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Mixed membership models have emerged over the past 20 years as a flexible cluster-like modeling
tool for unsupervised analyses of high-dimensional multivariate data where the assumption that an
observational unit belongs to a single cluster, or principal component, is violated. Instead, one as-
sumes that every unit partially belongs to all clusters, according to an individual membership vector.
Mixed membership models were introduced essentially independently in a number of different sta-
tistical application settings: (1) survey data (Berkman et al., 1989; Erosheva, 2002; Erosheva et al.,
2007), (2) population genetics (Pritchard et al., 2000b; Rosenberg et al., 2002), (3) text analysis
(Blei et al., 2003; Erosheva et al., 2004; Airoldi et al., 2010), and then later on in (4) image pro-
cessing and annotation (Barnard et al., 2003; Fei-Fei and Perona, 2005), and (5) molecular biology
(Segal et al., 2005; Airoldi et al., 2006; 2007; 2013).

1.1 Historical Developments

This volume chronicles recent developments in the area of mixed membership modeling. Mixed
membership models are used to characterize complex multivariate data such as those arising in
studies of genetic build-up of biological organisms, patterns in disease and disability manifestations,
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combinations of topics covered by text documents, political ideology or electorate voting patterns,
or heterogeneous relationships in networks. Early applications of mixed membership modeling
included the admixture model in genetics (Pritchard et al., 2000a), the Grade of Membership model
in medical classification studies (Manton et al., 1994b), and the latent Dirichlet allocation model in
machine learning (Blei et al., 2003).

In contrast to the finite mixture or parametric clustering models (McLachlan and Peel, 2000),
mixed membership models assume that individuals or observational units may only partly belong
to population mixture categories, referred to in various fields as fopics, extreme profiles, pure or
ideal types, states, or subpopulations. The degree of membership then is a vector of continuous
non-negative latent variables that add up to 1 (in mixture models, membership is a binary indicator).
The original idea for a mixed membership type of modeling goes back to at least the 1970s when the
Grade of Membership (GoM) model was developed by mathematician Max Woodbury to allow for
“fuzzy” classifications in medical diagnosis problems (Woodbury et al., 1978). The model had not
received a lot of attention from statisticians in the early years, and was later characterized by seem-
ingly controversial statements regarding the nature of the compositional data implied by the GoM
model (Haberman, 1995). It was not until the early 2000s, with the widespread use of Bayesian
methods and a better explanation of the duality between the discrete and continuous nature of latent
structure in the GoM model, that a new Bayesian approach to the GoM model had been developed
(Erosheva, 2003). The almost simultaneous and independent development of the admixture model
in genetics (Pritchard et al., 2000a) and the latent Dirichlet allocation (LDA) model in computer
science (Blei et al., 2003) also relied on the use of Bayesian estimation or approximate Bayesian
estimation techniques, as in the case of LDA. This class of mixed membership models (Erosheva,
2002) unifies the LDA, GoM, and admixture models in a common framework and provides ways to
construct other individual-level mixture models by varying assumptions on the population, sampling
unit and latent variable levels, and the sampling scheme.

The word mixed in the name mixed membership comes from the alternative latent class specifi-
cation of the models where each attribute is generated according to its distribution in a certain basis
category (Erosheva et al., 2007). For example, each word in an article corresponds to a particular
topic, whereas the article’s composition as a whole corresponds to the author’s intention to cover
a selection of topics. Thus, the multivariate collection of outcomes for each sampling unit is com-
posed of a mix of attributes that originate from the basis categories, e.g., words within a document
that are generated from topics covered by that document. In the case of discrete data, the latent
topic indicators for each word do not necessarily have to be the latent variables in the model. An
alternative data-generating process that results in the same likelihood can be based on the latent de-
grees of membership controlling the proportions of attributes originating from each basis category
(Erosheva, 2005). For this reason, mixed membership models have been occasionally referred to as
partial membership models (e.g., Erosheva, 2004); however, that name has not gained widespread
use and the name mixed membership remains the most commonly used descriptor (Erosheva and
Fienberg, 2005).

1.2 A General Formulation for Mixed Membership Models

The general mixed membership model relies on four levels of assumptions: population, subject, la-
tent variable, and sampling scheme. Population level assumptions describe the general structure of
the population that is common to all subjects. Subject level assumptions specify the distribution of
observed responses given individual membership scores. Membership scores are usually unknown
and hence can also be viewed as latent variables. The next assumption specifies whether the mem-
bership scores are treated as unknown fixed quantities or as random quantities in the model. Finally,
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the last level of assumptions specifies the number of distinct observed characteristics (attributes) and
the number of replications for each characteristic. We describe each set of assumptions formally in
turn.

Population Level

Assume there are K original or basis subpopulations in the populations of interest. For each sub-
population k&, denote by f(z;|0k;) the probability distribution for response variable j, where 0,
is a vector of parameters. Assume that within a subpopulation, responses to observed variables are
independent.

Subject Level

For each subject, membership vector A = (A1, ..., A\x) provides the degrees of a subject’s mem-
bership in each of the subpopulations. The probability distribution of observed responses x; for
each subject is fully defined by the conditional probability Pr(z;|A) = >, Axf(x;|0k;), and the
assumption that response variables x; are independent, conditional on membership scores. In addi-
tion, given the membership scores, observed responses from different subjects are independent.

Latent Variable Level

With respect to the latent variables, one could either assume that they are fixed unknown constants
or that they are random realizations from some underlying distribution.

1. If the membership scores A are fixed but unknown, the conditional probability of observing z;,
given the parameters 8 and membership scores, is

K
Pr(z;|7;0) = > Mef(x;l0k)). (1.1)
k=1

2. If membership scores \ are realizations of latent variables from some distribution D, parame-
terized by vector ¢, then the probability of observing x; given the parameters is:

Priajla6) = [ (i Akfmwkj)) dDa(N). (1.2)

k=1

Sampling Scheme

Suppose R independent replications of J distinct characteristics are observed for one subject,
{xgr), e ,xf]r)},{%:l. Then, if the membership scores are treated as realizations from distribution
D,,, the conditional probability is

Pr<{z§7‘>, e e, 0> = /(H I1 i Akf(x§.")akj)) dDa(N). (1.3)

j=1r=1k=1

When the latent variables are treated as unknown constants, the conditional probability for observ-
ing R replications of J variables can be derived analogously. In general, the number of observed
characteristics J need not be the same across subjects, and the number of replications R need not
be the same across observed characteristics.

One can obtain a number of mixed membership models using this general set up by specifying
different choices of J and R, and different latent variable assumptions. For instance, the Grade
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of Membership model of Manton et al. (1994b) assumes polytomous responses are observed to
J survey questions without replications and uses the fixed-effects assumption for the membership
scores. Potthoff et al. (2000) employ a variation of the Grade of Membership model by treating
the membership scores as Dirichlet random variables; the authors refer to the resulting model as a
Dirichlet generalization of latent class models. In genetics, Pritchard et al. (2000a) use a clustering
model with admixture, which they labeled as structure. For diploid individuals the clustering model
assumes that ? = 2 replications (genotypes) are observed at J distinct locations (loci), treating the
proportions of a subject’s genome that originated from each of the basis subpopulations as random
Dirichlet realizations. Variations of mixed membership models for text documents called proba-
bilistic latent semantic analysis (Hofmann, 2001) and latent Dirichlet allocation (Blei et al., 2003)
both assume that a single characteristic (word) is observed a number of times for each document,
but the former model considers the membership scores as fixed unknown constants, whereas the
latter treats them as random Dirichlet realizations.

The mixed membership model framework presented above unifies several specialized models
that have been developed independently in the social sciences, genetics, and text mining applica-
tions.

1.3 Advantages of Mixed Membership Models in Applied Statistics

Mixed membership models have had a significant impact on applied statistics. Over the past decade,
the data that statisticians analyze have become more diverse and structured, and with this complexity
comes the opportunity to model individual data points as belonging to multiple groups. Indeed, for
many modern datasets—such as large-scale text documents and complex networks—we believe
that there is rarely a case for the simpler models. Statisticians need mixed membership models or
alternatives to them, and this is the reason to study them.

The main areas to which mixed membership models have been applied are reflected in the
contents of this volume.

Document Collections

Mixed membership models are widely applied to document collections (Blei et al., 2003; Blei,
2012). In document collections, the mixed membership assumptions naturally capture the hetero-
geneity of language, where documents each exhibit multiple themes and to different degree. When
modeling documents as data, each document is a collection of words from a vocabulary. (These
are grouped as categorical data.) Mixed membership models allow each document to exhibit multi-
ple components, where each component is a distribution over words. Conditioned on a collection,
inspecting the posterior of the components reveals the “topics” inherent in the documents, i.e., the
significant patterns of words associated under a single theme. For this reason, mixed membership
models of text are often called topic models.

Mixed membership models for text have been extended in a myriad of ways and developed for
many text-based applications. As examples, they have been developed into time series (Blei and
Lafferty, 2006), into further hierarchicalized models of word contagion (Doyle and Elkan, 2009),
into Bayesian nonparametric variants (Teh et al., 2006), and into models of interconnected docu-
ments (Chang and Blei, 2009). In some ways, mixed membership models of text have become a
benchmark for new innovations in mixed membership modeling.
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Network Data

Another central application of mixed membership models is for the analysis of network data. A net-
work consists of a population of units and their relationships, represented via a graph with a set of
nodes and edges between them. Networks arise naturally in sociological settings, co-author analysis,
and a variety of biological problems. A classical latent-variable model of networks is the stochas-
tic blockmodel (Wang and Wong, 1987), which assumes that each node belongs to a community,
and that its assigned community mediates its connection to other nodes. While these assumptions
may have been appropriate for small scale network analysis, modern networks are heterogenous.
Nodes belong to multiple communities, and each node’s connections reflect its particular signature
of community memberships. This is a natural setting for mixed membership models.

Airoldi et al. (2008) developed the mixed membership extension of the stochastic blockmodel.
Each node possesses an associated membership vector containing community proportions; each
edge (present or absent) is associated with a community assignment drawn from the corresponding
nodes’ proportions. Note that modeling networks is fundamentally different from modeling docu-
ments because the observations are by definition intertwined. (We typically assume that documents,
in contrast, are conditionally independent.) Mixed membership network models remain an active
area of research. Further innovations include modeling dynamic networks (Ho et al., 2011) and
including node attributes in modeling (Kim and Leskovec, 2011; Azari and Airoldi, 2012; Azizi
et al., 2014). More broadly, networks are a type of dyadic data—data with entries indexed by a row
and column—for which we can conceive more general mixed membership models (Mackey et al.,
2010).

Social and Health Sciences Applications

The earliest mixed membership model, the Grade of Membership model (GoM) was developed by
the statistician Max Woodbury (Woodbury et al., 1978), in the context of a medical classification
problem where subsets of symptoms were observed on each patient. The goal was to identify and
characterize sub-patterns of illness in a particular disease such as depression (Davidson et al., 1989),
schizophrenia (Manton et al., 1994a), and Alzheimer’s (Corder and Woodbury, 1993). GoM model
analysis has been applied extensively to disability survey data—to analyze patters in binary indi-
cators of basic and instrumental activities of daily living—in a frequentist (Berkman et al., 1989;
Manton et al., 1991) and Bayesian framework (Erosheva et al., 2007). Mixed membership method-
ologies have been extended to longitudinal settings to capture heterogeneous pathways of disability
and cognitive trajectories at the later portion of life (this volume: Manrique-Vallier, 2014 and Lecci,
2014). In political science, researchers have used mixed membership models to analyze politically-
oriented beliefs, values, and attitudes from survey data (this volume: Gross and Manrique-Vallier,
2014) and have developed mixed membership models for rank data to analyze votes in Irish elec-
tions (Gormley and Murphy, 2009). Other applications of mixed membership models include as-
sessing the risk of privacy violations in databases (Manrique-Vallier and Reiter, 2012), and even
reconstructing the contents of a city based on sparse archeological evidence (Mimno, 2011).

Population Genetics

In computational biology, mixed membership models have had a tremendous impact, most notably
following the structure model of Pritchard et al. (2000a). In this setting, we observe a collection of
human genomes in which each is a collection of alleles (A,G,C,T) measured at different locations.
The model assumes that there are ancestral populations, groups of original humans that share a
unique genetic signature, which migrated around the world and mixed. The observed genomes—
the data we are analyzing—reflect the results of that mixing. Each genome exhibits the populations
with different proportions, and each population is characterized by its allele probabilities across
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genome locations. Posterior inference of the proportions and populations reveals the latent genetic
structure of modern humans.

This kind of analysis has been used in two ways. First, as for networks and text, it is useful for
exploring genetic patterns and forming hypotheses about our genetic history. Second, it is important
for correcting analyses that seek to find associations between genes and traits. Patterns in ancestral
populations, though not observed, are a confounder to making such associations; inferences from
mixed membership models are useful in accounting for them. In this volume Shringarpure and Xing
(2014) discuss some interesting variants on the original Pritchard et al. (2000a).

1.4 Theoretical Issues with Mixed Membership Models

The early examples of original mixed membership models described above were developed for dis-
crete data, involving multivariate binary data, multinomial data, and ranks, and researchers using
them considered responses to survey questions, counts of words in a document, sequences of geno-
types, presence or absence of interactions between units, etc. Even though the general formulation
of mixed membership models allows for combining outcomes of different types in a single omnibus
model (Erosheva, 2002), the theoretical properties of mixed membership models applied to contin-
uous data and data of mixed outcomes and applications of mixed membership for such problems is
quite limited, e.g., see the discussion in Heller et al. (2008) and the the analysis of gene expression
data by Rogers et al. (2005).

Extending mixed membership models to continuous data and data of mixed types is nontriv-
ial. In this volume Galyardt (2014) demonstrates that the two interpretations—mixed attributes
(the ‘switching’ interpretation) and partial memberships (the ‘between’ interpretation)—which are
typically assumed as equivalent interpretations of mixed membership models, can not be taken for
granted in the presence of continuous data. In fact, the ‘between’ interpretation no longer applies.
Gruhl and Erosheva (2014) consider a broader class of individual-level mixture models and com-
pare two members of this class—the mixed membership and the partial membership model (Heller
et al., 2008)—for analyzing continuously-valued data. In essence, given individual-specific weights
reflecting membership, mixed membership models assume that data are generated from individual-
specific distributions that are weighted arithmetic averages of the subpopulation distributions, and
partial membership models assume that individual-specific data are generated from a weighted ge-
ometric average of the subpopulation distributions. They explain that multivariate data my not
provide researchers with a clear signal about the preferred type of individual-level mixture model.
However, in this volume, analyzing a player statistics dataset from the National Basketball Associ-
ation, Gruhl and Erosheva (2014) argue that the use of partial membership in that specific context
is more appropriate. Partial membership models also happen to be more computationally conve-
nient. Galyardt (2014) and Gruhl and Erosheva (2014) raise a number of issues for future work with
individual-level mixture models for continuous data; some of these issues bear a clear connection
to the large body of statistical literature on mixture models in general and on mixtures of normals
in particular (McLachlan and Peel, 2000).

1.4.1 General Issues Inherent to Mixtures

While applications for mixed membership models especially in the form of extensions of topic
models for text are widespread, these models suffer from a number of theoretical difficulties they
inherit from mixture models. A lack of understanding of such issues may impact the validity of
empirical analyses based on mixed membership models. Below we list a few key issues, borrowing
material from a blog post on the topic by Wasserman (2012).
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These issues are best illustrated in the context of a simple mixture model. Consider a finite
mixture of Gaussians,

k
pla; ) = > w; bl 1, %),
j=1

where ¢(z; p15,%;) denotes a Gaussian density with mean vector y; and covariance matrix X;.
The weights wq, ..., wy are non-negative and sum to 1. The entire set of parameters is ¢y =
(B0 ey oy D15« -y Dk, W1, - - - ,wE). One can also consider k, the number of components, to
be another parameter.

Now lets consider some of the weird things that can happen.

Infinite Likelihood. The likelihood function (for the Gaussian mixture) is infinite at some points
in the parameter space. This is not necessarily bad, since the infinities are at the boundary and one
can use the largest (finite) maximum in the interior as an estimator. But the infinities can cause
numerical problems.

Multi-modality of the Likelihood. In fact, the likelihood has many modes (Richards and Buot,
2006). Finding the global (but not infinite) mode is a difficult. The EM algorithm only finds local
modes. In this sense, the MLE is not really a well-defined estimator because it cannot be found. In
the machine learning literature, there have been a number of papers trying to establish estimators
for mixture models that can be found in polynomial time. For example, see Kalai et al. (2012).

Multi-modality of the Density. One may naively think that a mixture of &k Gaussians would have
k modes. But, in fact, it can have less than k£ or more than k. See Carreira-Perpinan and Williams
(2003) and Edelsbrunner, Fasy, Rote (2012).

Non-identifiability. Recall that a model {p(x;0) : 6 € O} is identifiable if

01 # 0o implies p(x;01) # p(x;02).

Mixture models are non-identifiable in two different ways. First, there is non-identifiability due to
permutation of labels. This is a nuisance, and there are strategies to deal with it (Stephens, 2000).
A bigger issue is local non-identifiability. Suppose that

p(in, pa, p2) = (1 = n)p(x; pa, 1) + no(x; pe, 1).

When p; = pus = p, we have that p(x;n, u1, o) = ¢(x; ). The parameter n has disappeared.
Similarly, when 1 = 1, the parameter o disappears. This means that there are subspaces of the
parameter space where the family is not identifiable. The result is that all the usual theory about the
distribution of the MLE, the distribution of the likelihood ratio statistic, the properties of BIC, and
so on, becomes very complicated.

Irregularity. Mixture models do not satisfy the usual regularity conditions that make parametric
models easy to deal with. Consider the following example from Chen (1995). Let

p(r:6) = 26(:~6,1) + 30(a;26,1).

Then I(0) = 0 where I(6) is the Fisher information. Moreover, no estimator of 6 can converge
faster than n—'/%, Compare this to a Normal family ¢(x;6,1) where the Fisher information is
1(6) = n and the maximum likelihood estimator converges at rate n~*/2.

Non-intuitive Group Membership. Mixtures are often used for finding clusters. Suppose that

p(x) = (1 —n)d(x; 1, 07) + no(a; p2, 03)
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with gy < po. Let Z = 1,2 denote the two components. We can compute P(Z = 1|X = x)
and P(Z =2|X =) explicitly, =~ We can then assign an x to the first component if
P(Z=1|X =2) > P(Z=2|X ==z). Itis easy to check that, with certain choices of oy, 0,
all large values of x get assigned to component 1 (i.e., the leftmost component). Technically this is
correct, yet it seems to be an unintended consequence of the model.

Improper Posteriors. Suppose we have a sample from the simple mixture

p(x;p) = %cﬁ(x; 0,1)+ %(b(sﬂ;u, 1).

Then any improper prior on 4 yields an improper posterior for . regardless of how large the sample
size is. Also, Wasserman (2012) shows that the only priors that yield posteriors in close agreement
to frequentist methods are data-dependent priors.

These issues are often exacerbated in more complex mixed membership models. They should
be taken seriously. In most applications, however, available additional information can be used to
mitigate, and sometimes resolve, the problems listed above. The papers we have collected in this
volume provide good examples, and explain why we do not share Wasserman’s negative assessment:
“that mixtures, like tequila, are inherently evil and should be avoided at all costs.”
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