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REPRESENTATIVE PROCESS
CONTROL PROBLEMS

* Process: The conversion of feed materials to products using chemical
and physical operations.

* In practice, the term process tends to be used for both the processing
operation and the processing equipment.

* Note: this definition applies to three types of common processes:

* continuous,
e batch,
e and semi-batch



Continuous Processes

* Tubular heat exchanger. A process fluid on
the tube side is cooled by cooling water on
the shell side.

* Typically, the exit temperature of the process
fluid is controlled by manipulating the

cooling water flow rate. Variations in the |

inlet temperatures and the process fluid flow Process |

rate affect the heat exchanger operation. fluid—s] o
Consequently, these variables are considered gn;c:;gﬁj

to be disturbance variables.
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Continuous Processes-cont.

* Continuous stirred-tank reactor (CSTR).

* If the reaction is highly exothermic, it is
necessary to control the reactor
temperature by manipulating the flow rate
of coolant in a jacket or cooling coil. The
feed conditions (composition, flow rate, and
temperature) can be manipulated variables

or disturbance variables.
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Continuous Processes-cont.

e Thermal cracking furnace.

e Crude oil is broken down ("cracked") into a number of E‘;Tm?jﬂi‘,;f”
lighter petroleum fractions by the heat transferred l
from a burning fuel/air mixture. The furnace
temperature and amount of excess air in the flue gas Crackad
can be controlled by manipulating the fuel flow rate 4 | products
and the fuel/air ratio. The crude oil composition and Crude |

variables. FL_‘f'

air

the heating quality of the fuel are common disturbance il

(e} Cracking
furnace



Continuous Processes-cont.

Distillate
* Multicomponent distillation column. _ [ o
* Many different control objectives can be
formulated for distillation columns. ]
_
* For example, the distillate composition can be Feed
controlled by adjusting the reflux flow rate or the
distillate flow rate. If the composition cannot be ‘
measured on-line, a tray temperature near the top Ec:nt'tn-rns
of the column can be controlled instead. If the feed
stream is supplied by an upstream process, the -
(d) Distillation

feed conditions will be disturbance variables. ~ql
UImin



* For each of these four examples, the process control problem has been
characterized by identifying three important types of process variables.

* Controlled variables (CVs): The process variables that are controlled. The
desired value of a controlled variable is referred to as its set point.

* Manipulated variables (MVs): The process variables that can be adjusted
in order to keep the controlled variables at or near their set points.
Typically, the manipulated variables are flow rates.

* Disturbance variables (DVs): Process variables that affect the controlled
variables but cannot be manipulated. Disturbances generally are related to
changes in the operating environment of the process:

* for example, its feed conditions or ambient temperature. Some disturbance
variables can be measured on-line, but many cannot such as the crude oil
composition for Process (c), a thermal cracking furnace.

The specification of CVs, MVs, and DVs is a critical step in developing a
control system.



Batch and Semi-Batch Processes

e Batch and semi-batch processes provide needed flexibility for
multiproduct plants, especially when products change
frequently and production quantities are small.

Feed
* Batch or semi-batch reactor. Cooling l
A i . : "
An initial charge of reactants is brought up to reaction medium | X1 |

conditions, and the reactions are allowed to proceed for a
specified period of time or until a specified conversion is
obtained.

. TypianIY, the reactor temperature is controlled by
manipulating a coolant flow rate.

* Batch and semi-batch reactors are used routinely in specialty
chemical plants, polymerization plants, and in pharmaceutical

and other bioprocessing facilities (e) Semi-batch

reactor



Batch and Semi-Batch Processes-cont.
Batch digester in a pulp mill,

 Both continuous and semi-batch digesters ( 4z 4ui Wood
~=ala) are used in paper manufacturing to break /lihipﬁ
down wood chips in order to extract the cellulosic
fibers. The end point of the chemical reaction is
indicated by the kappa number, a measure of lignin  §team

content. It is controlled to a desired value by +
adjusting the digester temperature, pressure, and/or NaCH
cycle time. —

* (lignin content : a complex organic polymer
deposited in the cell walls of many plants) (f) Wood chip
digester



Batch and Semi-Batch Processes-cont.
Plasma etcher in semiconaductor processing

* A single wafer (48, )containing hundreds of Etching
. . ] . . . EEEES
printed circuits is subjected to a mixture of Electrode
etching gases (sl &l jle l

\
* ) under conditions suitable to establish and Y
maintain a plasma (a high voltage applied at ~Plasma
high temperature and extremely low pressure). @D (([ ))j
The unwanted material on a layer of a /

microelectronics circuit is selectively removed —
by chemical reactions. The temperature, [ ] slrEIJEr'lt
pressure, and flow rates of etching gases to the Waferfr gases

reactor are controlled by adjusting electrical

heaters and control valves.
() Plasma
etcher



Batch and Semi-Batch Processes-cont.

Kidney dialysis unit (AS) e 51a 4)

* This medical equipment is used to remove waste
products from the blood of human patients whose
own kidneys are failing or have failed. The blood
flow rate is maintained by a pump, and "ambient
conditions," such as temperature in the unit, are
controlled by adjusting a flow rate. The dialysis is
continued long enough to reduce waste
concentrations to acceptable levels.
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ILLUSTRATIVE EXAMPLE-
A BLENDING PROCESS

(A continuous, stirred-tank blending system)

* The control objective is to blend the two inlet

streams to produce an outlet stream that has the
desired composition. Stream 1 is a mixture of tWo iiyre of A and B
chemical species, A and B. 1

* We assume that its mass flow rate w1 is constant, Wy
but the mass fraction of A, x1, varies with time.

e Stream 2 consists of pure A and thus x2 = 1.

* The mass flow rate of Stream 2, w2, can be
manipulated using a control valve.

 The mass fraction of A in the exit stream is
Szl(enoted by x and the desired value (set point) by
sp

* Thus for this control problem, the controlled
variable is x, the manlpulated variable is w2,
and the disturbance variable is x1.

Control valve
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T~ Overflow line
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Design Question. If the nominal value of x is Xy,
what nominal flow rate w, is required to produce the
desired outlet concentration, x;,?

To answer this question, we consider the steadv-state

material balances: | Control valve
Mixture of A and B @ Pure A
| x2=l
wl "f l IL‘E
Overall balance:
T Overflow line
0 = m] + ﬁg — W 1
Component A balance: L]
0 = wx; + wixa, — wx 2 >

According to the process description, x, = 1 ﬂIlFl X = Xgp-



_ _ KXsp T AT
Wa = W-ll

— 3

Equation 3 1s the design equation for the blending
system. If our assumptions are correct and 1if x4 = xq,
then this value of w, will produce the desired result,
X = X;p. But what happens if conditions change?

Control Question. Suppose that inlet concentration
x7 varies with time. How can we ensure that the outlet

composition x remains at or near its desired value,

Xep?
Aaf a specific example, assume that x; increases to a
constant value that 1s larger than 1ts nominal value, x;.
It is clear that the outlet composition will also increase
due to the increase in inlet composition. Consequently,

at this new steady state, x > x,.



Strategies for reducing the effects of x1
on X

Method 1. Measure x and adjust w,. It is reasonable to
measure controlled variable x and then adjust w, ac-
cordingly. For example, if x 1s too high, w, should be
reduced; if x 1s too low, w> should be increased. This
control strategy could be implemented by a person

Control valve

(manual control). However, it would normally be more  viwedsmis P

2 . * * | Yo =
convenient and economical to automate this simple ¢ v
task (automatic control).

> Overflow line

Wl(f) = wy + K{'[ij - IU)] 4
where K, is a constant called the controller gain. The -
symbols, w»(¢) and x(¢), indicate that w, and x change with time. g




Blending system and Control Method 1.
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Method 2. Measure xi, adjust wo. As an alternative to
Method 1, we could measure disturbance variable x4
and adjust w, accordingly. Thus, if x; > x;, we would
decrease ws so that w, < ws. If xy < Xy, we would

increase ws. A control law based on Method 2 can be

derived from Eq. 1-3 by replacing x; with x;(¢) and w,

with w(1):

Xsp — x1(1)
1 T IEP

wa(t) = wq



Because Eq. 3 is valid only for steady-state condi-
tions, it is not clear just how effective Method 2 will be Composition
during the transient conditions that occur after an xy controller

disturbance. e () R
Compaosition :
analyzer/transmitter i Control

x| valve X = 1
[
>

Blending system and Control Method 2.



Method 3. Measure xy and x, adjust w,. This approach
1s a combination of Methods 1 and 2.

Method 4. Use a larger tank. If a larger tank is used,
fluctuations in x; will tend to be damped out as a result
of the larger volume of hquid. However, increasing
tank size 1s an expensive solution due to the increased
capital cost.



CLASSIFICATION OF PROCESS
CONTROL STRATEGIES

* Method 1 is an example of a feedback control strategy.

* The distinguishing feature of feedback control is that the controlled
variable is measured, and that the measurement is used to adjust the
manipulated variable. For feedback control, the disturbance variable
IS not measured.

* It is important to make a distinction between negative feedback and
positive feedback.

* negative feedback refers to the desirable situation in which the
corrective action taken by the controller forces the controlled variable
toward the set point.



CLASSIFICATION OF PROCESS
CONTROL STRATEGIES-cont.

* when positive feedback occurs, the controller makes things worse by
forcing the controlled variable farther away from the set point.

* For example, in the blending control problem, positive feedback takes place
if Kc <0, because w2 will increase when x increases.

* An important advantage of feedback control is that corrective action occurs
regardless of the source of the disturbance.

* Another important advantage is that feedback control reduces the
sensitivity of the controlled variable to unmeasured disturbances and
process changes.

 However,feedback control does have a fundamental limitation: no
corrective action is taken until after the disturbance has upset the process,
that is, until after the controlled variable deviates from the set point.



CLASSIFICATION OF PROCESS
CONTROL STRATEGIES

* Method 2 is an example of a feedforward control strategy.

* The distinguishing feature of feedforward control is that the
disturbance variable is measured, but the controlled variable is not.
The important advantage of feedforward control is that corrective
action is taken before the controlled variable deviates from the set
point.

* |deally, the corrective action will cancel the effects of the disturbance
so that the controlled variable is not affected by the disturbance.



CLASSIFICATION OF PROCESS
CONTROL STRATEGIES

* Feedforward control has three significant disadvantages:

* (i) the disturbance variable must be measured (or accurately
estimated),

e (ii) no corrective action is taken for unmeasured disturbances, and
* (iii) a process model is required.

* For example, the feedforward control strategy for the blending system
(Method 2) does not take any corrective action for unmeasured wl
disturbances.



CLASSIFICATION OF PROCESS
CONTROL STRATEGIES

* A more practical approach is to use a combined feedforward-
feedback control system, in which feedback control provides
corrective action for unmeasured disturbances, while feedforward
control reacts to eliminate measured disturbances before the
controlled variable is upset.

* This approach is illustrated by Method 3, a combined feedforward-
feedback control strategy because both x and x1 are measured.

* Finally, Method 4 consists of a process design change and thus is not
really a control strategy.



Reference:

* Process Dynamics and Control, by Dale E. Seborg, Thomas F. Edgar,
Duncan A. Mellichamp, Francis J. Doyle lll, John Wiley & Sons,
Inc.2011.
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Process Control Diagrams

* consider the equipment that is used to Control valve
Mixture of A and B @ Pure A

implement control strategies. Y vz

* For the stirred-tank mixing system under | l l 2
feedback control. ~~ Overflow line

* the exit concentration x is controlled and
the flow rate W2 of pure species A is
adjusted using proportional control.




Block diagram for composition feedback
control system

Calculations performed
by controller
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composition feedback control system

e Operation of the concentration control system can be summarized for the
key hardware components as follows:

* 1. Analyzer and transmitter: The tank exit concentration is measured by
means of an instrument that generates a corresponding milliampere (mA)-
level signal. This time-varying signal is then sent to the controller.

* 2. Feedback controller: The controller performs three distinct calculations.
 First, it converts the actual set point Xsp into an equivalent internal signal Xsp-

» Second, it calculates an error signal e(t) by subtracting the measured value Xm(t)
from the set point isp’that is, e(t) = Xsp - Xm(t).
* Third, controller output p(t) is calculated from the proportional control law.



composition feedback control system

e Control valve: The controller output p(t) in this case is a DC current
signal that is sent to the control valve to adjust the valve stem
position, which in turn affects flow rate wx(t).

* Because many control valves are pneumatic, i.e., are operated by air
pressure, the controller output sighal may have to be converted to an
equivalent air pressure signal capable of adjusting the valve position.

* The block labeled "control valve" has p(t) as its input signal and w2(t)
as its output signal, which illustrates that the signals on a block
diagram can represent either a physical variable such as wz(t) or an
instrument signal such as p(t).



THE HIERARCRHY OF
PROCESS CONTROL
ACTIVITIES

* Measurement and Actuation (Levell)

 Measurement devices (sensors and
transmitters) and actuation
equipment (for example, control
valves) are used to measure process
variables and implement the
calculated control actions.

* These devices are interfaced to the
control system, usually digital control
equipment such as a digital computer.

(days—months)

(hours—days)

(minutes—hours)

(seconds—minutes)

(< 1 second)

(< 1 second)
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3

4, Heal-time
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4

5
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control

4

3

da. Regulatory
control

4

2. Safety and
environmentalf
equipment
protection

4
3

1. Measurement
and actuation

K |
3
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THE HIERARCHY OF PROCESS
CONTROLACTIVITIES

* Safety and Environmental/Equipment Protection (Level2)

* One layer includes process control functions, such as alarm
management during abnormal situations, and safety instrumented
systems for emergency shutdowns.

* The safety equipment (including sensors and control valves) operates
independently of the regular instrumentation used for regulatory
control in Level3a.

e Sensor validation techniques can be employed to confirm that the
sensors are functioning properly.



THE HIERARCHY OF PROCESS
CONTROLACTIVITIES

e Regulatory Control (Level 3a)
* regulatory control, is achieved by applying standard feedback and
feedforward control techniques.
* Multivariable and Constraint Control (Level3b)

* Many difficult process control problems have two distinguishing
characteristics:

* (i) significant interactions occur among key process variables,
* and (ii) inequality constraints exist for manipulated and controlled variables.

* The ability to operate a process close to a limiting constraint is an
important objective for advanced process control.



THE HIERARCHY OF PROCESS
CONTROLACTIVITIES

* Real-time Optimization (Level 4)

* The optimum operating conditions for a plant are determined as part
of the process design. But during plant operations, the optimum
conditions can change frequently owing to changes in equipment
availability, process disturbances, and economic conditions (for
example, raw material costs and product prices).

* Consequently, it can be very profitable to recalculate the optimum
operating conditions on a regular basis.



THE HIERARCHY OF PROCESS
CONTROLACTIVITIES

* Planning and Scheduling (Level 5)

* For continuous processes, the production rates of all products and
intermediates must be planned and coordinated, based on
equipment constraints, storage capacity, sales projections, and the
operation of other plants, sometimes on a global basis.

* planning and scheduling activities pose difficult optimization
problems that are based on both engineering considerations and
business projections.



Theoretical Models of Chemical
Processes

* Dynamic models play a central role in the subject of process dynamics
and control. The models can be used to:

* 1. Improve understanding of the process.

e 2. Train plant operating personnel.

* 3. Develop a control strategy for a new process.
* 4. Optimize process operating conditions.



Theoretical Models of Chemical
Processes

* Models can be classified based on how they are obtained:

* (a) Theoretical models are developed using the principles of
chemistry, physics, and biology.

* (b) Empirical models are obtained by fitting experimental data.

* (c) Semi-empirical models are a combination of the models in
categories (a) and (b);

* the numerical values of one or more of the parameters in a
theoretical model are calculated from experimental data.



An lllustrative Example: .

X3
- L Wwa
A Blending Process ' }
» consider the isothermal stirred-tank
blending system v
* the overflow line has been omitted and
inlet stream 2 is not necessarily pure A [—
(that is, x2 # 1).
. X

* Now the volume of liquid in the tank V can
vary with time,

e and the exit flow rate is not necessarily
equal to the sum of the inlet flow rates. {

* An unsteady-state mass balance for the
blending system has the form

rate of a-:::::umulalicrn} _ {rah:: of } { rate of }

of mass in the tank Mmass in mass out



 the rate of mass accumulation is simply d(Vp)/dt,
d(Vp)
 where wi, w2, and w are mass flow rates. dr

= W4 + W2 — W

* We assume that the blending tank is perfectly mixed.

* This assumption has two important implications:
* (i) there are no concentration gradients in the tank contents and
* (ii) the composition of the exit stream is equal to the tank composition.

* The perfect mixing assumption is valid for low-viscosity liquids that
receive an adequate degree of agitation.

* In contrast, the assumption is less likely to be valid for high-viscosity
liquids such as polymers or molten metals.



* For the perfect mixing assumption, the rate of accumulation of
component A is d(Vpx)/dt, where x is the mass fraction of A.

* The unsteady-state component balance is
d(Vpx)
di

* Question : how to find the steady state model ?

= WXy + Waxs — wx

* a steady-state model is a special case of an unsteady-state model that
can be derived by setting accumulation terms equal to zero.



Conservation Laws

* Theoretical models of chemical processes are based on conservation
laws such as the conservation of mass and energy.

e consider important conservation laws and use them to develop
dynamic models for representative processes.

* Conservation of Mass

rateofmass | _ Jrateof [ | rate of
accumulation mass In mass out



Conservation Laws

e Conservation of Component i

+F 4

rate of componenti| | rate of component i
accumulation In

_ {rate. of component :'} n {ratﬂ of component {
out produced

* Represents the rate of generation (or consumption) of component i as
a result of chemical reactions.

* Conservation equations can also be written in terms of molar
guantities, atomic species, and molecular species .



Conservation Laws

e Conservation of Energy

* The general law of energy conservation is also called the First Law of

Thermodynamics. {

accumulation

2

+ 4

F o

%

rate of &n&rg}r} B {]’EIT.E: of energy in}

by convection

rate of energy out
by convection

net rate of heat addition |

to the system from
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net rate of work
performed on the system
by the surroundings

"

#



Conservation Laws

* The total energy of a thermodynamic system, Utot, is the sum of its
internal energy, kinetic energy, and potential energy:

Uipt = U + Ugg + Upg

* it is appropriate to make two assumptions:

e 1. Changes in potential energy and kinetic energy can be neglected,
because they are small in comparison with changes in internal energy.

* 2. The net rate of work can be neglected, because it is small
compared to the rates of heat transfer and convection.



Conservation Laws

* Therefore, the energy balance can be written as:

dl/; -
= AwH)+ O

where Uy, 1s the internal energy of the E-}?E'l!:]]'l,,ﬁ 15 the
enthalpy per unit mass, w 18 the mass flow rate, and Q 1s

the rate of heat transfer to the system. The A operator
denotes the difference between outlet conditions and
inlet conditions of the flowing streams. Consequently,
the —A(wH) term represents the enthalpy of the inlet
stream(s) minus the enthalpy of the outlet stream(s).



Reference:

* Process Dynamics and Control, by Dale E. Seborg, Thomas F. Edgar,
Duncan A. Mellichamp, Francis J. Doyle lll, John Wiley & Sons,
Inc.2011.
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2.4.2 Chemical Reactions

The rate of reaction per unit volume (mol/volume*time) is usually a function of the con-
centration of the reacting species. For example, consider the reaction A + 2B -->C+3D.If
(he rate of the reaction of A is first-order in both A and B} we use the following expression:

where
ry s the rate of reaction of A (mol A/volume*time)
k is the reaction rate constant (constant for a given temperature)

C, is the concentration of A (mol Alvolume)
¢, is the concentration of B (mol B/volume)

Reaction rate . ssed i

i tha[SA a;: :;r‘;ﬁilydf;ﬁ;essed In terms of generation of a species. The minus sign

with all parameters in a model Fe.reacu.on abO\fe. It is good practice to associate the units

of RoTheT B ; 1odel. For consistency in the units for r,, we find that k has unit
time), Notice that 2 mols of B react for each mol of A. Then we can wr‘tnel :

Te Sazly =k CLCy
I'p = -"3".4 =3kCACB




\

Usually, the reaction rate coefficient is a function of temperature. The most commionly

used representation is the Arrhenius rate law

KT) = A exp( —F/RT) (2.46)
where
k(T) = reaction rate constant, as a function of temperature
A = frequency factor or preexponentia! facior (same units as k)
£ =activation energy (cal/gmol) _ ' )
R =ideal gas constant (1.987 cal/gmol K, or another set of consistent units)

T = absolute temperature (deg K or deg R)



\
2.4.4 Heat Transfer ‘

The rate of heat transfer through a véésel wall separating two fluids (a jacketed reactor,
for example) can be described by

Q = UAAT ' (2.50)

where

Q = rate of heat transfered from the hot fluid to the cold fluid
U =overall heat transfer coefficient

A = area for heat transfer _

AT = difference between hot and cold fluid temperatures .

The heat transfer coefficient is often estimated from experimental data. At the design

stage it can be estimated from correlations; it is a function of fluid properties and veloci-
ties.



245 Flow-through Valves

The ﬂow—th;ough valves are often deécribed by the following relationship:

(2.5 1)

~ : e \/KF;

: LTS
where

F = volumetric flowrate

C, = valve coefficient

x = fraction of valve opening

AP, = pressure drop across the valve

s.g. = specific gravity of the fluid

fix) = the flow characteristic (varies from 0 to 1, as a function of x)

Three common valve characteristics are (i) linear, (i) equal-percentage, and (i11) quick-

opening.




fraction of flow

quick-opening

linear

equal-percentage

0.2

0.4 0.6

fraction open

0.8




For a linear valve

flx) = x

For an equal-percentage valve

: f(\) o o]

For a quick-opening valve

=V

~ Notice that for the|quick-opening|valve, the sensitivity of flow to valve position
(fraction open) is high at low openings and low at high openings; the opposite is true for
anlequal-percentage valve. The sensitivity of|a linear yalve does not change as a function
of valve position. The equal-percentage valve is commonly used in chemical processes,
because of desirable characteristics when installed in piping systems where a significant
piping pressure drop occurs at high flowrates. Knowledge of these characteristics will be
important when developing feedback control systems. |




DISTRIBUTED PARAMETER SYSTEMS

In this section we show how the balance equations can be used to develop a model for a

distributed parameter system, that is, [a system where the state variables change with re-
spect to position and time,

Consider a tubutar Teactor where a chemical reaction changes the concentration of
the fluid as it moves down the tube. Here we use a volume element AV and a time element
At. The total moles of species A contained in the element AV is written (AV)C,. The
amount of species A entering the volume is F CAl v and the amount of species leaving the
volume is FC ,J veay- The rate of A leaving by reaction (assuming a first-order reaction) is
(—k C,AV.

The balance equation is then:
: 1+ At

@AV)Cllr s~ ANIC, = [ [FCly= FCylyesy — kCAV) d

!

Using the mean value theorem of integral calculus and dividing by At, we find:

AV[C,y|,+ 1, = Cal;
V[ AI’A.:' A|] — FCAlV o FCA'V‘FAV— kCAAV (2.64)
Dividing by AV and letting At and AV go to zero, we find:
d F ‘
3Gy e O Ct kC, (2.65)

ot aV




Normally, a tube with constant cross-sectional area is used, so dV = Adz and F = Av,,
where v, is the velocity in the z-direction. Then the equation can be written:
G 0v.Cy

= ——=L_kC 2.66
ot 3z A G20

Similarly, the overall material balance can be found as:

) et (2.67)

—_—

at 0z

If the fluid is at a constant density (good assumption for a liquid), then we can write the
species balance as

aC aC

—A = _y —L_kC, (2.68)

at =802

To solve this problem, we must know the initial condition (concentration as a function of
distance at the initial time) and one boundary condition. For example, the following
boundary and initial conditions -

Cylz, 1 = 0) = Cyl2)

2.69
C,(0, 1) = Crn® o)



\

indicate that the concentration of A initially is known as a function of distance down the
reactor, and that the inlet concentration as a function of time must be specified.

In deriving the tubular reactor equations we assumed that species A left a volume
element only by convection (bulk flow). In addition, the molecules can leave by virtue of
a concentration gradient. For example, the amount entering at V'is

dCA
(FCA + AD,, —d?-) vV (2.70)

Daz  where is the diffusion coefficient.



DIMENSIONLESS MODELS

_Models typlcally contam a large number of parameters and variables that may differ in
. value by several orders of magnitude. It is often desirable, at least for analysis purposes,
to develop models composed of dimensionless parameters and variables. To illustrate the
approach, consider a constant volume, isothermal CSTR modeled by a simple first-order
reaction:

dC,
= =1 (CAf“" e kC

It seems natural to work with a scaled concentxatlon Deﬁnmg
X = C/ Caso

where Cyq 1s the nominal (steady-state) feed concentration of A, we find
= F ()
dt== V152V

where x;= C,¢/Cyq. It is also natural to choose a scaled time, T = #/r*, where r* is a scal-
ing parameter to be determined. We can use the relationship df = *dr to write:



vV

dx—==F (F )
=—Xf" ""+k X

txdvr V

A natural choice for t* appears to be V/F (known as the residence time), SO

é—x (1+K)x
ar 7 F

The term VA/F is dimensionless and known as a Damkholer number in the reaction engi-
neering literature. Assuming that the feed concentration is constant, x¢ = 1, and letting

o = VK/F, we can write:
dx

Z=t-xtax
ar—=:>" :

which indicates that a single parameter, a, can be used to characterize the behavior of all
first-order, isothermal chemical reactions. Similar results are obtained if the dimension-

less state is chosen to be conversion

x=(C, - CAfO)/CAfO
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EXPLICIT SOLUTIONS TO DYNAMIC MODELS

Explicit solutions to nonlinear differential equations can rarely be obtained. The most
common case where an analytical solution can be oblained is when a single differential
equation has variuables that are separable. This is a very limited class of problems. '

Example: Nonlinear Tank Height

Consider a tank height problem where the outlet flow is 2 nonlinear function of tank height:
dh _F, P V-

dt A A
Here there is not an analyical solution because of the nonlinear height relationship and the forc-
ing function. To illustrate a problem with an analytical solution, we will assume that there is no

inlet flow to the tank:
A -
dr el
we can sce that the variables are separable, so
dh
= —ﬂ dr

vi A



dh (B
j\-‘??— IA‘"

which has the solution
Wh-22VE = -5 (1=1)
A
or Vio= Vh, - P (r=1,)
n 2.4 "

letting 7, = (), and squanng both sides, we obtain the solution
o= [vio- £

24°f

This analytical solution can be used, for example. o determine the tme that it will ke Tor the
tank height to reach a certain level.



GENERAL FORM OF DYNAMIC MODELS

The dynamic models denved in this chapter consist of a set of first-order {meaning only
first derivatives with respect o tme), nonlinear, exphcit, mitial value ordimary ditferential

equations. A representation of a set of first-order differential equations is
B

j"'| gt 11 & TNE. J {FR| Y J N
Xa = JolX jeneaal ol fuaer el Paeeand?, )

X, = [ X wnssX ol parneblys Ploseio,)

where x; is a state varigble, u, is an input variahle and pis o parameter. The notation a, is
used to represent oy /dr. Notice that there are » equations. s state variables e mpots amld #
parameters.



dv

. F,-F

dr

dgd = " (Cai— C.«) ' kc-“c"’
dt |V

aCa- - .. ) = 2
D w24 -Ca)—-2kC,C
d! V‘C" o) =

fl.{.‘.". - %CP N kCACy

dl

There are four states (V,CA,CB,Cp),
Four inputs (Fi,F, CAi,Cbi)
Single parameter (k)
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Second Order Runge Kutta

Lﬂm1mpfﬂ:ﬂldﬂﬂxlp=ﬂdtinhhlpnhluﬂm=mpm1hﬂ slope (dx/dr) at

e midpoint:
m, = flx(k))

m; ‘.f{-ﬂk]:* EW)

m = 1{x(6) + 5 fsti)

.t{k-!-l]'l[ﬁ.‘}-l-m!ﬂll.l'



‘\

x(k+1) based on x(k)
and slope at t + %!

slope at injtiad point, £t X, )




example

Consader two interacting tanks in series, shown in Figure 4.6, with outlet Bowrates that are a
function of the square root ol tnk height, Notice that the flow from task | 8 a function of
\"h ~ My whtlc: the flowrate owt of tank 2 15 a function of V h-\

2
F 1
The following modeling equations describe this system

'dhlq r F B‘ \.'h h i

—

“ & li("uvh:-ﬂj i L A4
dh, 2(" J ﬂ | B1 & fa
i Vi —hs = 32 Vi

——

dt l A




For the following purameter values:

ﬂZ.S 5 ftls
B.‘=2.5m =—\76-‘-mt‘u A.“5ﬂ2A2=]0ﬂ2

anl the mput: F =5 ft¥/min
the steady-state height values are:

by, =10 by, =6

i
=
Ty
-
-

!
o

dly
ki _Hl{hth;JJ= SV ]
dk [yt F— L
= Filtroir 0.25 Vh, — h, -

:.jll—L
x1
<
a




=

Since this system is sutonomous (0o cxplicit dependence on time), we can leave 1 out of the ar-
gumenls:

y T k). gy
™y = [ [m.m. hik)) .

Az -V
l filhy (k) + 5 my, k) + 5 "‘:lj‘!
m, =
: : A : VI
Lfi'(h'.'.k) t 5 iy k) + sy |

-

NI

ity [wn)] [h:(k)]”‘""

Let the initial conditions be h,(0) = 12 ft and Ay(0) = 7 fi. Also. let At = 0.2 minutes.
For k = 0, we find

1-05V12 3
m‘ = l — [-O.Ilm
025 V12-7- VA% 0.018955



= 3 02 3
[m(O)] LA A sk SIARE) umm
h{0) 7+ % (0.018955) 7“‘896
At 0.2

(0) + 5y = 12 + 5 (= 0.118034) = 11.988197 fo

ho(0) + 5-2‘—';",, -7+ 92-2- (0.018955) = 7.001896 fi

-f.(h (0) + mm.. hy(0) + Nm.,) = £,(11.988197, 7.001896)

= | - 0.5VIT.988197 - 7.001896 = ~ 0.116501

Az Ar

my, = /,( m(0) + 5 myy, hy(0) + 5 m ) = £(11.988197, 7.00189)

- ozsmnﬁ\m = 0018116

|



h(1) = kD) 4 my,&f = 12 + =0.116501 (0.2} = 11976700 1

h(1) = Af0) + mAr = 7 + Q0IR116 (0.2) = 7003623 fi

\

N«icclhuwlwnh, mh%hﬂwiaﬁo«nm&!muuhwﬁﬂeﬂ\a\b,h
bess thun h,, the flow ix from 2 to tank 1 (although this cannot occur at steady-state). Since
we have assigned a positive valoe 10 F| when the flow is from tank | to tank 2. then a negative
value of F, indscates the opposite flow, Care must be taken when solving this problem numeri-
cally, so that the square root of a negative number is not taken, For this purpose. the sign func-
Hon is wsed




LINEARIZATION OF NONLINEAR MODELS

Most chemical process models are nonlinear, but they are often linearized to perform a
stability analysis. Linear‘models are easier to understand (than nonlinear models) and are
necessary for most control system design methods.

A general single variable nonlinear model is:
—

dx
% =fix)

The function of a single variable, fix), can be approximated by a truncated Taylor series
approximation around the steady-state operating point (x,)

i o 1 &f
flry = flx) + 5| =)+ 535

(x - x,)* + higher order terms

i

Neglecting the quadratic and higher order terms, we obtain:

o) = fix) +

(x = X‘)

Note that:

By definition of steady state p-109



Where the | potation dffdr, is used to indicate the partial derivative of fix) with respect to x,
evaluated i the steady-state. Since the derivativeof a constant (x.) is zero, we can write:

NS N RN CE R N ENT N MY

E= dlx - &}

it dr
\ e

i TR i
; &rLix %)

The reason  for using the expression above is that we are often interested in deviations in a
state from | steady-state operating point. Sometimes the “ symbol is used to represent de-
viation var ablc°.s.|.—( = ¥ -1, |We can see that a deviatiop variable represents the change
Or perturbat {om (deviation] from & steady-state value,




Dne State Variable and One Input Variable

consider a function with one state vanable and one input vanab

dx

x = o = flxu)

u Tavlor Series Expansion tor fUx,u).
af

: af
= - oy |t o
b= ) + S| @ex)+ ] w-w
2] e R
ol o o IN ¥ 2. B o et =
2 ax® |nn, £ gxou |gu, (x = x,Mu ~ u,) 2 e | (u = u,)

+ higher order twerms



AU TPUERCHTINE TECT T HINCur e, we nave:

/

: + il
= Hx u -
: n‘i" ‘) X

/A

, (=)
i g

(¥ = xc) +

L

and realizing lhalh.g,.ug) = 0 and dyidt = dix ~ x Vdi;

(x—x,)-’-g'f-l (k- u)

LA, Au

dix-x) af
dt ax

Using deviation variables, X' = x~ x, and w' = u — -

x5 of

X'~
df ax |xn, Au

’

u
L

which can be written:

' dx’
=g X"+ by
dt

where o = dffdrx, and b = dfide x .,

If there is a single output that is a function of the states and inputs, then:

vy = glxu)



Again, performing a Tavlor series expansion and truncating the quadratic and higher
L€ TS,

o8
Jr— + | ———
(x-x,) 2

o8

gixu) =glx, o)+ (w-u,)

I &, A,

Since g(x, u,) 18 simply the steady-state value of the output (¥, ). we can write;

O
AT =X )+ =
K A TR EX)

ag
S { 4+
) g{xk u‘) &I

or
> A }'_¢= C{x -xl) +d{“-“:)

where ¢ = dg/dx, | and d = dgldu,

My
Using deviation notation:

YV =cx' +du



Consider a Nonlinear Tank Height Prollem

dh_F B

where h s the state variable, F is the input vanable, B and A are parameters. The nghthand side iy
£ Bl
h' -_ " e /
fihF) TR, A

Using a truncated Taylor series expansion, we find:

v | 4
Hh.ﬂ“[: E “"'",[F Fl-- HT,E].F:—.&TJ

| T ——— I T

The first term on the righthand side is zero, because the hinearization i about a steady-state
point, That is,

dh

, LV
- Vh =0

A

<5 B
o F A



We can now wrire

= sty Lip-p)

e E 2A\77f
and using deviation variable potation (A" = jr - hand o' = F— F ), and dropping the =
' @8t e o, a0l
dt °bw’§;" VA

For convenience (simplicsty in notation) we often drop the (") notation and assume that x and
are deviation variables (x=h~h, u=F - F.) and write:

P SN
o T T
which is in the state-space form

—=gagx+ bu
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Steam-Heated Stirred Tank

e Steam (or some other heating medium) can be condensed
within a coil or jacket to heat liquid in a stirred tank, and the
inlet steam pressure can be varied by adjusting a control
valve.

* The condensation pressure Ps then fixes the steam
temperature Ts through an appropriate thermodynamic
relation or from tabular information such as the steam tables

Iy, = fiPy)



* Consider the stirred-tank heating system with constant
holdup and a steam heating coil.

* We assume that the thermal capacitance of the liquic 7. _
condensate is negligible compared to the thermal o ]
capacitances of the tank liquid and the wall of the ]

heating coil. v
* This assumption is reasonable when a steam trap is (1
used to remove the condensate from the coil as it is 11111111
produced. Q
* As a result of this assumption, the dynamic model Heater

consists of energy balances on the liquid and the

heating coil wall:

dT
5t =
- d

art,,
MG dt

wC(T; — T) + hyA (T, — T)  (2-51)

hA(Ts — T) — hpAp(Ty, — T) (2-52)

E =3



* where the subscripts w, s, and p refer, respectively, to the wall
of the heating coil and to its steam and process sides.

* Note that these energy balances are similar to Eqs. 2-47 and 2-
48 for the electrically heated example. Copmpare

* The dynamic model contains three output variables (Ts, T, and
Tw) and three equations: an algebraic equation with Ts related
to Ps (a specified function of time or a constant) and two
differential equations. Thus,

* Egs. 2-50 through 2-52 constitute an exactly specified model
with three input variables: Ps, Ti, and w.

e Several important features are noted.



e 1. Usually hsAs >> hp-Ap, because the resistance to heat transfer on
the steam side of the coil is much lower than on the process side.

* 2. The change from electrical heating to steam heating increases the
complexity of the model (three equations instead of two) but does
not increase the model order (humber of first-order differential
equations).

* 3. As models become more complicated, the input and output
variables may be coupled through certain parameters.

* For example, hp may be a function of w, or hs may vary with the
steam condensation rate; sometimes algebraic equations cannot be
solved explicitly for a key variable.

* In this situation, numerical solution techniques have to be used.

e Usually, implicit algebraic equations must be solved by iterative
methods at each time step in the numerical integration.



Liquid Storage Systems

* A typical liquid storage process is shown in Fig. 2.5 where g; and g are
volumetric flow rates. A mass balance yields

d
CY) — pq; ~ og (2-53)

* Assume that liguid density p is constant and the tank is cylindrical
with cross-sectional area, A.

* Then the volume of liquid in the tank can be expressed as V = Ah,
where h is the liquid level (or head). Thus, (2-53) becomes

dah
AL =g 2.54



* Note that Eq. 2-54 appears to be a volume balance.

* There are three important variations of the liquid storage
process:

e 1. The inlet or outlet flow rates might be constant;

* for example, exit flow rate g might be kept constant by a
constant-speed, fixed-volume (metering) pump.

* An important consequence of this configuration is that #L. -
the exit flow rate is then completely independent of -
liquid level over a wide range of conditions.

* Consequently, § = g where g

Cross-sectional area = A

* is the steady-state value.

* For this situation, the tank operates essentially as a flow
integrator



* The tank exit line may function simply as a resistance to flow from the
tank (distributed along the entire line), or it may contain a valve that
provides significant resistance to flow at a single point.

* In the simplest case, the flow may be assumed to be linearly related
to the driving force, the liquid level, in analogy to Ohm's law for
electrical circuits (E = IR)

h = gR, (2-55)

 where Rv is the resistance of the line or valve.
e Rearranging (2-55) gives the following flow-head equation:

1
i = H—ﬁ {E-jﬁ:l



 Substituting (2-56) into (2-54) gives a first-order differential equation:

dh 1
A~ =g~ - h (2-57)

* This model of the liquid storage system exhibits dynamic behavior
similar to that of the stirred tank heating system of Eq. 2-36.

* 3. A more realistic expression for flow rate g can be obtained when a
fixed valve has been placed in the exit line and turbulent flow can be
assumed.

* The driving force for flow through the valve is the pressure drop AP:

AP =P - P, (2-58)



* where P is the pressure at the bottom of the tank and Pa is the
pressure at the end of the exit line.

* We assume that Pa is the ambient pressure.

* If the valve is considered to be an orifice, a mechanical energy
balance, or Bernoulli equation , can be used to derive the relation

P - P
g = iy . : (2-39)

 where Cv* is a constant. The value of Cv* depends on the particular
valve and the valve setting (how much it is open).

* The pressure P at the bottom of the tank is related to liquid level h by
a force balance og

Ec

P=P,+ 2k (2-60)



* where the acceleration of gravity g is constant.
 Substituting (2-59) and (2-60) into (2-54) yields the dynamic model

AT;T =g, — C,Vh (2-61)

A : - .
where C, = C,V g/g.. This model 15 nonlinear due to
the square root term.



The Continuous Stirred-Tank Reactor
(CSTR)

* Consider a simple liquid-phase, irreversible chemical reaction where
chemical species A reacts to form species B. The reaction can be
written as A—> B.

* We assume that the rate of reaction is first-order with respect to
component A,
r= kca (2-62)

* where ris the rate of reaction of A per unit volume, k is the reaction
rate constant (with units of reciprocal time), and cA is the molar
concentration of species A.

* For single-phase reactions, the rate constant is typically a strong
function of reaction temperature given by the Arrhenius relation,

k = kpexp(—E/RT) (2-63)



where kO is the frequency factor,
e Fis the activation energy,
* and R is the gas constant.

* The expressionsin (2-62) and (2-63) are based
on theoretical considerations, but model
parameters ko and E are usually determined by
fitting experimental data.

* Thus, these two equations can be considered
to be semi-empirical relations.

* The inlet stream consists of pure component A
with molar concentration, cai-

e A cooling coil is used to maintain the reaction
mixture at the desired operating temperature
by removing heat that is released in the
exothermic reaction.

Fure A

g Cap T

by

Cooling medium
at temperature
T,

Mixture of A and B
H_

g, €4, 4



* initial CSTR model development is based on three assumptions:
e 1. The CSTR is perfectly mixed.

* 2. The mass densities of the feed and product streams are equal and
constant. They are denoted by p.

* 3. The liquid volume V in the reactor is kept constant by an overflow line.

For these assumptions, the unsteady-state mass balance
for the CSTR 1s:

d
@Y) — pa; ~ bg (264

Because V and p are constant, (2-64) reduces to
q = g (2-63)

Thus, even though the inlet and outlet low rates may
change due to upstream or downstream conditions,



Eg. 2-65 must be satisfied at all imes. In Fig. 2.6, both
flow rates are denoted by the symbol 4.
For the stated assumptions, the unsteady-state com-

ponent balances for species A (in molar units) is
V== =glcai — ca) — Vkcy  (2-66)

This balance is a special case of the general component
balance in Eq. 2-7.

Next, we consider an unsteady-state energy balance
for the CSTR. But first we make five additional

assumptions;

4. The thermal capacitances of the coolant and the
cooling co1l wall are neghgible compared to the
thermal capacitance of the liquid in the tank.



5. All of the coolant is at a uniform temperature, T..
(That 1s, the increase in coolant temperature as
the coolant passes through the coil 1s neglected.)

6. The rate of heat transfer from the reactor con-
tents to the coolant 1s given by

Q= UA(T, — T) (2-67)

where {715 the overall heat transfer coefficient and
A 18 the heat transfer arca. Both of these model
parameters are assumed to be constant.

7. The enthalpy change associated with the mixing of
the feed and the liquid in the tank 1s neghgible com-
pared with the enthalpy change for the chemical
reaction. In other words, the heat of mixing 1s neg-
ligible compared to the heat of reaction.



8. Shaft work and heat losses to the ambient can be
neglected.

The following form of the CSTR energy balance is
convenient for analysis and can be derived from Eqs.
2-62 and 2-63 and Assumptions 1-8 (Fogler, 2006;
Russell and Denn, 1972),

VoC L — WC(T; — T) + (—AHp) Ve,

dt
+ UA(T. — T) (2-68)

where AH g 18 the heat of reaction per mole of A that 1s
reacted.



Staged Systems (a Three-Stage Absorber)

* Chemical processes, particularly separation processes, often consist of a
sequence of stages. In each stage, materials are brought into intimate
contact to obtain (or approach) equilibrium between the individual
phases. The most important examples of staged processes include
distillation, absorption, and extraction.

* The stages are usually arranged as a cascade with immiscible or partially
miscible materials (the separate phases) flowing either cocurrently or
countercurrently. Countercurrent contacting, shown in Fig. usually
permits the highest degree of separation to be attained in a fixed
number of stages

Feed ] ——= = . e = Product 1

Froduct & —se— - — - e Foed 2
atage 1 atage otage n




* The feeds to staged systems may be introduced at each end of the
process, as in absorption units, or a single feed may be introduced at
a middle stage, as is usually the case with distillation.

* The stages may be physically connected in either a vertical or
horizontal configuration, depending on how the materials are
transported, that is, whether pumps are used between stages, and so
forth.

e we consider a gas-liquid absorption process, because its dynamics
are somewhat simpler to develop than those of distillation and
extraction processes. At the same time, it illustrates the
characteristics of more complicated countercurrent staged processes.



* For the three-stage absorption unit shown
in Fig. a gas phase is introduced at the
bottom (molar flow rate G) and a single
component is to be absorbed into a liquid
phase introduced at the top (molar flow
rate L, flowing countercurrently).

* A practical example of such a process is
the removal of sulfur dioxide (S02) from
combustion gas by use of a liquid
absorbent. The gas passes up through the
perforated (sieve) trays and contacts the
liquid cascading down through them.

Stage 3

Stage 2

Stage 1




* series of weirs and down comers typically are used to retain a
significant holdup of liguid on each stage while forcing the gas to flow
upward through the perforations.

* Because of intimate mixing, we can assume that the component to be
absorbed is in equilibrium between the gas and liquid streams leaving
each stage i.

e a simple linear relation is often assumed.
* For stage |

v, =ax;+ b (2-70)

where y; and x; denote gas and higuid concentrations of
the absorbed component. Assuming constant ligud



holdup H and perfect mixing on each stage, and ne-
glecting the holdup of gas, the component material bal-
ance [or any stage [ 18

-L'i'II'
H e G(yi—1 — vi) + Lixie — x;)  (2-71)

In Eq. 2-71 we also assume that molar liguid and gas
flow rates L and G are unaffected by the absorption,
because changes In concentration of the absorbed
component are small, and L and G are approximately
constant. Substituting Eq. 2-70 into Eq. 2-71 yields

ix:
H?; = aGxj_y — (L + aG)x; + Lxj4q (2-72)
why >—=Ihviding by L and substituting v = H/L (the stage hquid
residence time), & = aG/L (the stripping factor), and
K = G/L (the gas-to-liqud ratio), the following model
1s obtained for the three-stage absorber:



dxy

TE - E(yf — b:l — {1 — 5} x1 + x» {1-73]
dx

TTE = 51 — (1 + 8)xy + X3 (2-74)
dx

Td—f = 505 — (1 + 8)x3 + x (2-75)

In the model of (2-73) to (2-75) note that the individ-
ual equations are linear but also coupled, meaning
that each output variable —x;, x», x3—appears in more
than one equation. This feature can make it difficult
to convert these three equations into a single higher-
order equation in one of the outputs, as was done in

Eq. 2-49.



Distributed Parameter Systems
(the Double-Pipe Heat Exchanger)

* All of the process models discussed up to this point have been of the
lumped parameter type, meaning that any dependent variable can be
assumed to be a function only of time and not of spatial position.

* For the stirred tank systems discussed earlier, we assumed that any
spatial variations of the temperature or concentration within the

liquid could be neglected.
* Perfect mixing in each stage was also assumed for the absorber.

* Even when perfect mixing cannot be assumed, a lumped or average
temperature may be taken as representative of the tank contents to

simplify the process model.



* While lumped parameter models are normally used to describe
processes, many important process units are inherently distributed
parameter; that is, the output variables are functions of both time
and position.

* Hence, their process models contain one or more partial differential
equations. Pertinent examples include shell-and-tube heat
exchangers, packed-bed reactors, packed columns, and long pipelines
carrying compressible gases.

* In each of these cases, the output variables are a function of distance
down the tube (pipe), height in the bed (column), or some other
measure of location.

* In some cases, two or even three spatial variables may be considered;
for example, concentration and temperature in a tubular reactor may
depend on both axial and radial positions, as well as time.



Figure shown illustrates a double-pipe heat Steam

exchanger where a fluid flowing through the T,
inside tube with velocity v is heated by steam l
condensing in the outer tube. | ¥ 1

If the fluid is assumed to be in plug flow, the

temperature of the liquid is expressed as T_L{Z, T

t) where z denotes distance from the fluid inlet. .
— —

The fluid heating process is truly distributed AL Tl 1)

parameter; at an¥_ instant in time there is a
temperature profile along the inside tube.

The steam condensation, on the other hand, 1 11
might justifiably be treated as a lumped 1
process, because the steam temperature Ts(t) T,
can be assumed to be a function of the Condensate

condensation pressure, itself presumably a
function only of time and not a function of
position.

We also assume that the wall temperature T
w(Z, t) is different from TL and Ts due to the
thermal capacitance and resistances.



* In developing a model for this process, assume that the liquid enters
at temperature T L(O, t)-thatis, at z=0.

* Heat transfer coefficients (steam-to-wall hs and wall-to liquid hL) can
be used to approximate the energy transfer processes.

* We neglect the effects of axial energy conduction, the resistance to
heat transfer within the metal wall, and the thermal capacitance of
the steam condensate.

e A distributed parameter model for the heat exchanger can be derived
by applying Eq. 2-8 over a differential tube length Az of the exchanger.
In such a shell energy balance, the partial differential equation is
obtained by taking the limit as Az -0.

e Using the conservation law, Eq. 2-8, the following PDE results

Fohp ATy — 1) (2-76)



where the following parameters are constant: p; = liguid
density, Cy = liquid heat capacity, §; = cross-sectional
area for hqmd flow, k; = hquid heat transfer coefficient,
and A; = wall heat transfer area of the liquid. This equa-
fion can be rearranged to vield

T, aTy
=V e +T (Tu—Tr) (277

where Ty = ppCr S5/ hp Ar has units of time and 1s
called the charactenstic ime for heating of the hgud.
An energy balance for the wall gives

afy,

PuwCwSy “at hA(Ts — Tyy) — hpAp (T — T1)

(2-78)



where the parameters associated with the wall are de-
noted by subscript w and the steam-side transport para-
meters are denoted by subscript 5. Because T, depends
on Ty, 1t 15 also a function of time and position, T,(z, ). T
15 a function only of time, as noted above. Equation 2-78

can be rearranged as
o, 1 ... .. 1 ... ..
At — Tow I:f.!i' ! w] Tl [Iw ! !.} {2'?9}

where

ﬂw{:lwsw '
Taw .IIIJ,.:'-'I& dn Twl. hLAL { Eﬂ}
are charactenistic times for the thermal transport

processes between the steam and the wall and the wall
and the liguid, respectively.




* To be able to solve Eqgs. 2-77 and 2-79, boundary conditions for both 7. and
Twat time t = 0 are required.

* Assume that the system initially is at steady state (97T./9 t= 9Tw/a't = 0;
Ts(0) is known).

* The steady state profile, h(z, 0), can be obtained by integrating Eq. 2-77
with respect to z simultaneously with solving the steady-state version of
Eq. 2-79, an algebraic expression.

* Note that the steady-state version of (2-77) is an ODE in z, with Ti(0, 0) as
the boundary condition.

* Tw(Z, 0) is found algebraically from Ts and Ti(z, 0).



With the initial and boundary conditions completely
determined, the variations in 75 (z, t) and T,,(z, t) result-
ing from a change in the inputs, Ty(¢) or T;(0, t), can now
be obtained by solving Egs. 2-77 and 2-79 simultane-
ously using an analytical approach or a numerical proce-
dure (Hanna and Sandall, 1995). Because analytical
methods can be used only in special cases, we 1llustrate a
numerical procedure here. A numerical approach invari-
ably requires that either z, ¢, or both z and ¢ be dis-
cretized. Here we use a finite difference approximation
to convert the PDEs to ODEs. Although numerically
less efficient than other techniques such as those based
on weighted residuals (Chapra and Canale, 2010), finite
difference methods yield more physical insight into both
the method and the result of physical lumping.



To obtain ODE models with time as the independent
variable, the z dependence 1s elimmated by discretization.
In Fig. 2.12 the double-pipe heat exchanger has been re-
drawn with a set of grid lines to indicate points at which
the liquid and wall temperatures will be evaluated. We
now rewrite Eqgs. 2-77 and 2-79 in terms of the hquid
and wall temperatures 77(0), T;(1), ..., Ty (N) and
r,(0), T,(1),..., T,(N). Utilizing the backward differ-
ence approximation for the derivative a1 /az yields

afy  Tp()—Te(j—1)

07 : Az (2-81)
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Figure 2.12 Finite-difference approximations for double-pipe
heat exchanger.



where T (j) is the liquid temperature at the jth node (dis-
cretization point). Substituting Eq. 2-81 into Eq. 2-77, the
equation for the jth node is

a1 (j) _ _ TG) — TG~ 1)
dt Az
1 ‘ .
o ) = TL(DIG = 1., N) (2-82)

The boundary condition at z = () becomes
T:(0,1) = Tg(1) (2-83)

where T(1) is a specified forcing (input) function. Re-
arranging Eq. 2-82 yields



ary(jy v ... _(L L)
i Az Ip(j—1) Az + = I(7)

| U ]
oy ) U= 1....N) (2-84)

Similarly, for the wall equation,

dT;::J} _ (L + L) i)+ LTL“}

Tow Twl Twl,

FTG) (= L) (2-85)

Tew



Note that Egs. 2-84 and 2-85 represent 2NV linear
ordinary differential equations for N ligud and N wall
temperatures. There are a number of anomalies associ-
ated with this simplified approach compared to the
original PDEs. For example, it is clear that heat trans-
er from steam to wall to liquid 15 not accounted for at
the zeroth node (the entrance), but is accounted for at
all other nodes. Also, a detailed analysis of the discrete
model will show that the steady-state relations between
Ip(j) and either input, T, or T'g, are a function of the
number of grid points and thus the grid spacing, Az.
The discrepancy can be minmimized by making N
large, that is, Az small, The lowest-order model for
this system that retains some distributed nature would
be for N = 2. In this case, four equations result:



El'TLI W ('I..’ 1 ) 1
—Te(t) ~ | —+— | Ty +—T,
di Az F() Az ) Y g W
(2-86)
dlyz v (v 1 ) 1
— =Ty — - Tgo+—T
it Ar L1 Az THLI. THI Wi
(2-87)
dT (1 1) 1 1
— M= | 4= | Ty +—— Ty +— Tt
7 i 1% Bl 7 ol1)
(2-88)
dT, (1 1) 1 1
=—|— + =— T+ — T +—Tit
dt Tsw Tl we Twl L2 Tow E(}
(2-89)

where the node number has been denoted by the second
subscript on the output variables to simplily the notation.
Equations 2-86 to 2-89 are coupled, linear, ordinary
differential equations.
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Pneumatic Actuating Valves

One characteristic of pneumatic controls is that they almost
exclusively employ pneumatic actuating valves.

A pneumatic actuating valve can provide a large power output.
(Since a pneumatic actuator requires a large power input to
produce a large power output, it is necessary that a sufficient
guantity of pressurized air be available.)

In practical pneumatic actuating valves, the valve characteristics
may not be linear; that is, the flow may not be directly proportional
to the valve stem position, and also there may be other nonlinear
effects, such as hysteresis.

Consider the schematic diagram of a pneumatic actuating valve
shown next, assume that the area of the diaphragm is A. Assume
also that when the actuating error is zero the control pressure is
equal to Pc and the valve displacement is equal to X.



Pneumatic Actuating Valves
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Pneumatic Actuating Valves

e consider small variations in the variables and
linearize the pneumatic actuating valve.

e define the small variation in the control pressure
and the corresponding valve displacement to be
pc and x, respectively.

* Since a small change in the pneumatic pressure
force applied to the diaphragm repositions the
load, consisting of the spring, viscous friction, and
mass, the force balance equation becomes



Pneumatic Actuating Valves

Ap. = mX + bx + kx

where m = mass of the valve and valve stem
b = wiscous-friction coefficient
k = spring constant

If the force due to the mass and viscous friction are negligibly small, then this last equa-
tion can be simplified to

Ap. = kx
The transfer function between x and p, thus becomes

X(s) A
sy kK




Pneumatic Actuating Valves

where X (s} = #[x]and P.(s) = ¥ p.|. I ,, the change in flow through the pneumatic
actuating valve, is proportional to x, the change 1n the valve-stem displacement, then
X{s) 7

where O;(s) = E[q,-] and K, is a constant. The transfer function between g; and p,
becomes

where K, 1s a constant.



Pneumatic Actuating Valves

The standard control pressure for this kind of a pneumatic actuating
valve is between 3 and 15 psig.

The valve-stem displacement is limited by the allowable stroke of
the diaphragm and is only a few inches. If a longer stroke is needed,
a piston-spring combination may be employed.

In pneumatic actuating valves, the static-friction force must be
limited to a low value so that excessive hysteresis does not result.

Because of the compressibility of air, the control action may not be
positive; that is, an error may exist in the valve-stem position.

The use of a valve positioner results in improvements in the
performance of a pneumatic actuating valve.




Basic Principle for Obtaining Derivative

Control Action.
methods for obtaining derivative

control action. R(s) @ o Cs)

* The basic principle for ‘
generating a desired control
action is to insert the inverse
of the desired transfer
function in the feedback path.

* For the system shown, the
closed-loop transfer function is
C(s) G(s)
R(s) 1+ G(s)H(s)

H(5) |rtime—




If |G(s)H(s)|  1,then C(s)/R(s) can be modified to

C[E) - 1
R(s) H(s)

Thus, if proportional-plus-derivative control action is desired, we insert an element
having the transfer function 1/{7's + 1) in the feedback path.

Explain Why ?



* Considering small changes in the variables, we can
draw a block diagram of this controller as shown

€ -

P.(s)

X4x = Yo b X(s)

Py — - _ _;T a+b

, b
i ‘/ ;
- { a+b k_g

P',:+pﬂ/r Flg 1

 What is the type of this controller ?

* We shall now show that the addition of a restriction in
the negative feedback path will modify the
proportional controller to a proportional-plus-
derivative controller, or a PD controller.
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Assuming again small changes in the actuating error, nozzle-flapper distance,
and control pressure, we can summarize the operation of this controller as
follows:

Let us first assume a small step change in e. Then the change in the control
pressure pc will be instantaneous. The restriction R will momentarily prevent
the feedback bellows from sensing the pressure change pc.



Thus the feedback bellows will not respond momentarily, and the
pneumatic actuating valve will feel the full effect of the movement
of the flapper. As time goes on, the feedback bellows will expand.
The change in the nozzle-flapper distance x and the change in the
control pressure pc can be plotted against time t, as shown in Figure

(b).

At steady state, the feedback bellows acts like an ordinary feedback
mechanism. The curve pc versus t clearly shows that this controller
is of the proportional plus-derivative type. (why ?)

A block diagram corresponding to this pneumatic controller is
shown in Figure (c). In the block diagram, K is a constant, A is the
area of the bellows, and ks is the equivalent spring constant of the
bellows.

The transfer function between pc and e can be obtained from the
block diagram as follows: b
Bls) _ atb

E(s) {4 Ka A 1
- a+ bk, RCs +1

K




In such a controller the loop gain |[KaA/| (a + b)k,(RCs + 1)]| is made much greater
than unity. Thus the transfer function P_(s)/E(s) can be simplified to give

F.(s)
E(s)

= K,(1 + Tys)
where
B bk,

) ==+ Ti=RC

Gived detailed derivative of the equation

Thus, delayed negative feedback, or the transfer function
I/(RCs +1) in the feedback path, modifies the proportional
controller to a proportional-plus-derivative controller.

Note that if the feedback valve is fully opened the control
action becomes proportional.

If the feedback valve is fully closed, the control action becomes
narrow-band proportional (on-off).




Fig. 3 Pneumatic Proportional plus integral controller
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Obtaining Pneumatic Proportional-Plus-Integral Control Action. Consider
the proportional controller shown in Figure 1 [a). Considering small changes in the
variables, we can show that the addition of delayed positive feedback will modify this
proportional controller to a proportional*plus-integral controller, or a PI controller.

Consider the pneumatic controller shown in Figure 3 (a). The operation of this
controller is as follows: The bellows denoted by I 1s connected to the control pressure
source without any restriction. The bellows denoted by II 1s connected to the control pres-
sure source through a restriction. Let us assume a small step change 1n the actuating
error. This will cause the back pressure in the nozzle to change instantaneously. Thus a
change in the control pressure p, also occurs instantaneously. Due to the restriction of
the valve in the path to bellows II, there will be a pressure drop across the valve. As
time goes on, air will flow across the valve in such a way that the change in pressure in
bellows II attains the value p,. Thus bellows II will expand or contract as time elapses
in such a way as to move the flapper an additional amount in the direction of the orig-
inal displacement e. This will cause the back pressure p, in the nozzle to change contin-

uously, as shown in Figure - 3 i(b).



Note that the integral control action in the controller takes the form of slowly
canceling the feedback that the proportional control originally provided.

ES) [ X(s) F(s)
Pﬂ+b o - K - T ———
L ]
RCs + 1
I
a+bh K
b
K
P(s) _ a+tb
E(s) Ka A ( ] )
1+ - _
a+ bk, RCs + 1

where K is a constant, A is the area of the bellows, and k, is the equivalent spring constant
of the combined bellows. If [ KaARCs/[(a + b)k,(RCs + 1)]| > 1, which is usually the
case, the transfer function can be simplified to |

'Z_‘S; = Kp(l + %&—)

where

o

- k
K =

—1 T = RC
PaA’

i



Obtaining Pneumatic Proportional-Plus-Integral-Plus-Derivative Control
Action. A combination of the pneumatic controllers shown in Figures 2 (a) and
3 (a) yields a nroportional-plus-integral-plus-derivative controller, or a PID con-
troller. Figure 4 i(a) shows a schematic diagram of such a controller. Figure 4 (b)
shows a block diagram of this controller under the assumptmn of small variations in the
variables.
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El(s) b Als) F.(s)
- -t
a+ b
g A
a+b k
. Fig. 4-b
The transfer function of this controller is
DK
Pc(sj _ a+ b
E(s) Ka A (RC - RC)s
1+ —
a+ bk, (R,Cs+ 1)(RCs + 1)
By defining

I, = R,C, Ty = RyC



and noting that under normal operation |KaA(T; = T,)s/| (a + b)k(Tys + 1 )(Tis +1) || 1
and T; > T,, we obtain

F.(s) | bk, (Tys + 1)(Tis + 1)
E(s) ~ aA (T; = T,)s

bk, T,T;s* + Tys + 1
T aA I:s

1
_K(l TS+THS)

where




HYDRAULIC SYSTEMS

The widespread use of hydraulic circuitry in machine tool applications,
aircraft control systems, and similar operations occurs because of such
factors as positiveness, accuracy, flexibility, high horsepower-to-weight
ratio, fast starting, stopping, and reversal with smoothness and precision,
and simplicity of operations.

The operating pressure in hydraulic systems is somewhere between 145
and 5000 Ibf/in.2 (between 1 and 35 MPa). In some special applications,
the operating pressure may go up to 10,000 Ibt/in. 2 (70 MPa).

For the same power requirement, the weight and size of the hydraulic unit
can be made smaller by increasing the supply pressure. With high-
pressure hydraulic systems, very large force can be obtained.

Rapid-acting, accurate positioning of heavy loads is possible with
hydraulic systems. A combination of electronic and hydraulic systems is
widely used because it combines the advantages of both electronic control
and hydraulic power.



HYDRAULIC SYSTEMS

e Advantages and Disadvantages of Hydraulic Systems.
 Some of the advantages are the following:

e 1. Hydraulic fluid acts as a lubricant, in addition to carrying away
heat generated in the system to a convenient heat exchanger.

e 2. Comparatively small sized hydraulic actuators can develop large
forces or torques.

* 3. Hydraulic actuators have a higher speed of response with fast
starts, stops, and speed reversals.

e 4. Hydraulic actuators can be operated under continuous,
intermittent, reversing, and stalled conditions without damage.

e 5. Availability of both linear and rotary actuators gives flexibility in
design.

* 6. Because of low leakages in hydraulic actuators, speed drop when
loads are applied is small.



HYDRAULIC SYSTEMS

* On the other hand, several disadvantages tend to limit their use.
e 1. Hydraulic power is not readily available compared to electric power.

e 2. Cost of a hydraulic system may be higher than a comparable electrical system
performing a similar function.

e 3. Fire and explosion hazards exist unless fire-resistant fluids are used.

* 4. Because it is difficult to maintain a hydraulic system that is free from leaks, the
system tends to be messy.

* 5. Contaminated oil may cause failure in the proper functioning of a hydraulic
system.

* 6. As aresult of the nonlinear and other complex characteristics involved, the
design of sophisticated hydraulic systems is quite involved.

e 7. Hydraulic circuits have generally poor damping characteristics. If a hydraulic
circuit is not designed properly, some unstable phenomena may occur or
disappear, depending on the operating condition.

Note that most hydraulic systems are nonlinear. Sometimes, however, it is possible

to linearize nonlinear systems so as to reduce their complexity and permit solutions
that are sufficiently accurate for most purposes.



Hydraulic Servo System

* Figure below shows a hydraulic servomotor.

* Itis essentially a pilot-valve-controlled hydraulic power
amplifier and actuator.

 The pilot valve is a balanced valve, in the sense that the
pressure forces acting on it are all balanced.

 Avery large power output can be controlled by a pilot

valve, which can be positioned with very little power.
In practice, the ports shown

often made wider than the
corresponding valves. In
such a case, always leakage
through the valvesthere is,
which improves both the
sensitivity and the linearity y—>=o
of the hydraulic servomotor




* Let us define the valve orifice areas of ports
1,2,3,4 as Al, A2, A3, A4, respectively. Also,
define the flow rates through ports 1,2,3,4 as
ql, g2, g3, g4, respectively.

* valve is symmetrical, A1 = A3 and A2 = A4.
Assuming the displacement x to be small,we

obtain
|

Y X y § '

A=A, =kl = + x| 0x ' m,
[ 3 I'.l_ E __,l' _.I"'; 2
'\.lﬁ II: :l:h
. )

o 1]l 2o

where k is a constant.



 Furthermore, we shall assume that the return
pressure po in the return line is small and thus
can be neglected. Then flow rates through
valve orifices are

[
2g X
g1 = €14, 'II“"{Pv F]z{:l"'P:_Pl(_u-l_-r)
Yoy _ 2
2g X
g2 = €Az 'II"‘{F-r FEJ=E:¥P:_P2(_D—I)
N oy 2
2g X —(x
4 = fl-‘lwx? (P2 = po) = CiVps — pu(f + xj =V (Eﬂ - x)
| P
2 X X
Ha = '“2":141.,4."'?3 (Fl - Pﬂ] = LV~ FI}(ED - I) = Cg\fﬁ(f — I)

where C; = ¢ kV2g/yand C; = cokV2g/y, and v is the specific weight and is given by
v = pg, where p is mass density and g is the acceleration of gravity. The flow rate g to
the left-hand side of the power piston is



1 X \ x
ﬁa’z'-?l_fh:{fﬁ’!}s_ﬂl('i'u""lj_EEVE(EU_I)

The flow rate from the right-hand side of the power pision to the drain is the same as
this g and is given by '

— X X
1 e V(2 5) - e (2 -

In the present analysis we assume that the fluid is incompressible. Since the valve is
symmetrical we have g, = g; and g, = g,. By equating g; and g5, we obtain

P: = P = B
ar

P5=F1+PE

If we define the pressure difference across the power piston as Ap or
Ap=p — P
then

_ptAp _ P~ Ap
F"l - 1 5 Pﬂ 2



For the symmetrical valve shown 1n Figure '(a), the pressure in each side of the
power piston is (1,/2)p, when no load is applied, or Ap = (. As the spool valve is dis-
placed, the pressure in one line increases as the pressure in the other line decreases by
the same amount.

In terms of p, and A p, we can rewrite the flow rate g

p; — Ap p, + Ap [ x
ema C"wﬂ 2 (z“‘j"’:ﬁ! 5 (;_I)

Moting that the supply pressure p, is constant. the flow rate g can be written as a func-
tion of the valve displacemeﬂt x and pressure difference Ap, or

(I'J ) [Ps T Ap (x ( !
= (E -Gy | 2 - = A
By applying the linearization technique | to this case, the lin-

earized equation about point x = X, Ap = Ap, g = §1s

q =4 =alx—Xx)+ b(Ap—A4p) -



where

g = f(X, Aq)
_ af _ PPy L .ﬁ , Py + ﬁ
= o - P T e
X =3 Ap=Ap 2
d G
E:—:E' = [ (I‘]-I-I:)
ﬂﬂP =%, Ap=Ap 211.-’(2 O ﬁp
C; { Xy _):[
— - X =< 0
T ONAVp. T BB\ 2
Coefficients a and b here are called valve coefficients. Equation ( * ) is a linearized

mathematical model of the spool valve near an operating pointx = ¥, Ap = Ap,q = §.
The values of valve coefficients a and b vary with the operating point. Note that af /dA p
is negative and so b is negative.

Since the normal operating point is the point where X = 0, Ap = 0,4 = 0, near the
normal operating point, Equation * becomes



where




Apdy = g dt

Notice that for a given flow rate g the larger the piston area A is, the lower will be the
velocity dy/di. Hence, if the piston area A is made smaller, the other variables re-
maining constant, the velocity dy/dr will become higher. Also, an increased flow rate g
will cause an increased velocity of the power piston and will make the response time

shorter.

AP =LK - 4 d*“)
Egt_ > Pdrf

The force developed by the power piston is equal to the pressure difference AP times
the piston area A or

Force developed by the power piston = A AP

Al dy
K\ e p-’-'ff;J

For a given maximum force, if the pressure difference is sufficiently high, the
piston area, or the volume of oil in the cylinder, can be made small.
Consequently, to minimize the weight of the controller, we must make the

supply pressure sufficiently high.



* Assume that the power piston moves a load
consisting of a mass and viscous friction.

* Then the force developed by the power piston
is applied to the load mass and friction, and
we obtain

A
my + by = X, (Kix — Apy)
* Or
) Ap\ . AK
my + b+?1 _}':?E.E

where m is the mass of the load and b is the viscous-
friction coefficient.



* Assuming that the pilot valve displacement x is
the input and the power piston displacement y
is the output, we find that the transfer function
for the hydraulic servomotor is, from Equation

Y(s) _ 1
X(s) S[(mKI)S L Ap}
Aﬁ:.l AKI ‘ﬁ:l
_ K
5(Ts + 1}
where
K = ! d T i
bk, Ap bK, + Ap

AK, K,



mK,/(bK;, + A’p) is negligibly small or the time constant T is negligible, the transfer
function ¥ {s)/X (s) can be simplified to give
Yis) K

X(s) s

It is noted that a more detailed analysis shows that if oil leakage, compressibility
(including the effects of dissolved air), expansion of pipelines, and the likes are taken into
constderation, the transfer function becomes

Yis) _ K
X(s) s(Ts+ 'l}l,':’.]"gs + 1)

where 77 and T are time constants. As a matter of fact, these time constants depend on
the volume of oil in the operating circuit. The smaller the volume, the smaller the time

constants,




Hydraulic Inteqral Controller.
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In the hydraulic servomotor shown the pilot valve (a fnur—way valve)
has two lands on the spool. If the width of the land is smaller than the port in the valve
sleeve, the valve is said to be underlapped. Overlapped valves have a land width greater
than the port width. A zero-lapped valve has a land width that is identical to the port
width. (If the pilot valve is a zero-lapped valve, analyses of hydraulic servomotors become
simpler.)




In the present analysis, we assume that hydraulic fluid is incompressible and that the
inertia force of the power piston and load is negligible compared to the hydraulic force
at the power piston. We also assume that the pilot valve is a zero-lapped valve, and the
oil flow rate is proportional to the pilot valve displacement.

Qperation of this hydraulic servomotor is as follows. If input x moves the pilot valve
to the right, port II is uncovered, and so high-pressure oil enters the right-hand side of
the power piston. Since port I is connected, to the drain port, the oil in the left-hand
side of the power piston is returned to the drain. The oil flowing into the power cylin-
der 1s at high pressure; the oil flowing out from the power cylinder into the drain is at
low pressure. The resulting difference in pressure on both sides of the power piston will
cause it to move to the left.

Note that the rate of flow of o1l g(kg/sec) times dt (sec) is equal to the power piston
displacement dy(m) times the piston area A(m?) times the density of oil p(kg/m?>).
Therefore,

Apdy = g dt

Because of the assumption that the o1l flow rate g is proportional to the pilot valve
displacement x, we have

= K_II

where K, is a positive constant. .



dy
Ap = K x

The Laplace transform of this last equation, assuming a zero initial condition, gives

ApsY(s) = K, X ()
Y(s) K, K

X(s) Aps T s

Chil

where K = K].-"EAP] under
T
LI

I 11

Hydraulic Proportional Controller.

b

—

L
—1|

servomotor can be modified to a pro-

pu'rtiﬂna] controller by means of a feedback link.
The left-hand side of the pilot valve 1s joined to the left-hand

side of the power piston by a link ABC . This link 1s a floating link rather than one mov-

ing about a fixed pivot.



‘Lhe controller here operates 1n the rollowing way. 1T input e moves the pilot valve to
the right, port II will be uncovered and high-pressure oil will flow through port 11 into
the right-hand side of the power piston and torce this piston to the left. The power pis-
ton, in moving to the left, will carry the feedback link ABC with it, thereby moving the
pilot valve to the left. This action continues until the pilot piston again covers ports I and

II.



b_K
Y(s) a+bs
E(s) 1+E a

sa+b

Noting that under the normal operating conditions we have [Ka/|s(a + b)|| = 1, this
last equation can be simplified to

E(x) Hs)

+|o
(%
ta | 2

a+ b




Dashpots. damper’

differentiating element. Suppose that we introduce a step displacement to the piston
position y. Then the displacement z becomes equal to y momentarily, Because of the
spring force, however, the oil will flow through the resistance R and the cylinder will
come back to the original position. The curves y versus ¢ and z versus ¢ are shown in

-1




Let us derive the transfer function between the displacement z and displacement y.
Define the pressures existing on the right and left sides of the piston as P (1b;/ in.%) and
P (lb;/in.?), respectively. Suppose that the inertia force involved is negligible. Then the
force acting on the piston must balance the spring force. Thus

AP = B) = kz

where A = piston area, in.”
k = spring constant, lb;/in.

The flow rate g is given by P o~ P
1 12

q = _
R
where g = flow rate through the restriction, 1b/sec
R = resistance to flow at the restriction, Ibi-sec/in.*-1b




Since the flow through the restriction during dr seconds must equal the change in the
mass of oil to the left of the piston during the same df seconds, we obtain

g dr = Ap(dy — dz)

where p = density,Ib/in.’, {We assume that the fluid is incompressible or p = constant.)
This last equation can be rewritten as

dy  dz g P - Fg kz

e T —

it dt  Ap  RAp  RA%p

¥(s) 2(s)




Or
dy d: kz
}-

dt dt RA%p

Taking the Laplace transforms of both sides of this last equation, assuming zero initial
conditions, we obtain

sYi(s) = sZ(5) +

Z(5)
R.-flzp

The transfer function of this system thus becomes
Z(s) s
Yis) ‘4 k
RAp
Let us define RA%p/k = T.(Note that RA%p/k has the dimension of time.) Then
Z(s) Ts 1

Y(s) Ts+1 1

1 +—
Ts



Obtaining Hydraulic Proportional-Plus-Integral Control Action.
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In such a controller, under normal operation |KaT'/ [{u + b)(Ts + 1]]| = 1, with the

result that
Yis) _ ( 1)
E(s) Kol 1 Tis

where

to

[N
qdt = pA dz jj;l[\i@_? ‘: <

-Density of oil = p
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E{s) B Ais) K E:l

a + b 3
[

a+b Tet+1

transfer function ¥ (s)/E(s) can be obtained as
b K

B e—

Yis) a+ b 5

o

E(s) a K 1
1+u+b s Ts+1

Under normal operation we have |aK/[(a + b)s(Ts + 1)]| = 1. Hence
Yis) _
E(s) 7

(1 + Ts)

where




If the two dashpots are identical, the transfer function Z{s) /Y (5) can be obtained as
follows:

Z(s) T,s
Y(s) TiTs®+ (T, + 2T)s + 1
(For the derivation of this transfer function, refer to Problem A-4-12.)
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E(s) b Xix) ¥is)

a+b 5
£(5) -
i .!1| 5
a+b | T heiT+ihpel
A block diagram for this system is shown in Figure « . The transfer function
Y(s)/E(s) can be obtained as '

K
Yis) b §
E(s) a+b a K Iys

1+ — :
a+bs \Ths*+ (T, + 2T)s + 1

Under normal operation of the system we have
a K Iis

— = 1
a + E} & T]_TESE + [:T: -+ EE}S' = ]_
Hence
Y(s) bpTTos% + (T, +2T)s + 1
E(s}) a s
K,
=K, + — +
K, S K;s
where
T + 2T
kbTLH2L b1 L by

£oa T, aT’ a



THERMAL SYSTEMS

Thermal systems are those that involve the transfer of heat from one substance to
another. Thermal systems mayv be analvzed in terms of resistance and capacitance,
although the thermal capacitance and thermal resistance may not be represented
accurately as lumped parameters since they are usually distributed throughout the sub-
stance. For precise analysis, distributed-parameter models must be used. Here, however,
to simplify the analysis we shall assume that a thermal system can be represented by a
lumped-parameter model, that substances that are characterized by resistance to heat
flow have negligible heat capacitance, and that substances that are characterized by heat
capacitance have negligible resistance to heat flow,

There are three different ways heat can flow from one substance to another: con-
duction, convection, and radiation. Here we consider only conduction and convection.
(Radiation heat transfer is appreciable only if the temperature of the emitter is very

high compared to that of the receiver. Most thermal processes in process control systems
do not involve radiation heat transfer,)
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For conduction or convection heat transfer,
g = K A0

where g = heat flow rate, kecal /sec
Af = temperature difference, "C
K = coefficient, keal/sec "C

The coefficient K 15 given by

kA
K= - '
A’ for conduction
= HA, for convection

where k& = thermal conductivity, kcal/m sec "C
A = area normal to heat flow, m?
AX = thickness of conductor, m
H = convection coefficient, keal/m® sec °C



Thermal Resistance and Thermal Capacitance. The thermal resistance R for
heat transfer between two substances may be defined as follows:

change in temperature difference, *C

change in heat flow rate, kecal/sec

The thermal resistance for conduction or convection heat transfer is given by
d(Ag) 1

—

g K

Since the thermal conductivity and convection coefficients are almost constant, the
thermal resistance for either conduction or convection is constant,

The thermal capacitance C is defined by
. _ change in heat stored, keal

- change in temperature, °C

or
= mce

where m = mass of substance considered, kg
¢ = specific heat of substance, kcal/kg °C



Thermal System. Consider the system shown in Figure

. It is assumed

that the tank is insulated to eliminate heat loss to the surrounding air. It is also assumed
that there is no heat storage in the insulation and that the liquid in the tank is perfectly
mixed so that it is at a uniform temperature. Thus, a single temperature is used to describe

the temperature of the liquid in the tank and of the outflowing liquid.
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Let us define
6, = steady-state temperature of inflowing liquid, °C
@, = steady-state temperature of outflowing liguid, °C
G = steady-state liquid flow rate, kg/sec

M = mass of liquid in tank, kg

"

specific heat of liquid, keal/kg °C

thermal resistance, °C sec/kcal

thermal capacitance, keal/°C

IO X s
I

(]

steady-state heat input rate, kcal/sec



Assume that the temperature of the inflowing liquid is kept constant and that the heat
input rate to the system (heat supplied by the heater) is suddenly changed from H to
H + h,, where h, represents a small chﬂnge in the heat input rate. The heat outflow rate
will then change graduallj,r from H to H + h,.The temperature of the outflowing lig-
uid will also be changed from -‘-’:i' to -ﬁl + & F:}r this case, A, C, and R are obtained,
respectively, as

h, = Geb
C = Mc

f 1
k= h, Gre

The heat balance equation for this system is

Cd# = (h; — h,)dt

O
dfl
— =h, — h
C [:if P i
which may be rewritten as
d
RC— + 8 = Rh,

dt



Note that the time constant of the system is equal to RC or M /G seconds. The transfer
function relating # and h; 1s given by

G(s) R
Hi{s) RCs + 1

where @(s) = £[0(r)] and H(s) = £[h(1)].

In practice, the temperature of the inflowing liquid may fluctuate and may act as a
load disturbance. (If a constant outflow temperature is desired, an automatic controller
may be installed to adjust the heat inflow rate to compensate for the fluctuations in the
temperature of the inflowing liquid.) If the temperature of the inflowing liquid is sud-
denly changed from @&, to &, + 6, while the heat input rate H and the liquid flow rate
(5 are kept constant, then the heat outflow rate will be changed from I_I_tn H + h,, and
the temperature of the outflowing liquid will be changed from &,to &, + 6. The heat
balance equation for this case 1s

C de = (GeB;, — h,)dt
or

df
C— = Geb, = h
d r C 1 ¥

which may be rewritten

Rﬂﬁ+ﬂ=ﬂ;
dt



The transfer function relating @ and #; is given by

O(s) 1
@(s) RCs +1

where @(s) = Z[0(r)] and ,(s) = £[6,(1)].

If the present thermal system is subjected to changes in both the temperature of the
inflowing liquid and the heat input rate, while the liguid flow rate is kept constant, the
change @ in the temperature of the outflowing liquid can be given by the following
equation:

dt)
RC— +# =8 + Rh,
dt
A block diagram corresponding to this case is shown in Figure Notice that the -
system involves two inputs.
& (s)
H(s) . t s
- i RCs -
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