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Symbols in the list are sometimes also used temporarily for other
purposes. . .
G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers,
5th ed.

ummary of Notation

Because the material in the book draws on a variety of fields, there are some

resulting conflicts or ambiguities in the notation. In general, these ambiguities

can be cleared up by context, and the authors have attempted to avoid situations
where like notation overlaps in the same context. Some examples are:

(1) The symbol [-,-] can have three meanings: bilinear form, commutator, and
homotopy classes of maps.

(2) x can have three meanings: Euler characteristic, stream function for a surface
current, or a gauge function.

(3) 7 can be a permutation map or the ratio of circumference to diameter of a
circle. In addition, 7, signifies the kth homotopy group, while ¥ signifies
the kth term in the lower central series of the fundamental group.

(4) R can be a resistance matrix, the de Rham map, or a region in R3.

(5) Pullbacks and pushforwards of many varieties can be induced from a single
map. For example, an inclusion map ¢ can induce maps denoted by %, i,
i#. iy, 1, etc.

(6) The symbols &, A, «, 3, n, p, v, and 6 have meanings particular to Chapter 7
(see Figure 7.4, page 211).

Other multiple uses of notation are noted below.

Bp(R) pth Betti number = Rank H,(R)

54 Kronecker delta; 1 if i = j, 0 otherwise

1) Inner product space adjoint to the exterior derivative

) Connecting homomorphism in a long exact sequence

0 Boundary operator

or Coboundary operator.

d Boundary operator on dual mesh (related to 07)

€ Dielectric permittivity

C; jth 1-cocycle on dual mesh, indexed on 1-cells of DK: 1 <1 <
my
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Wave impedance

Normalized angle of f : R — S*

0 discretized on nodes of unassembled mesh

Wavelength

Barycentric coordinates, 1 <14 <4

Magnetic permeability

Ratio of circumference to diameter of a circle

Permutation map

1th homotopy group (but 7o distinguishes path components and
is not a group)

Volume electrical charge density

Electrical conductivity

Surface electrical charge density

ith p-simplex in a triangulation of R

Dielectric relaxation time, 7. = ¢/o

ith magnetic flux

Electric scalar potential

Euler characteristic

Stream function for surface current distribution

Gauge function

Electric and magnetic susceptibilities

Magnetic scalar potential

Value of ¥ on plus (minus) side of a cut

Radian frequency

Subset of R™

Magnetic vector potential

Magnetic flux density vector

p-coboundary group of K with coefficients in module R
p-boundary group or K with coefficients in module R
Relative p-coboundary group of K (relative to S)

Relative p-boundary group of K (relative to .S)

Relative exact form defined via compact supports; S C OM
Coexact p-forms in C,(M, S)
Speed of light in a vacuum, (gopo)
Curve (or contour of integration)
p-chain

p-cochain

Curl operator

Adjoint to the curl operator in two dimensions
Capacitance matrix

Constitutive law (see Figure 7.4)
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Connection matrix, 1 <i<mg3, 1 <j<4,1<k<mg
Connection matrix of p-dimensional mesh

p-cochain group of K with coefficients in module R

p-chain group or K with coefficients in module R

Relative p-cochain group of K (relative to S)

Relative p-chain group or K (relative to S)

Differential forms with compact support on M — S; S C OM
p-forms in the complex defined by §, the formal adjoint of d in
C2(M — $5)

Coboundary operator; exterior derivative

Thickness of current-carrying sheet

Divergence operator

Divergence operator on a surface

Differential operator

Skin depth

Electric displacement field

Dual cell complex of simplicial complex K

Electric field intensity

Magnetic energy

“Forcing function” associated with the pth cut (a vector with
entries fp;)

Frequency

Generic function

Pullback of p by f

Rayleigh dissipation function

Free subgroup of pth homology group

Free subgroup of pth cohomology group

Primary functional

Secondary functional needed for convexity

Number of FLOPs per CG iteration for node-based interpolation
of scalar Laplace equation

Number of FLOPs per CG iteration for node-based vector in-
terpolation

Number of FLOPs per CG iteration for edge-based vector inter-
polation

Spaces of vector fields with elements F' and G, respectively
Gradient operator

Convex functional

Magnetic field intensity

pth cohomology group of R with coefficients in Z

pth homology group of R, coefficients in Z
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SUMMARY OF NOTATION

pth cohomology group of R relative to R, coefficients in Z
pth homology group of R relative to R, coefficients in Z
ZP(M — S)/BP(M — S); harmonic forms

ZP(M, S5) N ZP(M — S); harmonic fields

inclusion map

Image of map

Electrical current

ith current

Free and prescribed lumped-parameter currents

Oriented intersection number

Intersection number matrix

Indicator function, 1 <p < B1(R), 1 <m <4,1<1<mg
Map inducing a third map in a long exact sequence
(Volumetric) current density vector

Average current density in effective depth of current sheet
Nodal jumps on each element, 1 <i<mg3, 1 <j <4
Kernel of map

Surface current density vector

Simplicial complex

Stiffness matrix for kth element in mesh

Global finite element stiffness matrix

“Characteristic length” of electromagnetic system
Inductance matrix

Lagrangian

Space of square-integrable differential ¢-forms on manifold X
Linking number of two curves

Number of p-simplexes in a triangulation of R

Number of p-cells in dual complex

Magnetization

Manifold

Number of prescribed currents and number of prescribed volt-
ages

Number of p-simplexes in a triangulation of OR

Normal vector to a codimension 1 surface

Normal to a two-dimensional manifold with boundary embedded
in R3

Number of nonzero entries of a matrix A

Order n®

Polarization density

Poynting vector

Period matrix
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Eddy current power dissipation

ith charge

Resistance matrix

de Rham map, R : L?A9(X) — C9(K) (K a triangulation of
X)

Region in R3, free of conduction currents

Three-dimensional manifold with boundary, subset of R3
Surface resistivity

Surface

Current-carrying surface after cuts for stream function have
been removed, and the kth connected component of S’

qth cut

Unit circle, S' ={p e C| |p| =1}

Kinetic energy

Vector potential for volumetric current distributions

Torsion subgroup of pth homology group

Torsion subgroup of pth cohomology group

Cotangent space

Nodal potential, 1 < k < myg

vertex

Voltage

Prescribed voltage, 1 <1i < n,

Potential energy

Electric field energy density

Magnetic field energy density

Whitney map W : C4(K) — L?A%(X)

Electric field energy

Magnetic field energy

Riemannian manifold

# nonzero entries in stiffness matrix for node-based scalar in-
terpolation

# nonzero entries in stiffness matrix for node-based vector in-
terpolation

# nonzero entries in stiffness matrix for edge-based vector in-
terpolation

Complex conjugate of z

p-cocycle

p-cycle

p-cocycle group of K with coefficients in module R

p-cycle group or K with coefficients in module R

Relative p-cocycle group of K (relative to .S)
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Relative p-cycle group or K (relative to S)

Relative closed form defined via compact supports; S C OM
Coclosed p-forms in C,(M, S;)

Positive (negative) side of an orientable surface with respect to
a normal defined on the surface

Set-theoretic complement of A

Homotopy classes of maps f: A — B, i.e. mo(Map(A, B))
Homotopy classes of maps

Commutator

Bilinear pairing

Equivalence class of element -

Exterior multiplication

Hodge star

Set-theoretic intersection

Set-theoretic union

Cup product
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ndex

adjoint operator, 15, 16, 92, 93

admissible function, 122

admissible variation, 94, 189

Alexander duality theorem, 110-112, 118,
240

Ampere’s law, 25-27, 49, 104, 107, 113,
117, 143, 160-161

approximation function, 126

atlas, 216

barrier, see also cut
barycentric coordinates, 124-126, 153, 171
Betti number, 11
for relative homology group, 33
Biot—Savart law, 114, 160, 165
black box model, 59
Bott, Raoul, 25
boundary, 11
operator, 10, 16, 30, 32, 42, 49, 132, 227
relative, 33
boundary value problem, 29, 99
branch cut, 15
branch voltage, 31

calculus
fundamental theorem, see also Stokes’
theorem on manifolds, 101, 227
multivariable, 7
variational, 149
cancellation error, 160
capacitance
and energy principles, 66
matrix, 66, 69, 70
capacitive
coenergy principle, 65
Cauchy—Riemann equations, 228
chain, 7
group with coefficients in R, 9
group with coefficients in Z, 9

group with coefficients in R, 9
homomorphism, 29
charge conservation, 20, 50
charge distribution, 103
chart, 216
Chrystal, G., 243
circuit parameters, 59, 128, 142
coboundary, 16
data structure, 137
operator, 10, 29, 30, 41, 42, 102, 129
cochain, 8, 41
group, 32
homomorphism, 30, 42, 231
maps, 231
cocycle
group, 16
coefficient group, 11, 16, 28, 38
coenergy principle, 63
cohomologous
absolute, 16
relative, 42
cohomology
de Rham, 131
relative, 41
cohomology group
absolute, 16
commutator, 26
subgroup, 26
compact support, 41
compatibility condition, 17, 99, 106, 191,
193
complex
cellular, 128, 131, 139, 174
chain, 28-30, 32
cochain, 28-31, 42, 132
extraction of, 131
simplicial, 43, 124, 127
simplicial data structure, 128
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conducting surface, 85
conjugate gradient method, 138, 167
constitutive law, 113
constitutive laws, 51
and energy principles, 73
cotangent bundle, 218
Coulomb gauge, 113
Cousin problem, 169
cup product, 100
curl, 20, 109
current, 103
on conducting surface, 85
steady conduction, 80
current power dissipation, 151, 155
current-carrying knot, 25, 114
cut, 14, 21, 25, 27, 108, 109, 112, 115, 117
cuts, 102, 159, 241
cuts algorithm, 161, 163
cycle, 11
relative, 33
cyclomatic number, 99, 111, 142

Davis, P. J., 181
de Rham isomorphism, 18, 73, 184, 201,
233
relative, 42
differentiable manifold, 18, 43
disc with handles, 13
displacement current, 57, 112, 142, 160,
185
dissipationless system, 89
divergence theorem, 228
duality theorem, 12, 99, 111
Alexander, see also Alexander duality
in electromagnetism, 101
Lefschetz, see also Lefschetz duality
Poincaré, see also Poincaré duality
Dyson, F.J., 215

eddy currents, 141, 142, 152
Eilenberg—MacLane space, 164, 240
electric

field, 46, 49, 160

flux density, 49, 64

vector potential, 64
electrical circuit theory, 24, 30, 128, 138
electrical flux, 103
electrical network, 31, 149
electromagnetic radiation, 58, 98
electromagnetic wave, 53, 59
electroquasistatics, 5862
electrostatics, 19, 20, 43, 45, 67, 185, 214
elliptic equation, 96
elliptic operator, 252
embedded submanifold, 240, 241

INDEX

energy principle

capacitive, 65

inductive, 72
equivalence class, 25, 117, 143, 216
equivalence relation, 11, 16, 42, 101
Euler characteristic, 138, 167, 177
Euler-Lagrange equation, 91, 94, 96, 147,

154, 163, 168, 188

exterior algebra, 221, 222
exterior derivative, 10, 41, 226
exterior product, 100, 221
extraction, 172

Faraday’s law, 49, 147, 148, 151
finite element mesh, 124, 152
finite element method, 121, 122, 172, 183
flux density
electric, 19
magnetic, 46
force
electromotive, 64, 85, 106, 142
magnetomotive, 71, 74
form, 41
closed, 16, 18, 184
coclosed, 253
differential, 42, 43, 101, 131, 215, 217,
218, 221, 227, 233
exact, 16
Fourier transform
and constitutive laws, 53
and retarded potentials, 61
fundamental group, see also homotopy
group, 128, 130, 178
fundamental theorem of calculus, 10

Galerkin form, 151, 165
gauge
Coulomb, 55, 58
function, 55
Lorentz, 55-58, 207
Gauss, 114
Gauss theorem, 101
Gauss’ law, 49, 50
Grassmann, 215
product, 221
Green’s function, 113
Green’s theorem, 101, 227

Hamilton, Sir William R., 183, 215
Hardy, G. H., 267

harmonic form, 252

harmonic function, 58, 166, 168
harmonic map equation, 165
hexahedral mesh, 128, 131

Hodge decomposition, 252



Hodge star, 187, 244, 256
Hodge theory, 184
holonomic system, 89
homogeneous wave equation, 55
homologous, 11
homology
class, 18, 19, 22, 27, 38, 42, 163
generators, 39-41
homology group
absolute, 11, 34, 35, 37
relative, 33, 134, 143, 183

homotopy
class, 25—26, 163, 240
group, 25, 26

incidence matrix, 30, 31, 124, 132, 175, 178
inclusion map, 37
inductance
and energy principles, 72
matrix, 80, 97
inductive
coenergy principle, 74
energy principle, 72, 73
inhomogeneous boundary condition, 142
inner product, 93, 243, 244
integer coefficient group, 35
integral law, 21, 50, 51
interface condition, 190
interface conditions, 50, 51, 54, 190
intersection, 110
intersection matrix, 46, 75, 87, 103, 104,
107, 112, 117, 142, 143, 149
intersection pairing, 137
irrotational field, 23
isotropic media, 53, 56, 160

Kirchhoff current law, 31
Kirchhoff voltage law, 31, 58, 149
Klein, Felix, 259

Kron, Gabriel, 31, 215

Lagrange polynomial, 127
Laithwaite, E. R., 141
Laplace’s equation, 121, 122, 168
Laplace—Beltrami operator, 57, 252
Lefschetz duality theorem, 46, 60, 100,
103, 104, 109, 110, 112, 117, 119, 139,
166, 238
and currents, 107
and nonorientable surfaces, 109
and stream functions, 108
in electrostatics, 102
in magnetostatics, 103
linear algebra, 124
linking number, 112, 114

INDEX
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long exact sequence
in cohomology, 42
in homology, 37

lumped parameter, 99
and cohomology, 60

magnetic
field, 49
flux density, 49, 70, 103, 104, 160
scalar potential, 113, 122, 128, 138, 141,
143, 159, 172
magnetic flux, 103
magnetic scalar potential, 116
magnetoquasistatics, 58-62, 135
magnetostatics, 185, 214
manifold
differentiable, 216, 243
orientable, 100
Riemannian, 135, 243
Maxwell’s equations, 49-51, 160, 229
Maxwell, James Clerk, 49, 99, 111, 183
metric tensor, 185, 243
Moébius band, 232
Mobius band, 146
Morse, Marston, 7
Morse—Sard theorem, 241
multiply connected, 26, 28
multiply connected region, 160
multivalued function, 45, 46

nondegenerate bilinear pairing, 9, 43, 100
on cohomology, 100

nonorientable surface, 141, 145, 232

normalized angle, 169, 171

numerical analysis, 126, 135

Ohm’s law, 52, 59, 62, 160
orthogonal decomposition, 183, 192, 251,
253

paradigm variational problem, 138, 183
perfect conductor, 103
period, 18

and circuit parameters, 59

relative, 42
periodicity constraint, 150
periphractic number, 13, 103
periphraxity, see also periphractic number
permittivity, 52
Poincaré algorithm, 178
Poincaré duality, 174
Poincaré duality theorem, 100, 133
Poincaré isomorphism, 27
Poincaré map, 27
Poincaré—Lefschetz dual of a submanifold,

102
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Poincaré—Lefschetz duality theorem, 102,
134, 163

in magnetoquasistatics, 102
Poincaré-Lefschetz dual, 241
potential difference, 20, 103
potentials

for Maxwell’s equations, 53

retarded, 61
Poynting theorem, 148, 151, 152
pullback, 163, 184, 219

quadratic interpolation, 126
quasistatics, 58
quotient group, 11, 32

Rayleigh dissipation function, 89, 91
Riemann surface, 27

Riemannian structure, 185, 217, 243, 245
Ritz method, 122, 123

Russell, Bertrand, 47

scalar wave equation, 56, 59
scleronomic system, 91
simplex, 125, 128
simply connected, 26
single-valued scalar potential, 22, 25, 71,
84, 117
skin depth, 47, 51, 53, 143
solenoidal field, 58, 160, 228
solid angle, 112, 114
stereographic projection, 117, 118, 231
stiffness matrix, 123
assembly, 127
Stokes’ theorem, 10, 15, 101, 102, 227, 228

stream function, 20, 21, 107, 109, 141, 143,
187

subcomplex, 30, 130, 131, 134, 172

symbol, 96

Tait, P. G., 49, 183

tangent vector, 217

tetrahedral mesh, 128, 130, 167

three-step procedure (homology genera-
tors), 3840, 43, 44, 63, 74, 106, 187

time-varying, 58

Tonti diagram, 207, 211, 212

torsion subgroup, 35, 36, 112, 118, 119

transverse intersection, 112

trefoil knot, 24, 25, 27, 116, 160, 178

trial function, 123, 124, 126

tubular neighborhood, 112, 114

unassembled mesh, 169
universal coefficient theorem, 117, 118

variational principles
and cochain complex, 64, 72
electroquasistatics, 63
magnetoquasistatics, 70

vector
analysis, 7

vector analysis, 10-11, 15-18, 41, 246

wedge product, 221
‘Weizenbrock identity, 57
‘Weyl, Hermann, 159
Whitehead, A. N., 214
Wright, E. M., 267



