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Abstract

In 1981, Zagier explained how the Rankin-Selberg method, originally shown to work

with SLy(Z)-automorphic forms that decay rapidly at infinity, can be naturally ex-
¢

tended to automorphic forms that behave like > 3 log™" y. The technique used is
called renormalization. -

In this thesis, we identify the full group of functional equations for the renor-
malized Rankin-Selberg transform of a product of an Fisenstein series and a Hilbert
modular Eisenstein series associated to a real quadratic field.

From Zagier’s theory, 16 functional equations are trivially expected. The work

presented here shows that this object has exactly 48 functional equations.
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Preface

The present document is the final achievement of my work as a Ph.D. student
at Stanford University and I take great pride in writing it.

In the winter quarter of 2004, my second year at Stanford, I was at a loss in
my search for an advisor, as I could not find someone to work with, who met my
interest for abstract functional analysis and Banach space theory. I finally decided to
change fields, learn new material, and however difficult a decision this might have been
at first, it brought me together with Professor BuMmP.

While we had never met before, he welcomed me unquestioningly and proposed
that I start learning automorphic forms. Having explained him my strong interest
for “anything that mixes algebra and analysis”, however vague that may be, Professor
BuMP very promptly told me about a problem he might have for me.

Twenty years ago, with Professor GOLDFELD, in [4], he investigated the renorma-

lized Rankin-Selberg transform

dz
R(sg,s1) = RN / E*(z, s0)Ex (2, 1) F

SLa(Z\ A
as defined by Zagier in [9], of a Hilbert modular Eisenstein series Ej(z,s;) for a
totally real cubic field. They were able to show that this function actually is a period
of the SL3(Z) Eisenstein series, and inherits from it functional equations that would
be undetectable from Zagier’s sole definition for R.

In 2002, Professors BEINEKE and BUMP considered this time the renormalized
Rankin-Selberg transform of a product of three SLy(Z) Eisenstein series and showed

that such a phenomenon happened again.

v



My mission, would I accept it, would be to investigate the last remaining case

RN / E*(z, s0)E*(z, s1)Ef (2, s2) d—j

SLo (Z)\A# Y
where K is a totally real quadratic field. The group of functional equations for this
function is of order 48, while Zagier’s theory only predicts 16. And this is the main

result in the present thesis.

People who know me know that I like to present material that is self-contained.
Doing this here would be a difficult task given the amount of prerequisites to under-
stand what I have been working on. The volume, in the present thesis, devoted
to prerequirements would also overwhelm the part where original work is actually
presented. Thus I will usually direct the reader to the appropriate references. This
to the exception of a couple chapters devoted to the Hilbert modular group and the
Hilbert modular Eisenstein series.

Indeed, the only elementary reference that I found on the subject is Siegel’s
Lectures Notes on Advanced Analytic Number Theory [7|. This is a very old book,
out of publication, very well written but still hard to read because typewritten.
The parts relevant to the Eisenstein series are also pretty much scattered in many
places throughout the book. It is after reading it that I was finally able to un-
derstand all objects involved in my problem, and therefore get started solving it.
Since it meant so much to my work, I am reproducing the relevant parts here.
The reader who is already comfortable with this material can skip directly to the

third chapter, containing my original work.
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Chapter 1
The Hilbert modular group

In this chapter, we present the theory of the Hilbert modular group, as a group acting
on copies of the complex upper half-plane. This group generalizes the traditional
modular group SLs(Z), whose theory is presented for example in the beginning of
Bump’s Automorphic Forms and Representations [3|. We will define this action, study
it and show that it actually is discontinuous, and identify fundamental domains for
particular subgroups. Those results, already interesting as such, will be fundamental

to defining the Hilbert modular Eisenstein series studied in the next chapter.

1.1 First notations

In this chapter, K is a totally real algebraic number field of degree n over Q. This
means that all the conjugates of K are actually subfields of R. For example,
Q(v/2) is a totally real quadratic field since its only conjugate is itself; while Q(+/2)
is not a totally real cubic field, since its conjugates are Q(v/2), Q(jv/2) and Q(j*v/2)
with j = e*™/3. If o is in K, its conjugates are denoted by a¥ = a,a®, ... o™,

For our purposes, we need to add a point at infinity to K, thus forming
K =KU {cc}

as a subset of the completed complex plane C. Operations in K between elements of K

work just as in K. And the element oo satisfies the following conditions:
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Va € C a~+ 00 = 00
Va € C\ {0} a X 00 = 00

X0 X OO =0

1

— =00

0

1

~ 0

0
Vie{l,....,n} 00 =00

K can be embedded in n copies of the extended complex plane as follows:

d: K—Cn

x— bxr =
£
An element x in K will often be identified with its image by ® in what follows.

In ((A:", we define the following maps :
1
Vz = | : e Cn Trz=2z+--+ 2, and N(z)=2 -2,
Zn
so that Tr o ® and N o ® are respectively the usual trace and norm on K.
These new notations are thus consistent with the identification we make between

xr € K and ®(x).

<1
Now,ifz= | : | isin @”, we will note :
Zn
Rez Im z;
x = Rez = : and y=Imz=
Rez, Im z,

Let ¢ be the group of 2 x 2 matrices with coefficients in K and determinant 1.
¢ naturally acts on ,%5"’ the n-fold product of copies of the extended upper-half

plane H as follows:
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(M 4 4O T
002 + 00
VM = “ Vz € 7™ Mz = : =Xy + 1Yy
70 NG
L () 2, + 0 ]
SR
W
and Moo =
o)
[ ~(™)

Finally, the Hilbert modular group is the set of matrices in ¢ with coefficients in o,
quotiented by the subgroup {#+I5} of matrices that act trivially on ™. This group
will be noted #Z = SLy(0)/{%L:}.

1.2 Cusps of .#Z and class number

Definition 1 Two elements A and p in K are equivalent, and we note A ~ g, if and

only if

HM:[aﬁ
A

]E/// =M=

A cusp for .# is an equivalence class in K for ~, and their collection is denoted by €.

Theorem 2

The number of cusps is the class number of K.

Proof: Let Z be the group of fractional ideals of 0 and P be the group of principal
ideals. We know, from basic theory of Dedekind domains, that any fractional ideal a
can be generated by two elements.

Our first step is to show that if a = (a, 8) = (o*, §%), then § ~ 5z. We know that

there exist elements v, §, v*, 0* in a~! such that

ay—pFo=1 and 'y =g =1
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a 0

a* 5*]
By [T
These matrices have coefficients in K and determinant 1. Thus
AFA-L = ar 0* v =0 _ 'y — 03 o —a*d
ey =B« Fy=7B va-p7

has determinant 1. Remember that the a’s and 3’s are in a, while the v’s and ¢’s

Define then A=

] and A* =

are in a~'. Thus A*A~! has coefficients in o and is in the Hilbert modular group ..

It is now a simple computation to check that

JU
g B

a oF

which proves that =~

g B
Thus the function ¢ : Z — %, that associates to a fractional ideal a = (a, 3)
the cusp %, is well defined: its value at an ideal a does not depend on the choice of
generators for this ideal.
Next, we check that ¢ induces actually a function on Z/P. Indeed, if A is an
ideal class represented by fractional ideals a or b, there exists an integer ¢ such that

b =ca. If (o, f) is a set of generators for a, then b is generated by (ca, ¢f3). Thus
plo) = 5 =5 =l

So ¢ projects to a function @ : Z/P — €, by defining $(A) to be p(a) for any
fractional ideal a € A.

Of course, P is surjective since if A is a cusp represented by the algebraic number &,
then B(A) = A where A is the ideal class of (a, 3). If A = oo, just take A = P.

The last step consists in checking that % is injective. Suppose that two frac-
tional ideals a and a* are such that ¢(a) and p(a*) define the same cusp. Let (p, o)
and (p*,0*) be generators for a and a* respectively. Because the cusps £ and g—:

are the same,

* aﬁ_l_
S/ p—:MBI g ﬁ:Oép—‘—ﬁO'
o* o y2+0  yp+io
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This is turn implies that, for some algebraic number ¢ € K, we have
p*=clap+po) and 0% =c(yp+do) (1)

Of course, the ideal (ap + Bo,vp+ do) is included in (p, o) = a. Conversely, because
ad — By =1, we have

p = 6(ap+ Bo) — B(yp+do)
o= —y(ap+Po) +alyp + o)
which proves that a = (p,0) = (ap + fo,7vp + d0). This, together with (1),

shows that (p*,0*) = ¢(p, o), or in other words, a* and a are in the same ideal class.

Thus @ is injective. OJ

We now know that .# has finitely many cusps, since the class number of K
is finite. Let h be this number. We fix for the remainder of the chapter a complete
set of representatives ay,...,a, of ideal classes, such that a; has minimum norm
in its class, and note the corresponding cusps Ay, ..., A;,. We convene that a; = o,
so that \; = oo.

Also, each a; can be written as (p;, 0;) and we have \; ~ % Because p; and o;
are in a;, there exist &, n; in a; ! such that pini — 0:& = 1. Those algebraic numbers
provide us with a matrix
pi &

g; 1

Ai:

] € SLy(K)

1.3 The stabilizer of algebraic numbers

For \ € IA(, we want to identify its stabilizer I'y in .#, that is
Iy={Me.Z|M\=2)\}

Since Ay, ..., A, are a complete set of representatives for K/ ~, there exists M € .#
and ¢ € {1,...,h} such that A = M)\;. Thus

Iy={Ne.Z|NM\ =M} ={Ne.# | M 'NM\ =)} =M, M

and it is sufficient to know I'y,,...,I"), in order to know all I'y’s.

n
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Theorem 3

Ifie{1,...,h},
1
FAZ.:{A,- S A €0 gEa;z}
0 ¢!
Proof: Let M- |* e,
v 0
Then api+foi _ pi
Ypi +00i 0
and oi(ap; + Boi) = pi(ypi + d0;)

Just like in the proof of Theorem 2, the fact that M has determinant 1 and coeffi-

cients in o implies that (ap; + Bo;, yp; + d0;) is another system of generators for a;:

a; = (pi, 0:) = (ap; + o, ypi + 603) (2)

This implies that % and % are relatively prime; as well as {22 ’;ﬁ %) and 22 ’;&m.

This comes again from the theory of Dedekind domains, and I believe a quick
proof is required. The fundamental relationship needed is a consequence of the

unique factorization of ideals as a product of primes:
Va,b € Z Vpprime  vy(a+b) = Min(vy(a), vy(b)) (3)

where vy, is the p-adic valuation. This can be found in Frohlich’s Algebraic

Number Theory 5], for example. Because a C a+ b, we have for every prime p:

a
>0
2}p(ajtb)

Similarly Up<a _[; b) =0

But also, because of (3),

vp(a+b) = vy(a) or vy(b)

Thus vp<aib)-vp<aib):0

This being true for every prime p implies that 3 and % are relatively prime.
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Dividing both sides of (2) by a? yields
(0i) {api+Boi) _ (pi) {(ypi+d0i)

a; a; a; a;

The coprimality relationships stated above imply that
(oi)  (ypi+day) and (pi) _ (ap;+ Boy)

a; a; a; a;
and in turn, from this and the equality

oi(api + Bo;) = pi(ypi + 00;)
presented earlier, there exists a unit € such that
ap; + Po; = €p; and vp; + 0o; = €0;

e’ ﬁ] [Pi fz’] _ lfpi a&; + Bn;

Therefore MA, =
yoo| |oi m eo; Y&+ on;

Defining & =e(a;+fn) € a7t and  pf = (76 +0m) € a;t

e
we have MA; = i e (4)
g; 7]: 0 5_1
Furthermore pint — ol =
Since we had already pini — o0& =1
it follows that pi(ni —nF) = 0i(& — &) (5)
or, in terms of ideals, (i) __177i> = ) (& __1 £
a; a; a; a.

7 K3

But <p—f> and % are relatively prime, therefore

bE-g

2

(0) | (i — 7))
a; a; !

2

In particular ~ 3b integral ideal (& — &) C a;*(p;)b C a; %{p;)

and it follows that 3 €a;? =86+ Cpi
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Because of (5), we get as well

n; = n; + Co;

Putting this information back in (4):

MA, — pi &+Cpi| e O _ | P Gl |1 ¢||e O A, e (et
op mi+Coi| |0 et op mi| [0 1]]0 71 0 &t
1
and Mo, |[© S | A
0 &t

Conversely, one easily checks by computation that such a matrix M, with € € 0*
and ¢ € a;? stabilizes \; = B has integral coefficients and determinant 1.

This achieves the proof of Theorem 3. O

1.4 Discontinuity of the action of .Z

We investigate in more details the action of .#Z on the n-fold upper half-plane 7"
defined in the first section of this chapter. We will find properties very similar
to those of SLy(Z) acting on .7, which should help us describe a fundamental domain.

First, let’s define some notations.

Definition 4 If V is a subset of 7" and M is a Hilbert modular transformation,
V is the image M(V) of V under M.

Definition 5 For any z € 77", the isotropy group of z is the subgroup I', of .#,

consisting of those Hilbert modular transformations fixing z.

We start with a functional analysis lemma:

Lemma 6
Let B be a compact subset of the upper half-plane 7. There exist positive numbers

1, Co, depending only on B, such that

V(u,v) € R? o (u? 4 v?) < Juz + o2 < o (u? + 0?)
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Proof: Let S be the unit sphere in R? for the euclidean norm:

S ={(u,v) e R? | u? +v* =1}

and define VzeB VY(u,v)eS  o(u,v,2) = |uz+v|?

This function is continuous on the compact set B x S and therefore reaches its mini-
mum and maximum, that we call ¢; and ¢5. These numbers are nonnegative since ¢

is a nonnegative function. Because ¢; is attained, there exist z € B, (u,v) € S so that
c1 = |uz +v|?
If ¢y =0, then uz + v = 0. Writing 2z = z + iy, it follows that
ur+v =20 and uy =0

B is a compact subset of the upper half-plane, therefore stays away from the real
axis. Which implies that y # 0, v = 0 and v = 0. This contradicts the fact that

u? +v? = 1. Therefore, ¢; > 0 and as a consequence, ¢y > 0 as well.

Now, let (u,v) # 0 be any couple of real numbers. Then \/% is in S and
therefore
luz + v|?
AN e SO
which proves the lemma. (]

Theorem 7
Let B and B" be any two compact sets in ™. There are only finitely many Hilbert
modular transformations M, such that By N B' # ().

Proof: Since B and B’ are closed and bounded in 7", there exists a positive real

number ¢ big enough such that

1
VzeB Vje{l,...,n} S <y<c (6)

1
and VzeB Vjed{l,...,n} S <yi<c (7)
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Let A={Me.# |BunB #0}
and take M= | b eA
v oo
There exists z € B such that Mz € B’. Then we have in particular:
1
— <Im(Mz), = & 5 < cC
c ‘7(1)Z1 + 5(1)‘
n 2
Thus = < |yz + 97 < yje
c
1 2 _ 2
and by (6) 2 < |vz1 4+ 6]° < ¢

Since z; is in a compact subset of the upper half-plane, Lemma 6 implies that there

exists a positive constant c;, depending only on B, such that

(V2462 < vz + 62 < P
2
Hence 462 =
&1
But v and ¢ are in o, which is discrete. So there are only finitely many possibilities
for those two integers. What we showed so far can be summarized as: Let B, B’
be two compact sets in . There are only finitely many possibilities for the bottom

rows of matrices M € .4 such that Byy N B’ # ().
Let’s show now that the same happens with the top row. Let I = [_(1] (1)]
This matrix is in .# and the sets B; and B} are both compact. Consider
A ={M e .« | B\unN B} # 0}

We know then that bottom rows of elements of A; are taken from a finite set.

But, using the fact that I7! =1,

AI:{ME%‘BIMIQB,#Q}:IAI

eA IMI:[_5 7]
0 —«

a B

Observe that VM =
v oo
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Thus, up to some sign changes, bottom rows of elements of A are top rows of elements
of A. Hence there are, as well, only finitely many possibilities for the top rows

of elements of A. O

Corollary 8
For every z € €™, the isotropy group I, is finite.

Proof: I', is the set of M € .# such that {z}\ = {z}, thus finite by Theorem 7.0

Theorem 9

The Hilbert modular group # acts properly discontinuously on the n-fold upper half-
plane F". In other words, for any z € F", there exists a neighbourhood U of z such
that the set of M € . such that Uy NU £ () is the isotropy group T,.

Proof: Let V be a relatively compact neighbourhood of z. By Theorem 7, the set A
of matrices M € .# such that Vyy NV # () is finite. Note that A also contains I,

so let’s write A as a disjoint union
A={My,....M,}Ul, (8)

Suppose that, for some 7, there is no neighbourhood O of z such that Oy, NO = ().
Then

1 1
Vp € N* B(z,—) mB(z,—) £0
P/ M p
and thus contains a point w, = M;(z,) with

1 1
lzp =zl <2 and w2 <7

Since M; is continuous, letting p go to oo yields z = M;(z), which contradicts the fact
that M; is not z-isotropic.

Hence, for every i, there is a neighbourhood W; of z such that M;(W;) "W, = 0.
Then W =W, N---NW, is a neighbourhood of z such that

Vz’e{l,...,r} WMlﬂWZQ)

Finally, let U = V N W. This is a neighbourhood of z. Let M € .# be such
that Uy NU # (. Then VyyN'V # (), so M is in A. Given the disjoint union (8),
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either M € I', or M = M; for some i. The latter case is impossible, since U C W and
Wy, NW = ). Therefore M is z-isotropic and U satisfies the requirements for the

theorem. O

Corollary 10
If z€ 7™ is such that I', = {Io}, there exists a neighbourhood U of z such that

VME%\{IQ} UMﬂU=@

1.5 A fundamental domain for I')

Let A = £ represent a cusp of 7" for the Hilbert modular group .#, and a = (p, o)

be the ideal, among a,...,a, representing \. The fractional ideal a=2 is a free
Z-module of rank n and therefore has Z-bases; let (o, ..., a,) be one of them.
As explained in section 1.2, we associate with the cusp A a matrix A = r §]
on

of determinant 1 with ¢ and 1 in a=!.

As a consequence of the units theorem, applied to the special case of totally real

fields, there exist fundamental units eq,...,e,_1 in 0™, such that

oX ={ ek, ke €2)
In this section, we will construct a fundamental domain in " for the group I'y
identified in section 1.3. This set will be easier to describe in a different coordinate
system, which we shall present now.
Let z = (z1,...,2,) be any point in ™. We define z* = x* + iy* to be simply
za—1 and we write

2" = (27,...,2%) X

e n

* *

I($’{,...,(L’n) y*:(yfv"'vy;w
We define the local coordinates of z at A to be the 2n quantities
qula e '>Yn—1>X17' c aXn

determined by the relationships
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q=N(y*)
1 1 S
ln‘eg)‘ ln}sg)l Yl n N(y*)
: : : = : (9)
n—1 n—1 1 *
ln‘ag )‘ 1n\g§_1)\ Y1 —ln#{l)
i y*)
oz§1) b
and : : D =xr (10)
o o] |x,

The matrix in (9) is invertible as a consequence of the units theorem; the matrix in

2 which is an n-dimensional

(10) is invertible because (o, . .., ) is a Z-basis for a~
lattice in K (see chapters 3 and 5 of Lang’s Algebraic Number Theory [6]). Therefore,
Yi,..., Y1, Xq,..., X, are well defined.

Furthermore, the correspondance between usual coordinates xy,...,Tn, Y1, .-, Yn
for z and local coordinates is bijective. Indeed, if the local coordinates are known,
(10) lets us recovers x*, while (9) lets us recover yi,...,y’_;. The last number y5

is then obtained, using the fact that
q=N*)=yi -y,

We wish to know how local coordinates change, when z is changed through par-

ticular transformations.

Proposition 11

Let z € 37, 5:i5'f1---52”_’11 € o0* and { = mioy + - -+ mpo, € a2,

1. Under the modular transformation A i A~ the local coordinates of z

become
N(y*),Yl, e 7Yn—17X1 +m1, e ,Xn +mn

In other words, the first n local coordinates are unchanged, the last n are trans-

lated by (my,...,my,).
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2. Under the modular transformation A . A=Y the first n local coordinates
-

of z become
N(y*), Yo+ koo, Yooy + ks

In other words, the first local coordinate does not change and the next n—1 are
translated by (ky,...,kn_1).

1
Proof: Let M = A j A1 so that
1
A~'Mz = ¢ At
01
' zj + ¢ vi
Thus (Mz)* = [0 i] z-=z"+(= : +1i]
x4 (" v
Let ¢, Y!, ..., Y] _1,X],..., X/, be the local coordinates of Mz. Since ¢/, Y},...,Y] _,

are determined by Im (Mz)*, which is equal to Im z*, we get

ql:q Y/1:Y1 Y;—lzyn—l
The numbers X/, ..., X! satisfy
o o] [xy _ﬂ 1 ot ¢
: : = : =]+ :
a(”) L a(n) X/ x4 C(n) T* C(n)
1 n n | n
a1 [mal? + -+ maal!
= +
7, | _mlaYL) + o+ mpal?
-x{- -agl) . a£}> my
= + |
xy ozgn) a&"’ My,
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alV o X —my x}
and therefore : : : =
agn) o™X — m, | Tk
X, —my X, |
It follows that : =1 :
X —my, X, |

which proves the first part of the proposition.

The second part is proved along the same lines. U

Of course, it is not for random reasons that we restricted our attention to matri-

e 0

ces such as A i A=' and A ) A~'. For one, according to Theorem 3,
-

they belong to I'y. But also, any element of I'y can be decomposed as a product of

those, as was seen during the proof of that theorem:

e e ¢ 1 ¢
0 ¢! 1

e 0

0 ¢!

A ATl =A A"l x A A (11)

This decomposition, together with Proposition 11, are key to constructing a funda-
mental domain for I"y, and prompt us to introduce the notion of a point reduced with

respect to A:

Definition 12 A point z in " is called reduced with respect to A if and only if all

local coordinates, except the first one, are between —% and %:

1
—5 ng,...,Yn_l,Xl,...,Xn <

N —

Proposition 13

Any z in F" is I'y-equivalent to a reduced point for .

Proof: z has local coordinates ¢,Yq,..., Y, 1,Xy,...,X,. We first find integers
ki,...,k,_1 such that

1
SYi+ ki <5 (12)

Vie{l,...,n—1} — 5

N —
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e 0
and then define M; = A . At with e=¢gh.. ~5ﬁ’ff
—
Let’s call ¢/,Y7,..., Y/ _1,X,...,X], the local coordinates of Mjz. According to
Proposition 11 and (12), Yi,...,Y,,_, are reduced.
Next, find integers mq, ..., m, such that
1 1
Vie{l,...,n—1} —§<X§+mi<§ (13)

L ¢

and define My = A AT with C=miaq + -+ muay,

Let’s call ¢",YY,...,Yr ,X],..., X" the local coordinates of the point MsM,z.
Proposition 11 tells us that the Y”’s are equal to the Y'’s, and together with (13),
shows as well that the X”’s are reduced. Hence M;M;z is reduced with respect to A

and I'y-equivalent to z since MyM; € I'. O

Proposition 14

Any two reduced points which are T \-equivalent are equal.

Proof: Let z and w be reduced with respect to A, and such that for some M € T,
we have z = Mw. According to Theorem 3, M can be written as

e e ¢
0 !

Let ¢,Yq,...,Y,,_1,Xq,...,X,, be the local coordinates of z; let p,Uy,...,U,_1,

M=A A" (ea? ccoX

Vy,...,V, be the local coordinates of w; write ¢ = :I:e’;‘]f1 .-k Because of the

decomposition (11) and Proposition 11, we have

Since the Y’s and the U’s are all in [—%,
Therefore ¢ = £1.

), it follows that all the £’s are equal to 0.

If we write ( = ) myay, we obtain through the same reasoning that all the m’s
k=1
are 0. Therefore M = +I, and it follows that z = (£l,)w = w. O
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As a consequence,

Theorem 15

The set 9 of reduced points in F" is a fundamental domain for T'y.

As we can see, ¥, is easy to describe in terms of local coordinates at A. One can
check that, if the field K is actually Q, our construction provides us with the strip
11

[—35,5) %[0, 00), the usual fundamental domain for I'y, the stabilizer of the only cusp

for PSLy(Z).

1.6 Distance of a point to a cusp

In this final section, we want to associate to every cusp A and z € " a number
A(z, \) that indicates how close z is from A. This intuitive notion of a distance should
be such that, if z is “close” to a cusp A, than it cannot be “close” to another cusp pu.

In some sense, this will indicate that cusps are well separated from each other.

Definition 16 For every z € J7" and every cusp A\ = 2, the distance of z to A

is defined as

A(z. ) = 1 :N|—az+p|

VN(Im A-1z) VY

For every positive number r, the r-neighbourhood of A is

U, ={ze | Az <r}

Proposition 17
For any M € .4, X\ =2 and z € ", we have A(z, \) = A(zm, Au)-

Proof: This is really just a computation. Let A, = be the matrix associated

g %

to A as usual, and let M = [oz ?] € /. We have
Y

ap + fo

A pum—
M vp + oo
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e

Since the numerator and denominator of Ay form the first column of MA ,, this matrix

and MA A =

ap+ fo *
vp+do  *

is a good candidate for A,,,. This done, the computation unfolds easily:

Im (A} zar) = Im (MA,) 'zy) = Im (A} "M 'zy) = Im (A} '2)
and it follows that A(zy, M) = Az, N) O

Proposition 18

There exists a positive number d, depending only on K, such that

Vze A" YA\ pueK (A(zN) <d and Azp)<d) = A=p

Proof: Let A = 2 and p = % be in K. Let z € " and let d be any positive real

number. Assume that

A(z,\) <d  and Az, p) <d

_ 2 | 2.2
This means that N( oX+p)H oy <d? (14)
Yy
_ 2 | 202
and NCOX ) Oy (15)

Yy
It is a consequence of the units theorem (see Lang’s Algebraic Number Theory [6],

chapter 5) that there exists a constant C depending only on K such that, for every
r=(ry,...,r,) € R" with Nr # 0, there exists a unit ¢ that satisfies

Vie{l,...,n} |rie®| < C¥/Nr

Of course, multiplying p and o by the same unit won’t change the expression (14),

since units have norm £1. Nor will it change the ratio £. Therefore, up to such an

operation, we can assume that

(_Uw%+pmf+gm@g
Yi

Vie{l,...,n} < Cda

i i)\ 2 i)2
(= oz + o) + 0 7y2
Yi

Similarly, Vie{l,...,n} < Cdr
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can be assumed as well. This in turn implies that for every i,

(=02t o) e

Yi

U(i)2yi < COdx=
(4) (1)) 2
— 0T +

( 1 P1 ) < Od2

Yi

42
U%Z) y; < Cd
. . —o@D . (4) . P (), (%)
e N o\x; +p (i) o1°T; + pq -
But p(l)a() — p( o) = = LT F w5 Y — ——— L x o0 s

which implies } pWat) — pgi)a(i)} < 2Cdn
Hence IN(po1 — p1o)| < 2"C"d?

Now, if we choose d small enough so that the righthandside is less than 1, we get
IN(po1 — p1o)| <1

Since the norm of an algebraic integer is an integer, it follows that po; — p1o = 0,

and in turn

o (o]



Chapter 2
The Hilbert modular Eisenstein series

In this chapter, we define the Hilbert modular Eisenstein series for the totally real
field K, show that it has analytic continuation and functional equation.

Simply put, if A is an ideal class for the field K, the Hilbert modular Eisenstein
series associated to A is the function defined by the series expansion

n I \s
Vz € #™ VseC Res>1 Exa(z,s) = N(a)* E ]1:[1 | (j)( mjj(s)(j)
A A

‘23

where a is any ideal in A~!, and the sum is over nonassociated pairs (v, d) generating a
as an ideal. Of course, this definition raises issues: why does this series converge?
Does it depend on the choice for a € A~!, or on the choice for representatives
(v,0) € a?/0*?

We will start by answering these questions, and the previous chapter will be key
in proving convergence for Ex a(z,s). Then we proceed to computing the Fourier
expansion of Ek  in terms of characters of R" /o, which will prove at the same time

that this function has analytic continuation and functional equation under s — 1—s.

2.1 Convergence and automorphicity

We let A be an ideal class, a = (p,0) be an integral ideal in A™' and A\ = £
the corresponding cusp for .. We choose a Z-basis (ay, . .., a,) of a72, and a system

20
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of fundamental units €q,...,6,_1. We also find &, 7 in a=! such that pnp — o0& =1
p £

o n
The Hilbert modular Eisenstein series will be shown to converge by a very clever

and form the matrix A =

argument: its sum is comparable to the volume of a subset of the fundamental
domain ¥, constructed in the previous chapter.
Of course, as we saw, ¥, is easily described in terms of the local coordinates

¢, Y1,...,Y,_1,Xq,..., X, as some sort of vertical strip:
1 1
g)\:{ZG%n|q>O —§<YZ,XZ<§f0rallz}

and therefore we would like to privilege this coordinate system. This requires the Jaco-
bian computation for the transformation from usual coordinates x1, ..., Z,, Y1, ., Yn

to local coordinates. We remind the reader that we have:

q=Ny*)=yi -y, (1)
(1) (1) T Y]
Inley’| -+ Inle,y| Y, 2" /Ny
: : : = : (2)
In ‘55"_1)‘ R ‘52"__11)‘ Y1 1, U1
i /N(y*) |
oz§l) . oz,(ql) Xy
and : : | =x" (3)
agn) oaM] X,
where 7" =x"+iy" = A"z

Proposition 19
Let D and R be respectively the discriminant and the requlator of K. We have

dgdY, - dY,_1dX; ---dX, —oz+p)| " dudy

2
= Nia ‘N(
27-1Rv/D
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Proof: We first find the relationship between dx*dy* and dxdy. Since z* = A~'z,

we have for every 7 € {1,...,n}:

(@) _g(i) (1), _ ¢(@)
st g = AT [T N Rk e
< Ty + 1y; A “i [ ] ] “i —O'(i)Zi -+ p(l)

o )

_ Yi
| — 0@z + p]

In particular vy

Now, we know from the theory of SLy(R) acting on the upper half-plane that the

measure dzgy is SLo(R)-invariant. Thus
dr;dy;  dzidy;
v U
and dz;dy; = yi daidy; = ‘ — oWz + p® ‘4 daydy;

(2

Taking the product over i of such measures yields:
dxdy = }N(—Uz +p) }4 dx*dy* (4)

Next, we relate dgdY; - -dY,_1dX; - --dX,, to dx*dy*. Because of (3), which is

simply a linear relationship between x* and the X’s, we have

OIS
; C ol dX, - --dX, = dx*
MU G

The determinant on the left is simply N(a=2)y/D, from known results in algebraic
number theory (see chapter 3 of Lang’s Algebraic Number Theory [6]). Thus

Na?
dXy---dX,, = —= dx* 5
: " o)

The definition (2) tells us that

n—1
; i 1 yr 1 1
Vze{l,,n—l} Ykln‘gé)‘:_lnil:—lny:__lnq
; 2 YNy 2 2n
1 n—1 .
Therefore Vie{l,...,n—1} Iny = —1Ing+ Z2Yk In ‘5,(;)‘ (6)
n

k=1
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Summing these relations for all values of 7 between 1 and n — 1 gives:

1 n—1 n—1 .
1H(yf"'y5_1):nn 1nq+ZQYkZln}eé)} (7)
k=1 i=1
But yf"'yﬁ—lzy%
n—1 '
and Z In ‘5,(5)‘ = —In ‘5,&")}
i=1

due to the product formula 1:[1 ‘5,(3)‘ = 1. So, pluging this back into (7) yields

n—1

Ing—Iny: = r ; ! Ing — ZQYk In ‘5,&")}
k=1
1 n—1
so that Iny; =—1Ing+ Z 2Yy In }e,ﬁ")\
n
k=1

This formula, together with (6) allow us to recover completely the y*’s in terms of ¢
and the Y’s:
n—1 .
S 2V Inel?]
Vie{l,...,n} yr = guer e

n—1 .
Oyf 1 2, vl oy

Thus 9 = Eqn ek=1 ”
n—1 .

oy’ A 1 2 2YgInlel!| :

and oY, =2In ‘55-)‘quzek:1 R — oyt ‘5§-)‘yi*
*

z—; 2y7 In ‘agl)‘ <o 2y7In ‘5;121‘
Finally dy* =1 : : : dgdYy---dY,-1

i_,; 2y;1n}5§">} Qy;m}ggf_)l}

1 ln}egl)‘ ln}eg_)l}

*

ng

dy dqul cee dYn—l

1 ln‘e&n)‘ ln‘eﬁln_)l‘
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and this determinant is precisely nR (see Lang’s [6], chapter 5). Putting this result
together with formulas (5) and (4) yields the announced result:

dgdY, - --dY, ,dX, ---dX, —oz + p)| " dxdy 0

Na?
- ‘ N(
27-1Rv/D
For convenience, in the remainder of the chapter, the volume element in the local

coordinates system will be denoted dr

dr =dgdY;---dY,_1dX;---dX,

Na?
and we let c= ———
27-1Rv/D
To see how dr is modified under a Hilbert modular substitution, it will be conve-
nient to first relate it to the invariant measure dw = I%’(‘;)’é:

Proposition 20

The measure % 18 M -invariant.

Proof: Everything we need has already been proven in Proposition 19. We already

know that
d dxdy  dx*dy”*
w = =

N(y)? N(y*)?

and it has been shown that

dr = cdx*dy™* U

This done, we are almost ready to show the existence of the Hilbert modular
Eisenstein series. We announced earlier that it would be related to an integral com-
putation over a piece of the fundamental domain ¥, for I') constructed in the first
chapter. To see that, we need somehow to relate the Eisenstein series to the group I'y.

This is done through the following lemma:
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Lemma 21

Let (M;) en be a complete set of representatives for the quotient U\\.# . Define
VieN Pj=A"M, = [O‘j @']

Vi 0
The collection P = {(v;,0;) | j € N} is a complete set of nonassociated pairs of

generators for the ideal a.

Proof: We recall that, saying that (M;);en is a complete set of representatives for

I'\\# means that we have the disjoint union

A =M
jeN
We also recall that two pairs (7, 9), (7/,¢') that generate a as an ideal are associated

if they can be obtained one from the other through a unit, that is

Je€o v = ey and 0 =¢ef

We first show that each pair in P generates a as an ideal. Let M = [a ?]
v

be any matrix in .#. We have

A_lM:[ i —5] [a 6] _ [na—@ nﬂ—&?] ®)

—o  pl|y 9o py —ao pd— fPo
Let u=py— Qo and v=pd— Po
Since p,o € a and «, 3,7,0 € o, the integers v and v are in a. Therefore
(u,v) C a
For the converse, using the fact that ad — 8y =1, we get
fu—av=p

{71} —du=o

so that a=(p,o)C (u,v)

Hence (u,v) = a
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The matrix M was an arbitrary Hilbert modular function. So in particular, each pair
in P generates a as an ideal.
Now we show that those pairs are not associated. Suppose that for some non-

negative integers ¢ and j, there exists a unit € such that

Vi = €% and 5j = 552’ (9)
Because P; has determinant 1, either +; or d; is not zero. Assume it is 7; and let
-1
- a; —& Ty
<= €%
This number has been chosen so that
ety +eCy = (10)

It also satisfies another nice relation, though this one requires more work to see:

0; — £ b
5_1/87; + EC(;Z — E_lﬁ’i _I_ u
Vi

o;0; — e ud; — Bivs)
Vi

Using the facts that
a;0; — Bivi = 1 v =€ty and 6 = e 1y,
5o—1
we get e 18 +eCoi = e
Vi

But we also have «;d; — 3;v; =1 so that a;0; — 1 = By
Finally: e 18+ eCoi = f3; (11)
Formulas (9), (10) and (11) can be summarized in the following matrix form:

et e P, — et e| | B _ | G _ P,

0 € 0 el v 0 Y 9j

Since P, = A~'M; and P; = A_IM]-, we see from the computation (8) that «; and «;

are both in a=! (remember that ¢ and 5 are in a™'). Therefore, ¢ belongs to a=2.

Thus
-1
© €C A_lMi - A_le
0 €
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e eC
0 €

or A A_lMi = M]

In view of Theorem 3, it appears that M; and M; are in the same right coset for I'y.
It follows that M; = M;, P; = P; and therefore ; = v;, §; = d;: if two pairs in P are

associated, they must be equal. U

The following, long-awaited theorem, is the achievement of everything done so far:

Theorem 22

The Hilbert modular Eisenstein series

i v; ) N(y)?
Bea(zs) =N@* > IT—2 —nNa> > —
(’y,5)€a2/g>< Jj=1 ‘fy(])zj -+ 5(”‘ (’y76)6a2/gx N(’YZ—i- 5)‘
(r.0)=a (7,6)=a

converges absolutely for every z € " and s € C with real part bigger than 1.

The convergence is uniform in s in half planes {oy > Res > oo > 1}, and uniform
n z in every compact subset of F€™.
Furthermore, this definition does not depend on the choice of non-associated pairs

(7,8) of generators of a, nor does it depend on the choice for a in A™'.

Proof: Fix an ideal a = (p, o) in A~! and a complete set of representatives (M; ) en
for the right cosets in I'\\.#. Up to renaming them, we can assume that My = I5.
According to Proposition 18, there is a positive number d such that, for every
z € H and every cusp p, if A(z, \) and A(z, 1) are both less than d, then = A.
The Hilbert modular group .# is countable, since o is countable. Besides, every
nontrivial modular transformation has at most two fixed points. Therefore, the set
of points z € 7" such that Mz = z for some M € .# different than I, is countable.
Since the neighbourhood
1
Vi

is uncountable, we can certainly find z in there that is only fixed by I;. According

o 1 1
UaNG = {z e =A(z,\) <d —§<Xi,Yi<§f0r all i}

to Corollary 10, there is a neighbourhood U of zg, such that
VM e . \ {1} UunNU=10 (12)
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And up to choosing U smaller, we can make it relatively compact and suppose that it
is entirely contained in Uy 4N %\. There is also a positive number d; such that ¢ < d?
for all z in U, which can also be restated as A(z, \) > dl—o.

Because of (12), the sets (Uy,)jen are pairwise disjoint. Indeed, suppose that
M;(U)NM;(U) is not empty. Then M 'M;(U)NU is not empty as well, which implies
that Mj_ll\/[,- =I5, and in turn that i = j.

Next, up to multiplying each M; on the left by an element of I'y, we can suppose
that Uy, sits entirely in the fundamental domain %).

Notice now that by Proposition 17 and by definition of d, if z is in U, we have

for every positive integer 7,

1
Azy, A) = Az, A1) > d > o
/ 0
Indeed, M; # I, so M; ¢ I'y and therefore Ay;—1 # A. Thus
1 2
VZEUUMj q(z):m<d0

jEN

Let’s consider the following integral, where s is a real number:

Js = i /N(y*)s_2 dr

J=0 UMj

Since the (U, )jen are pairwise disjoint,

Js = /qS_QdT

U UMj
JEN

We were careful enough to make sure that each Uy, is inside ¢)\. And the ¢-
coordinates of elements in those sets are bounded by d2. Thus if s is a real number
bigger than 1,

d2

433 : .
Js<//~-~/q5—2dqu1-~-dYn_1dX1~-~an:/quq:jO_l<oo
0 —

0

(SIS

1
2

The convergence of this integral will imply the convergence of the Eisenstein series.
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Let’s fix for now real numbers s; > s > sy > 1. Since U is compact, Lemma 6

provides us with positive constants ¢; and ¢y such that
Vze U VYu,veR" cl‘N(ui—l—V‘ }N uz+v‘ CQ‘N u1—|—v)‘

Also, because U is included in U 4,

1 1
= — > -
Vz e U N(Y) A(Z, )\)2 ~ 2
Thus, for every integer j,
1 N(y)*
< (¥) 5 c3d* = c3d*N(Im P;z)* = ¢5d*N(Im A~"M;z)*
}N%l—l—é ‘ ‘N%Z‘l‘é)‘

Integrating this inequality over U for the invariant measure gives

! 2s/dw < cgdzs/N(ImA‘lez)sdw
)
U

‘N(’}/Jl + 5j g

The integral on the left is simply the volume of U, which is finite since U is compact;
we simply denote it by V. In the integral on the righthandside, we make the substi-

tution M;z — z and use the invariance of the measure dw:

y
IN(;i+ 5]')‘25

< cngS/N(y*)sdw
U,

We proved with Lemma 20 that dw = 3772 where c is just a constant depending on

the field K. Thus

s 25
'V 7 S ad /qS_Q dr
IN(y; +0)] €
M;
Finally, we sum over all values of j:
> 1 < c5d* o cd*dy < st d¥d
IN(i + 5].)}25 cV c(s=1)V = e(so—1)V

(yj,éj)eP
But we proved in Lemma 21 that our sum is precisely over all non-associated pairs
(7,9) generating a. Thus, we have just shown that the Hilbert modular Eisenstein

series converges at (i,...,1).
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Getting the convergence at every z is now straightforward, thanks to Lemma 6.

Indeed, if K is compact in ", there exist positive constants c3 and ¢4 such that
Vze K Vu,veR" 03}N(ui+v)}2 < ‘N(uz+v)}2 <c4‘N(ui+v)}2
1 1 1 Sty ?

The Hilbert modular Eisenstein series converges uniformly in K. The bound on the

righthandside, independent of s, shows that the convergence is also uniform in s in

the strip {s; > Res > s > 1}.

Now, on to checking that the definition does not depend on the choices for a € A~!
and for the non-associated pairs of generators for a. The second claim is an immediate

consequence of the product formula for units:
Ve € 0% IN(e)| = 11 |e®@] =1

so the product in the Eisenstein series is unchanged when replacing any pair (v, d)
by an associated one (e7,&d).
As for the first claim, suppose that a; is another ideal in A=!'. Then, for some

a € K, we have

a=aaq
Thus Na = |N(a)|Na,

Also, {(7,0) € a®/0* | (v,0) =a} = {(av,ad) | (v,0) € a/0* (7,0) =ar}

Hence  N(aj* > % = |N(@N(@@)[* > ) pE
(rd)ea”/o” Nz + 5)‘ (v,0)€a? /0 N(avz + aé)}
(r.0)=a (v,0)=m

N S
“N@)* Y _ Ny
(oreasor IN(Z 4 0))|
(7,0)=m

The proof is now complete. O
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Now that the existence of the Eisenstein series has been shown, we can investigate

its properties. In particular:

Theorem 23
The Hilbert modular Eisenstein series Ex o is SLa(0)-automorphic in the variable z,

for every given s such that Res > 1.

Proof: In view of Lemma 21, we know that for every z € 7" and s with real part
greater than 1,
Exa(zs)=N(@> »  Im(A™'Mz)*
MeTD\\.#

If N is in SLy(0), the operation
D\ — D\
M — I yMN—!
simply reorganizes the cosets and is a bijection. Therefore,

Exa(Nz,s) =N(@?* Y Im(A™'MNz)* = Exa(z,s)
MeT'\\.#

after replacing M by MN~1. O

In particular, EK,A((X + 0) + iy, s) = Ex a(x + 1y, s) for every algebraic integer
o € 0. In other words, Ex a is o-periodic in the variable x and it is natural to

investigate its Fourier coefficients as a function on the group R"/o.

2.2 Fourier expansion and functional equation

In this section, we compute the Fourier expansion of the Eisenstein series. This will
be useful in two ways: first, it will provide us with a meromorphic continuation in s
to C, as well as a functional equation; second, this expansion will be required in the
next chapter, in order to express the renormalized Rankin-Selberg that is central to

this thesis.
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2.2.1 Normalization of the Eisenstein series

We wish to modify slightly the Hilbert modular Eisenstein series, in order to make
its functional equation easier to express. To give a simple example where something

similar is done, let’s look at the usual Riemann zeta function. It is defined as

o

1
VseC Res>1 C(S):Zﬁ
n=1
The functional equation for ¢ is
: I'(5)
((1=s)=7m"25725((s)
L(43*)
which means that, if we define the normalized { function
* _ % f
¢*(s) = m0(5)¢(s)
then C*(1—s) =(*(s) (13)

Finding the right I" factors and powers of 7 to put in front of the zeta function is called
finding the right normalization. It turns out that the Hilbert modular Eisenstein
series has to be normalized as well in order to get a nice functional such as (13).
This normalization involves zeta functions of ideal classes for K.

We remind the reader of the definition of the normalized zeta function of an ideal
class A of K:

Ckoalz,s) = D%w—%l“(gy > N(lb)s

b integral €A
Its thorough study is done in Lang’s Algebraic Number Theory, chapter 8 and 13 [6].

If a is an ideal in A=, by definition of an ideal class, we have
A={&a!|eK/o*}

A fractional ideal in a will be integral if and only if
€alCo <= (§)Ca

Therefore, we get all integral ideals b in A as £a™!, where £ € a/o0*:

b integral €A £ca/oX

We remind the reader that 4 denotes the ideal class group of K.
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Definition 24 Let A be an ideal class of K. The normalized Hilbert modular Eisenstein

series associated to A is defined as

Exa(z,8) = Z Crap-1(25)Ex (2, 5) ze A" Res>1
Be?w

We want to prove that Ef 4 can actually be rewritten in a nicer fashion:

Proposition 25
Let A be an ideal class of K and a an ideal in A=*. Then

N S
By a(z.5) = N@Dirmor(syr 3 — @
@pem o IN(@z+5)]
(840

This is merely a computation, except for one technicality taken care of by the following

Lemma 26
Let A and B be two ideal classes in K, let a, b be ideals respectively in A=' and B~!.
The map

@: ab™"/o* x {(7,0) €b2/0* | (1,8) =b} — axa
(§;7,6) — (£7,€9)

is a bijection onto a set of representatives for a®/o*, that generate an ideal of B7L.

Proof: Of course, if £ € ab™" and ~, § are in b and generate it as an ideal, then

v,66€ablb=a

Furthermore (€7,£0) = &(7,0) =€b e B™H

Now, let (a, 3) be in a/0*, such that (o, 8) is in the ideal class B~'. Thus there
exists a £ € K such that («, ) = £b. But

(o, ) Ca

SO £c{a,p)b Cab™? and Elealp
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Thus v = and 0=

M|

@
§
are both in b, and satisfy

(7,0) =& Ha,B) = ¢b =0

This shows that ¢ is surjective, which was the easier part.

Suppose now that we have two triples (£,7,6) and (£',+/,¢') in

ab™'/o* x {(7,8) € b%/0* | (7,0) = b}

such that (£v,£9) and (£'+/,¢'d) are associated. There exists a unit € such that

Ey=¢ek'y and &6 =&y
It follows that

and m <5/> _ <7/> @

b b b b

34

(14)

(15)

But, for reasons already explained while proving Theorem 3, the ideals % and %

: : — (o) (")
are relatively prime because (7, d) = b. The same holds for %% and “%*. Thus

W_t) L, 00

b b b b
So there exist units £; and €3 such that

v = ey and 0 = e90
But by (15), 82’75 = 51’}/5

which implies £1 = &9 and (+,0") = e1(7,9)

Since (7,6) and (7/,d’) are in b%/0*, they are equal. This in turn implies, because

of (14), that £ and £’ are associated, thus equal. So ¢ is injective.

O

Proof of Proposition 25: For every ideal class B € €, we let by (or b when there

is no ambiguity) be an ideal in B~
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We let A be a particular one of those classes, and note a = by. If z € 7" and s

has real part bigger than 1, Definition 24 tells us that

Exa(z,s) = Z (k.aB-1(28)Ek (2, 5)

Be®

= Dér —nsF Z Z % N(b)2s Z N(Y)s -

BE? ecab /ox ‘N ‘ 7{5>>b <IN )
’*{

fales) = N@Derer Y Y Y

2s
Be? ¢cab™! /ox (v,0) ebQ/o (£7Z + 55)\
(7,0)=

We now invoke Lemma 26 in order to collapse the two inner sums:
* S S ~-—mNS N(y>8
Ef a(z,5) = N(@2Dsn™T(s)" Y > Niem 1+ 30

BEY (a,8)€0? /0 N(az + )|
(a,p)eB

And since the ideal classes partition the collection of fractional ideals, the conclusion

follows:
* S S —ns n N y B
fa(@8) = N@*Drr(s)r S D s
(a,B)€a2 /0> N(az + 6>‘
(a,3)#0

2.2.2 The Fourier expansion and its consequences
The inverse different ®~! of K is defined as
T ={{eK | Tr(o) C Z}

Therefore, a complete set of characters for the compact group R™/o is the collection

of maps
X — e27riTr(x§) 6 c D1

We will need Bessel functions and divisor functions in order to express nicely the

Fourier coefficients of the Eisenstein series:
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XA =N()™ > Nb)* weC cidealino
b ideal in A
blc
All we need to know about the divisor function is that it is invariant under w — —w,
which is evident from the definition. As for the Bessel function, it has the same

invariance; it has also rapid decay at +oo:
Vu>2  |Ko(u)| < Kpew(2)e™ 2

And we will need the following integral formulas, valid for y > 0 and Res > 1:

1
- e—27rir:c 7T_S+%F<S — §>y1—s ifr=20
s SF(S)/(i dz =

J @2y 2r|2 /5K, s (2mylr]) ifr=0
Those facts are rapidly proved in Bump’s Automorphic forms and Representations [3],
chapter 1.6. This last formula, in particular, implies that, for vy;,...,y, > 0
and £ € D71,
o—2miTrxt mnl 5)1“(3 - %)nN(Y)l_S
N(y)*n—T(s)" / Sy ST ()
o 2" [N(&)|" 2 N(y)2 1T K,y (2my,/¢9))

7=1
respectively when ¢ = 0 and when £ # 0.

Theorem 27
For every z € " and s € C with real part greater than 1, we have

ka2 8) = N(g)*(i 4 (25) + N(g)' ¢ (2 = 29)

n 1 A - ] i Tr
+2'N(y): Y 7o3(60) LK,y (2myfe)) emimree
ced!

Proof: Let £ € ®~! and let’s compute the Fourier coefficient at & of the normalized

Eisenstein series:

1 .
_ E* —2miTr (x§) d

R" /o
We temporarily call A(s) the factors that don’t depend on x in the integrand:
28T)8.—ns n s
Ads) = N(a)*D*7="I'(s)"N(y)
Vol(R" /o)




CHAPTER 2. THE HILBERT MODULAR EISENSTEIN SERIES 37

e—2miTr (x€)

so that c(&) = A(s) Z m dx

(a,)€a? /0>
(@0 e

We get out of the way the terms where o = 0, since the integrand is then just a

character of R™ /o, that integrates to 0 unless it is the trivial character:

Z 1 /e—ZﬂiTrx£ dx — {Vol(R"/o)N(a)_QSCKA(Qs) if £=0

2s .
Bea/o* N(ﬂ)‘ R"/o 0 lf é-;é 0
B#0
. N(y)*Ci 4(2 if £€=0
and A(S) Z 1 - /e—2mTrx§ dx = { (y) CK,A( 8) 1 é- (17>
searo INOILY 0 it £#0
B#0

This done, we keep it aside until the computation of the other terms is completed.

For convenience, call them b(¢):

—27iTr (x§)
b(§) = A(s)
aea/o 560 }N oz + ﬁ
a#0
We can decompose a into cosets modulo (a) for each a:

SDIDIDY / ,N 1 dx

aea/o ﬁea/ 060 Y/ _I— ﬁ _I— OzO)}
a0

Replacing x by x — o allows us to collapse the integrals together. Remember that
Tr (0f) € Z since £ € D71;

—27iTr (x§)

CP VD VD Y e ik

« X Be o€o n OzZ + 6
i;‘ég o/{a —o+R /a
e 2miTr (x€)
DY Y e ™
aca/o* Bea/(a)gn az + ﬁ)}
a#0
—27r1Tr (x€)
b(E) = A(s) dx

‘N ax—l—ﬁ+1ay)}

aEa/a ﬁea/
a#0
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from the denominator, and replace x by x — 8.

|2s
«a

In each integral, factor out |[N(«)

—27r1Trx§ —
b(g) = A<S) 25 ‘N 28 dx Z ¢ °

Bea/(a)

1 iTy B8
The function 3 Q2miTr &

is clearly a character of a/(c). It will be trivial if and only if

§

Tr((a)CZ < 2ca'D! <= DCar! < aa'[(D
(0%

If this condition is satisfied, the sum on the right equals

Card(a/(a)) =
Otherwise, it is simply 0. Thus
A(s)/e—27riTrx§ 1
b(§) = —dx x ——
© N(a) /) IN(z)|* 2 N(a)|*™

aca/o*
aa”1ED

R

We explain already at the beginning of section 2.2.1, while presenting the zeta
function of an ideal class, that the (a™"),eq/0x run through all integral ideals in the
class A. Thus, by letting b = ca™ in the summation,
A(S) e—27riTrx§ 1
b(§) = —dx x
) NG ™ 2, , NN
Rn
A f3)
( y .
A 7' B ( ) —2miTr x¢
(8)2 X - X ¢ s-dx if £ #0
N(a) (g@)s—a 7 N(z)]

A(s) dx e
1\1(a)2sCKA /\N ” et

\

N(a)2Dsr~"T(s)"N(y)*
Vol(R" /o)

But remember that A(s) =
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Reinjecting this in our last expression for b(¢), and using the fact that Vol(R" /o) is

VN(®) = VD, we get

(

—ns n s —2miTr x¢
4 (e0) T i(” T dx HE#0
: NI L Ne@)
b(&) = 1 i
D* 72 (kA (25 — 1)N(y)s7r_"sf(s)”/72s if&=0
R N(Z)}
\
Next, according to formula (16),
2'N(y)27.23(69) LKy (2my€) if £ # 0
b = 1 1
© D52 (g a (25 — 1)w—“<s—a>r(s . %) N(y)"™ if&=0
L ZCI*(’A‘(IZS—:L)

Putting this together with formula (17),

N(Y)*Gia(28) + N Gia@s = 1) i€ =0
c(¢) = .
2'N(y) 27,23 (€9) LK,y (2myl€9)) i€ #0

1
2

Because Bessel functions have rapid decay, the (0(5)) form an absolutely

cedm!
summable family; therefore, Ej ,(z, s) is the sum of its Fourier series. O

Corollary 28
The Hilbert modular Eisenstein series can be analytically continued to C\ {0,1} and

satisfies the functional equation

Vze " Vs e C\{0,1} Eqa(z1—3s)=Ega(25)

Proof: Those properties are clear, and inherited from the Bessel functions, the divisor

functions and (i 4.



Chapter 3

Hidden functional equations of
Rankin-Selberg transforms

New results

This final chapter constitutes the original mathematical work on my part. After
a short introduction (Section 3.1) reminding the reader of the objects we will be
dealing with and stating our main theorem, we proceed to building the proof (Section

3.3) by laying down, in Section 3.2, some facts that will be required all along.

3.1 Introduction and first notations

3.1.1 The SLy(Z) Eisenstein series

The classical Eisenstein series for SLy(Z) is a function of two variables z = x + iy, in
the complex upper half plane 77, and s € C\ {0,1}. It has the following “explicit”
expression in the region {z € # s€ C|Res > 1}:

E*(z,s) = (*(2s)E(z, s)
1 y°
Where E(Z, S) = 5 Z W (1)
(c,d)€Z?
ged(e,d)=1

40
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and C*(s) =72 T(£)((s).

This function is, for fixed s, automorphic in the variable z. When one actually fixes
z, the function s — E*(z, s) is analytic in the half plane {Res > 1}, has analytic
continuation to C \ {0, 1} with simple poles at 0 and 1, and is invariant under the

transformation s —— 1 — s.

3.1.2 The Hilbert modular Eisenstein series

We are given a finite field extension Q — K of degree N with discriminant D, that
we suppose totally real. By definition, this means that the N distinct embeddings

o1,...,0x of K into C have actually real range. If z is an element of K, we define
Vie{l,...,N} v = g;(x).
We write 0 to denote the ring of integers of K; we know that o is a free Z-module

of rank N. The Hilbert modular group is the group SLy(0) of 2 x 2 matrices with

coefficients in o and with determinant 1. It acts naturally on J#N as follows:

[ aWz + bW ]
- 2 Dz, 1 d
Vy = €Sly(o) Vz=|: | €N Az = :
c d o o™ o 4 )
L M2y +d®)

If A is an ideal class for K represented by a fractional ideal a=!, the Hilbert modular

Eisenstein series associated to A is the function of N + 1 variables z = (z1, ..., 2,)
in N and s € C\ {0, 1}, defined explicitely when Res > 1 by

N
Im z;)°
i a(zs) =N rNre¥ps Y [T mal (2)
’ (a,8)ea2 /o Jj=1 ‘a(])zj —+ 6(])‘

The action of 0 on a is simply
0" X a— a,
(e,a) — ea
This series, especially its convergence, has been the extensive subject of Chapter 2.

And one can check easily that the Hilbert modular Eisenstein series associated to A
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is well defined in {Res > 1}: its value does not depend on the choices for a or for
representatives in the quotient a®/0*. Finally, just like the classical Eisenstein series,
Ef a is SLy(0)-invariant in the variable z, has analytic continuation in s to C\ {0,1}
and is invariant under the transformation s — 1 — s.

After specializing Ef , (-, s) to the diagonal {(z,...,z) | z € #’}, we obtain an

SLy(Z)-automorphic function which is denoted Ef; 4 (z, s).

3.1.3 Zagier’s renormalization

If F is an SLy(Z)-automorphic function that decays faster than any polynomial for

large values of y, the following integral converges absolutely for Res > 1:

dx dy
Y2

R(F, ) = / B (2, 5)F(2) 229 (3)
SLo(Z)/#

It inherits, from the Eisenstein series, analytic continuation to C\ {0,1} and an

invariance under s — 1 — s. It is called the Rankin-Selberg transform of F, due to

the fact that Rankin and Selberg noticed that this integral can be unfolded in order

to yield
R(F, s) = ¢*(25) / ao(y)y2 dy, (4)
0

where ag(y) is the constant term in the Fourier expansion of F.

In [9], Zagier lifts the restriction about the rapid decay of F for large values of y,
defines the Rankin-Selberg transform for a much larger class of automorphic functions
and analyzes its properties. We recall here part of his main result.

Let F be an automorphic function and suppose there exists a function ¢ of the

form
‘

Ci . e
@(y):Zmqugzy c,a; €C Lin; €N,

i=1

such that, for every positive integer n,

F(z) = o(y)+O0(y™).

Yy—o
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The renormalized Rankin-Selberg tranform of F is then defined as

R1: ( /)/ %E*(z, S)F(z)d‘; Y _R(F,s) = (*(29) 0/ (a0(y) — (y))y*2dy.

Zagier shows that this function of s is meromorphic, with poles at 0, 1, the «;’s,
and the (1 — «;)’s; furthermore, it inherits the invariance s — 1 — s from the

Eisenstein series.

3.1.4 Previous results and present goal

In [9], Zagier presents a few examples to illustrate his renormalization technique.

Among them, one finds

dzd
RN / ¥ (2, 50)E (2, 1) E* (2, 52) X (2, 83) o (5)

SLa(Z)\ A Y

dzd
RN / B*(z, 50)Eic a (2 1) yQy, (6)
SLa(Z)\#
where K is a totally real cubic field, and

dzd

RN / E*(2, 50)E* (2, 51)Ei o (2 82) yzy, (7)

SL2(Z)\#

where K is a (totally) real quadratic field and A an ideal class.

Zagier mentions that all those expressions now make sense and inherit obvi-
ous functional equations, under the transformations s; — 1 — s;, from the Eisen-
stein series involved. However, these integrals cannot be computed in closed form
(i.e. in terms of zeta functions or Eisenstein series).

In [4], Bump and Goldfeld study (6) in order to obtain a Kronecker limit formula
for totally real cubic fields. As part of their work, the full group of functional equations
for this integral is identified and, surprisingly, is bigger than expected as it has order 12
while there are only 4 (trivial) functional equations.

The article [1] is entirely devoted to showing that the same phenomenon occurs

again for the integral (5). The full group of functional equations has, this time,
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order 1152 while the trivial functional equations form a group of order 384. It has to
be noted that (5) is dramatically harder to study than (6).
Finally, our goal here is to show similar results for the integral (7). More precisely,

we will show

Theorem 1

Let K be a real quadratic field and A be an ideal class in K. The renormalized integral

dr d
Ra (0, 51, 52) = RN / E*(2, 50)E* (2, 51) B o (2, 82) yQy

SLa(Z)\ A

has a group of functional equations of order 48. It is generated by the transformations

So—— 1 —sg s1—1—5¢ Sog 1 — 59 So — S1
S0 S1
—— + =+ 5
S0 2 2
S0 S1
and w S1 — 1—54'5—82
52 1_@_2
2 2

Here is our strategy. The first step is to look at the polar divisor II, provided by
Zagier’s theorem, for Ra: if a transformation of C? leaves R, invariant, the same
must happen with II. We compute the order of the group of invariants for II and
find 48. Therefore, the group of functional equations for R4 has order at most 48.

Conversely, it is sufficient to show that Ry o w = Ra. Indeed, there are 16 trivial
functional equations for Ry, and w is a transformation of order 3. Hence, the trivial
functional equations together with w generate a group of order 48, which is the full
group of functional equations.

Showing that w leaves R invariant is the main part of the present paper. This
is obtained by showing that R miraculously relates very closely to a period for
the SL3(Z)-Eisenstein series; at least closely enough so that the (known) functional

equations for the latter series transfer to Ra.
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3.2 Notations and definitions

Proving Theorem 1 requires a lot of computation and involves many notations. This

section regroups all the symbols used throughout the paper.

3.2.1 Ideals, bases

We elaborate here on the first three chapters of [6], in order to get results, about
ideals in number fields, of interest for our problem.

In the remainder of the paper, K is a (totally) real quadratic field with discriminant
D and ring of integers 0. A is an ideal class in K and a an integral ideal in A~
</ will denote a set of representatives of the nonzero principal ideals in o generated

by elements of a. Finally, ® is the different of o.
Lemma 2
The map ¢ x ((aD)7'\ {0}) — K?

(a,8) — (af,a)
is a bijection onto {({,0) €D x F [ £#£0 aa !|¢D}.

Proof: The injectivity of 1 is clear since elements of &/ cannot be 0.

Remember that if b is a fractional ideal in K, we have
b'={B8eK|pbeco}.
Soif « € & and 8 € (a®)~!, denoting a3 by &, we have
(D = (af)D = B(aD) C B(aD) C o,
thus Eed!
Further, £ =€ (aD)™! = (aD)7(£) —  aa'|D.
We just showed that the range of ¢ is included in
{(€0)eD ! x o [E£0 an D}

That everything in this set is attained is clear. 0
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Lemma 3
{aa™ | o € &7} = {b integral ideal | b € A}.

More precisely, for every integral ideal b € A, there is a unique o € & such that

b=aal

Proof: Suppose that « is in &/. Then « is in a, which is (a‘l)_l. Hence aa™! C o:

-1

aa~!is an integral ideal, in the same ideal class as a~!, that is A.

Conversely, given an ideal b in A, it is the product of a=! by a principal ideal (&):

But then we have (&) = ab,

which implies in particular that & belongs to a. Thus, by definition of <7, there exists
a (unique) a € &7 such that (o) = (&). O

Since a is a free Z-module of rank 2, it has a Z-basis (a1, ) and we let (51, 52)

be the dual basis for the trace bilinear form. It is thus a Z-basis for the ideal (a®)~!.
Up to renaming the o’s and 3’s, we can assume that the determinant

a0, ®

b a,®

is positive. Its value is therefore N(a)y/D. Then we have a simple relationship between
the ;s and the 5;9)s. Indeed, saying that (01, 32) is the dual basis of (aq,as)

for the trace form means precisely that the matrices

a W @ /31(1) 62(1)
and
asM @ /@1(2) /32(2)
are inverse of each other. Hence the relations between their coefficients:
ﬁl(l) _ a2(2) /61(2) _ Oé2(1)
N(a)vD N(a)vD @®)
R L NP
o = — 2
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3.2.2 Complex parameters

We are given two triples of complex numbers (s, $1, s2) and (v, s, s) that are related

to each other in the following way:

’3V1‘|—3V2 1
3V1:$0—|—$1—|—2$2—1 2 2
3y — 3y — 2 1

31y = So — 5, — 285 + 2 — 7 6”2 3:31_5. (9)
s = —281 + 259 3y, — 3+ s 1
_ =89 — —
~ 6 29

These numbers will be fixed most of the time and we require that Rer; and Rewy
be large, and that Re(v; — 1n) be large compared to Res. The reasons for these
restrictions, as well as the relations (9), will be made obvious later. But one can
already notice that the transformation w, of (sg, s1, s2), presented in Theorem 1,

corresponds to (v, v, 8) — (1 — 11 — 1o, 14, 8).

3.2.3 Special functions

Special functions, such as Bessel functions and divisor sums, will be all over the place

and therefore we remind the reader of what they are:

+00
1 " dt
Ko(u) == [ e 30t weC u>0,
2 t
0

To(n) :n_“2d2“’ weC neNy

din
d>0
and HA)=N(e)™ > Nb)* weC cidealino.
b ideéi‘l in A

In particular, Lemma 3 implies that

TEAQ) =N@©™ Y N(O)* =N Y Naa")*

b ideal in A acd
blc aa e 10)
- Y (ods) |
- N(aa—1)2) -

acd
aa e
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Notice that all these functions are unchanged when one replaces w by —w.
As explained above, we will be studying the renormalized integral (7) and therefore

it will be convenient to define for z € J#:

F(z) = E*(z, sl)E’f(’A(z, S9).

3.2.4 The SL;3(Z)-Eisenstein series

If t; and t, are positive real numbers, we define

car ™ cay@ 0 |t; 0 0 ctian™ ooy 0
M(t1, t2) = |can™ can® 0 0 t 0 = |ctiaxM  ctyan® 0 )
0 0 1]]0 0 (tita)™" 0 0 (tata)™

where ¢ is chosen so that det M(ty, t5) = 1, namely ¢ = N(a) 2D~ 7.
Because of the dual properties of the a’s and (’s, the inverse of M(t1,t2) can be

easily computed:

tl_l 0 0 C_lﬁl(l) C_lﬁg(l) 0
M(ty,t2) ™" = {0 .78 0 AP B0
0 0 tito 0 0 1
Ctl)_lﬁl(l) (Ctl)_lﬁg(l) 0

(
= (Ctz)_151(2) (Ct2)_lﬂ2(2) 0
0 0 tito

Since v and vy are two complex numbers with real part strictly bigger that 2/3,
Bump showed in [2]| that the SL3(Z)-Eisenstein series with weight (4, 1) evaluated
at M(ty,t2) "M(t1,t2) is given by

1 3v 3 3v 3
Gl/l,ljz (t17t2) - Zﬂ_%r<£>ﬂ'_%r<%> C-*(BI/I —'— 3V2 — 1)

2
—3v — —3v
< D MG )]V ) Ty T
x,y€Z3
x,y#0
x-y=0
where || || is the euclidean norm in R3. This function can be analytically continued

to C? and is invariant under the transformation (v, 1) — (1 — vy — 1o, 11).
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Now, given two triples of integers

T Y1
X =[x and Y= |y
T3 Y3

such that x -y = 0, we define
a =101 + Toe € 0 and B=uyf1+ y20 € (aD)7L.

Because (aq, ap) is a basis for a over Z, this notation gives a bijective correspondance
between a’s in a and couples of integers (zq,x2). Similarly, we have a bijective
correspondance between ’s in (a®)~! and couples of integers (yi,ys). Notice also
that

Tr(anfy) = Tr(agfy) =1

Tr(a183;) = Tr (apfy) =0

Thus the condition x-y = 0 can be rewritten as Tr (o) +x3y3 = 0. On the other hand,

Tr (af) = x1y1 + T2y2 since {

M (t1, t2)x||” = (ct1aM)* + (ctaa®)? + (1,7t Lay)?

and Mt t2) " y||* = ((ct1) ™ 8D)* + ((ct2) " 8@)* + (titays)>.

Therefore, we can rewrite our SL3(Z) Eisenstein series as

1 v 3 3v 3
Cron i (t1, 1) = Ew—%r(%%—%r(%) (301 + 3vs — 1)

X Z [(ctloz(l))Q + (CtQOK(z))2 + (t1_1t2_1§)2} :
(@,B,m)€EN
[((Ctl)_lﬁ(l))2 + ((Ct2)_1ﬁ(2))2 + (t1t277)2} _7>
with

Q={(0,B.&m €ax (@) xZxL| (@& #0 (Bm)#£0 Tr(af)+En=0}.

Whenever we need to restrict the summation to a subset ® of 2, which will happen

a lot, we will note G®  the corresponding part of the Eisenstein series.

vi,V2
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3.2.5 Action of 0* on (R%)?
One can define an action of the units in 0 on the multiplicative group (R%)? as follows:
€(tr,ta) = (JeWty, [eP]ty).

Proposition 4
The kernel for this action is {£1}. If € € 0™ and (t1,t2) € (R%)?, then

E(tl, tg) = (|€‘t1, |€‘_1t2).
Moreover, if ¢ > 1 is a fundamental unit for 0™, the set
W= {(t,tz) € (R})? | e < 2 <&}

is a complete set of representatives for (R%)?/o*.

Proof: If € is in the kernel, then |¢|] = 1 and therefore e = £1 since K is totally real.

Now, let € € 0*. The norm of € is €Y ¢ and is a unit in Z. It follows that

€ @] =1,

Thus €| = e|~?
and the second claim follows.

We identify now a set of representatives for (R%)%/0*. Because K is a real
quadratic field, we know from the unit theorem that there exists ¢ € 0* such that
0 = { +e" | ne Z}. Up to taking c~! instead of €, one can suppose that & > 1.

This is what we call a fundamental unit for o*.

Let (t1,t3) be a couple of positive real numbers. The sequence (52k+1) re

is increasing, tends to 0 at -oo, and to +0o at +0o. Hence there exists a unique
integer n such that
g2l t2 < g2+l
1
e "y
€"t1
which shows that "(¢;,t2) € W. Thus every (t1,ts) is in the orbit of W. O

Then el L <e
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(R%)? /0%

3.3 Polar divisor considerations

3.3.1 Fourier expansions

According to Zagier’s theory, studying Ra(so, s1, S2) requires computing ag, the con-
stant term in the Fourier expansion of F and the part ¢ of F that is not of rapid
decay.

The Fourier expansion for E* is computed, for example, in Bump [3]. The expan-

sion of Ef 4 was computed in Chapter 2, Theorem 27:

E*(z,81) = y*1¢*(2s1) + ' 7 C*(2 — 251) (11)

+2y5 > 7oy -1 (WK, 1 (2my|n])
nez
n#0

and Ef z(z,82) = Y225 (289) + y2152) k(2 — 25,) (12)

+y Y TSIj_A%(g@)KQ_%(27‘ry|§(1)|)K82_%(27Ty|§(2)|)e27rixTr§‘

tem!
§#0

In each of these two expressions, the sums have rapid decay due to the presence
of Bessel functions, while the first two terms have polynomial growth in y. Hence ¢

is immediately seen to be the product of these terms

() = C*(251)CA(282)y™ 7252 + (*(251)CX (2 — 2s9)y> 17252 (13)
+C*(2 — 251)CA(252)y" 22 4 (H(2 — 251) (X (2 — 280)y o722,
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Finally, aq is obtained by multiplying (11) by (12) and discarding what depends on z:

ao(y) = ¢(y) (14)
HAC sy Y T (EDIK,, (2myle VK, (2myl¢®))
cem!
€40, Tr€=0
HAC2 =252 Y TN (EDK,,  (2mylE VK, (2mylE™))
ced1t
£#0,Tr{=0
8yt Y 71 ()7, 1 (€D)K, L (2nlnly) K,y (2myl¢ K, (2my[¢P]).
€D nez
&,n#0
Tr{4+n=0

3.3.2 Investigating the polar divisor of Ry

Expression (13) is all we need to compute the polar divisor of Ra. Indeed, according
to Zagier’s theorem recalled in Section 3.1.3, the latter is given by the following

collection of 14 hyperplanes in C3:

80:81+282 80:2+81—282 80:1—81+282 80:3—81—282
80:1—81—282 80:—1—81+282 80281—282 80:—2—|—81+282
S0, S1, 52 =0 and S0, 51,82 = 1.

They cut out a polytope II, a rhombic dodecahedron, displayed and described at
http://en.wikipedia.org/wiki/Rhombic_dodecahedron .

The order of the group of symetries I' of II can be computed in various ways.
For example, I' acts transitively on the set of vertices of II that are connected
to four other vertices. We count six such vertices, each of them being fixed by eight
transformations in I": four rotations and four reflexions. Hence |I'| = 6 x 8 = 48 and

the group of functional equations for Ry has order at most 48.
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3.4 Proof of Theorem 1

As explained in section 1.4, now that we know that the group of functional equations
for R has order less than 48, we are left with showing that w leaves R, invariant.
In order to do that, the SL3(Z)-Eisenstein series (section 2.4) is integrated over
(R%)?/0* (described in section 2.5).

As seen in formula (8), the Eisenstein series G, ,, consists in a sum over the set

Q={(e,8.&n) €ax (@D) ' xZxZ|(,§) #0 (B,7)#0 Tr(ap)+&n=0},

which we break up into smaller subsets that come up naturally when one investigates
what indices, among «, (3, £ and 7, can be simultaneously zero. This is all summarized

in the following table:

a=0 £=0la=0 {#0|a#0 £=0|a#0 £#0
=0 n=0 Excluded Excluded Excluded Excluded
=0 n#0 Excluded Excluded Qe Excluded
B#0 n=0| Excluded Qs Q4 Qo
B#0 n#0| Excluded Excluded Qs O

Some terms in our integral will be computed without trouble; some others will be
modified through Poisson’s summation formula. And some will be discarded because
they are not integrable. This will give us precisely Ra but at this point, the functional
equation w won’t be immediately apparent because terms from the Eisenstein series

have been removed: more manipulations will be required to exhibit the symmetry w
for RA.

3.4.1 First computations

We begin by defining an action of 0 on the set 2; defined in the table above:
e(a, 3,§,m) = (ea. 7', &,1).
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And the following proposition identifies a fundamental domain:

Proposition 5
Let of be a set of representatives of the principal ideals generated by elements of a.

Then a complete, nonredundant, set of representatives of (1 /0* is given by

O ={(,3,6n) €A x (D)X ZXZ| Tr(aB)+&n=0 «a,B,&n#0}

Proof: Let (o, 3,£,1) be an element of ;. This means that

aca fe(@@)t &neZ a,B,6n#0

and Tr (af) +&n = 0.
Then there exists an & in &7 such that () = (&) and therefore, a and & differ by a
unit:

Je € 0~ o= €.

From the definition of the action of 0™, we have

(o, ,€,m) = e(@, €6, &,m).
But (&, €, &,n) is in € since

Tr(aeB) +&n = Tr(ea B) +&n = 0.

=«
So any coset in §2; /0™ can be represented by an element of Q.
To ensure there is no redundancy, suppose that (aq, 81, &1, m) and (ag, B, &2, 12)
are in () and represent the same coset of {2;. Then

de € 0* (g, B2,82,m2) = €(au, B1, &1,m) = (€a1,€_151,§1,771)-

So a1 and ay generate the same principal ideal of 0 and by definition of o7, they are

equal. It follows that € is actually equal to 1 and therefore

(a1, B1,61,m) = (a2, B2, 2, 12). O
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Proposition 6

Let sq, s1, S9, V1, Vs and s be complex numbers defined as in Section 3.2.2. Then

dty dt 4
Q g W1 W2 * K,A
J] Gttt ity S = S0 Y e o)
(R%)2/0% §€’)53n¥BLEZ
Tré—l—n:O
3 w1 dy
X/ngsl_%(Qﬂnly)KsQ_%(2ﬂy\£(1’\)K32_%(27Ty|£(2)|)y T
0

PI‘OOf: Given (aa/@7€777) S Q1 and t1>t2 > 0, deﬁne
H(e, 5,61, b1, 1) = (1i82)° [ (chia®)” + (10 + (1 7,71)2]

[ 1B0) 4 ((eta) 82 4 (1] *

and A= 17?_3;11_(%)%_3;21_‘(%)0(3”1 + 3y — 1),
4 2 2
so that G,S}l V2(t1, tg)(tltg)s =A Z H(Oé, 6, é-, n, tl, tg)

(e.B,6,mEMN
The function H is the object that ties together the two different actions of 0, respec-

tively on (R%)? and €. Indeed, if € is a unit in o, one checks easily that

H(e(a, B,€,m),t1, ) = H(a, B,&,1m, e(t1, 12)).

This allows us to unfold and collapse the following integral:

dt dt dt,dt
// GO, (tr, ) (fit2)* — 2_/\ > a, 3,6t ty) ———

tito
)2 /0% a,8,£mEMN ( )2 /o

dt,dt
-4 z) > // (@ 8.6 1). 1)

(a,B,6,m) € e€0% (R%)2 /0%
dt,dt
:A // 57£7n7t17t2) 2
e tito
(C“ﬁ )
GSh (g, t)(tat =2A H t,t .
[ a5 Z // (@ 0.6m.t1t2) T

(RY)2/0* (a.B,6mel (R )2
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The factor of 2 comes out in the end because, as explained in Proposition 2,
the action of 0* on (R%)? has a kernel of cardinality 2. Moreover, this computa-
tion is made possible because of our assumption on the sizes of Rery, Rer, and

Re (11 — 1) since any courageous person can check that

//‘H LB, 6,m b, 1) dtldt2

(R3)?
: . dtqdty
We now attack the computation of the integral A [ [ H(«, 3,&,n, t1,t2) e
1t2
~ (RY)?
The parameters (a, 3,&,n) will be fixed in €; and we let
]_ V1 3 v 3
H*(t1,t2) = ZW_STF(%>W_STQF(%> x H(a, 3,8, m,t1,t2).
After replacing the Gamma factors in A by their integral value, we get
00 3y
tits)® r *odr
H*(t1,t2) = (142) /e_m< (1)? (12> 2 Tip 12 ) "
J W[(ctloz ) + (ctgoz ) + (t1 123 5) } 1
00 3vg
_ T2 ’ dry
X [ e " 5 5 —.
) T[((ct) 71 BM)" + ((cta)1B8@)" + (t1tan)?] T2

It is then natural to perform the substitutions
i rir[(ta®)? + (a®)” + (671 ) ]
To Tzﬂ[(tl_lﬁ(l))z + (t2_15(2))2 + (titan)?],

respectively in the first and second integral to obtain

H* (tl,t2 _ tltz // —r17r (ctla(l) +(ctaal(?))? (T) }_7’2”{(;11)) +(ﬁci))2+(t1t2n)2}

3vy  3vg d’f’l d’f’g
XT1 279 2 .
T2
Thus
// t t dtldtg _ 1/e—r17r{(ct1a(1))2+(ct2a(2))2+(%)2}
1 2 t1t2 4
(R* (Rjr)z;
—rom ﬁ 2 g3 2 2 y 5

xXe ’ {( 1 ) +( ct2 ) Hiatam) ]T13‘21T2?>22(t1t2)8 M

ri 1oty ly
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We make then the variable change

1 1 —2, —
U = /T1T2 V= t12 — w = t22 — xr = tl 2t2 2 .
T2 T2 T2

1

This transformation is €' on (Ri)”‘, and invertible since we can recover rq, 19, t; and

ty from u, v, w and z in the following way:

=
W=

1 u v
ry = u(vwz)s rg = ——— t, = - to = -
(vwx)3 (wx)® (vz)s

w

This is again obviously a %' transformation on R*: we have, therefore, defined a
¢'-diffeomorphism from (R%)* onto itself. The Jacobian is tedious to compute,
but in the end we obtain the very simple
dridrydt; dty 1 dudvdwdx
17211 Lo :6 UVW T
so that after rearranging everything, we get
//H*(tl,tg) diydt; 1 e—m{vc%ﬂ)2+wc2a<2>2+x£2+v*1‘%ﬂﬂu*lﬁ(;)2+:c*1n2

t to 24
(R% )4

3v1+3vg  3v]—3vg+s  3v;—3vg+s  3v]—3vg—2s du dU dw d,’L'
XU 2 v 6 w 6 X 6 R ——

UVW T
We finally see Bessel functions appearing. Indeed, we know that for positive numbers
a and b,

[e.e]

/e—at—btltu % — 2(2) 2Kl, (2\/@),

0
so that, for example,

o0 3v1 —3vg+s
P TC) R W6
e—wuvc2a(1)2_mw 1/3_CTU3 1 g 2+ @ -9 c—2 ﬁ_ K3V173V2+5 (QWU‘Oé(l)ﬁ(l) D )
v a® 6
0
Hence,
d d 1 /6 3vq] —3vg+s 3v1 —3vg—2s OO
* tl t2 — —4 n ‘
//H tl, t2 tl t2 = 3 (C Na ) X 5 K3V17361/272s (27TU|£77|)
(R%)2 0

XK3V173u2+s (QWU}Q(I)/@(I) })K3u173uz+s (27ru}a(2)ﬁ(2)})um %
6 6
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Using the relationships (9) and the definition of ¢

dt;dt, 1
H*(ty, 1) —— = - ( N(a)2D N2
Thty
102

-1
3 «
(R%)?

2 -
/ungl_;(QMEnD
0

=3 |y
)R
§
x K

o3 (2rufa 0K

d
52—% (QWU‘Q(2)/6(2)‘)USO_1 _u
dt, dt 2
Thus // Gflljll va) t17t2 (t1t2)s 1 b2 _

S5 3 VD O

£ nel acd Be(aD)~
B\
(N(a)2D'N— ) X
«

E#0 140 320

Tr (aB)+En=0
n 51732 3 1) A1
! / y3K,, 1 (2mylen)K,,_1 (2ryla®B0])
0

dy
XK, 1 (2myla@ @]yt .
Consider the map

(2*)? — {(n, m) €
(& n) — (&n,[nl).

It is surjective, by definition; and if (n,m) is any element in the set on the right
it has exactly two preimages, which are

(o) e (- gm)

Z*|n#0 m>0 mln}

m

Therefore, when we change indices in the quadruple sum above by putting n = &n
and m = |n|, the divisor sum T,

,—1 appears and a factor 2 is pulled out:

dt, dt

// G& V) (t1,t2) (t1ta)? Bk —C* 250) Z 31__
) t1ta
OX

ne”L
n#0

xy > (N(a)QD)Né

acd ﬁe(a@)*l a
B#0
(B)+n=0
3 w1 dy
X/y2Ksl_%(2ﬂylnl)K52_%(2ﬂy\a(l)ﬂ(”\)KSQ 1 (2myla® gyt —=
0
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The next change of indices consists in defining £ = a3, leaving « alone and invoking

Lemma 2:
Jdtydt, 4
// Gl (1:12) (02) 555 = 5CCs0) D, 7g()
* X nez,te® !
(R*%)%/o0 Gnéio
Tré+n=0
ol € )
Xy (N(a) D‘N?)
a€d
aa"l[ED
3 so— dy
/y2K81_;(2ﬁy|n|)K82_;(27Ty|€(1)|)K82_;(27Ty|€(2)|)y .
0

Remembering that the discriminant is the norm of the different and using the multi-

plicative properties of the norms of ideals, we get

dt; dt 4
] Gt S5 <feew £

t s 1
o sy
Tr é4+n=0
o1
< Y (uaty)
acd
aa tED
3 so— dy
[, CrylnK, Cryle DK, i)y
0
Finally, applying formula (10) achieves the proof of Proposition 6. O

The same techniques would allow us to show

Proposition 7

Let sqg, s1, S9, V1, Vo and s be complex numbers defined as in section 3.2.2. Then

diy dty 2
/ / G2 ot ) (tite)* ——— = 2C*(250)C* (251 — 1) Y Tjjj*%(gz))

tity 3
(R%)2 /0% E%?al
2-8, (1) @)1\,,50—1 dy

0
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3.4.2 Where Poisson’s summation formula comes into play

Comparing the formulas proved in Propositions 6 and 7 with the expression (14),
we see that we have obtained already a good amount of terms of R (so, s1,2). So
far, the tediousness of the computation has been the only difficulty: the integrals
considered were absolutely convergent given our choices for the parameters vy, 15
and s.

The natural thing would be to expect that the remaining terms of R come from

dty dt
// V1,V t1>t2 t1t2)8 ! 2 1= 3,4,5 or 6.
1 2 tits
)2/ 0%

However it is not qulte the case because none of these integrals makes sense with our

choices of 11, 15 and s. But Poisson’s summation formula will allow us to transform
G?ffgl‘l and separate the integrable part from the non-integrable one. Of course,

the former, once integrated, will give us the last remaining terms of R (so, s1, S2).

Proposition 8

Let sqg, s1, S9, V1, Vo and s be complex numbers defined as in section 3.2.2. Then

Cdtvdt, 2.,
// G&U,Z‘l (t1,t2) = Vi, (t1, t2)) (t1t2) it gC (250)C*(251)
(R% )2 /0%
[ o1 By
< Y A (€0) [y, @)K, Cryle® e
et 0 y
§#0
where
v tiog® — itya; @
Voo (tyts) = C(B301)C* (Bra — 1) (tits) 2 B A =20 30 130, — 1),
thég( ) — ’LtQOég( )

Proof: Remember that

Q30 = {(0,0,0,) €ax (D) xZxZ|a£0 F+0 Tr(af)+&=0)
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and
31/1 _3vg

I _sny
Gpaoii(ti ta) = ZW_STF(—> 2 F( 2 )C*(?’Vl +31p— 1)
3v

2
Vi 3vg

X Z Z |:(Ct1a<”)2 + (ct2a(2))2] o7 [(%)2 + (%22))2 + (ntltz)ﬂ S

0#a€ca neZ

0#B€(aD) 1
Tr (a3)=0
Let us fix a and 3 and focus on the sum over 7. More precisely, define
_3va 31/2 ﬁ(l) 2 6(2) 2 , _3%
o= () Ty (o]
Pt t) =7 2 5 Z o + ot + (ntits)

ne”L
Using the integral expression of the Gamma function, we obtain

_ B(l) V2, 5 5 o s dr
t1>t2 / E r2m c'51 (ct2 ) +n“t17t2 ] 7“272 2.
L)
neL
Poisson’s summation formula tells us that

242, 2
Ze—wmn t1%t2? _ Z 72t12t2 ,
t1t2\/

NEL

T M\2, (@) - o
so that Qp(t1’t2) _ i/ze—rzﬂ[(ﬁctll) +(Bct22) }—ﬁ 7’2322 1 %

T2
The term corresponding to 7 = 0 in the sum can be rewritten as

sy _ @
ifTF(B% I)Kﬁctl) * (itg)]

Its contribution to the expression of G}?*;5* is denoted by V:

1 v Vo — _ 1
Vu1,1/2 (t17t2) = 7T_321F<%)7T_3221F(3V2 )C*(BIA + 3V2 — 1) (15)

4t1ts 2 2
_su (2)\ 272!
Z Z |: 10é ( 2 ) Ctl + Ctg
aca ﬁe a@
a0 "<
Tr (aB)=0

and  G&U(ty, 1) — V(1) = —g*(3y1+3y2—1 Y
aeaﬁe aD) "L neL
a70 5750 n#0

Tr (3)=0

(1) (2) n?
—7“17r (tla(l) (tga(Q)) j| 7‘27T|:(/1t1 ) +(€;t2 )2] —ﬁg Svp  3vg—l drl d,r2
21702 /rl 2 T2 2 .
tltg T2
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Computing the integral of this expression over (R )/0* is an almost exact copy of the
proof of Proposition 6 — only the details of the computation change. Ultimately,
we get the formula displayed in the current proposition. What remains to show at this
point is that the V defined in (15) can indeed be rewritten as a classical Eisenstein

series.

We focus on the double sum in (15), that we call ¥(¢1,?2). Because (o, as) and

(B1, B2) are Z-bases respectively for a and (a®)~!, we have
3vq

Yt t2) = Z Z [c2t12($1a1(1) + .fCQOéQ(l))2 + *ty? (xlal(z) + x2a2(2))2} 2

x€7? yer?
x-y=0
3vg—1
2

o, _ 2 o, _ 2
X [C 1 2(.@151(1) +y252(1)) + ¢ %ty 2(.@151(2) +y252(2)) }

We can transform this sum by factoring out the geds of each (x1, z5) and (y1,y2) and

summing over all the possible values of these geds. This pulls out two zeta functions:

Z(tl, tg) = C(3V1)<(31/2 - 1)

X Z Z [021512(:61041(1) + x20z2(1))2 + 021522(361041(2) + $20‘2(2))2} 2

x€Z? yEez?
ged(z1,22)=1 ged(y1,y2)=1

z1y1+z2y2=0
3vg—1

2

o, — 2 o, 2
X [C 1 2(y1ﬂ1(1) + yzﬂz(l)) + ¢ %ty 2(y1ﬂ1(2) + yzﬂz(z)) }
Now, let (x1,22) and (y1,y2) be two couples of integers, each with ged equal to 1

and such that zyy; + 22y, = 0. Then
T1Y1 = —T2Y2.
Because z; and x5 are relatively prime, we get on the one hand
x1|Yo and To|y1.
On the other hand, because y; and y, are relatively prime, we get

y2|$1 and yl‘l’g.
Hence, either Yo = T and Y1 = —To

or Yo = —T1 and Y1 = To.
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Either way, the values of the corresponding summands in (¢, ;) are the same. So

Z(tl, tg) = 2<(3I/1)<(31/2 - 1)

3
X Z [021512(:61041(1) + x20z2(1))2 + Cztzz(xlal(z) + $20‘2(2))2] 2
x€Z?
ged(w1,w2)=1 i
_-l/27

2

X [C_2t1_2 (fzﬁl(l) — 115,V ) + %t (fzﬁl - 117152(2))2}
It is now time to make use of the relations (8) between the a’s and f’s, replace ¢
by its value N(a)~"2D~7, and factor out (f1t,)~2 from the expression in brackets on
the third line. We obtain:

S(t, ta) = 2¢(311)¢(3ve — 1) (tt2)32

X Z [C2t12 (IlOél(l) + $2a2(1))2 + C2t22 (I1041(2) + $2a2(2))2]

_3vdsvp—l
2

x€7?
ged(z1,z2)=1
We recognize here the zeta function of a quadratic form. Transforming these
objects in particular values of an Eisenstein series is a well-known technique that

yields ultimately
S(t, ta) = 4C(301)CBrs — 1) (tits) 22 +E(
Thus

1 V1 3 vo— 3 - ].
Virin(ty, 1) = —?r(ﬂ)w—fg 3 1r( v )C*(Bul 4 30y — 1)S(t, 1)
JTRS 2 2

trar D —itoos @
1 ot ),3V1+3V2—1).

théQ(l) — it2062(2

By —dvptd tlal(l) — itgal(z) 3vy + 31y — 1
=(*(3 *(3Bry — 1) (tqt E* 0
¢ (3n)¢7Bre = 1){tata)” <t1a2(1) — it205(’ 2

3.4.3 What have we got so far?

In this short paragraph, we do a quick recap of everything we’'ve done so far. We are
interested in the renormalized integral

dz
RA(SQ,Sl,Sg) = RN / E*(Z, SQ)E*(Z, Sl)EK7A(Z, 82) ?

SLa(Z)\#

i d
By Zagier’s definition, Ra (s, s1,52) = (*(2s0) / )ySO—l _y’
0

Y
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where ag — ¢ has been computed in formula (14). Thus Propositions 6, 7 and 8

can be summarized in the formula

RA(807 S1, 82) ==

dty dt
// e tl’ t2 Vul’uz (tl’ t2) B Gm V2 (t1> t2) GVl V2 (t1> t2)) (t1t2)s ﬁ
102
(R%)2 /0%
From the definition of €25, we have
1 = 3 v 3vy
Gf}l llg(tl’t2> = _7T_371F<ﬂ) 322F( )C*(?)Vl + 3]/2 — 1)
4 2 2
3vg
ey (@)2 (@)2 o
3 Z <|§| [ ;) "\,
§EZL Be(a
) £#0 57&0
titoy ) v 3
_ (ata)™ ;) C(301)C* (31 + Brp — D)7 2F< 52)
v2
6(1))2 <6(2 ) _T
% Z |:< Ctl + CtQ ’
Be(a®)~!

B#0
This is again the zeta function of a quadratic form, which we rewrite as an Eisenstein

series:

Gf}l Vo (tl, tg) = (t1t2)31}1+3%<*(31/1)<*(31/1 + 31/2 — I)E*<

tlal(l) — itgal(z) 31/2
tlag(l) — it2a2(2) ’ 2 .

Similarly,

v tio D —itha @ 3u
G, (t1,ts) = (titz) =323 C*(31) C* (311 + 3up — 1)E*< 1 271 1).

tlag(l) — it2a2(2) ’ 7
Hence we can summarize what we have so far in the following

Proposition 9

Let sqg, s1, S9, V1, Vo and s be complex numbers defined as in Section 3.2.2. Then

dty dty

ity

RA(‘SOv S1, 82) =06 // (GV17V2(t17t2) - fV1,V2 (tlv t2))(t1t2>8 ) (16>

(R%)2 /0"

where
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fu1,l/2 (t17 t2) = VV17V2 (tlv t2) + G§157V2 (tl’ tg) - G’(}f”’? (th tz)
thél(l) - it2a1(2) 3vo
trae) — it 2
v tron M — ity @ 3p
—3up— 3L i * — «( 21 Ent -1
+(t1t2) 2 (*(3r2)C*(3v1 + 3v, — 1)E <t1a2(1) — itoan® 7 2 )

trar D — itoa @
1 fath ),3V1+3V2—1).

= (t1t2)3yl+3%c*(3l/1)c*(31/1 + 31/2 - 1)E*<

_ 3v1 —3vg+3

+(t1t2) fc*(gl/ﬁc*(?)yg — 1)E*<

tlag(l) — it2a2(2

The problem now is that, even though G is invariant under the transformation
(v1,15) — (1 — v1 — 1o, 1), this symmetry cannot be transfered to Ra because it is

not apparent in f. Some more work is thus required.

3.4.4 End of the proof

In section 2.5, we gave a description of a set of representatives for (R%)?/0*. This
set is the collection of all lines in the quarter plane (R*)? that go through 0 and with
slopes between ¢! and . Thus the map

(ti,t2) — (i—j,tlh)
is a ¢'-diffeomorphism from (R*)?/0* onto [e7!,e] x R%. So we make the variable

change

t dt; dt 1 dud
u:t—l U:tltg tlz\/§ tQZ\/U’U 1z - uav
2 u

tltg N 2 uv
in the integral (16), factor the t5’s on the numerator and denominator in the argument

of the Eisenstein series, and obtain

SR/

0 g—1

_ 3v1—3vo+3

-0z (*(31)(* (v — 1)E*<

a1 —iua; @ 3 + 30, — 1
() — iuay®@’ 2

a1 —iua; @ 31y

R L Ay * -VE ———3 5
v 2 C(3r1)¢* (B + 3. — 1) <a2(1) — iuap®’ 2 )

a0 M _j 2 3 dud
_,U—31/2—371C*(3V2)C*(3V1 + 30y — 1>E*(a1 1uQy ﬂ))vs U U.

M) —ijuas@’ 2 wv
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The first integral with respect to u, between e ! and ¢ is not a problem and we define

gl’l”/2(v) - /le,vz (\/§7 \/%)%
u U

/ W _ i@\ d
and Lw) = / E(ww) du

D) — juan® U
571

All that is important to know about these two functions is that they are invariant,

respectively under (v, 1) — (1 — 1 — o, 1p) and w — 1 — w.

Remark: Actually, one can say a little more about L. Indeed, using the
technique from Hecke, described by Zagier in [8], one can actually show that
2L(s) = (x(s). This identity constitutes, therefore, a proof for functional
equation (;(s) = (A(1 —s). Since we know already (see for example Lang [6])

that (3 (1 —s) = (R-1p-1(5), we get the result that, in a real quadratic field

A1 =s) = (io1p-1(s) = CAls)-

With these new notations, we get

Bl o) ] (gm(v) R Ce S REAIEA

0
3vg

3
—p3nt s L<%) C*(311)C*(3vy + 31, — 1)

w3 d
—v_suz—'zL<%)§*(3y2)§*(3u1 + 30 — 1)) US%’.
0o 1 00

Now, we split this integral / as / + / and we perform the substitution v — v=! in

0 01
the integral on (0, 1]. We regroup everything under a same integral over [1,00) and

finally let x = /v, in order to get rid of these fractional powers:
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0o
R S() S1 82
SVAN0) 215 22) gul V2 1'28 + gul v ( —2)1.—28
1

—1
— g~ (Br1—3va+3-2s), (%) C*(3V1>C*(3y2 — 1)

J,’6V1+3V2+2SL <3V2)C*(3V1)C*<3V1 + 31/2 - 1)

3v

_x—(3V1+6”2—23)L(71)C*(3V2)C*(3V1 + 31p — 1)

3 3vy — 1
_ p3vi—3va+3-2s] (%)C*(gyl)g*(?)yg —1)

R1%

1~ (6r14302425) <72) C*(311)C*(3vy + 3v, — 1)

d
3162 — 25L<3V1)C*(3V2>C*(3y1 + 3v9 — 1)) ;j

Because of our choices for Rev;, Revy and Re (14 — 1), some terms are integrable

(those on lines 2, 4 and 6) and can be taken out of the integral:

o0

M _ /(gul,uz($2)$23+gul,u2 (z72) 2

1

3V
1.6V1+3V2+25L< )g*(31/1)g*(31/1 + 3vy — 1)

—1
— 3132 +3-2s7 (%) C*(3V1>C*(3y2 — 1)

gBvitbra= 2SL(3V1)C*(3I/2)C (3v1 + 31p — 1)) 4 (7)

T

1 3V1—|—3V2—1
_ L *(Br1)¢*(3re — 1
O — ( ’ )cmcm )

1
_31/1 + 619 — 25

1
~ 6u1 + vy + 25
Finally, the following formula holds:

L<3”1)¢*(3y2)<*(3y1 + 31y — 1)

L<3V2>C*(31/1)C*(3V1 + 3, — 1).
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(e}

Ra(s0, 51, 52) _ /

3
1

3
—pOvi+3r2+2sT, (ﬂ) C*(3V1)C*<3V1 + 3y — 1)

2
31/1 + 31/2 —1

_$3V1_3V2+3_28L< 5 )C*(3V1>C*(3V2 _ 1)

31/1

— 3V 46r2—2s] (—) C*(BVQ)C*(BV:L + 3y — 1)

2

el C R R )

2

2

_x—(3V1—3V2—3—2S)L<3V1 + 319 — 1

2

(29]}17112 (1.2)1.23 + 2gu17u2 (l.—2)l.—2s

)c*<3m ¢ (30)

68

d
— g~ (61 +3r2—6+25)] (3V2)C*(3V1 + 3vy — 2)C* (314 — 1)) ?x (18)

1 L(3V1+3V2—1

_31/1—3V2—|—3—23 2

2

L L<3V1)C*(31/2)(*(3V1 + 31y — 1)

_31/1 + 61/2 — 2s

L L<3V2>§*(31/1)§*(31/1 + 30, — 1)

_61/1 +31/2—|—28 7

1

31/1
L( 222 ) ¢ (3vy — 1)¢* —2
T30 T 6 — 6 25 ( 2 )C (82 = 1)¢* (30 + 32 = 2)

)c*(smc*(:m Y

i 1 L 3V1+3V2—1
3v; — 3y — 3 — 2s 2
1 31/2
L{— |(*(3 3vy — 2)(*(3v; — 1).
+6V1—|—3I/2—|—28—6 <2)C(V1+ vy —2)¢*(3v1 — 1)

)c*(zavl ¢ (30)

From (17) to (18), we have added the terms on lines 5, 6, 7, 11, 12 and 13. It turns

out that when one integrates the terms on lines 5, 6 and 7, they cancel the terms on

lines 11, 12 and 13. So nothing really happened here.

Until now, we had restrictions on the real parts of our parameters vy, 1, and s.

Those are now lifted by meromorphic continuation and formula (18) holds in fact for
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all values of our paramaters away from the polar divisor of Rj.

Finally, as a courageous reader can check, everything that is inside and outside
the integral is invariant when one replaces v; by 1 — vy — 15 and v, by 4. So this
invariance transfers to Ra. And this achieves showing that w is a functional equation
for Ra, since (v, 1) — (1—11 — 11, 1) translates into w for s, s; and sy, considering

the relations (9). O



Appendix A
More computations

In this last chapter, we present two computations that were alluded to, but now

explained, during the proof of our main theorem. We want to explain

e how one can transform the zeta function of a positive definite quadratic form
into a particular value of the classical Eisenstein series. This will be done with
the particular example of V,, ,, (page 63) but the strategy can be applied to

prove the formulas on the bottom of page 64.

e how the function L(w) introduced on page 66 relates to the zeta function of the

ideal class A.

A.1 Quadratic forms and Eisenstein series

In the proof of Proposition 8, we encounter the series

S(t, ta) = 2¢(311)((Bve — 1) (t1t2)>2 "

X Z |:02t12(l’10é1(1) + $2042(1))2 + c2t22(x1a1(2) + LU2042(2))2]

x€Z?
ged(z1,22)=1

_ 3v1+3vg—1
2

and we claim that it can be rewritten as

_ 3v] —3vg+1

2(t1,t2) == 4C<3V1)C(3V2 - 1)(t1t2) fE(

thél(l) — itQOél(z) 31/1 + 31/2 —1
théQ(l) — it20é2(2) ' 2

70
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Define the quadratic form

V(m,n) €22 Q(m,n) = t2(mar® + nas™)? + 2,2 (may @ + na,®)?

1
so that  X(t1, ta) = 2¢(311)¢ (v — 1) (tata) >~ Z e
(m,n)ez? Q<m7n) ?
ged(m,n)=1
We have
Q(m, n)

z = t12(ma, ) + nag(l))2 + 1% (may @ + na2(2))2
= m?((tan™)? + (t20:1P)?) + n? (1102 V) + (t2022)?)

F2mn (h2an Das® + £, P a,)
We want to put this under the form |mz + nwl?, for some complex numbers z and w

such that Z is in the upper half-plane. The natural choices are

2z =tionM — ity @

and w =ty — itgay®
We have 122 = (t1a;M)? + (toa;@)?
w[2 = (t1asM)” + (t205))?

Re (z@) = t120é1(1)0é2(1) + t220é1(2)0é2(2)

1 tito (v (Da (2) — (2)a (1) tt
and Im<i>zlm<zw>:l2(l 2 L ): 12~
w |wl? |w]? ?|wl?
Therefore  |mz + nw|* = m?|z|* + n?|w|? 4+ 2mnRe (2w) = Q(L;n)
c
2
or Q(Lz’n) = |w|2‘mi —I—n’
c w
If we define Z € 2 to be the ratio =:
thél(l) — it2a1(2) tltg
7= d ImZ =
théQ(l) — it2a2(2) a o C2‘U)|2
7 2
we get Q(m,n) = A|w|? |mZ + n|? = t1ty x ImZ+ nf”

Im7Z
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3v1+3vg—1
ImZ
H Y(ty,ts) = 2¢(3 3vy — 1) (tity)?2 ! T
ence X(t1,12) C(3v1)¢ (3 )(t1t2) Z <t1t2|mZ+n|2)
(m,n)€Z?
ged(m,n)=1

_ 3u3—3ug+l

= 40(3n)¢(3ra — 1)(tits) 2E<Z, w)

2

A.2 Eisenstein series and zeta functions of ideal classes

On page 66, we anounce in a remark that the function L, defined as

oM — jua, @
D — fuap® ¥

Vw e C\ {0,1} L(w):jE*<

e—1

is related to the normalized zeta function of the ideal class A:

N Dir—¥ _sw\?2 1
LM:CA; - 2 F(?) 2 N(b)

b integral in A

Even though this identity is irrelevant to our result, it is interesting enough to mention
and prove.
The computation done in the previous section shows that
1

(mm)ez? [c2t12 (may @ + nag(l))2 + % (moy @ + na2(2))2}
ged(m,n)=1
2 thél(l) — ithég(l)
E - )
(tltg)w t1041(2) — 1t20é2(2)
Multiply both sides by (*(2w), put t; = 1 and ¢, = u, to obtain:

2 % Oél(l) — iUOég(l)
—FE— v =
uv 1@ —iuay®@

7 T'(w) Z !

(m,n)€Z2 [02 (mal(l) + nOé2(1))2 + 2u? (mal(z) + na2(2))2]
(m,n)#0

o W_WF(QJ) Z 1

= 2w (04(1)2 + U2Q(2)2)w

aca

a#0

- ay M — jua,™ 7T (w) Z 1
— W | = w
041(2) — iUOé2(2) 202“) oca (u—la(l)z -+ ua(2)2)

a#0
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Then condition the sum on cosets of a/ 0%

M uan® 1
q 1ucg
B ———
(al(z) _ iuaz(z)’w) 202w Z Z a(1 + u€(2)2a(2)2)“’
aca/o* e€o”
a#0
As explained in Proposition 4, for every unit €, we have

OIS

‘6(1)‘ €|

so after factoring ‘6(1)6(2) ‘w = 1 from the denominator, we get

™ — uas®
ey 1uy
E <a1(2) —iua2(2)’w) C2w Z Z
aca/o* e€o*

a#0
Next, by the unit theorem, there exists a fundamental unit € > 1 such that

24 ue—za(z)z)w

X:{iak\kez}

M — jua,® 1
(03] 1u
So EY —(%r———m,w
<a1(2)—iua2(2) ) ae%:oxé u-1g2kq () +u€—2ka(2)2)w
a#0

Everything is now set up to compute the integral L(w):

L) = g ZZ/ e

—1.2k —2k (2
aca/ox keZ 2, e%aV? + ug=2a() ) u
a#0
Change variables and replace u~'e?* by v:

2k+1

_WF dov
L(W) Z Z la(2)2)w 7

1
’UOé(
aEa/oX keZ e2k—1

a#0

The integrals and the sum over k collapse nicely and we obtain

dv
L(w) = Z/ a0 o Ta ) o

aca/o*

a#0
Factor }a(l)a@) }w = N(a)* out of the denominators:
D) [ 1 dv
L(w) = Z / &) @Nw .
aca/o* N ( a® +o! m) v

a#0
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N|=

Change variables again, replacing v % by u. Also, remember that ¢=2 = N(a)D2:

+00
w N(a)“ / 1 du
L(w)=D2na7*T —
@) =PI Tw) 3 g | wray
aca/o* 0
a#0
Relating this to the facts about the zeta function of the ideal class A, presented in

Section 2.2.1 (page 32), it follows that

L(w) = D57 G a (w)T(w) / (; du

u+u)e u
0

+oo 1 q +00 +00 d
But F(w)/i_u://eﬂ)( v ) vdu
(u_'_u_l)w u U+U_1 VU
0 0 0
+00 +00
/ / vt o, dodu
VU
0 0
00 1 q +00 400 i
F(w)/i—u = //e_”“(vu)g e v (pu) 3 ved
(u+u) u ou
0 0 0
Just proceed to the substitution
T =vu drdy  dvdu
y=ovu! 2ry  ww
+00 d
1 U 1 W\ 2
0w o [ e - 1)
o ge ((U>/ (u+u—1)w U 5 5
0
As anounced, L(w) = Ckalw)
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