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Write your student number at the top of this page where indicated (“STUDENT NUMBER:”) before
you begin.

This examination is 3 HOURS in length.

Only CASIO fx-991 calculators are permitted.

Answer all questions, writing clearly in the space provided. If you need more room, continue your
answer on one of the blank pages at the back, providing clear directions to the marker.

The last page of the exam has a bubble sheet. Multiple choice answers for Section I must be
recorded on the last page.

For full marks, you must show all your work and explain how you arrived at your answers, unless
explicitly told to do otherwise.

Wherever appropriate, include units in your answers.

When drawing graphs, add labels and scales on all axes.
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Do your best to answer exam questions as written.
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Section I. Multiple Choice (10 questions, 2 marks each)

Each question has four possible answers, labeled (A), (B), (C), and (D). Choose the most appropriate
answer.
On the last page of the exam, fill in the bubble corresponding to your answer for Questions 1-10.

6
(1) Find the average value of the function f(z) = 2% over the interval = € [0, 4].
S 4
(A) The average value is greater than 16.
(B) The average value is above 12 and less than or equal to 16. |
(C) The average value is above 8 and less than or equal to 12. 3‘ Y
i 4
(D) The averagew £66) Lelow e Foc
wf d.g%'gh.\'\‘mn ‘—i oSt e
\ ..\)( Lo u‘-—-*
/ ) - ‘_ (16 =) )
(2) . . : a4 el
Determine the formula for the trigonometric func- y__) o ~ g— 0)
tion shown to the right. J ,J: '\ - °
\& -
(A) y = cos :z: - = . C‘ !
PG |
e Y B e
3 3
(C) y= cosﬁzmc — g) @ = \"5 , <3 = Cns(“/gi' )
X
14D

(=] <=
) @,
ﬁ—; qu(d):

2 2
4(f(x) — 1) dz = 4. What is the value of/ f(z) dx?

G TP B
Cwef? Uj Sa fﬁur"_fz‘a - LU
S(L\ (N —MM

) / f(x) dx is greater than 2, and less than or equal to 4. B
-2

(3) The integral/
2

2
A) / f(x) dz is less than or equal to 2.
-2

1)
£~

(D) f(z) dx is greater than 8.
-2

L1 j Lixyay = nyle =20

-7 5 £4) “@
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4) The graph of a function ¢(¢) is given in the figure g(t) g ox2 = |00
to the right. 5&_
Which of the following is correct? S \}\
2 S\
) [ gte) dt < 309 A A R I ¥
’ [JV N PN o-_\ —\:&‘"‘*‘ : : : : : ; \ :
2 00 :
(B) 30.9 < / g(t) dt < 69.2 \ess s 30 :
0 :
2 :
(C) 69.W 20 3
0 :
(D) 105.6</Tg(t) dt 10
0 :
0 i — ¢
0 1 2

(5) Identify whether the function h(z) = 5 — e 2 has a global minimum and/or global maximum on its
domain. Hint: a sketch might help. roochay 5 )

o nev S Merda
@h(w) has neither a global maximum, nor a global milguum. < __ _ :_,’;___;_ :s

(BJ 7i{z) has a global maximum, but does not have a global minimum.

(C) h(x) does not have a global maximum, but does have a global minimum

(D) h(z) has both a global maximum, and a global minimum.

_ =

—(z—a)?
(6) The function f(z) =e~ ®  has a global maximum at the point (3,1). What can be inferred abgut )‘1
the values of a and b7 _— (%~

s o p(f\h)r
(A) Without more information, neither a nor b can be uniquely determined.

: (B) a =3, but the specific value of b cannot be determw information provided.
1 =0 @ =23

(C) b= %, but the specific value of a cannot be determined from the information provided.

1 ( a.)l
(D) a =3, andb:a o = z(‘g-—&.) =
=
- = O \m=3\

£y = :z_f_%*) o
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(7) Consider the table of data shown on the right ’ t ‘ f(t) ‘ q(t) ‘ h(t) ‘
(with entries rounded to 2 decimal places). 0] 10.00 1.00 | 10.00
Which of the functions is growing exponen- 1 15.0(5*“ 195 1 15.25
tially with time? 22250 | 5.00 | 31.00
A) f(t) is growing exponentiall 3| 33.75 | 21.25 | 57.25

4 | 50.63 | 65.00 | 94.00

¢g(T) 15 growing exponentially.

C) h(t) is growing exponentially.

(
(
(
(

D) None of the three functions is growing ex-
ponentially.

D% / % %

. Lo .
Sy ~dRiped =D

\ € gk

step

/
(8) A graph is defined by the relation sin(4y) :%1 — ¢%. What is the slope of a tangent line to this graph

at the point (0,0)?

(A) The slope is in the range (—oo, —2].
B) The slope is in the rang@
(C) The slope 1s in the range (0, 2].

(D) The slope is in the range (2, 00). Y

@ (0,0)

(9) Compute the integral of the function z(t) = cos(5t) 4 t*

in(5t
(A) The integral equals smét')) +4t° + C.

x

Coslug)- Uy = -2
X

¥
-

needS  ep ot demaamsnat

j THERD +e ot

—sin(5t I v
(B) The integral equals —sin(5t) +4t° 4+ C. 'Y ) A/J(c
] sin , — —
(C) The integral equals 5 + 5 +C- ' g
— sin(5t t°
(D) The integral equals SH;(E)) + 3 +C.
- 'Sx
(10) Consider the function y = 3 — 6e~3%. For what value of z is y = 0? O= 3- C 2
-3
e x value will be below z = —0.5. =
A) Th 1 ill be bel 0.5 e 3
(B) The x value will be equal to or above x = —0.5, but below z = 0. -3x 3/ =\,
he z value wi e equal to or above x = 0, but below z = U5 -
C) The z value will b 1 b 0, but bel < ¢ ' 2
(D) The z value will be equal to or above z =075 —3%3x = L-[ /Z-)
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Section II. Graphing

A particle’s velocity is measured for 4 seconds,
and the graph of that velocity is shown on the
graph to the right. The velocity is measured in
m/s, and the time is in seconds.

(a) On the axes to the right, sketch the accel-
eration of the particle, a(t).

d
Recall that av(t) = a(t).
Clearly indicate the vertical scale on your axes.
Use the fact that a(1.5) = —1 in your graph.

(b) On the axes to the right, plot the position
of the particle, z(t) at times t =0, t =1, t = 2,
and t = 3.

Recall that %x(t) = ().

Clearly indicate the vertical scale on your axes.
Use the fact that 2(1.0) = 0 in your graph.

A\

/8]
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Section III. Flight Efficiency /8]

A major design goal of modern aircraft construction is to improve their fuel efficiency. However, there are
several ways to compute and report this efficiency.

Let f(v) be the fuel consumption reported in kg of fuel/km flown of a plane flying at velocity v (in
km/h). In other words, f(v) tells you how many kg of fuel the plane uses to go one kilometer, if it is
traveling at velocity v km/h.

You are told that for a new Boeing 7T37TMAX airplane,

£(750) = 3.04 kg/km, and f/(750) = 0.0005 (kg/km)/(km/h)

We now define h(v) as the plane’s gas consumption in kg of fuel/h. In other words, h(v) tells you how
many kilograms of fuel the plane uses in one hour of flight, if it is flying at velocity v.

(a) Write an equation that relates h(v), f(v) and v.

| W= § A\:w)

() e W

(b) Use your equation and the earlier information about f(v) to compute h(750). Include units in your
answer.

W) = §(Fs0) - TS©
— ('5.01—1)-—45_0
= ZZ?Q (k‘j/"‘>

dh
(c) Compute the value of h'(750) (or %(750)). Include units in your answer.

rac)u\h-ci i_\'-‘l"\- """"‘c; _‘_;_T: —
) = ) e+ FD -1 [ ) ]
A

W (@50) = (o.cmo‘i)(jrﬂ) 4+ .0y

- S_L.I'IC Q(,S/h>/ Klm/l\

(d) Express the meaning of your answer to part (c) in a sentence.

15 S B RRC ¥
\ e/l Soshar T plows Alies, T o
£ 350 K=/ k)

SCIEY “3/..
For Q_Cr-l:./\\

more Sl [rold'w« ke cufrant Sf"“‘!
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Section I'V. Just beyond an airport, a security guard observed a drone (a remote controlled flying vehicle)
rising straight up from the ground; i.e. the drone moved only vertically, not horizontally. The drone started
on the ground 2.5 km from the guard. A few seconds after lifting off,

e the angle between the observer’s view of the drone and horizontal (ground) was 11, and

e the angle was increasing at a rate of 0.112 rad/min.

How fast is the drone rising at that moment? Include units in your answer. [/7]
drens
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Section V. Critical Point Analysis [/7]

Consider the function f(z) = ze ", where k can be any real number. This function has either one or zero
critical points, depending on the value of k.

(a) For what k values does the function have one critical point?

e —kx
Led X G ot X ec’b—)ﬁz I{?(m - ¢ 4 x[—-k@ J

) ~kx
s = o= e (w-ex)
\ = \C e
2 = \/K'

Tl Al e o selViim for oM
C asdwrs F 0
(sc (==, o) O (0,2
g xlo Y x"’)

(b) For what k values will there be one critical point which is a local maximum? A _\_le‘_
Ass o, K20, Con SR Cdlee St of cecamd  deriueAt R -
s+ \ —¥x
A
(+)
Koo Rewds

Y x ,
\cﬁr? ’““3"’\""& K 10:3} > => l=—kx 1S

=> \=—kK»> 15 e S
.\Q k 7 /—\ K% ’J

: s o f <0
AA_}-L‘\:\\"\UB (’6—\'\* \:,q_-.—-b S -\F <o u X &0 ﬁ__
o~ \otw) WX e kl)
- v = ) no (_zk 1 ,
e o *x=r £ =< i
2. §': _va (1-ex)+2 (%) ) e o K70 T ey
—~ ¥ T (_) - Y a - lauru ey
— (._ ¥ xkox =\ S = ey
(c) When £ is chosen so that f(z) has no critical points, describe the graph of f(z). n
o _k((_)) -F ﬁs_
- \L;Q) FOO= e = A = loeel
. . | slg p2 1. —
C+> "» o~ S“"ﬁ»-\é\'\'\- ST ©



9 0of 19

STUDENT NUMBER:

Section VI. Taylor Polynomials and Limits /8]

(a) Find the second degree (that is, quadratic) Taylor polynomial approximation to f(z) = cos(3x) at the
point x = 7.

@ x =M
£ = s3x%) e = ug(‘S‘lT) - _\
L' = —3 sin (3) i) = —3s(am=0

R“(\Q) = <A s (.5)') .Q “C'“) = -4 CGS(sT\j = +C]

%
?L(,q: -\ + ()‘(w-“) + 4 (x~-71)
L

- -\ -\-i C)(—"ﬁ)l
pa

4,3
(b) Evaluate the limit xlggo % Reminder: show all your work.
U S = ~ -
a‘.‘_\o\ a"\s b /"' o ]II*QP\MJ
~ 28
= g At — g
/!\M b 4 L\ ’QL 3__ \2 % R} S
A 5 - m/xs \ HBP e —_—_-2._ =
( o 1<%
P
-z = ~23X -2y - gl
5 x=T 3ox 30 S
t
(c) Evaluate the limit lim ——.
t—o00 ln(t) o0
"‘ \err —_— —
==
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[/10]

Section VII. Area Optimization

A rectangle is drawn in the first quadrant of the xy plane, with:
e its base on the x axis, and

e its left side on the y axis, and

e its upper right corner on the graph of y = CEE)Eh

(a) What are the height and width of such a rectangle with the greatest possible area? Hint: a sketch

might help to visualize the scenario.

en = (W)
ko s - (W)

A= (Cx w3 ) (=) .

(¥+?d)
Vo $iad ()P_\.\/v—o—i A lack &(‘

cebied P
AA L (xx3Y — = (2 (x+)

s ()H-'c)q

P S S

(}»\/QH i 1 2/ 3 4
) Width = =
O= —x=" + ‘ -
L c\ o?k\zv-w-o-
i :j—\ Lo \g N . feest Gt =3
g D . 3Q

aximum for the area.

%\- b)LRmVlde evide ,5;£~.-bat _‘g_he&ﬁlmenalﬁls YQy foknd correspond ?0 a local m ] S
| >

+ 2 -

\

2
\$L a - *‘,\,Q "\-15“' A f“-) = i_ﬂ-)g_ 4 3-«.
()(t-“e.)k{ oF A
Sherpe /_\
PRI A
~ ALY o lged wmeime

Loc s e



11 of 19

STUDENT NUMBER:

Section VIII. Greenhouse Gas Emissions [/10]

The following table tracks the rate of emission of greenhouse gasses by Canadians, E(t), in megatonnes
(Mt) of carbon dioxide per year. All d%tes represent the effective rate on Jan 1st of that year.

—ot=
Date (Jan 1st of) | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016
E (Mt /year) 682 | 694 | 700 | 707 | 716 | 717 | 714 | 704

Data source: Environment Canada.

(a) Use the trapezoidal rule with 7 intervals to estimate the total carbon dioxide emissions by Canadians
over the period Jan 1 2009- Jan 1 2016 (7 year period). Include units in your answer.

T q~ ‘\-Q_rmj

oYy
JeAr () [@glﬂqu (1) + [Gﬁq +Fo6 (\) x o v 14 + }( )
2 2

_ Z’(u\ﬁ "Zs.av)( ~t) ST Mt \

—

(b) If we define t = 0 as January 1st 2009, then a good approximation to the data shown is
E(t) = —1.51 t> + 14.24 t + 680.63 Mt /year where t is measured in years. Use this function and an
integral to generate a second estimate of the total carbon dioxide emissions over the period Jan 1
2009-Jan 1 2016 (7 year period). Include units in your answer.

3
ToreX _ S(_Lg\ £ o4 lary & + (Y6 .CD) At

L SEIS
0 3
2
— SV Ty ety c,m.(}-tl
= — o
~ Lqyp. (S Tt

(c¢) Over the last few years, the rate of carbon dioxide emission is decreasing. Assuming the trend from
2015/16 continues in a linear way, estimate the emission rate we would expect on Jan 1 2020.

Several answers are possible, and any reasonable estimate will be accepted. Clearly indicate how you
arrived at your estimate, and include units in your answer.

Ry 26\§ o CL(»IQ,) oKX amqafmﬁ Laj fe) (M{:(\.)\

=Yg Mt
= Sy 2020 N grers tdw-) ek uwAall ame ‘DJLl (1) ]

Fow — 40

J

—~ € (2o0x) A\ b= Gore crst oS
] = (v Y/
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Section IX. Integration [/12]

Evaluate the following indefinite integrals.

@ [ oy st O [oz £

T
T v\mﬁm—av_)
ES

S mm) [/ﬂ; }

= S Cas (W) a9

= Sie (W) ¥ C Lok o o='s

N (b(‘atj} %'_C“

(b) Determine by differentiating whether or not your answer to question (a) is correct. State your conclu-
sion clearly for the grader.

A( %1(\(@“(1))4‘_(‘*): CQS(E‘“[XXB'
O-K

. - h‘w'LQ m"*'j
T e emodelas T OV‘\@H’Q J /

o

gt S

Sy 0U©

CUCTQJ-
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(Integration continued)
2
(c) /t2ln(t) dt \BQ \PD”(‘R' M = Q”\(Jrj) jé},\r; jﬁ at
\L A/OUC \3 \L
= 2
=\ - <
A = _J_C_ It N /s

:L\(ﬂ[‘tf;lh S €\ sk
3 3 €

—l_\a\a( §
3 () — ,\S at
S = '\i Iy NEY . +

3
3 BN ARG
= ) T Ak
- Ly - L t3+Q

= q

(d) Determine by differentiating whether or not your answer to question (c) is correct. Again state your

conclusions clearly for the grader. _

2 d = ‘L-W“\B S !
L1l _ 4
ax - ! =D M—I—Q_Srtﬁg = Cofreed,

_ [{1 0 () 2 i tg(%ﬂ "—%—(Stl)

= % (D) 4,/_?@_%

— LR (k)
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Section X. Population Model [/10]

A population reproduces according to a discrete-time updating function, defined by

2 5, 7
= - - = 2
x];fjl 5 (pt) 5 pt +
where p is the population in thousandsc tis _j.;'i; generations. For this population, 0 < p < 5.
[ '

(a) Assuming that the initial populazfon' level is'pg = 4, predict the population level for the next 4
generations (up to and includingf 4). Keep 3 digits after the decimal for your calculations.

| 7% & -

A 1.2\ G

5 o Y9
o ey

(b) Using your answer to part (a), sketch a graph  (c) Sketch the graph of p.y1 vs. p, and draw a
_ of p; vs. time. Be sure to label your axes.

cobweb diagram starting at py = 4.

..................................................................................................

......................................................................
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2 7
Section X continued.

D41 = 5(1%)2 ~ P +2
(d) Use the updating formula to find all equilibrium value(s) of p;.
Se ?t;?%*‘:\?l ?:2:?1#’%?*1
'S g
\El 1L (%5) ,_ﬂ?‘_——-———;a“)—(
©T TS az:cj'l’qn ’
O :1?2_(—1? ‘}'TQ of ©T 2[7_)
02(1{:—17(?—?) :’StE}
,//,:
{ >
_ "
\ P = ‘3) \

JEEE,
(e) Classify each of the equilibrium level(s) you found in part (d) as either stable or unstable, using
the slope test for equilibria.

)
2 o ()= 4 -2 = -3
fr(@—fa ;_;—F’“LL @l’\) €L C 5 =
J o p2
So %(F’): __tél\_ll '—___l:j.:q.:._ TL\:\S s ge, R —-\ 0__&5\ 't_\ slep

Ty
e . s shoble NPT
(S N
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Space for additional work. Indicate clearly which Section you are continuing if you use this
space.
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Space for additional work. Indicate clearly which Section you are continuing if you use this
space.
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Space for additional work. Indicate clearly which Section you are continuing if you use this
space.
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Space for additional work. Indicate clearly which Section you are continuing if you use this
space.



