) = 59" (2 )pupos (4.28)
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this definition is independent of the choice of coordinate system x”. If we interpret
p, to be the 4-momentum of the particle, then the conserved value of H is —u?/2,
and the evolution parameter is the affine parameter A = 7/u where 7 is proper

time.

As is well known, geodesics on Kerr possess three first integrals, the energy E =
—£%,, the z-component of angular momentum L, = n%p,, and Carter constant
Q = Q%p.p, where Q® is a Killing tensor [155]. Together with the Hamiltonian

we therefore have four first integrals:
P,= (P, P, P, P;)=(H,E,L.,,Q). (4.29)

An explicit computation of the 4-form dH A dE A dL, A dQ on M shows that
it is non vanishing for bound orbits except for the degenerate cases of circular
(i.e. constant Boyer-Lindquist radial coordinate) and equatorial orbits. Also the
various Poisson brackets { P, , Pg} vanish: {E, H} and {L,, H} vanish since £ and
n® are Killing fields, {E, L.} vanishes since these Killing fields commute, {Q, H}
vanishes since Q% is a Killing tensor, and finally {E, Q} and {L., Q} vanish since
the Killing tensor is invariant under the flows generated by £% and n®. Therefore
for generic orbits the theorem due to Fiorani et. al. discussed in the last subsection
applies.'? The relevant parameter values are k = 3 and N = 4, since the level
sets M, are non-compact in the time direction only. Thus geodesic motion can be

parameterized in terms of generalized action-angle variables.

We next discuss how to resolve in this context the non-uniqueness in the choice
of generalized action angle variables discussed in the last subsection. Consider first
the freedom (4.22) associated with the choice of generators of II;(My). One of

these generators can be chosen to be an integral curve of the extension to M of the

120ne can check that the two other assumptions in the theorem listed in the second paragraph
of Sec. 4.2.2 are satisfied.
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axial Killing field n®. The other two can be chosen as follows. Let 7 : M — Mg
be the natural projection from phase space M to spacetime My that takes (¥, p,)
to 2¥. A loop (2”(X),p,(N)) in the level set M,, then projects to the curve z¥(\)
in m(M,). Requiring that this curve intersect the boundary of 7(M,) only twice
determines the two other generators of IT; (M,,).** The resulting three generators
coincide with the generators obtained from the motions in the r, 8 and ¢ directions
in Boyer-Lindquist coordinates [150]. We denote the resulting generalized action-

angle variables by (¢, ¢, 90, 46, Jt, Jr, Jo, Js)-
The remaining ambiguity (4.23) is of the form

where 7 runs over 7, # and ¢ and the parameters « and v’ are arbitrary. The

corresponding transformation of the frequencies (4.26) is

Q =7, Q= QT (4.31)

A portion of this ambiguity (the portion given by v = 1, v" = v? = 0) is that

associated with the choice of rotational frame, ¢ — ¢ + €t where ) is an angu-
lar velocity. It is not possible to eliminate this rotational-frame ambiguity using
only the spacetime geometry in a neighborhood of the orbit. In this sense, the
action angle variables are not uniquely determined by local geometric informa-
tion. However, we can resolve the ambiguity using global geometric information,

by choosing
1

= 5 )
27T Yt

Jy (4.32)

where ~; is an integral curve of length 27 of the extension to M of the timelike

13This excludes, for example, loops which wind around twice in the 7 direction and once in the
0 direction.
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Killing field £2.* The definition (4.32) is independent of the choice of such a curve

v; and of the choice of symplectic potential ©.

To summarize, we have a given a coordinate-invariant definition of the gen-
eralized action-angle variables (g, ¢r, ¢o, 4, J1, Jr, Jo, Jy) for generic bound orbits
in Kerr. These variables are uniquely determined up to relabeling and up to the
residual ambiguity (4.21). A similar construction has been given by Schmidt [150],
except that Schmidt first projects out the time direction of the level sets, and then

defines three action variables (J,, Jp, Js) and three angle variables (¢, g, gs)-

4.2.4 Explicit expressions in terms of Boyer-Lindquist co-

ordinates

In Boyer-Lindquist coordinates (t,7, 0, ¢), the Kerr metric is

ds® = — <1 - 2]‘2”) dt2+§ dr® + % do?
+ (7“2 +a* + 2Mar sin? 6’) sin® 0 dg?
_AMar 20 gt do, (4.33)
where
Y =172+ a?cos? 0, A =7r?—2Mr + d?, (4.34)

and M and a are the black hole mass and spin parameters. The timelike and
axial Killing fields are £ = 0/0t and 77 = 0/0¢, and so the energy and angular
momentum are

4 The Killing field £€* encodes global geometric information since it is defined to be timelike
and of unit norm at spatial infinity.
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and

L. =17 =p,. (4.35b)

The Carter constant is given by [155]
Q = p;+a*cos®d (u® —p;) + cot® Opl, (4.35¢)

and the Hamiltonian (4.28) is

A 2 1 2 (pd> + asin’ ept)Q
PSS
[(r2 4 a2)p, + apy)’

- o . (4.35d)

H =

Following Schmidt [150], we can obtain an invertible transformation from the
Boyer-Lindquist phase space coordinates (z”,p,) to the generalized action angle
variables (q,, Jo) as follows. Equations (4.35) can be inverted to express the mo-

menta p, in terms of ¥ and the four first integrals

P = (H.5...Q) = (-3 5. 1..Q) (430

up to some signs [155]:

Vi(r)

p=—-E, ps=0L,, p ==+ N po = £/ Va(0). (4.37)
Here the potentials V,.(r) and Vj(6) are defined by
Vi(r) = [ +a®)E —aL.]’
—A[@Pr*+ (L, — aE)* + Q] (4.38a)
2
Vo0) = Q— |(u? — E*a* + L—2 cos® . (4.38b)
sin” 6

Using these formulae together with the symplectic potential ® = p,dz” in the
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definitions (4.18) and (4.32) gives

Jo= oo (4.39a)
1

o= 5 7{ Vadt (4.39D)
1

J¢ = p¢d¢ L (439(3)

These expressions give the action variables as functions of the first integrals, J, =
Jo(P3). The theorem discussed in Sec. 4.2.2 above guarantees that these relations

can be inverted to give

P, = P(J). (4.40)

Next, to obtain expressions for the corresponding generalized angle variables,
we use the canonical transformation from the symplectic coordinates (z”,p,) to

(Ga, Jo) associated with a general solution of the Hamilton Jacobi equation

H[:c 83} 95 (4.41)

7 Y
As shown by Carter [155], this equation is separable and the general solution'® can

be written in terms of the first integrals P,

S(a”, Po,\) = —H\ + W(a", P,) (4.42)

where H = —i2/2,
W(z", Py) = —Et + L.¢ £ W,(r) £ Wy(8), (4.43)
Wi (r) = dr%, (4.44)

15As indicated by the 4 signs in Eq. (4.43), there are actually four different solutions, one on
each of the four coordinate patches on which (2", P,) are good coordinates, namely sgn(p,.) = +1,

sgn(pg) = £1.
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and
We(6) = / 9 Ao/ V. (4.45)

Using the relation (4.40) the function W can be expressed in terms of the Boyer-

Lindquist coordinates x¥ and the action variables J,:
W =W(x", J,). (4.46)

This is a type II generating function that generates the required canonical trans-

formation from (¥, p,) to (qa, Ja):

by = oxY (xy’ Jﬁ) (4.47&)
ow .,
o = 8—Ja(x . J3). (4.47b)

Equation (4.47a) is already satisfied by virtue of the definition (4.43) of W to-
gether with Eqs. (4.37). Equation (4.47b) furnishes the required formulae for the

generalized angle variables g,.'¢

Although it is possible in principle to express the first integrals P, in terms
of the action variables J, using Eqs. (4.39), it is not possible to obtain explicit
analytic expressions for P,(J3). However, as pointed out by Schmidt [150], it is
possible to obtain explicit expressions for the partial derivatives 0P, /0.Js, and this

is sufficient to compute the frequencies §2,. We review this in appendix 4.9.

6The freedom (4.21) to redefine the origin of the angle variables on each torus is just the
freedom to add to W any function of P,. We choose to resolve this freedom by demanding that
¢r = 0 at the minimum value of , and gy = 0 at the minimum value of 6.
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4.2.5 Application to slow inspiral motion in Kerr

The geodesic equations of motion in terms of the generalized action angle variables

(Ga, Jo) are [cf. Eqgs. (4.24) — (4.26) above]

Ao

= Q) (4.482)
dJ,
=0, (4.48b)

for 0 < o < 3. Here A = 7/u where 7 is proper time and p is the mass of the
particle. In this section we derive the modifications to these equations required to
describe the radiation-reaction driven inspiral of a particle in Kerr. Our result is

of the form

90

N = Qa(Jﬁ) +M2fa(qﬁa'],3)7 (449&)
dJ,
N M2Fa(%a Js). (4.49b)

We will derive explicit expressions for the forcing terms f, and F,, in these equa-

tions.

The equation of motion for a particle subject to a self-acceleration a” is

Pt dede
e eray an M

a’. (4.50)

Rewriting this second order equation as two first order equations allows us to use
the Jacobian of the coordinate transformation {z",p,} — {qa, Ja} to relate the

forcing terms for the two sets of variables:

dx” o

o= 9" Do, (4.51a)
dp, 1,

L P oDy + pray,. (4.51b)
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We start by deriving the equation of motion for the action variables .J,,. Taking
a derivative with respect to A of the relation J, = J,(z",p,) and using Eqgs. (4.51)

gives

dJa at]a v aJOc dpl/
+

o 8x”p dp, dA
_ [0a e, 100
= |29 P 5 B, Dol
oJ,
2%, 4.52
+ 1 op, " (4.52)

The term in square brackets must vanish identically since J, is conserved in the
absence of any acceleration a,. Rewriting the second term using J, = J,(P3) and
the chain rule gives an equation of motion of the form (4.49b), where the forcing

terms F, are

_ 0J, (0P
F,= P, (8]),,) a,. (4.53)

Here the subscript « on the round brackets means that the derivative is to be taken
holding x¥ fixed. When the sum over (3 is evaluated the contribution from P, = H

vanishes since a,p” = 0, and we obtain using Eqs. (4.29) and (4.39)

F, = a, (4.54a)
&] &] &]

F, = 90t pr-ae (4.54D)
&] aJ, &]

Fy = Ya an +3 9%, (4.54c)

Ffi) = Q¢- (454d>

Here we have defined ag = 20"?p,a, and the various coefficients 0.J,/0P; are

given explicitly as functions of P, in Appendix 4.9.

We use a similar procedure to obtain the equation of motion (4.49a) for the
generalized angle variables ¢,. Differentiating the relation ¢, = ¢.(2",p,) with

respect to A and combining with the two first order equations of motion (4.51)
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gives

dga Mo vy 104a ,,
X oz P 9y, 9 whle
dq
221, 4.55
+1 o, " (4.55)

By comparing with Eq. (4.48a) in the case of vanishing acceleration we see that
the term in square brackets is €,(Jz). This gives an equation of motion of the
form (4.49a), where the where the forcing term f, is

fa= <aq“)z a. (4.56)

Opy,

Using the expression (4.47b) for the angle variable g, together with J, = J,(P3)

0, (0P, 0P PW
opy / , N Opy ), 0Ja \OFPgOP, ),

AR ) S

gives

This yields for the forcing term

OP,\ 0P [( *W
fa = a .
- "\ op, ), 07, |\oRop, ),

W\ OP; 82J.
a (apﬁ)m d.J. (9P76PJ ' (4.58)

In this expression the first two factors are the same as the factors which appeared in
the forcing term (4.53) for the action variables. The quantities 0P5/0J,, 0P3/0.J.
and 02.J./(OP,0P5) can be evaluated explicitly as functions of P, using the tech-
niques discussed in Appendix 4.9. The remaining factors in Eq. (4.58) can be
evaluated by differentiating the formula (4.43) for Hamilton’s principal function

W and using the formulae (4.38) for the potentials V. and Vj.
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4.2.6 Rescaled variables and incorporation of backreaction

on the black hole

We now augment the action-angle equations of motion (4.49) in order to describe
the backreaction of the gravitational radiation on the black hole. We also modify
the equations to simplify and make explicit the dependence on the mass p of
the particle. The resulting modified equations of motion, whose solutions we will

analyze in the remainder of the paper, are

%‘ wa(Pj, Mp) + 29 (qa, Pj, Mp)

+29D (qa, P;, M) + O(e%), (4.59a)
il};i = eGW(qu, P, My) + 2G\ (qu, P;, Mp)

+0(&%), (4.59b)
dé\? = &°Galqa, P, Mp) + O(°). (4.59¢)

Here o runs over 0,1,2,3, 4, j run over 1,2,3, A, B run over 1,2, g4 = (¢, qo),
My = (M, My) and P, = (ﬁl, P, pg). Also all of the functions w,, g,(xl), g((f), G

7 Y

ng) and G4 that appear on the right hand sides are smooth functions of their

arguments whose precise form will not be needed for this paper (and are currently

unknown aside from wy,).

Our final equations (4.59) are similar in structure to the original equations

(4.49), but there are a number of differences:

e We have switched the independent variable in the differential equations from

affine parameter \ to proper time 7 = pA.

e We have introduced the ratio

€= (4.60)

13
M
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of the particle mass ;1 and black hole mass M, and have expanded the forcing
terms as a power series in €.

M @ @0 @

e The forcing terms ¢o”, ga ', G; 7, G;, and Ga depend only on the two angle

variables g4 = (¢, qo), and are independent of ¢, and g,.

e Rather than evolving the action variables .J,, we evolve two different sets of
variables, P, and M,. The first of these sets consists of three of the first
integrals of the motion, with the dependence on the mass p of the particle

scaled out:
Pi: (p17p27p3) = (E/ILL7LZ//’I’7Q//’L2> (461>

The second set consists of the mass and spin parameters of the black hole,
which gradually evolve due to absorption of gravitational radiation by the
black hole:

My = (M, My) = (M, a). (4.62)

We now turn to a derivation of the modified equations of motion (4.59). The
derivation consists of several steps. First, since the mapping (4.39) between the
first integrals P, and the action variables .J, is a bijection, we can use the P, as
dependent variables instead of J,.!” Equation (4.49a) is unmodified except that
the right hand side is expressed as a function of P, instead of J,. Equation (4.49b)

is replaced by

P, (0P,
K = W (8])”)9:@”. (463&)

Second, we switch to using modified versions P, of the first integrals P, with

the dependence on the mass p scaled out. These rescaled first integrals are defined

1"Note that since the variables J, are adiabatic invariants, so are the variables P,.
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P, = (H,E,L.,Q)

(H/p?, E/p, L/ 1, Q). (4.64)

We also change the independent variable from affine parameter A to proper time

7 = pA. This gives from Eqgs. (4.49) and (4.56) the system of equations

dge, 1 04

O MQQ(Pﬁ) +u (8py)xa”’ (4.65a)
dP, . (OP,
2 = Mo 4.

d7_ :u ( apu )m aV? ( 65b)

where we have defined n, = (2,1,1,2).

Third, we analyze the dependence on the mass p of the right hand sides of
these equations. Under the transformation (z”,p,) — (2”,sp,) for s > 0, we
obtain the following transformation laws for the first integrals (4.36), the action

variables (4.39), and Hamilton’s principal function (4.43):

Py, — s"P, with n, =(2,1,1,2), (4.66a)
Jo — S, (4.66Db)
W — sW. (4.66¢)

From the definitions (4.26) and (4.47b) of the angular frequencies 2, and the angle

variables ¢, we also deduce

Qo — 88, (4.67a)

4o — Ga- (4.67Db)

If we write the angular velocity €2, as a function w,(Ps) of the first integrals Pj,
then it follows from the scalings (4.66a) and (4.67a) that the first term on the right

hand side of Eq. (4.65a) is

Qo _ wally) _ walB) _, p) (4.68)

[t 1t [t

99



This quantity is thus independent of p at fixed f’g, as we would expect.

Similarly, if we write the angle variable ¢, as a function ¢, (z", p,) of ¥ and p,,
then the scaling law (4.67b) implies that G, (z",sp,) = qu(z",p,), and it follows
that the coefficient of the 4-acceleration in Eq. (4.65a) is *®
94a
Ipy

O (o

)= ) = Yo
gy (@7:Pa) = 1 =

a—pu(l" U, (4.69)

(27, pu,

where u, is the 4-velocity. This quantity is also independent of y at fixed f’ﬁ. We
will denote this quantity by f%(gs, pg). It can be obtained explicitly by evaluating
the coefficient of a, in Eq. (4.58) at P, = P, p, = u,. A similar analysis shows
that the driving term on the right hand side of Eq. (4.65b) can be written in the

form

FY(qs, Ps)a, = (0, —ar, ag, 2Q" una,). (4.70)

The resulting rescaled equations of motion are

an = v =
- = wa(Ps) + fi(as, Ps)ay, (4.71a)
dP _

“ (s Pa)ay. 4.71b
o v (qs, Ps)a ( )

Note that this formulation of the equations is completely independent of the mass
of the particle (except for the dependence on p of the radiation reaction acceleration

a,, which we will discuss below).

Fourth, since Py = H = —p?/2, the rescaled variable is Py = —1/2 from
Eq. (4.64). Thus we can drop the evolution equation for Py, and retain only the

equations for the remaining rescaled first integrals

Py = (P, Py, Py) = (E, L., Q). (4.72)

8Note that pd/dp, cannot be simplified to d/du, because we are working in the eight dimen-
sional phase space M where p is a coordinate and not a constant.
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We can also omit the dependence on Py in the right hand sides of the evolution

equations (4.71), since Py is a constant. This yields

9o

dr = wa(pj) +faV(Qﬁapj)aV> (473&)
dP,; X

= Iy 4.
dr i (QQa ])al/ ( 73b)

Fifth, the self-acceleration of the particle can be expanded in powers of the

mass ratio € = u/M as

= calV) + 24 + O(?). (4.74)

Here a!) is the leading order self-acceleration derived by Mino, Sasaki and Tanaka

[106] and by Quinn and Wald [107], discussed in the introduction. The subleading
self-acceleration a?) has been computed in Refs. [143, 144, 145, 146, 147]. The
(1)

accelerations a') and a'? are independent of p and thus depend only on z and

., or, equivalently, on ¢, and P;. This yields the system of equations

an - -
dar wa(Py) + 298 (g5, P)) + %95 (g5, P;)
+0(?%), (4.75a)
dPp; N
o= <G a, P + 226 (45, )

+0(?%). (4.75b)

Here the forcing terms are given by

g = flal, (4.76a)
G = Fla), (4.76Db)

for s =1, 2.
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The formula (4.74) for the self-acceleration, with the explicit formula for al)

from Refs. [106, 107], is valid when one chooses the Lorentz gauge for the metric
perturbation. The form of Eq. (4.74) is also valid in a variety of other gauges; see
Ref. [156] for a discussion of the gauge transformation properties of the self force.
However, there exist gauge choices which are incompatible with Eq. (4.74), which
can be obtained by making e-dependent gauge transformations. We shall restrict
attention to classes of gauges which are consistent with our ansatz (6.323) for the
metric, as discussed in Sec. 4.1.5 above. This class of gauges has the properties
that (i) the deviation of the metric from Kerr is < ¢ over the entire inspiral, and (ii)
the expansion (4.74) of the self-acceleration is valid. These restrictions exclude, for
example, the gauge choice which makes ) = 0, since in that gauge the particle
does not inspiral, and the metric perturbation must therefore become of order
unity over an inspiral time. We note that alternative classes of gauges have been

suggested and explored by Mino [131, 117, 142, 140].

Sixth, from the formula (4.47b) for the generalized angle variables ¢, together

with Egs. (4.43) and (4.39d) it follows that ¢ can be written as
qy = t+ ft(’f’, 9, Pa) (477)

for some function f;. All of the other angle and action variables are independent
of t. Therefore the vector field 9/t on phase space is just 9/dq;; the symmetry
t — t+ At with 2*, p, fixed is the same as the symmetry ¢ — ¢+ At with ¢, go, ¢,
and J, fixed. Since the self-acceleration as well as the background geodesic motion
respect this symmetry, all of the terms on the right hand side of Eqgs. (4.75) must

be independent of ¢;. A similar argument shows that they are independent of gy.
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This gives

dqq 5 5
dr wa(P)) + 9" (qa, Pj) + %93 (qa, P))
+O(), (4.78a)
dP, ~
Ir = EGEl)(qA,Pj) +52G§2)(QAaPJ)

+0(e%), (4.78b)
where g4 = (¢, qp)-

Seventh, consider the evolution of the black hole background. So far in our
analysis we have assumed that the particle moves in a fixed Kerr background, and
is subject to a self-force a, = calV) + 24P + O(e?). In reality, the center of mass,
4-momentum and spin angular momentum of the black hole will gradually evolve
due to the gravitational radiation passing through the event horizon. The total
change in the mass M of the black hole over the inspiral timescale ~ M /e is ~ Me.
It follows that the timescale for the black hole mass to change by a factor of order

unity is ~ M/e%. The same timescale governs the evolution of the other black hole

parameters.

This effect of evolution of the black hole background will alter the inspiral at
the first subleading order (post-1-adiabatic order) in our two-timescale expansion.
A complete calculation of the inspiral to this order requires solving simultaneously
for the motion of the particle and the gradual evolution of the background. We

introduce the extra variables
MA = (Mlu M2) = <M7 CL), (479>

the mass and spin parameters of the black hole. We modify the equations of motion
(4.78) by showing explicitly the dependence of the frequencies w, and the forcing

functions g,(l") and GE") on these parameters (the dependence has up to now been
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implicit). We also add to the system of equations the following evolution equations
for the black hole parameters:

amM . -
T4 2Gaap, By M) + O, (4.80)

where A = 1,2. Here G 4 are some functions describing the fluxes of energy and
angular momentum down the horizon, whose explicit form will not be important
for our analyses. They can in principle be computed using, for example, the
techniques developed in Ref. [157].' The reason for the prefactor of €* is that
the evolution timescale for the black hole parameters is ~ M/e?, as discussed
above. The functions G4 are independent of ¢ and g, for the reason discussed
near Eq. (4.78): the fluxes through the horizon respect the symmetries of the
background spacetime. Finally, we have omitted in the set of new variables (4.79)
the orientation of the total angular momentum, the location of the center of mass,
and the total linear momentum of the system, since these parameters are not
coupled to the inspiral motion at the leading order. However, it would be possible
to enlarge the set of variables M4 to include these parameters without modifying

in any way the analyses in the rest of this paper.
These modifications result in the final system of equations (4.59).

Finally we note that an additional effect arises due to the fact that the action-
angle variables we use are defined, at each instant, to be the action-angle variables

associated with the black hole background at that time. In other words the coordi-

9These techniques naturally furnish the derivatives of M4 with respect to Boyer Lindquist
time ¢, not proper time 7 as in Eq. (4.80). However this difference is unimportant; one can
easily convert from one variable to the other by multiplying the functions G4 by the standard

expression for dt/dr [1],
d E (o 9 . 9 al, w?
E‘E(K‘a )\l )

where @ = /72 + a2. This expression can be written in terms of of g4, P; and M, and is valid
for accelerated motion as well as geodesic motion by Egs. (4.37) and (4.51a).
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nate transformation on phase space from (2", p,) — (qa, Jo) acquires an additional
dependence on time. Therefore the Jacobian of this transformation, which was used
in deriving the evolution equations (4.49), has an extra term. However, the corre-
sponding correction to the evolution equations can be absorbed into a redefinition

of the forcing term g((f).

4.2.7 Conservative and dissipative pieces of the forcing

terms

In this subsection we define a splitting of the forcing terms g, and G; in the
equations of motion (4.59) into conservative and dissipative pieces, and review

some properties of this decomposition derived by Mino [128].

We start by defining some notation. Suppose that we have a particle at a point
P with four velocity u*, and that we are given a linearized metric perturbation A,
which is a solution (not necessarily the retarded solution) of the linearized Einstein
equation equation for which the source is a delta function on the geodesic deter-
mined by P and u*. The self-acceleration of the particle is then some functional

of P, u*, h,, and of the spacetime metric g,,, which we write as
a [P, G, Ty - (4.81)

Note that this functional does not depend on a choice of time orientation for the
manifold, and also it is invariant under u* — —u*. The retarded self-acceleration
is defined as

Aoy [P, UM, 9] = o [P,u“,g,w, hfﬂ , (4.82)

where A} is the retarded solution to the linearized Einstein equation obtained
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using the time orientation that is determined by demanding that u* be future
directed. This is the physical self-acceleration which is denoted by a* throughout

the rest of this paper. Similarly, the advanced self-acceleration is
agdv [P7 uﬂ’ ng] = aﬂ [P7 uﬂ7 g,ul/v hiﬁv} ’ (483>
where hfﬁv is the advanced solution. It follows from these definitions that

aley [P, —u*, g0] = dbiy, [P U, 9] - (4.84)

We define the conservative and dissipative self-accelerations to be

1
agons - 5 (afet + agdv) ) (485)
and
1
a’giss = 5 (afet - a'gdv) . (486)

The physical self-acceleration can then be decomposed as

[ N V) 14
A" = Qpep = Qeong + a’diss' (487)

A similar decomposition applies to the forcing functions (4.76):

9 = g8 + 95k (4.88)
GES) = Ggscz)ns_‘_Gz('fi)iss’ (488b)

for s =1, 2.

Next, we note that if ¢ is any diffeomorphism from the spacetime to itself, then

the self acceleration satisfies the covariance relation

aree[V(P), 00, ¥ gp] = ¥ a7 [P, u”, g (4.89)
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Taking the point P to be (tg, 70, 0o, ¢0) in Boyer-Lindquist coordinates, and choos-
ing ¢ to be t — 2ty —t, ¢ — 2¢9 — ¢, then 9 is an isometry, ¥* g, = gu. It follows
that

Aroy (=g, U, Up, —Ug) = —€ a0 (U, Uy, Ug, Ug), (4.90)
where

e, =(1,—-1,-1,1) (4.91)

and there is no summation over v on the right hand side. Combining this with the

identity (4.84) gives

apge (U, Up, U, Ug) = —€,a0 (U, —Up, —Ug, Ug). (4.92)

Now, under the transformation p, — —p,, ps — —pg with other quantities
fixed, the action variables and the quantities P, are invariant, the angle variables
¢, and gy transform as ¢, — 27 —¢q,, g9 — 27 — qp, while ¢, —t and g4 — ¢ flip sign.

This can be seen from the definitions (4.43) and (4.47b). Explicitly we have

@(x7 esps) —t = —|q@(2”,ps) — 1], (4.93a)
@27, €sps) — ¢ = —[Gs(2,ps5) — @), (4.93b)
qa(@”,esps) = 2m —qa(z’,ps), (4.93¢)
Pi(z7, esps) = Fi(a”,ps), (4.93d)

where we use the values (4.91) of ¢,, the functions g, are defined before Eq. (4.69),
and g4 = (¢r,qp). If we now differentiate with respect to p, holding x® fixed and
use the definitions (4.69), (4.65b) and (4.71b) of the functions f¥ and F} we obtain

o2’ eu,) = —e, fl(a" uy), (4.94a)

FY (2P eu,) = e F/(2% u,). (4.94Db)

)
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We now compute the conservative and dissipative pieces of the forcing functions
g8 and Ggl), using the definitions (4.76) and (4.88). Using the results (4.92) and
(4.94) we obtain

9o () = f2(us) aldy, ()
= [_Gufg(evu'y)] _El/az(}r)ot(e“{u’7>
= g((:vll?ot (Evu“/)’ (4.95)

A similar computation gives
1 1
Gz('a)dv(u’y) - _Gz('r)et(e’Yu'Y)7 (496)
and using that the mapping 2 — 2, u, — €,u,, corresponds to J5j — J5j, q, —
21 — qp, g9 — 27 — qp finally yields the identities
90 ns(aa, Py) = [g,ﬁ}’(qr, g0, Py) + g8 (2m — g, 21 — g, Pj)] /2, (4.97a)

g((xl(iiss(qu Pj) = |:g((;u1) (qu 4o, Pj) - ggzl) (27T —d4r, 2m — 4dp, p]>:| /27 (497b>

and
Gz(izans(QAv p)) = [Gz('l)(QTv 4o, ]SJ) - Ggl)@ﬂ- — 4, 21 — q0, PJ)] /27 (4'983>
ngi)iss(qfhpj) = [Gz('l)(QMQG’Pj) _|_GZ(,1)(271- - qT727T_ QGvﬁ)j)] /2' (4'98b>

Here we have used the fact that the forcing functions are independent of ¢, and
¢y, as discussed in the last subsection. Similar equations apply with g((ll) and Ggl)

replace the higher order forcing terms gs’ an s > 2.
placed by the higher order forcing g% and G, s > 2

It follows from the identity (4.98a) that, for the action-variable forcing functions
Ggl), the average over the 2-torus parameterized by ¢, and gy of the conservative
piece vanishes. For generic orbits (for which w, and wy are incommensurate), the
torus-average is equivalent to a time average, and so it follows that the time average
vanishes, a result first derived by Mino [128]. Similarly from Eqs. (4.97) it follows

that the torus-average of the dissipative pieces of g((ll) vanish.
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4.3 A general weakly perturbed dynamical system

In the remainder of this paper we will study in detail the behavior of a one-
parameter family of dynamical systems parameterized by a dimensionless param-
eter €. We shall be interested in the limiting behavior of the systems as ¢ — 0.

The system contains N + M dynamical variables

at) = (at),q),. .. an(t)), (4.99a)

Jt) = (Ah@), h®),...,Juld), (4.99b)

and is defined by the equations

9o

o wa(J, 1) +egalaq,J, t,e), 1<a <N, (4.100a)
dJ 3
d—; = Gi(q, 1), 1< A<M (4.100b)

Here the variable ¢ is the “slow time” variable defined by
t = et (4.101)
We assume that the functions g, and G can be expanded as

gola. 3.t e) = Y g9(q. .0

_ Z Na,J,0) + gP(aq, I, ) + O(?),

(4.102)
and
Gl d,te) = Y G(q T 0!
= MV(q,3,0) +GP(q, I, D)+ 0.
(4.103)
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These series are assumed to be asymptotic series in € as ¢ — 0 that are uniform
in £.20 We assume that the functions w,, g%’ and Gg\s) are smooth functions of
their arguments, and that the frequencies w, are nowhere vanishing. Finally the

functions g, and G, are assumed to be periodic in each variable g, with period

27

ga(a+ 27k, J,8) = ga(q,J,f), 1<a<N, (4.104a)

Ga(q+27k,J, 1) = Gi(q,J, 1), 1<A< M, (4.104b)
where k = (kq,..., ky) is an arbitrary N-tuple of integers.

The equations (4.59) derived in the previous section describing the inspi-
ral of a point particle into a Kerr black hole are a special case of the dy-
namical system (4.100). This can be seen using the identifications t = 7,
A = (GG, 9s), I = (Po, Py, Py, My, M), GV = (G59,G50,G1,0,0) and
G(f’ = (Gf),G?),Gf),Gl,Gg). The forcing functions ¢ and G(;’ are periodic
functions of ¢, since they depend only on the variables g4 = (g, gs) which are an-
gle variables; they do not depend on the variable ¢; which is not an angle variable.
Note that the system (4.100) allows the forcing functions g((f), GE\S) and frequencies
we to depend in an arbitrary way on the slow time ¢, whereas no such dependence
is seen in the Kerr inspiral system (4.59). The system studied here is thus slightly
more general than is required for our specific application. We include the depen-
dence on t for greater generality and because it does not require any additional

complexity in the analysis.

201 other words, there exists T > 0 such that for every q, J, every integer N, and every § > 0
there exists €1 = €1(q,J, N, d) such that

N
9a(q,J,t,8) — Zgés)(q,.],f)a“l < eVt

s=1

for all # with 0 < Z < T and for all £ with 0 < £ < €.
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Another special case of the system (4.100) is when N = M and when there

exists a function H(J,t) such that

L 0H(I)

wa(J, 1) 57 (4.105)

for 1 < a < N. In this case the system (4.100) represents a Hamiltonian sys-
tem with slowly varying Hamiltonian H(J,t), with action angle variables (q,, J,),
and subject to arbitrary weak perturbing forces that vary slowly with time. The

perturbed system is not necessarily Hamiltonian.

Because of the periodicity conditions (4.104), we can without loss of generality
interpret the variables ¢, to be coordinates on the N-torus T, and take the
equations (4.100) to be defined on the product of this N-torus with an open set.

This interpretation will useful below.

In the next several sections we will study in detail the behavior of solutions
of the system (4.100) in the limit ¢ — 0 using a two timescale expansion. We
follow closely the exposition in the book by Kevorkian and Cole [133], except that
we generalize their analysis and also correct some errors (see Appendix 4.10). For
clarity we treat first, in Sec. 4.4, the simple case of a single degree of freedom, N =
M = 1. Section 4.5 treats the case of general N and M, but with the restriction
that the forcing functions g, and G, contain no resonant pieces (this is defined in
Sec. 4.5.3). The general case with resonances is treated in the forthcoming papers
[137, 138]. Finally in Sec. 4.6 we present a numerical integration of a particular
example of a dynamical system, in order to illustrate and validate the general

theory of Secs. 4.4 and 4.5.
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4.4 Systems with a single degree of freedom

4.4.1 Overview

For systems with a single degree of freedom the general equations of motion (4.100)

discussed in Sec. 4.3 reduce to

i(t) = w(J,t) +eg(q, J te), (4.106a)

J(t) = eG(q,J 1), (4.106D)

for some functions G and g, where ¢ = et is the slow time variable. The asymptotic

expansions (4.102) and (4.103) of the forcing functions reduce to

o0

9. Jie) = Y g J e

s=1

= ¢W(q, J, 1)+ gP(q, J, )e + O(e?),

(4.107)
and
Glq. J.te) = Y G (g J i
s=1
= GW(q J.t)+ GP(q, J,t)e + O(e?).
(4.108)
Also the periodicity conditions (4.104) reduce to
glg+2m, Jt) = g(q. 1), (4.109a)
G(qg+2m Jt) = G(g,J,1). (4.109b)
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In this section we apply two-timescale expansions to study classes of solutions
of Egs. (4.106) in the limit ¢ — 0. We start in Sec. 4.4.2 by defining our conventions
and notations for Fourier decompositions of the perturbing forces. The heart of the
method is the ansatz we make for the form of the solutions, which is given in Sec.
4.4.3. Sec. 4.4.4 summarizes the results we obtain at each order in the expansion,
and the derivations are given in Sec. 4.4.5. Although the results of this section are
not directly applicable to the Kerr inspiral problem, the analysis of this section
gives an introduction to the method of analysis, and is considerably simpler than

the multivariable case treated in Sec. 4.5 below.

4.4.2 Fourier expansions of the perturbing forces

The periodicity conditions (4.109) apply at each order in the expansion in powers

of e:

9 q+2m, 1) = ¢¥(q, ] 1), (4.110a)
GO (qg+2rm, J1) = G¥(q J1). (4.110b)
It follows that these functions can be expanded as Fourier series:
g, J 1) = Z g (J, D)et, (4.111a)
k=—00
GO (g 1) = > GP(JDe™, (4.111b)
k=—o00
where
- 1 [ . -
g (L) = — [ dge*g)(q J1), (4.112a)
2w Jo
5 B 1 27 ) B
GW(J D) = 5o | dae GO (q. L 0). (4.112D)
™ Jo
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For any periodic function f = f(q), we introduce the notation

=5 | ra

for the average part of f, and

for the remaining part of f. It follows from these definitions that

(g¥(q, D) = ¢SS 1), (G¥) (g, 1)) = G (J,1),

and that

§Ng, 1D = > g (e,

k0
G, 20 = DGO
k0
We also have the identities
(fo) = (/=0

for any periodic functions f(q), g(q)-

(4.113)

(4.114)

(4.115)

(4.116a)

(4.116D)

(4.117a)

(4.117b)

For any periodic function f, we also define a particular anti-derivative 7 f of f

by
Th) =Y et

1
k0

(4.118)

where fy = [dge *4f(q)/(2m) are the Fourier coefficients of f. This operator

satisfies the identities

(Zf)qe = f.
(ZhHg) = —(f(Zd),
(f(Zf)) = 0

(4.119a)
(4.119D)

(4.119¢)



4.4.3 Two timescale ansatz for the solution

We now discuss the ansatz we use for the form of the solutions of the equations of
motion. This ansatz will be justified a posteriori order by order in €. The method

used here is sometimes called the “method of strained coordinates” [133].

We assume that ¢ and J have asymptotic expansions in € as functions of two
different variables, the slow time parameter £ = ct, and a phase variable ¥ (also
called a “fast-time parameter”), the dependence on which is periodic with period

27. Thus we assume

gte) = > eqW(L,1)
5=0

= O, 1) + ¢V (U, 1) + O(e?), (4.120a)
J(te) = > e 9,1
s=0
= JOWW, ) + eIV, 1) + O(). (4.120b)

These asymptotic expansions are assumed to be uniform in ¢t. The expansion

coefficients J®) are each periodic in the phase variable U with period 27
JE (W + 27, 8) = JO (0, 7). (4.121)

The phase variable ¥ is chosen so that angle variable ¢ increases by 27 when W

increases by 27; this implies that the expansion coefficients ¢(*) satisfy

O +2mt) = ¢OW, 1)+ 2m, (4.122a)

¢+ 2mt) = (W01, s>1. (4.122D)

The angular velocity 2 = dV¥/dt associated with the phase U is assumed to

depend only on the slow time variable ¢ (so it can vary slowly with time), and on
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e. We assume that it has an asymptotic expansion in £ as ¢ — 0 which is uniform

int
dv - = .
i — — s)(s)
o Q(t,e) ;:0 QY1) (4.123)
= QO +QW(E) + O(£?). (4.124)

Equation (4.124) serves to define the phase variable ¥ in terms the angular velocity
variables Q®)(f), s = 0,1,2..., up to constants of integration. One constant of
integration arises at each order in €. Without loss of generality we choose these

constants of integration so that
¢¥(0,8) =0 (4.125)

for all s, £. Note that this does not restrict the final solutions q(¢,¢) and J(t,¢),
as we show explicitly below, because there are additional constants of integration

that arise when solving for the functions ¢*)(¥,#) and J©) (¥, ).

Roughly speaking, the meaning of these assumptions is the following. The
solution of the equations of motion consists of a mapping from (¢,¢) to (¢, J). That
mapping contains dynamics on two different timescales, the dynamical timescale
~ 1 and the slow timescale ~ 1/e. The mapping can be uniquely written the

composition of two mappings
(te) — (Vte) — (¢.J), (4.126)

such that the first mapping contains all the fast dynamics, and is characterized by
the slowly evolving frequency (%, ¢), and the second mapping contains dynamics

only on the slow timescale.
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4.4.4 Results of the two-timescale analysis

By substituting the ansatz (4.120b) — (4.125) into the equations of motion (4.106)
we find that all of the assumptions made in the ansatz can be satisfied, and that
all of the expansion coefficients are uniquely determined, order by order in . This
derivation is given in Sec. 4.4.5 below. Here we list the results obtained for the

various expansion coefficients up to the leading and sub-leading orders.

Terminology for various orders of the approximation

We can combine the definitions just summarized to obtain an explicit expansion for
the quantity of most interest, the angle variable ¢ as a function of time. From the
periodicity condition (4.122a) it follows that the function ¢'® (¥, ) can be written
as U + ¢O(U,¢) where ¢ is a periodic function of W. [We shall see that ¢ in
fact vanishes, cf. Eq. (4.132) below.] From the definitions (4.101) and (4.124), we
can write the phase variable U as

1 - - -

U = O F) + W (&) + @ (F) + O(e?), (4.127)

€

where the functions () (f) are defined by

PO (d) = / f e @), (4.128)

Inserting this into the expansion (4.120a) of ¢ and using the above expression for

¢ gives

fte) = 000+ PO + (v, D)

+e [p@(E) + ¢V (T, 1)] + O(e?). (4.129)

We will call the leading order, O(1/¢) term in Eq. (4.129) the adiabatic approxi-

mation, the sub-leading O(1) term the post-1-adiabatic term, the next O(e) term
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the post-2-adiabatic term, etc. This choice of terminology is motivated by the

terminology used in post-Newtonian theory.

It is important to note that the expansion in powers of € in Eq. (4.129) is not
a straightforward power series expansion at fixed ¢, since the variable ¥ depends
on €. [The precise definition of the expansion of the solution which we are using is
given by Eqs. (4.120a) — (4.125).] Nevertheless, the expansion (4.129) as written
correctly captures the € dependence of the secular pieces of the solution, since the

functions ¢ and ¢V are periodic functions of ¥ and so have no secular pieces.

Adiabatic Order

First, the zeroth order action variable is given by
JOw,8) = 7O1), (4.130)

where J(©) satisfies the differential equation

% = G"T79@), 1. (4.131)

Here the right hand side denotes the average over ¢ of the forcing term
GW[q, JO(1),1], cf. Egs. (4.111) above. The zeroth order angle variable is given
by

¢V (V1) =V, (4.132)

and the angular velocity €2 that defines the phase variable ¥ is given to zeroth
order by
t]. (4.133)
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Note that this approximation is equivalent to the following simple prescription: (i)

Truncate the equations of motion (4.106) to the leading order in e:

i) = w(J,t)+egV(q, J 1), (4.134a)

Jt) = GW(q, J,1); (4.134D)

(ii) Omit the driving term ¢(!) in the equation for the angle variable; and (iii)
Replace the driving term G in the equation for the action variable with its

average over q.

Post-1-adiabatic Order

Next, the first order action variable is given by

5 (1) 0) (¢ 5
ﬂ%%wzzGE%%¢Wﬂ+J”®, (4.135)

where the symbol Z on the right hand side denotes the integration operator (6.407)
with respect to W. In Eq. (4.135) the quantity J(f) satisfies the differential

equation

di 8.
<8§31)IG(1)> <G(1)§](1)> @
o 00 +GY. (4.136)

Here it is understood that the quantities on the right hand side are evaluated at
q=q% =V and J = JO(#). The sub-leading correction to the phase variable ¥
is given by

O (@) = = [TO@), 1T @) + 9" [T (), 7). (4.137)

S aJ
Finally, the sub-leading term in the angle variable is
¢V (W, 1) = ¢V (v, 1) + QU(D), (4.138)
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where

- 1 Ow I R N
A(1) - - 70 2A(1) (0)
i) = ey IO D AT 7).
_ZoW 1w, 7O @), ¢ 4.1
and
oW (f) = —¢M(0,1). (4.140)
Discussion

One of the key results of the general analysis of this section is the identification
of which pieces of the external forces are required to compute the adiabatic and
post-1-adiabatic solutions. From Eqs. (4.131), (4.133) and (4.129), the adiabatic
solution depends only on the averaged piece G(()l) (J,1) = (GW(q, J, 1)) of the leading
order external force GO, This quantity is purely dissipative, as can be seen in the
Kerr inspiral context from Eqs. (4.98) and (4.97). More generally, if the perturbing
forces g and G arise from a perturbation eAH =) e*AH (*) to the Hamiltonian,

then the forcing function G is

_OAHY (g, J,1)
dq '

G (q, J,1) =
and it follows that the average over ¢ of G(*) vanishes.

At the next order, the post-1-adiabatic term ") () depends on the averaged
piece G(()2)(J, t) = (GP(q, J, 1)) of the sub-leading force G?, again purely dissi-
pative, as well as the remaining conservative and dissipative pieces of the leading
order forces GM(q, J, 1) and g™ (g, J,#). This can be seen from Eqs. (4.136) and
(4.137). These results have been previously discussed briefly in the EMRI context

in Refs. [99, 40]. For circular, equatorial orbits, the fact that there is a post-1-
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adiabatic order contribution from the second order self-force was first argued by

Burko [148].

Initial conditions and the generality of our ansatz

We will show in the next subsection that our ansatz (4.120a) — (4.125) is compatible
with the one parameter family of differential equations (4.106). However, it does
not necessarily follow that our ansatz is compatible with the most general one
parameter family [q(t, ), J(t, €)] of solutions, because of the possibility of choosing
arbitrary, e-dependent initial conditions ¢(0,e) and J(0,¢) at the initial time ¢ =
0.2! In general, the e dependence of the solutions arises from both the e dependence
of the initial conditions and the & dependence of the differential equations. It is

possible to choose initial conditions which are incompatible with our ansatz.

To see this explicitly, we evaluate the expansions (4.129) and (4.135) at t = ¢ =

0. This gives
q(0,e) = e O©0) + M (0) + O(e), (4.141a)

J(0,6) = J90)+7D(0)
ZGW[=©(0) + 41 (0), 7©(0), 0]
w[TO 0]
+0(e?). (4.141b)

+ée

Recalling that parameters 1 (0), M (0), 7©(0) and J1(0) are assumed to be
independent of e, we see that the conditions (4.141) strongly constrain the allowed &
dependence of the initial conditions. We note, however, that the choice of constant

(¢ independent) initial conditions

q(0,6) = qo,  J(0,8) = Jy (4.142)

2!More generally we could consider specifying initial conditions at some time t = ;. In that
case we would modify the definition of the rescaled time coordinate to t = e(t — to).
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can be accommodated, which is sufficient for most applications of the formalism.

To achieve this one chooses
pO0) =0, ¥V(0)=q, T0) =1, (4.143)

and
_Ié(l) [q(]v J07 O]

TH0) = w[Jo, 0]

(4.144)

4.4.5 Derivation

In this subsection we give the derivation of the results (4.130) — (4.140) summarized
above. At each order s we introduce the notation (%) for the average part of
JE (W, 1):

T () = (JO (W, 1) = % /0 . JO (W, 1)dD. (4.145)
We denote by J) the remaining part of J®, as in Eq. (4.114). This gives the

decomposition

JO(W, 1) = () + T (W, 1) (4.146)
for all s > 0. Similarly for the angle variable we have the decomposition
¢ (W, 1) = Q¥(1) + ¢(T, 1) (4.147)

for all s > 1. [We do not use this notation for the s = 0 case for the angle variable,

since ¢(¥ is not a periodic function of ¥, by Eq. (4.122a)].

Using the expansions (4.120a) and (4.120b) of ¢ and J together with the ex-
pansion (4.124) of dV/dt, we obtain

dgq

2 - 00gQ 1 ¢ [Qm ¢Q +00 g0 +th9)]

+e? [Q(z)qu,) + Q(O)qg) + Q(l)qfé,) + qg)}

+0(?). (4.148)
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Here we use commas to denote partial derivatives. We now insert this expansion
together with a similar expansion for d.J/dt into the equations of motion (4.106)
and use the expansions (4.107) and (4.108) of the external forces g and G. Equating

coefficients?? of powers of ¢ then gives at zeroth order

Q(O)qu) = w, (4.149a)
Q0 = o, (4.149b)
at first order
Q0 —w, g0 = —WgY — ¢ 4 g0, (4.150a)
QWJP + 05 = —Jff’ +GW, (4.150b)
and at second order
Q04D T = %w’ S (T2 4 gDg 4 gy

~qy, (4.151a)
Q(2)J7(£) + Q(O)Jg) = GV 4 G,(})J(l) _ Q(I)J,(ql,)

—JW 1+ a®. (4.151b)

Here it is understood that all functions of ¢ and J are evaluated at ¢(® and J©.

Zeroth order analysis

The zeroth order equations (4.149) can be written more explicitly as

QOB (w8 = w[JOW,7),1, (4.152a)

Q@I (T, ) = 0. (4.152b)

22 As is well known, this procedure is valid for asymptotic series as well as normal power series.
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The second of these equations implies that J© is independent of ¥, so we obtain
JO(W, 1) = JO(%). The first equation then implies that qf\?,) is independent of W,
and integrating with respect to W gives

¢(W, 1) = 7“%2; Eg d U+ 00 ), (4.153)

where Q) is some function of £. The periodicity condition (4.122a) now implies
that the coefficient of ¥ in Eq. (4.153) must be unity, which gives the formula
(4.133) for the angular velocity Q) (f). Finally, the assumption (4.125) forces

Q) (%) to vanish, and we recover the formula (4.132) for ¢© (¥, ¢).

First order analysis

The first order equation (4.150b) can be written more explicitly as

0@ Iy @ H = -7

+GWw, 70 (8), ), (4.154)

where we have simplified using the zeroth order solutions (4.130) and (4.132).
We now take the average with respect to ¥ of this equation. The left hand side
vanishes since it is a total derivative, and we obtain using the definition (4.112)
the differential equation (4.131) for J© (f). Next, we subtract from Eq. (4.154)

its averaged part, and use the decomposition (4.146) of J). This gives

~ A

Q0@ JG (0, 7) = GO, TO1), 1. (4.155)

We solve this equation using the Fourier decomposition (4.116b) of GO to obtain

R ~ G(l)[j(o) () ﬂez’kqf
1 _ k )
JO(W, 1) = géo TR0 (1) : (4.156)

This yields the first term in the result (4.135) for /&) when we use the notation

(6.407).

124



Next, we simplify the first order equation (4.150a) using the zeroth order solu-
tions (4.130) and (4.132), to obtain

QO @)qG (0, 1) — w [TOF), 1TV W, 1]

= —QW (@) + ¢ [w, 7O ), 1. (4.157)

Averaging with respect to W and using the decompositions (4.146) and (4.147)
of J and ¢ now gives the formula (4.137) for Q()(#). Note however that the
function 7™M (£) in that formula has not yet been determined; it will be necessary

to go to one higher order to compute this function.

Finally, we subtract from Eq. (4.157) its average over W using the decomposi-
tions (4.146) and (4.147) and then integrate with respect to W using the notation
(6.407). This gives

- 1 A -
5(1) - = (0) (1)
(w7 gwwa{uﬂj ORI
+ZgWO [, 7O (g)jg]}, (4.158)

Using the result for J® given by the first term in Eq. (4.135) now yields the
formula (4.139) for ¢(V(W,#), and the result (4.138) for ¢¥ then follows from the

decomposition (4.147) together with the initial condition (4.125).

Second order analysis

We simplify the second order equation (4.151b) using the zeroth order solutions

(4.130) and (4.132), average over ¥, and simplify using the decompositions (4.146)
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and (4.147) and the identities (4.117). The result is

VRO VAIONIVEIORRERIVAION
+ (a0, G g0 1)

+ (T, D GG, 70D, ). (4.159)

Using the expressions (4.139) and (4.135) for ¢ and J® and simplifying using

the identities (4.119) now gives the differential equation (4.136) for J.

Extension to arbitrary order

In this subsection we prove by induction that solutions are uniquely determined at
each order in . Our inductive hypothesis is that, given the equations up to order
s, we can compute all of the expansion coefficients ¢ (W, ), J® (¥, %) and Q™ (¢)
for 0 < u < s, except for the averaged piece J® () of J&) (W, %), and except
for Q) (¢), which is assumed to be determined by J*)(f). From the preceding
subsections this hypothesis is true for s = 0 and for s = 1. We shall assume it is

true at order s — 1 and prove it is true at order s.

The equations of motion at order s, when simplified using the zeroth zeroth
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order solutions (4.130) and (4.132), can be written as

Q(O)qf\;) + QO —w g = o gV gD 4 gf;)q(s_l)

_i_g’(})J(s—l) o Q(l)q’(\;—l)

+S (4.160a)
QO = GO 4 g e
_Q(s—l)Jg) _ Q(l)J’(\Isj—l)
—IST T (4.160D)
Here S = S(V,t) and 7 = T(V,1) are expressions involving the forces G and
g™ for 0 < u < sevaluated at ¢ = ¢ = ¥ and J = J© = 7O and involving the

coefficients ¢, J® and Q™ for 0 < u < s — 2 which by the inductive hypothesis

are known. Therefore we can treat S and 7 as known functions.

Averaging Eq. (4.160b) over W yields the differential equation

TV = GUIE = () + (G )

,t

+H(GY Jey, (4.161)

By the inductive hypothesis all the terms on the right hand side are known, so we

can solve this differential equation to determine J 1.

Next, averaging Eq. (4.160a) yields

06 _ ij(S) — u,’”<j(1)j(s—1)> + u,’JJj(l)j(s—l)
Hod )+ 45 T)
T = Q7 (S (4162)
Since J*~Y has already been determined, the right hand side of this equation

is known and therefore the equation can be used to solve for Q) once J©) is
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specified, in accord with the inductive hypothesis. Next, Eq. (4.160b) with the
average part subtracted can be used to solve for J (s) and once J©) is known Eq.
(4.160a) with the average part subtracted can be used to solve for ¢**). Finally,
the averaged piece Q®)(t) of ¢*)(¥,#) can be computed from ¢® using the initial
condition (4.125) and the decomposition (4.147). Thus the inductive hypothesis is

true at order s if it is true at order s — 1.

4.5 Systems with several degrees of freedom subject to

non-resonant forcing

4.5.1 Overview

In this section we generalize the analysis of the preceding section to the general
system of equations (4.100) with several degrees of freedom. For convenience we

reproduce those equations here:

dq,, 5 N N
% = wa(J, 1) +egW(q, I, 1) +29P(q, I, 1)

+0(e%), 1<a <N, (4.163a)
dJ § N
d—; = eGV(q, 3,1 426G (q,3,9)

+0(e%), 1<A< M. (4.163b)

For the remainder of this paper, unless otherwise specified, indices «, 3,7, 9,¢, ...
from the start of the Greek alphabet will run over 1...N, and indices

A, i, v, p, 0, ... from the second half of the alphabet will run over 1... M.

The generalization from one to several variables is straightforward except for

the treatment of resonances [133]. The key new feature in the N variable case
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is that the asymptotic expansions now have additional terms proportional to /e,
e3/2 ... as well as the integer powers of €. The coefficients of these half-integer
powers of € obey source-free differential equations, except at resonances. Therefore,
in the absence of resonances, all of these coefficients can be set to zero without
loss of generality. In this paper we develop the general theory with both types of
terms present, but we specialize to the case where no resonances occur. Subsequent

papers [137, 138] will extend the treatment to include resonances, and derive the

form of the source terms for the half-integer power coefficients.

We start in Sec. 4.5.2 by defining our conventions and notations for Fourier
decompositions of the perturbing forces. In Sec. 4.5.3 we discuss the assumptions
we make that prevent the occurrence of resonances in the solutions. The heart of
the method is the ansatz we make for the form of the solutions, which is given
in Sec. 4.5.4. Section 4.5.5 summarizes the results we obtain at each order in the
expansion, and the derivations are given in Sec. 4.5.6. The implications of the

results are discussed in detail in Sec. 4.7 below.

4.5.2 Fourier expansions of perturbing forces

The periodicity condition (4.104) applies at each order in the expansion in powers

of €, so we obtain

98N (a+ 27k, 3,8) = g{(q,J.0), (4.164a)
GV(q+21k,J,1) = GV(q,3.7), (4.164b)

fors > 1,1 <a < N,and 1 < A < M. Here k = (ky,...,ky) can be an

arbitrary N-tuple of integers. It follows from Egs. (4.164) that these functions can
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be expanded as multiple Fourier series:

0@, 3.0 = > gl he,

k
G, 3.0 = Y GUI e,
k
where
S n 1 —1 s
D = G [ a0
) (7 7 1 N —ikeq (s)
G (J.t) = )" dVqe G, (q,J.1)

FP
™
(]

and

N
k-q= Z koG-
a=1

(4.165a)

(4.165D)

(4.166a)

(4.166b)

(4.167)

(4.168)

(4.169)

For any multiply periodic function f = f(q), we introduce the notation

for the remaining part of f. It follows from these definitions that

(98 (a, 3,8)) = g3(3,8), (G (@, 3,8)) = G331,

and that

qut Zg(sth qu
k#0

G9(q .8 = Y64 ek

k#£0
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(4.171)

(4.172)

(4.173a)

(4.173D)



We also have the identities

<§_i> — (=0 (4.174a)
(fg) = (fa)+(f){g) (4.174b)

for any multiply periodic functions f(q), g(q).

For any multiply periodic function f and for any vector v = (vy,...,vy), we

also define the quantity Z, f by

(Tfi@)=) Z.kff‘ve"k'q, (4.175)
K£0

where fx = [dVge ™ 9f(q)/(27)" are the Fourier coefficients of f. The operator

7, satisfies the identities

I,(v-Vf) = [, (4.1762)
(Zvh)a) = —(f(Zvd), (4.176b)
(fz.f) = o (4.176¢)

4.5.3 The no-resonance assumption

For each set of action variables J and for each time ¢, we will say that an N-tuple

of integers k # 0 is a resonant N-tuple if
k-w(J,t)=0. (4.177)

where w = (wy,...,wy) are the frequencies that appear on the right hand side of
the equation of motion (4.100a). This condition governs the occurrence of reso-

nances in our perturbation expansion, as is well known in context of perturbations
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of multiply periodic Hamiltonian systems [152]. We will assume that for a given

k, the set of values of ¢ at which the quantity

o (D) = k- w[TO(1),1] (4.178)

vanishes (i.e. the resonant values) consists of isolated points. Here J(f) is the
leading order solution for J given by Eq. (4.191) below. This assumption excludes
persistent resonances that last for a finite interval in £. Generically we expect this

to be true because of the time dependence of J©(%).

Our no-resonance assumption is essentially that the Fourier components of the
forcing terms vanish for resonant N-tuples. More precisely, for each fixed k and

for each time #, for which oy (.) = 0, we assume that

o | T = o, (4.179)

G |70

L

0, (4.179D)

for s > 1 and for all £ in a neighborhood of .. Our no-resonance assumption will

be relaxed in the forthcoming papers [137, 138].

In our application to inspirals in Kerr black holes, the no-resonance condition
will be automatically satisfied for two classes of orbits: circular and equatorial
orbits. This is because for these orbits there is either no radial motion, or no
motion in #, and so the two-dimensional torus (g¢,, gg) reduces to a one-dimensional
circle. The resonance condition k,w, + kqwy = 0 reduces to k,w, = 0 for equatorial
orbits, or kgwy = 0 for circular orbits, and these conditions can never be satisfied

since the fundamental frequencies w, and wy are positive.
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4.5.4 Two timescale ansatz for the solution

We now discuss the two-timescale ansatz we use for the form of the solutions of
the equations of motion. This ansatz will be justified a posteriori order by order in
Ve. Our ansatz essentially consists of the assumption that the mapping from (t, ¢)
to (q,J) can be written as an asymptotic expansion in /e, each term of which
is the composition of two maps, the first from (¢,¢) to an abstract N-torus with
coordinates ¥ = (U1, ..., ¥y), and the second from (W,%,¢) to (q,J). Here t = et
is the slow time parameter. All the fast timescale dynamics is encapsulated in the
first mapping. More precisely, we assume

Galtie) = D "0 (W 1)

n=0

= qO(W,8) + eq(? (W, 1) + e¢{) (@, 1)
+£32¢B3 (W 1) + O(e?), (4.180a)

Nte) = Y PR (e 0)

n=0

= JOW, 8 + Ve P (W, 1) + eV (W)

+32 T3 (W 1) 4 O(£2). (4.180b)

These asymptotic expansions are assumed to be uniform in . The expansion
coefficients J is), where s = 0,1/2,1,. .., are multiply periodic in the phase variables

¥, with period 27 in each variable:

JO(W + 27k, 1) = T (®, ). (4.181)

Here k = (kq,...,ky) is an arbitrary N-tuple of integers. The mapping of the
abstract N-torus with coordinates W into the torus in phase space parameterized
by q is assumed to have a trivial wrapping, so that the angle variable ¢, increases

by 27 when W, increases by 2m; this implies that the expansion coefficients ¢(®)
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satisfy

dO® + 27k, 1) = ¢O(W, 1)+ 27k, (4.182a)
¢ (W + 21k, 1) = ¢(W,1), s5>1/2 (4.182b)
for arbitrary k. The variables Wy, ..., Uy are sometimes called “fast-time param-

eters”.

The angular velocity

0, = dV, /dt (4.183)

associated with the phase ¥, is assumed to depend only on the slow time variable
t (so it can vary slowly with time), and on €. We assume that it has an asymptotic

expansion in /¢ as € — 0 which is uniform in ¢:

Qolt,e) = Y 200721 (4.184)
n=0
= QP(B) + V(P (1) + 00 ()

+e32QB/2 (1) + O(2). (4.185)

Equations (4.183) and (4.185) serve to define the phase variable ¥, in terms the
angular velocity variables Q) (t), s =0,1/2,1..., up to constants of integration.
One constant of integration arises at each order in /e, for each o. Without loss

of generality we choose these constants of integration so that
¢ 0,1) =0 (4.186)

for all o, s and £. Note that this does not restrict the final solutions g, (t,¢) and
Ja(t,e), as we show explicitly below, because there are additional constants of

integration that arise when solving for the functions ¢§ (®,7) and J* (@, )
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4.5.5 Results of the two-timescale analysis

By substituting the ansatz (4.180b) — (4.186) into the equations of motion (4.100)
we find that all of the assumptions made in the ansatz can be satisfied, and that
all of the expansion coefficients are uniquely determined, order by order in /.
This derivation is given in Sec. 4.5.6 below. Here we list the results obtained for

the various expansion coefficients up to the first three orders.

Terminology for various orders of the approximation

We can combine the definitions just summarized to obtain an explicit expansion
for the quantity of most interest, the angle variables ¢, as a function of time.
From the periodicity condition (4.122a) it follows that the function q,(f)(\I’, t) can
be written as ¥, + q&o)(\Il, t) where q&o) is a multiply periodic function of ¥. From
the definitions (4.101) and (4.185), we can write the phase variables ¥, as

_Loom o L amm om0 (3/2) (7
Vo = (D) + ﬁwa () + o (E) + Ve (t)

+ep P (1) + O(%/?), (4.187)

where the functions w((j)(f) are defined by

PO(F) = / L arae @), (4.188)

Inserting this into the expansion (4.180a) of ¢, gives

wlte) = ZU0)+ )
+ (e (0) + ¢ (2, D)]
HVE [U () + /2 (9, D)

+e [W@(F) + ¢V (P, 1)] + O(*?). (4.189)
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We will call the leading order, O(1/¢) term in Eq. (4.189) the adiabatic approxi-

mation, the sub-leading O(1/1/¢) term the post-1/2-adiabatic term, the next O(1)

term the post-1-adiabatic term, etc. Below we will see that the functions q’,(lo) and
(1/2)

go'” in fact vanish identically, and so the oscillatory, W-dependent terms in the

expansion (4.189) arise only at post-2-adiabatic and higher orders.

As before we note that the expansion in powers of € in Eq. (4.189) is not a
straightforward power series expansion at fixed ¢, since the variable ¥ depends on
e. [The precise definition of the expansion of the solution which we are using is
given by Eqs. (4.180a) — (4.186).] Nevertheless, the expansion (4.189) as written
correctly captures the € dependence of the secular pieces of the solution, since the

(1/2

functions ¢, ¢ ) and q((ll) are multiply periodic functions of ¥ and so have no

secular pieces.

Adiabatic Order

The zeroth order action variables are given by
JOW, ) = 70 @), (4.190)

where JO () = (jl(o)(f), o J 1\(;)(5)) satisfies the set of coupled ordinary differ-
ential equations
a7 () o

—A = GRLlT (@), 1) (4.191)

Here the right hand side denotes the average over q of the forcing term
G(Al)[q, T O(),1], cf. BEgs. (4.166) above. The zeroth order angle variables are
given by

0 (W, 1) = W, (4.192)

136



and the angular velocity €2, that defines the phase variable ¥, is given to zeroth
order by

QO (@) = wo [T ), 1]. (4.193)

Note that this approximation is equivalent to the following simple prescription: (i)
Truncate the equations of motion (4.163) to the O(¢); (ii) Omit the driving terms

g&l) in the equations for the angle variables; and (iii) Replace the driving terms

Gg\l) in the equations for the action variables with their averages over q.

Post-1/2-adiabatic order

Next, the O(y/¢) action variables are given by
P 1) = 7 (@), (4.194)

where JW2 (1) = (j1(1/2) (t),..., jﬁ/z) (1)) satisfies the set of coupled, source-free
ordinary differential equations

d? (@) oG,
di dJ,

MAGRINASSIGE (4.195)

Equation (4.195) will acquire a source term in Ref. [138] where we include the

effects of resonances. The O(y/¢) angle variables are given by
(W) =0, (4.196)

and the angular velocity €2, that defines the phase variable ¥, is given to O(/2)

by
Owq 1 (1/2

FIA ZE 7O, )72 (1), (4.197)

Note that Egs. (4.195) and (4.197) can be obtained simply by linearizing Egs.

QL2 () =

(4.191) and (4.193) about the zeroth order solution. That is, J© + /eJ/? and
0 4 /eQW/? gatisfy the zeroth order equations (4.191) and (4.193) to O(,/2).
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This means that setting J1/? and Q1/? to zero does not cause any loss of gen-
erality in the solutions (under the no-resonance assumption of this paper), as long

as we allow initial conditions to have sufficiently general dependence on e.

Post-1-adiabatic order

The first order action variable is given by
I8 = T, GV, T @)1+ T (), (4.198)

where the symbol Z on the right hand side denotes the integration operator (4.175)
with respect to ¥, CA?(;) is the non-constant piece of G(l) as defined in Eq. (4.171),
and Q© is given by Eq. (4.193). In Eq. (4.198) the quantity J Y (f) satisfies the

differential equation

(1) (1)
AU oy QORI

Y
(2) 10 G)\O (1/2) ~7(1/2)
j J,
2 0J,0J,
oG\ . oG
—|—< aj)‘ IQ(O)G/(})> +< 8q>\ IQ(O)QS)>
n o
dwe | GV .
+8JH <8—qZIQ(o)IQ(0) G/(})> . (4.199)

Here it is understood that the quantities on the right hand side are evaluated at
J=J9%) and q = q® = W. The last three terms on the right hand side of
Eq. (4.199) can be written more explicitly using the definition (4.175) of Z and the

definition (4.170) of the averaging (...) as

1)
Z 1 {/{J &u G)\k GLk ke G(;k* (1)
Q0 .k aj QO .k

k+£0
(1)
i) aG,\k
Guk o7, } (4.200)
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The O(e) correction to the angular velocity €, is given by

(4.201)

Finally, the sub-leading term in the angle variable is
g (@, 1) = ¢V (w,8) + QL (), (4.202)

where

Owg -

e g0,
XIQ(O) (g)IQ(O) @

oo g, 06 1%, TV (D), 1] (4.203)

f

GO, 7O, 1)

and

QW (f) = -4 (0,1). (4.204)

Discussion

One of the key results of the general analysis of this section is the identifica-
tion of which pieces of the external forces are required to compute the adi-
abatic, post-1/2-adiabatic and post-1-adiabatic solutions. From Egqs. (4.191),
(4.193) and (4.189), the adiabatic solution depends only on the averaged piece
G(Al())(J, t) = (Gf\l)(q, J, %)) of the leading order external force Gf\l). Only the dis-
sipative piece of the force Gg\l) normally contributes to this average. For our ap-

plication to inspirals in Kerr, this follows from the identity (4.98a) which shows

that the average of the conservative piece of Gf\l) vanishes. For a Hamiltonian
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system with N = M, if the perturbing forces g, and G arise from a perturbation

eAH =Y e*AH® to the Hamiltonian, then the forcing function G(ﬁs) is

N OAH®) (q,J, 1)
GS(q,3,7) = — .

Y

and it follows that the average over q of G(ﬁs) vanishes.

At the next, post-1/2-adiabatic order, it follows from Eqs. (4.195) and (4.197)
that the term w&l/ 2) (t) depends again only on the averaged, dissipative piece G(;())
of the leading order force. However, we shall see in the forthcoming paper [138]
that when the effects of resonances are included, additional dependencies on the

remaining (non-averaged) pieces of the first order self forces will arise.

At the next, post-1-adiabatic order, the term 1#,(11)(5) in Eq. (4.189) depends on
the averaged piece G(f())(J 1) = <G§\2) (q,J,1)) of the sub-leading force G(f’, again
normally purely dissipative, as well as the remaining conservative and dissipative
pieces of the leading order forces G(;)(q, J,t) and g&l)(q, J,t). This can be seen
from Eqs. (4.199) and (4.201). These results have been previously discussed briefly
in the EMRI context in Refs. [99, 40]. For circular, equatorial orbits, the fact that

there is a post-1-adiabatic order contribution from the second order self-force was

first argued by Burko [148].

Finally, we consider the choice of initial conditions for the approximate dif-
ferential equations we have derived. The discussion and conclusions here parallel
those in the single variable case, given in Sec. 4.4.4 above, and the results are

summarized in Sec. 4.7.3 below
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4.5.6 Derivation

We will denote by R(f) the set of resonant N-tuples k at time #, and by R¢(#) the
remaining non-resonant nonzero N-tuples. The set of all N-tuples can therefore be

written as the disjoint union

ZY = {0} UR() URS(L). (4.205)

At each order s we introduce the notation jA(S)(f) for the average part of

J (D)

TE) = (7w, (4.206)

1 21 21 (s) N
— v, ... | dv W)
<2w>N/o o [ A

We denote by jés) the remaining part of .J (S), as in Eq. (4.171). This gives the

decomposition

J(® 1) = 77 (@) + 7 (9, ) (4.207)
for all s > 0. Similarly for the angle variable we have the decomposition
¢ (W, 1) = QW (1) + 4 (W, 1) (4.208)

for all s > 1/2. For the case s = 0 we use the fact that qéo)(\Il, t)— W, is a multiply
periodic function of ¥, by Eq. (4.182a), to obtain the decomposition
(W, 1) = Wo + Q0 (1) + 4 (W, 8), (4.209)
(0) r

where Go ' (W, t) is multiply periodic in ¥ with zero average.

Using the expansions (4.180a) and (4.180b) of ¢, and .Js together with the
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expansion (4.185) of dW,,/dt, we obtain

dga 0) (0) 1/2) 1/2
o Qf ((lxpﬁJr\[[Q(/ qazpﬁﬂLQg q((l(p;]

1) () (1/2) (1/2) (0)
—H’:‘[Qﬁ oyu, + 825 qa\pﬂ—i—Qﬁ qa\pﬁ—i—q ]

3/2) 1) (1/2) 1/2)
+€3/2{Q</ 00, + AP + 0P,

+0f) qf’@ +qP] + 2 [9F40,,

(1/2) 3/2)

(3/2 1
+85 +Qﬁ Gaw, T2 o,

+Q qf% +q)] + 0, (4.210)

We now insert this expansion together with a similar expansion for d.Jy/dt into
the equations of motion (4.100) and use the expansions (4.102) and (4.103) of the
external forces g, and G. Equating coefficients of powers?® of /¢ then gives at

zeroth order

00, = wa, (4.211a)
Y%, =0, (4.211D)
at order O(/¢)
0PVqly) = =040, + wan P, (4.212a)
aP Y = —ay? JA}%, (4.212b)
at order O(e)
QE;O)CIS,EI% _ Q(1/2 o}@ Qg)qg}ﬁ_qurgél)
Fwa s I+ %wm na NP I (4.213a)
AW, =~ S A%, -
+G\V, (4.213b)

23This is justified since both sides are asymptotic expansions in powers of /¢ at fixed ¥, .
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at order O(e%/?)

(0) (3/2) 1/2) (1) (1/2) (3/2) (0)
Qg Ay —(g g Qﬁ Qo,w g4 — Qg Qa,w 4
1/2 1/2 1) (1/2
(/)+gg12m (/)_i_g((l?hj(/)
Fwaiy I\ A+ wayry g, VD ID
1
+6wa, Inapda NP I J1D), (4.214a)
0) 73/2)  _ 1/2 (1 (1 1/2 (3/2) ( )

N R U A €

(4.214D)

and at order O(e?)

Q(O (2)

1/2) (3/2) 1) 3/2) (1/2
0%, = —QMAGER _aWgh, — @yl

4, Vg Iéi a, Vg
(2) (1) () 1 1)
—0 g % ~dy; T 90 90595
1
1 1/2
e Ty + 29&1315%612/ g

1 1 1/2 1 1/2 1/2
g DI 1 g0 g I

1
_'_wa,J)\ J>(\2) + §WQ,J)\Jng J)(\l) J/Sl/2) J(S—l/2)

%%JAJH TOTD 4w g, S TG
+ﬁwa,JAJngJTJil/z)Jﬁl/z)Jc(rl/z)JT(W)’
(4.215a)
Q(O)J)(\?&lﬁ _ _9(51/2)J 3/2) Q(l J)(\lq, Q(3/2 J)(\léjz
~QP 0%, = I+ 6P+ 65 g
+G)\J Jﬁl + G(lqﬁq qém)qf,lm
Judo

1
RO I+ Gl

(4.215D)

Here it is understood that all functions of q and J are evaluated at q'© and J©.
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Zeroth order analysis

The zeroth order equations (4.211) can be written more explicitly as

P (D¢, (W,1) = walIO(L,1),1), (4.216a)
QP (D)%, (2,5 = 0. (4.216b)

Since J© is a multiply periodic function of ¥ by Eq. (4.181), we can rewrite Eq.

(4.216Db) in terms of the Fourier components JSZ (t) of Jﬁo) as
3 [m@ () - k} JO@) ¥ — . (4.217)
k
For non-resonant N-tuples k we have
QO k#£0 (4.218)

by Eqs. (4.177) and (4.193) unless k = 0. This implies that Jioﬁ(f) = 0 for all

nonzero non-resonant k.

It follows that, for a given k, J /(\012(5) must vanish except at those values of £ at
which k is resonant. Since we assume that J ﬁOIZ(f) is a continuous function of ,
and since the set of resonant values of  for a given k consists of isolated points (cf.
Sec. 4.5.3 above), it follows that J SE (t) vanishes for all nonzero k. The formula

(4.190) now follows from the decomposition (4.207).

Next, substituting the formula (4.190) for J© and the decomposition (4.209)

of ¥ into Eq. (4.216a) gives

0@ + 3 [1900) k] b e
k

= w[TO), 1), (4.219)

where cjiol){(f) are the Fourier components of é&o)(\Il, t). The k = 0 Fourier compo-

nent of this equation gives the formula (4.193) for the zeroth order angular velocity

144



QO The k # 0 Fourier components imply, using an argument similar to that just
given for Eq. (4.216b), that cjiok(t) = 0 for all nonzero k. The decomposition
(4.209) then gives

V(W 1) =T, + 0V 1). (4.220)

Finally, the assumption (4.186) forces oY (#) to vanish, and we recover the formula

(4.192) for ¢ (\Il,f)

Order O(y/¢) analysis

The O(4/¢) equation (4.212b) can be written more explicitly as
©0) 7y 7(1/2) T
Qy (t) Ty, (¥, 1) =0, (4.221)

where we have simplified using the zeroth order solution (4.190). An argument
similar to that given in Sec. 4.5.6 now forces the ¥ dependent piece of J(/?) to

vanish, and so we obtain the formula (4.194).

Next, we simplify the order O(1/€) equation (4.212a) using the solutions (4.190),
(4.192) and (4.194) to obtain

QD21 = was, [TOE). 177 (1)

—Q/2 (7). (4.222)

After averaging with respect to ¥, the term on the left hand side vanishes since it
is a total derivative, and we obtain the formula (4.197) for Q1/2) (). Note however
that the function J“/?(f) in that formula has not yet been determined; it will be

necessary to go to two higher orders in /¢ to compute this function.

Next, we subtract from Eq. (4.222) its averaged part and use the decomposition
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(4.208) of ¢"? to obtain
QP (H)d\ ) (®, 1) = 0. (4.223)

An argument similar to that given in Sec. 4.5.6 now shows that q(*/? = 0, and
the result (4.196) then follows from the decomposition (4.208) together with the

initial condition condition (4.186).

Order O(e) analysis

The first order equation (4.213b) can be written more explicitly as

@), e h = -390

N

+G3 e, 7O ), 1, (4.224)

where we have simplified using the zeroth order solutions (4.190) and (4.192) and
the O(y/¢) solution (4.194). We now take the average with respect to W of this
equation. The left hand side vanishes since it is a derivative, and we obtain using
the definition (4.166) the differential equation (4.191) for J©(#). Next, we sub-
tract from Eq. (4.224) its averaged part, and use the decomposition (4.207) of J(V).

This gives

Qf) (603, (w,1) = G [w, 7O, 1. (4.225)

We solve this equation using the Fourier decomposition (4.173b) of GAY(;) to obtain

. ~ (W1 7(0)
WP =y Gull
keRe(1)

+ Y Al

keR (1)

S

(4.226)

Here the first term is a sum over non-resonant N-tuples, and the second term is

a sum over resonant N-tuples, for which the coefficients are unconstrained by Eq.
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(4.225). However for each fixed k, the values of ¢ that correspond to resonances

are isolated, and furthermore by the the no-resonance assumption (4.218) we have

Ggl){[J O, t] = 0 in the vicinity of those values of £. Therefore using the assumed

continuity of JS{) (t) in t we can simplify Eq. (4.226) to

o W70 7
Jﬁl)(\p,t):ZG*k[J 0. cw (4.227)

= ik QO

where any terms of the form 0/0 that appear in the coefficients are interpreted
to be 0. This yields the first term in the result (4.198) for J® when we use the
notation (4.175).

Next, we simplify the first order equation (4.213a) using the zeroth order solu-
tions (4.190) and (4.192) and the O(y/2) solutions (4.194) and (4.196), to obtain

Q0 (B, (w,7) = gV [w, O, 7 - oL (d)
+wo i [TO), DIV, 1]
39 T AT DI ) (4.228)

Averaging with respect to ¥ and using the decompositions (4.207) and (4.208)
of JM and q now gives the formula (4.201) for QW (#). Note however that the
function JY(f) in that formula has not yet been determined; it will be necessary

to go to two higher orders in /¢ to compute this function.

Finally, we subtract from Eq. (4.228) its average over W using the decomposi-
tions (4.207) and (4.208), and then solve the resulting partial differential equation

using the notation (4.175) and the convention described after Eq. (4.227). This

gives
~ ow - . .
(D) (p — ZZerq(0) T OINT,
de ( >t) 8J)\ [«7 (t)a ] Q(O)(~) J)\ [ ) ]
+Iao g i, TO), 1. (4.229)
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Using the result for jél) given by the first term in Eq. (4.198) now yields the
formula (4.203) for cj&l)(\ll, t), and the result (4.202) for ¢t then follows from the

decomposition (4.208) together with the initial condition (4.186).

Order O(¢%/%) analysis

The O(e*?) equation (4.214b) can be written more explicitly as

QO (0107 (B, 1) = 0P ()10, (w,) - T ()

+GY, [0, 7O @), 0702 (@), (4.230)

where we have simplified using the lower order solutions (4.190), (4.192), (4.194)
and (4.196). We now take the average with respect to ¥ of this equation. Two
terms vanish since they are total derivatives, and we obtain using the definition
(4.166) the differential equation (4.195) for J@/?(f). The remaining non-zero
Fourier components of Eq. (4.230) can be used to solve for JG/2 , which we will

not need in what follows.

Next, we simplify the O(£%2) equation (4.214a) using the lower order solutions
(4.190), (4.192), (4.194) and (4.196) to obtain

0P D) (w,1) = g, 12, 7O, 177 (7)

4, Vg a,Jy
—Q@2 (1) — Q)P (H)glly, (@, 1)
Fwan [TO@), 1787 [®,1]
F o, [T O @), 1TV [®, T2 ()

4390 [ TOD AT O I O @)

(4.231)

The k = 0 component of this equation yields a formula for Q®/? (%) in terms of
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TYD(#) and F@P(#), and the Fourier components with k # 0 yield a formula

for q©®/? which we shall not need.

Order O(¢?) analysis

We simplify the second order equation (4.215b) using the lower order solutions
(4.190), (4.192), (4.194) and (4.196), average over ¥, and simplify using the de-
compositions (4.207) and (4.208) and the identities (4.174). The result is

4
dt

1) 5 aG(Al()) O 7707 @705 7

1 02G
2&] &]

A(l
+ (W, t) o0,

oG\

(1)
+ (O, 1) A 5,

(w, 70),1] ). (4.232)

Using the expressions (4.203) and (4.198) for ¢V and J§ now gives the differential
equations (4.199) for JM 24

24We remark that a slight inconsistency arises in our solution ansatz (4.180) at this order,
O(g?). Consider the k # 0 Fourier components of the second order equations (4.215). For
resonant n-tuples k, the left hand sides of these two equations vanish by definition, but the
right hand sides are generically nonzero, due to the effects of subleading resonances. A similar
inconsistency would arise in the O(g) equations (4.213), but for the fact that our no-resonance
assumption (4.179) forces the right hand sides of those equations to vanish for resonant n-tuples.
However, the no-resonance assumption (4.179) is insufficient to make the right hand sides of the
O(g?) equations (4.215) vanish, because of the occurrence of quadratic cross terms such as

981)( g( ) i(k-i—k’)-\I"

It can be shown, by an analysis similar to that given in Ref. [138], that the effect of these
subleading resonances is to (i) restrict the domain of validity of the expansion (4.180) to exclude
times ¢ at which subleading resonances occur, and (ii) to add source terms to the differential
equation for J (/2) which encode the effect of passing through a subleading resonance. These
modifications do not affect any of the conclusions in the present paper.
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4.6 Numerical Integration of an illustrative example

In this section we present a numerical integration of a particular example of a
dynamical system, in order to illustrate and validate the general theory of Secs.

4.4 and 4.5.
Consider the system of equations

¢ = w(J)+egW(q,J) (4.233a)

J = GW(q,J), (4.233D)
where

w(]) = 1+4J— J2/4,
9 (q, J) = sin(q)/J,

GW(q, J) = —J—J%/4— Jcos(q) — J*sin(q), (4.234)

together with the initial conditions ¢(0) = 1, J(0) = 1, and with ¢ = 107>, The

exact solution of this system is shown in Fig. 4.2.

Consider now the adiabatic approximation to this system. From Egs. (4.128)

— (4.133) the adiabatic approximation is given by the system

d)©)

% = w(IJY), (4.235a)
)

dig _ g0 _ g2y (4.235D)

where ¢ = et. The adiabatic solution (g4, Jaq) is given in terms of the functions

Y O(f) and T (f) by

Gaa(t,e) = e WO (et),  Jaal(t,e) = T (et). (4.236)
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Figure 4.2: The exact numerical solution of the system of equations (4.233).
After a time ~ 1/¢, the action variable J is O(1), while the angle
variable ¢ is O(1/¢).

To this order, the initial conditions on (gaq, J.q) are the same as those for (g, J),
which gives 1@ (0) = £ ® and J©(0) = 1. We expect to find that after a time
t ~ 1/e, the errors are of order ~ 1 for ¢,q(t), and of order ~ ¢ for J,q(t). This is
confirmed by the two upper panels in Fig. 4.3, which show the differences ¢ — ¢.q
and J — Juq.

Consider next the post-1-adiabatic approximation. From Egs. (4.136) and

(4.137) this approximation is given by the system of equations

dupD

ﬁf = ws ()T, (4.237a)
AR JO(70) 41

= ~(1+J9/2) g0 + 2L(j(0)) ), (4.237D)

together with the adiabatic system (4.235). From Eqs. (4.129) and (4.135) the

25Strictly speaking, our derivations assumed that 1(°)(£) is independent of €, and so it is
inconsistent to use this initial condition for 1(°)(0). Instead we should set 1(*)(0) = 0, and take
account of the nonzero initial phase ¢(0) at the next order, in the variable )(1)(0). However,
moving a constant from ¥ (%) to e~ 14(?)(f) does not affect the solution, and so we are free to
choose the initial data as done here.
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Figure 4.3: Upper panels: The difference between the solution of the exact
dynamical system (4.233) and the adiabatic approximation given
by Egs. (4.235) and (4.236). For the action variable .J, this dif-
ference is O(g), while for the angle variable ¢, this difference is
O(1), as expected. Lower panels: The difference between the
exact solution and the post-1-adiabatic approximation given by
Eqs. (4.235), (4.237) and (4.238). Again the magnitudes of these

errors are as expected: O(e?) for J and O(e) for q.

post-1-adiabatic solution (gp1a, Jp1a) is given by

Gp1a(t, €) 1y (et) + P (et), (4.238a)
Jo1a(t, €) j(o)(et) + ej(l)(et)
+eH[T O (et), goralt, €)], (4.238b)
where the function H is given by
H(T,q) = T cosq — Jsing. (4.239)

w(J)

Consider next the choice of initial conditions () (0), ¥"(0), J©(0) and

J1(0) for the system of equations (4.235) and (4.237). From Eqs. (4.238) these

choices are constrained by, to O(g?),

q(0) = =9 (0) +¢M(0),

J(0) = JO0) +eTD(0) +cH[J(0),4(0)).

(4.240a)

(4.240D)
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We solve these equations by taking ¥ (0) = 0, M (0) = ¢(0) = 1, J(0) =
J(0) = 1, and JW(0) = —H[J(0),q(0)]. We expect to find that after a time
t ~ 1/e, the errors are of order ~ ¢ for gy14(t), and of order ~ € for Jy1,(t). This
is confirmed by the two lower panels in Fig. 4.3, which show the differences ¢ —¢p1a

and J — Jp1a.

4.7 Discussion

In Sec. 4.2 above we derived the set of equations (4.59) describing the radiation-
reaction driven inspiral of a particle into a spinning black hole, in terms of gen-
eralized action angle variables. Although those equations contain some functions
which are currently unknown, it is possible to give a general analysis of the depen-
dence of the solutions on the mass ratio ¢ = pu/M as ¢ — 0, using two-timescale
expansions. That analysis was presented in Secs. 4.3 — 4.6 above, for the general
class of equation systems (4.100) of which the Kerr inspiral example (4.59) is a
special case. In this final section we combine these various results and discuss the

implications for our understanding of inspirals into black holes.

4.7.1 Consistency and uniqueness of approximation

scheme

Our analysis has demonstrated that the adiabatic approximation method gives
a simple and unique prescription for computing successive approximations to the

exact solution, order by order, which is free of ambiguities. In this sense it is similar
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to the post-Newtonian approximation method.?® This is shown explicitly in Sec.
4.4.5, which shows that the adiabatic method can be extended to all orders for the
case of a single degree of freedom, and in Sec. 4.6, which shows how the method
works in practice in a numerical example. In particular there is no ambiguity in
the assignment of initial conditions when computing adiabatic or post-1-adiabatic

approximations.

This conclusion appears to be at odds with a recent analysis of Pound and
Poisson (PP) [135]. These authors conclude that “An adiabatic approximation
to the exact differential equations and initial conditions, designed to capture the
secular changes in the orbital elements and to discard the oscillations, would be
very difficult to formulate without prior knowledge of the exact solution.” The
reason for the disagreement is in part a matter of terminology: PP’s definition of
“adiabatic approximation” is different to ours.?” They take it to mean an approxi-
mation which (i) discards all the pieces of the true solutions that vary on the rapid
timescale ~ 1, and retains the pieces that vary on the slow timescale ~ 1/e; and
(ii) is globally accurate to some specified order in € over an inspiral time — through-
out their paper they work to the first subleading order, i.e. post-1-adiabatic order.
In our terminology, their approximation would consist of the adiabatic approx-
imation, plus the secular piece of the post-1-adiabatic approximation [given by

omitting the first term in Eq. (4.198)].

The difference in the terminology used here and in PP is not the only reason
for the different conclusions. Our formalism shows that PP’s “adiabatic approxi-
mation” is actually straightforward to formulate, and that prior knowledge of the

exact solution is not required. The reason for the different conclusions is as fol-

26The analogy is closer when the two-timescale method is extended to include the field equa-
tions and wave generation as well as the inspiral motion [139].
2TIn a later version of their paper they call it instead a “secular approximation”.
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lows. By “exact solution” PP in fact meant any approximation which includes the
rapidly oscillating pieces at post-1-adiabatic order. Their intended meaning was
that, since the secular and rapidly oscillating pieces are coupled together at post-
l-adiabatic order, any approximation which completely neglects the oscillations

cannot be accurate to post-1-adiabatic order [158]. We agree with this conclusion.

On the other hand, we disagree with the overall pessimism of PP’s conclusion,
because we disagree with their premise. Since the qualitative arguments that were
originally presented for the radiative approximation involved discarding oscillatory
effects [128, 99], PP chose to examine general approximation schemes that neglect
oscillatory effects®® and correctly concluded that such schemes cannot be accurate
beyond the leading order. However, our viewpoint is that there is no need to re-
strict attention to schemes that neglect all oscillatory effects. The two timescale
scheme presented here yields leading order solutions which are not influenced by
oscillatory effects, and higher order solutions whose secular pieces are. The de-
velopment of a systematic approximation scheme that exploits the disparity in
orbital and radiation reaction timescales need not be synonymous with neglecting

all oscillatory effects.

4.7.2 Effects of conservative and dissipative pieces of the

self force

As we have discussed in Secs. 4.4.4 and 4.5.5 above, our analysis shows rigorously
that the dissipative piece of the self force contributes to the leading order, adiabatic

motion, while the conservative piece does not, as argued in Refs. [128, 99]. It is

28In the strong sense of neglecting the influence of the oscillatory pieces of the solution on the
secular pieces, as well as neglecting the oscillatory pieces themselves.
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possible to understand this fundamental difference in a simple way as follows.
We use units where the orbital timescale is ~ 1 and the inspiral timescale is
~ 1/e. Then the total phase accumulated during the inspiral is ~ 1/¢, and this

accumulated phase is driven by the dissipative piece of the self force.

Consider now the effect of the conservative piece of the self force. As a helpful
thought experiment, imagine setting to zero the dissipative piece of the first order
self force. What then is the effect of the conservative first order self-force on the
dynamics? We believe that the perturbed motion is likely to still be integrable;
arguments for this will be presented elsewhere [137, 138]. However, even if the
perturbed motion is not integrable, the Kolmogorov-Arnold-Moser (KAM) theo-
rem [152] implies that the perturbed motion will generically be confined to a torus
in phase space for sufficiently small . The effect of the conservative self force is
therefore roughly to give an O(e) distortion to this torus, and to give O(g) correc-
tions to the fundamental frequencies.? If one now adds the effects of dissipation,
we see that after the inspiral time ~ 1/e, the corrections due to the conservative
force will give a fractional phase correction of order ~ &, corresponding to a total

phase correction ~ 1. This correction therefore comes in at post-1-adiabatic order.

Another way of describing the difference is that the dissipative self-force pro-
duces secular changes in the orbital elements, while the conservative self-force does
not at the leading order in €. In Ref. [99] this difference was overstated: it was
claimed that the conservative self-force does not produce any secular effects. How-
ever, once one goes beyond the leading order, adiabatic approximation, there are
in fact conservative secular effects. At post-1-adiabatic order these are described

by the first term on the right hand side of Eq. (4.201). This error was pointed out

29This corresponds to adding to the frequency w, in Eq. (4.163a) the average over q of the

term agél).
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by Pound and Poisson [159, 135].

4.7.3 The radiative approximation

So far in this paper we have treated the self force as fixed, and have focused on
how to compute successive approximations to the inspiralling motion. However, as
explained in the introduction, the first order self force is currently not yet known
explicitly. The time-averaged, dissipative®® piece is known from work of Mino and
others [128, 99, 40, 41, 129]. The remaining, fluctuating piece of the dissipative first
order self force has not been computed but will be straightforward to compute®!.
The conservative piece of the first order self force will be much more difficult to

compute, and is the subject of much current research [108, 110, 111, 112, 113].

It is natural therefore to consider the radiative approximation obtained by using
only the currently available, radiative piece of the first order self force, as suggested
by Mino [128], and by integrating the orbital equations exactly (eg numerically).

How well will this approximation perform?

From our analysis it follows that the motion as computed in this approxima-
tion will agree with the true motion to adiabatic order, and will differ at post-1-
adiabatic order. At post-1-adiabatic order, it will omit effects due to the conserva-
tive first order force, and also effects due to the dissipative second order self force.
It will include post-1-adiabatic effects due to the fluctuating pieces of the first or-

der, dissipative self force, and so would be expected to be more accurate than the

30We use the terms radiative and dissipative interchangeably; both denote the time-odd piece
of the self force, as defined by Eq. (4.86) above.

31For example, by evaluating J,imin from Eq. (8.21) of Ref. [40] at w = wykr instead of
W = Wmkn-
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adiabatic approximation.?? EMRI waveforms computed using this approximation

will likely be the state of the art for quite some time.

Our conclusions about the radiative approximation appear to differ from those
of PP [135], who argue that “ The radiative approximation does not achieve the
goals of an adiabatic approximation”. Here, however, the different conclusions
arise entirely from a difference in terminology, since PP define “adiabatic approxi-
mation” to include slowly varying pieces of the solution to at least post-1-adiabatic
order. The radiative approximation does produce solutions that are accurate to

adiabatic order, as we have defined it.

We now discuss in more detail the errors that arise in the radiative approxi-
mation. These errors occur at post-1-adiabatic order. For discussing these errors,
we will neglect post-2-adiabatic effects, and so it is sufficient to use our post-
l-adiabatic dynamical equations (4.199) and (4.201). These equations have the

structure

D =S (4.241)

where D is a linear differential operator and S is a source term. The appropriate

initial conditions are [see Sec. 4.4.4]
o =0, Z(0) = A(0), (4.242a)
08 = aa(0),  7V(0) = —Hi[a(0), J(0)], (4.242b)

where q(0) and J(0) are the exact initial conditions and the function H) is given

by, from Eq. (4.198),

Hi(a,J) = Tgo , G3]a, J,0] (4.243)

Q)

32Tt is of course possible that, due to an accidental near-cancellation of different post-1-adiabatic
terms, the adiabatic approximation may be closer to the true solution than the radiative approx-
imation.
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In terms of these quantities, the radiative approximation is equivalent to making

the replacements

9V(q,d) — ¢ (aT), (4.244a)
¢V (aq,J) — G, d), (4.244D)
¢?(q,d) — o (4.244c)

These replacements have two effects: (i) they give rise to an error in the source
term S in Eq. (4.241), and (ii) they give rise to an error in the function H, and
hence in the initial conditions (4.242). There are thus two distinct types of errors

that occur in the radiative approximation.??

The second type of error could in principle be removed by adjusting the initial
conditions appropriately. For fixed initial conditions q(0) and J(0), such an ad-
justment would require knowledge of the conservative piece of the self force, and
so is not currently feasible. However, in the context of searches for gravitational
wave signals, matched filtering searches will automatically vary over a wide range
of initial conditions. Therefore the second type of error will not be an impediment
to detecting gravitational wave signals. It will, however, cause errors in parameter

extraction.

This fact that the error in the radiative approximation can be reduced by
adjusting the initial conditions was discovered by Pound and Poisson [160], who
numerically integrated inspirals in Schwarzschild using post-Newtonian self-force
expressions. Their “time-averaged” initial conditions, which they found to give the
highest accuracy, correspond to removing the second type of error discussed above,

that is, using the initial conditions (4.242) with the exact function H) rather than

33These two errors are both secular, varying on long timescales. There is in addition a rapidly
oscillating error caused by the correction to the first term in the expression (4.198) for .J ;1).
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the radiative approximation to H.

Finally, we note that given the radiative approximation to the self force, one
can compute waveforms using the radiative approximation as described above, or
compute waveforms in the adiabatic approximation by solving equations (4.188),

(4.191) and (4.193) using the replacement (4.244b). This second option would be

easier although somewhat less accurate.

4.7.4 Utility of adiabatic approximation for detection of

gravitational wave signals

The key motivation for accurate computations of waveforms from inspiral events
is of course their use for detecting and analyzing gravitational wave signals. How
well will the adiabatic and radiative approximations perform in practice? In this
section, we review the studies that have been made of this question. These studies
are largely consistent with one another, despite differences in emphasis and inter-
pretation that can be found in the literature. We restrict attention to inspirals in
Schwarzschild, and to circular or equatorial inspirals in Kerr; fully general orbits

present additional features that will be discussed elsewhere [137, 138].

First, we note that in this paper we have focused on how the post-1-adiabatic
error in phase scales with the mass ratio ¢ = u/M. However, one can also ask
how the error scales with the post-Newtonian expansion parameter v/c ~ /M/r.
From Eq. (A10) of Ref. [40] it follows that the post-1-adiabatic phase errors scale

as
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this scaling is consistent with the more recent analysis of Ref. [160]. This scaling
does imply that the error gets large in the weak field regime, as correctly argued
in Ref. [160]. However, it does not necessarily imply large errors in the relativistic

regime v/c ~ 1 relevant to LISA observations.

The first, order of magnitude estimates of the effects of the conservative piece
of the self force were made by Burko in Refs. [161, 162]. Refs. [99, 40] computed
the post-1-adiabatic phase error within the post-Newtonian approximation for cir-
cular orbits, minimized over some of the template parameters, and evaluated at
frequencies relevant for LISA. The results indicated a total phase error of order one
cycle, not enough to impede detection given that maximum coherent integration
times are computationally limited to ~ 3 weeks [27]. This result was extended to
eccentric orbits with eccentricities < 0.4 in Refs. [163, 164], with similar results.
Similar computations were performed by Burko in Refs. [87, 165], although without

minimization over template parameters.

These analyses all focused on extreme mass ratio inspirals for LISA. For inter-
mediate mass ratio inspirals, potential sources for LIGO, the post-1-adiabatic cor-
rections were studied within the post-Newtonian approximation in Refs. [29, 166].
Ref. [29] computed fitting factors in addition to phase errors, found that the asso-
ciated loss of signal to noise ratio would be less than 10% in all but the most rapidly
spinning cases, and concluded that it would be “worthwhile but not essential” to

go beyond adiabatic order for detection templates.

The most definitive study to date of post-adiabatic errors for LISA in the
Schwarzschild case was performed by Pound and Poisson (PP1) [160]. PP1 nu-
merically integrated the geodesic equations with post-Newtonian expressions for

the self force, with and without conservative terms. PP1 found large phase errors,
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d0¢ 2 100, in the weak field regime. However, the regime relevant to LISA obser-
vations is p < 30 [23]34, where p is the dimensionless semilatus rectum parameter
defined by PP1, and PP1’s results are focused mostly on values of p larger than
this®®. It is therefore difficult to compare the results of PP1 with earlier estimates
or to use them directly to make inferences about signal detection with LISA. PP1’s

results do show clearly that the errors increase rapidly with increasing eccentricity.

We have repeated PP1’s calculations, reproducing the results of their Fig. 6,
and extended their calculations to more relativistic systems at lower values of p.
More specifically, we performed the following computation: (i) Select values of the
mass parameters M and p, and the initial eccentricity e; (ii) Choose the initial
value of semilatus rectum p to correspond to one year before the last stable orbit,
which occurs on the separatrix p = 6 + 2e; (iii) Choose the radiative evolution
and the exact evolution to line up at some matching time t,, during the last
year of inspiral; (iv) Start the radiative and exact evolutions with slightly different
initial conditions in order that the secular pieces of the evolutions initially coincide
— this is the “time-averaged” initial data prescription of PP1; (v) Compute the
maximum of the absolute value of the phase error d¢ incurred during the last year;
(vi) Minimize over the matching time ¢,; and (vii) Repeat for different values
of M, u and e. As an example, for M = 10M, and u = 10M,, an inspiral
starting at (p,e) = (10.77,0.300) ends up at (6.31,0.153) after one year. We
match the two evolutions at 0.2427 years before plunge, with the exact evolution

starting at (p,e) = (8.81933,0.210700) and the radiative evolution starting at

341t is true that there will be some binaries visible to LISA at higher values of p, that do not
merge within the LISA mission lifetime. However post-Newtonian templates should be sufficient
for the detection of these systems.

35The second panel of their Fig. 6 does show phase shifts for smaller values of p, but these are
all for a mass ratio of ¢ = 0.1, too large to be a good model of LISA observations; although the
phase shift becomes independent of € as ¢ — 0, their Fig. 6 shows that it can vary by factors of
up to ~ 10 as ¢ varies between 0.1 and 0.001.
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Phase errors in Radiative Approximation
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Figure 4.4: The maximum orbital phase error in cycles, 0N = d¢/(27),
incurred in the radiative approximation during the last year of
inspiral, as a function of the mass Mg of the central black hole
in units of 10°M, the mass j;p of the small object in units of
10 M, and the eccentricity e of the system at the start of the
final year of inspiral. The exact and radiative inspirals are chosen
to line up at some time ¢, during the final year, and the value
of t,, is chosen to minimize the phase error. The initial data at
time t,, for the radiative evolution is slightly different to that
used for the exact evolution in order that the secular pieces of
the two evolutions initially coincide; this is the “time-averaged”
initial data prescription of Pound and Poisson. All evolutions are
computed using the hybrid equations of motion of Kidder, Will
and Wiseman in the osculating-element form given by Pound and
Poisson.

(p,e) = (8.81928,0.210681). The maximum phase error incurred in the last year

is then 0.91 cycles.

The phase error incurred during an inspiral from some initial values of e and
p to the plunge is independent of the masses M and p in the small mass ratio
limit. However the phase error incurred during the last year of inspiral is not,
since the initial value of p depends on the inspiral timescale ~ M?/u. The result is
that the phase error depends only on the combination of masses M?/u to a good

approximation.
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Our results are shown in Fig. 4.4. This figure shows, firstly, that the compu-
tational method of PP1 gives results for low eccentricity systems that are roughly
consistent with earlier, cruder, estimates, with total phase errors of less than one
cycle over most of the parameter space. It also shows that for large eccentricity

systems the total phase error can be as large as two or three cycles.

How much will the phase errors shown in Fig. 4.4 impede the use of the radiative
approximation to detect signals? There are two factors which will help. First, Fig.
4.4 shows the maximum phase error during the last year of inspiral, while for
detection phase coherence is needed only for periods of ~ 3 weeks [27]. Second,
the matched filtering search process will automatically select parameter values
to maximize the overlap between the template and true signal, and parameter
mismatches will therefore be likely to reduce the effect of the phase error®*®. On
the other hand, for large eccentricities, the phase error d¢(t) is typically a rapidly
oscillating function, rather than a smooth function, which may counteract the
helpful effects of smaller time windows or parameter mismatches. Also we note that
a sign flip will occur in the integrand of an overlap integral once the gravitational
wave phase error 20¢ exceeds 7, corresponding to the number of cycles plotted in

Fig. 4.4 exceeding 1/4. This occurs in a large part of the parameter space.

Thus, there is a considerable amount of uncertainty as to whether the radiative
approximation will be sufficiently accurate for signal detection. A detailed study
would require computation of fitting factors and optimizing over all template pa-
rameters, and modeling the hierarchical detection algorithm discussed in Ref. [27].

Such a study is beyond the scope of this paper. Based on the results shown in

36We note that there are already two minimizations over parameters included in the phase
errors shown in Fig. 4.4: a minimization over t,, as discussed above, and the replacement m; —
m1 + mg used by PP1 in the derivation of their self-force expressions in order to eliminate the
leading order piece of the self-force.
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Fig. 4.4, we agree with the conclusions of PP1 that the early estimates based on
circular orbits [99, 40] were too optimistic, and that it is not clear that the radia-
tive approximation is sufficiently accurate. (Moreover parameter extraction will

clearly require going beyond the radiative approximation.)

For gravitational wave searches, it might therefore be advisable to use hybrid
waveforms, computed using the fully relativistic dissipative piece of the self force,
and using post-Newtonian expressions for the conservative piece. Although the
post-Newtonian expressions are not expected to be very accurate in the relativis-
tic regime, improved versions have been obtained recently based on comparisons
between post-Newtonian and fully numerical waveforms from binary black hole
mergers; see, for example, the effective one body approximation of Refs. [167, 168].
It seems likely that hybrid EMRI waveforms incorporating such improved post-
Newtonian expressions for the conservative self force will be more accurate than
radiative waveforms. Hybrid waveforms may be the best that can be done until

the fully relativistic conservative self-force is computed.

4.8 Conclusions

In this paper we have developed a systematic two-timescale approximation method
for computing the inspirals of particles into spinning black holes. Future papers in
this series will deal with the effects of transient resonances [137, 138], and will give
more details of the two-timescale expansion of the Einstein equations [139] that
meshes consistently with the approximation method for orbital motion discussed

here.
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4.9 Appendix: Explicit expressions for the coefficients in

the action-angle equations of motion

From the formulae (4.39) for the action variables together with the definitions

(4.38) of the potentials V, and Vj we can compute the partial derivatives 0.J,/0Ps.

The non-trivial derivatives are
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(4.245a)
(4.245D)
(4.245¢)
(4.245d)
(4.245¢)
(4.245f)

(4.245g)

(4.245h)



Here the quantities W, X, Y and Z are the radial integrals defined by Schmidt 37

as [150]

. /m rE(r® +a*) —2Mra(L. —aE) (4.246a)
r1 A\/VT | |
"2 dr

. dr 4.246b
n VY | |
9 7,2

. / 2 (4.246¢)

7 =

2 (L —9M(L, — aF
/ rlLer (L: —a )]dr, (4.2464)

AV,

where r; and ro are the turning points of the radial motion, i.e. the two largest
roots of V,.(r) = 0. In these equations K (k) is the complete elliptic integral of the
first kind, E(k) is the complete elliptic integral of the second kind, and II(¢, n, k)

is the Legendre elliptic integral of the third kind [169]:

1 — k2sin?6
E(k) = / do\/1 — k2sin? 0, (4.248)
0

w/2
K(k) = / LA (4.247)
0
w/2

¢ df
o k) = [ ——— —.
0 (1—mnsin®f)y/1— k?sin” 6

Also we have defined 3% = a?(u? — E?) and k = /2_/z,, where z = cos® § 3 and

(4.249)

z_ and z; are the two roots of Vy(2) =0 with 0 < z_ <1 < z,.

Combining the derivatives (4.245) with the chain rule in the form

0P, 0J;
25 _ go 4.2
97, 0P, 0 (4.250)

3TThere is a typo in the definition of W given in Eq. (44) of Schmidt [150].
38Here we follow Drasco and Hughes [100] rather than Schmidt who defines z = cos 6.
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yields the following expression for the frequencies (4.26) as functions of P,:

K(K)W + a2, E[K (k) — E(k)]| X
K(K)Y + a2z [K(k) — E(R)] X

_ TK (k)
O = KWY t e, KF) — BRI X (4:251b)

B m3/z+ X/2
Y= R+t K = EW] X (4.251c)

K(k)
 K(RZ+ L(r/2, = k) — K(k)]X
Qo = TRBY 1 2o K0 - BRIX (4.251d)

Q, (4.251a)

4.10 Appendix: Comparison with treatment of Kevorkian

and Cole

As explained in Sec. 4.3 above, our two-timescale analysis of the general system of
equations (4.100) follows closely that of the textbook [133] by Kevorkian and Cole
(KC), which is a standard reference on asymptotic methods. In this appendix we
explain the minor ways in which our treatment of Secs. 4.4 and 4.5 extends and
corrects that of KC. Section 4.4 of KC covers the one variable case. We simplify
this treatment by using action angle variables, and also extend it by showing that
the method works to all orders in . Our general system of equations (4.100)
is studied by KC in their section 4.5. We generalize this analysis by including
the half-integer powers of ¢, which are required for the treatment of resonances.
A minor correction is that their solution (4.5.54a) is not generally valid, since it
requires €2; and 7; to be collinear, which will not always be the case. However
it is easy to repair this error by replacing the expression with one constructed
using Fourier methods, cf. Eq. (4.227) above. Finally, our treatment of resonances
(137, 138] will closely follow KC’s section 5.4, except that our analysis will apply

to the general system (4.100), generalizing KC’s treatment of special cases.
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CHAPTER 5
EVOLUTION OF THE CARTER CONSTANT FOR INSPIRALS
INTO A BLACK HOLE: EFFECT OF THE BLACK HOLE
QUADRUPOLE

SUMMARY: We analyze the effect of gravitational radiation reaction on generic
orbits around a body with an axisymmetric mass quadrupole moment @ to linear
order in Q, to the leading post-Newtonian order, and to linear order in the mass
ratio. This system admits three constants of the motion in absence of radiation
reaction: energy, angular momentum, and a third constant analogous to the Carter
constant. We compute instantaneous and time-averaged rates of change of these
three constants. For a point particle orbiting a black hole, Ryan has computed
the leading order evolution of the orbit’s Carter constant, which is linear in the
spin. Our result, when combined with an interaction quadratic in the spin (the
coupling of the black hole’s spin to its own radiation reaction field), gives the next
to leading order evolution. The effect of the quadrupole, like that of the linear
spin term, is to circularize eccentric orbits and to drive the orbital plane towards
antialignment with the symmetry axis. In addition we consider a system of two
point masses where one body has a single mass multipole or current multipole.
To linear order in the mass ratio, to linear order in the multipole, and to the
leading post-Newtonian order, we show that there does not exist an analog of
the Carter constant for such a system (except for the cases of spin and mass
quadrupole). With mild additional assumptions, this result falsifies the conjecture
that all vacuum, axisymmetric spacetimes possess a third constant of geodesic

motion.
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5.1 Introduction and summary

The inspiral of stellar mass compact objects with masses p in the range pu ~
1 — 100My, into massive black holes with masses M ~ 10° — 107M, is one of
the most important sources for the future space-based gravitational wave detector
LISA. Observing such events will provide a variety of information: (i) the masses
and spins of black holes can be measured to high accuracy (~ 107*); which can
constrain the black hole’s growth history [88]; (ii) the observations will give a
precise test of general relativity in the strong field regime and unambiguously
identify whether the central object is a black hole [151]; and (iii) the measured
event rate will give insight into the complex stellar dynamics in galactic nuclei [88].
Analogous inspirals may also be interesting for the advanced stages of ground-based
detectors: it has been estimated that advanced LIGO could detect up to ~ 10 —30
inspirals per year of stellar mass compact objects into intermediate mass black holes
with masses M ~ 10? — 10* M, in globular clusters [29]. Detecting these inspirals
and extracting information from the datastream will require accurate models of
the gravitational waveform as templates for matched filtering. For computing
templates, we therefore need a detailed understanding of the how radiation reaction
influences the evolution of bound orbits around Kerr black holes [151, 108, 170,

171].

There are three dimensionless parameters characterizing inspirals of bodies into

black holes:
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e the dimensionless spin parameter a = |S|/M? of the black hole, where S is

the spin.

e the strength of the interaction potential €2 = GM/rc?, i.e. the expansion

parameter used in post-Newtonian (PN) theory.

e the mass ratio u/M.

For LISA data analysis we will need waveforms that are accurate to all orders in a
and €2, and to leading order in u/M. However, it is useful to have analytic results
in the regimes a < 1 and/or €2 < 1. Such approximate results can be useful as
a check of numerical schemes that compute more accurate waveforms, for scoping
out LISA’s data analysis requirements [172, 88], and for assessing the accuracy of
the leading order in u/M or adiabatic approximation [40, 163, 137, 138]. There is
substantial literature on such approximate analytic results, and in this paper we

will extend some of these results to higher order.

A long standing difficulty in computing the evolution of generic orbits has
been the evolution of the orbit’s ”Carter constant”, a constant of motion which
governs the orbital shape and inclination. A theoretical prescription now exists for
computing Carter constant evolution to all orders in € and a in the adiabatic limit
<< M [128, 41, 37, 40|, but it has not yet been implemented numerically. In this
paper we focus on computing analytically the evolution of the Carter constant in

the regime a < 1, e < 1, u/M < 1, extending earlier results by Ryan [173, 174].

We next review existing analytical work on the effects of multipole moments on
inspiral waveforms. For non-spinning point masses, the phase of the [ = 2 piece of
the waveform is known to O(e”) beyond leading order [175], while spin corrections
are not known to such high order. To study the leading order effects of the central

body’s multipole moments on the inspiral waveform, in the test mass limit y << M,
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one has to correct both the conservative and dissipative pieces of the forces on
the bodies. For the conservative pieces, it suffices to use the Newtonian action
for a binary with an additional multipole interaction potential. For the dissipative
pieces, the multipole corrections to the fluxes at infinity of the conserved quantities
can simply be added to the known PN point mass results. The lowest order spin-
orbit coupling effects on the gravitational radiation were first derived by Kidder
[176], then extended by Ryan [173, 174], Gergely [177], and Will [178]. Recently,
the corrections of O(€?) beyond the leading order to the spin-orbit effects on the
fluxes were derived [179, 180]. Corrections to the waveform due to the quadrupole
- mass monopole interaction were first considered by Poisson [181], who derived the
effect on the time averaged energy flux for circular equatorial orbits. Gergely [182]
extended this work to generic orbits and computed the radiative instantaneous and
time averaged rates of change of energy E, magnitude of angular momentum |L|,
and the angle x = cos™!(S - L) between the spin S and orbital angular momentum
L. Instead of the Carter constant, Gergely identified the angular average of the
magnitude of the orbital angular momentum, L, as a constant of motion. The fact
that to post-2-Newtonian (2PN) order there is no time averaged secular evolution
of the spin allowed Gergely to obtain expressions for L and & from the quadrupole
formula for the evolution of the total angular momentum J = L+ S. In a different
paper, Gergely [177] showed that in addition to the quadrupole, self-interaction
spin effects also contribute at 2PN order, which was seen previously in the black
hole perturbation calculations of Shibata et al. [183]. Gergely calculated the effect
of this interaction on the instantaneous and time-averaged fluxes of E and |L| but

did not derive the evolution of the third constant of motion.

In this paper, we will re-examine the effects of the quadrupole moment of the

black hole and of the leading order spin self interaction. For a black hole, our
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analysis will thus contain all effects that are quadratic in spin to the leading order

in € and in u/M. Our work will extend earlier work by

e Considering generic orbits.

e Using a natural generalization of the Carter-type constant that can be defined
for two point particles when one of them has a quadrupole. This facilitates

applying our analysis to Kerr inspirals.

e Computing instantaneous as well as time-averaged fluxes for all three con-
stants of motion: energy FE, z-component of angular momentum L., and
Carter-type constant K. For most purposes, only time-averaged fluxes are
needed as only they are gauge invariant and physically relevant. However,
there is one effect for which the time-averaged fluxes are insufficient, namely
transient resonances that occur during an inspiral in Kerr in the vicinity of
geodesics for which the radial and azimuthal frequencies are commensurate
[137, 138]. The instantaneous fluxes derived in this paper will be used in
[138] for studying the effect of these resonances on the gravitational wave

phasing.

We will analyze the effect of gravitational radiation reaction on orbits around
a body with an axisymmetric mass quadrupole moment () to leading order in @),
to the leading post-Newtonian order, and to leading order in the mass ratio. With
these approximations the adiabatic approximation holds: gravitational radiation
reaction takes place over a time scale much longer than the orbital period, so the
orbit looks geodesic on short time scales. We follow Ryan’s method of computation
[173]: First, we calculate the orbital motion in the absence of radiation reaction
and the associated constants of motion. Next, we use the leading order radiation

reaction accelerations that act on the particle (given by the Burke-Thorne formula
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[1] augmented by the relevant spin corrections [173]) to compute the evolution of
the constants of motion. In the adiabatic limit, the time-averaged rates of change
of the constants of motion can be used to infer the secular orbital evolution. Our
results show that a mass quadrupole has the same qualitative effect on the evolution
as spin: it tends to circularize eccentric orbits and drive the orbital plane towards

antialignment with the symmetry axis of the quadrupole.

The relevance of our result to point particles inspiralling into black holes is as
follows. The vacuum spacetime geometry around any stationary body is completely
characterized by the body’s mass multipole moments I, = I, 4,..4, and current
multipole moments S;, = Sg, a,..0, [184]. These moments are defined as coefficients
in a power series expansion of the metric in the body’s local asymptotic rest frame

[185]. For nearly Newtonian sources, they are given by integrals over the source as

I, = 14y 0= /px<a1...:val>d3$, (5.1)

S = Sapa = /pxpvqepq<alxa2 .. .xal>d3x. (5.2)

Here p is the mass density and v, is the velocity, and ” < - - - >” means ”"symmetrize
and remove all traces”. For axisymmetric situations, the tensor multipole moments
Iy, (Sp) contain only a single independent component, conventionally denoted by
I; (S)) [184]. For a Kerr black hole of mass M and spin S, these moments are given
by [184]

I +iS; = M (ia)', (5.3)

where a is the dimensionless spin parameter defined by a = [S|/M?. Note that

S; = 0 for even [ and I; = 0 for odd [.

Consider now inspirals into an axisymmetric body which has some arbitrary

mass and current multipoles I; and S;. Then we can consider effects that are linear
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in I; and S; for each [, effects that are quadratic in the multipoles proportional to
L1y, ISy, S;Sy, effects that are cubic, etc. For a general body, all these effects can
be separated using their scalings, but for a black hole, I; o< a' for even [ and S; o a'
for odd I [see Eq.(5.3)], so the effects cannot be separated. For example, a physical
effect that scales as O(a?) could be an effect that is quadratic in the spin or linear
in the quadrupole; an analysis in Kerr cannot distinguish these two possibilities.
For this reason, it is useful to analyze spacetimes that are more general than Kerr,
characterized by arbitrary I; and S}, as we do in this paper. For recent work on
computing exact metrics characterized by sets of moments I; and S;, see Refs.

[186, 187] and references therein.

The leading order effect of the black hole’s multipoles on the inspiral is the
O(a) effect computed by Ryan [174]. This O(a) effect depends linearly on the spin
S and is independent of the higher multipoles S; and I; since these all scale as
O(a?) or smaller. In this paper we compute the O(a?) effect on the inspiral, which
includes the leading order linear effect of the black hole’s quadrupole (linear in

I, = @) and the leading order spin self-interaction (quadratic in ).

We next discuss how these O(a?) effects scale with the post-Newtonian expan-
sion parameter €. Consider first the conservative orbital dynamics. Here it is easy
to see that fractional corrections that are linear in Iy scale as O(a%¢*), while those
quadratic in S; scale as O(a%e®). Thus, the two types of terms cleanly separate. We
compute only the leading order, O(a%¢?), term. For the dissipative contributions
to the orbital motion, however, the scalings are different. There are corrections to
the radiation reaction acceleration whose fractional magnitudes are O(a%¢?) from
both types of effects linear in I5 and quadratic in S;. The effects quadratic in S}

are due to the backscattering of the radiation off the piece of spacetime curvature
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due to the black hole’s spin. This effect was first pointed out by Shibata et al.
[183], who computed the time-averaged energy flux for circular orbits and small
inclination angles based on a PN expansion of black hole perturbations. Later,
Gergely [177] analyzed this effect on the instantaneous and time-averaged fluxes

of energy and magnitude of orbital angular momentum within the PN framework.

The organization of this paper is as follows. In Sec. 5.2, we study the conser-
vative orbital dynamics of two point particles when one particle is endowed with
an axisymmetric quadrupole, in the weak field regime, and to leading order in
the mass ratio. In Sec. 5.3, we compute the radiation reaction accelerations and
the instantaneous and time-averaged fluxes. In order to have all the contributions
at O(a%e?) for a black hole, we include in our computations of radiation reaction
acceleration the interaction that is quadratic in the spin S;. The application to
black holes in Sec. 5.4 briefly discusses the qualitative predictions of our results

and also compares with previous results.

The methods used in this paper can be applied only to the black hole spin
(as analyzed by Ryan [173]) and the black hole quadrupole (as analyzed here).
We show in Sec. 5.5 that for the higher order mass and current multipole mo-
ments taken individually, an analog of the Carter constant cannot be defined to
the order of our approximations. We then show that under mild assumptions,
this non-existence result can be extended to exact spacetimes, thus falsifying the
conjecture that all vacuum axisymmetric spacetimes possess a third constant of

geodesic motion.
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5.2 Effect of an axisymmetric mass quadrupole on the con-

servative orbital dynamics

Consider two point particles m; and msy interacting in Newtonian gravity, where
mg < my and where the mass m; has a quadrupole moment );; which is axisym-

metric:

Qy = / dPp(r) [xixj—%ﬁai} (5.)
= Q (nn] - %5@-) . (5.5)

For a Kerr black hole of mass M and dimensionless spin parameter a with spin

axis along n, the quadrupole scalar is Q = —M?3a?.

The action describing this system, to leading order in mgy/my, is

5= /dt BMVZ _ wb(r)] | (5.6)

where v = 1 is the velocity, the potential is

M 3,
(I)(I') = —7 - 2—,,,.5']: I']Qij, (57)

i is the reduced mass and M the total mass of the binary, and we are using
units with G = ¢ = 1. We work to linear order in @), to linear order in ms/my,
and to leading order in M /r. In this regime, the action (5.6) also describes the
conservative effect of the black hole’s mass quadrupole on bound test particles in
Kerr, as discussed in the introduction. We shall assume that the quadrupole @);; is
constant in time. In reality, the quadrupole will evolve due to torques that act to
change the orientation of the central body. An estimate based on treating m, as a

rigid body in the Newtonian field of mqy gives the scaling of the time scale for the
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quadrupole to evolve compared to the radiation reaction time as (see Appendix A

o [CONOIC IO

Here, we have denoted the dimensionless spin and quadrupole of the body by S and

for details)

@ respectively, and the last relation applies for a Kerr black hole. Since p/M < 1,
the first factor in Eq. (5.8) will be large, and since 1/a > 1 and for the relativistic
regime M /r ~ 1, the evolution time is long compared to the radiation reaction

time. Therefore we can neglect the evolution of the quadrupole at leading order.
This system admits three conserved quantities, the energy

1
E = Spv* + pd(r), (5.9)

the z-component of angular momentum

L,=e, (ur xv), (5.10)
and the Carter-type constant
2012 2 1 M
K= 2(rxv)? — ?f (n-r)z—l—% (m-v)? = ov2 4 | (5.11)

(See below for a derivation of this expression for K).

5.2.1 Conservative orbital dynamics in a Boyer-Lindquist-

like coordinate system

We next specialize to units where M = 1. We also define the rescaled conserved
quantities by £ = E/u, L, = L./u, K = K/u?, and drop the tildes. These

specializations and definitions have the effect of eliminating all factors of p and M

178



from the analysis. In spherical polar coordinates (7,0, ¢) the constants of motion

FE and L, become

1 . 1
E = 5(7‘2 + 7260% 4- r?sin? 0p?) — . + 2%3(1 — 3cos?0), (5.12)

L, = r*sin®0¢. (5.13)

In these coordinates, the Hamilton-Jacobi equation is not separable, so a separation
constant K cannot readily be derived. For this reason we switch to a different

coordinate system (7,0, ) defined by

rcosf = fcos§<1+ Q),

472
rsing — Fsing (1- -2 ) (5.14)
472
We also define a new time variable ¢ by
12 @ i) ai
dt = |1 — == cos(20) | dt. (5.15)
272

The action (5.6) in terms of the new variables to linear order in @ is

- 2
S = /df % (%)2 + %fQ (é—?) + %7:2Sin29~ (%)2 ll — %sinzé}

+% + 4%} : (5.16)
However, a difficulty is that the action (5.16) does not give the same dynamics
as the original action (5.6). The reason is that for solutions of the equations of
motion for the action (5.6), the variation of the action vanishes for paths with fixed
endpoints for which the time interval At is fixed. Similarly, for solutions of the
equations of motion for the action (5.16), the variation of the action vanishes for
paths with fixed endpoints for which the time interval Af is fixed. The two sets of

varied paths are not the same, since At # At in general. Therefore, solutions of
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the Euler-Lagrange equations for the action (5.6) do not correspond to solutions of
the Euler-Lagrange equations for the action (5.16). However, in the special case of
zero-energy motions, the extra terms in the variation of the action vanish. Thus,

a way around this difficulty is to modify the original action to be

5 1
S = /dt [§,uv2 — p®(r) + E] : (5.17)
This action has the same extrema as the action (5.6), and for motion with physical

energy F, the energy computed with this action is zero. Transforming to the new

variables yields, to linear order in @):

~\ 2
X 1 /ar\? 1 do
S — dt - —t —~2 —
/ z(dt) o (dt)

+ i+—~+E—Q—~ECOS(2¢§)}. (5.18)

The zero-energy motions for this action coincide with the zero energy motions for
the action (5.17). We use this action (5.18) as the foundation for the remainder of

our analysis in this section.

The z-component of angular momentum in terms of the new variables (7, 6, ©,1)
is

L. =7sin’0 (%) [1 — Q2 sin’ é] . (5.19)
T

We now transform to the Hamiltonian:

. 1 1 L?
2 E Q Qz

H = p—-—E-
2T T ISR TE
+1 2+ L + QF cos(26) (5.20)
272 [P sin?6 |

and solve the Hamiltonian Jacobi equation. Denoting the separation constant by

K we obtain the following two equations for the 7 and # motions:

~\ 2 2
(d_f) :2E+3—5+9F—2L2}, (5.21)
dt r

RPN P
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and

di sin
Note that the equations of motion (5.21) and (5.22) have the same structure as

\ 2
4 (dﬁ) — K — ‘ng _ — QE cos(20). (5.22)

the equations of motion for Kerr geodesic motion. Using Eqs. (5.19), (5.21) and
(5.22) together with the inverse of the transformation (5.14) to linear order in @),
we obtain the expression for K in spherical polar coordinates:
K = r40%+sin?0p%) + Q(r cos§ — rfsin§)? + @
,

: 9
- %(2 +720? + r?sin? 0p%) — == cos® 6. (5.23)
r

This is equivalent to the formula (5.11) quoted earlier.

5.2.2 Effects linear in spin on the conservative orbital dy-

namics

To include the linear in spin effects, we repeat Ryan’s analysis [173, 174] (he only
gives the final, time averaged fluxes; we will also give the instantaneous fluxes).
We can simply add these linear in spin terms to our results because any terms
of order O(SQ) will be higher than the order a? to which we are working. The

correction to the action (5.6) due to spin-orbit coupling is

gspin—orbit _ /dt {_M] ) (5.24)

3
We will restrict our analysis to the case when the unit vectors n; corresponding to

the axisymmetric quadrupole ();; and to the spin \S; coincide, as they do in Kerr.

Including the spin-orbit term in the action (5.6) results in the following modified

expressions for L, and K:

L,=n-(urxv)— i—f[ﬂ — (n-r)?, (5.25)
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and
K = (r><v)2—$n~(r><v)—T—(n'r)2
+Q [(n v)? — %v2 + ﬂ : (5.26)

In terms of the Boyer-Lindquist like coordinates, the conserved quantities with the

linear in spin terms included are:

L, =sin*0 (%) EELIY . Qsin' 0, (5.27)
T

K = 1%6? +sin?0p?) — 4Srsin® 0¢

2 . M
2 cos? 0 + Q(7 cos @ — r0sin 0)? + ©
r r
—%( 2 11207 + r2sin® 04?). (5.28)
The equations of motion are
di\ 2 2 K 4SL, QT[1 2I?
— | =284 - — = — — = — == 5.29
(dt) +f 72 73 +2 {f?’ f4}’ ( )
and
i\’ L2
Ml = | = K- —2 — QFcos(26). 5.30
r<dt> e~ QEcos(20) (5.30)

5.3 Effects linear in quadrupole and quadratic in spin on

the evolution of the constants of motion

5.3.1 Evaluation of the radiation reaction force

The relative acceleration of the two bodies can be written as
a=—VOo(r) + a,, (5.31)
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where a,, is the radiation-reaction acceleration. Combining this with Eqs. (5.9),
(5.25) and (5.26) for E, L, and K gives the following formulae for the time deriva-

tives of the conserved quantities:

E = v-a., (5.32)
L. = n-(rxay), (5.33)
. 45
K = 2(r><v)-(r><arr)—Tn-(rxarr)
+2Qn-v) (n-a,) — Qv - a,. (5.34)

The standard expression for the leading order radiation reaction acceleration

acting on one of the bodies is [188]:

2 s 16 32
a, = 5 ;k)$k+45equ5 TTg + 45€Jpq5 TkVq
32 5
+ g Epal S]i];xqvk (5.35)

Here the superscripts in parentheses indicate the number of time derivatives and

square brackets on the indices denote antisymmetrization.

The multipole moments I;;(t) and Sjx(t) in Eq. (5.35) are the total multipole
moments of the spacetime, i.e. approximately those of the black hole plus those
due to the orbital motion. The expression (5.35) is formulated in asymptotically
Cartesian mass centered (ACMC) coordinates of the system, which are displaced

from the coordinates used in Sec. 5.2 by an amount [185]
R
or(t) = —— r(t). (5.36)
This displacement contributes to the radiation reaction acceleration in the follow-
ing ways:
1. The black hole multipole moments I; and S;, which are time-independent
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in the coordinates used in Sec. 5.2, will be displaced by ér and thus will

contribute to the (I + 1)th ACMC radiative multipole [185].

2. The constants of motion are defined in terms of the black hole centered
coordinates used in Sec. 5.2, so the acceleration a,, we need in Egs. (5.32) —
(5.34) is the relative acceleration. This requires calculating the acceleration
of both the black hole and the point mass in the ACMC coordinates using
(5.35), and then subtracting to find a,, = a* —a® [173]. To leading order in
1, the only effect of the acceleration of the black hole is via a backreaction of
the radiation field: the [th black hole moments couple to the ({41)th radiative

moments, thus producing an additional contribution to the acceleration.

For our calculations at O(S;€®), O(Iye'), O(S%e?), we can make the following

simplifications:

e quadrupole corrections: The fractional corrections linear in Iy = () that scale
as O(a%e?) require only the effect of I, on the conservative orbital dynamics
as computed in Sec. 5.2A and the Burke-Thorne formula for the radiation

reaction acceleration [given by the first term in Eq. (5.35)].

e spin-spin corrections: As discussed in the introduction, the fractional cor-
rections quadratic in S to the conservative dynamics scale as O(a?e%) and
are subleading order effects which we neglect. At O(a?¢*), the only effect
quadratic in Sy is the backscattering of the radiation off the spacetime cur-
vature due to the spin. As discussed in item 1. above, the black hole’s current
dipole S; = S16;3 (taking the z-axis to be the symmetry axis) will contribute

to the radiative current quadrupole an amount

spin 3
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The black hole’s current dipole S; will couple to the gravitomagnetic radiation
field due to S;; as discussed in item 2. above, and contribute to the relative

acceleration as [173]:

j spin 8 (3)
a{rp = 1—55152‘352-]- . (538)

For our purposes of computing terms quadratic in the spin, we substitute
SSpm for S;; in Eq. (5.38). Evaluating these quadratic in spin terms requires
only the Newtonian conservative dynamics, i.e. the results of Sec. 5.2 and

Egs. (5.32) — (5.34) with the quadrupole set to zero.

e linear in spin corrections: Contributions to these effects are from Eq. (5.35)
with the current quadrupole replaced by just the spin contribution (5.37),

and from Eq. (5.38) evaluated using only the orbital current quadrupole.

With these simplifications, we replace the expression (5.35) for the radiation

reaction acceleration with

agr _ __[ xk"‘ 5(6 spm

5 ik xq

15 6Jpq

32 S 1n 32 5) spin
+Eequ5 P, + 4561%1[ Sli];?; '

o 515,3 [S.)Orblt+5 Spm] (5.39)

TqUk

To justify these approximations, consider the scaling of the contribution of black
hole’s acceleration to the orbital dynamics. The mass and current multipoles of

the black hole contribute terms to the Hamiltonian that scale with e as
AH ~ Sl€2l+3 & [l€2l+2. (540)

Since the Newtonian energy scales as €2, the fractional correction to the orbital

dynamics scale as

AH/E ~ S & Lie*. (5.41)
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To O(€*), the only radiative multipole moments that contribute to the acceler-
ation (5.35) are the mass quadrupole I, the mass octupole I3, and the current
quadrupole Sy (cf. [176]). Since we are focusing only on the leading order terms
quadratic in spin (these can simply be added to the known 2PN point particle
and 1.5PN linear in spin results), the only terms in Eq. (5.35) relevant for our
purposes are those given in Eq. (5.39). The results from a computation of the fully
relativistic metric perturbation for black hole inspirals [183] show that quadratic
in spin corrections to the [ = 2 piece compared to the flat space Burke-Thorne

formula first appear at O(a%¢?), which is consistent with the above arguments.

5.3.2 Instantaneous fluxes

We evaluate the radiation reaction force as follows. The total mass and current

quadrupole moment of the system are

sz = Qi + pxiz;, (5.42)
SZT; = SZ-S]I-)in—i-LL’iEjkmLL’ki’m, (543)

where from Eq. (5.14)

L Q L Q..
x; = [rsm@(l—ﬁ) Ccos @, TSIH9<1—4—7:2>SII1<,O,
fcos§<1+g)}. (5.44)

172
Only the second term in Eq. (5.42) contributes to the time derivative of the
quadrupole. We differentiate five times by using
Q ~ 1 d
572 cos(26) e (5.45)

d
2 _ N
di [+

to the order we are working as discussed above. After each differentiation, we

eliminate any occurrences of dy/dt using Eq. (5.27), and we eliminate any occur-
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rences of the second order time derivatives d?7/di? and d20/di* in favor of first
order time derivatives using (the time derivatives of) Eqs. (5.29) and (5.30). For
computing the terms linear and quadratic in S;, we set the quadrupole @) to zero
in all the formulae. We insert the resulting expression into the formula (5.39) for
the self-acceleration, and then into Eqs. (5.32) — (5.34). We eliminate (d7/dt)?,
(df/dt)?, and (de/dt) in favor of E, L., and K using Eqs. (5.27) — (5.30). In the
final expressions for the instantaneous fluxes, we keep only terms that are of O(S),

O(Q) and O(S?) and obtain the following results:

160K 64 512E  40K* n 212K E n 64 FE?

E = —+— -
3r6 3r>  15r4 r7 5r° 5r3
L 2 1024 12
T 5 <196K2 122 —36568Kr — 352K Er’ + —03 Er’ + —58E2r4)
r
9 2
+ —Cj {-49[(2 — 169K L* 4 r (aK - &Wﬁ)]
, 5 15
40 [ 20 548 160Q
2 2 2 404
+ % [(—562}(2 + —9398Kr - —3307’2 + —5057 KEr? — (1]—587’3E) cos(29)]
2 152 L 2Q (152
+ %Sin(%) (439K _ 9% 367" — 55 8r2E) 0r — T—? (%F’E - 16r4E2)
2 22 2 2 2 2
+ % (—K2 + K- 3873 + %KET‘2 - 1%67“3E — %r4E2) cos(20)
s% 2 8, \ .. S%224 , S*1652
— Fsm(%) (K + 3" + 5" E) Or — r_5?E - 31—5E
2 1
+ C Ty +6KL?+2r | 63K — —6L§ _®
r9 3 3
52 48
“ (112kE - =L’E A
T ( 577 ) ’ (240
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32Lz 144LE _ 24KL,
ro

{ 50K2 + 240K L* + 652K — @LZ 316 r?

KE
5 =3 + 56 r}

1824 12
% r——8 EL2 58E2r2

1 24 12
<50K2 — —Kr — ﬁr — 56K Er? — 6—E s 128

2 4
3 E 7 E*r ) cos(20)

Imilm B Elmﬁ

—104K + 64r + 64E7?) sin(20)7+0

o~

e [660Er + 7531 — 360L% — 435K |

L
(1601r + 1512r°E — 1185K) cos 20
5rT

_ 2
QL. sin(260)76 + 25°L,

rd r7

- B2 4160 — 9K] (5.47)

and

K = 156K (20r + 187*E — 15K)

7’5
L, 14 1264 24 252

5 - (280[(2 — 10508Kr + 36 r?+ %Er?’ — ﬁKE#)
.

5125L,
513

2

+ —15?7 2 (—555K% — 1035 K L? + 956 K1 + TATLZr + 80r” + 834K Er?)]
4Q
1515
4Q
1517
20Q . .

+ 5 (3075K — 20r — 192E7?) sin(26)67
9,52 16 24
— |(TK —2L? K+ — E

+ = {(7 Z)(?) toTt e r)}

52 16 24
+ 7 {Kcos(%) <3K 3T EET’ )]

E2

4
(360L2E + 128Er + 48E°r%) — FQB cos(26)168 E*
r

cos(26) (—2175K% + 2975Kr + 80r? + 3012K Er® — 112E7?)

2,52 14 1 :
+ r—ism(%) < 4K + 37 + 56E7’ ) or. (5.48)

188



5.3.3 Alternative set of constants of the motion

A body in a generic bound orbit in Kerr traces an open ellipse precessing about the
hole’s spin axis. For stable orbits the motion is confined to a toroidal region whose
shape is determined by E, L,, K. The motion can equivalently be characterized
by the set of constants inclination angle ¢, eccentricity e, and semi-latus rectum p
defined by Hughes [189]. The constants ¢, p and e are defined by cos: = L./VK,
and by 7+ = p/(1 + e), where 7. are the turning points of the radial motion, and
7 is the Boyer-Lindquist radial coordinate. This parameterization has a simple
physical interpretation: in the Newtonian limit of large p, the orbit of the particle
is an ellipse of eccentricity e and semilatus rectum p on a plane whose inclination
angle to the hole’s equatorial plane is ¢. In the relativistic regime p ~ M, this
interpretation of the constants e, p, and ¢ is no longer valid because the orbit is
not an ellipse and ¢ is not the angle at which the object crosses the equatorial

plane (see Ryan [173] for a discussion).

We adopt here analogous definitions of constants of motion ¢, e and p, namely

cos(t) = L./VK, (5.49)

P
o = e (5.50)

Here K is the conserved quantity (5.26) or (5.28), and 74 are the turning points
of the radial motion using the 7 coordinate defined by Eq. (5.14), given by the
vanishing of the right-hand side of Eq. (5.29).

We now rewrite our results in terms of the new constants of the motion e, p

and ¢. We can use Eq. (5.29) together with Eqgs. (5.49) and (5.50) to write E, L,
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and K as functions of p, e and ¢. To leading order in () and S we obtain

25 cost 2Q cos? ¢
+(3+¢€?) @ (5.51)
4p? |’
(1—e?) 25 cost )
E o= 5 =1t n (1—¢?)
2 Q 2 1
+(1—e)]¥<cos L—Z):|, (5.52)
S cost cos? .
L, = \/]_)COSL|:1—W(3+62)—(1+62)Qp2
o @
+ (3+4¢?) 8—p2} : (5.53)

As discussed in the introduction, the effects quadratic in S on the conservative

dynamics scale as O(a?¢%) and thus are not included in this analysis to O(a?e?).

Inserting these relations into the expressions (5.46)—(5.48) gives, dropping terms
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of 0(QS), O(Q?) and O(QS?):

Eo= - 15§2r7 [75p" — 100p°r + pr? (11 — 51€?) + 32pr® (1 — €?)]
- 15127"3 (=€)
+ % [735p° — 2751p°r + 10p*r?(365 — 6€*) — 128pr°(1 — €*)?]
+ % [5p(—23 + 3€?) — 3r(—9 + € + 8¢*)] — %(62 —-1)°
_ % [4005;96 — 6499p°r + 2p'r? (1577 — 1977€) — 24r° (1 — 62)3}
- 15;24rg [—32pr (8 — 33€%) + 64pr® (1 — 2¢* + €*)]
— % [24p°r* (5 — 27€* + 22¢*)]
+ % sin(20) (6585p° — 4630pr + 2292r(1 — %)) 07
_ % [2p? cos(260) (4215p" — T495p°r + 4p*r?(1151 — 951¢?))]
~ % cos(20) [300r(1 — 2¢* + ¢*) — 1012p(1 — ¢*)]
— i cos(2) [25359° — 330707 + 12p"2(37 — 287¢%) — 481 °(1 = %)
— ey co3(20) [B00°r (14 ¢%) + 128pr°(1 — 26 +- )]
+ %42?5 cos(2¢) (1 + 2¢% — 364) — f;; (446 — 201¢?)
252 4 2\ 2\2 4 3 3 2
- T [84r1(1 — €*)?(1 4 €%)* + 345p" — 905p°r — 413pr®(1 — ¢?)]
— %;ng cos(20) [15p* — 110p%r + 4p°r*(47 — 12€%) — 118pr®(1 — €%)]
— %5:5 cos(20)(1 — e*)?(1 + €%)?
+ 5; cos(2¢) [45]92 — 80pr + 36r*(1 — 62)}
+ %p; sin(20)76 [15p* + 10pr — 12r(1 — €%)] (5.54)
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and

8cost

[15p® — 20pr + 9r%(1 — €%)]

_5\/]_)7’5
2
o > = [525p" — 1751p°r + 34p*r?(61 — 6e?) 4 12pr®(—69 + 29¢%)]
per
25 2 . 965 s
15p T2 [67" (17 4+ 2e” — 19e )} — 15p2r3(1 —2e” + e) cos(20)
29
Topare 3750 = 93p%r 4 468pr(1 — €%) — 10p%°(58 + 21e)] cos(26)
48
T [450p* — 922p°r — 60pr®(3 + €*) — 9p°r?(—83 + 23¢)) cos(2:)
48
Ww(l + 2¢? — 3e*) cos(21)
89 o
[13}9 —8pr+4r*(l —e )} sin(20)r6
—SD e (6150 = T53pr + 15577 (19 — 31¢%) + 20pr° (1 + 3¢%)]
% cos(26) (1185p® — 1601pr + 7561%(1 — €7))
2
75625(;;)? [2.cos(20) (45p* — 18r% (1 — %) — 45p%2(1 + ¢%))]
0>/4r
40Q) cos
Wp(l + €%)2 cos(2¢)
9Q cos ¢ 9 4 2@Q) cost
75295/%3 (1 — 6e* 4 5e ) + 5P = 435p° sm(29)9
258%cost [, 36 )
g |9 16 (=) (5.55)
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: 16
K = — [20pr — 15p° — 9r*(1 — €?)]

5rd
85 cost 4 5 ) ) \ ,
+ 153717 [525p" — 1751p°r + 2p°r?(1172 — 57¢”) + 12pr®(—99 + 19¢°)]
85 cost ) . 480Q) ) A
_ 7151)3/27"324(_11 + 4e” + Te") + 15]32703(1 + Te” — 8e")
2
t o Cj - [—2145p" + 2659p%r — 8pr®(31 + 29¢?) — 2p*r? (427 — 867¢?)]
T
2Q)
+ T [2cos(20) (2175p* — 2975p"r — 56pr(1 — €?))]
2Q)
2 4 2 4
+ 15213 [2cos(20)42(1 — 2¢* + ¢*)] + 15213 [3cos(2¢)36(1 + 2¢* — 3¢*)]
+ 8¢ cos(26)(713 — 753¢?)
157
2
- 15—622 _ [3cos(20) (—345p" + 249p*r — 160pr(1 + ¢2) + 120p*%(1 + 3¢2))]
T

2 .
+ T}?ﬂ sin(26) (3075p* — 20pr + 96r*(1 — €®)) 76

420, 36,
+ =2 [—9}) +16pr—€r (1—e )}
252 16 12
+ + =3 (cos(26) + cos(2t)) {3]92 — g + 37“2(1 - 62):|
452 . 7 4
+ = sin(26)70 {—2}92 +3pr - 3r2(1 — 62)] : (5.56)

5.3.4 Time averaged fluxes

In this section we will compute the infinite time-averages (F), (L.) and (K) of the

fluxes. These averages are defined by

(E) = lim 1 / " E(t)dt. (5.57)

T—oo T ) _7/9
These time-averaged fluxes are sufficient to evolve orbits in the adiabatic regime
(except for the effect of resonances) [128, 137]. In Appendix B, we present two

different ways of computing the time averages. The first approach is based on

decoupling the 7 and 6 motion using the analog of the Mino time parameter for
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geodesic motion in Kerr [128]. The second approach uses the explicit Newtonian

parameterization of the orbital motion. Both averaging methods give the following

results:

: 32 (1 — e2)%/? 73, 37,
By = 22U 7C)7 gy P2y of
(E) 5 5 ST
S (73 823, 9049 , 491

24 0

e\t Tt Tin
Q 1,85, 349, 107
5T 3¢ T 128¢ T 3ma°
( 273

LT 179
Tty T8 2
646 +1926)cos( L)

66) cos(1)

13 247 299 . 39 o5

192 384 512 1024

1 19 23
(_ 4 T2y 4

6
102 " 384 T 52° 10246)“5(2&)}, (5.58)

%I%%Mm

. 32 (1 — e2)3/2 7
<Lz> = __%COSL{1+§€2

)
S 61 271 61 91 461
0 7e? 4+ g (0L 91, 46l 9

2p3/2COSL{24 LT +<8 LT cos(2¢)

Q 45 9 4 5 0331,
——— 43— —e" + —e 4+ |45+ 148" + — 2
16,2 1€ e bt 8e g € cos(2¢)

1
8
S2 3
+16p2 {1+362+ §64H (5.59)

: 64 (1 — e2)3/2 7T, S (97 , 211,
R L AU T A

Q1 55, 130, (13 841, 449,
A ST it - - 2 .
2+486 + 195° + 1 +— 96 ¢ ? 192 cos(2¢) ¢ (5.60)

LS8 13, 13 PR B B
21192 640 T h12° T \192 TS T 12¢ ) N

Using Eqgs. (5.51) and (5.53), we obtain from (5.58) — (5.61) the following time
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averaged rates of change of the orbital elements e, p, ¢

, 64 (1 — e2)3/2 7, S (97 s 211,
O = [P g (6 P e e
Q1. 55, 130, (13 841, 449,
_Q 1394, (1 2) b (561
AT 48 Tt T\ T e i) sy (56D

+S2 + 1362 + 13 ! + — ! - Lo cos(2¢)
— =+ = —e' — | = —e L
p? 192 64 512° 192 64 512

, 304 (1 — 62)3/2 121
e A— 14+ ==
t€) 15 ple MY

S 12 573 o2 105 , 1757 4
~ (—1—9 + == 6 ¢ + < ¢ + 503 € )cos( )
_Q (193 L 1209 1209 2 ﬁeél)
304 1216 1216
3 1109 1887 157
_Z% <_E + 204 e’ + 204 et + — 53¢ ) cos(2¢)
S? 15¢?
P2 9728

(8 + 12e* +€*) (13 — COS(QL))} (5.62)

, (1 —e2)3/2 266 , 151 , /22 , 39,
<L> = WSCSC(L) T + 1846 + Te -+ ? - 62 Ze COS(2L>
22(1 — e2)3/2
Gkl
5p°
22(1 — €2)*/? 747, 9
5—p6Q COt(L) ﬁ — %6 — @6 COS(2L>
(1 _ 62)3/2
C240p5

355 221
QCOt( ) [1+@6 +@ :|

S%e’sin(2u) [8 + 3¢*(8 + €%)] (5.63)
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5.4 Application to black holes

5.4.1 Qualitative discussion of results

The above results for the fluxes, Eqs. (5.62), (5.62) and (5.63) show that the
correction terms at O(a%¢?) due to the quadrupole have the same type of effect
on the evolution as the linear spin correction computed by Ryan: they tend to
circularize eccentric orbits and change the angle ¢« such as to become antialigned

with the symmetry axis of the quadrupole.

The effects of the terms quadratic in spin are qualitatively different. In the
expression (5.58) for (F), the coefficient of cos(2¢) due to the spin self-interaction
has the opposite sign to the quadrupole term, while the terms not involving ¢
have the same sign. The terms involving cos(2:) in Eq. (5.61) for (K) of O(Q)
and O(S?) have the same sign, while the terms not involving ¢ have the opposite
sign. The fractional spin-spin correction to (L.), Eq. (5.59), has no -dependence,
and in expression (5.63) for (i), the dependence on ¢ of the two effects O(Q) and
O(S?) is different, too. This is not surprising as the O(Q) effects included here are

corrections to the conservative orbital dynamics, while the effects of O(S?) that

we included are due to radiation reaction.

5.4.2 Comparison with previous results

The terms linear in the spin in our results for the time averaged fluxes, Eqs. (5.58)
— (5.63), agree with those computed by Ryan, Eqs. (14a) — (15¢) of [190], and with

those given in Egs. (2.5) — (2.7) of Ref. [191], when we use the transformations to
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the variables used by Ryan given in Egs. (2.3) — (2.4) in [191].

Equation (5.58) for the time averaged energy flux agrees with Eq. (3.10) of

Gergely [182] and Eq. (4.15) of [177] when we use the following transformations:
72 Q@ i2. 0 72 2
K = L 1_ﬁ(’4 sin® K cosd — (1 — A%) cos® k)

= [ {1—QE cos? Kk

A
Q 7o\ o2
—ﬂ(l—i-QL )sin K cosd |, (5.64)
_ Q 2
COSL = COSK 1+ﬁE Ccos” K
Q T2 ainn2
—l—ﬁ(leQL )sin® Kk cosd |, (5.65)
1
& = 5(5+H), (5.66)
s
S = W=+, (5.67)

where A, L, k, §, 1y and 1); are the quantities used by Gergely. The first relation
here is obtained from the turning points of the radial motion as follows. We
compute 74 in terms of £ and K and map these expressions back to r using Egs.
(5.14). The result can then be compared with the turning points in Gergely’s
variables, Eq. (2.19) of [182], using the fact that E is the same in both cases.
Instead of the evolution of the constants of motion K and L., Gergely computes
the rates of change of the magnitude L of the orbital angular momentum and of
the angle x defined by cosk = (L-S)/L. Using the transformations (5.64) — (5.67)

and the definition of k we verify that our Eq. (5.59) agrees with the (L.) computed
using Gergely’s Egs. (3.23) and (3.35) in [182] and Eq. (4.30) of [177].

In the limit of the circular equatorial orbits analyzed by Poisson [181], our

Eq. (5.58) agrees with Poisson’s Eq. (22) when we use the transformations and
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specializations:

1 Q 4
L = 0, (5.69)
e = 0, (5.70)
cosay = 1, (5.71)

where v and ay4 are the variables used by Poisson and the relation (5.68) is ob-
tained by comparing the expressions for the constants of motion in the two sets of

variables.

The main improvement of our analysis over Gergely’s is that we express the
results in terms of the Carter-type constant K, which facilitates comparing our
results with other analyses of black hole inspirals. Our computations also include
the spin curvature scattering effects for all three constants of motion; Gergely [177]
only considers these effects for two of them: the energy and magnitude of angular

momentum, not for the third conserved quantity.

When we expand Eq. (5.58) for small inclination angles and specialize to
circular orbits, then after converting p to the parameter v using Eq. (5.68), we

obtain

. 32 1 S? 2 S?
B = g |1 (20 55) + e (1055

2,4
-2 {1 ey {33 - %HH . (5.72)

This result agrees with the terms at O(a?v?) of Eq. (3.13) of Shibata et al. [183],
whose calculations were based on the fully relativistic expressions. This agreement
is a check that we have taken into account all the contributions at O(a?¢*). The

analysis in Ref. [183] could not distinguish between effects due to the quadrupole
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and those due curvature scattering, but we can see from Eq. (5.72) that those
two interactions have the opposite dependence on ¢. Comparing (5.72) with Eq.
(3.7) of [183] (which gives the fluxes into the different modes (I = 2,m,n), where
m and n are the multiples of the ¢ and 6 frequencies), we see that the terms in
the (2,£2,0) and the (2, £1,+1) modes are entirely due to the quadrupole, while
the spin-spin interaction effects are fully contained in the (2,41,0) and (2,0, +1)

modes.

5.5 Non-existence of a Carter-type constant for higher

multipoles

In this section, we show that for a single axisymmetric multipole interaction, it is
not possible to find an analog of the Carter constant (a conserved quantity which
does not correspond to a symmetry of the Lagrangian), except for the cases of
spin (treated by Ryan [174]) and mass quadrupole moment (treated in this paper).
Our proof is valid only in the approximations in which we work — expanding to
linear order in the mass ratio, to the leading post-Newtonian order, and to linear
order in the multipole. However we will show below that with very mild additional
smoothness assumptions, our non-existence result extends to exact geodesic motion

in exact vacuum spacetimes.

We start in Sec. 5.5.1 by showing that there is no coordinate system in which
the Hamilton-Jacobi equation is separable. Now separability of the Hamilton-
Jacobi equation is a sufficient but not a necessary condition for the existence of a
additional conserved quantity. Hence, this result does not yield information about

the existence or non-existence of an additional constant. Nevertheless we find it
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to be a suggestive result. Our actual derivation of the non-existence is based on

Poisson bracket computations, and is given in Sec. 5.5.2.

5.5.1 Separability analysis

Consider a binary of two point masses m; and ms, where the mass m; is endowed
with a single axisymmetric current multipole moment S; or axisymmetric mass
multipole moment [;. In this section, we show that the Hamilton-Jacobi equation
for this motion, to linear order in the multipoles, to linear order in the mass ratio

and to the leading post-Newtonian order, is separable only for the cases Sy and I5.

We choose the symmetry axis to be the z-axis and write the action for a general

multipole as
S = /dt F (7’"2 + 120 + r? sin® 9@2> + E
2 T
+ f(r,0) + g(r,0)¢ + EJ. (5.73)

For mass moments, g(r,0) = 0, while for current moments f(r,6) = 0. For an
axisymmetric multipole of order [, the functions f and g will be of the form

i P(cos )

dyS; sin 80y Py(cos 6
f(ﬁ@—T, g(r.0) = = i )

rl

, (5.74)

where Pj(cos @) are the Legendre polynomials and ¢; and d; are constants. We will
work to linear order in f and g. In Eq. (5.73), we have added the energy term
needed when doing a change of time variables, cf. the discussion before Eq. (5.17)
in Sec. 5.3. Since ¢ is a cyclic coordinate, p, = L, is a constant of motion and
the system has effectively only two degrees of freedom. Note that in the case of a

current moment, there will be correction term in L.:
L, =r*sin® 0 + g(r,0). (5.75)
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Next, we switch to a different coordinate system (7,6, ¢) defined by

(5.76)

(5.77)

where the functions a and 3 are yet undetermined. We also define a new time

variable ¢ by
dt = [1 + (7,0, L.)| di.

(5.78)

Since we work to linear order in f and g, we can work to linear order in «, 3, and

~v. We then compute the action in the new coordinates and drop the tildes. The

Hamiltonian is given by

v
272

1 9
H = —p2(1+~—2a,)+~L(1— TO‘ — 284 +7)

2

+E (—ap = 1°8,) = B(1+7)
L? 20
—2 (1 — — —2f3cotd
2r2 sin29( 7 r fcot6)
1 (@ ng
- 1 — — + _ _
r( r -1 r2sin® 6

and the corresponding Hamilton-Jacobi equation is
0 = 8_W i é’ + a_W i @
~ o) P \ae) 2

oW (oW C5 -
i (a—) (W) [ER
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where we have denoted

J(r,0)[1+y—2a,]=1+v—2a,+,

1) 1= 2~ 20,45

2 .
1—7;—m%+7+m

J(r,0) [—ay—1r°B,] = —ay —1r°B,,

L? 20
1 Q
_la-% 4y —En
Li-2 )~ B +9)
g gl
72sin” f

2

: 2ae ,

‘ 1 « ‘
Bty +g) - (- -+ +)
gL.
r2sin?6’

(5.81)

(5.82)

(5.83)

(5.84)

The unperturbed problem is separable, so to make the perturbed problem sepa-

rable, we have multiplied the Hamilton-Jacobi equation by an arbitrary function

J(r,0), which can be expanded as J(r,0) = 1+ j(r,0), where j(r,0) is a small

perturbation.

To find a solution of the form W = W,.(r) + Wy(0), we first specialize to the

case where C3 = 0:

—Cy = ﬁ,ﬂ’z +ay=0.

(5.85)

We differentiate Eq. (5.80) with respect to 0, using Eq. (5.80) to write (dW,/dr)?

in terms of (dW,/df)? and then differentiate the result with respect to r to obtain

o (dWp\?
0 = (W) Or

0,Cy  0yC4

G, G
72 (%A\A/ _ 7“2‘709@1

Cg élé’Q

+20,
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Expanding Eq. (5.86) to linear order in the small quantities then yields the two

conditions for the kinetic and the potential part of the Hamiltonian to be separable:

0 = 8,09 (20&77, — 27(1 — 2679> s (587)

2
0 = L (Qﬁrcot 60— 30 gcotQ—I—ﬁrcsc 9)
sin?
L?
ETNET

sm 20

—0,0p {l—_]lPl(cos 0) +
r

d;S,L,
rlsin 6

9, [ <2a o — 7) 4 2B a,ﬂ} , (5.88)

2 9 Py(cos 9)]

where we have used Eq. (5.74) for f and g. Therefore, the following conditions

must be satisfied:

Mi(6) = N(r) = =+ B —2a,, (5.80)
M(0) = 2Bcot?0 + Besc® O+ Bog

—38, cot b, (5.90)

My(0) = 7°9,(r*8,), (5.91)

Ms(0) = 2ro,g— ag—l— 09P1(cos€)
Sl z

—0p(csc O &;Pl(cos 6)). (5.92)

Here, the functions M and N are arbitrary integration constants.

Solving the condition for the kinetic term to be separable, Eq. (5.89), together

with Eq. (5.85) gives the general solution that goes to zero at large r as

A
a = ——cos(nf +v), (5.93)

yn—1

g = —%sin(n@%—y), (5.94)

where A and v are arbitrary and n is an integer. These functions must satisfy the

conditions (5.90) — (5.92) in order for the potential term to be separable as well.

203



To see when this will be the case, we start by considering Eq. (5.92). Substituting
the general ansatz oo = a;(7)aq(#) shows that a}, = P/ or ay = (cscf P])" depending
on whether a mass or a current multipole is present. The function a;(r) is then

determined from

. Cl[l/’/’(l_l)
0=2ra; —a; + (5.95)

dlSle/Tl
Hence,

c r(=0
- D/ (21)] (5.96)

[dlSle/(Ql + 1)] T_l
so that we obtain for mass moments

_ aly B(cos0) ali P/(cos )

= T (5.97)
and for current moments
d;S;L, csc 0P/ (cos 6)
a = o +1 . ’ (5.98)
B d;S;L, (csc @ P(cosh))
S @enarn e (5.99)

where we have used the condition (5.85) to solve for f.

Substituting this in Eq. (5.91) determines that [ = 2 for mass moments and
[+ 1 = 2 for current moments. For an [ = 2 mass moment, conditions (5.89) and
(5.90) are satisfied as well, with n = 2 and v = 0. For the case of an [ = 1 current
moment, the extra term in H is independent of 6 anyway. But for any other
multipole interaction, the Hamilton-Jacobi equation will not be separable. For
example, for the current octupole S;;i, the last term in Eq. (5.79) is proportional
to S3L.(5cos?6 — 1)/r® and is therefore not separable. From Eq. (5.74) one can
see that, for a general multipole, the functions f or g contain different powers of

cos 6 appearing with the same power of r since the Legendre polynomials can be
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expanded as [169]:

N

Py(cos ) = ;0 217;[1)_”(5)[!(_1 3n2)7'l) (cos )1 —2n, (5.100)

where N = [/2 for even [ and N = (I 4+ 1)/2 for odd [. It will not be possible to
cancel all of these terms with (5.93) — (5.94) for [ > 2.

The case when Cj is non-vanishing will only be separable if all the coefficients
are functions of r or of § only, and if in addition, the potential also depends only on
r or on 6. Achieving this for our problem will not be possible because the potential

cannot be transformed to the form required for separability.

5.5.2 Derivation of non-existence of additional constants

of the motion

In this subsection, we show using Poisson brackets that for a single axisymmetric
multipole interaction, to linear order in the multipole and the mass ratio, a first
integral analogous to the Carter constant does not exist, except for the cases of

mass quadrupole and spin.

Suppose that such a constant does exist. We write the Hamiltonian corre-
sponding to the action (5.73) as H = Hy + dH and the Carter-type constant as
K = Ko+ 0K (pr, po, L., 1,0), where

o Pr Pe LE _1
Hy = S 455+ 55200 (5.101)
Cl[l dlSl
5H = —ﬁPI(COSG) magpl(cose) (5102)
L
Ko = pj+ 5o (5.103)
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Computing the Poisson bracket gives, to linear order in the perturbations

- %6K+{5H, Ko}, (5.104D)

where we have used that {Hy, Ko} = 0 and the fact that {Hy, K} = d(6K)/dt.
Here, d/dt denotes the total time derivative along an orbit (r(t), 8(t), p.(t), ps(t)) of
Hj in phase space. The partial differential equation (5.104a) for § K thus reduces to
a set of ordinary differential equations that can be integrated along the individual

orbits in phase space.

The unperturbed motion for a bound orbit is in a plane, so we can switch from
spherical to plane polar coordinates (r, ). In terms of these coordinates, we have
Hy = p;/2+p3/2r%, Ko = pj, and cos 6 = sinusin(y + 1), with cost = L./VK
and the constant 1y denoting the angle between the direction of the periastron

and the intersection between the orbital and equatorial plane. Then Eq. (5.104)

becomes
d
0K = (), (5.105)
(t) L 2p¢ dlSle 9 (8¢B(sinesin(¢(t) —|—¢0)))
K © sine (1) v cos(1(t) + 1)
+ 22 8, Bisincsin(o(0) + ) (5106

For unbound orbits, one can always integrate Eq. (5.105) to determine JK.
However, for bound periodic orbits there is a possible obstruction: the solution for
the conserved quantity Ky + ¢ K will be single valued if and only if the integral of

the source over the closed orbit vanishes,

7{ bt =0, (5.107)
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Here, T, is the orbital period. In other words, the partial differential equation
(5.104) has a solution K if and only if the condition (5.107) is satisfied. This
is the same condition as obtained by the Poincare-Mel'nikov-Arnold method, a
technique for showing the non-integrability and existence of chaos in certain classes

of perturbed dynamical systems [192].

Thus, it suffices to show that the condition (5.107) is violated for all multipoles
other than the spin and mass quadrupole. To perform the integral in Eq. (5.107),
we use the parameterization for the unperturbed motion, r = K/(1 4 e cos) and
dt/dp = K32 /(1+ ecos)?, so that the condition for the existence of a conserved

quantity Ky + 6K becomes

2
0= / dip [, (1 + e cos V) L0y Py(sin e sin(y + 1))
0

dlSILZ awPI(Sin L Sin(¢ + %))
~ Ksing cos(? + 1) )] - (5:108)

In terms of the variable x = ¢ + ¥y — 7/2, Eq. (5.108) can be written as

(1+ecosv)) oy (

2m
0 = / dxe I, [1 + e(sin v cos x — cos g sin x)]' ™! diPl(sin L Ccos X)
0 X

2 d
+ / dx 5L 2 [1 + e(sin i cos y — cos g sin x)]'
0

sin ¢
d 1 d

_ —_ P 1
i (smxdx l(smwosx)) (5.109)

Inserting the expansion (5.100) for P(cos x), taking the derivatives, and using the

binomial expansion for the first term in Eq. (5.109), we get

N -1 J

= ¢l Z Z Z A € (sin 2) 72" (sin 4hg ) ¥ (cos g )7 *

n=0 j=0 k=0

2w
/d
0

Z

j—k—l—l( k+1—2n—1

(sin x) cos X)

=

L J
ZZBZW eJ (sin ¢) 72" (sin 1) ) ¥ (cos )7 F

j=0 k=0

K
/ (sin x )7 " (cos y) P22, (5.110)

Mz

_l_

Il
=)

n
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The coefficients Aj,i; and By, are

(1)1 (1 = 1)1(21 = 20)!
2l —1— )R — )N — ) — 20— D)V
(—1)"*++11(21 — 2n)!
2l — NG — BN — )i — 2n — 2)1"

Aink;

(5.111)

B (5.112)

The only non-vanishing contribution to the integrals in Eq. (5.110) will come
from terms with even powers of both cosy and sin y. These can be evaluated as

multiples of the beta function:

N -1 J

= ClIl Z Z Z Clnyk 6] Sln L l 2n(81n ¢0) (COS wO) —k+1),even 6(l+k—1),even
n=0 j=0 k=0
d S ~
e ZZZDZW e’ (sin ¢)" 72" (sin 4 ) ¥ (cos 10 )7~
n=0 j=0 k=0
6(j—k+l),even 6(l+k),even~ (5113)

Here, the coefficients are

AL -k DrE+1L—n)
Crnji = 2F R 12 At (5.114)
(3+5—n+1)
AL -y nrE4+Ll—n-1
Dy = 22 22 Biki 5.115
Injk F(%+é—n+%) Inkj ( )

Eq. (5.113) shows that for even [, terms with j =even (odd) and & =odd (even)
give a non-vanishing contribution for the case of a mass (current) multipole, and
hence Ky + 0K is not a conserved quantity for the perturbed motion. Note that
terms with 7 =even and k& =odd for even [ occur only for [ > 3, so for [ = 2 the
mass quadrupole term in Eq. (5.113) vanishes and therefore there exists an analog
of the Carter constant, which is consistent with our results of Sec. 5.2 and our
separability analysis. For odd [, terms with 7 =odd (even) and k& =even (odd) are
finite for 1; (5;). Note that for the case [ = 1 of the spin, the derivatives with
respect to x in Eq. (5.109) evaluate to zero, so in this case there also exists a
Carter-type constant. These results show that for a general multipole other than

I, and Sy, there will not be a Carter-type constant for such a system.
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Exact vacuum spacetimes

Our result on the non-existence of a Carter-type constant can be extended, with
mild smoothness assumptions, to falsify the conjecture that all exact, axisymmetric
vacuum spacetimes possess a third constant of the motion for geodesic motion.

Specifically, we fix a multipole of order [, and we assume:

e There exists a one parameter family

(M> gab()‘))

of spacetimes, which is smooth in the parameter A, such that A = 0 is
Schwarzschild, and each spacetime g, (\) is stationary and axisymmetric
with commuting Killing fields 0/0t and 0/0¢, and such that all the mass
and current multipole moments of the spacetime vanish except for the one of
order [. On physical grounds, one expects a one parameter family of metrics

with these properties to exist.

e We denote by H(A) the Hamiltonian on the tangent bundle over M for
geodesic motion in the metric gy, (). By hypothesis, there exists for each \ a
conserved quantity M (\) which is functionally independent of the conserved
energy and angular momentum. Our second assumption is that M (\) is
differentiable in A at A\ = 0. One would expect this to be true on physical

grounds.

e We assume that the conserved quantity M (\) is invariant under the symme-

tries of the system:

where E and 17 are the natural extensions to the 8 dimensional phase space

of the Killing vectors 0/t and 0/0¢. This is a very natural assumption.
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These assumptions, when combined with our result of the previous section, lead

to a contradiction, showing that the conjecture is false under our assumptions.

To prove this, we start by noting that A/ (0) is a conserved quantity for geodesic
motion in Schwarzschild, so it must be possible to express it as some function f of

the three independent conserved quantities:

Here F is the energy, L, is the angular momentum, and K| is the Carter constant.

Differentiating the exact relation {H(\), M(A)} = 0 and evaluating at A = 0 gives

{Ho, My} = g—é{E, H} + ;—sz{Lz, H} + aa—[J;){KO, H,}, (5.117)

where Hy = H(0), H, = H'(0), and M; = M'(0). As before, we can regard this is
a partial differential equation that determines M7, and a necessary condition for
solutions to exist and be single valued is that the integral of the right hand side

over any closed orbit must vanish:
of of of B
]{la—E{E, H1}+6—LZ{LZ,H1}+6—KO{KO,H1} = 0. (5.118)

Now strictly speaking, there are no closed orbits in the eight dimensional phase
space. However, the argument of the previous section applies to orbits which are
closed in the four dimensional space with coordinates (7,0, p,, pg), since by the
third assumption above everything is independent of ¢ and ¢, and p; and p, are
conserved. Here (t,7,0, ¢) are Schwarzschild coordinates and (p:, p,, pg, py) are the

corresponding conjugate momenta.

Next, we can pull the partial derivatives 0f /OFE etc. outside of the integral. Tt
is then easy to see that the first two terms vanish, since there do exist a conserved

energy and a conserved z-component of angular momentum for the perturbed
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system. Thus, Eq. (5.118) reduces to

of B
K f{KO, H} =0. (5.119)

Since M (0) is functionally independent of E and L., the prefactor 0f /0K, must

be nonzero, so we obtain

The result (5.120) applies to fully relativistic orbits in Schwarzschild. We need
to take the Newtonian limit of this result in order to use the result we derived in the
previous section. However, the Newtonian limit is a little subtle since Newtonian
orbits are closed and generic relativistic orbits are not closed. We now discuss how

the limit is taken.

The integral (5.120) is taken over any closed orbit in the four dimensional phase
space (1,0, p,, pg) which corresponds to a geodesic in Schwarzschild. Such orbits
are non generic; they are the orbits for which the ratio between the radial and
angular frequencies w, and wy is a rational number. We denote by ¢, and gy the
angle variables corresponding to the r and ¢ motions [150]. These variables evolve

with proper time 7 according to
G = Qro+ wpT, (5.121a)
4 = Qoo+ weT, (5.121b)
where ¢, o and gy are the initial values. We denote the integrand in Eq. (5.120)
by
Z(qr, o, ps €5 1),

where 7 is some function, and p, e and ¢ are the parameters of the geodesic defined

by Hughes [189] (functions of £, L. and Kj). The result (5.120) can be written as

1 T/2
—/ A Z[q.(7), qo(7), ps e, ] = 0, (5.122)
T —~T/2
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where T' = T'(p, e, ) is the period of the r, # motion.

Since the variables ¢, and gy are periodic with period 27, we can express the
function Z as a Fourier series

L(gr ospies) = D Lum(pse, )™t (5.123)

n,m=—00

Now combining Eqgs. (5.121), (5.122) and (5.123) gives

o0
0 = E Zom(p, e, L)emqr’Oqug’o

xSt [(nw, + mwy)T'/2], (5.124)
where Si(x) = sin(z)/x. Since the initial conditions ¢, and gy are arbitrary, it
follows that

Zom(p, €, 0)Si [(nw, +mwy)T/2] =0 (5.125)

for all n, m.

Next, for closed orbits the ratio of the frequencies must be a rational number,

SO

o (5.126)
W g

where j and ¢ are integers with no factor in common. These integers depend on
p, € and ¢. The period T is given by 27/T = qw, = jwy. The second factor in Eq.

(5.125) now simplifies to

Si [w} , (5.127)
J4
which vanishes if and only if
n=mnq, m=mj, n+m#0, (5.128)
for integers n, m. It follows that
Zom(p,e,0) =0 (5.129)
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for all n, m except for values of n, m which satisfy the condition (5.128).

Consider now the Newtonian limit, which is the limit p — oo while keeping
fixed e and ¢ and the mass of the black hole. We denote by Zx(g,, s, p,é€,t) the
Newtonian limit of the function Z(q,, gg, p,€,t). The integral (5.122) in the New-
tonian limit is given by the above computation with j = ¢ = 1, since w, = wy in
this limit. This gives

1 > ,
T %dTIN = Z IN n,—n(pv ¢, L) em(qr,o—qe,o)’ (5130)

n=-—oo
where Zx,,, are the Fourier components of Zy. In the previous subsection, we
showed that this function is non-zero, which implies that there exists a value k of

n for which IN k,—k 7A 0.

Now as p — 0o, we have w, /wg — 1, and hence from Eq. (5.126) there exists a
critical value p. of p such that the values of j and ¢ exceed k for all closed orbits
with p > p.. (We are keeping fixed the values of e and ¢). It follows from Egs.

(5.128) and (5.129) that
Ik,—k(p, €, L)

— " = 5.131
INk,—k(paeu L) ( )

for all such values of p. However this contradicts the fact that

Ik,—k(p7 €, L)

— 1 5.132
IN k,—k(p> €, L) ( )

as p — o0o. This completes the proof.

Hence, if the three assumptions listed at the start of this subsection are satis-
fied, then the conjecture that all vacuum, axisymmetric spacetimes possess a third

constant of the motion is false.

Finally, it is sometimes claimed in the classical dynamics literature that pertur-

bation theory is not a sufficiently powerful tool to assess whether the integrability
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of a system is preserved under deformations. An example that is often quoted is
the Toda lattice Hamiltonian [193, 194]. This system is integrable and admits a
full set of constants of motion in involution. However, if one approximates the
Hamiltonian by Taylor expanding the potential about the origin to third order,
one obtains a system which is not integrable. This would seem to indicate that
perturbation theory can indicate a non-integrability, while the exact system is still

integrable.

In fact, the Toda lattice example does not invalidate the method of proof we
use here. If we write the Toda lattice Hamiltonian as H(q, p), then the situation
is that H(\q, p) is integrable for A = 1, but it is not integrable for 0 < A < 1.
Expanding H(Aq, p) to third order in A gives a non-integrable Hamiltonian. Thus,
the perturbative result is not in disagreement with the exact result for 0 < A < 1,
it only disagrees with the exact result for A = 1. In other words, the example
shows that perturbation theory can fail to yield the correct result for finite values
of A, but there is no indication that it fails in arbitrarily small neighborhoods of
A = 0. Our application is qualitatively different from the Toda lattice example
since we have a one parameter family of Hamiltonians H(\) which by assumption

are integrable for all values of \.

5.6 Conclusion

We have examined the effect of an axisymmetric quadrupole moment () of a central
body on test particle inspirals, to linear order in @), to the leading post-Newtonian
order, and to linear order in the mass ratio. Our analysis shows that a natural

generalization of the Carter constant can be defined for the quadrupole interaction.
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We have also analyzed the leading order spin self-interaction effect due to the
scattering of the radiation off the spacetime curvature due to the spin. Combining
the effects of the quadrupole and the leading order effects linear and quadratic
in the spin, we have obtained expressions for the instantaneous as well as time-
averaged evolution of the constants of motion for generic orbits under gravitational
radiation reaction, complete at O(a%¢?). We have also shown that for a single
multipole interaction other than () or spin, in our approximations, a Carter-type
constant does not exist. With mild additional assumptions, this result can be
extended to exact spacetimes and falsifies the conjecture that all axisymmetric

vacuum spacetimes possess a third constant of motion for geodesic motion.

5.7 Acknowledgments

This research was partially supported by NSF grant PHY-0457200. We thank

Jeandrew Brink for useful correspondence.

5.8 Appendix: Time variation of quadrupole: order of

magnitude estimates

In this appendix, we give an estimate of the timescale T, for the quadrupole
to change. The analysis in the body of this paper is valid only when Ty, > T,
where T, is the radiation reaction time, since we have neglected the time evolution
of the quadrupole. We distinguish between two cases: (i) when the central body
is exactly nonspinning but has a quadrupole, and (ii) when the central body has

finite spin in addition to the quadrupole.
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5.8.1 Estimate of the scaling for the nonspinning case

For the purpose of a crude estimate, the relevant interaction is the tidal interaction
with energy
mo —
Qijgij ~ ——32@[ COS2 9, (5133)
T

where &;; is the tidal field, 6 is the angle between the symmetry axis and the
normal to the orbital plane of ms, and we have written the quadrupole as Q ~ Q1,
where () is dimensionless and I is the moment of inertia. For small deviations from

equilibrium, the relevant piece of the Lagrangian is schematically
L~ T2 + QT22y2, (5.134)
r

We define the evolution timescale Ty, to be the time it takes for the angle to
change by an amount of order unity, and since the amplitude of the oscillation

scales roughly as ~ msy/my, the evolution time scales as
72~ " (52)wt (5.135)
~ w . .
evol m% M orbit»

where w2, = M/r®. Thus, the ratio of the evolution timescale compared to the

radiation reaction timescale scales as

T/ T ~ (1/V/Q) % (%)m (%)m. (5.136)

5.8.2 Estimate of the scaling for the spinning case

When the body is spinning the effect of the tidal coupling is to cause a preces-
sion. For the purpose of this estimate, we calculate the torque on m; due to the

companion’s Newtonian field. The torque N scales as
Ni ~ €imjQmrCik- (5.137)
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We assume that the precession is slow, i.e.

woree < S/mu1 (T2)) (5.138)

where wpee is the precession frequency and S = S/m? is the dimensionless spin.

This gives the approximate scaling of the precession timescale as (cf. [195])

S (M
Tprec/Trr ~ 5 (7) . (5139)

and the evolution timescale is thus

mlS

M
Tovol/Trr ~ Eé (7) . (5140)

Because of our assumption (5.138) that the precession is slow, equation (5.140)

1> (ﬁ) (%)3 (5.141)

When S is sufficiently small that the condition (5.141) is violated, the relevant

is valid only when

timescale is instead given by Eq. (5.135).

5.8.3 Application to Kerr inspirals

For Kerr inspirals,
S~a, Q~a* p/M<1land r~ M. (5.142)

Therefore, the condition (5.141) is satisfied, and the precession time is longer than

the radiation reaction time by

1 (M
Troc ﬂr’\’_ — |- 5.143
e/ T 5 () (5.143)
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Note that for Kerr inspirals, since r ~ M both formulas (5.135) and (5.139) give

the same scaling.

Moreover, for Kerr inspirals, the amplitude of the precession will be small, of
order the mass ratio p/M. This is because of angular momentum conservation: in
the relativistic regime, the orbital angular momentum is a factor of u/M smaller
than the angular momentum of the black hole and can therefore not cause a large
precession amplitude. Even if the orbital angular momentum at infinity is large,
most of it will be radiated away as outgoing gravitational waves during the earlier
phase of the inspiral. This factor of p/M is taken into account when we consider

the evolution timescale, which for Kerr inspirals reduces to

Tevol/ Ter ~ (%) (2) (%) : (5.144)

Since 1/a > 1, M/r ~ 1 and M/ > 1, the evolution time is long compared to the
radiation reaction time and we can neglect the time variation of the quadrupole

at leading order.

5.9 Appendix: Computation of time averaged fluxes

5.9.1 Averaging method that parallels fully relativistic av-

eraging

We start by noting that the differential equations (5.29) and (5.30) governing the

7 and 6 motions decouple if we define a new time parameter ¢ by

dt = —dt. (5.145)



This is the analog of the Mino time parameter for geodesic motion in Kerr [128].

The equations of motion (5.29)—(5.27) then become

(df)z Vi (7) (5.146)
= = #\T), .
dt
(7)) = 2B + 2/ — Ki? + % (7 —2L?%), (5.147)
di\’
— | = Vi), 5.148
( dt) 5(0) (5.145)
o 12 _
Vi(0) = K——=—QFcos20, (5.149)
sin” ¢
dy A
( i) Vor(7) +V,5(0), (5.150)
9 ~ QLZ ¥ A Lz
V¢f(r) = ?, V@é(e) = Sin2 é (5151)
The parameters ¢t and ¢ are related by:
dt A e
= Vi) + Vl0) (5.152)
Vie(7) = 72, V;(0) = %cos 20. (5.153)

It follows from Eqs. (6.213) and (6.214) that the functions 7(f) and 6(f) are
periodic; and we denote their periods by A and Aj. We define the fiducial motion
associated with the constants of motion F, L, and K to be the motion with the
initial conditions 7(0) = 7, and 5(0) = BOpin, Where Fin and O, are given by
the vanishing of the right-hand sides of Eqs. (6.213) and (6.214) respectively. The

functions #(f) and 0(f) associated with this fiducial motion are given by

#(f) ~ .
/ dif _ (5.154)
Pmin 4/ Vi(F)

o0 qh .

Omin £/ V5(6)

From Eq. (6.216) it follows that
A, i A~ ~
H(E) = to + / at’ (Vilr(#)] + Vgl0(0)]) (5.156)
0
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where to = t(0). Next, we define the constant I' to be the following average value:
SR 1 ofhe
I / Vel ()] + — / a0 (5.157)
A7 Jo Ag Jo
Then we can write ¢(f) as a sum of a linear term and terms that are periodic:
t(t) = to + It + ot(t), (5.158)
where 0t(#) denotes the oscillatory terms in Eq. (6.219).

To average a function over the time parameter £, it is convenient to parameterize
7 and 6 in terms of angular variables as follows. For the average over 6 we introduce
the parameter x by

cos? O(f) = z_ cos® y, (5.159)

where z_ = cos? f_ with z_ being the smaller root of Eq. (6.214):

Ze = % [K +3QFE + \/(K — QE)* +4QEL? (5.160)

and where § = 2QF. Then from the definition (6.218) of 6 together with Eq.

(6.214) and the requirement that  increases monotonically with ¢ we obtain

IR (5.161)

Then we can write the average over £ of a function Fj(#) which is periodic with

period Aj in terms of x as

1 [N
(Fp)i = —~/ diF(1)
A@ 0

2w N
_ L / PN i 109) (5.162)
Ag Jo \//5 (24 — z—cos?x)
where
27 1
A; = (5.163)

d .
o VB — o)
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Similarly, to average a function F;(#) that is periodic with period A, we introduce

a parameter £ via

p

"= 1+ecosé’

(5.164)

where the parameter ¢ varies from 0 to 27 as 7 goes through a complete cycle.

Then,
dé
= = P(8), (5.165)
(s 12 pe |sin | -
P = (o)) | (5.166)
The average over £ of F;(t) can then be computed from
2
(Fr); = Jo f Fi/PE) (5.167)
Jo &/ P(§)

Now, a generic function Fﬂé[f(f), 0(1)] will be biperiodic in ¢: Fﬂé[f(f + As), 0(t +
Ay)] = Fﬁé[f(tA), 6(t)]. Combining the results (6.224) and (6.229) we can write its

average as a double integral over x and £ as

F; 5[7(€), 0(x)]

1 2w 27 7,
(Frg)i = AgAf/o dX/O dg\//g (25 — 2— cos? x) P(€)

. (5.168)

To compute the time average of E, L,, and K, we need to convert the average
of a function over ¢ calculated from (6.230) to the average over . As explained in
detail in [40], in the adiabatic limit we can choose a time interval At which is long
compared to the orbital timescale but short compared to the radiation reaction
time. From Eq. (6.219) we have At = I't + osc.terms. The oscillatory terms will
be bounded and will therefore be negligible in the adiabatic limit, so we have to a

good approximation

(E)e = =(EV});, (5.169)

where V, = Vi + f/;é, cf. Eq. (6.216), and similarly for L. and K.
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The explicit results we obtain using this method are given in section 5.3, Egs.

(5.58), (5.59), and (5.61).

5.9.2 Averaging method using the explicit parameteriza-

tion of Newtonian orbits

To perform the time-averaging using this method, we define a parameter £ via

p

_ 1
1+ecosé’ (5.170)

F=

where the parameter £ varies from 0 to 27 as 7 goes through a complete cycle.
Note that 6 appears in Eqgs. (5.46) — (5.48) only in terms that are linear in (), so

we can write 6 in terms of £ using the Newtonian relation
x3 =rcosf =rsincsin(€ + &). (5.171)

Here, &, is the angle between the direction of the perihelion and the intersection
of the orbital and equatorial plane. Similarly, for the 76 terms in Eqs. (5.47) and
(5.56) we can use the Newtonian relations 7 = e/,/psin¢ and £ = V/p/r?. From

Egs. (5.30) and (6.226) it follows that

d_f = L/z 1-— Q [—3 +e? —2ecosé +2cos? 1(8 — e + 860085)}
d¢ (14 ecosé)? 8p?
—Qe2 cos® 1 cos 26 (5.172)
4p?

and from Eq. (5.15)
dt _ 1+Q(1+ecos§) [2sin® esin®(€+ &) — 1] ¢ (5.173)
dt 2p?

Using these expressions, we compute the time-averaged fluxes from

JoTde B (dt/df) (dT)de)

(B) = 20— - (5.174)
Jo " d€ (dt/dt) (dt/dE)
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and obtain:

. 32 (1 _ 62)3/2 73 37 \
gy — _2c\Ume)m iy P e of
< > 5 p5 + 246 + 966
S ik + 5 823 >+ 94964 + — 491 %) cos()
32 \ 12 24 T 39 192°
_ Q1 8, 349, 107
P12 6 HETTARETTe
Q 11 273 2 BT 4 119
21\ 2 2
T2 4 + = 64 —€¢ + = 192¢ cos(2¢)
s 13 247 2 2990, 39
21192 T T E2° T ioaa
52 1 19 2 23 , 3 4
2 2
T {(192 31° T2 T 1o ) cos( L)}
Q 869 1595 L2, .
E 128 1) cos(2&y) sin? ¢
52 ) 2
22 \ 384 ' 384 2§o) st 1
p2 <384 - 384 MY ) cos(2&p) sin e} : (5.175)
| 32(1— ) T, S (61 _, o1,
<Lz> - _ETCOSL 1+§6 —m ﬂ+76 +6—46

S 61 91 , 461 ,
_M{<§ + Vi + 1€ ) COS(2L)}

4 1 1
- “ { —3 - —5 T —964 + (45 + 148¢* + %64) COS(QL)}

16p? 4 8
52 3
1 2 <4
16,2 { +3e” + g€ }
Q , ., (201 51,
—Ee cos(2&p) sin” ¢ 5 + 3¢ | (5.176)
- 64 (1 — e2)3/2 7 2 S (97 211
(K) = 5 g 1+8 52 \ 6 +37e* + = 16 ¢ cos(t)
Q1.55, 139, (13 84, 449,
R AR 2
A R TEIET O T e T e ) @)
+S—2 E+§2+£e4 ! +i —i—L cos(2t)
2192 ' 64° ' 512 192 T 64° T 512° ‘
391 37 .
—]% (E + 548 ) e? cos(2&p) sin” L} : (5.177)
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In the adiabatic limit, the terms involving cos(2&y) can be omitted because they
average to zero. As explained by Ryan [174], the radiation reaction timescale for
terms involving &y is much longer than the precession timescale for most orbits,
so the terms involving &, will average away. This is consistent with our results for
the adiabatic infinite time-averaged fluxes using the Mino time parameter. The
Mino-time averaging method was based on the assumption that the fundamental
frequencies are incommensurate and the motion fills up the whole torus, which is

equivalent to averaging over &.
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CHAPTER 6
CARTER CONSTANT EVOLUTION IN THE ADIABATIC REGIME

SUMMARY:: A key source for LISA will be the inspiral of compact objects into
massive black holes. Recently Mino has shown that in the adiabatic limit, grav-
itational waveforms for these sources can be computed by using for the radiation
reaction force the gradient of one half the difference between the retarded and ad-
vanced metric perturbations. We describe an explicit computational procedure for
obtaining waveforms based on Minos result and derive an explicit expression for
the time-averaged time derivative of the Carter constant. The result is not new,
but the intent is to give self-contained treatment in a unified notation and more
details on the derivation than previously available, starting with the Kerr metric,
and ending with formulae for the time evolution of all three constants of the motion
that are sufficiently explicit to be used immediately in a numerical code. We have
added some new material based on the two-timescale formalism. The derivation
uses detailed properties of mode expansions, Greens functions and bound geodesic
orbits in the Kerr spacetime, which we review in detail. This paper follows closely

a previous treatment of scalar radiation reaction but extended to the tensor case.

6.1 Introduction

The inspiral of compact objects into massive black holes will be an important
source for LISA. Observing these inspirals requires accurate templates for matched
filtering. There are several approaches for generating the model waveforms, all
of which are based on treating the small object as a linear perturbation to the
Kerr spacetime of the large black hole. On short timescales, the compact object

moves on a bound geodesic orbit, characterized by its energy FE, z-component
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of angular momentum L. and Carter constant K. Over longer time scales, these
parameters evolve due to self-force effects. A formal expression for the gravitational
self-acceleration in terms of the retarded metric perturbation now exists [196],
[39]; however, the practical implementation is difficult because of regularization

problems.

An approximation that bypasses the challenge of regularization calculations is
to compute the time-average rates of change of the constants of motion due to
radiation reaction, and use those to evolve the orbit as a flow through successive
geodesics as suggested by Mino [128]. Mino showed that in the adiabatic limit
(when the radiation reaction timescale is much longer than the orbital timescale)
an approximate radiation reaction force constructed from the half-retarded minus
half-advanced field gives the same time averages (dFE/dt),(dL,/dt) and (dK/dt)
as the full self-force [128]. This half retarded minus half advanced prescription is
the standard prescription for scalar and electromagnetic radiation reaction in flat
spacetime, and was previously conjectured by Gal’tsov [197] to apply to gravita-
tional waves in Kerr. The fact that the adiabatic limit requires only the radiative
self field, which is a solution to a homogeneous wave equation, allows us to avoid

the reconstruction of the full metric perturbation from the Teukolsky functions.

The rates of change of E and L, can be computed by imposing conservation of
energy and angular momentum to infer the amounts lost by the particle from the
fluxes at infinity and down the black hole horizon. These fluxes can be computed
directly from a mode expansion. Evolving generic orbits also requires evolving
the third constant K, which presents a difficulty since it is not directly related to
asymptotic gravitational waves, and there is no known conservation law associated

with K.
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Mino [128] showed that (dK/dt) could be computed from the radiative self field,
which served as a basis for further developments: Recently, the authors of [40] used
a scalar charge model to derive an explicit formula for the adiabatic evolution of K
in terms of a mode expansion that can immediately be used in a numerical code.
Sago et al generalized this formula to the tensor case in Ref. [41] and obtained an
apparently different result. However, Drasco and Sago [198] then showed that the

two results are fully equivalent in the scalar case.

The key property of the final expressions for the evolution of £, L, and K in
the adiabatic limit is that, unlike for local self-force computations, they avoid the
problem of reconstructing the metric perturbation from the curvature perturba-
tions. They fail to include the properties of the perturbed spacetime associated
with the nonradiating [ = 0 and | = 1 degrees of freedom. However, these modes
(which correspond to properties such as shifts in mass and angular momentum
due to the perturbation) contribute only to the conservative components of the

self-acceleration [199], and can be neglected in the adiabatic limit [37, 40, 200].

In this chapter, we rederive an explicit expression for the time-averaged rate
of change of the Carter constant in the tensor case that can be used for numer-
ically computing adiabatic waveforms. This paper contains no new results but
more details on the derivation than previously available and gives a self-contained
treatment in a unified notation. Our derivation and review closely follows that of
the scalar case [40], from which we have taken over several paragraphs verbatim,
as well as Gal'tsov [197] and Chrzanowski [201], and is based on the radiative

self-force and the mode expansion of the radiative Greens function.

Our final result for the evolution of the Carter constant in the adiabatic limit,

Eq. (6.305) below is formulated in terms of two different amplitudes. We give ex-
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plicit expressions for these amplitudes in terms of sums over the three fundamental
frequency components of geodesic motion and an integral over the torus in phase
space, Eqgs. (6.250) and (6.306), with the various quantities defined in (6.314),
(6.275), (6.302), and (6.304). Drasco [198] and Sago [41] have shown that that the
new amplitude can be written fully in terms of the same amplitudes that appear
in the expressions for (dF/dt) and (dL,/dt) for the scalar model. We extend this
derivation to the tensor case, which leads to the expression in Eq. (6.315) below,

together with an average over a geodesic given in Eq. (6.314).

6.2 The Kerr spacetime

6.2.1 Teukolsky perturbation formalism

This section reviews the Teukolsky formalism for treating linearized perturbations
of Kerr, which is based on the Newman-Penrose tetrad formalism. These for-
malisms are valid for general spin weight s = —2, —1,0,1,2, but in this chapter,

we will specialize to the tensor case s = +2.

—

The Newman-Penrose formalism is based on a null tetrad (I, 7, m, m*) consist-
ing of two real null vectors Z 7 and a complex spacelike vector m, which obey
the orthonormality relations [-7=—1and m-m* = 1, with all other products

vanishing. The metric can be written in terms of the corresponding one-forms as
Gab = —2l(anp) + 2m(amy). (6.1)

The asterisk in Eq. (6.1) means complex conjugation.
The 10 independent tetrad components of the Weyl tensor Cg.q of the full
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spacetime can be written as 5 complex scalars 1y . .., 14 by contracting Cypeq with

the basis vectors in all possible nontrivial ways:

a, bjc, d a, bic, d
wO = - abcdlmlma @Dl:— abcdlnlm>
1 a, byc, d a, b, _c, *d
Py = —3 abcd(lnln + I"n’m‘m ),
o —C lab *c d __C a,  xb_c, _*d (62)
w?) - abedt TVITV T, ¢4— abedTV TV TTN .

The full metric of the spacetime is

entire

Gap = Gab + Nab, (6.3)

where g, is the background Kerr metric given in Eq. (6.1) and hy, is a per-
turbation. We will consider only linearized perturbations here. We choose the
background tetrad so that [ and 7 are along the repeated principal null directions
of the Weyl tensor. There is then only one non-vanishing unperturbed Weyl tensor

component in the background:

o = =0 = e =0, W) #0, (6.4)
where the superscript (0) denotes the unperturbed Weyl scalars.

Teukolsky showed that with the choice of tetrad of Eq. (6.4), the linearized per-
turbation equations governing 1y and 14 can be decoupled and that the perturba-
tions vy and 14 are invariant under infinitesimal gauge and tetrad transformations
[202]. In his derivation, Teukolsky then used part of the remaining freedom in the
choice of background tetrad to make a null rotation so that the spin coefficient e
vanishes, and he defined the master variables

U — 1 Yo = —Clapeal *mP1em?, s =2,
s¥ — s ab —

(¢§0))_4/3 Wy = _(wéo))—4/3Cabcdnam*bncm*d7 s — 9
(6.5)
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This equation defines the second order differential operators s M and _,M® that
project the Teukolsky scalars from the metric perturbation. The uncoupled dif-
ferential equation for (W is called the master perturbation equation or Teukolsky

equation and can be written as:
O WU =47 7, T (6.6)

This equation serves to define, up to a multiplicative function, the two second
order differential operators ;O and 47,, for s = 42, which project the linearized
Einstein operator and the source term 7% from the linearized Einstein equation
to the Teukolsky equation. The full definition of these operators will be given in
Sec. IB. The presence of the factor of (¢3)~*3 in front of ¥4 in Eq. (6.5) is
related to the background null rotation used to set the spin coefficient € = 0 to
later achieve separability of the decoupled equations. (A different choice would
lead to a different factor while leaving the separable master perturbation equation

for (W invariant).

Relation of the metric perturbation to solutions of the vacuum Teukol-

sky equations

Wald has shown, based on earlier results by Cohen and Kegeles [203] and
Chrzanowski [201], that for linearized vacuum perturbations of Kerr, and for each
s = 2, s = —2, the metric perturbation h,, can be constructed by applying a
second order differential operator to a scalar potential ;® that is a solution to the
adjoint of the vacuum Teukolsky equation for ,¥ ! [2]. Wald’s derivation shows
that the existence of a scalar which is both gauge invariant and tetrad-gauge in-

variant and leads to decoupled equations is sufficient to guarantee that the two

!The potential ,® is often called a Hertz or Debye potential.
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degrees of freedom of the metric perturbation hy;, are explicitly determined by the
information in a single complex scalar ;®, except for the non-radiative multipoles

[ =0,1%and up to the remaining gauge freedom.

Wald [2] give the following definition for the adjoint of an operator. If a linear
differential tensor operator M acts on an n— index tensor v, taking it to a k—index
field M1, we define its adjoint M in such a way that M7 is also a linear operator
and

(M, My)" = M M| (6.7)

for any pair of operators M; and M, whose composition is well-defined. The adjoint
operator thus acts on k—index tensors ¢, taking them to n—index tensors MT¢. If

we require that for all ¢ and ¢,

Gop i (M) — (M), ™" =V, (6.8)

where the right hand side is a total divergence term, then property (6.7) holds,

and we can take Eq. (6.8) as the definition of the adjoint operator.

Wald’s result is that the metric perturbation for vacuum solutions can be ob-

tained from the potential ,® via

hab - STJb sq> - V(a&b)a (69)

where STL, is the adjoint of the operator defined by Eq. (6.6) and &, are arbitrary
functions. Note that hy, in Eq. (6.9) has two physical degrees of freedom but we

omit the explicit decomposition. The master variables are related to the potential

ZWald [204] showed that the two perturbations associated with variations of the black hole
mass and spin parameters M and a are the only ones of reals frequency for which the master
variables ¥ vanish. This implies that all solutions, except a two-dimensional subspace, can be

constructed from @ and also that none of the constructed (real frequency) hqp are pure gauge

231



JUo= M D (6.10)

U= M® g (6.11)

We now briefly review Wald’s derivation of these results 3. The metric pertur-

bation h,, satisfies the source-free differential equation
Ep .y =0, (6.12)

where E%? denotes one-half the linearized Einstein operator. By introducing the
new variables ;W made of linear combinations of components of h, and their deriva-
tives and combining Eqs. (6.12) and their derivatives, Teukolsky found decoupled
equations of the form

L0 U =0. (6.13)

This implies that there exists a linear operator ;M such that ;¥ = M%hg.
Since it is possible to obtain the decoupled scalar equation (6.13) from linear
manipulations of Eqs. (6.12), this also implies that there exists another linear
operator 47,, which represents these manipulations necessary to derive Eq. (6.13)
from Egs. (6.12) and with the property that the following operator identity holds
4.

T B = O (M (6.14)

This identity means that when both sides of Eq. (6.14) act on a solution h,, of

Eq. (6.12) the result is Eq. (6.13). The operators ;7. can most easily be read off

3Wald’s notation for the operators which we denote by Ecd 1., O and ;M is Eg, Sa,
O¢ and ~ 7 respectively.

4This identity is not applicable if (i) the derivation of the decoupled equations is based on
introducing a potential by using integrability conditions from Eq. (6.12), or (ii) the decoupled
variable is gauge dependent and the derivation of Eq. (6.13) relies on a gauge choice. Neither of
these caveats applies for the case considered here, so the identity holds.
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from the source term of the inhomogeneous version of Eq. (6.13), since the source

term encodes the manipulations necessary for the decoupling of the equations.

One can obtain a solution to the original Einstein equation from a solution
of the vacuum Teukolsky equation as follows. Taking the adjoint of the identity
(6.14) and using the fact that the Einstein operator E%¢ is self-adjoint implies
that

B 7 — (e Lo, (6.15)

where we have taken into account the property in Eq. (6.7). Therefore, a function

sP that solves the adjoint of the vacuum Teukolsky equation for spin s,
LOF @ =0, (6.16)

will also be a solution to

Eeted 1 = 0. (6.17)

Comparing this to Eq. (6.12) establishes the result (6.9). Acting with ;M and
_ oM respectively on the metric perturbation (6.9) and using the definition (6.5)
leads to the expressions (6.10) and (6.11). Therefore, the operator (;M®r),)
maps solutions ;@ of the adjoint equation (6.16) into solutions ¢V to the vacuum
Teukolsky equation (6.6) and the operator (_SM“I’STL)) maps solutions ,® into

vacuum solutions _ V.

The metric perturbation (,7), ;®) obtained from the operators .7/, is in a
particular gauge determined by the gauge choice for the operator ,7,,. By the
Bianchi identity, one can add a term 7,V to 7., where 7, is an arbitrary vector
field, which results in adding the term V¢, (@ 1, = —V ;& to the solution izab,
where £, = (Pn,. To date, it has only been possible to reconstruct the vacuum

metric perturbation in Kerr from a potential ;® in the class of radiation gauges, in
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which the decoupled Teukolsky equation is derived. The choice of s =2 or s = —2
for the operators (7, determines which of the radiation gauges: in a gauge where
ha [* = 0, we use s = 2, whereas in the gauge with the ingoing and outgoing

directions reversed, with hg n® = 0, we use s = —2. °

6.2.2 Boyer-Lindquist coordinates

To proceed further with the formal expressions given in the previous subsection,
we need to specialize to a particular coordinate system. We will work in Boyer-

Lindquist coordinates (t, 7,0, ), where the Kerr metric is

) 102
ds* = —(1-— 2Mr dt* — Mdtdgp + (w4 — Ad?sin? 9) M0l<p2
Y ) Yy
)
+3d6? + Zdrz. (6.18)
Here
= r?+a*cos’ 0, (6.19)
A = r*4+a*—2Mr, (6.20)

w = Vri4a? (6.21)

and M, a are the black hole mass and spin parameter. The square root of the

determinant of the metric is
V—g=2Xsinf (6.22)

and the background Weyl scalar is

W) = —Mp?, (6.23)

5In addition to these conditions, the metric perturbation is trace-free, so the components of
hap are overdetermined. Therefore, one cannot find a radiation gauge for a generic metric and
source. However, for the case of the kinds of radiative perturbations of Kerr of interest in this
chapter, such gauges exist [205].
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where ©

p=(r—iacosf) "' (6.24)

Note that ¥ = (pp*) ™"

In the Boyer-Lindquist coordinate basis, the Kinnersley tetrad is given by

- w? a L w? A a
l = Kat + & + Z&;,, n = ﬁ@t — ﬁ@r + ﬁ@,,
1 1
n o= jasin00;, + Oy + ——0y | . 6.25
" V2(r 4 ia cos 0) (w TR T g ¢) 162

This tetrad has [ along the outgoing direction and is well-behaved on the past
event horizon but singular on the future event horizon, where the Boyer-Lindquist
coordinates become singular [1] (one manifestation of this singularity is that as
infalling particles or photons approach the horizon, the coordinate time diverges).

The corresponding one-forms are

)y A alsin? 0 1
_ 102 = - _ = o= 7 _
1 = —dt+asin”fdp + Adr, n 2Zdt + 75 dy 2dr,
m = 7 (—iasin Odt + $d6 + iw” sin fdp) . (6.26)

V2

A tetrad that is regular on the future horizon can be obtained from the tetrad
(6.25) by the transformation (¢, ) — (—t, —¢), which is an isometry of the Kerr

metric. This transformation, which we will denote by a bar, acts on the basis

—

vectors via a pullback and results in the interchange (I, ) — (7, 1) and (m, m*) —

*

(m*,m) together with the appropriate renormalization 7:

. 2% A P
a - _ a " e _ a 7" = — *a. 2
l n?, n 22[ , m pm (6.27)

6Qur notation for p is related to the variable z used by Gal‘tsov [197] by z = 1/p*.
"Note that in the literature, this bar transformation is often denoted by a + or a f, and bars
denote complex conjugation.
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The master variable corresponding to the barred tetrad (6.27) is given by pro-

jecting the Weyl tensor along the barred tetrad in analog to Eq. (6.5):

_ - abcdl_ambl_cmda S = 27
U= (6.28)

bpem e, s = —2.

—p ' Copeant™m*
Teukolsky [202] has shown that the variable defined in Eq. (6.28) is related to that

in the unbarred tetrad by
- 2\°
=15 =Y 6.29
8 -
which can be seen as follows. We first note that the expression (6.24) is invariant
under the transformation (t,¢) — (—t, —¢), so p = p. Using Eq. (6.27) in Eq.

(6.28) leads to the expressions

_ 2\ 2 2\ 2
U = — (Z) P Copean®m P nm*? = (Z) oW (6.30)
- A2 0 2 9\ 2
LU = = £ pedl?mllem? = [ = . 31
’ ! <22) <p*) Coapeal 0 (A) ’ (6.31)

Combining the results of Egs. (6.30) and (6.31) gives Eq. (6.28).

In Boyer-Lindquist coordinates, the differential operator ;O defined in Eq. (6.6)

can be written as

LO0=x"".0, (6.32)
where the operator ,[1is given by
4 2
_|w a2 o AMar L a1 s+1
L = [A a”sin 9] 0; A 0:0, + (sin29 A) 0, + Asﬁr (A 0r)
1 _ a(r — M)  icosf
+sin989 (sin 00p) + 2s [ x + sin26’] 0,
2 _ 2
+2s {w — r — iacos 6’] O+ (s*cot’f — s) . (6.33)

For notational convenience, we will include the factor of ¥ in Eq. (6.32) with the

source term and write the decoupled master equation (6.6) as

S|:| S\II - sT> (634)
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where (7 is given by
I = 4nY 1T (6.35)

We define the angular and radial differential operators £, and D,,, for the integers

s and n, in terms of directional derivatives along the tetrad:

V2

L, = Tm*“ﬁa + scot 6, (6.36)
2(r— M
D, = 199, +n =M (6.37)
A
The operators corresponding to the tetrad (6.27) are given by

- 2n(r — M) 28 2n(r — M)

R i U ey

- 2

Ly = 47}1“8& + scot 6. (6.38)

p

We can read off the operators ¢7,, from the decoupled equations derived in Ref.
202], Egs. (2.13) and (2.15) with the specialization € = 0 = ¢* and the changes in

notation

A ~ _
DTeuk N laaa — DO, ATeuk N naaa — iDO’ 5Teuk N maaa _ P £0>

g Tewk g — P g 6.39
m \/§ 0 ( )

This gives the following expressions ®:

B *\2 *\2 1 B 1 -
oTay = PP [\/5 <£—1(p ) Dy + Dy (") 5—1) l(amy) — 5—1;£0p*(lalb)

pt pt (p*)?

1 1
—2D0—4D0—*(mamb):| y (640)

Pt p

A B *\2 *\2

1,2 A2 1 pr

+£—1E£0;(nanb) + TDOEDOE(mamb)} ;
(6.41)

8Note that there are two typos in the corresponding Eq. (2.3) in Gal'tsov:
(1) in his expression for o7, the last term should be m ® m instead of n ® m
(2) in the last term in his expression for _o7, his operator D_; in the prefactor of m ® m should
be replaced by Dy.
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where the notation v®w? means symmetrization on these indices.

To obtain the expressions for the operators ;M in Eq. (6.5), one can use the
vacuum case and write the perturbations of the Riemann tensor d Rp.q in terms of

the metric perturbation:
1
ORaed = 5 (ViVehad + VaVahie = VaVeha = VoVahac) = RY) *hge.  (6.42)

Projecting this result along the tetrad legs as in Eq. (6.5) gives following expres-

sion:
1
2 = =5 (I"m"m U 4 mPlm? —mm"1 = 1 mm®) VeV ahay = oM ha,
(6.43)
and similarly for 4. Next, we expand hy, in terms of the tetrad vectors:
h'ab = hllnanb + hnnlalb + hmmmzmz + hm*m* memy — hlmnamz - hnm* lamb
—hnmlamz - hlm* NgMy. (644)

Using Eq. (6.44) in Eq. (6.43) and rewriting the result in terms of the operators

L, and D,, defined in Eqgs. (6.36) and (6.37) gives the following expressions:

1L 1
M = L {—ﬁ_ﬁp* 10") + D2— m“mb}
: 3 | 3E1L00" (1) + D (mom)
(Do L —— + £y (") Do ) 14, (6.45
2\/5 0(p> -1 (p*)2 _'_ —1(p> O(p*)2 m Y ( : )
* 1 Z A27 p*
_Mab — _p_ L “rna b _D2_ *a, *b
2 5 |:2£ 1£0p(nn)—l— 4 0p2(m m ):|

These are the same expressions as in Ref. [201] with the translations

L, = g(é*—l—Qsﬂ*), Es:g(é—l—lsﬂ),

*

Dy = Ddnlpp) ™ (v =), Da= oA+ 200 =) (6.47)
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One can compute the adjoint operators Sle from Eqs.(6.40) and (6.41) together

with the following identities that one can check using Eq. (6.8):
Ll=-%"2,_,% Dl=-x"'D_, % (6.48)

This gives the following expressions:

P 1
o= V21 (ﬁpD+Dp£)—ll2*£ E} )3
T am "
[ 0y (Lo Do + Popgmatle ) = (ab)pe Lrgg Lo (07)
* * * 1 *
- [etmzmi) o] (6.49)
t 1 D p2 r al p2 B *\3
—2Tqp = %n(a/’nb)Z D1W£2+£2Wpl A(p)
1. 1 .1 - T,
— — - P p DyA2| (p*)3. ,
{(nanb)p* Ly (p*)4£22mambp* o(p*)4 0 ] (r") (6.50)

Using Eqs. (6.45) and (6.46) results in the following expressions for the opera-

b
tors (M, 7! b

2Mab27_Tb = Dé, (651)
_2Mtlb_27_Tb == EA2,D4A2 (652)
TMPr ) = 0 = oM®(_y7h ) (6.53)

We will not need the expressions for _ M ab ., Which give two differential relations
involving £, and L, instead of Dy and Dy, because both »¥ and _,¥ encode the
same information, so it suffices to compute one of them. The operators (M ab b
in addition to the 47, necessary to compute the source term, will be all we need
to construct the radiative Green’s function for the metric perturbation from the
Green’s function for the Teukolsky equation in later sections of the chapter. As
discussed in the introduction, in the adiabatic limit we do not need to reconstruct
the metric perturbation, and therefore we will not discuss the challenges associated

with this task, such as the presence of sources, gauge issues, low multipoles, etc.
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6.3 Vacuum equations

6.3.1 Separation of variables

We now review the separation of variables first carried out by Teukolsky [202]. In
this section, we specialize to the homogeneous version of the Teukolsky equation

(6.34). The Teukolsky operator separates into a radial and an angular part as ?

0 = 004 .09, (6.55)
O = é&n (A*T19,) + % [—@*0} + 2aw°0,0,, — a%ﬂ + 5+ |5
_28(%]\4)(_@2& +ad,) — 4srd, + a’0? — 2a0,0, (6.56)
00 = ﬁ@g (sin 00p) — a® cos® 0] + csc? 007 — 2ias cos 00,
2155529% —s%cot? 0 — |s|. (6.57)

From Egs. (6.25), (6.36), and (6.37), the expressions for the operators L4 and D,
are

l

Ls = —iasinf + 0y — —-0, + scotd, (6.58)
sin 6
w? a 2n(r — M)
D, = Kﬁt +0, + ZQ” + — A (6.59)

Note that the radial operators ;) and D, are real, while the angular operators

,0@ and £, are complex.

To obtain separable solutions, we make the ansatz

U = R(r),0(0)e™ee ", (6.60)

9Separability of the equations can be achieved in any coordinates (£, 7, N, @) related to Boyer-
Lindquist by

E=t+ fi(r)+ f2(0), F=g(r), O0=0(0), &=¢+75lr)+7(0), (6.54)

for arbitrary functions fi, f2, g, h, j1, Jjo.

240



Substituting the ansatz (6.60) into the homogeneous version of Eq. (6.34)

results in the two equations:

1 d (. ,d© 5 9
0 = e (sm@ 7 ) + [-s*cot? 6+ X — [s]] ;O
5 5 o 2 2ms cos 0
+ |a"w” cos™ 0 — —— — 2awscos) — ———| O, (6.61)
sin“ ¢ sin“ ¢
_1.d a1 d SR K2, —2is(r — M)K., ,
0 = E% (A 7)+|: A + diswr — A SR
+ [—a®w? + 2amw + s + |s|] SR = 0. (6.62)
Here, )\ is the separation constant and we have defined
Ko = ww® — am. (6.63)

The separation constant A is related to the constant A used by Teukolsky [206]
by A = A+ s+ |s|. We denote the eigenvalues of the angular equation (6.61) by
Aswim, Where the integer [ labels the successive eigenvalues with [ > |s| and |m| < [.
In the special case aw = 0 we have Ay, = (I + 1) — s? + |s|[207]. The angular
equations for s = 2 and s = —2 have the same set of eigenvalues A [207] but not
of A. The solutions to Eq. (6.61) are the real functions 4O, () that are regular
on [0, 7]. These quantities also depend on aw, i.e. Oy, (aw,d) and Ay, (aw), but
we do not show this dependence explicitly here. The angular differential equation
(6.61) is invariant under the transformation (s,w,m) — (—s, —w, —m) holding A

fixed, so we can choose the relative normalization to be:

Ot (0) = _O i) (0). (6.64)

The functions

sSwlm(9> QO) = eim@s@wlm(e) (665)

are the spin-weighted spheroidal harmonics, and we can choose them to be or-

thonormal:

/d2Q SS;ilm(H, QO) SSwl/m/(Q, QO) = 5ll’5mm’- (666)

241



We can choose the phases of the spheroidal harmonics to satisfy (cf. Galt’sov):
(PsSwlm> (‘97 90) = sSwlm(Tr - 07 m+ 90) - (_1)l—sSwlm(07 ()0)7 (667>

where P is the parity operator that maps (6, ) — (7 — 0,7 + ).

For a single Fourier mode oc e™?e~%! the differential operators £, and D,

reduce to
. m
Lomw = —awsinf+ dy + —— + scotd, (6.68)
sin 6
. w? iam  2n(r — M)

The transformation (t,¢) — (—t, —¢) reduces to (w,m) — (—w,—m) in this

context. We denote this reduced transformation (w, m) — (—w,—m) by a 7+": 10

smw nmw

Jo— ﬁs(_m)(_w), Df = 'Dn(_m)(_w). (6.70)

Note that the specialization to the ansatz (6.60) has changed the complexity of
the operators: now the angular differential equation (6.61) is real, while the radial
equation (6.62) is complex. In term of these operators (6.68) and (6.69), the

angular and radial differential equations can be written more compactly as:

(Lol + 6awcosb) _2Oum = —Agm —2Ouim, (6.71)
(LY wLomew — 6aw cos0) 2Oum = —Agm 260uwim, (6.72)
(AD_1 DGy + 61wr) A% 9 Rt = AsimA* 2Rt (6.73)
(ADflmeOmw — 6z'w7’) —oRuim = Asim —2BRuim- (6.74)

The radial equation (6.62) can be simplified by defining the tortoise coordinate
r* by
dr*/dr = @*/A. (6.75)

00ften, a 1 is used to denote this transformation
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We can express r* as

Tt =r+ In — In : (6.76)

where

re =M+ VM?— a? (6.77)
are the two roots of A(r) = 0. The radial equation (6.62) then becomes

d? e d N K2, —2is(r — M) K, + A(4irs — \)

dr*? dr* wt

LR=0,  (6.78)

where G = s(r — M)/w? + rA/w*. This can be written as an effective potential

equation for the variable ju(r) defined by
JR(r) = e 1CU u(r) = Ao u(r). (6.79)

The resulting simplified homogeneous radial equation is

2
_d7su
dr*?

0 + stlm SU(T*). (680)

The effective potential (V,, is complex (it is real for s = 0) and given by

1
Voim = W+ — {—4aMrmw + a*m? — 2is(r — M)K+}
w

A 2(r — M)?
—i-g (4i7ws — Aotm + 8] — a2w2) — 8(767374)
A 3r2A?
= (4Mr =30 — @) + (6.81)

6.3.2 Basis of modes

We review here the definition of the basis of modes found in Refs. [197, 201]. This

basis is characterized by positive and negative exponents of r* as r* — +o0.
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Consider first the limit r* — —oo (r — r.), the past and future event horizons.

In this limit, A — 0 and @? — 2Mr,. We find that the radial potential becomes:

2,2 ;
9 w , a*m isam(ry — M)
Volm — w°— i lam +is(ry — M)] + YRS + N2
2 - M 2
_ sy = M)* (6.82)
(2Mr,.)?
21 — M)Dppeo 2 — M)?
p?nw o /LS(T'F )p o S (T+ 2) (683)
2MT+ (2MT+)
where we have defined the quantities p,,, and Ky, by
am
mw T - 5 6.85
p SN (6.85)
is(ry —r_)
smw - . 686
" AMr (6.86)

The last term in Eq.(6.85) is the angular velocity of the horizon wy = am/(2Mr,).
From Egs. (6.80) and (6.84), the solutions of the radial equation near the horizon

are of the form
r*

. . . . 1
su(r) oc eFPmwksmar™ — AES/2oEPmor {1 +0 ( )} : (6.87)

The last equality in (6.87) follows from the leading order form of A = (r —r,)(r —

r_) at the event horizon:

A—(r—ry)(ry —ro). (6.88)

In the limit of * — oo (r — o0), past and future null infinity, the potential

has the asymptotic behavior

2i 1
V=t 0(=), (6.89)
r r2

so the radial solutions are of the form

su(r) oc rFsesr, (6.90)
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6.3.3 “in”, “up”, “out”, and “down” modes

The general solution to the second order ordinary differential equation (6.80) can be
spanned by any pair of independent solutions. The most convenient bases are those
characterized by the asymptotic positive and negative exponential dependence on
r*. We define, following Galt’sov, the solution

Tswlm | Pmw |_1/2 A—s/26—ipmwr*’ rt— —0Q,

sugllm = Olswlm (691)

— —7 *
|w | 1/2 |:7"86 Wt g 5 piwr } ’ *

This equation defines the mode as well as the complex transmission and reflection
coefficients 7y, and oeuim. The coefficient o, 1S a normalization constant.
The “in” mode (6.91) is a mixture of outgoing and ingoing components at past
and future null infinity, since the mode function is multiplied by e=**. At the past
and future event horizon, the mode is purely ingoing when the sign of p,,., is the
same as the sign of w. However, from the definition (6.85) of p,,., we see that wp,,.,
can be negative; this occurs for superradiant modes. Thus, at the future event

horizon the “in” modes can be either ingoing or outgoing.

The important feature of the “in” modes is that they vanish on the past event
horizon. This feature will be used later in constructing the various Green’s func-
tions. A more precise statement of the result is that a solution ;¥ of the Teukolsky
equation which is a linear combination of “in” modes with coefficients c_;,,, such
that the coefficients depend smoothly on w (a reasonable requirement), must van-
ish at the past event horizon. To see this, note from Eqs. (6.60) and (6.79) that
the solution can be written as

U (t,r,0,0) = / dwz Z e euim sSwim(0, ¢)M (6.92)
2 =) AT()

We now insert the asymptotic form (6.91) of the mode function near the horizon,
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Figure 6.1: An illustration of the various types of modes in black hole space-
times. Here 7~ denotes past null infinity, J future null infinity,
E~ the past event horizon, and E* the future event horizon. The
four panels give the behavior of the four different modes “in”,
“out”, “up” or “down” as indicated. A zero indicates the mode
vanishes at the indicated boundary. Two arrows indicates that
the mode consists of a mixture of ingoing and outgoing radiation
at that boundary. Two arrows with an “OR” means that the
mode is either purely ingoing or purely outgoing at that bound-
ary, depending on the relative sign of p,,, and w. The “in” modes
vanish on the past event horizon, and the “up” modes vanish on
past null infinity. Thus the “in” and “up” modes together form a
complete basis of modes. Similarly the “down” and “out” modes
together form a complete basis of modes. From Drasco, Flanagan
and Hughes, 2005.

and we use the definition (6.85) of p,,,. This gives

1 - —iw(t+r*
S\Ij(tar>9>¢) - oS / dwze (t+ )Cwlm SSwlm(9>¢)
- lm
X aswlstwlm|pmw|_1/2eimw+r* (693)
1 * imw4r*
= ; Gim(t+ 10, )" (6.94)

Now all of the quantities that depend on w in the integrand are smooth functions
of w. Since Fourier transforms of smooth functions go to zero at infinity, it follows

that the function Gy, (v; 0, @) defined by Eq. (6.94) satisfies Gy,,, — 0 as v — —o0,
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where v =t 4+ r*. Thus, ¥ will vanish as v — —o0, on the past event horizon.

We next define the "up” modes:

(
| Drnco ‘ —1/2 UJp'mw' [MswlmA5/2eimeT

‘mew
up _ _ 4 *
sUpim = 6swlm + szlmA 8/26 Pmwt ] , r* — —0Q, (695>
—-1/2 ,.—s iwr* *
|71/2 pseior” r* — 00.

| w
(
This defines the mode as well as the complex coefficients pig,p,m and vgy,. The
coefficient (4.5, is a normalization constant. The “up” modes are a mixture of
ingoing and outgoing components at the past and future event horizons. At future
null infinity, the mode is purely outgoing. A similar argument as above for the
”in” modes shows that the "up” modes vanish at past null infinity, so they are

orthogonal to the ”in” modes and both sets of modes together form a basis.

From (6.79), (6.91) and (6.95) we find the asymptotic forms of the radial func-

tion:
(
. Tswlm|pmw|_1/2(2MT+)_1/2A_Se_ipmwr* >T* — — 00,
s gllm = Qlgpim (696)
‘w|—1/2 [,r—le—iwr* + O.swlm,r—2s—1eiwr*:| T — 00,
\
(
[P TH2@Mr )72 e
SR:)?m = ﬁswlm + szlmA_se_ipmwr*} 7T* — —0Q, (697)
|w|—1/2,r,—2s—16iw7‘* ’,,,.* — 00
\

Here we have used that @ — /2M7, near the horizon and A*?w — r**! near

infinity.

Next, we note that the effective potential ;V,, of Eq. (6.81) has the symmetry

*

Vi = Vi It follows that _,u™ * is also a solution to the radial differential
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equation (6.80). We can therefore define

modes

another basis: the "out” and ”down”

out o in *

sUplm = —sUuim»

down up *

sUpim = —sUypm -

The asymptotic forms of the ”out” modes are:
« ~1/2 AS/2 ipmwr* x
out * T—swim |pmw | 12 Nsleipmer ) r
sUpim = A_swim

‘ w ‘—1/2 [,r—sezwr + Uiswlmrse_w” :| ’ r*

(6.98)

(6.99)

These modes vanish on the future horizon. The asymptotic forms of the ”down”

modes are:
p
1/2 wpmw [, * —5/2 ,—ipmwr*
| P | wpme] [lu—swlmA e me
down
Wlm ﬁ—swlm —'— SwlmAS/2 IPmwT :| ,
| w |—1/2 ,r,se—zwr ’ ,

These modes vanish on future null infinity and thus the ”out” and ”down” modes

together form a complete basis.

We now define the following complete Teukolsky mode functions:

wlm(tre?go) = 6_iwt
ot 0,0) = e

S\I]out (t, T, 9’ S0) _ 6—iwt

wlm

S\IIdown (t, r 97 (,0) _ e—iwt

wlm
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S (il.r)llm(r) SSWIm(ev So)a
Rzlljm( ) SSWIm(ev So)a

Rglll;z( ) sSwlm(ea So)a

Rdown( ) sSwlm(Hv 90>-

wlm

(6.102)
(6.103)
(6.104)

(6.105)



6.3.4 Relations between the scattering and transmission

coefficients

Wronskian Relations

In what follows, we will use the shorthand notation A = {wlm}. Relations between
the coefficients o4p,7spa, psa and vgy can be derived by using the fact that the

Wronskian
u dU2 du1 u
1 — 2
dr* dr*

W(“h Ug) -

(6.106)

is conserved for any two solutions u; and us of the homogeneous radial equation
(6.80). Throughout this subsection, we will specialize to fixed values of w, [ and
m. Evaluating W(,u ", ,u™) at r* = 400 using the asymptotic relations (6.95)
and (6.91) and equating the results we obtain:

is(ry — M)

= Hs s smw 1
N ] Ush TsA K (6.107)

1 = HsA TsA |i1 -

where we have used the definition (6.86) of Kgy,. A similar calculation with the
modes ,u"P, ;u°" yields

* *
T_sA VsA Ksmw = —0_gp, (6108)
and using ,u™ and (u®" gives the “unitarity condition”:
y

WPmw

T T gp Fsmw + 0sp 050 = 1. (6.109)
| WP | A A

Since the “in” and “up” modes form a basis of modes, we can express the
“down” and “out” modes as linear combinations of the the “in” and “up” modes.
Using the asymptotic forms (6.91) and (6.95) of the modes at * — oo together with

the definition (6.101) and the asymptotic forms at 7* — —oo with the definition

249



6.98) allows us to identify the coefficients for ,u%°"™ and ,u", giving
A A

* *
down ﬁ—sA in ﬁ—sA OsA u

sUA = sUp — ——F——— suAp, (6110>

QsA ﬁsA
* * * *
out __ WPmw QO_gpn T_gA up Q_gpn T_sA VsA in
At = P — S TosA A i 6 110)

| WPmw | /68A HsA Qs TsA MsA

The second expression (6.111) can be simplified using Eqs. (6.107), (6.108), and

(6.109) to yield:

a* a* , oF .
A (1 — o 07 ,,) Ul + —A S i (6.112)

A=
° ﬁsA QsA

out __

Spin-inversion Relations

We have already discussed the fact that either of the two sets of functions +,¥ and
4 contains complete information, and shown how they are related in Eq. (6.29).
In this subsection we review how one can compute the local value of all the variables
from knowing the local values of one of them by obtaining their transformation
properties under spin weight inversion s — —s. Teukolsky and Starobinsky have
shown that there exist relations between quantities of positive and negative spin
weight, the “Starobinsky identities”. These identities link a given solution of the
radial equation (6.62), and a solution to the angular equation (6.61) to the unique

corresponding solution with negative spin weight and are given by [208]:

L 1o Lome Limo Lome 2Owim(@) = Fom —20uim(6), (6.113)
Lm0 Lo Lhnw Lame —20wim(0) = Flm 20um(6), (6.114)
A (DE) A sRy = BCY,. s Ruim, (6.115)

Djpns —2Rim = Cgm 2 Rt (6.116)
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Here, C,y, is the Starobinsky constant given by [208]:

ICotml® = N2 Ot +2)” + 8t (5t + 6) (amw — a’w?) + 144 MW7
1962w\ + 144a°w? (m — aw)?, (6.117)

C’wlm - lem + 12ZMW7 lem - §R(C'wlm)u wlm - C—wl —m- (6118>

The constant B in Egs. (6.119) and (6.120) is a numerical factor that depends
on the choice of relative normalization of the radial functions with opposite spin
weight. With our choice for the normalization of the angular functions in Eq.
(6.64), we obtain from Eq. (6.29) that B = 4. In the remainder of this chapter,

we will therefore specialize to the case B = 4. !

The relations (6.115) and (6.116) were recently corrected by Bardeen [209], who
showed that the left and right hand side of these equations contain different linear
combinations of the “even-parity-like” and “odd-parity-like” parts of Ry, [this
decomposition is defined in Eq. (6.429) below]. Therefore, to get the correct form
of these identities, one needs to split each function (R, into an “even-parity-like”
part (RY, ~and “odd-parity-like” part ;RO . We will summarize his results here
and give a sketch of the derivation in the Appendix. The correct radial identities

are:

A (D(—)i—mw) A2|: Rgllrg—i_ 2R<ljllﬂ?} = B[ wlm —2Ru?lm +CWlm —2lengb7119>
1

D [ 2Bl + 2B00] = 5 [Cltm 2B + Cli 2RS0T (6.120)
Here,
R = R+ R Sy B = R — B Dy (6.121)

Similar results hold for the “out”, “down” and “up” modes.

UThis is also Gal’tsov’s [197] and Bardeen’s [209] convention, Sago [129] chooses B = 1.
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We can now obtain further relations between the coefficients of the scattering
states by using the in the relations (6.119) and (6.120) the asymptotic forms of the
radial modes of Eqgs. (6.96) and (6.97).

Near the event horizon, we have that

2Mr,
A

2Mr,

me ar_
Oomw — A

Dmws D — Or +

Omw

P (6.122)

where we have used that 72 +a? = 2Mr,. For a function of the form f(r)e*Pmer

we compute the following leading order behavior near the horizon:

df
’D e 1PmwT PmwT
ome f(7)e - _dre
- df  AMr, | o
PmwT _ PmwT
Do f(r)e — ( o A mew) e : (6.123)

where we have used the asymptotic form of the definition (6.75) of r*. The
corresponding expressions for Dy can be obtained by the "+” transformation
(w,m) — (—w,—m). In the following paragraph, we will omit the subscripts

wm on Domew s Prmw, and Kgne,. We can compute
Dy A* e = (AMrop) by F_gp1 F_gyg Fspy A4 7P (6.124)

Here, we have rewritten the derivative of Eq. (6.88) in terms of , defined in
Eq. (6.86). To obtain the corresponding expression with (Dg)*, just use the +

transformation on this result.

For the leading terms of R ~and ,R"™ in Eqgs. (6.96) and (6.97) we thus

wlm

obtain near the horizon:

Dy A e™ P = (AMrip) kg kg Ky A2 TP (6.125)
Az(DS’)4 A2 o A2 [Dé (A2e—ipr*):|+

= (AMryp)* Ky ky kg A2 7P (6.126)
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where we have used that from the definition (6.86), it follows that ks —w = K gmuw-

Substituting the asymptotic form of (R} for r, — —oo from Eq. (6.96) on the
right hand side of Eq. (6.149) and similarly for _ R, from Eq. (6.97), where as

before A = {wlm}, we obtain the relations
(_gp Tsn)® = 275712 2Mr )2 (k_gk_1k1) 7% (asn Ton)T,(6.127)

(Bosn v—sp)® = 2757 FIC22Mr p) 2 (k_gk_1k1) "% (Bsa vsa)®,(6.128)

(Beaa posn)® = 2°(C*) 2 (2Mryp)* (rakrki1)*? (Baa pan)®. (6.129)

The relations for the ”O”-parts can be obtained from these relations by interchang-

ing C' +— C™*.

Next, we use that for 7 — oo the operators become Dy — 0, — iw and A — 12

to compute the leading order behavior
Dy f(r)e ™" — —2iwf(r)e ™", Dy f(r)e™ — 0. (6.130)

As before, the corresponding expressions for Dy can be obtained by the 7+ rela-
beling. A similar computation as for the horizon behavior leads to the following

relations:

(B-an)® = 2°0(C) ™ (B)”, (6.131)
(a_p)® = 27°(2w) " 2C*? (o))", (6.132)
(a—sA U—SA)E - 28("}28(0*)_8/2 (asA USA)E7 (6133)

and as before, the the ”O”-parts can be obtained from these relations by inter-

changing C' «+ C™.
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6.3.5 Mode expansion of the potential for the metric per-

turbation

In this section, we give the explicit form of the potential ;® for the metric pertur-

bation. We use the two requirements on ,® discussed in Sec.(IIA):

1. The potential ;@ satisfies the adjoint of the homogeneous Teukolsky equation
for (W,

2. the Teukolsky functions 4 are related to ;@ by Eqs. (6.10) and (6.11).

We therefore make the ansatz to decompose (@ into normal modes as we did for
sV
sq)wlm = Aswlm stlm(T) sGwlm(9>€im@_th, (6134)

where the functions ;B and (G are to be determined by finding the adjoint Teukol-
sky operator for the parameter s. We can compute the adjoint operators from the
definition (6.8). It is convenient to rewrite this in terms of the scalar product of

two tensor fields ¢ and ¥ of equal rank on spacetime, which we define to be

(6.0 = / dey=g &, (6.135)

The adjoint of an operator can then be computed by requiring that

(6, Mp) = (M'¢, ). (6.136)

To compute the adjoint of the Teukolsky operator for parameter s, it is easiest to

use Eq. (6.48) in Eq. (6.136), together with the angular and radial equations in
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the form given in Eqgs. (6.71) — (6.74). Defining the operators

Oy = 09 4+ 00 (6.137)
= Y7 (Lovmwld,, + 6awcos ) + X7 (ADT, ., Dome, — Giwr)

20y = 209 1+ ,00) (6.138)
= X7 (LF,0L0 mw — 6aw cos ) + X7 (ADy,n, D3, + Giwr)

where in the last expression we have used that AD,,; = D, A, we can easily

compute the adjoint to be:
O =09 + o, (6.139)

Since the angular operator is self-adjoint, the function G satisfies the equation:

Therefore, we can choose
sGwlm - s@wlm- (6141)

For the radial function, the adjoint of the radial operator for parameter s is the

radial operator with parameter —s, so that ;B satisfies the differential equation:

D’]’:Lw stlm(r) = 0. (6142)
It follows that we can choose
stlm(r> = —stlm(T>- (6143)

As we did in Eqgs. (6.102) — (6.105), we define the complete mode functions:

B0 (17,0,0) = A —sBU (1) oSuim (0, )e™™", (6.144)
SO (t,r,0,0) = Asoim —sBop (1) Suim (0, @)e™™", (6.145)
DU (6,7,0,0) = Aguim — R0 (1) Suim (0, 0)e™™", (6.146)
DI, 7,0,0) = At —s RIS (1) oS (0, 0)e ™, (6.147)

255



where

s/2
Rin,up,out,down o A / in,up,out,down (6 148)
—s*wlm - o —sUyim : :

The constant A, will be determined from the relation of ;® to the Teukolsky
functions (W. We define, for any solution (R of the homogeneous radial equation,

the spin-inversion operators by

U0 [ BE + oROn] = Yswtm [—s B + Ostm —sBOm] (6.149)

wlm wlm

where, from Egs. (6.119) and (6.120),

UM = A2(DHA% U™ =Dl (6.150)

/4+1/2 J4+1/2 '\

s = 22077 cr)? ) 05 = , 6.151
; () (&) (6.151)
i.e. 7o = 4C*, y_y = C/4. The operators ;M .71 given in Eqs. (6.51) — (6.52)

can be expressed in terms of the radial spin-inversion operators defined in Eq.

(6.149) as:

M = 22 ) (6.152)

MO = 0. (6.153)

From these expressions, combined with Eq. (6.10) we can determine the constant
A by requiring that we recover the properly normalized Teukolsky functions W

when acting on ,® with the operator ,A/% sle. We find that

AR = 27stEymh (6.154)

s

A9 = 57t A (6.155)

ie. A =4/C and A®, =4/C*.
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6.4 Construction of the Green’s functions for the Teukol-

sky variables

6.4.1 Formula for the retarded Green’s function

The retarded Green’s function ;G,e(z,2") is defined such that if (¥ obeys the

Teukolsky equation (6.34) with source ;7
Ov =T, (6.156)
then the retarded solution is

s Wit ( d*2'\/—g(2") Gret(x,2) T (). (6.157)

The expression for the retarded Green’s function in terms of the complete mode

functions defined in previous sections is

1 1 w
sGret(J; LIZ'/) = - dwz Z e ﬁ (6158)

471 aswlmﬁswlm swilm

[‘I’L?im( ) ‘1>3‘221*( )9( 1) W () SPEE" (@00 — )]

Here 0(x) is the step function, defined to be +1 for x > 0 and 0 otherwise.

Expression (6.158) can be expanded into more explicit form by using the def-
initions (6.146) and (6.147) of the mode functions (P, in terms of the radial
mode functions, together with the definitions (6.100) and (6.101) of the “out” and

“down” modes. This gives

sGret(xux/) = m dwz Z e—iw(t—t’)

— aswlmﬁswlm ‘W|
5Sutm (0, ) sSium (0, cb)w ——(AA) 2 (6.159)

[t (1) st ()0 — 1) st (1) 07, (100 — 1)



Note that the expression (6.159) is independent of the values chosen for the nor-
malization constants ag, and Bsm, since the factor of 1/« cancels a factor of
a present in the definition (6.91) of the “in” modes, and similarly for § and the

“up” modes.

6.4.2 Derivation

We now discuss the derivation of the formula (6.159). Suppose that the source

7 (x) is non-zero only in the finite range of values of r
Tmin S r S Tmax- (6160)

Then, the retarded solution W, (x) will be a solution of the homogeneous equation
in the regions r < ryi, and r > ry.. Now, the retarded solution is determined
uniquely by the condition that it vanish on the past event horizon £~ and on
past null infinity 7. This property will be guaranteed if we impose the following

boundary conditions:

1. When we expand (W, in the region r < ry;, on the basis of solutions
et Sum (0, p) (RN (x) and e=“! .S, (0, p) {R. (x) of the homogeneous

equation, only the “in” modes contribute. Then, since the “in” modes vanish

on the past event horizon, WV, must also vanish on the past event horizon.

2. When we expand WV, in the region r > 7., on the basis of solutions

€_thsSwlm(97 90) in (:)j') and €_thsSwlm(97 90) sRup

s+ wlm wlm

(x), only the “up” modes
contribute. Then, since the “up” modes vanish on past null infinity, W,

must also vanish on past null infinity.
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We define the Fourier transformed quantities
Flw.r,0,0) = / dte ! T (¢, 7,0, ) (6.161)

and
U(w,r,0,¢) = / dte™ U (t,r, 0, ). (6.162)
For the remainder of this section we omit the subscript “ret” on ,2¥. We make the

following ansatz for the Green’s function:

>~ d Ny A
Gralo) = [~ G20 G055 8 ), (6.163)

Inserting these definitions into the defining relation (6.157) and using /—g =
Ydrdtd*Q) gives

T(w,r, 6, 9) :/ dr//d2§2' S(r',0") (Gret (1,0, 07,0, s w) T (w, 1,6, ¢).
0
(6.164)
Next, we decompose the quantities ;¥ and X,7 on the basis of spin-weighted

spheroidal harmonics:

w r, 97Q0 Z Swlm s wlm(r) (6165)

and

by Sj—(wv Ty ‘97 90) = T2 Z sSwlm(ea (P) s,j'wlm(r)- (6166)
Im

The factor of 72 is included so that the coefficients ,7_;,, reduce to the conventional
spin weighted spherical harmonic coefficients for a = 0. From the orthogonality

relation (6.66), the inverse transformations are
R (1) = / Q550 (0,0) D (w, 7.0, 9) (6.167)

and

P2 Toam(r) = / P55, (0, 0) S, 0).T (w, 7,0, 0). (6.168)
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Next, we insert these decompositions into the Fourier transform of the differ-

ential equation (6.80) and include the source term
sSwim — w_3A1+s/2 T2 sj;lm- (6169>

This gives the inhomogeneous equation

d2 sUwim
dr*2 + lem suwlm( ) = sSwim (6170)
where
Squm(r) = A(T)S/2w stlm(r)a (6171)

where the potential ;V,,,, is given by Eq. (6.81). We denote by (Gum(r*, 7*) the

Green’s function for the differential equation (6.170):

Squm(r*) = / d?"*/ sGwlm(r*u T*/) sswlm(r*/)- (6172)

[e.9]

We note that we can express the Fourier-transformed retarded Green’s function
éret(r, 0, ;1,0 ¢;w) in terms of G, as:

ret (7’*, 7’*/)

sG ~ret SL’ s W Z Swlm wlm(e/,ﬁp/)m. (6173)

We verify this by direct substitution of the ansatz (6.173) into the relation (6.164)

and simplifying using Eqgs. (6.66), (6.169), (6.172), and (6.171):

s\il(wu r, 07 @) = / drl / d2Q/7J2 Z sSwlm(ela 90/) sjz—ulm('r/>
0 Ilm

G (17, 17)
;o SsYwlm )
E Swl’ ’ wl’ ’(9 ’SD)AS/2A,S/2@’ZD/

o0 ~ G v /(,,,.* ,,,.*/)
_ 12 / N sHYwl'm )
— E / redr sSwlm(evgo) s,z;lm('r ) AS/ZA’S/wa’
o] A/ 13 sGwm *7 */
:Z/ 122 S (8, 0) D D)y 2T
. 0 w r

sowlm ASI2N\'$/ 20000
o suwlm(r*)
= 2 Sl )R

= Z sSwlm(ea QO) stlm-
Ilm
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Comparing the result in the last line with the definition (6.165) shows that the

ansatz (6.173) is correct.

We now derive the formula for the retarded Green’s function (G, (r*,7*).
From the discussion at the beginning of this section, the relevant boundary condi-

tions to impose are that

Gl (7, 7) o iy, (), 7 — o0 (6.174)
and
G (17, 7) o< gy, (r7), 17— oo (6.175)

Consider now the expression

1
ret * */ — up !/ ‘9 o
wlm(r T ) W(su“)lm’ sutﬁm) Suwlm (T) Suwlm(r ) (T r )

M0(r —7r")|, (6.176)

+ Suwlm (T) Suwlm(

where W is the conserved Wronskian (6.106). This expression satisfies the bound-
ary conditions (6.174) and (6.175) as well as the differential equation (6.170) with
the source replaced by d(r* — r*'), using the fact that the “in” and "up” modes
satisfy the homogeneous version of the differential equation. This establishes the

formula (6.176).

Next, we compute the Wronskian W (sul, | cu’? ) using the asymptotic expres-
sions (6.91) and (6.95) for the mode functions for r* — oco. This gives

1 u . w
W(Sugllm7 Suw?m) = zlaswlm 6swlmm- (6177)

Then, the retarded Green’s function for the differential equation (6.170) becomes:

. 1 1
sGwlm(T , T /) = rmm [suwlm(r) suwlm(T/)Q(T — ’f’,)

+ul (1) sul (P —r)] . (6.178)
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Inserting this into Eq. (6.176) and then into Egs. (6.173) and (6.163) finally yields
the formula (6.159).

Advanced Green’s function

The definition of the advanced Green’s function ¢G.q.(x,2’) is the analog of Eq.

(6.157). The expression for the advanced Green’s function is

00 l
w ; /
Gaae(z,7) = Z Z me—“’(t—t ) (6.179)
=2 m=-—I1

47TZ —00 —swlm ﬂ—swlm
* / / 1 N\—s
sSwlm(ea QO) s wlm(e y P ) ,(AA ) /2
ww

(st (r') ulis ()00 — 1) + suliy, (r) sl ()00 — )]

In terms of the complete mode functions, this can be written as

1 1
1
Gaay(z, 2") / Z ola = (6.180)

—swlmﬂ—swlm —swlm

BB )+ ) O )]

wlm wlm\ & wlm wlm

Derivation

The advanced solution is determined uniquely by the condition that it vanish on
the future horizon and on future null infinity. From Fig. (6.1), we see that the
relevant basis of solutions is the “(out, down)” basis. We need to impose the

following boundary conditions:

1. When we expand ,V,q, in the region r < ry;, on the basis of solutions
et S (0, 0) JROY (1) and e, S, 1 (0, ) sRIY™ () of the homogeneous

wlm wlm

equation, only the “out” modes contribute. Then, since the “out” modes
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vanish on the future event horizon,  V,q, must also vanish on the future

event horizon.

2. When we expand V.4, in the region r > r,.. on the basis of solutions
et Sm(0,0) SR (2) and et S, (0, @) Rgfl)%n( ), only the “down”

modes contribute. Then, since the “down” modes vanish on future null

infinity, (W,q, must also vanish on future null infinity.

Therefore, the advanced Green’s function has to satisfy:

G (7 1) oc ulin (), 1t — =00 (6.181)
and
G () o quGit (r), = oo (6.182)

Consider now the expression

1

out down
W(Suwlm’ Suwlm )

Gadv ( /) _

wim\T

StV () it (PY0(r — 1) + ulst (1) ul (r0(r —1')|. (6.183)

wlm

This expression satisfies the boundary conditions (6.181) and (6.182) as well as
the differential equation (6.170) with the source replaced by 6(r* — r*’), using the
fact that the “out” and “down” modes satisfy the homogeneous version of the

differential equation. This establishes the formula (6.183).

A similar computation as for the “in” and “up” modes gives for the Wronskian

w

down —swlm /G—swlm‘ |

W (s stgmm') = —2ia” (6.184)

Using this is Eq. (6.183) yields the final result in Eq. (6.392).

Note that the advanced Green’s function is simply obtained by applying the
“bar” transformation to the retarded Green’s function and taking the complex

conjugate.
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6.4.3 Construction of the radiative Green’s function for

the Teukolsky variables
Formula for the radiative Green’s function

Using the retarded and advanced Green’s function (Gye(z,2") and sGaay(z, )
discussed in the last sections we can construct the retarded and advanced solutions
sVt () and (W,qy(z) of the Teukolsky equation (6.34). One half the retarded

solution minus one half the advanced solution gives the radiative solution:

S () = < [ (2) — 0N (2)] (6.185)

N | —

Clearly the radiative solution is given in terms of a radiative Green’s function

Viaa(2) = [ d*2'\/—g(2") Graa(z,2") T (2), (6.186)

where

Crna(,7') = % oCret (2, 7) — Caanl, 27)] (6.187)

The expression for the radiative Green’s function in terms of the modes defined in

Sec. III is [197]

00 l
1 [ W 1
AN —iwt
sGrad(xax> = S /;OO dw ;:2 mE:_l | w |€ e (6188)

swlm

1
S\Ilout < (I)out * ()
() )

* wlm wlm
~ swimswlm

1 WPmw
* down down s/, ./
+ RswmTswlmT—_ gilm S\I] (ZIZ’) S(I) ([L’) .

1 l
ﬁswlmﬁiswlm |mew| wim v

264



This expression can be expanded into more explicit form as

1 > w . ’
sGra = d —iw(t=t) sSw m 0 s : 9/ '
d(xux) 877'7,/;00 w|w|€ % l ( 790) wlm( 74)0)
(A/A/)_8/2 1 out out *
woo! aiswlmaswlmsuwlm(r) e thtm (T/> (6189>
1 WPmw * own own *
+ i KswmTswlmT_swim Suf)lm (T) —Suilm (T/> .

BiswtmB qoim 1WPme|
Note that this expression is actually independent of the values chosen for the
normalization constants g, and Ssum, since the factor of 1/(asa* ) cancels
factors of a5 present in the definition (6.100) of the “out” modes, and similarly for

(s and the “down” modes.

Derivation

In this subsection, we will again use the notation A = {wlm} for convenience.

Inserting the expressions (6.159), and (6.392) into Eq. (6.201) gives

1
sGrad([L’,ZL'/) — 5 [sGrCt([L’,ZL'/) N sGadV(fL’,ZL'/)} (6190)
1 o W 1 (AA/)—S/z
- tw(t—t") x/nl !
Smi . dw‘ o ‘6 % OZSABSASSA(Q’ SO) SSA(Q y P ) J—

< [ () ()0 =) + R () P00 — )]

1 00 . ) 1 AA/ s/2
+— dwie_“"(t_t ) Z —————Sa(0, @) SH(P, @l)!

8 > ‘w | Im aisAﬂisAs ww’
X syt "(r) —sug (O — ) + ) () el ()0 — )]

1 0o ‘ ) AA/ —5/2
P dw“C:—|e_2w(t_t ) Z sSA(ev 90) SSZ(elu @Ug (6191>
o0 lm

8m J_ ww’

{ {LSU‘X"(T) ) () *(r’)} 0(r —1')

O‘sAﬂsA Of*_sAﬂisA
1 : 1 '
+ | ———uh(r) P () + ———_ Y () _uly (r } O(r' —r }
) )+ ) 0] 007 )
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Consider now the coefficient of 6(r — ') inside the curly brackets in Eq. (6.191).

We denote this quantity by Hg(r,r’):

1 . 1 .
SN (1) R (r) + ———— P (1) _gu (). 6.192
) R () () (6192)

H(r,r") =

We solve the expression (6.111) for the "out” modes in terms of the ”(in, up)”

: up,
basis for su,":

s mw 1 in % s >k—s i
e — Do e (6.193)
QA ‘wpmw‘ Rsmw TsA T_gA QA
Substituting this into Eq. (6.192) gives
WPmw 1 1 ; ;
Hs / — . n* < g/, ./
(T7 T) ‘mew| Rsmw TsA TiSA |iasAO‘*_sA o (T) o (T )
T i) () + —— i (r) ()
O‘?A Qsp O )
OsA in * in *
- (aiSA)Q —slp (T) —sUp (T/):| . (6194)

Next, we use Eq. (6.193) to evaluate

ﬁsAﬂisA ( WPmw )2

(K'smw TsA TisA)2 |wpmw|

—auy(r) suy’ (1) =

1 . . 1 ) )
W™ (r) i ’l“/ + Oun OF i) in fr,/
OésAOé*_SAS A( ) sWA ( ) OésAa*_sA sA U _sA —sUA ( ) s A( )
O-isA in ing, ./ OsA in * in %/ ./ :|
— U \T UN\T ) — —/——=_sU T) _sU T .
(asA)2S A( ) s A( ) (aiSA)g sYA ( ) sYA ( )

Using the unitarity condition in Eq. (6.109), H(r,7’) can be written as

1

Hy(r,r7") = N _oul (r) sul(r)

s —sA

WPmw Rsmw TsA TisA up * upy/ ./
_ T) sUp (T 6.195

‘wpmw‘ 6sAﬂisA A ( )s A( ) ( )

1
B a0’ ) R (r) —su™ (1)
K TeA T
WPmw Fsmw TsA —sAS down(?”) _sudown *(7,/>. (6196)

|wpmw| /gsAﬁisA
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Now the right hand side of Eq. (6.195) is explicitly invariant under the com-
bined transformations of interchanging r and 7’ and taking the complex conjugate
together with interchanging s — —s. However, from the definition (6.192) of
H(r,r"), the left hand side is invariant under combined complex conjugation and
spin weight inversion. It follows that both sides of Eq. (6.195) are symmetric under
interchange of r and r':

H(r,r') = H(r',7) (6.197)

and also satisfy

Hy(r,r") = H_4(r,r")". (6.198)

Next, the quantity inside the curly brackets in the expression (6.191) for Gi.q

is
Hy(r,7"0(r — ') + Hy(r',7)0(r" — 7). (6.199)
Using the symmetry property (6.197) together with 6(r — ') 4+ 0(r' — r) = 1, this
can be written simply as H(r,7’). Therefore we can replace the expression in curly
brackets in (6.191) with the expression (6.192) for Hy(r,r"). This gives the final

expression for the Green’s function that contains no step function:

/ ]_ o w —dw(t—t' / *
sGrad(xv xz ) = 81 / dwme =) Z SSwlm(07 @) SSWlm(e ? (‘0/>

8

—© Im
(A/A/)_S/2 ]' out out *x/ ./
U r) _su r 6.200
o aiswlmaswlms wlm( ) sYwlm ( ) ( )
1 wp
+ M R Tawlm T gotm sUsgm () —suGgm® (")

BiotmBE qoim 1WPme|
We depart from Gal'tsov [197] in the derivation as follows. He considers the
Green’s function for the metric perturbation, while the result of this section is
for the Teukolsky function (we will obtain from this the tensor Green’s function
in the following section). We directly substitute the form of the advanced Green’s

function (6.392) determined in the last section, while Gal’tsov uses the reciprocity
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relation Gaay(x,2") = Gre(2',z). To simplify the quantity that is analogous to
our coefficient H(r, "), he uses the “denormalized” radial mode functions, so that
his manipulations on this quantity do not involve the constants a, and 3. Both

approaches lead to the same final result.

6.4.4 The inhomogeneous potentials

The retarded and radiative fields ;¥

Using the expression (6.159) for the retarded Green’s function together with the
integral expression (6.157), we can compute the retarded field (W, (z) generated
by the source ;7 (z). For the case we are interested in, ;7 (z) will be nonzero only

in a finite range of values of r of the form
Tmin S r S Tmax- (6201)

For r > rpax only the first term in the square brackets in Eq. (6.159) will contribute,

and the function 6(r —r’) will always be 1. This gives, using the definitions (6.157)

and (6.135):
Upls) = oodw—” e—iwtzil R (1) «Simus (0, )"
s ¥ret 47'('7, - |w‘ — QSWZmﬂszms wlm s~ lmw )
o [ 4V ) e T,
swlm
— L/oodww Z 1 SR (1) sSime(0 )e—iwt
I A I e A
L
(I)out / Tab
() B ) T)
S Oodw S0 W (2) r>r (6.202)
ATi B |w| wlm s * wlm ’ max; .
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where the amplitude ;Z%}* is given by the the following inner product:

1
I = = (oTh, O T, (6.203)
Aswlm
Similarly for r < ry;, we obtain
down in
S\Ijret(x 47_” O‘sﬁs Z/dw wlm S\II ([L’), 7 < Tmin, (6204)
where
own 1 own a
JZdow ——14*1 (471, @down aby, (6.205)

Then, from the expression (6.201) for the radiative Green’s function, together

with Eq. (6.185), we obtain the radiative field:

Wra(z) = - ZZ[ 20 U () (6.206)

87” —swlm Aswim

1 WPmew

down down
Kswm Tswlm T swim 2. W ()
6swlm 6—swlm ‘mew| s e swim

wlm s *wlm

All of these expressions depend on the amplitudes ,Z°% and ,Zdown,

Radiative metric perturbation

The important property of the radiative metric perturbation k9 is that it is a
solution to the linearized Einstein equation in vacuum. We can therefore use the
results of Secs. (II) and (IIT E) to construct k3 from the Teukolsky functions.
From Eq. (6.206), we can write down the formula for the radiative potential ¢®@,q:

1 > w ou ou
sPraa(2) = o / o ZZ[ T B () (6.207)

—swlm Aswlm

1 WPmw
6swlm /g_gwlm ‘mew ‘

* down down
Rswm Tswim T_gulm SZ wlm S(I)wlm ( )
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Acting on Eq. (6.207) with the operator STJb(x) gives the radiative metric pertur-

bation:

Zout hout ( )

o
hz%d(f) 83’(’@/ ZZ wim lab wim\T

1=2 m—I |: —swlm Aswim

1 wpmw d d
Rswm Tswlm TjSW m sZwO:nvn haovxglm . (6.208
/Gswlm /g—swlm |mew| : ! ! bl ( ) ( )
Here, we have defined the mode functions
(@) = Tl () O (2), (6.209)
hgy Ui (1) = Jlb( ) (Pdown (7). (6.210)

One can verify that acting on Eq. (6.208) with (M®(z) reproduces Eq. (6.206).
As discussed at the end of Sec. II A, the subscript s that is present in Eq. (6.208)
serves to indicate which gauge we are using to compute hy,. The final result for
the Carter constant evolution will be expressed in terms of inner products and will

be gauge independent.

Note here that using Egs. (6.209) and (6.210), we can write the amplitudes

Zout ,down

wlm as

1

Zout ,down

wlm A*

swlm

(pout-down —paby (6.211)

ab wlm >

6.4.5 Harmonic decomposition of the amplitudes
Geodesic Motion
The equations of geodesic motion in Kerr decouple if we use the Mino time pa-

rameter A\, which is related to proper time 7 by

1
dX = wdr. (6.212)
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The equations of motion are

2
(3_0 = Vi(r) = [B=’ —aL.]" = A (@ + K), (6.213)
N ) = K- 2Beos0 (6.214)
) T TR Tz T T '
dy a’L, w? L,
(ﬁ) = Vir(r) + Vip(0) = — A tTof (K_1)+sin29' (6.215)

The parameters ¢ and A are related by:

dt ot o, L, w?
= Vir(r) + Vip(0) = E {K — a”sin 9] +al, (1 — K) (6.216)

It follows from Egs. (6.213) and (6.214) that the functions r(\) and 6(\) are
periodic; and we denote their periods by A, and Ay. We define the fiducial motion
associated with the constants of motion F, L, and K to be the motion with the
initial conditions 7(0) = rpi, and 6(0) = Oyin, Where i, and O, are given by
the minimum values of 7 and 6 for which the right-hand sides of Eqs. (6.213) and
(6.214) vanish. The functions #()\) and #(\) associated with this fiducial motion

are given by

()
/ oy (6.217)
Tmin :l: ‘/7‘(71)
_ =\ 6.218
Amin :l:\/ ‘/9(9) ( )

From Eq. (6.216) it follows that
A
HA) = to + / dt' (Vi ()] + Vial6(2))) (6.219)
0

where ty = t(0). Next, we define the constant I' to be the following average value:

I 1 [P A
[=— / AtV [F(t)] + — / dt'Vie[0(t)). (6.220)
A, 0 Ay 0

Then we can write ¢(A) as a sum of a linear term and terms that are periodic:

t(A\) = to 4+ DA+ 0t(N), (6.221)
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where 0t(\) denotes the oscillatory terms in Eq. (6.219).

To average a function over the time parameter A, it is convenient to parameter-
ize r and 6 in terms of angular variables as follows (this parametrization was first
introduced by Hughes [189]). For the average over 6 we introduce the parameter
X = x(A) by

cos?O(\) = z_ cos? y, (6.222)

where z_ = cos?f_ with z_ being the smaller root of Eq. (6.214) and where
3 = a*(1 — E?). Then from the definition (6.218) of § together with Eq. (6.214)

and the requirement that y increases monotonically with A we obtain

Z—if = \/ﬁ (z4 — z_cos? x). (6.223)

Then we can write the average over A of a function Fyp(A) which is periodic with

period Ay in terms of y as

1 [
(Fp)n = ™ dNFp(N)
0 Jo
27
Ay Jo VB (z4 — 2_ cos? x)
where
27 1
Ny = (6.225)

dx )
o VB = o)
Similarly, to average a function F,.(\) that is periodic with period A,, we introduce

a parameter £ via

p

S .22
1+ecosé’ (6.:226)

r

where the parameter ¢ varies from 0 to 27 as r goes through a complete cycle.

Then,
dg
o= P(¢), } (6.227)
PO = (o) [ (6:229
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The average over \ of F,() can then be computed from

Jy" de/P(e)
Now, a generic function F, g[r(\), 8(\)] will be biperiodic in A: F, g[r(A+A,), 0(A+

(6.229)

Ag)] = Fr[#()\),0(\)]. Combining the results (6.224) and (6.229) we can write its

average as a double integral over x and £ as

o[r(€), 000)]
(Frohx = AN / / dg\//g (24 — z_cos? ) P(§)

We will use these results for the averages below to compute the time derivatives

(6.230)

of the constants of motion in the adiabatic limit.

Amplitudes

For the case considered here where the source is a point particle on a bound

geodesic orbit z(7), the energy-momentum tensor is

T(x) = /dT\/_g(S(‘l (x — 2(1)). (6.231)

For bound geodesics, the amplitudes ;7% and ,Z%"" can be expressed as

discrete sums over delta functions:

LI = S 2 ). (6.232)
k,n=—o00
Here,
Wik = MQ + kQy +1nQ,; Q= <V*F°>A, Q= % Q, = jﬂr (6.233)
The formula for the coefficients Zinin, 1S
- F2ALTMA9 im0 gisminto / Ar X, /0 fo Ay TN nL) —imA, (Ar)
x T mAPe (o) pimin At () giwmin Ao Ro) 13\ ) | B(\g)]
X (R [r(A\)] 05, [0(06)] sTapuu®[r(N), 0(Ne)]. (6.234)
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6.4.6 Derivation

We start by inserting the expression (6.231) of the source 47 (x) into the definition

of (ZM given by Egs. (6.203) and (6.135). This gives an expression consisting of

wlm

an integral along the geodesic of the mode function:

sZ%%Zu/ﬁTJ$MVUHsZmWﬁ%wUﬂJ””s%w%ﬂﬂﬂﬂﬁi9ﬁhwﬁﬂ
(6.235)
We next change the variable of integration from proper time 7 to Mino time A and

use that
t(A) = to+TA+ At(N) (6.236)
©(A) = @o+ (Vo)A + Ap(N) (6.237)
Then,

A l07;11,2,) _ ,u/e—imapoeiwto / d)\eiA(wF—m(V¢>)E[r(>\)7 9(}\)]e—imA@T€—imA<pg

oo

eiwAtreiwAtg out * [T()\)] * [6()\)] sTabu“ub[T()\), H(}\)] (6238)

—s57 wlm s~ wlm
We now define the function of two variables
Tty Ng) = ™m0 gioto g=imApr(Ar) g =imdgg (Ag) giwltr (Ar) giwAto (Ag)
S[r(A), 0(Ng)] —s RO “[r(N)] s05,m[0(N)] sTapu®u[r(N),0(N)].  (6.239)

wlm s~ wlm

When this function is evaluated at A, = A\g = A, the “out” amplitude is given by
R 3?751 = /d)‘sjwlm()\, )\)ei(Fw—m(VW)' (6240)

Note that the function gJ (A, Ag) is biperiodic in 7 and 6:

stlm()\r + Ar> )\6) = s wlm(>\7’a )\9)7 stlm()\ra )\0 + AG) = s wlm(>\7’a )\0) (6241)
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Therefore, the function 4/, can be expanded in a double Fourier series:

stlm )\7”) )\9 Z lemkne (ko Ag+n 0y )\7), (6242)

k,n=—o00

where the coefficients ;J ;1 are given by

1 ’ Ao .
slotmin = $—— / d\, / drge T F0ratnedn) (7 0 (A D). (6.243)
rilf 0

Inserting the Fourier series (6.242) evaluated at A\, = Ay = A in the definition of

$Z°" gives

o(.)zlllrs% Z/d)‘ i (w=midp—k@g —n, )stlmkn (6244)
27
= Z?é(w wmkn)stlmkn- (6245)
kn

Note that it follows from the harmonic decomposition (6.232) that for geodesic
sources, the continuous frequency w and the discrete indices [, m are replaced with

the four discrete indices k, n, [, and m. In this context the operation
w——w, m—-m, l|—=I (6.246)

associated with the symmetries of the functions (R, and ,S.;, is replaced by

the operation

k— —k, n— —n, m— —m, [ — 1. (6.247)

Dependence of the amplitudes on parameters of the geodesic

This dependence is derived and explained in detail in [40], we cite the result here.
The parameters characterizing the geodesic are F, L., Q, tg, ©o, Ao, Ago. We

write the dependence of the amplitude on these parameters as

Zout Zout (Ea Lza Q7 t0> ©0, )\T07 )\90)- (6248)

Imkn — “lmkn
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For the fiducial geodesic associated with &€ = F, L., or @), we have ty = ¢y =
Ao = Ao = 0. For this case we can simplify the formula (6.234) by setting ¢,
and g to zero, by replacing the motions r(\) and #(\) with the fiducial motions
#(\) and A()), and by replacing the functions At,, Aty, Ap, and A, with the

functions t,, tg, O, and @y. This yields

27.(.“ Ar A9 ) ) .
SZlO’I’LY?;CTL(E7 sz Q, 07 O, 07 O) _ / d)\r / d>\6) ezl"(ngAe+nQr)e—zmgor(>\r)
FATAG 0 0

e~ 80 (N0) giomintr () gilwminto Qo) SR (X ) A(Ag)] Ou im0

RO 17(O)] aranti®a [0, B(0)] (6.249)

=5t wmEnlm

b

The term 7,,u%u’ can be expanded into more explicit form by using the expressions

(6.40) or (6.41) for the operator 47, and writing the four-velocity in terms of the
components on the tetrad. The results are known explicitly, and can be found, e.g.

in Drasco and Hughes.

For more general geodesics, the amplitude Zp ~depends on the parameters ¢,

Yo, Arg and Mgy only through an overall phase. We have

27.(.“ Ar A9 ) ) .
SZlO’I’LY?;CTL(E7 sz Q, 07 O, 07 O) _ / d)\r / d>\6) ezl"(ngAe+nQr)e—zmgor(>\r)
FATAQ 0 0

« e—imsée(Ae)eiwmknfr(Ar)eiwmknfe(Ae)E[f(Ar)’Q(AG)] S@kanlm[é(Ae)]*

X RO TR (O] sTaptul[F(N), B(Ng)]. (6.250)

=8 Y enlm

and thus

s lonlﬁcn(Ev LZ7 Q7 tOv %0, )‘7“07 )‘90> = eiXZMkn(topo’)\rO’)\GO)Zlonl;;gn(Eu LZ7 Q7 0, O, 0, O),

(6.251)

where

Ximkn(t0s 0, Aros Ago) = T [kQgAa0 + 1Mo + m (Sr(—Aro) + Pa(—Ao) — ©0)]

~

—Wyken [Er(=Ar0) + ta(—Xg0) — to] - (6.252)
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This formula can be derived by substituting the expressions given in Sec. (IVB)
for the functions At,, Aty, Ap, and Agy into Eq. (6.232), making the changes of

variables in the integral
A —=A=X—=Xo,  Ao— X=X — Ao, (6.253)

and comparing with Eq. (6.249). Finally we note that the phase (6.252) and

amplitude (6.251) are invariant under the transformations

)\TO — 5\7»0 = )\7»() + A)\ (6254)

o — Ao = Ao + AN (6.255)

that correspond to the re-parameterization A — A + AX. This invariance serves
as a consistency check of the formulae, since we expect the invariance on physical

grounds.

6.4.7 Expressions for the time derivatives of the constants

of motion
Time averages

Let &€ be one of the three conserved quantities of geodesic motion, E, L, or (). For

the purpose of evolving the orbit we would like to compute the quantity

<%>t, (6.256)

that is, the average with respect to the Boyer-Lindquist time coordinate ¢ of the
derivative of £ with respect to t. However, the quantity that is most naturally

computed is the derivative with respect to proper time 7, and the type of average
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that is most easily computed is the average with respect to Mino time A. In this

section we therefore rewrite the quantity (6.256) in terms of a Mino-time average

of d€/dr.

In the adiabatic limit, we can choose a time interval At which is long compared
to the orbital timescales but short compared to the radiation reaction time'?. Then,

to a good approximation we have

dE\  AE
<E>t -2 (6.257)

where A€ is the change in £ over this interval. Now let A\ be the change in Mino

time over the interval. From Eq. (6.221) we have
At = I'AX + oscillatory terms. (6.258)

Now the oscillatory terms will be bounded as At is taken larger and larger, and

therefore in the adiabatic limit they will give a negligible fractional correction to

deN _1AE
dt/,  TAX
1 /d€

= f<5>A, (6.259)

where the A\ subscript on the angular brackets means an average with respect to

At. Hence we get

A. Note that using the definition (6.220) of I" we can rewrite this formula as

dEN  (dEJdN),
(%), = G (0:200)

Finally we can use Eq. (6.212) to rewrite the Mino-time derivative in Eq. (6.259)

in terms of a proper time derivative. This gives the final formula which we will

12 A natural choice for At is the geometric mean of the orbital time and the radiation reaction
time; this is the time it takes for the phase difference between the geodesic orbit and the true
orbit to become of order unity.
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use:
d€ 1 d&€

Formulas for the energy and angular momentum fluxes

In the following, we will use the shorthand notation V' = {knim}, and

00 l

j{: j{: j{: >y (6.262)

k=—ocon=—o00 [=2 m=-—I

For the case £ = E, L, we find:

d€ 1 Wmnkn Wmkn out out |2
(%) - & o] LD 157
14
i WmknPmkn Bdown | SZ‘C}OWH |2 ’ (6263)
|wmknpmkn‘

where the coefficients B,y are given by

*
Bout o AsV Bdown o AsV Tsv T_gy Rsmw
sV ) -

s , 6.264
Asy Of*_sv v ﬁsVﬁiSV ( )

and
am

mkn — Wmkn — .
Pk VI @)

Using the relations for the spin-inverted coefficients, we can rewrite the coefficients

(6.265)

as
C -
B;)‘l}t _ 2S+2<2w)280_(38/4+1/2)(C*)_s/4+1/2 (asEV>2 + E(O‘S\/y (6 266)
Derivation

The energy and angular momentum can be written as the inner product of a Killing
vector and the 4-velocity:

£ = Eu” (6.267)
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where { = —0, for F and 5 = 0, for & = L. Taking a time derivative and using

that for a Killing vector, V(,&g = 0 gives:

d
é =1’V (Eu®) = uu’Vgé, + £’ Vu® = Eua® (6.268)

where a® is the 4-acceleration. In the adiabatic regime, the self-acceleration is

given in terms of the radiative field as
1
0% = =5 (9" + u?) (2Vshiy! = Vhi) wiu® (6.269)

Inserting this in Eq. (6.268) gives

€

1
— = 5 (&) (0 Vshi —w ' Vh) (6.270)
& L d 1
_ B Ié] rad ¢ rad
= — (g —|—§u ) I hﬁ,y + 2u“’u§ \: h (6.271)
8 d ~ 7, rad 1 ~,,0 7 rad ¥l B rad 7y
- —ga uh57+2uﬁuuh + (¢ +5u)h6,ya
1
+Eaa Mt ugu) + U RSAVPTS (6.272)

To leading order in p, all the terms except the last term in (6.272) can be neglected
because they are either a total time derivative (and so the change in £ over an
interval from 7 to 75 associated with these terms will oscillate but will not grow
secularly with time and thus will be smaller than the contribution of the last
term by Ty /Tinspira) OF they are proportional to a® and hence higher order in pu.

Dropping all these terms and substituting (6.261) gives

d& 1
<E>t = ﬁ@fﬁuvuévﬁhfﬁsd)x (6.273)

The radiative field can be written as

ra Wmkn 1 ou ou
hpt(x) = SMZZ . 1+pP>[—Z oty ()

|kan| AsAO_gp

WmknPmkn TSVT—SV Rsmw down 7 down
+ JZdown pown )} | (6.274)
|wmknpmkn| /88‘//8—5‘/ bV
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Using that the operator £¢*V, gives a factor of iw or im when acting on

sﬂxu;lfdown then gives
d&€ 1 Wmkn Wimkn BO
ad - = sV Syl hout
(%) = 5 T e |Gz )
rkenDimkn Bdown
Sk Az (Sl b () (6:275)

|wmknpmkn | ASV

From the decompositions of the amplitudes, (6.239) and (6.240), it follows that

we can write

_(Zuaub ST;[b S(I)?/OWH)[ZQ(A)] _ Jout* ()\’ A)e—i)\(f‘w”mn—m(V(p))

w m
sV i

;L}_‘

_ Z Jout*lmk’ e —ZAF(wmkn—ka’n’) (6276)

Wimkn

and averaging will result in collapsing the sum to 00,7, so that

1

(Sl O = T2

Wmpnlmkn —

r
—Zu 6.277
7 (6277)

and we obtain the final expression

<§> — % Z Wmkn Wmkn out | Zout |2 WmknPmkn Bdown | Zdown |2
a |wmkn | |wmknpmkn |

(6.278)

Time derivative of the Carter constant

The final result for the time derivative of the Carter constant is

Wmkn out out out * WmknPmkn down down rrdown *
dt 47T2 § Bo¥ zgnt Zgntx 4 mknlmkn pdown gdown gdowns |

|wmkn | |wmknpmkn |
(6.279)
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where the new amplitude Z down i given by
~ 27w Ar Ag
SZOUt — —Zm(po W knto d)\ / d)\
v AN, € / ‘

X {gmkn[%ke)] JrC?(NW))ar}E[T(A ), 0(X0)] 5By [r(A)]

X 075 [0(N)]sTapuul[r(Ay), B Ng)] et (Koo )
x @ ImAPr(Ar) o =imAGe (o) pitwmien At (Ar) gitomn Ao (No) (6.280)
with
Imkn (A A) = % (—@’E + aL.) (0 wymkn — am) (6.281)
G\ N = iAu,. (6.282)

Following Drasco and Sago [?], the result (6.280) can be written in terms of just

the untilded amplitudes as

dK wmkn out out |2
(55 = ot (o s |

|wmkn|
_I_MBdOWH H ks | SZSOWH |2 ’ (6283)
|wmknpmkn‘
where
1
Hyppn = _<A (@’E — aL.) (@°wmin — am)) + nl'Q,. (6.284)

The expressions for the time derivative of the Carter constant have a similar struc-

ture as those for F and L, and are independent of the parameters ¢y, g, Ao and

Ao-

Derivation

The Carter constant K = Q + (L, — aE)? (where Q is the separation constant for
the r and € motions in Kerr) can be written in terms of the Killing tensor and the
4-velocity as

K = K“uqug (6.285)
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where

K = oxn1len® 4 p2geb, (6.286)
Taking a time derivative of Eq. (6.285) and using the Killing tensor equation
Vi, Kap = 0 gives

dK
= u'V, (Kaguauﬁ) = uo‘uﬁu”V@Kaﬁ) + 2Kagu°‘a5 = 2Ka5u°‘a5 (6.287)

Substituting the formula for the self-acceleration in the adiabatic limit gives

dK Q, (03 ra (0% ras
o = (K By + Kuﬁ) (Qu”u Vahmd —u'u Vghwfl)
dh
= — (2K*%u, + Ku®) u”d—fy + K“ﬁuauvu‘svﬁhﬁd (6.288)

~ Ko‘ﬁuaV5 (hf%du“*u‘s) + h*Puy, (u”u‘SV(;Km — K”‘SUVV(;uﬁ) (6.289)

where in the last line we have integrated by parts and neglected all terms that are
total derivatives with respect to 7 and all those that involve the acceleration a®.
The second term here can also be neglected, which can be seen as follows. The
important property we need is that for Kerr geodesics, u, = u,(r), ug = ug(#) and
u; and uy, are constant. Then, Vsug = Vgus and we can rewrite the second term

as

h*Bu,, (uvu‘SV(;Kﬁy — K”‘;uVVguﬁ)
= hPug (Wu'VsKg, — VK + K"usVgu, + v’ u' VKos)

= h*%u, (—uuV Kgs + K"usVu,) (6.290)

where in the second line we have used the Killing equation V5K, = 0. Compar-

ing the left and right hand sides, it follows that they must be zero.
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Thus,

dK 1
<ﬁ> = f@KWuavghg%dum% (6.291)
t

Wmkn ou ou o ou
— 27rzF Z | [BS  Z3M (SK“Pua Vg uuPhoy )

Wmkn |

_'_MBCIOWH ZdOWH<EKOC6uavIB uaubhggwél)A . (6292)
‘kanpmkn|

To evaluate the amplitudes (K “buavbucudhzg%d )y, we start by simplifying the
operator K**u,V,. Using expression (6.286) and the definitions of 'and 7 in Eq.
(6.25) gives

KMu, Vo = Yl%uan’V+ Snu l’Vg 4 r di (6.293)
T
1
= 3 (——E+ur+ NG ) (@°0, — AD, + ady)
1 2 w? a 5 d

= % (—sz + aLz) (w28t + a8¢) — Au,0, + 7’2% (6.294)

We now define a new amplitude Z by

2 *
2o = S (RKPu, Y gutu® (h) ) (6.205)
FASV

Substituting Eq. (6.294) gives:

i, = 2 <2 {%( E +aL.) (= wmkn—am)]
sV

d
—Au,0, + rzd—} uCu? h‘;‘jt‘}k> (6.296)
T A

Consider the contribution of the term involving r?d/dr :

2T
I

d out *
< 22d7’ hcdtV>

2r , d
;T(d)\ (r*ucu® Q") — 2rAuuu® 2NN, (6.297)
where we have integrated by parts with respect to A and used that dr/d\ = Au,.
Neglecting all terms that are not leading order in y this gives

@ c, . d hout *2 ﬁ 4

= (uut R 2r o)y = (g rAu) (6.298)
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The amplitude then becomes

JZount - — r 1 <Z [i (—@’E + aL.) (@ wpkn — am)

bmkn DA, A
i, 0, + 2Z;A ] ul hg;;tv*> (6.299)
A
= 2%;;‘/ (SGomin(A, Nucud hey'F + SG(A, A)duu hg(‘i‘t‘f>§‘6.300)
where we have defined the quantities
Gk Ay Ng) = % (—@°E + aL.) (@ wmkn — am) + ézzmur, (6.301)
G\, Ng) = iAu,. (6.302)

Following Drasco and Sago [?], we can further rewrite this expression by noting
that 2r = 0,2, so that if we combine the term 2ir Au, in G, with the derivative

term, we can move the factor of ¥ through and obtain

L zout < G (A, \) Sucudhost »

Imkn — PA:V
+G(A N0, [Suu? hgy' 1), | (6.303)
Imikn( A A) = % (—wQE +alL ) (w Wik — am) ) (6.304)

Using the definition of the amplitudes in Eq. (6.211), the expression for the

time derivative of the Carter constant can then be written as

K 1 Wmkn = w

o out out out * mknPmkn down down rrdown *

T T o | B B R Bl 2 7
% mkn mknPmkn

(6.305)

The dependence of the amplitudes SZ}%OWH on the parameters of the geodesic is

-4 27T ) ) . Ay Ag
sZ own __ —1MPQ L, iWmknlo d)\r d\
A VW VA A A ’

{ Goten A Aol + GO Ae)ar} {2 (ucud oot Row s@v)*} (), 0(0)]

6iF(ng)\g+nQ7«)e—imAgDT-()\’,«)e—imAng ()‘B)eiwmknAt’r“ ()‘T')eiwmknAtG (o) ) (6306)
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Note in particular that the dependence of SZV on the parameters ¢y, ©o, Ao and Agg
via an overall phase is the same as that of the amplitudes ;Z,, so that as expected
in the adiabatic limit, the time derivative of the Carter constant is independent of

these parameters since they cancel out.

We can simplify the expression (6.306) to look like that given in Ref. [41] as

follows. Consider first the result of differentiating with respect to A,

d
d,

i { [Zucudh(cjzlltv*] [T()\r)a 9()\6)]6iF(ng)\g+nQ7«)e—imAgpr-()\r)e—imAcpg()\g)

eiwmknAt'r ()‘7‘) eiwmknAtG ()‘9) }

= {iAu,ﬁT —I'nQ, +m (Vr — (Vi) — Winkenn (Vir — (Vi) Eucudh‘;}t\}k

% ezr(kﬂg)\g—l—nﬂr) e—zmA¢r e—ZmA¢9 elwmknAtr elwmknAtG . (6307)

Here, we have used the following expressions for various derivatives:

dr
o Au,, (6.308)
dAg, = Vo= (V) = e (wQE —alL ) — (g (wQE —alL )) (6.309)
dA, o o A ? A e '
dAL, w? w?
d)\r = ‘/;57‘ — <‘/t7“> = K (w2E — CLLZ) — <K (sz - CLLZ)>. (6310)

Now, the left hand side of (6.307) will vanish when we integrate over a radial
period, and we can use (6.307) to substitute for the r— derivative in (6.306) and

combine terms to obtain an expression without any derivatives:

SZXut = 727T ¢~ meo giwmpnto / " dA, / v d\g
FATAG 0 0
1
HmanUCUdA—* v [r(Ar), 0(N)]
sA

X 6iF(k90)\0 +n) e_imA¢r' (Ar) 6_imA¢0 (Mo) eiwmknAtr (Ar) eiwmknAtG ()‘{B 31 1)

27T C ou *
_ P H e (SuCu®hoyt 1) (6.312)
= Hyppn 237, (6.313)
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where

Hyppn = —% (@’E — aL.) (@°wmkn — am)) + nl'Q,. (6.314)

Using Eq. (6.313), we can rewrite the time derivative of the Carter constant in
terms of the same amplitudes as for £ and L, and the average (6.314) over the

geodesic as

dK 1 Wink [ WmknPmk
)\, = mEn B(s)uthkn szout 2 4 MENLMRN B;iownHmkn deown 2
Ca = 2 2 e [P Hoin | 2 [ e B B e | 27 |

(6.315)

6.5 Comparison of the notation to other conventions

The various coefficients defined in this chapter are related to those defined by
Hughes [189], in which s = —2 throughout, as follows. The variable x5 we define
is related to Hughes’ € by

VM@ 2 e (6.316)

Ke =
° 4Mr+pmw Prmw

The various amplitudes B and D defined by Hughes correspond to the following

combinations of our variables:

e L (6.317)
V2Mr i |pmw|
ou Q50
Bout W (6.318)
in Qs
Dt = Outts __ &P (6.320)
V 2MT+‘pmw| |wp|
D" = bove  wp (6.321)
V 2MT+‘pmw| |wp|
o] Qs
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6.6 Two-timescale method

6.6.1 Analysis of the O(¢) Einstein equation

In this section, we use the methods of [200] [also Chapter 5] to give an explicit

prescription for computing the leading order waveform.

We restrict the analysis to a region whose extent in time covers the entire in-
spiral time Tipspiral ~ M /e and whose spatial extent is u < r < M/e. A global,
consistent solution is obtained by matching in a common domain of validity to
solutions obtained by different types of analysis outside of this regime (e.g., black
hole perturbation theory for a small black hole for » ~ p and, at large r, matching
on to an outgoing wave solution. We will show below that the matching to an
outgoing wave solution is not necessary at leading order). Because we restrict the
domain to r < Tiuspiral, We can take the foliation to be a constant-time hypersur-
face that intersects the worldline. We exclude the case when the source exhibits

resonances.

We make the following ansatz for the metric:

gos(t,'se) = g (o', 1) + ehgy(q', T a) + 2R (g’ T a'). (6.323)

Here, t = et, and the dependence of gi(;) on t is an implicit dependence that arises
because the parameters of the black hole Pp(t) = [M(%),a(t)] (its mass and spin)
are assumed to be slowly evolving due to the absorption of gravitational radiation
(since we restrict the discussion here to the leading order, it is sufficient to assume
that Pp depend on 7 only, see Ref. [200]). As discussed in Ref. [139], the leading

order Einstein equation reduces to the standard equation for Kerr at fixed ¢, so

that the f—dependence of ¢(*) is unspecified at that order but will be determined at
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the next to leading order. There is no ezplicit dependence on t because we assume

0/0t to be a timelike Killing field.

The functions ¢;, for i = 1,2,3 = r, 0, p, are coordinates on the three-torus

given by the following asymptotic expansion at fixed ¢:
1 - -
g = £ + 70 + 0, (6.324)

they are the angle variables obtained from the analysis of the orbital motion after

eliminating proper time 7 in favor of .

The mathematical meaning of Eq. (6.323) is that it is an asymptotic expansion
as ¢ — 0 holding ¢, f; and 2’ fixed. The dependence of the metric on the ¢’ is
assumed to be 2m-periodic, and this periodicity is what leads to unique solutions

at each order in €.

The differential equations we obtain below that determine the leading order
gravitational waveform are similar to those obtained from usual black hole per-
turbation theory, except that they are equations at fixed ¢ on a six-dimensional
manifold with coordinates (2, ¢.(t), go(t), g»(t)), where ¢;(t) are coordinates on the

three-torus.
We use the Newman-Penrose null tetrad to write the background metric as
gy = =200 + 2mi my ), (6.325)

where the superscript (0) denotes the unperturbed quantities. As discussed in
Ref. [139], if the covariant derivative acts on a function of ¢;, ¢ and 2%, it can be

expanded in a double expansion on the six-dimensional manifold as

vV, = VOO 4, [vg“) + Vi) ] +O(). (6.326)
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The type of double-expansion we are using here is such that a quantity with a
superscript (n, m) will contain n factors of h(!) and m derivatives with respect

to ¢, as well as derivatives with respect to f; that involve the angular frequency

dfi™ Jdt = Q™ ().

We can use the expansion in Eq. (6.326) to obtain a similar expansion for the

Riemann tensor:
Ruea = Rige) + (RGID] + RG219)) + O(). (6.327)

The first term here is just the Riemann tensor of the Kerr background at fixed ¢

on the larger manifold. The second term in Eq. (6.327) is given explicitly by:
1
REY = L (VO0T000) 1 w000 _ vengon) - ooy )

(0,0)¢
Rab[c hd le” (6328)

We will analyze the piece R b d separately in Ref. [139]; it corresponds to non-

radiative degrees of freedom and schematically, it involves derivatives of the form

RGN ~ (040 0. & T ) (8gur/0Pg) (dPp/di).

The ten independent tetrad components of the Weyl tensor Cp.q can be written
as five complex scalars g . .., 194 by contracting Cy,.q with the basis vectors in all

possible nontrivial ways:

wO _ abcdlamblcmd, ¢1 — abcdlanblcmd
1
w2 — _§Cabcd (lanblcnd _I_ lanbmcm*d) ’
¢3 - _ abcdlanbm*cnd7 ¢4 — abcdnam*bncm*d- (6329)

We choose the background tetrad so that [ and 7© are along the repeated
principal null directions of the Weyl tensor. There is then only one non-vanishing

unperturbed Weyl tensor component in the background:

o) =0 =y = =0, @) £0. (6.330)
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We define the variables

W (g, 1,27y = MPORG) (i, 1,2 (6.331)
¢(()1) _ —Cézlfc?i) 13(0) 13b(0) 1¢(0) pp d(0) 5 =2,

(¢§0))_4/3 %(11) _ _(wéo))—4/306(Ll1)£l)na(o)m*b(o)nc(o)m*d(o)’ s — —92.

The operators ;M®©® can be read off by projecting Eq. (6.328) along the tetrad

as in Eq. (6.331) and using the expansion of hf;)) in terms of the tetrad vectors:

hGy = b nany + hOlly + h mimg + b cmemy, — b ngms,
—hip Ly, — B Lamyy — b)) gy, (6.332)

Here, we have omitted the superscripts (0) on the tetrad legs.
The master variables ;¥ (g;, ¢, 2%) satisfy the Teukolsky equation

OO W (g 1 2%) = ax 7O (g, F, 2, (6.333)

where the operators 37'52) and ;0O satisfy the schematic identity

TOGEORO] = 0O O, (6.334)

We use the Kinnersley tetrad in Boyer-Lindquist coordinates given explicitly in
Eq. (6.25) and define the angular and radial differential operators £ and Dﬁo),

for the integers s and n as

l

L, = —iasin HQEO)afi + 0p — mdo + scotd, (6.335)
2 2n(r — M
D, = %ng)aﬁ. +0, + %QD + 7n(TA ) (6.336)

In terms of these operators, the differential operators that project the source term

are given by Eqgs. (6.40) and (6.41).
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The differential operator ;O when acting on a function f = f(g.,%, %) can
be written as

,00 =x-1 0O, (6.337)

where the operator ;[0 is given by

4 2 4AM
00 = {%—aQ sin” 9] (QEO)%) - AWQEO)(%Q@

1 a’\ o 1 s+1 1 :
+ (sm—29 - Z) a(p + E&, (A 8,,) + w@g (sm 909)

Iy a(r — M) N icos®
A sin? 0

M 2 _ 2
{% — 7 — iacos 9] 0oy, (6.338)

} Oy + (52 cot? § — s)
+2s

where, QEO) = fi(o) /dt. As discussed above, this differs from the usual Teukolsky
operator in that it is a differential operator on the larger, 6-dimensional manifold
at fixed #. For notational convenience, we will include the factor of ¥ in Eq. (6.337)

with the source term and write the decoupled master equation (6.333) as
00 0 (g, f, 2 = TV (g;, 8,27, (6.339)

where ;7 is given by
T =47y O M) (6.340)

Separation of variables

We now specialize to the homogeneous version of the Teukolsky equation (6.339).

The Teukolsky operator in Eq. (6.338) separates into a radial and an angular part
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as follows:

o0 — g0 o qoo (6.341)
a0 e = éar (A%+1,) + % [—w4 (20, + 202°0" 3,0, — 0?32

2D 22000, 4 a,)

—4srQV8;. + a? (ngaﬁ)z — 2000, 0, + 5 + || (6.342)
a0 © = Shlwag (sin 00) — a* cos® 6 (ng)ﬁﬁ)z + csc? 007

—2ias cos HQEO)ﬁﬁ + %% — s*cot? 0 — |s|. (6.343)

To obtain separable solutions, we make the ansatz
Ui, = sR(r),0(0)e™me e, (6.344)

Explicitly, kjq; = kyqr-+koqo+Fkyq, with ¢; = fi(o)(f)/sjtfi(l)(f)+O(5). Substituting

the ansatz (6.344) into the homogeneous version of Eq. (6.339) and keeping only

the leading order term QZ(-O) in the expansion of df;/dt results in the two equations:

1 d (. d© 9 o\ - m? (0)
0 = T (sm@ 70 ) + [a (l{:ij ) cos“f — sin29_2akaj scosf
2 0
el eotg+a- |0, (6.345
1 d d R K92 _ 9is(r — M)K")
- - AS+1 s mk mk Ai -Q(.O) .
0 Asdr< dr)+ A + disk; 7 — A
2 ©)? 0
—a* (1,0 ) "+ 2amk, 0 + 5+ |s| | JR. (6.346)

Here, Ay (ak;€2;) is the separation constant and we have defined

K,SSI)( = ka(O)w2 — am. (6.347)

J

The solutions to Eq. (6.345) are the real functions ;0y,, (aka§0), 6) that are regular

on [0, 7]. In what follows, we do not show the dependence of ;O (0) on ak:jﬁg-o)
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explicitly. The angular differential equation (6.345) is invariant under the trans-
formation (s, ka§0),m) — (=s, —ka§0), —m) holding A fixed, so we can choose

the relative normalization to be:

s@klm(e) = —s@(—k)l(—m) (9) (6348)
The functions

Swam (0, ) = €™ O (0) (6.349)

are the spin-weighted spheroidal harmonics, and we can choose them to be or-

thonormal:
/d2Q SSf;lm(H, QO) SSkl/m/(e,QO) = 511/5mm/. (6350)

Following Galt’sov [197], we make the phase choice:

sSklm(ﬂ' - 9, ™+ (p) = (—1)l_sSklm(9, QO) (6351)

Basis of modes

The radial equation (6.346) can be simplified by defining the tortoise coordinate
r* by

dr*/dr = @w*/A. (6.352)
We can express r* as

2 — 2r_ —r_
R G PO A : (6.353)
T —7r_ 2 Ty —T_ 2

where

re =M+ VM?—a? (6.354)

are the two roots of A(r) = 0. Introducing the variable ;u(r) defined by
JR(r) = A2 u(r), (6.355)
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the homogeneous radial equation can be written as an effective potential equation

d* u .
O — W -+ stlm su(r ) (6356)

The effective potential 4Vig, is complex (it is real for s = 0) and given by

2 1
stlm - (k]Q§O)) +_4

[—4aMrmka§0) + a?*m? — 2is(r — M)K(O)]

w
A1y 2 r— M)?
+g 4@7’ka§0)8 . )\klm + |S| _ a2 (k]Q§O)> :| _ 82%
A 2A2
+—5 (4Mr —3r* — a*) + 3;8 : (6.357)

In the limit r* — —oo (r — ry), the past and future event horizons the radial
potential becomes:

Nadm = Do, 75— =00, (6.358)

where we have defined the quantities p,,x and kg, by

_ -Q(.O) o am ‘
Pmk k82 M, (6.359)
is(ry —r_)
ok = 1——T =7 6.360
o M7 o, (6.360)
The solutions of the radial equation near the horizon are of the form
: . o 1
su(r) oc eEPmitiam™ — \E8/2eipmicr [1 +0 (—)] : (6.361)
T

In the limit of * — oo (r — o0), past and future null infinity, the potential

has the asymptotic behavior

2 2isk; Q0 1
V= (@Qf’) + % +0 (72) : (6.362)
so the radial solutions are of the form
su(r) o pFs ik (6.363)
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We define the (“in”, “up”) basis of modes to be those with the following asymp-

totic behavior:
(

Tsklm(£) | pmk(g) |_1/2 A_S/2e_'ipmkr*7 r* — —00,

i = s (D) § | R QO @) |12 [0 (6.364)
~ ; (0), .«
+0'sklm(t>r_selkjﬂjo " i| ) r* — 00
\
and
( 7 1—1/2 k; 80 (D) p e (D) N AS/2,0 *
|pmk(t) | m [,U/Sklm(t>AS ePmkT
J m
Uy, = Betam(t) +Vgiam () AT/ 2e=Pmicr™ || r* — —00,
~ e . () *
| kaE'O) (f) |72 st r* — 00.
\

(6.365)
The modes (6.364) and (6.365) are similar to those defined in standard black hole

perturbation theory except for the following properties:

1. The scattering, transmission and normalization coefficients depend on the

slow variable ¢, i. e. they are constant only at fixed ¢.

2. They depend on the frequencies kjﬂg»o)(f) rather than w.

Noting that the effective potential Vi, of Eq. (6.357) has the symmetry

—sVm = sVkim, we can define another basis: the “out” and “down” modes

Ui = —sUklpy, (6.366)
Ui’ = sl (6.367)

with the following asymptotic behavior:
(

(0) | o) |72 A2 o

*
T_skim

out

sUkim = a*—sklm(t) | ]{Z]Q§O) (E) |_1/2 T_seika;O)(E)T* (6368)

~ Y (0) (7,5
+ Uisklm(t)rse Zk]Qj (t)r s r* — oo
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and

’ ~ ~
| pyac(£) |71/ 527 Opmic(®) (147 g A2 Pt

16,20 pac(B)] L kIm
down * s _ ) .
sUkim = /G—Sklm(t) + Visklm(t)Asﬂezpmkr } ’ r — —00
" > ( ) F\ ok
| RO (E) |72 e O, P — o0
\
(6.369)

See Fig. (6.1) for an illustration of the asymptotic properties of the two bases of

modes.
We now define the following complete Teukolsky mode functions:

s\I]i?lm(Qiafaraea S0) _ 6—ikjfj(f) A—s/2w—l Suil?lm(r) SSklm(Q’gp), (6370)
0 (g, 0,0) = e LD ATl (1) Swm(0,0), (6.371)
Wi (T 0,g) = e EOAT T g (1) S0, 9), (6:372)

ST (g 80,0, 0) = e MHO AT qdomn(ry S0, ¢). (6.373)

Retarded Green’s function

The Green’s function ,G(z,2') is defined such that if ;¥ obeys the Teukolsky

equation (6.339) with source ;7
L0 9W (g 12 = ,TW (g, 1, 2Y), (6.374)
then the solution is

JTW (gt 2" = /d3q£ i/ —g(2) Gl b, 2", g, T, 2") TV (g, ¥, 2").
(6.375)

Since the variables f; are periodic with period 27, we can expand the various
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functions in Fourier series:
T (g, t,2") = I ah)e 0, (6.376)
k

where k = (k,, kg, k) and the Fourier coefficients are given by

P 1 2w . -
s,]i(l)(ta T 9? 90) - (271')3 /0 d3q elqujsT(l)(qn ta r, 97 QO) (6377)
and
P 1 2w . ~
T (Er0,0) = (2r)? /0 d*q 0 0 (g, E1,0, ). (6.378)

Here, we have used that ¢; = f; + O(e).

We make the following ansatz for the Green’s function:

Glg,t, o', gt 2") = Z e_ikj(qj_qg')sék(r, 0,07, 0, ¢ 1). (6.379)
Kk

Here, we have used that £ = ¢’ since we specialize to a t =const. foliation.

Inserting these definitions into the defining relation (6.375) and using /—g =

Yisin @ gives

~(1)(f, r,0,p) = /OO dr//d2§2’ S(r',0") (Grer(r, 0, ;17,0 o' 1) 5’21(1)(5, 0.
: (6.380)

We will omit the superscript (1) on W and 7 for the remainder of this discussion.
Next, we decompose the quantities ;W) and 3,7 on the basis of spin-weighted

spheroidal harmonics:

(7,0, ) = Z Siam(0,¢) s Rim (1) (6.381)

and

by sjic(fa r, 97 QO) - T2 Z sSklm(ea SO) sjiclm (T)a (6382)
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and we insert these decompositions into the Fourier transform of the differential

equation (6.80). This gives

d2 sUkim «
a2 + sViam sttiam (") = sSiim, (6.383)

where

sUm (1) = A(r)s/zw sRiim (1), (6.384)

the potential ¢Vig,, is given by Eq. (6.357), and the source term is
sSklm = w_3A1+S/2 T2 s,jiclm- (6385)

We denote by (Gim(r*,7*') the Green’s function for the differential equation
(6.383):
suklm(r*) = / dr*’' slem(r*a T*/) ssklm(r*/>- (6386)

— 00

We note that we can express the Fourier-transformed Green’s function

Gi(r,0, 937", 0,5 %) in terms of Giay, as:

~ b r)
sGrot k x ,th Z Sklm Sklm(e ) )AS/I;A/TW (6387)
We now derive the formula for the retarded Green’s function Gy, (r*, 7).

Suppose that the source 7 (z) is non-zero only in the finite range of values of r
T'min S r S T'max- (6388)

Then, the retarded solution W, (x) will be a solution of the homogeneous equation
in the regions r < ryi, and r > ry.. Now, the retarded solution is determined
uniquely by the condition that it vanish on the past event horizon £~ and on
past null infinity 7. This property will be guaranteed if we impose the following

boundary conditions:
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1. When we expand (W, in the region r < ry;, on the basis of solutions
Ui (g, 2t t) and (W,F (g;, 2%, 1) of the homogeneous equation, only the “in”
modes contribute. Then, since the “in” modes vanish on the past event hori-

zon, (V. must also vanish on the past event horizon.

2. When we expand V. in the region r» > 7.« on the basis of solutions
SO (g, 7', t) and (U (g, 2%, 1), only the “up” modes contribute. Then,
since the “up” modes vanish on past null infinity, V., must also vanish on

past null infinity.

Consider now the expression

re ko k 1 u in
s kltm,(,r , T /) = W(sUi?lm, Sutlg)m) |i8uklljm(,r) Suklm(rl)e(r - T/)
i) (000 =19 (6.3%9)

where W (#) is the conserved Wronskian. This expression satisfies the boundary
conditions listed above as well as the differential equation (6.383) with the source
replaced by 0(r* — r*'); using the fact that the “in” and “up” modes satisfy the
homogeneous version of the differential equation. This establishes the formula

(6.389).

Next, we compute the Wronskian W (su%, . cull ) using the asymptotic expres-

sions (6.91) and (6.95) for the mode functions for r* — oco. This gives

) , - - kQ(f)
W s n 5y S P - 2 skim t skim t ]7'& 6390
(Ui sUyepm) 10kt (t) Boim )\kaj(t)| ( )

Inserting this into Eq. (6.389) and then into Egs. (6.387) and (6.379) finally yields
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the formula

00 l
1 Z B i ion
SGFC (qhx qu t . E E )" —c ? J(qJ qj)
t 2Z k 6sklm( ) V@QJ(T/”

=2 m— asklm

sSklm(ev (,0) sSltlm(elv ¢,>%(AA/)_S/2 (6391)

/

5 1) i ()00 = 1) () i, ()6 = )]

Note that the expression (6.391) is independent of the values chosen for the nor-
malization constants g, (f) and Begm(t), since the factor of 1/a cancels a factor
of a present in the definition (6.91) of the “in” modes, and similarly for § and the

“up” modes.

The expression for the advanced Green’s function is

[e's} l -~

ZZ 3 1 2 (D)

sGadv(qul' ql,l' t . — _ [t AN
k = —Sklm(t)ﬂ—sklm(t) |kaj (t)‘

1=2 m——la

1
e—zk 7;—4}) Sklm(e )sSIilm(Q/a@/)F(AA/)_sm

[sticim” (") sty (M)O(r" — 1) + s, (1) st (r')0(r —1")] . (6.392)

Using the retarded and advanced Green’s function ,Gre (g, ¢}, 2";t) and
sGaav(¢i, 7', ¢}, 25 1) discussed above, we can construct the retarded and advanced
solutions \Ifget(qi, 7', t) and S\I/g:i)v(qi,xi, t) of the Teukolsky equation (6.339). One

half the retarded solution minus one half the advanced solution gives the radiative

solution:

: ~ 1
s\I]rad(xlv i, t) =

3 [ (2!, g, 1) — U (2!, g;,7)] . (6.393)

The radiative solution is given in terms of a radiative Green’s function
S\I]rad('r qis ) /d3 ' d3$, V _g(I,) sGrad(xia Qi>Ii,> qu E) ST( 7q7,7 ) (6 394)

where

[sGret(Qiu xiv qza xi/; E) - sGadv(qi7 xiv qza xi/; ll:)} : (6395>

N —

sGrad(in xia qiv xi/; ‘l:) =
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The expression for the radiative Green’s function is

i (f)

. o 1 k. : /
sGra 3l Za /'> Z,;t = - —L I _ij(qj_qj) SS m 97 SS* 9,, '
algi, o', g, 2”5 ) 4z'zk:|k:j(2j(t)\e %; wm (0, 9) sSkm (0 ¢)

(/A 1

ww’ aisklm(g)OéSklm(a

Uity (1) Ui " () (6.396)

’iskasklm(g)Tisklm(g) k; Qjpmk down( ) down *(7,/>
Bt (D5 g (B) ] * 7

Using the expression (6.391) for the retarded Green’s function together with
the integral expression (6.375), we can compute the retarded field (W, (q;, 2", 1)
generated by the source T (q;, x,1). For the case of interest here, ;T (¢;, 2°, ) will

be nonzero only in a finite range of values of r of the form
T'min S r S Tmax- (6397)

For 7 > 7. , only the first term in the square brackets in Eq. (6.391) will con-

tribute, and the function 0(r — ") will always be 1. This gives, using the definition

(6.375):
iy, s P (1) 5Siie(60, )
s\Ijre LU qzv Zk]q] "~ t :
t 2’L Z Z | Oésklm(t)ﬁsklm(t)
1 ki, !
2n)? / ar / d*2'/=g B (1) oS (0'9)e™ N 7 (2) T (q), 1, 2")
k<

;() Zo8 (1) JULP (g, 1,27, (6.398)

" 20 4 aaan(i )ﬂsklm()‘kJQJ(~) |7

where the amplitude ,Z9 (%) is given by the the following inner product:
ST (8) = (78, _ Ryt Swame %99, T), (6.399)

where the angular brackets denote the scalar product on the 6-dimensional mani-

fold. For two tensor fields ¢(27, g;, ) and (', ¢;, ) of equal rank it is given by:

. . . . 1 2 . . . .
(000", 0.0). 90" D) = 53 / &z / g G G (@ g, B) V(i ).
(6.400)

302



Similarly for r < r,;, we obtain for the retarded field

1 1 k€ (1) o
S\I]re ) t7 - R ! - ZdOWH v 27 i7t )
t(q z ) 27, Z % aSklm(t)/@sklm(t) | kaj( ) | kim ( ) klm(x q )

where

Ty (€)= (1), R S (0@ ) Hiu T, (6.401)

Similarly, from the expression (6.395) for the radiative Green’s function, to-

gether with Eq. (6.393), we obtain the radiative field:

t~ 1 ou ou
s\Drad QZat [L' 47, ZZZ | k’ Q E |:Oé* Zkhsv,( ) \Ijklrtn( )

_skim @skim

1 k’ ijmk
ﬁsklm /B—gklm |k 2 pmk|

Rskm Tskim Tisklm SZI??TV);H( ) \I]ﬁ(l)TV:Ln(x)

All of these expressions depend on the amplitudes ,Z2" () and ,Z0oV ().

Amplitudes

In this subsection, we show that the amplitudes ;Zyn = 2k, ko, im contain a term
Ok,,m, 1. e. that there are only four independent indices k,, kg, [, m just as in the
standard formalism. From the treatment of the orbital motion in Ref. [200] [and

Chapter 5], it follows that the orbital phase ¢(t) can be written as
)+ Z Oy, (Jy, D291 = q (1) + 6¢(qa, 1), (6.402)

where we use the notation of Ref. [200] to denote k4 = (k;, ko) and g4 = (¢, qo)-

The particle’s stress-energy tensor is given by

ugly [ dt
Ty = n <

- %)_ 5 (r = r(qaD)) 6 (0 — 0(aa D)) 6 (9 — p(p an 1))

(6.403)
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Here, u, = [~EO@0),uw”lgr 1,0’ (0.8, L) and (dt/ar) = O +
Zz'kAQES)TkA(J/(\O))exp[z'kAqA] + O(e). Substituting Eq. (6.403), together with
Eq. (6.402) into the expression for the amplitude in Eq. (6.399) and using the

definition of the inner product in Eq. (6.400) yields

Ziim () g [ dg, | &Pz _ RD" [r(qa,t)] Owim [0(qa,1)]
ngo(q@ qa,t) —2k¢4¢ ZkAQAS( ) (6404)
Pqs | dPr Ry [1(ga,1)] sOwim [0(qa,1)] ¢imoelaad)

zkAqAS (g, ) O, m- (6.405)

Here, we denote S(qa,t) = sTapuu’.

Waveforms

For 7 — 00, the quantity p*_,¥() = @DS) is related to h(%) by

1 2
¥ =2 (ng)ﬁﬂ) (h$> - m@) . (6.406)
For any multiply periodic function f and for any vector v = (vy,...,vy), we

define the quantity Z, f by

(Zf)a) =) Z.kfl_‘ve"k'q, (6.407)
k20

where fi = [dNge=™®9f(q)/(27)" are the Fourier coefficients of f.

Using Eq. (6.407) in Eq. (6.406) gives for the waveform

hY — i) = 270 Zgw pt ¥ W, (6.408)
and substituting the expression (6.402) with s = —2 we obtain the explicit formula
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for the radiative fields

oo
(1) rad .7 (1) rad A 1 1
0 g, 7.0 = L33

f}/gi‘;m (tN) 4 out g} f?gz\évfg (tN) 4 down 7o
—— p" W (@it 2t + = pt U (a1 |
W3 41 (1) fal B3t aim (1) fal
Here, we have defined the following coefficients
~ /{JAQA( ) + mf) ( ) 1 ~
out out
Veoml(t) = 22 im 6.409
aim(?) | kaQa(®) + mQ () | iov g m(®) A (), (6.409)
]{ZAQA(E) + mS) (E) 1
down down
Aydown (f ~ - — o/ 6.410
~down [’ [kAQA(tN) + mQ (E)]pmkA (tN) n n * down
. ~ o ym (£) g it o (F) Aydown
kAlm( ) |[kAQA(t) +mQ ( )]pmkA(t)‘H 2k a ( ) T—2kyl ( ) T2kAl ( ) rYk:Al ( )
The retarded fields are given by a similar expression, namely

[e%S) [e%S) l
[hg_l) ret . Zh(xl) rc‘c](qi’{7 fL’Z) — Z ZZ - 1

N\ 2
ka=—o00 =2 m=l <]{ZAQ(0) (t> + mQEPO) (t)>

out (f down
rYkAlm(t) 4 up g fykAlm(t) T
= P \Il m(ql7t7 ) + ~ _2\II m(qi,t,x ) .
Bataim () fal a—2kAlm(t) !

Note that, as discussed below Eq. (6.391), this expression is actually independent

of the normalization functions o and j3.

In the limit r — oo, p* — 7% and using Eq. (6.365), the leading order

behavior of the radial function _oR"P is
- 0) O]
oR™ — B | kAQQ (0) + mQ(0) [7V/? 3 ilFa0ma? | (6.411)

The leading order retarded waveform at r — oo then has the behavior
1 [e'e) [e'S) l 1
1) oo .7 (1) o0
DI 0 0 7))’
ka=—o0 =2 m=l (kAQA (t) + mQy (t))

out tN T o)
5aQ0 (V)kimg(o i 290 ) -],
A m

This shows that at this order, no matching at large r is required o read off the

(6.412)

asymptotic waveform.
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6.7 Appendix: Sketch of the derivation of the Teukolsky-

Starobinsky identities

In his derivation of these identities, Bardeen follows Teukolsky and Press [208] and

considers the asymptotic behavior at infinity for an ingoing solution

i — / dw " oRY,, 20 um(0)e e ™ (6.413)
m

Here v = t+7r* is the advanced time coordinate we already used in the discussion of
the asymptotic behavior of the “in” modes. The asymptotic forms of the relevant
Newman-Penrose quantities in the limit » — oo, v = fixed, are given in Appendix
B of [208]. Working to leading order in 1/r, one can combine the perturbed

Newman-Penrose equations to obtain (see [208, 209])
Ly Lo L1Ly 2V =640 o0 +24V2 MO? Ly 7P, (6.414)

where 7P®% means the linearized perturbation to the spin coefficient m. Next,
taking the complex conjugate of Eq. (B2) in [208] and using the result in their Eq.
(B5) gives that
1
2 Ly 7 = —=0, 50", 6.415
S0 (6.415)
Combining Eqgs. (6.414) and (6.415) gives the final result
L1 Lo Ly Ly oW —12M0O, 20" =64 07 0. (6.416)
The mode expansion of ,W* is the complex conjugate of Eq. (6.413):

LU = / dwz 2R 507, ()™ e, (6.417)

In order for all the functions in Eq. (6.416) to have the same phase factor e~ time,

we reverse the signs of w and m in Eq. (6.417) and rewrite it as:

LU = / dwz R 5y —2Otm (0)e 7™ (6.418)
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where we have used the fact that the angular function is real and satisfies Eq.
(6.348). The function o R™ 5 satisfies the same differential equation as the func-

—wl—m

: in
tion o R,

[as can be seen from Eq. (6.56) or (6.81)], but the key result of Bardeen
is that these functions are not equal. The relation (6.416) then becomes:

—iwv+im in
/dw E € v {‘C—lmw ‘COmw ‘Clmw £2mw 2@wlm 2Rwlm

lm

+12Miw 30 2Ri(ri*w)z(—m) }

wlm*

— Z e~ WUt (64 W) 5O _o R (6.419)
Im

Next, we use the fact that Teukolsky [206] has shown that the angular functions
satisfy the relations (6.113) and (6.114). One can verify these as follows. Equation
(6.113) can be reformulated with the aid of Egs. (6.71) and (6.72) to be:

2mw

‘C—lmw ‘COmw ‘Clmw £2mw (‘C—lmw £+ — baw cos 9) 2@wlm

= ('C—lmw L3,

2mw

— bGaw cos 9) »C—lmw ,C()mw Elmw ﬁgmw 2@wlm- (6420)

This expression, and the corresponding relation obtained from the “4” transfor-

mation (w,m) — (—w, —m) are equivalent to

»C—lmw »COmw Elmw £2mw 2®wlm = F—2wlm —2®wlm

‘Ctlmw ‘Ca_mw ‘Cf—mw ‘C+ @wlm - F2wlm 2@wlm- (6421)

2mw —2

The (real) coefficients F» and F_5 can be determined using the normalization

integral for the functions O, [we chose both 90, and _20,,,, to be normalized
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to unity in Eq. (6.66)]:

F22wlm - F22wlm/ —2®wlm sin 0df
0
= / (‘C—lmw 'COmw ‘Clmw £2mw 2@wlm)2 sin 0d0 (6422)
0
= / 2®wlm »C —1mw ‘Ca—mw Eii_mw E;_mw »C—lmw »COmw »Clmw £2mw 2@wlm sin 0d0
0

= F—2wlmF2wlm/ 2@wlm sin 6do
0

= F—2wlmF2wlm7 (6423>

where in the second line we have used integration by parts [which is equivalent to

using Eq. (6.48)]. This establishes that
F_ovim = Fouim = Fom. (6424>

Working out the algebra for the operator in Eq. (6.422) yields [208]: F? ==

wlm

|Com|* — (12Mw)? = (RC 1, )?, where C.,, is given by Egs. (6.117) and (6.118).

We now use the relation (6.113) in Eq. (6.419), which leads to the radial

relation

/ dwz eI 0O { Ftm oRY,, + 12iMw RS

= (64 w") 2R} (6.425)

Noting that asymptotically, Doy, 2P0~ 2w 0™ = and using Egs. (6.117)
and (6.118), Eq. (6.425) is equivalent to

/dwz —iwv+ime —2@wlm {4 DOmw _9 wlm (6426)

= §R(C'wlm) 2Rgllm +1 %(Cwlrn) 2Rl(n_::)l(_m)} .

Taking the complex conjugate of Eq. (6.419), and relabeling (w,m) —

(—w,—m) in order to have the same phase factor, using the expressions (6.68)
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and (6.69), and finally using the angular relation (6.114) gives:

/du) Z e—iwv—l—irmp 2@wlm {4 ngw —2Ri(ri:;)l(_m)

= R(Cutm) 2R Sy +1 S(Cuotm) 2RY, }. (6.427)
We can rewrite this using the parity operator and Eq. (6.67):
/dwz pP 6—iwv+img0 —2@wlm {4 Démw —2Ri(ri:;)l(_m)
im
(6.428)

§R(CL.)IM) 2Rl(n_:)l(_m) —|—Z \9 wlm 2lem}

We will ultimately be interested in the sum over p = +1. We now define

O — — R 5 my- (6.429)

wlm

R

in B in *
Rwlm — wlm+ R (=m)> sttwlm

Then we can combine Eqs. (6.427) and (6.428) to obtain:

4 DOmw —2Ri§lln];: = Cwlm 2R¢ijlln]?a p = +]-, (6430)
4Dy, 2Ry, = Ch, 2R, p=—1, (6.431)

or
4 Démw [ 2Rgllrr}? + —2Rglm?} = [Cwlm 2Rwlm + C* 2Rgll"?] . (6432)

The above derivation can be repeated for any other radial solution and will lead
to the same result. Since the solution in the asymptotic limit at past null infinity

uniquely defines the solution everywhere, these relations are valid everywhere, not

just asymptotically.

The other pair of equations (6.120) and (6.114) can be obtained from Egs.

(6.119) and (6.113) via the transformation (w,m) — (—w,—m). The radial equa-

tions (6.73) and (6.74) show that R_,,_,, satisfies the same differential equation

as A7 _ R . Using this fact and the symmetry (6.348) establishes the result
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