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Abstract— Iterati ve image reconstruction algorithms play an increas-
ingly important role in modern tomographic systems,especiallyin emission
tomography. With the fast increaseof the sizesof the tomographic data,
reduction of the computation demandsof the reconstructionalgorithms is
of great importance. Fourier-basedforward and back-projection methods
have the potential to considerablyreducethe computation time in iterative
reconstruction.Additional substantialspeed-upof thoseapproachescanbe
obtained utilizing powerful and cheapoff-the-shelf FFT processinghard-
ware. The Fourier reconstructionapproachesarebasedon the relationship
betweenthe Fourier transform of the image and Fourier transformation
of the parallel-ray projections. The critical two stepsare the estimations
of the samplesof the projection transform, on the central sectionthr ough
the origin of Fourier space,fr om the samplesof the transform of the im-
age,and vice versa for back-projection. Interpolation errors are a limita-
tion of Fourier-basedreconstruction methods. We have applied min-max
optimized Kaiser-Besselinterpolation within the non-uniform Fast Fourier
transform (NUFFT) framework and devisedwaysof incorporation of reso-
lution modelsinto the Fourier-basediterative approaches.Numerical and
computer simulation resultsshow that the min-max NUFFT approachpro-
vides substantially lower approximation errors in tomographic forward
and back-projection than conventional interpolation methods. Our stud-
ieshave further confirmed that Fourier-basedprojectors using the NUFFT
approach provide accurate approximations to their space-basedcounter-
parts but with about ten times faster computation, and that they are are
viable candidatesfor fast iterative imagereconstruction.

Keywords— Iterati ve tomographic reconstruction, fast forward and
back-projectors,non-uniform FFT, gridding, min-max interpolation.

I . INTRODUCTION�
TERATIVE imagereconstructionalgorithmsusingstatistical
modelsof acquireddataplay an increasinglyimportantrole

in moderntomographicsystems,especiallyin emissiontomog-
raphycharacterizedby datawith low counts,andconsequently,
low signal-to-noiseratio[1–3]. Thecomputationalbottleneckof
iterativereconstructionalgorithmsis thecomputationof forward
and back-projectionoperations. With the fast increaseof the
sizesof thetomographicdata,reductionof thecomputationde-
mandsof forwardandback-projectorsis of greatimportance,as
demonstratedby therecentincreaseof interestin fastcomputa-
tional proceduresfor calculationof theseoperations(for exam-
ple, [4–9]). For a family of shift-invarianterrornorms,another
approach[10] usesFouriermethodsto combinetheforwardand
backprojectionstepsinto a singleoperationthat canbe imple-
mentedefficiently with an FFT. Our focusis on PET scansfor
which Poissonlikelihoodsor data-weightedleast-squarescri-
teria areneeded,but thesedo not belongto the shift-invariant
family consideredin [10]. Therefore,in the work reportedin

This work wassupportedby NIH grantsCA92060/ EB002131,CA-60711
andby TheWhitaker Foundation.

S.MatejandI. G.Kazantsev arewith theDepartmentof Radiology, University
of Pennsylvania,Philadelphia,PA 19104-6021USA (telephone:215-662-6780,
e-mail: � matej,kazantsev � @mipg.upenn.edu)

J. A. Fessleris with the Electrical Engineeringand ComputerScienceDe-
partment,Universityof Michigan,Ann Arbor, MI 48109-2122(telephone:734-
763-1434,e-mail: fessler@umich.edu)

this paper, we applyFourier methodsto acceleratethe forward
andbackprojectionstepsseparatelyfor iterativetomographicre-
construction.In additionto their computationalefficiency, the
Fourier-basedapproacheshave potentialfor additionalsubstan-
tial speed-upby utilizing powerful andcheapoff-the-shelfFFT
processinghardware.

It hasbeenknown for a long time that direct Fourier meth-
ods (DFM), that build up the Fourier transformof the object
usingtheFourier transformsof theprojections,have thepoten-
tial for accurateand high speedreconstruction[11–16]. The
Fourier-slicetheoremwaslaterproposedasa tool for perform-
ing the reprojectionoperation(e.g.,[17,18]). The crucial step
influencingthe reconstructionquality andspeedis the interpo-
lation betweenpolar andCartesianrastersin frequency space.
Gridding interpolation[19,20], with properinterpolating[21]
anddataweightingfunctions,asinvestigatedin theMRI litera-
ture [22–24], broughtimprovementin thedirectFourier recon-
struction.Recently, theFourier-basedreprojectionhasbeenap-
plied for (non-iterative) fully 3D PET reconstruction[25] and
for calculationof attenuationcorrectionfactorsin PET[26]. In
theseworks,Kaiser-Bessel(KB) windows wereusedfor inter-
polation, which are known to be reasonablyaccurate,but the
accuracy wasnot evaluatedexplicitly. Theconceptof thenon-
uniform FastFourier transform(NUFFT) [27] usedin this pa-
peris relatedto griddingmethodsfor interpolationin frequency
space.TheKB interpolationkernelsusedin thiswork havebeen
optimizedusinga min-maxapproach[28], thusproviding sub-
stantialimprovementof theinterpolationaccuracy.

In the previous works on gridding, the focus was on us-
ing the interpolationto find a non-iterative approximatesolu-
tion to an inverseproblem. In contrast,we useFourier-based
forward-projectionasatool for calculatingtheforwardproblem,
andallow iterative reconstructionmethodsto solve the inverse
problem. Iterative algorithmsneedalsothe ability to compute
matrix-vectormultiplicationby thetransposeof thematrix cor-
respondingto forwardprojection,eventhoughthematrix itself
might not be storedexplicitly. It is straightforward to reverse
(not invert) the stepsexecutedduring the forward-projection
computationto developanalgorithmto performmultiplication
by thetranspose,correspondingto theadjointof theforwardop-
erator, which is a form of back-projection.Theinverseproblem
approachusedin this paperis alsoanalternative to gridding in
MR imagereconstruction[29].

Section II containsdescriptionsof basic principles of the
Fourier-basedforward and back-projectors(II-A) and of their
efficient implementationusingNUFFT approach(II-B), anout-
line of the iterative reconstructionapproachesusing Fourier-
basedforward andback-projectors(II-C), discussionof incor-
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Fig.1. Basicstepsof theNUFFTforward-projectionillustratedonthe2D case:1) point-wisemultiplicationof theimagewith theScalefunction- pre-compensation
for interpolationimperfections;2) FastFourier Transformonuniform (rectangular)rastersfrom imageinto spectrumdomain;3) point-wisespectrummultipli-
cationby Basisfunctionfilter - modelingeffectsof the imagerepresentationusingbasisfunctions(II-D) andof theshift-invariantdetectorresolutionkernels
(II-E.1, for otherpossibilitiesof resolutionmodelingseetext); 4) Interpolation into non-uniform(polar)dataspectrumrasterlocations- usingthefixedsize
interpolationkernel;5) InverseFastFourier Transformsonsetof polarlinesto obtainasetof projections(sinogram).

porationof basisfunctions(II-D) andresolutionmodels(II-E),
and finally discussionof optimized NUFFT interpolationpa-
rameters(II-F). Resultsof the numericalerror analysisof the
NUFFT interpolatorsbasedon the min-max methodologyare
presentedin SectionIII. Effectsof interpolationparameterson
accuracy of the NUFFT-basedforward andback-projectors,as
standalonemodulesandwithin iterativereconstruction,arefur-
therevaluatedusingsimulateddatain SectionIV, includingper-
formancecomparisonsof theoptimizedversionsof theFourier-
basedforward and back-projectorsto their space-basedcoun-
terparts. SectionV containsperformancecomparisonsof the
Fourier-basedandspace-basedprojectorswithin iterativerecon-
structionusingphysicalphantomtransmissiondataacquiredon
a commercialPETscanner. Finally, discussionandconclusions
arein SectionsVI andVII.

I I . PRINCIPLES AND IMPLEMENTATION

A. Fourier-BasedProjectors

Fourier-basedforward andback-projectorsarebasedon the
centralsectiontheorem(alsocalledprojectiontheorem)asout-
lined in thefollowing. Werepresentstraightlinesin �! ( " =2,3)
by a direction #%$'&( *),+ (unit sphere),anda point -.$/#10 as2 -43'56#87!59$'� +;: , where # 0=< 2 -%$'�  7>-@?A# <CB;: . LetDFEHGJILKMG $N�> denotethe " - dimensionalimagewhoseprojec-
tions(theray transform)OQP E - I <SRT,U DFE -V3856# IXW 5 (1)

wewishto compute.Let Y E[Z\I betheimagespectrum,obtained
by the " - dimensionalFouriertransformY E[Z\I <]RTQ^ DFEHGJI`_ )QacbedAf1g h W1G!i (2)

Thenthecentralsectiontheorem[12] is givenbyj P Elk\I < Y Elk\ImKMk $n# 0 K (3)

where
j P Elk4I is the ( " -1) - dimensionalFourier transformof

OoP E - I .

Usingthecentralsectiontheorem,theprojectionat direction# andasa functionof - , canbeobtainedfrom the imagespec-
trum Y P EHk\I < Y EHk\ImKpk $q#10 byOQP E - I <SRPLr Y P EHk\IX_ acbed1sFg t Wuk@i (4)

Alternatively, using the sameapparatusin reverse,the back-
projectioncanbe obtainedby depositingtheFourier transform
of the projection into the proper locationsof the centralsec-
tion of the " -dimensionalspectraldomain,followed by the " -
dimensionalinverseFourier transform.Note that this backpro-
jection operatoris the adjoint of the forward-projectionopera-
tor employedin theiterative reconstructionapproaches,andnot
the inverseRadonoperatorusedin the Direct Fourier or Fil-
teredBackprojectionreconstructions.TheinverseRadonopera-
tor takesinto accountadditionallythelocal densityof theinput
dataspectrum(“ramp filtering” for the caseof the polar spec-
trum raster).

B. Non-UniformFastFourier Transform

Practicalimplementationof Fourierprojectorsis basedonthe
discretizedversionof theprojectiontheorem.Thecrucialstepis
obtainingsamplesof projectionspectrumvalues

j P EHk\Iwv syx{zu|~} ,
where &�$]�  *)J+ ( � denotesinteger numbers),distributedon
the centralsectionplanes #u0 with grid spacing � s (forming
the polar rasterin 2D case)from the valuesof the samplesof
imagespectrumY E6Z\I�v hyx,�F|�� , ��$q�� , distributedontheuni-
form Cartesianrasterwith spacing� h (forming therectangular
rasterin 2D case).Directevaluationof imagespectrumvaluesat
thecentralsectionlocationsusing(exact)DiscreteFouriertrans-
form (DSFT)wouldrequire� El���AI operationsfor the2D image
of size ����� . Using Non-Uniform Fast Fourier Transform
(relatedto gridding) allows utilization of Fast FT algorithms
thussubstantiallyspeeding-upthisprocess.For the2D case,the
NUFFT projectorsrequireonly � EH� b{���1� �NI operations,com-
paredto � EH����I neededby thespatialforward-projectionalgo-
rithms.Basicstepsof theNUFFT are:
a) imageof size � is first pre-compensated(scaled) for imper-
fectionsof thesubsequentfrequency domaininterpolation[19]
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Fig. 2. Flowchartof iterative reconstructionusingFourier-basedforwardandback-projection.ÍÏÎÑÐeÒXÓLÔlÕAÖw×uÒ`Ø and ÙQÕAÚ�ÖwÛÑÔ operatorsaredefinedby a particular
iterative technique.For the2D case,theFouriertransformationsare1D (I)FT of projectionson thedatasideand2D (I)FT on theimageside. ÜL×uÛÑÔeÓ6ÕÞÝpß�Ö�ÛàÎàÝp×
operationsareperformedbetweendata(polar) andimage(rectangular)spectrumgrids. áâÒ`Öwß�Ô , alsoknown asthe “correctionfunction” in thegridding, is a
scalingoperation,wherethescalingfactorsaredesignedto compensatefor imperfections(departurefrom theidealsincinterpolation)in theinterpolationstep.ã ÖäÐåÎàÒåæ�çA×*ÒXÛàÎàÝp×*æèÎéßêÛÑÔåÓ is a spectraloperationallowing efficient modelingof the imagerepresentationusingbasisfunctions(II-D) andof theshift-invariant
detectorresolutionkernels(II-E.1, for otherpossibilitiesof resolutionmodelingseetext).

(step1 in Fig. 1);
b) calculationof the ënì � -times oversampled(in eachdirec-
tion) FFT (step2 in Fig. 1) - imageis zeropaddedbeforethe
FFT (for the efficient implementationof the oversampledFFT
see[13,28]);
c) interpolationonto thedesiredfrequency locationswithin the
centralsectionof thespectrumusingsmalllocalneighborhoods
in thefrequency domain- this is acrucialoperationdetermining
theNUFFT accuracy (step4 in Fig. 1).
Theresultof thesethreestepsis theNUFFT, andforwardprojec-
tionsarethenobtainedby performinginverseFFTson thecen-
tral sectionsamples(polarlinesin 2D case;step5 in Fig.1). The
discreteback-projectionrepresentsthe sameset of operations
executedin thereverseorder. Fourier-basedforwardandback-
projectorsfor thestatisticalreconstructiontechniquesshouldad-
ditionally takeinto accounttheshapeof basisfunctionsusedfor
imagerepresentationandresolutionproperties(e.g.,LOR pro-
files)asdescribedin SectionsII-D, II-E (step3 in Fig. 1).

C. Fourier-BasedIterativeReconstruction

Forward and back-projectionoperationsrepresentthe com-
putationalbottleneckswithin any iterative reconstructionap-
proach. The generalflowchart of iterative reconstructionin
which theoperationsof forwardandback-projectionweresub-
stitutedby their fast Fourier-basedcounterpartsis depictedin
Fig. 2. Specificiterative algorithmswill be distinguishedone
from anotherby uniquediscrepancyandupdateoperators.Note
that the Fourier-basediterative techniquesdo not requirespe-
cial treatmentof any missing portions of the data, similarly
to spatial-basediterative approachesbut unlike the transform
reconstructionapproaches(3D RP [30], 3D-FRP[25]) which
do require estimationof missing portions of the data before
being employed. In the Fourier-basediterative approaches,
the discrepancy operatorwill provide completecorrectiondata

vectors(to be Fourier transformed),including elementshav-
ing valuezeroindicating“no-backprojection”in the regionsin
which datawerenot measured.Thesearevalid valuesfor the
(additive) back-projectionoperatorand result in “no-change”
back-projectionfor the corresponding(image)regions, which
is equivalentto “not doingback-projection”for thoseregionsin
a typical implementationof thespace-basediterativemethods.

Within thefastFourier-basedapproachesmostof thecompu-
tationtime is spentby thecalculationsof theFouriertransforms
on dataandimagegrids. For bothforwardandback-projection
operationsof Fourier-basediterative techniques,the (inverse)
Fourier transformationof the image(spectrum)hasto be done
only onceper í -th imageupdate(i.e.,periteration,or datasub-
set)makingit desirableto uselargesubsetsizes(i.e.,alow num-
berof subsets)for block-typealgorithms.Ontheotherhand,the
largesubsetsizestypically requiremorepassesthroughthedata
(iterations).It is easyto show thatfor linearalgorithmsthedis-
crepancy operator(basedon datadifference)andupdateopera-
tor (basedon additive operation)canbemovedinto theFourier
domain, thus eliminating the needto do FFT calculationson
imageanddatarastersat eachimageupdateandconsequently
eliminating the needto uselarge subsetsizes. However, typ-
ical statisticalreconstructionapproachesfor emissiondataare
not linear. Fortunately, the speed-upbroughtby the Fourier-
basedapproachesmakesit possibleto useincreasednumberof
iterations,comparedto the space-basedapproaches,while still
providing clinically practicaltimesevenfor thebig subsetsizes.
Additionalsubstantialspeed-upof theFourier-basedapproaches
canbeobtainedby usingrelatively cheapoff-the-shelfFFTpro-
cessorboards.

D. Emulationof ImageRepresentationUsingBasisFunctions

In theconventionalspace-domainiterativealgorithms,there-
constructedimageis usuallyrepresentedby a setof coefficients
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of basisfunctions(e.g.,pixels,or blobs[31]), ratherthanby the
setofî imagesamples.Thevaluesof thecontinuousimageD!EÑG,I ,G $%�> , arethenobtainedfrom coefficients Wuï , where ð repre-
sentsthe discretesetof locations G < ðA� f , of basisfunctionñyEÑG,I by DFEHGJI <óòïLôAõ ^ W ï ñyEÑG÷ö ðA� f Imi (5)

If the basisfunctionsarespatially invariant (the typical case),
theNUFFTprojectionsthroughtheimagecomposedfrom those
basisfunctionscanbe emulatedby includinga properspectral
filter into theNUFFT path(Basisfunctionfilter in Fig. 2). The
filtering is donesimply asmultiplication by the basisfunction
spectrumø E6Z\I . Among the most popularspatialbasisfunc-
tionsaresquarepixelsor rotationallysymmetricKaiserBessel
basisfunctions(blobs)[31] in the2D caseandcubicvoxelsor
spherically-symmetricblobsin the3D case.

E. ResolutionModeling

A discretizedversionof theFourier-sectiontheoremprovides
discretesamplesof the (continuous)projectionfunction

OoP E - I
which might beanover-simplifieddescriptionof the measured
datain many tomographicapplications.Iterative reconstruction
approachesprovide convenientways to include more realistic
dataacquisitionmodelsinto their systemmatrix, suchasblur-
ring effects in both sinogramspace(e.g., finite detectorreso-
lution andcrystalpenetration)and imagespace(e.g.,positron
range).A veryusefulpropertyof thissystemmatrix is thatit can
befactoredto providesequenceof separateoperationsmodeling
individual physicalanddataacquisitioneffects[32]. In thefol-
lowing, we describepossibilitiesof incorporation(in a similar
way) of morerealisticresolutionmodelsinto theFourier-based
forwardandback-projectors.

E.1 Shift-invariantdetectorresolutionmodel

Assumingthat the detectorresponsecan be modeledby a
shift-invariant blur with impulse responseù E - I , with corre-
spondingfrequency responseú EHk\I , the measureddata û can
beapproximatedbyüû P Elý � t I < E ù{þ O P I�Elý � t I < RP r ú EHk\I j P Elk4I`_ a�bpdÞsFg ÿX|�� W1k K (6)

where � t is detectorsamplingunit, ý $]�  ;)J+ . The detector
blur canthusbemodeledby simplemultiplicationof spectrum
of the data,or image,by ú EHk\I . Typical examplesof ù E - I are- _�� 5 functionmodelingsimpleintegrationoveranuniformstrip,
Gaussianresolutionkernelof definedwidth, or an experimen-
tally obtainedresolutionkernel.

E.2 Shift-variantdetectorresolutionmodel

Thedetectorresolutionfunction ù P � ÿ E - I�� ù P E[ýÞK - I depends
onthedetectorsurfacelocation,i.e. it typically dependsonboth# and ý . Themeasureddatacanbeapproximatedbyüû P Elý � t I < òÿ � ôAõ ^	� U ù

P Elý�
 � t Kpý � t I ?
O P E[ý�
 � t ILK (7)

usingseparateresolutionkernelfunctionfor eachprojectionline
location E # Kmý�I . This operationhasto be performedin the pro-
jectiondomain,sinceit doesnothaveanefficientcounterpartin
the spectrumdomain. Fortunately, the resolutionfunction can
usuallybe approximatedby small localizedkernelsleadingto
only aminor increaseof thecomputationdemands.

E.3 Image-spaceshift-variantresolutionmodel

This modeltakesinto accountthoseresolutioneffectswhich
causevariationof the resolutionpropertiesthroughoutthe im-
agespace,but areindependenton angleandlocationof thepro-
jection lines, suchaspositronrangein PET. It is possiblethat
this modelmight be ableto includealsootherspatiallyvariant
resolutionproperties(similar to deconvolutionprocedures),but
this topic is openfor future investigations.Although Fourier-
basedprojectorscan not directly take into accountthe space
variantresolutionproperties,their effect canbemodeledin the
imagedomain(ratherthanduringtheprojectiongenerationpro-
cess).In thiscasetheforward-projectioncalculationis preceded
by blurringof imagewith thespatially-variantresolutionkernel� ï EHGJI���yE ð KåG,I :üDFE ðA� f I < òï � ôAõ ^ �yE ð 
 � f K ðA� f I ? D!E ð 
 � f ILK (8)

where � f is imagesamplingunit and ð%$]�  . For the back-
projection,theblurringoperation(with thetransposeof theblur-
ring matrix � ) is performedon the correctionimage ( �������ÿ in
Fig. 2) after the back-projectionoperationand beforethe up-
dateoperation.Again, for thesmalllocalizedresolutionkernels
this operationrepresentsonly a minor increaseof the overall
computationdemands.

F. Min-Max InterpolationOptimization

Thesinglemostimportantoperationwithin theFourier-based
approachesinfluencingtheir quality in a crucial way is the in-
terpolationbetweenthespectrumrasters.In [28], amethodwas
developedfor designingandoptimizationof the finite support
interpolatorsandof the correspondingscalingfunctionsin the
min-maxsense.The developedmin-maxanalysisprovidesthe
interpolator that minimizes the worst-caseinterpolationerror
over all signalsof unit norm. Unfortunately, no analyticalfor-
mula wasfound for specifyingthe optimal choicefor the scal-
ing function. Consequently, the spaceof scalingfunctionsis
searchednumerically. The true min-maxinterpolatorwasfur-
ther comparedto conventionalinterpolationkernelswhosepa-
rameterswereoptimizedin themin-maxsense.Oneof themost
suitablecandidatesamongthem, providing good compromise
betweenaccuracy andsimplicity, was found to be the Kaiser-
Besselinterpolationkernel.

TheKaiser-Besselwindow functionhastheform [31]í�� � ��� � EHk\I < �� � E��>I ��� � ö E��Þk ì! I b#" � � � � � � � ö/E��Þk ì$ I b#"
(9)

for B% k %  oì � andvaluezero for k'&  oì � , where k is
thedistancefrom theKB kernelcenter,

� � denotesthemodified
Besselfunction [33] of order ( ,  is the sizeof the KB win-
dow and � is aparametercontrollingtheKB window shapeand
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Fig. 3. Profilesof four Kaiser-Besselinterpolationkernelsof size )+*-, using
optimum(alpha o) andsuboptimumparametersfor ./*10 and 243�56*-7 .
alpha - andalpha + representtwo suboptimumKB kernels( 8 parameter
locatedon bothsidesfrom theoptimum- starsymbolsin Fig. 5) providing
comparablemaximumerrors,which areabout6.5-timeshigherthanin the
optimumcase.For comparison,we show alsoalpha s representingtypical
KB window having desirablepropertiesfor thespatialimagerepresentation
[34], but poorperformanceasthe interpolationkernel. It is interestingthat
althoughall of themhave similar shape,they provide quitedramaticdiffer-
encein theNUFFT performance.

frequency characteristics[31,34] (seeexamplesof KB window
functionsandof theirspectrain Figs.3 and4). Theinterpolation
kernelcanbe givenasa radially symmetricKB window func-
tion,or asaseparable(in spectrumcomponentsk + Kek b Kwicici ) win-
dow function, both of which canbe optimizedusingthe same
min-maxapproach.However, althoughthe radially symmetric
kernelshavevery attractivepropertiesif usedasbasisfunctions
for theimagerepresentationwithin thetomographicreconstruc-
tion [31,34], theseparablekernelsarepreferable,andeasierto
implement,for the interpolationpurposeswithin NUFFT ap-
proaches.The separableKB interpolationkernelsusedin our
studiesaregivenbyí � � ��� � Elk + Kek b I < í � � ��� � EHk + I ?�í � � ��� � EHk b Imi (10)

We usea scalingfunction correspondingto the Fourier trans-
form of theKB window. This scalingfunctiongivesthelowest
worst-caseerror [28], provided the parametersthat determine
the shapeof the Kaiser-Besselfunction werechosenappropri-
ately. In themin-maxoptimization,theparameters( � , ( ) of the
Kaiser-Besselfunctionarevariedby brute-forcesearch,andthe
valuesthatminimizetheworst-caseerrorarefoundnumerically
for eachinterpolationkernelsize  . Basedontheresultsin [28]
andon the numericalandexperimentalresultspresentedin the
following we believe that theseinterpolatorsarequite closeto
optimalfor theNUFFT problem.

I I I . NUMERICAL ERROR ANALYSIS RESULTS

In [28] it wasshown that for the 1D NUFFT, a KB window
with ( <=B and � ì$ :9 �Mi ;�< approximatelyminimizes =?>�@BA ,
the worst-caseinterpolationerror over all 1D signalsof length� with unit norm.It wasfurthershown thatthetheoreticalerror
boundof theseparable2D interpolationkernelsis only slightly
higherthantheworst-caseerrorobtainedfor the1D kernels(see

KB Power spectra  -  J=6, m=0, K/N=2 
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Fig. 4. Power spectraof Kaiser-Besselinterpolationkernelsusing optimum
(alpha o) andsuboptimumparametersfor )C*D, , .E*D0 and 2F3�5G*H7 ,
whoseprofilesareshown in Fig. 3.

formulafor the2D errorin [28]). However, thereis noguarantee
thata window that is optimizedfor 1D worst-caseerrorwill be
optimal for 2D projectionandbackprojectionwith realisticob-
jects.In SectionIV, weinvestigatetheeffectof theorder ( and
shapeparameter� ontheaccuracy of the2D NUFFTstepwithin
2D forwardandbackprojectionoperationsfor ananthropomor-
phic object.In this section,we first refinetheoptimizationof �
and ( for the1D NUFFTfor comparisonto the2D case.

Wehavecalculatedthemaximumerror = >�@BA for therangeof
oversamplingfactors( ënì � < � K � i IMKJ�;KJ; ), interpolationkernel
sizes(  < <âKKI;KJLMKKM ), ordersof KB window ( ( $GN ö4�;KJ�PO ) and
KB shape(width) parameter( � , where� ì$ $DN � KJ;PO ). Theinter-
polationerroris rapidlydecreasingwith theamountof oversam-
pling. Weshow results(Figs.5,6,7) only for thecaseënì � < �
(a reasonablecompromisebetweenthe speedandquality) and
for the 1D interpolationwindow. The behavior for otherover-
samplingcasesis similar, asshown in [35]. Theoptimumorder
of theKB interpolatoris closeto zerofor all ëqì � , contraryto
our previous experienceswith the KB window usedasspatial
imagebasisfunction [34]. At ( < B , the optimal valuesof� ì! ratioareapproximatelyconstantovera rangeof KB kernel
sizes,but theoptimal � ì$ is differentfor differentoversampling
factors(about1.5 for ënì � =1, about2.05for ëqì � =1.5,about
2.34for ëqì � =2 andabout2.6for ëqì � =3).

Figs.3 and4 show profilesandpowerspectra,respectively, of
optimalandsuboptimalinterpolationkernels.Note that the in-
terpolationoperationis performedin theFourierdomainof the
image.Consequently, theimageandits periodicrepeats(caused
by thediscretizationof theimageandFourierdomains)aremul-
tiplied by the interpolationkernel spectrum. That meansthat
the kernel spectrumvalueat the frequency 1.0 (samplingfre-
quency) multiplies the first periodicrepeatof the centerof the
image,and the spectrumvalue at the frequency 1-f Nq (peri-
odic repeatof thenegative Nyquist frequency -f Nq) multiplies
the imagevalueat theperiodicrepeatof its left boundary. The
areabetweenf Nqand1-f Nqwill notbeoccupiedby eitherim-
ageor its periodic repeat,and its sizedependson the size of
the oversamplingfactor ënì � . The ideal interpolationkernel
wouldsuppressall of theimageperiodicrepeats,thusleadingto
requirementthat it has(effectively) zerovaluebeyondits spec-
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(NUFFTinterpolatorhasbeenfoundto performbestfor theKB ordersclose
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varyingkernelsizes.
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diverge for other orders. Similar behavior have beenobserved for other
valuesof 2F3f5 , but with differentvalueof theoptimumratioat .X*10 .

trum frequency 1-f Nq. In practice,theoptimumKB interpola-
tion kernelis a compromisebetweenthe requirementsthat the
main lobeof its spectrumdecaysto negligible valuesat, or be-
fore, theimageperiodicrepeat1-f Nq (limiting � from thetop)
andthatits sidelobesareeffectively zerobeyondthatpoint (re-
quiring large � ). Any deviation from this compromiseleadsto
a dramaticincreaseof theinterpolationerrors(seestarsymbols
in Fig. 5), in spiteof verysimilar kernelshapes(Fig. 3).

IV. COMPUTER SIMULATION RESULTS

A. Forward-Projector

In additionto the numericalevaluationof the NUFFT-based
forward projectorfor the worst caseerror, we have evaluated
the accuracy of the NUFFT-basedforward projectorusing the
digital Zubalphantom.We croppedtheoriginal

� �	g � � ��g im-
ageto thesize

� BÞB � � B1B sothat thephantomtorsofully occu-
piesthewholeimageregion in its wider dimension(seebottom
left imagein Fig. 11), to avoid any extra zero-padding,other
than that given by ëqì � . We have simulateda parallel-beam
tomographicsystem,with a sinogramsizeof 100radialbinsby
192anglesover

� g B$h , includinga rectangulardetectorresponseù E - I < rectE - I with widthequalto thepixelsize,partiallyrepre-
sentingthefinite detectorwidth in aPETsystem(ratherthanus-
ing overly idealizedline integrals).We have computedforward
projectionsfor this systemin four ways: using Fourier-based
projectorwith exact(to within doubleprecisionin Matlab)eval-
uationof the2D FT (DSFT),usingFourier-basedprojectorwith
the2D NUFFTapproximation(to theDSFT)utilizing min-max
optimizedKaiser-Besselinterpolation,usingFourier-basedpro-
jector with bilinear interpolation,and using space-basedpro-
jector. Examplesof sinogramsobtainedby Fourier-basedand
space-basedprojectors,andcorrespondingabsolutedifference
imagesareshown in Fig. 8.

Basedon the differencebetweenthe exact FT and NUFFT
methodwe have evaluatedMaximumError, RootMeanSquare
Error andMeanError. In the following graphs,we show only
maximumerrordefinedasthemaximumabsolutedifferencebe-
tweenexactFT andNUFFTmethodin percentof themaximum
value of the exact FT method. Other errorshave beenfound
to exhibit similar behavior, asshown in [35]. The errorshave
beenevaluatedfor thesamesetof theNUFFT parametersasin
thenumericalanalysis.Theerrorcurvesasa functionof the �
(Fig. 9) show very similar behavior to thenumericalcase,with
nearlyexactlythesameoptima.Theoptimaover ( (Fig.10)are
lessconsistentcomparedto thetheoreticalcase(Fig. 6) but the
locationsof thesmallestmaximumerror = >�@BA arestill clustered
around( < B . Thecalculatedsinogramsfor theoptimumval-
uesarevisually indistinguishable(from theexactFT approach)
with errorswithin 0.06%when ëqì � < � even for the small-
estkernelsize(  < < ). By comparison,conventionalbi-linear
interpolationfor the Cartesianto polar conversiongivesabout
two ordersof magnitudehighermaximumerror thanthis small
kernel. TableI shows maximumforward-projectionerrorsfor
optimumshapeparametersfor differentlevelsof oversamplingëqì � anddifferentkernelsizes .
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Fig. 8. Exampleof sinograms(illustrated using 144 angularsamples)of
Zubalphantomobtainedby Fourier-basedforward-projectorusingbilinear
interpolation( 2F3f5i*Y7 ) (top left), Fourier-basedforward-projectorus-
ing NUFFT with optimizedKB kernel( 2F3f5Y*X7 , .W*X0 , )-*6_ , and8\3#)j*67�] _ ) (top middle)anda space-basedforward-projector(SBP)(top
right). Illustrative timesarefor Matlabimplementations.Bottomrow shows
correspondingabsolutedifferencesinograms(including measuresof root-
mean-squaredifferenceandmaximumabsolutedifference)with respectto
the exact Fourier projector(DSFT) (bottom left andmiddle), andFourier
NUFFT projector(bottomright).

TABLE I

MAXIMUM FORWARD-PROJECTION ERRORS FOR DIFFERENT

OVERSAMPLING AND KERNEL SIZES, USING ./*10 AND OPTIMUM 8 .

Oversampling J=4 J=5 J=6 J=7

K/N=1 5.21% 2.27% 2.94% 1.17%

K/N=1.5 0.11% 0.021% 0.0039% 0.00033%

K/N=2 0.061% 0.0037% 0.00078% 0.000042%

K/N=3 0.033% 0.0011% 0.00019% 0.000007%

B. Back-Projector

We comparedthe adjoint operator(back-projector)of the
NUFFT-basedforward projector using the Kaiser-Bessel in-
terpolatorto the adjoint of the exact Fourier-basedreprojec-
tor whenappliedto ramp-filteredideal sinogramsof the Zubal
phantomof limited size (Fig. 11, bottom left). Examples
of imagesobtainedby Fourier-basedand space-basedback-
projectorsand correspondingabsolutedifferenceimagesare
shown in Fig. 11. Similar to thecaseof the forward-projector,
we have evaluatedNUFFT-basedback-projectorerrors for a
rangeof parameters.The maximumerrors(shown in graphs
in Figs.12, 13) have beencalculatedwithin the phantomtorso
region asthepercenterrorof themaximumvaluein the DSFT
images.Again, theerrorcurvesareconsistentwith theprevious
casesandtheNUFFT approachagreeswith theexactapproach
within 0.015%,even for the smallestkernelsize (  < < ) andëqì � < � . TableII showsmaximumback-projectionerrorsfor
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Fig. 9. Maximuminterpolationerror (% of projectionmaximum)of forward-
projectionof modifiedZubalphantomusingNUFFTwith Kaiser-Besselin-
terpolatorof several sizes ) asa functionof theparameter8 . Samesetof
parametersusedasfor theFig. 5
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Fig. 10. Maximuminterpolationerror(% of projectionmaximum)of forward-
projectionof modified Zubal phantomusing NUFFT with Kaiser-Bessel
interpolatorof several sizes ) asa function of the KB order . . For each
individual . anoptimum 8 wasused. 8!aVb#c in thelegendrepresentglobal
optimumof the 8 parameterfor thegivenkernelsize.

optimumshapeparametersfor differentlevelsof oversamplingëqì � andfor differentkernelsizes .

C. Forward andBack-Projectorwithin IterativeReconstruction

Sinceiterativealgorithmsrequirerepeatedforwardandback-
projections,it is conceivable that even small errorsin the re-
projector could accumulate. To study practical performance
of the NUFFT forward andback-projectorwithin the iterative
reconstructionprocess,the following experimentshave been
performed. We have simulatednoisy PET sinogrammeasure-
ments (including attenuation,randomsand scatter)from the� ��g9� � ��g Zubalphantom.We have simulateda parallel-beam
tomographicsystemwith a sinogramsizeof 160radialbinsby
192 anglesover

� g Bkh . We have run 17 iterationsof the conju-
gategradientalgorithm for a data-weightedleast-squarescost
function [36] with a standardquadraticfirst-order roughness
penalty. The presentedresultswere obtainedusing a model
of rectangulardetectorresponsewith a pixel basis function,
consistentwith the precedingsubsections. For the Fourier-



IEEETRANSACTIONSON MEDICAL IMAGING – REVISED9-4-2003 8

 234 sec

Exact DSFT

0

5

Zubal phantom

0

5

0.37 sec

Fourier NUFFT

0

5

rms=0.009% max=0.015%        

|NUFFT−DSFT|
8.58
x 10

−4

4.83 sec

Space Based B−Proj

0

5

rms=0.22% max=1.2%  

|SBBP−NUFFT|

0

0.06

Fig. 11. Exampleof imagesobtainedby back-projectionof filtered sino-
grams(192projections)of Zubalphantom(bottomleft) usingexactFourier-
basedback-projector(DSFT)(top left), Fourier-basedback-projectorusing
NUFFT with optimizedKB kernel ( 2F3�5l*m7 , .n*Y0 , ):*o_ , and8\3#)p*D7�] ^#q ) (top middle)anda space-basedback-projector(SBBP)(top
right). Illustrative timesarefor Matlabimplementations.Inconsistency be-
tweentheback-projectiontimesshown hereandthecorrespondingforward-
projectiontimesshown in Fig.8 is causedby thememoryaccessorderingin
theMatlabimplementation.Back-projectionandforward-projectionwould
take aboutthe sametime with special-purposeimplementations.Bottom
(middle and right) row shows correspondingabsolutedifferenceimages
(includingmeasuresof root-mean-squaredifferenceandmaximumabsolute
difference)with respectto theexactFourierback-projector(DSFT)(bottom
middle),andFourierNUFFT projector(bottomright).

TABLE II

MAXIMUM BACK-PROJECTION ERRORS FOR DIFFERENT OVERSAMPLING

AND KERNEL SIZES, USING ./*10 AND OPTIMUM 8 .

Oversampling J=4 J=5 J=6 J=7

K/N=1 9.10% 1.32% 1.75% 0.71%

K/N=1.5 0.099% 0.020% 0.0042% 0.00068%

K/N=2 0.015% 0.0015% 0.00034% 0.000019%

K/N=3 0.0075% 0.00044% 0.000063% 0.000002%

basedapproaches,we haverepeatedreconstructionstudieswith
a datamodel involving spatially-invariantbell-shapeddetector
responseof equivalentwidth to the imagegrid sizeandmodel-
ing imagerepresentationby smooth(blob) basisfunctions.Ex-
amplesof reconstructedimagesusingFourier-basedandspace-
basedforwardandback-projectorsandcorrespondingabsolute
differenceimagesareshown in Fig. 14. The reconstructedim-
agesusingDSFT, NUFFTandspace-basedprojectorswith pixel
basisfunctions(top row) arevisually indistinguishable.Recon-
structionswith an imagemodel involving smoothbasisfunc-
tions(illustratedat thebottomleft) providedecreasednoiselev-
els,asexpected.

The errors of NUFFT-basedforward and back-projectors
within the iterative reconstruction,as comparedto the recon-
structionusingexactFT projectors(DSFT),havebeenevaluated
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Fig. 12. Maximum interpolationerror (% of phantommaximum)of discrete
back-projectionusing NUFFT with Kaiser-Besselinterpolatorof several
sizes ) asa function of the parameter8 . Samesetof parametersusedas
for theFigs.5, 9.
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Fig. 13. Maximum interpolationerror (% of phantommaximum)of discrete
back-projectionusing NUFFT with Kaiser-Besselinterpolatorof several
sizes ) asa function of the KB order . . For eachindividual . an opti-
mum 8 wasused. 8!aVbKc in the legendrepresentglobal optimumof the 8
parameterfor thegivenkernelsize.

for thesamesetof parametersasin thepreviouscases.Themax-
imumerrorhasbeencalculatedwithin thephantomtorsoregion
andexpressedasthepercenterrorrelativeto themaximumvalue
in thephantom.Theerrorcurves(Figs.15,16)show againsim-
ilar behavior, with theoptimumslightly shiftedtowardshigher
parameter� values. This is probablycausedby the fact that
thephantomdoesnot cover thewholeimageregion(essentially
constitutingadditionalzero-padding).The maximumerror is
below 0.06%for thesmallestkernelsize(  < < ) and ëqì � < � .
TableIII showsthemaximumreconstructionerrorsfor optimum
shapeparametersfor differentlevelsof oversamplingënì � and
for differentkernelsizes  . Fourier-basedreconstructionswith
animagemodelinvolving smoothbasisfunctionsshowedsimi-
lar comparisonswith slightly decreasederrors,asshown in [35].

V. ITERATIVE RECONSTRUCTION USING REAL DATA

The performanceof the Fourier-basedforward and back-
projectorswithin iterativereconstructionhasbeenfurthertested
(and comparedto the space-basedprojectors)using real PET
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Fig.14. Exampleof QPWLS-CGreconstructions(17iterations)of thoraxphan-
tomusingexactDSFT(top left), Fourier-basedNUFFTwith optimizedKB
kernel ( 2F3�5r*Y7 , .n*o0 , )6*o_ , and 8\3#)X*o7�] q#q ) (top middle)
andspace-based(SBR) (top right) forward andback-projectors.Illustra-
tive times are for Matlab implementations.Bottom left is illustration of
NUFFT iterative reconstructionincluding modelingof a blob basisfunc-
tion andbell-shapeddetectorresolutionkernel. Bottom(middleandright)
row shows correspondingabsolutedifferenceimages(including measures
of root-mean-squaredifferenceandmaximumabsolutedifference)with re-
spectto theexactFourierprojectors(DSFT)(bottommiddle),andFourier
NUFFT projectors(bottomright).

TABLE III

MAXIMUM RECONSTRUCTION ERRORS FOR DIFFERENT OVERSAMPLING

AND KERNEL SIZES, USING ./*10 AND OPTIMUM 8 .

Oversampling J=4 J=5 J=6 J=7

K/N=1 0.59% 0.23% 0.056% 0.031%

K/N=1.5 0.098% 0.0081% 0.0011% 0.00055%

K/N=2 0.057% 0.0032% 0.00023% 0.000034%

K/N=3 0.039% 0.0020% 0.00010% 0.000010%

data.For this study, we have usedtransmissiondataof a phys-
ical torsophantomacquiredon theclinical scannerECAT-921.
The datacontained160 radial bins by 192 anglesover

� g B h ,
with projectionray size3.38mmandreconstructedimagepixel
size4.22mm.Theattenuationimagehasbeenreconstructedus-
ing 200iterationsof thetransmissionpenalized-likelihoodalgo-
rithm T-PL-OSPS[37] (with numberof subsetsequalto one)
initialized by the filtered-backprojectionimage(shown at top
left in Fig. 17). Althoughthenumberof iterationsusedin prac-
ticewouldbemuchlower, wehaverunthealgorithmsfor 200it-
erationsto testif thereis any accumulationof errorsorany insta-
bility in the Fourier-basedapproach,asthe iterationsprogress.
The Fourier-basedapproachshowedstablebehavior consistent
with the space-basedapproach.The observed measuresof the
differencebetweenthetwo approachesdid not changeby more
than1% (of their respective maximumvaluesat iteration200,
reportedin Fig. 17)duringthelast110-120iterations.

Examplesof reconstructedimagesusing Fourier-basedand
space-basedforward and back-projectorsanda corresponding
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Fig. 15. Maximum interpolation error (% of phantommaximum) of 17
iterations of QPWLS reconstructionusing NUFFT forward and back-
projectorswith Kaiser-Besselinterpolatorof several sizes ) asa function
of the parameter8 . Samesetof interpolationparametersusedasfor the
Figs.5, 9, 12.
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Fig. 16. Maximum interpolationerror (% of phantommaximum)of 17 itera-
tionsof QPWLSreconstructionusingNUFFT forwardandback-projectors
with Kaiser-Besselinterpolatorof several sizes ) asa function of the KB
order. . For eachindividual . anoptimum 8 wasused.8!aVbKc in thelegend
representglobaloptimumof the 8 parameterfor thegivenkernelsize.

absolutedifferenceimage are shown in Fig. 17. Horizontal
profilesthroughthecenterpartof thereconstructedimagesare
shown in Fig. 18. ThereconstructedimagesusingNUFFT and
space-basedprojectorswith pixel basisfunctions(Fig. 17 top
middleandright, Fig. 18 solid line profiles)arevisually indis-
tinguishable. Reconstructionswith an imagemodel involving
smoothbasisfunctions(illustratedin Fig. 17 at thebottomleft)
provide decreasednoiselevelswhile preservingthe edges(see
dashedline profile in Fig. 18).

VI . DISCUSSION

The resultsreportedwithin this paperwereobtainedfor the
2D case.Theillustrative computationtimesreportedin thefig-
uresare for Matlab implementations.The Fourier-basedfor-
wardandback-projectorswerefoundto bemorethan10-times
fastercomparedto their space-basedcounterparts(seeFigs. 8
and 11). Similar speed-upis expectedfor optimizedspecial-
purposeimplementationsof both approaches. The Fourier-
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Fig. 17. FBP (servingasinitial image)(top left) andT-PL-OSPSreconstruc-
tions (200 iterations)from transmissiondata(from ECAT-921scanner)of
physicalthoraxphantomusingFourier-basedNUFFT with (theoretically)
optimizedKB kernel( 2F3f5G*[7 , .Z*[0 , )C*[_ , and 8\3#)C*s7�] ^K_ ) (top
middle) and space-based(SBR) (top right) forward and back-projectors.
Illustrative timesarefor Matlab implementations.Bottom left is illustra-
tion of NUFFT iterative reconstructionincludingmodelingof a blob basis
functionandbell-shapeddetectorresolutionkernel. Bottomright is abso-
lute differenceimage(including measuresof root-mean-squaredifference
andmaximumabsolutedifference)betweenreconstructionsusingFourier-
basedNUFFT andspace-basedprojectors.

basedapproachescan be straightforwardly extended to the
3D caseas was done for the 3D version of Direct Fourier
Method (3D-FRP[25]), which involved both back-projection
andforward-projection(reprojection)operations.Extrapolating
from experiencewith the3D-FRP[25], thefully 3D iterativeap-
proachesusingFourier-basedprojectorswill have thepotential
to speed-upthereconstructiontimeabout5-10timesfor images
of size

� �	g1� , andthisspeed-upwill beincreasingwith theimage
size. An additionalsubstantialspeed-upof Fourier-basedap-
proachesis feasibleusingrelativelycheapoff-the-shelfFFTpro-
cessorboards. The speed-upof the reconstructionapproaches
is very important,assupportedby theobservations[6] that the
datavolumesin modernPET systemsmight be increasingat a
fasterratethantheincreaseof computerpower asdescribedby
Moore’s law.

It is worth mentioningthatthetwo Fourier-basedreconstruc-
tion approachesmentionedabove (3D-FRPanditerative), both
use back-projectionand forward/reprojectionoperationsand
thusboth benefitconsiderablyfrom the Fourier-basedforward
andback-projectors,but the two approachesarequite distinc-
tivein nature.3D-FRPis basedonthediscretizedinverseRadon
formuladerivedfor theidealcontinuousmodelandtheimageis
obtainedin onepassthroughthedatawhich areweightedin the
frequency domainfor thesamplingdensityof thedataspectrum
andfor nonuniformitiesintroducedby theinterpolation.On the
other hand, the Fourier-basediterative approaches,which are
the focusof this paper, arederived basedon a discreteimage
anddataacquisitionmodelwhile takinginto accountdatastatis-
tics. Here,theimageis graduallybuilt-up and/orrefined(based
on particulardiscrepancy andupdateoperations)throughanit-
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Fig. 18. Horizontal profiles through the iterative reconstructionsshown in
Fig. 17. Space-basedandFourier-basedreconstructionsusingpixel basis
functions(solid lines) arecloselyoverlapping. Fourier-basedreconstruc-
tion modelingblob basisfunction(dashedline) provideslower noiselevels
(while preservingedges),in agreementwith our previousexperienceswith
(space-based)iterative reconstructionsusingblobbasisfunctions[34].

erativeprocess,andtheimageupdatestepis basedonthesimple
back-projection(without datafiltering) which is an adjointop-
erationto theforwardprojection.

Direct application of the NUFFT approachis limited to
uniformly-spacedparallelprojectiondata. However, it canbe
easilyextendedto fan beam,conebeam,or any otherkind of
datawhich canbe resortedinto setsof parallel lineswith non-
equidistantspacing.In this case,by usingtheduality principle,
thenon-uniformrasteris definedby thedistribution of thepar-
allel projectionlinesfor eachdirection # andtheNUFFToutput
is theuniform spectralrasterof theprojectiondataon #u0 . This
operation(or its adjoint)replacestheoperationof (I)FFT of pro-
jectionswithin theNUFFT back(forward)-projectorsdescribed
in SectionII-B. On theotherhand,it shouldbementionedthat
theFourier-basedapproachesarenot applicableto theunsorted
(e.g.,list-mode)data.

A noteworthypropertyof theFourier-basedapproachesis that
they canbestraightforwardlyappliedto thecaseof dataand/or
imagedefinedon theefficient spatialgrids(hexagonin 2D case
andbody-centeredcubicgrid in 3D case[38]) thanksto theex-
istenceof efficientFFT algorithmsfor thosegrids.

Finally, it is importantto emphasizethatwe havebeenutiliz-
ing Kaiser-Besselwindow functionsin two quite distinct ways
within theframework of theFourier-basediterativeapproaches.
First, theKB window hasbeenutilized asthelocalizedinterpo-
lation kernelin thespectrum-domaininterpolation- thecrucial
NUFFT operation.Second,it hasbeenusedin theoptionalop-
erationof modelingof thespatial-domainimagebasisfunction.
Theseareindependentoperationshaving quitedifferentrequire-
mentson theKB window shape,asillustratedin SectionIII.

VI I . CONCLUSIONS

Ourresultsshow verygoodagreementof thetheoreticalmin-
max error analysisof the NUFFT forwardandback-projectors
with their practicalperformance.Consequently, the min-max
approachoffers a valid and practical framework for the opti-
mizationof theNUFFT interpolationparameters.
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Our resultsfurthershow that the NUFFT-basedforwardand
back-projectorswith the min-maxoptimizedKaiser-Besselin-
terpolationare fast andvery accurate. In particular, their ap-
proximationerrorshavebeenfoundto beextremelylow ascom-
paredto theexactdiscreteFouriertransformapproach,andthey
have manifesteda very goodmatchto the space-basedprojec-
tors,evenfor smalloversamplingandinterpolationkernelsizes.
For example,it hasbeenobservedthatfor theoptimizedKaiser-
Besselinterpolatorsit might be sufficient to usejust 50% FFT
oversamplingandtheinterpolationkernelsof diameterspanning
just4 to 5 grid points.

In summary, it hasbeendemonstratedthat theFourier-based
forwardandback-projectorsutilizing theNUFFTapproachpro-
vide fastandextremelyaccuratetoolsfor iterative tomographic
reconstruction.The Fourier-basedprojectorsareespeciallyat-
tractive for the fully 3D iterative reconstructionapproachesin
PET characterizedby very large datavolumes. An additional
advantageof the Fourier-basedapproachesis the possibilityof
utilizing the powerful andcheapoff-the-shelfFFT processing
hardware.
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