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GROUND STATE SOLUTIONS TO HARTREE-FOCK EQUATIONS
WITH MAGNETIC FIELDS *

C. ARGAEZ AND M. MELGAARD

ABSTRACT. Within the Hartree-Fock theory of atoms and molecules we prove existence of
a ground state in the presence of an external magnetic field when: (1) the diamagnetic effect
is taken into account; (2) both the diamagnetic effect and the Zeeman effect are taken into
account. For both cases the ground state exists provided the total charge Zio; of the nuclei
K exceeds N — 1, where N is the number of electrons. For the first case, the Schrodinger
case, we complement prior results [8, 7] by allowing a wide class of magnetic potentials. In
the second case, the Pauli case, we include the magnetic field energy in order to obtain a
stable problem and we assume Ziotr? < 0.041, where « is the fine structure constant.
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1. INTRODUCTION

Within the Born-Oppenheimer approximation, a molecule consisting of N electrons interact-
ing with K static nuclei in an external magnetic field B = curl A, defined via a real-valued
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2 C. ARGAEZ AND M. MELGAARD

vector potential A = (Aj, Ay, A3) is in Schrodinger’s quantum theory described by the fol-
lowing molecular Hamiltonian (the so-called non-relativistic Schrodinger operator) acting on

the space of antisymmetric functions A" $° with $° = L?(R3; C),
L
Hyza4=3 > —Aur, + Ve, (1.1)
=1

1.),P,,(.?),Pf,(~§)), P( P(m = —1i0 (m) Am(rj),

J

where —A 45, is the square of —iV 4., = (Pﬁ
and the Coulomb potential V is given by

Vo= Valr)+ Y Velrj—rp). (1.2)

1<j<k<N

where

ka Z |?°’ — Vee(r') = 1/|7'| (1.3)

with 7, Rj, denoting the coordlnates of the jth electron and kth nucleus respectively, and
Zy, > 0 the charge of the kth nucleus. The total charge of the nuclei is Z;,; = 25:1 Zp. A
magnetic field has two effects on a system of electrons: (i) it tends to align their spins, and
(ii) it alters their translational motion. The first effect appears when one adds a (Zeeman)
term of the form o - B to the Hamiltonian with o being the angular momentum vector
associated with the electron spin, while the second, diamagnetic effect arises from the usual
kinetic energy (—iV)? being replaced by (—iV —.A)%. Above we have taken into account the
second effect but we shall also consider the molecular Pauli operator, taking into account
both (i) and (ii),

A:%mu( > Velr; - )+Zven(rj>>ﬂz (1.4)

1<j<k<N j=1
where the Pauli operator IPE;{)

P — [G'j ) (—ivrj _ A(’rj))}Q _ (—inj _ A(Tj))2 Iy —o; - B(r;), (1.5)

with o; = (04, 0y, 02;) being the triple of Pauli spin matrices satisfying the anti-commutation
relations. Specifically,

0; = (0aj, 0yj,025) = (( (1] (1) )j, ( (z) _02 )j, ( (1) _01 )j) (1.6)

The Hamiltonian Py, z 4 operates on the Fermionic subspace of the Hilbert space @M $, with
9, = L*(R3; C?). The Fermionic subspace A" §, consists of all antisymmetric functions.

For the reader’s convenience we aim to make it easy to navigate in the paper, in particular
distinguishing between the Schrédinger and Pauli cases throughout the paper (even within
proofs) by using superscript, respectively, subscript for entities (spaces, operators, functions,

is given by
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etc) related to the Schrodinger case, respectively, Pauli case; except for expressions related
to energy, where superscript will be used throughout.
We impose the following conditions throughout the paper.

Assumption 1.1. Suppose
(i) Schrodinger case. A € LT(R3R)3 + L¥(R%R)3, 2 <7 <w < 6.
(ii) Pauli case. A € LS(R*R)3, V- A=0and B € L*(R%R)3.

The fundamental task in computational quantum chemistry, needed before addressing other
questions, is to determine the ground state and the ground state energy, i.e., the mini-
mum of the spectrum of Hy z 4 or, equivalently, EXM(N, Z, A) = inf{ EM(T,) : T, €
He, | Wel| p2msvy = 1}, where EFY (Vo) == (Ve, Hy 7 4Ve) p2mavy and ¥ € He := AV HY(R?);
H. (R?) := H4(R?; C) being the “magnetic” analogue of the standard Sobolev space H'; see
Section 2. If the minimum is attained, then the minimizer W, is a ground state. Equivalently,
the ground state energy of the system is defined by

EPM(N,Z, A) = infspec (Hy z.4), H=HP (1.7)

where spec (Hy z 4) denotes the spectrum of the Hamiltonian Hy z 4. Quantum theory, in
particular determining EH%M(N , Z,A), is however too hard for both theoretical and numerical
studies. One of the classical approximation methods for determining EH%M(N .Z,A) is the
Hartree-Fock theory, introduced by Hartree and improved by Fock and Slater in the late
1920s [25], which consists of restricting attention to simple wedge products Wy € Wikater,
where

yySater _ { U € He : 3P = {pp}1<nen € Cn, Vg = det (d)n(rm))} (1.8)

1
VNI
with

Cy = {(D = {¢n}1Sn§N7 ¢n € HL(R?’), <¢m7¢n>ﬁ’)s = 5mn7 1<m,n< N} ; (1'9)

where the orthonormality constraint is understood in the sense of Hermitian matrices.The
form of the wave function becomes apparent by writing it out in details, viz.

oi(r1) - dil(ry)
. . .
VNI

det(dn(rmn)) = (1.10)

\Ije(rh"' 7TN) -

1
Vv N!

¢N&"‘1) ¢N(‘7‘N)

In the wording of Quantum Chemistry, a function of the form (1.10) is known as a Slater
determinant, and the ¢, are called molecular orbitals.
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If Ug € W then (U, Hy z 4¥s) =: £5(V¥s), where the (Schrodinger) Hartree-Fock func-
tional £3(-) is given by

E (o1, - ,¢N) = E&(Vg) = (Vg,Hy 7z 4¥s)

= - V adn(r)]*d Ven d

Z Vagu(r)fFdr [ Valr)ptr)ar
/ / i LGl (1.11)
R3 JR3 |7'_7'I’

D(r,r') = ) 6u(r) dulr) (1.12)

Here

is the density matriz, and

= |ou(r) (1.13)

is the density associated to the state Wg. In contrast to the linear Schrodinger theory finding
the Hartree-Fock energy is a nonlinear variational problem:

Definition 1.2 (The Hartree-Fock ground state). Let Z = (Zy,...,Zk), Zr > 0, k =

1,..., K, and let N be a nonnegative integer. The magnetic Hartree-Fock ground state
energy is
E* = E*(N,Z,A) :=inf { £5(Vg) : g € Wi}, (1.14)
If a minimizer exists, i.e., there exists some Vg such that
E(Vg) = E°, (1.15)

then it is said that the molecule has a magnetic Hartree-Fock ground state described by Wg.

For the molecular Pauli Hamiltonian Py z 4 in (1.4) , the (Pauli) Hartree-Fock functional is

- .
A = 53 N (9 A v

<‘IJS7 (Z ‘/en T] + Z >> \I]S>
1<j<k<N L2 (R3N;(C2N)

1
a2

|B( Pdr, g e Whater (1.16)

where we have added the magnetlc field energy (a being the fine structure constant) in
the second line, a modification to be explained below, requiring B € L?(R3;R)3 and the
admissible set M,, of (¥, A) consists of the Slater-state wave functions Wg € W (for
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precise definition in Pauli case, see Appendix A) and the unique class of vector potentials
for which V- A =0, and B € L*(R3; R)? [9], resulting in

B \} . v c WJSVIater

My = {(A) " Ae LSR%R), V-A=0, BeL*R%R) } (1.17)
We add the field energy in order to obtain a stable physical model [17] (further explanations
are provided at the end of Section 3). Note that the study of the Pauli operator is complicated
by the fact that zero modes exist [21, 4]. When no magnetic field is present, the Hartree-
Fock minimization problem (1.14) was studied by Lieb and Simon in [18] . Under the
condition that the total charge Zi, = Zle Zj, of the molecular system fulfills Zi, +1 > N,
they proved the existence of at least one minimizer, i.e., a Hartree-Fock ground state. The
mathematical requirement Z + 1 > N expresses that the total charge of the nuclei should
be sufficiently positive to ensure that the IV electrons are localized in their vicinity. Prior to
[18], the Hartree-Fock equations were studied by more direct approaches, yielding less general
results (see the references in [7]).The proof in [18] relies on variational methods applied to
the Hartree-Fock energy functional and, in particular, the weak lower semicontinuity of the
functional in the Sobolev space H!(R3)". One property is instrumental in the proof: The
infimum in (1.14) is unchanged if Cy is replaced by

C]%f = {(I) = {Cbn}lSnSNv Pn € Hl(Rg)a <¢ma¢n>ﬁs < Omn, L<m,n <N } ’ (1'18)

with the analogue of WX denoted W2'Her being defined via CJSV. That is, if the orthonor-
mality constraint in (1.9) is substituted by ng Grm®n AT < 6n; henceforth called the relazed
constraint. The property enables one to, first, prove the existence of a minimizer to the re-
laxed Hartree-Fock problem and, second, one proves that the latter minimizer does, indeed,
satisfy the original orthonormality constraint.

The novelty of the present paper is to establish the existence of a Hartree-Fock ground state
for a wide class of magnetic fields both within the Schrodinger theory and the Pauli theory.
The main theorem, valid for neutral molecules and positive ions, is:

Theorem 1.3. Let Assumption 1.1 be satisfied. Suppose the total nuclear charge Zyo =
Zszl Zy. satisfies Zioys +1 > N. Then:

1. Schrédinger case. There exists a minimizer D) of £5(-) on the admissible set M®; see
Definition 3.1. The density matriz D) is a N-dimensional projection and one can write

D (rir') = du(r)dn(r) (1.19)

with ¢, € H(R3;,C), n =1,..., N, orthonormal, such that the component orbitals ¢, satisfy
the magnetic Hartree-Fock equations

{ Fis)(oo)’Aqbn = efﬂbna
<¢m7 ¢n>5§s = 5mn7
where F%(OO)’A 1s the diamagnetic Fock operator, defined in Proposition 5.1. Moreover, the

numbers €, are the N lowest eigenvalues of the operator Fp ., ,.

(1.20)
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2. Pauli case. Assuming that Zio? < 0.041, then there exists a minimizer (D(soy; A(s)) O
the admissible set My, see (8.17). The density matriz D) is a N-dimensional projection
and one can write

D(ooy (1, 5,7, 1) ngn r,8)pn(r' 1) (1.21)

with ¢, € HY(R3C?), n = 1,...,N, orthonormal, such that the component orbitals ¢,
satisfy the magnetic (Pauli) Hartree-Fock equations

p — P
{ FD(oo)vAmfp” — P (1.22)
(©m, (10”>i)p = Omn,

where Fg(m),A(m) is the Fock-Pauli operator, defined in Proposition 5.1. Moreover, the num-

bers €2 are the N lowest eigenvalues of the operator Fg(m)’A(oo).

Under very different conditions on the potentials, Theorem 1.3, assertion 1, was first estab-
lished in a paper by Enstedt and Melgaard [7]. The aim of the present work is twofold: (1) To
prove existence of a minimizer for the Schrédinger case under the (new) conditions on A in
Assumption 1.1, and to give a proof within the density operator formulation (see Section 3);
(2) To show existence of a minimizer for the Pauli case. To the best of our knowledge, the
latter case has not been addressed before. We base our proof on the relazation strategy by
Lieb and Simon [18] but within the density operator formulation we minimize over density
operators. The latter was first addressed by Solovej [24] within the reduced (non-magnetic)
Hartree-Fock model (it is reduced because the exchange term is ignored) and we are strongly
inspired by Solovej’s arguments. In the case of a constant magnetic field a result similar to
Theorem 1.3, assertion 2, was established by Esteban and Lions [8] by a completely different
approach, originally invented by Lions for the non-magnetic case, based upon the construc-
tion of minimizing sequences which satisfy the “second minimality condition”; we refer to
[20] for details.

2. PRELIMINARIES

Henceforth function spaces consist of complex-valued functions unless otherwise specified.
Let R? be the three-dimensional Euclidean space, wherein points are denoted by r =
(zM, 23 @) and let |r| = (320 _ (z™)2)M/2. We set

m=1
Br={reR®:|r|<R}, B R ={recR:|r—7|<R}

For 1 < p < oo, let LP(R?) be the space of (equivalence classes of ) complex-valued functions ¢
which are measurable and satisfy [, |¢(r)[P dr < 0o if p < 0o and ||@|| Lo (rs) = ess sup |¢| <
oo if p = co. The measure dr is the Lebesgue measure. For any p the LP(R3) space is a
Banach space with norm || - || zogs) = (s | - [P dr)'/P. In the case p = 2, L*(R?) is a complex
and separable Hilbert space with scalar product (¢, ) 2mgs) = fR3 opdr and corresponding
norm |||l p2rsy = (¢, gb)}:/f(Rg). Similarly, L?(R?)", the N-fold Cartesian product of L?(IR3), is

equipped with the scalar product (¢, ¢) = 32 (¢, Un) r2re) and the norm ||@]| = (¢, #)1/2.
The space of infinitely differentiable complex-valued functions with compact support will be
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denoted C°(R?) or Z(R?), the space of test functions. The dual space of Z(R?), the space
of distributions, is denoted 2’(R3). The Schwarz space of rapidly decreasing functions and
its adjoint space of tempered distributions are denoted by .#(R?) and .(R?), respectively.
Let p denote the momentum operator —iV and let (p) = (1 + p?)1/2. For any ¢t € R the
standard Sobolev space H'(R?) is given by

H'(R?) = {¢ € S (R) : [[dllmews) = [ (p) Ollr2ms) < 00} (2.1)
The Sobolev space H!(R?). Define
H), = H,(R®) := {¢ € L*(R?) : Va¢ € L*(R)}
for V4 := V +1iA, in which V¢ is taken in the distributional sense, equipped with the norm

I8l = (6122 + 1V.a0]2:) /%

We do not suppose that V¢ or A¢ are separately in L*(R3), whence, in general, there is
no relationship between the spaces H4 (R?*) and H*(R?) on the whole of R?; specifically,
HY,(R%) ¢ H'(R%) and H'(R?) ¢ H,(R9),
If Ae L2 .(R%R)3 then 2(R?) is dense in HY(R?) (see [12, 23]), and the following well-
known weak diamagnetic inequality is valid.

Theorem 2.1. Let A € L} (R*R)%. If ¢ € HY(R?), then |¢| € H'(R?) and

loc

IV|g|| < |Vad| for a.e. € R (2.2)

Proof. We sketch the argument; for more details we refer to [16]. Since A is real-valued, the
relation

V16](r)| = |Re (w%)\ _ 'Re ((WH a >‘
holds a.e., whence (2.2) follows for all ¢ € Z(R?) and thus for all ¢ € HL(R®) because
2(R?) is dense in HY(R?). -

Let T be a self-adjoint operator on a Hilbert space H with domain ©(7"). The spectrum
and resolvent set are denoted by o(7T') and p(T'), respectively. We use standard terminology
for the various parts of the spectrum; see, e.g., [6, 13]. The resolvent is R(¢) = (T — ).
The spectral family associated to T is denoted by Er()A), A € R. For a lower semi-bounded
self-adjoint operator T', the counting function is defined by

Coun (A\; T') = dim Ran Ep((—o0, \)).

Let S(H) denote the set of self-adjoint, bounded operators on a Hilbert space H. Fur-
thermore, let (&1(H), Tr (| - |)) be the separable (non-reflexive) Banach space of trace class
operators. We also need the Banach space

R={DeSH) : |D|s=Tx(|D]) + Tr ([VID|V]) < o0}, (2.3)
where the choice of H will be specified in the sequel.
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Kato’s space of potentials. To treat basic properties of the functionals £%(-),EP(-) we
may consider potentials

Ve Ks =L (R%:R) + L®(R%: R), (2.4)

i.e., the standard Kato space consisting of real-valued functions on R? belonging to the set
{V :V¥e>03Vi € L5,V € L, |Va|z < € such that V = V; + V5 }

which is the closure of 2(R?) in L2 (R3; R)+L*(R3; R). Equipped with the norm ||V || s/ o =
ian:V1+V2(HV1HL3/2 + |[Va|lL), the space K3 has Banach structure and its dual space is
L'n L it emerges in a natural way as the largest LP 4+ L? space with the property that
JV(r)|o(r)]? dr is well-defined for all ¢ € H'(R?).

3. DENSITY OPERATOR FORMULATION

3.1. Schrodinger case. Introduce the first order density operator D = Dg = Z,jjzl (s )52 Pr
for some ® = {¢,,} € Cy, i.e., the orthogonal projection from $* onto the N-dimensional sub-
space of $°. We can re-write £5(-) and the Hartree-Fock ground state energy via this one-to-
one correspondence between Slater determinants and projections onto finite-dimensional sub-
spaces of $°. Indeed, if U, is a Slater determinant, as in (1.10), with {¢,}2_;, ¢, € HY(R?),
being orthonormal in $°, and D is the projection onto the subspace spanned by ¢4, ..., ¢y,
then the kernel of D is given by (1.12) and the associated one-body density is given by (1.13).
Furthermore, the Hartree-Fock functional can be re-written as
1

£'(D) = 5 Tr [~A4D) + Tt [V D] + J (D) — K(D), (3.1)

where

Tr [-A4D] = Zb[¢n7¢n] = 2/3 |V adn|? dr (3.2)

N
Te VD] = Y 0gn. 6n] = ZZ (Vi 260 Vi 60). (3.3)
n=1

n=1 k=1

The direct Coulomb energy defined in terms of the Coulomb inner product

T0) =T (poupo) =5 [ [ ool = v ol drar’ (3.4)
R3 JR3
and the exchange Coulomb energy defined by
1
K(D) := —/ D(r, )| |r — 7|t drdr’. (3.5)
2 R3 JR3

As a consequence, the Hartree-Fock ground state energy (1.14) can be expressed as

E’(N,Z, A):=inf{&(D) : DePn} (3.6)
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where

Py ={D : $H°— H° : D projection onto span{¢,...,on},
bn € H,lzl(Rg)u <¢mv ¢n>J’JS = 6mn} (3~7)

An (admissible) density operator D is a trace class operator D : ° — $° i.e. D € &1(H°),
which satisfies the operator inequality

0<D<I. (3.8)

Such an operator can be expressed as D = Z vj fj ® f;, where (f;); is an orthonormal family
in $° and v; € [0, 1]. The density correspondlng to D is then defined by

pp(r) = ZVj|fj("“)|2- (3.9)
Suppose
Tr [~A4D) : ZVJ‘JO fi, fi] < 400 (3.10)

Then all terms in () are finite. Indeed, since Kato’s theorem asserts that V5, is infinitesi-
mally —A- (and thus —A 4-) operator bounded [1], we infer that

Tr [VenD) - Zyj i 3] = /ka (3.11)

k=1

is finite, whence f; € HY(R?). Moreover, the diamagnetic Lieb-Thirring inequality (3.3)
implies that pp € L3(R% R). The latter, together with pp € L'(R3 R) (by hypothesis)
and standard interpolation for L? spaces implies that pp € L%°(R3;R). Then the Hardy-
Littlewood-Sobolev inequality [16, Theorem 4.3] immediately informs us that J (D) is finite.
From the explicit representation

J(D) — K(D) (3.12)

I L LB L vy

we see that J (D) > K(D). Hence we conclude that £%(-) is bounded from below provided
Tr [-A4D] < co. The minimization problem (3.6) is thus equivalent to

E’(N,Z,A) :=inf{&(D) : D* =D, D=D* Tt[D] = N, Tr(—~A4D) < oo }. (3.13)

but the discussion above also motivates the following definition:

Definition 3.1. Admissible set of density operators:
M? = M 4 := {D admissible : Tr (D) = N, Tr (-A4D) < 400 }.
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We use the notation M?® (a variational space of one variable) to distinguish the Schréodinger
case from the Pauli case. The analogue for the Pauli case (introduced below) will be denoted
M,,; a variational space of two variables. If A = 0 in the Schrodinger case, then we use the
notation M (see also Appendix A) .

In [15] Lieb proved that minimizing £°(-) over admissible density operators yields the same
result as minimizing over projections only.

Theorem 3.2 (Lieb’s variational principle). For all non-negative integers N the following
equality holds:

inf{E5(D) : D* =D, D =D? Te[D] = N} =inf{E5(D) : D€ My} (3.14)

Bound on kinetic energy of electrons. The following inequality was established by Lieb
and Thirring [19] for the non-magnetic case but it immediately carries over to our setting.

Theorem 3.3. Let A € L _(R3 R)? and let pp be the density associated to a density operator

loc
i M. Then there exists a positive constant C' such that

/ pp(r)*3dr < CTr[~A4D)
R3

To distinguish the Schrodinger case from the Pauli case, we henceforth let M® := M 4; a
variational space of one variable. The analogue for the Pauli case (introduced below) will be
denoted M,,; a variational space of two variables.

3.2. Pauli case. The Pauli Hamiltonian (1.4) acts on the Hilbert space
N
/\ﬁp = {\P(rlaslw e 7TN78N)7 r; € Rgﬂo—j € {Ta\l/}?
n=1

Z / |\I[(7’1,81,T'2,82,...,'I”N,SN)|2d'f’1.‘.d’l“N<OO
R3N

81, NE{T Y
VD € Sny U (Tp(1)s 5p(1) Tp(2)s Sp(2)s - -+ Tp(N) Sp(N))
= e(p)¥ (r1,81,72,892,. .., TN, 5N) } (3.15)

Here Sy is the set of all permutations of (1,...,N), and €(p) denotes the parity of the
permutation p. The space /\T]:[:1 $p is equipped with the scalar product

(W1, Wa) =

517~~'75N€{T7~L}N

/ \Ill (’rla 51,72, 52, ... ,T'N,SN)\IIQ (7'1,817’]"2,82, -+-»TN, SN) drl <. 'dTN
R3N

The ground state energy of the system is obtained by solving the minimization problem

EZM =inf { Tt (Pyz.4D) : D€ MY} =inf { Tr (Pyz D) : D€ My},
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where MR, respectively, M%X is the set of spin-polarised pure-states, respectively mixed
states, N-particle density matrices defined in (A.4), respectively (A.5); see Appendix A.
The analogue of the Hartree-Fock minimization problem (3.13) for the Schrédinger case is,
except for one modification to be explained, as follows in the Pauli case:

EP = EP(N,Z) :=inf{EY(D, A) : (D,A) e M, }. (3.16)

where the admissible set is

D\ DeM

and the (Pauli) Hartree-Fock functional is

EP(D,A) = %Tr (IP&{)D) + Tr (VeuD)

+ (D) — / B dr (3.18)

where (and this is the modification mentioned above) we have added the magnetic field
energy in the last term, « is the fine structure constant, J(-) is defined in (3.4) and

1
_1 / / Tres [[D(r, 7)) [r — /| drdr. (3.19)
2 R:s R3

In the Schrodinger setting, the inclusion of a magnetic field B changes the energy but the
lower bound on the energy is independent of B (so no minimization over A is needed).
For the Pauli case, the term o - B changes everything because the Pauli operator is much
weaker than (p + .4)%. One of the most important features in the spectral theory of Pauli
operators is the presence of zero modes [22, Section 10], i.e., for suitable A, the existence
of eigenfunctions corresponding to a zero eigenvalue, which causes instability for large Z2a.
It is known that without adding the field energy term arbitrarily large B may give rise to
arbitrarily negative energy [17]. By adding the field energy — as we did in (1.16) — we ensure
that the resulting Hartree-Fock functional becomes bounded from below and, in this sense,
it is physically “stable”; in fact, this addition ensures that stability of matter holds for the
model [17].

4. EXISTENCE OF A MINIMIZER FOR THE RELAXED PROBLEM

We shall apply the relazation method by Lieb and Simon [18]. For this purpose we define,
for the Schrodinger case,

:={DeS®H):0<D<1, Tr(D) <N, Tr(-A4D) < 0 } (4.1)
and the corresponding energy
EX(N,Z,A):=inf{&(D): De M}. (4.2)
Similarly, in the Pauli case, we define
/\/l§ _ { (D) : D e Séi)pg , 0<D<1, Tr(D) 2§ ]\?/:, Trg(—AD) < 00 } (4.3)
A A e L°(R*; R)”, V-A=0 B € L*(R% R)
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and the corresponding energy
EY(N,Z) :=inf {E*(D,A) : (D, A) € M5 }. (4.4)

We first prove that the relaxed problem (4.2), respectively, (4.4), has a minimizer. Unless
otherwise stated, we impose Assumption 1.1 and the additional conditions in Theorem 1.3
throughout this section.

In the Schrédinger case, it is convenient to introduce, for any ¥ € HY (R3)Y,

N

T(V) = Z/RBN Var, U(R)|*dR
n=1
N

Wen(qj) = Z(%n(rTL)\Dv \IJ>H

so that E5(V) = T'(V) + Wen (V) + Wee (¥

Lemma 4.1.
1. Assuming A € L% (R R)? and Viy, Vee € L¥?(R3;R) + L®(R3; R),, the functional £5(-)

loc
is well-defined on HY (R*)N and, in particular, £(-) is bounded from below on M.
2. Assuming Ziona® < 0.041, the functional EP(-,-) is well-defined on My, and, in particular,

EP(-,-) is bounded from below on M.

Proof.
1. Schrodinger case. 1t suffices to prove that, for any € > 0, there exists C. > 0 such that
E(V) > (1 —e)T(¥) — O[3 (4.5)

for all W € HY (R®)N. Since Vi, Vee € L¥2(R% R)+ L=(R3; R),, we make the decompositions
Voo = Vi + V5, and V,, = W; + W5 such that H‘/1||L3/2 < €, HW1HL3/2 < € and VQ,WQ c
L>®(R3;R). Now,

/ Vee(r1 — 12) |V (7, ... ;7“N)|2 dr;
R3

< Wl [ ORI dry+ Walow [ W(R)Pdry
R3 R3
< Willpncan [ (Fr, 0P dry+ [ Wl [ U dr,
R

< [Wallacun [ IVar WP dry+ [Welliw [ [W(R)P dr,
R

where we used Holder’s inequality in conjunction with the Sobolev inequality and the dia-
magnetic inequality (2.2). Next we integrate over 7o, ..., ry, replacing r1, 7 by r,,, r,, and
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then we sum over m,n. In this way we obtain

N —1 N(N -1
W) < L) + MY

- 2
Similarly, when we address W,, we find that

W2l e [ 2[5,

[Wea ()] < Vil s/2050bT(®) + N[V 2o [ 23,

The inequality (4.5) now follows.
2. Pauli case. Under the hypotheses, Lieb, Loss and Solovej [17] proved stability of matter
in this context, viz.,

EM > —Cz(N + K);

bear in mind that K is the number of nuclei. As a consequence, EP(-,-) is well-defined and
it is bounded from below on ME. O

Proposition 4.2.
1. Schrédinger case. Assuming A € L2 (R%R)? and Vi, Vee € L3/2(R%R) + L®(R?; R),,

loc
there exists a density matriz D) minimizing the relazed problem, i.e.,

D) e ML s.t. £5(D) = EL(N, Z, A). (4.6)

2. Pauli case. Suppose Ziwa® < 0.041, then there exists a minimizer (Do), A(sy) for the
relaxed problem, 1i.e.,

(Do), A(oc)) € M5 5.1 EP(Dioo), A(oe) = EE(N, Z). (4.7)

To make the exposition more pedagogical we divide the proof of this result into a few
lemmas. First, however, we note that Lemma 4.1 enables us to construct a minimizing
sequence. Indeed, since £5(D) > —oo for D € M® we can select D™ € M such that

(D) < BL(N, Z,A) +

n
Hence
lim £(DP™) = EX(N, Z, A).

n—0o0

Likewise, in the Pauli case, there exists (D), Am)) € M5 such that

1
Sp('D(n),.A(n)) < E? +— and lim 5p('D(n),.A(n)) = E2%(N, Z).
<Tn <

n—oo

Lemma 4.3.
1. Schrédinger case. The sequences Tr (D™) and Tr (—A4D™) are uniformly bounded.
2. Pauli case. The sequences (|| Apl|26)n, ([[Bayllz2)n are uniformly bounded and (Dny)n is
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uniformly bounded in R (see its definition in (2.3) where H is chosen as $;).
In particular, there exist Ay € LY(R*R)?, Bsoy) € L*(R* R)* and D(w) € R such that

Mol < Timinf [l Agy[zs,

1Booyllzz < Tim inf [ By 2,

Dy — Do) weakly-* in K.
Moreover, (Do), A(oe)) € M5.

Proof.
1. Schréodinger case. We have

1
Tr K_§AA — ven> D(”)]
is bounded uniformly. Indeed, for any n € N, using J (D) > K(D), we have that
1
ESS(Na Z7A> +1 Z gs(Dn) 2 Tr |:(_§A.A - ‘/en) D(n):|
Kato’s inequality, i.e., for any € > 0 there exists C. > 0 so that
(n) 1 (n) (n)
Tr [Ven D] < eTr —5 84D+ O (D],
then implies that
1
EX(N,Z,A)+1 > Tr {—QA AD(”)} — Tt [Vea D]
N (n)
> (1—¢)Tr —§AAD — C.Tr [D"]

whence Tr [~A 4D™)] is uniformly bounded.
2. Pauli case. From Lieb-Loss-Solovej [17] we extract the inequality

1 + Eg 2 gp(Dn,An) Z CLLS/ |B(n)(r)|2dr — CLLS
< R3

for constants crrs, Crrs > 0. As a consequence, the sequence (B(,)), is a bounded sequence
in L?(R%* R)3. Moreover, in view of Frohlich-Lieb-Loss [9] and the Sobolev inequality we

have that
1By ll72 = IVAm 72 > CoopllAnllis,

which implies that (A,)), is a bounded sequence in L°(R?; R)?. Furthermore, from Frohlich-
Lieb-Loss [9, Theorem A.2] and the Kato-inequality for V., we deduce that there exist

constants ¢,C > 0
CTr (D(n)) + &P (D(n), A(n)) >c'Tr (—A'D(n)),
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whence (—AD,), is a bounded sequence and, as therefore, (D,), is a bounded sequence
in the Banach space K. Note that, furthermore, (P A(H)D(n))n is bounded as a sequence in

61(‘613)7
1
€Dy Aw) 2 5 Tr (P, Piwy) — € Tr (=ADw)) — Ce Tr (D)

as a consequence of the Kato-inequality for V;, and the boundedness of Tr(D(,)) and

Tr (—A’D(m).
The claims in the last paragraph follow from the Banach-Alaoglu theorem, in conjunction
with div Ay = 0 and Tr (D)) < N. O

Lemma 4.4.
1. Schrédinger case. There exists D) € M such that

Tr (—=A4D®) < liminf Tr (—=A4D™). (4.8)
n—oo
2. Pauli case. There exists (D), A(s)) € My such that
Tr (PA<OO>D(OO)) S lim inf Tr (IP)A(")D(n)) (49)
n—oo

Proof. We divide the proof into the two cases we consider.
1. Schrédinger case. Since {D™} is a minimizing sequence, we have that the sequences

1
Tr [D™)] and Tr [—éA AD(”)]

are bounded. Next we extract a weakly convergent subsequence. Since the Banach space
S1($°) is non-reflexive (so no weak compactness is available), we switch momentarily from
S1($°) to the Hilbert space G5($H®) consisting of Hilbert-Schmidt operators defined on $°.
We do this by defining an auxiliary sequence of operators

D™ = (1= A )2D™ (1 — Ay)? (4.10)
Sequence of positive trace operators with bounded trace norms

Tr [75(")] =Tr [(1 — AA)D(”)}

In fact, {D™} is a sequence of Hilbert-Schmidt operator with bounded Hilbert-Schmidt
norm.

Extracting if necessary a subsequence, we may assume that D™ converges weakly in Gy ($%),
i.e., there exists some D) S, (H®) such that, as n — oo,

Tr [Sﬂ")] Ty [Sf)(w)} . VS € Gy(5°).

We next select an orthonormal basis {¢;} in $° such that ¢, € HY(R? C?). If (-, -) denotes
the scalar product in $°, then the weak convergence in G5($°) implies that

lim (4, D™ey) = lim (1 - AL B D1 = A )by
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Since D™ is nonnegative, an application of Fatou’s lemma yields

Tr [D)] = ;<wk,p<°°>zpk> <liminf Tr [D™] < N (4.11)

Analogously, we have that
Tim (G, (=802 D™ (=A0)200) = (W, (~A4) 2D (—Au) 2.
and the nonnegativity of (—A4)2D™ (—A4)2, in conjunction with Fatou’s lemma, yields

Tr [~A4D®] < liminf Tr [~A,D™)] (4.12)

n—oo

Furthermore, we see that 0 < D) < .

2. Pauli case. We know that (P4, D)), has a weak-+ limit in &,($,). As above let
—A 4 denote the magnetic Schrédinger operator with vector potential A. Define T(,) =
(—Au,, +1)7"% and Tio) = (=Au, +1)"/%. We have that, using standard arguments [1],

Tiny — T(s0) strongly in ).

Now, let gy = (=Au,, + DY*Duy(—Au,,, +1)"/%. Then (S(n))n is bounded in &;($;)
because (P4, D(n))n is bounded therein. Hence S, has a weak-+ limit Sy in &1(5),).
Now, using the above,

D(n) = T(n)S(n)T(tl) — T(OO)S(OO)T(*OO) weak-* In 61(~6p)

and
Dy — D(sc) Weak-x in &1(9,).

Hence S(s) = T(o0) Do) (T} ))_1 and we deduce

(o0
~AuayPin) = =By Dioo) weak-x in &1(9p),
and, therefore, we have that
IP)A(7L)D(n) — IP)A(OO)D(OO) weak-* in G;1(9,).
Then, by arguing as in the Schrodinger case, the latter implies that
(6, Pai, Diy¥)s, — (0, Pa Dioy)s,, &0 € C°(R* C?).
and we deduce that, for any orthonormal basis (1) in $,, such that ¢y, € H'(R? C?),
Jim (g, P Dy i), = (ks Py Dico) Vi) 5
which, together with Fatou’s lemma gives us that

Tr (P, Dioo)) < liminf Tr (Py,, Diny)-

n—oo

Since 0 < D(*®) < I, we conclude that D) € ME. O

With these preparations we are ready to establish weakly lower semicontinuity.
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Lemma 4.5.
1. Schrodinger case.
£5(D™)) < lim inf £5(D™)

n—oo

2. Pauli case.
EP (DOO, A(Oo)) < lim inf EP (D(n), A(n))

n—o0

Proof. We divide the proof into the two cases we consider.
1. Schrédinger case. To simplify the notation, henceforth we write p(™, resp. p(*, in-
stead of ppm), resp. pp=). We already know that D +— Tr[—(1/2)A4D] is weakly lower
semicontinuous, i.e.

Tr [~A4D®™] < liminf Tr [~A4D™)]

n—oo
In particular,
Tr [—AAD(OO)} < 00.

Then

T(D) = F(5, o) < oo (4.13)
because, due to the Hardy-Littlewood-Sobolev inequality, p> € LY(R% R) N L3 (R%R) C
L3(R3;R). By means of (4.13) we now show that the second term in £5(-) is weakly lower
semicontinuous, i.e.,

Tr [Vea D] < liminf Tr [V, D™)] (4.14)
It suffices to prove that, for k = 1,..., K and vi(r) = Zy /|7,
/vk(r)p(oo)(r) dr = lim [ v (r)p™(r) dr (4.15)
n—oo

We make the decomposition

vg(r) = vexr + ve(l — Xg)

where g is the characteristic function for the set {|r| < R}. Let Zg denote the uniform
charge distribution over { |r| < r} with total charge equal to Zj. Then

vp(1 = xgr)(r) = Zg * |r|~" for |r| > R. (4.16)

Then, by using (4.13) and by invoking the Schwarz inequality for the Coulomb inner product,
we have that

[ =i = ) ar
27 (16" — p|, Zg)

27 (") + p, p" 4 p>N)2 - T (Zp, Zi)
2 (T, 0"t + T (0, p%)E) T (Zn, Zn)
CT(Zr, Zp)? — 0 as R — . (4.17)

IA A
ol
rolm

IN

IA



18 C. ARGAEZ AND M. MELGAARD

where 7 (p™, p™) is bounded because D™ is minimizing. Furthermore, since (1—A 4) ™2 v, xr(1—
ALz € Gy(5), we also have

/vk(r)XR(r)p(")(r)dr = Tr [D(n)kaR]

= Tt ﬁ(”)(l—A)*%kaR(l—A)*%]

[
Ty [D<°°>(1 — A) Bugxg(l —A)—%]
)

which, in conjunction with (4.16), proves (4.15).
Third term. Let

E(D(j)7'l)(j)) — j(p(j)’p(j)) _ K(p(i)jp(]’))

We need to show that
L(DP) D)) < lim inf £L(DY, DY) (4.18)
Jj—00

when DU) — D) weakly: the latter means that

Tr [5150‘)} Ty [515@)} VS € Go(H),
where DU is defined as in (4.10) and, analogously,

D) = (1— A2 D (1 — Ay’

We proceed to prove first that

lim DY (r,7') = D (r, 7' for ae. (r,7") € R® x R?, (4.19)
j—o0
and, in addition,
lim DY (r r) = D) (r r) for ae. r € R®. (4.20)
Jj—oo

As above we switch to DY) = (1 — A4)2DW (1 — A4)z. Since {DD} is a bounded sequence
in &,($°) we may extract a subsequence, which converges weakly to some D(*) in G,(H%),
i.e., for any S € G9(H*) we have that

Tr [Sﬁ(j)] — Tr [Sﬁ(w)] ,
whence
Tr [SZA)(OO)} = lim Tr [Sf)(j)]
j—o0

= lim Tr [(1 CALTES(L— AL TE(1 - A IDI(1 — AA)%}
j—o00

= T [(1- A ES( - A0TH(L - AP - A¢]

= Tr [525(00)} ,
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which shows that D) = D) and thus
DU(., ) — DI(.) (4.21)

weakly in L?(R® x R?). The spectral decomposition of the D) enables us to express
DY) (r,7') as

I
D(j)(r,r’) = Z

with each sequence {f'},en, @ = 1,...,1, being orthonormal in L2(R?) with elements in
HY(R?). Invoking the compact embeddlng H!(R3) <—> H'"¢(R?®) we may for every g €

Cs°(R?) and i = 1,2,...,1 extract a subsequence {f }JGN, also denoted {f( }jen, such
that { g f }]eN converges strongly in L2(R3) The latter allows us to extract a subsequence

of (f1 e ) denoted again by (f, .. f] ) such that
) — %) forae. re R and Vi=1,... 1, (4.22)
and thus
DI (r,r') — D(r,7') Z]:ff‘” (r') (4.23)

In particular, (4.21) and (4.23) imply that
D) (r, 7'y = D(r,7') for ae. (r,7') € R® x R

As a consequence, DY (r, r') converges to D) (r, ') almost everywhere on R? x R? which,
together with (4.23), yields (4.19). The latter immediately implies that

DO = S (. e )

=1

which proves (4.20).
An application of Fatou’s lemma in conjunction with (4.19) and (4.20) yields

lim inf £(DY, DY)

j—ro0
D) D) — DU |2
Z / hm (7‘, Ir) (y7 y) ‘ (r? r )’ d'r'd’r'/
R

6 J—+00 |z — 7|

D) (r #)D®) (7 ') — | D) (7
RS lr —7/|
_ L(D), D) (4.24)
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This proves the assertion.
2. Pauli case. Now,

1 .
EP Dy Aw) = 5Tr (Pfifnﬂ?(n)) + /R Vo,

~~ %/_/
Term 1 Term 2
2
+1/ / Py (T)PD) (1) — Tr 2 (D ()| )drdr'
2 R3 R3 |T' - Ir/’
Term 3

1 2
+oz [ B ar

Term 4

We treat them in reverse order:
Term 4. The weakly lower semicontinuity

hg'g.}f ||B(n)||%2 > ||B(00)||%2

follows immediately from weak lower semicontinuity of the L2-norm.
Term 8. To handle terms 3 and 2, we bear in mind that, in view of Lemma A.1, one has

pD(n) - pD(oo) Strongly m Lloc(R3; R)? p S [17 3) 7
PDay T PDioo) weakly in Lp(RgaR)a pe(l,3], (4.25)
and almost everywhere.

From the Cauchy-Schwarz inequality, Fatou’s lemma and the convergence a.e. mentioned
above, we obtain

—Tr Dy (7, 7")|?
lim inf //p% )ppg) (') = Trez (1D (r, 7))
R3 JR3

n—o0 |r — /|

// PPy ()P0 (1) = Tr 2 (P (5 7)%) |
Rr3 JR3

=7

Term 2. Once again using (4.25) we deduce that

lim Venpp,, dr = / I/enpp<w) dr
R3 R3

n—oo

for any V € (L*? + L=)(R%; R).
Term 1. Treated in Lemma 4.4. |

To summarize we conclude that

(D)) = EL(N,Z,A) and
gp(D(oo),A(oo)) = Eg(N,Z).
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5. THE FOCK OPERATOR AND THE FOCK-PAULI OPERATOR
Herein we introduce the Fock operator, respectively the Fock-Pauli operator.

Proposition 5.1. Let
D(r,7')
r — 7|

K*(r,r") =

be the integral kernel of the exchange operator K*°.
1. Schrodinger case. The form generated by the differential expression

—AA+Ven+p*ﬂ—K"C (5.1)

is closed on its form domain HY(R?). The closed form gives rise to a unique self-adjoint
operator Fp 4, the diamagnetic Fock operator.
2. Pauli case. The form generated by the differential expression

1
[0 (iV ~ A(oo))]2 + (Ven + pp * m) I, - Ky (5.2)

is closed on its form domain H'(R3). The closed form gives rise to a unique self-adjoint
operator Fg’ Aoy’ the Fock-Pauli operator.

Proof. We divide the proof into the two cases:

1. Schrodinger case. When A € L7, (R R)?, the quadratic form [p, |V qu|? dr is closed and
nonnegative on the form domain HY,(R?). Hence it generates a unique self-adjoint operator
—A 4 (the magnetic Laplacian). Proposition 4.2 yields the existence of a minimizer D* € M%
of the form -

Dz, 7) = vndn(r)n(r’), (5.3)

where 1 > vy > vy > -+ > 0 and {¢n }n, gbn cH A(R?’) is an orthonormal system in $°. The
Cauchy-Schwarz 1nequahty yields, for r, 7’ € R?,

Z Vnn(T)
<Z vn|¢n(r)|2> (Z %!%(r’)?) = pps(7)pps(r'). (5.4)

Holder’s inequality gives

1 11
/]Rg ‘T_r/’|¢(7“)|2d7° < 2(/]1@31]7"——r’|2| IQdT) (/ |p(r |2dfr>

An application of Hardy’ inequality, i.e.,

1/ |r|2|¢( |2dr</ IVo(r)|>dr, V¢ € CF(R?), (5.5)

\Dsfrr

4
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and the diamagnetic inequality (2.2) give us the Coulomb uncertainty principle expressed by
the inequality

1
ot dr < 2ol Vadlow), Yo € CRE). (50
Since C§°(R?) is dense in HY (R?), (5.6) holds for any ¢ € H(R?). By invoking (5.4), the
Hardy inequality (5.5) and the diamagnetic inequality (2.2), it follows that the kernel K*°
belongs to L?(R%) and, consequently, the exchange operator is a (bounded and self-adjoint)
Hilbert-Schmidt operator.

We recall that V' is infinitesimally —A-bounded by Kato’s theorem [11] and, due to [1,
Theorem 2.4], Ve, is thus infinitesimally —A 4-bounded. Now p € L'(R3;R) and the bound
(3.3) implies that p € L53(R?). From this it follows that p * ‘7{| is a bounded function; in
fact, it is continuous and tends to zero at infinity and, consequently, it belongs to the Kato

class KCs. An application of the KLMN theorem yields that —A 4 + Vo, + p * \”“l + K*¢is an
self-adjoint operator (and bounded from below) with form domain HY,(R?).
2. Pauli case. The reasoning is very similar to the previous case. 0

6. LOWER SPECTRAL BOUND

Eventually we shall balance the electrostatic interaction. For this purpose we establish the
following spectral result.

Lemma 6.1. Let Assumptions 1.1 hold, and let i be any bounded non-negative measure on
R3 obeying u(R3) < 9.
1. Schrodinger case. Define the magnetic Schrodinger operator

1
LA,MZ—AAﬂLVenJrM*W-

Then, for any j > 1 and any 0 <9 < Z, there exists €;9 > 0 such that
Coun (—€j9; Lay) > J.

2. Pauli case. Define the Pauli operator

P = [+ (V= A)] '+ (Ve i+ L) e
Then, for any j > 1 and any 0 <9 < Z, there exists €;9 > 0 such that
Coun (—€;,0; P ) = J.

Proof.

1. Schrodinger operator. We note that p IT\ € Ks3. Indeed, note that € K5 and by the

generalized Minkowski inequality (see e.g. [16, Theorem 2.4]),

g * pllzr < O|gllze.



GROUND STATE SOLUTIONS TO HARTREE-FOCK ... 23

holds for any g € LP(R?), p € [1,00]. From this we conclude that the quadratic form

Ey R0 [ Va0 + (V) 40 ) fotr)Par,
is lower semi-continuous and thus closed. Indeed, the form is weakly lower semi-continuous
in view of [7, Lemma 3.3] and the weakly lower semi-continuity of ¢ — ||V 4¢|| 2. Moreover,
the form is evidently semi-bounded from below. Hence, there is a self-adjoint operator, L4,
(which is also bounded from below) with (L 4,,) C H!; according to the first representation
theorem [6, Theorem VI.2.4]. As mentioned above, the assumptions on V; implies that it is
infinitesimally form-bounded with respect to the Dirichlet form, see e.g. [22].
Write A = A; + A,, where A; € L7(R?) and A, € L¥. An application of Holder’s inequality
shows that

lim AQ—I—V;H—i—u*—dr 0,
lai=o0 J B, (q) 7]
and, in view of [14, Theorem 2.5], the latter implies that spec.(L.a,) = [0, 00).
Define ¢(r) := M, where g(t) = e~/ for t > 0 and g(t) = 0 otherwise, and the

rescaled family
b= A2G(-/A), A >0,

Furthermore, define
_ i A
— |r — R/l

and gy := A3pu(\-). Then, for X sufficiently large, we have that

1
([6a] < v/ |V¢(r)|2dr+const()\6/w(||A1||LT+||A2||Lw

+ Ml [ Azl o) + /\1+T i (Al + HAzlle))

#3 [(ne)+aYlotrPar,

It is also easy to prove that

/31 (VA(T) T |71,> |p(r)]*dr <0

uniformly in A perhaps after increasing A further. Thus we have constructed a subspace with
infinite dimension (again we might have to increase A further) such that [[-] < 0 holds (on
this subspace). Thus, we are done by a direct application of Glazman’s Lemma (see, e.g.,

22, Lemma A.3]).
2. Pauli case. The reasoning is similar to the previous case. Let p[¢, ¢| be the form associated
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with Py v, and let ¢ = (¢7,¢")" € C5°(R? C?) be radial with support in {1 < |r| < 3}.
Then rescale in the usual way,

ox = A"20(-/A), A >0.

Furthermore, define

e r — Ry /Al
k=1

and gy := A3u(\-). Then, for A sufficiently large, we have that

plol =5 [ (Va0 It +o(1/13)

It is also easy to prove that

/Bl (V*(‘”) CE i) ()2 < 0

|z
uniformly in A perhaps after increasing A further. Thus we have constructed a subspace with
infinite dimension (again we might have to increase A further) such that [[-] < 0 holds (on

this subspace). Thus, we are done by a direct application of Glazman’s Lemma (see, e.g.,
22, Lemma A.3]). O

7. COMPLETION OF PROOF OF THEOREM 1.3

We are ready to finish the proof of Theorem 1.3 by proving that
P1 D) is a projection,
P2 Tr (D(Oo)) = N, and

P3 {p,}_, are eigenfunctions associated to the lowest eigenvalues of Fgw Aoy’

We only write out the details for the Pauli case; the Schrodinger case can be treated in a
similar way). We define, for any py, yts € R and any ¢y, ¢ € H(R3; C?),

Dl := D2 = 1161 ® 1 + p1ahr ® ¢ (7.1)
and
1 ® no_ ® N2y
Re := Ry, ¢, = _/ / I91(r) & dalr) — 9atr) @ e i S drdr'. (7.2)
’ 2 R3 JR3 ’7‘—7'/’

We shall repeatedly use the follow fact: If iy, uo € R are chosen to ensure that

D(r,r') :=D(r,v") 4+ Do(r,v') € M,, D e M,
then a straightforward computation yields
EP(D, A(e)) = EP(D, Afso)) + 11 (1, Fpoa, 1) + pald2, Fp 4 é2) + mpeRe.  (7.3)

where Rg is defined in (7.2). The formula (7.3) is a two-component/function version of a
one-component /function formula found in [24, page 309, line 12 from above|. It can also be
compared with [2, Equation (32)] and [3, Equation (35)] . As a tool it plays much the same
role as the complementary minimizing formula in [7, Equation (5.3)].
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It is convenient to divide the proofs of properties P1-P2 into two lemmas wherein, by
hypothesis, N < Zi., respectively, Zios < N < Zior + 1.

Lemma 7.1. Suppose N < Zi;. Then P1 and P2 hold.

Proof. As a first application of (7.3) we show that the eigenvalues €,,, of Fgw Aoy associated
to eigenfunctions ¢, are non-positive. Indeed, if ¢, > 0 then an application of (7.3) to

D(r,7") = Do) (T, 7") — Union(r)pn(r') yields
EP(D, Alooy) = E(Dioe)s A(o)) = Vnm, < EP(Dioc)s Aee));

so the energy has been made smaller which is a contradiction. To show P1, we argue by
contradiction. Thus, suppose there exist [,m such that 0 < v, 1, < 1. Set ﬁ(r,r’) =
Do), 7") + €pi(z)@i(r") — €@m(r)om (') with € such that 0 < D < I; letting € > 0 if
€n, < €n,, and € < 0if €, > €,,. An application of (7.3) yields EP(D, Asey) < EP(Diooy, A(ooy)
which is a contradiction. Likewise, to show P2, we argue by contradiction, so suppose that
Tr (D()) < N. If the measure p in Lemma 6.1 is chosen as pdr with p being the density

p(r) = 271;/:1 lon(7)|* (r € R?), then the resulting Pauli operator P4y, ,qr satisfies the
operator inequality
Fg,.A(oo) S PA,Ven’Pd Ty (74)

where Fg Ao, is the Fock-Pauli operator introduced in Proposition 5.1. We first claim
that all components of ¢ are nonzero. Suppose one of the orbitals vanishes, say ¢; i.e.

p(r) = 35 s [@n(r)[. Then

u®) =3 [ frar v -1

By hypothesis, N —1 < N < Z so an application of Lemma 6.1, in conjunction with (7.4),
informs us that Fg Ao, has at least N mnegative eigenvalues. In particular, there exists an

eigenfunction v associated with a negative eigenvalue of Fg(m)’ Ao, SO that v L {¢1,..., 01},

where L denotes the multiplicity of the eigenvalue one in (5.3). Introduce the density operator
D with integral kernel given by

D(r,r") := Doy (r,7") + ep(r)(r')

with € chosen small enough to ensure that Tr (D) < N. Invoking (7.3), taking ¢1 = 1,
1 = €, and po = 0 therein, gives the contradiction

EP(D, As)) = EP(Disc); A(oo)) T €, Fp 4 ¥) < EP (Do), Aror))-

Lemma 7.2. Suppose Ziot < N < Zioy + 1. Then P1 and P2 hold.
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Proof. Let Déz.j)l be the minimizer associated with E]%/fr From Lemma 7.1 we know that

Dggo_)l is a projection and Tr (Dé\c;_)l) = N — 1. In particular, the integral kernel of Dggo_)l

takes the form

N—
DN Y, )
with the ¢,,’s being eigenfunctions of F . Arguing as in the proof of Lemma 7.1
(o0)

Disey s
there exists an eigenfunction v of F*,_, 4 associated to a negative eigenvalue such that

D(ooy #A(0)
w 1 {gbl, Ce 7¢N—1}« Then

Br,#) = DY, ) + FEN()
satisfies Tr (D) = N and
E9(D, Amy) = E°(DY Apwy) + (6, F

)
(o) (c0)

N-1
AP < E (D) Ace):

Thus E]%, < Ez%rq- In other words, E; is not attained at Dé\;’)l. Next, suppose E]%, is
attained at some Df\;o); its existence is guaranteed by Proposition 4.2. A priori, N — 1 <
Tr (Dfﬁo)) < N. We proceed to prove that there exists a minimizer, denoted D(, satisfying
Tr (D(OO)) = N.

If {¢;} are the orthonormal eigenfunctions of FDN and 1>wv; >--- >0, then the

) Ao

integral kernel of Df\;o) is

') = Z vign(r)pi(r
I
In the case Tr (DY

(%)) < IV, a new density operator D with Tr (D) < N and EP(D, Aisey) <
EP(D?&;), A(oo)) can be constructed as follows: The assumption implies that there exists a [
such that 0 < v, < 1. Thus, setting x := min{N — Tr (Dé\go)), 1 =y, } > 0, we may define

D(r,r') = D)7, 7") + K1, (1) o1, (')
Applying (7.3) yields
EP(D) = EP(D?;O), A(oey) + Ky, ;

here we used FDN A(Oo>90l = €np1, €, < 0, for all [. Now, if ¢,, < 0 then 5p(15, Asey) <
SP(DZ\;O),A(OO) follows. Otherwise, if €, = 0, then Sp(ﬁ,A(oo)) = SP(D]XO),A(OO)) and

Tr (Dé\’ ) < Tr (D) < N. If Tr (D) = N then we set Doy = D and, as above, this proves

the statement. If, on the other hand, Tr (D ) < N, then the arguments above are applied to

D(r,r') =Y _our)ar) + > vp(r)o(r’)
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and this procedure is repeated until it terminates which it will do because the trace is
bounded above by N. Therefore, letting D) be the resulting density operator, we have
Tr (D)) = N and, by an argument as in the proof of Lemma 7.1, we deduce that D is
a projection. ]

We complete the proof of Theorem 1.3 by establishing P3:

Lemma 7.3. Let Assumption 1.1 be satisfied. If the total nuclear charge Zyo, = Zle Zy,
satisfies Zioy +1 > N, then property P83 holds.

Proof. As above, let {¢;} be the eigenfunctions of Fg(oo) Ao ordered according to the eigen-
values €; < €5 < -+ where ¢ is the lowest eigenvalue of Flg(oowl( - For some [y, ...,y we
have

m=1
We show by contradiction that {e,,...,e,} = {€1,...,en}. If the latter is not true, then
there exists m € {1,...,, N} with ¢, > €,. Again imitating [24, page 309], we define, for
d€(0,1),
D(’I‘, Ir/) = D(OO)<T> T/) + &Pm(”')@m(r/) - (5901m (r)@lm (Ir/)

An application of (7.3) gives us that

EP = 5p(D(OO), A(Oo)) + (5(€m — Elm) — 52me7wlm

< EP(D(so)s Ao

where the last inequality holds provided 0 is chosen sufficiently small.
We finish the proof by showing that ¢, < 0 for all n. If N < Ziy, then Lemma 6.1 gives
us this immediately. If Zioy < N < Ziot + 1, then we argue by contradiction. So suppose
ey = 0, say. Applying (7.3) to

D(r,r') = Do) (r,7") — on(r)en(r’)

yields EP(ZS,A(OO)) = EP(D(so); A(s)) and, moreover, Tr (D) = N — 1. This contradicts
EX < EX L 0

APPENDIX A. PURE STATES, MIXED STATES AND DENSITY MATRICES

Let $, = L*(R?;C?) be the usual one-electron state-space given by

Py = {(® = (060" s 03 = [ 167+ [0 < oc ). (A1)
R3

Then the set of admissible antisymmetric wave functions is

N
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Henceforth we let ; = (7, s;) denote the j-th spatial-spin component. If 1, ®,,..., Py is a
set of orthonormal functions in ), then the Slater determinant Vg arising from (@4, o, ..., P y)

is defined by

\IJS[Cbl,QDQ,...,@N](wl,...,a:N) = det (@l(w]))lgmg\; (AS)

1
Vv N!
The subset of W™ consisting of all finite energy Slater determinants is denoted by WWkater,

One has Wplater = WP™e and Wikater C WY for N > 2.
For a wave function ¥ € W', one defines the associated N-particle density matrix Dy :=

|W)(®|, which corresponds to the projection {C¥} in A" §,. The set of pure-state and
Slater-state N-particle density matrices are respectively

MBT = {Dy : ¥ € W™} and M3 := {Dy : ¥ € W™} (A.4)
One has MF#er = MY™ and MR C MR for N > 2. Using the notation CH for

the convex hull, the set of mixed-state N-particle density matrices is defined as M@u* =
CH (MY™), i.e.,

M%ix = { iyj<',\llj>\ljj : 0 S Vj S 1, iyj = 17 \Ilj S Wlli/ure } (A5>
j=1

j=1

It also coincides with the convex hull of M3 For a mixed state D € M%X, the spin-
polarized one-particle spin-density matrix is defined by

DTT DN
Dp = < D D c S(f) )
'DiDT fDéi p
with
Dy (r,r") =N Z
52,0y sNE{L TN

e !
/ D(’I“,IU,T'Q,SQ,...,T'N,SN,T‘,I/,’I"Q,SQ...,T'N,SN)d’I“Q...dT‘N. (A6)
R3(N-1)

Hence, the set of one-particle spin-density matrices, denoted by M, is
M={Dp : De Mux}. (A7)
Coleman [5] proved, by associating the kernel D(r,r’) with the corresponding operator in
S($p), the space of self-adjoint, bounded operators on $),, that
M={DeS%H,) :0<D<1, Tr(D)=N, Tr(-AD) < x }. (A.8)
We also define the density by
po(r) :=Trc2 (Do(r,7)). (A.9)

we will use the notation pp := pp.
The Banach space K (with H chosen as ), in its definition, see (2.3)), and its weak-* topology
plays a key role in the following result for pp [10, Lemma 3]:
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Lemma A.1. Let (D) be a bounded sequence of K. Then, estracting a subsequence if

necessary, there exists D) such that Dy, N D(s) in 8 and pp,,, converges to pp, ., strongly
in LF (R3R) for 1 <p <3, weakly in LP(R3) for 1 < p < 3 and almost everywhere.

loc

APPENDIX B. AUXILIARY RESULTS FOR THE PAULI CASE
We record the following results from [9, Theorem A.1 and Theorem A.2].

Lemma B.1. Let B € L*(R%* R)? be a given vector field and let divB = 0 in 2'(R?). Let
the vector potential A be given by

A(r) = /RS lr — 7| (r — ) x B(r') dr'. (B.1)

Then:
(i) A€ LS(R*R)?, curl A= B, and divA =0 in Z'(R?).
(i) The distribution 0;A; is an L* function and

Z/|VAi|2dx:/Bde.

(i1i) The vector potential A given by (B.1) is the only vector field which fulfill the three
properties in (i).

Lemma B.2. For any A € LS(R*R)? and ¢ € 9,, |o(—iV — A)Y|| < oo implies ¢ €
H!(R3; C2).
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