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Feedback Control System Numerical Example

Numerically Solving Feedback Control Problems

Most of the emphasis in this course is in the analytic solutions for fairly simple processes.
We can obviously do direct numerical solutions, too, though. There may be some difficulty
in defining the integral & derivative terms for the controller however.

Let’s consider a constant volume, well-mixed stirred tank with heating provided by a steam
coil. The tank operates with 2,000 L (2.0 m®) of liquid. The inlet flow rate is 250 L/min
(0.25 m3/min) at a temperature of 20°C. At steady state 350°C steam is sufficient to heat
the effluent to 80°C. Let’s further assume the liquid density is a constant 1 kg/L and the
heat capacity is a constant 1 kcal /kg-°C.

The heat balance around the tank will be:

~ - dT A
pCde—tl =pF,C,(T,~T,)+(UA)(T,-T,).

The traditional method to analyze the control scheme is to linearize the ODE:

dT,
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and put into a form that leads to transfer functions:
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Typically we would manipulate the steam temperature to deal with any disturbances from
the inlet temperature and/or flowrate. The following is an information diagram for a PI
controller scheme.
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What if we want to look at the response to a change in the inlet flow rate. If we use analytic
techniques we get an answer to the linearized ODE. We could use numerical techniques to
determine how closely this predicted response is to what we would expect from the non-
linearized ODE.

First, let’s use the initial steady state condition to determine the UA value (which we will
hold constant). The heat balance at the steady state is:

0= pFo*ép(To* —T:)+(UA)(T: _Tl*) = UA= Pl CZ*(TIE* L )
(1)(0.25)(1)(80-20)

350-80
(1)(0.25)(1)(80-20)

B 35080
=0.05556 kcal/°C-min
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5 POLYMATH 5.0 beta test #193 - [Ordinary Differential Equations Solve - o] x|
# Filo Edit Program Window Examples Help 18] x|
s Il i = ) & e T
Cpen LEQ MNLE DEQ REG Calculate|  Units Const Setup

Indep v ar It Iritial % alue ID
Salve with IF!KFEE v[ Final Value |20

I Table I Graph Repart | pEomments

Add DE | Add EE | Remave | Edit | @ | ‘r | A |

Differential equations / explicit equations | Initial value | Comments «|
1 [ dT1)AdI = [rthoFOCpH(T0 - T1] + UAYTs - T1] ] / [ tha*Cp* ] a0 Heat Balance Equation _I
2 | dErmarSum)/dlt] = Emor 1] Inteqgrate the Ermor
3 |¥=20 n.a. Wolume
4 |tho=10 n.a. Density
5 |Cp=10 rn.a. Heat capacity
_ B |FO=0.50 mn.a. Inlet flovy rate
7 | T0=TOSkar n.a. Inlet temperature
8 |UA=rho ™ Cp~FOStar ™ T15tar - TOStar)A(T=Star - T15tar) rn.a. Back-calculate product of heat transfer coefficient & area
9 |Tm=T1 rn.a. teasured temperature
10 |Error=80-Tm n.a. Cantraller errar - value is set paint
11 | T =TeStar + K ™ [ Enor + ErrorSum * InvintTime | rn.a. t anipulated steam temperature
12 |kc=0 r.a. Controller Gain
13 | InvintTime = 0. r.a. Irvverze of Integral Time
14 | FOStar=0.25 rn.a. Initial Steady State
15 | TOStar = 20 r.a. Imitial Steady State
16 | TSkar = 350 1.a. Imitial Steady State
17 | T15tar= 80, rn.a. Initial Steady State
| Ad|

Differential Equations: 2 |.t’-‘n.u:-:ilialy Equations: 15

| 13_FeedbackContml pol | Serial Cascade of 3 Identical C5TRs with Feedhack PID Contre| 323 PM | 12/28/2004| C4FS [NUM Y

This screen shot shows the input to POLYMATH to numerically solve this problem of when
the controller is turned off (K, =0 and 1/t, =0). Note that there is a term ErrSum that
integrates the difference between the measured outlet temperature and the set point and is
needed for the integral control.

Let’s calculate the dynamic response when the inlet flow rate is doubled to 500 L /min
(0.50 m3/min). From the original steady state equation we would expect the new steady
state outlet temperature to be:
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This chart shows the response - the new outlet temperature is about 53°C and it is reached
in about 15 minutes. This new temperature matches what we would expect from the steady

state equation.
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Let’s look at the effects of various amounts of proportional control. This chart shows both
the outlet temperature and the steam temperature for various values of K. As expected
there is an offset that gets smaller the larger the controller gain. However, notice that the
larger the gain, the larger the steam temperature.
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Let’s look at the effects of various amounts of proportional control integral control. This
chart shows both the outlet temperature and the steam temperature for various values of
1, when K, =5. As expected there is zero offset. We have also picked controller settings
that turn this 1st order system into an underdamped 2"d order system.
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FLIPDLYMATH 5.0 beta test #193 - [Ordinary Differential Equations Solve - o] x|
& File Edit Program Window Examples Help =] x|
= Il i T 5 & e b

Open LEQ MLE CEQ REG Calculate | Units Const Sefup

Indep War It Iritial % alue ID

Solve with IF!KFEE v[ Final Value |20

I Table I Graph Repart | Iv Comments

Add DE | tdd EE | Remaove | Edit | @ | Jr| 1-| *|
Differential equations / explicit equations | Initial value | Comments «|

T | diT1)AdiE) = [tho*FOFCRATO0 - T1) + UA* T2 - T1) ] /A [ tho*Cp™y ) a0 Heat Balance Equation _I

2 | dlErorSum]/dit) = Emrar 0 Integrate the Error

3 |v=20 n.a. Yolume

4 |tho=10 n.a. Density

5 [Cp=10 n.a. Heat capacity

B |FO=0.50 n.a. Inlet flow rate

¢ | TO=TOStar n.a. Inlet termperature

8 [Ud =rho* Cp = FOStar * [T15tar - TOStar)/(T=5tar - T15tar) n.a. B ack-calculate product of heat transfer coefficient & area

9 [Tm=T1 n.a. heazured temperature

10 [Error=80-Tm n.a. Contraller errar - value is sgt point

11 | TeMan = T=5tar + Ko * [ Emor + ErorSum * InwlntTime ] n.a. M anipulated steam temperature

12 [Kc=5 n.a. Controller G ain

13 | InvlntTime =1, 4 .1 n.a. Ireeerze of Integral Time

14 |FOStar =025 n.a. Initial Steady State

15 | TOStar = 20 n.a. Initial Steady State

16 | T=5Star = 350 n.a. Initial Steady State

17 | T15tar = 80, n.a. Initial Steady State

18 ETz =if [ TaMan<Bh0 | then | Tshan | elze [ A0, | n.a. Limit the value of the steam temperature

Differential Equations: 2 |.-’-‘n.u:<i|ialy Equationz: 168
| 13_FeedbackCantmlpol | Serial Cascade of 3 Identical C5TRs with Feedhack PID Contee| £02 PM [ 12/28/2004| C4PS | NUM 4

One other thing that can easily be done in a numerical solution is to put in non-traditional
constraints. For example, what if our steam system is limited to 650°C? This screen shot
shows how we can easily add this constraint. Now we have a variable TsMan which is the
steam temperature that the controller would like us to use & the actual value from the
system is TS.
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This figure shows the true response when steam temperature cannot get above 650°C. This
constraint on the steam temperature actually helps the response, not in the time that it
takes to get to the new steady state but it prevents the response from getting too far away
from the set point.
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