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Introduction

A Game

Consider a gambling house. A fair coin is going to be tossed
twice. A gambler has a choice of betting at two games:

(i) A bet of Rs 1000 on first game yields Rs 1600 if the first
toss results in a Head (H) and yields Rs 100 if the first toss
results in Tail (T).

(i) A bet of Rs 1000 on the second game yields Rs 1800, Rs
300, Rs 50 and Rs 1450 if the two toss outcomes are
HH HT, TH, TT respectively.
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Introduction

Game 1:

/

Game 2:
HH “ 1800 HT 100 H's50 TT 1450

Game 1: Expected return: Rs 850

Game 2: Expected return: Rs 900
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Introduction

Now it can be seen that the expected return from Game 1 is
Rs 850 while from Game 2 is Rs 900 and so on the whole, the
gambling house is set to make money if it can get large
number of players to play.

The novelty of the game (designed by an expert) was lost after
some time and the casino owner decided to make it more
interesting: he allowed people to bet without deciding if it is
for Game 1 or Game 2 and they could decide to stop or
continue after first toss.
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Introduction

Game 1:

/

Game2:

HH “ 1800 HT'100  H's0 TN 1450

At Node H: expected gain by playing second game Rs 950
At Node T: expected gain by playing second game Rs 750
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Introduction

As can be seen, if a player is at node H, the money at hand Rs
1600 is more than expected reward after second toss - Rs 950,
while at node T, money at hand is Rs 100 while the expected
reward after second toss is Rs 750.

So an intelligent gambler would bet Rs 1000, observe first
toss, if it is H then he would stop while if it is T, he would go
for second toss. Let us see its effect:
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Introduction

H /1600 T,
stop 0.5 continue,.-"'\\
H 50 TT 1450
0.25 0.25

Expected gain from the strategy: 0.5*1600+0.25%50+0.25%1450=1175
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Introduction

The lesson: the game was favourable to the gambling house as
long as the duration was fixed before the game started.

But as soon as the players were allowed to decide the duration
during the game based on the information available till then,
the game became favourable to the gamblers and the
gambling house can lose a lot of money.
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Introduction

The gambling house would like to see that the game remains
favourable to the house in spite of giving the choice to players.
What should it do?

It should ensure that at each node the reward is greater than
or equal to expected reward after one more step.

Of course, it also needs to ensure that the amount of bet a
player has to pay is greater than or equal to expected reward
after one step. For example:
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Introduction

. 1000
\ <850>

Game 1: H / 1600

/

Game2:  / \ N\

HH ¥ 1700 HT'1450  H's0 T 100
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Introduction

For now let us consider a finite or countable set €2 as the set
of elementary events and P(®) denotes probability of the
elementary event ®.

For events A, B (i.e. subsets A, B of ), the conditional
probability P(A| B) of A given B is defined as

Pal6) - T
Note that P({w} | B) = (— s(@)P({@}).
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Introduction

For an event B and an random variable X, the conditional
expectation of X given B (written as E(X | B)) is defined as

E(X[B)= ) X(w)P({w}|B)

we

1
= WEBX(@)P({(D})
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Introduction

For random variables X, Y1, Yo,..., Yy, the conditional
expectation of X given Y1, Ys,..., Yy, is defined as

E(X’ Yl,Yg,...,Ym):g(yl,YQ,...,Ym)

where g : R™ +— R is as follows: For z1,2,...,z, € E such
that P(Y; =z,1 <j <m) >0, writing

B={o: Yi(0)=2z,... Ym(®) =z}

g(21,22,....2m) = 5=+ 3, 1s(0)X(0)P({0})
w
and for other z1,25,...,zm
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Introduction

Note that E(X | Y1, Y2,..., Ym) is a random variable which is
a function of the conditioning random variables.
We can see that E(X | Y) =E(X | Y3).
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Introduction

Martingale:

A sequence of rewards in a game is said to be a martingale if
at each step, the expected reward after one step equals reward
in hand:

E(Xpt1 | Xo=a0, X1 =a1,...,Xp=ap) = ap
which is same as
E(Xn+1 | Xo, X1,-..,Xn) = Xa-
It also implies that for all m > n,

E(Xm | X0, X1,-..,Xn) = Xa
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Introduction

A discrete stochastic process

In the next picture we have a graph where each node or vertex
represents a value and each edge (or arrow) represents the
conditional probability.

If we add the values of the edges going out from any node, it
should add up to 1. Any such assignment of probabilities
defines a probability model.
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Introduction
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Introduction

When is such a process a martingale?

Such a process is a martingale if at each node the value equals
the weighted average of (values of) nodes: where the weights
are the conditional probabilities associated with the edges as in
the next picture.

Note each node represents the whole history of the process till
then. The next picture shows the martingale condition at a
typical node:
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Introduction

Xy=ay Xy =2y, X, =8,

n+l

pHgres+=1
uptvawriystzt=a,
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Introduction

Martingale

Let us observe that for a martinglae, at each node, the
children nodes should be such that at least one node is less
than the parent and at least one node is more than the parent.
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Introduction

Stop Times

We are used to talking about time points in future that are
not fixed, such as We will meet five minutes after | come to
office or Sell the shares of ABCD Itd as soon as the price
crosses 200.

There is a qualitative difference between the time points
described above and the ones described below Sell the shares
of ABCD Itd a day before the price falls below 100 or Strat the
meeting five minutes before | come to office
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Introduction

Stop Times

Formally, if the random variables we are going to observe at
time n are X, Yy, Zpn, then a integer valued random variable 7
is said to be a stopping time (or a stop time) if the event

{t = k} depends only on

{X1, 1,21, X2, Yo, 20, ... X, Yie, Zi }-
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Introduction

Stopping Times

In the two step game, the time when a player is to stop (in
that example, T=1 or 2) is a stop time.

Without defining it in continuous time, we can see that the
time at which an American Option can be exercised is a stop
time: the decision to exercise the option at any given time can
be based only of events observed till then: it cannot anticipate

future.
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Introduction

Stop Times

Examples of Stop times w.r.t the observables {X,:n>1}:
7 = {First k such that X, > 10}

o = {First k > 1 such that X515 > 73

: X at-Xp 3+ 4 X
p = {First k > 5 such that =& k53 k) > 22}
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Introduction

Stop Times

An important result: Let {X,} be a martingale and 7 a
bounded stop time w.r.t the observables. Then

E(X‘L') = E(XO)-

Important. The result is not true if 7 is not bounded.
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Introduction

Stop Times

Let Uy be independent random variables with
P(Uy=—1)=P(Uy=1)=0.5 and let Xp =0,

Xk =Up+Us+...4+ Ug. {Xk} is called the simple random
walk and is a martingale. Let

7 = {First k such that X, =100}.

Then X; =100 and so E(X;) = 100 while E(Xp) = 0.
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Conditional Expectation

Conditional Expectation

The notion of Conditional Expectation of a random variable
given a o-field confuses many people who wish to learn
stochastic calculus.

What does given a o-field mean?

Thus we begin with a discussion on Conditional Expectation.
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Conditional Expectation

Let X be a random variable. Suppose we are required to make
a guess for the value of X, we would like to be as close to X
as possible. Suppose the penalty function is square of the
error. Thus we wish to minimize

E[(X —a)?] (1)

where a is the guess. The value of a that minimizes (1) is the

mean u = E[X].

Director, Chennai Mathematical Institute

Rajeeva L. Karandikar

Introduction to Stochastic Calculus - 28



Conditional Expectation

Let Y be another random variable which we can observe and
we are allowed to use the observation Y while guessing X, i.e.
our guess could be a function of Y- g(Y). We should then
choose the function g such that

E[(X —g(Y))?] (2)

takes the minimum possible value. When Y takes finitely many
values, the function g can be thought of as a look-up table.

Assuming E[X?] < oo, it can be shown that there exists a
function g (Borel measurable function from R to R) such that

E[(X —g(Y))’] <E[(X—~f(Y))?]. (3)
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Conditional Expectation

H = 1%(Q,.7,P) - the space of all square integrable random
variables on (Q,.%,P) with norm ||Z|| = \/E[Z?] is an Hilbert
space and

H ={f(Y): f measurable, E[(f(Y))?] < oo}
is a closed subspace of .77 and hence given X € 7, there is a
unique element in g € J# that satisfies

E[(X —g(Y))?] <E[(X —f(Y))].
Further,

E[(X —g(Y))f(Y)] =0 Vfe 7.

Rajeeva L. Karandikar
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Conditional Expectation

For X € 2, we define g(Y) to be the conditional expectation
of X given Y, written as E[X | Y] = g(Y). One can show
that for X,Z € 77 and a,b € R, one has

E[laX+bZ|Y]=aE[X | Y]+ bE[Z] Y] (4)
and
X < Zimplies E[X | Y] <E[Z|Y]. (5)

Here and in this document, statements on random variables
about equality or inequality are in the sense of almost sure, i.e.
they are asserted to be true outside a null set.
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Conditional Expectation

If (X, Y) are independent, then Y does not contain any
information on X and E[X | Y] = E[X]. This can be checked
using the definition.

If (X,Y) has bivariate Normal distrobution with means zero,
variances 1 and correlation coefficient r, then from properties
of Normal distribution, it follows that X — rY is independent
of Y. It follows that g(y) = ry is the choice for conditional
expectation in this case:

E[X | Y] =rY.
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Conditional Expectation

Now if instead of one random variable Y, we were to observe
Yi,..., ¥Ym, we can similarly define

E[X|Y1,...Ym] =g(Y1,--- Ym)
where g satisfies

E[(X —g(Y1,... Ym))?] <E[(X —f(Y1,... Ym))?]

V measurable functions f on R™. Once again we would need
to show that the conditional expectation is linear and
monotone.
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Conditional Expectation

Also if we were to observe an infinite sequence, we have to
proceed similarly, with f, g being Borel functions on R*, while
if were to observe an RY valued continuous stochastic process
{Y:: 0 <t < oo}, we can proceed as before with f, g being
Borel functions on C([0,c0), R9).

In each case we will have to write down properties and proofs
thereof and keep doing the same as the class of observable
random variables changes.

A different approach helps us avoid this.
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Conditional Expectation

For a random variable Y, (defined on a probability space
(Q,.#,P)), the smallest o-field o(Y) with respect to which Y
is measurable (also called the o-field generated by Y) is given
by

={Ae Z :A={Y eB}, Be BR)}.

An important fact: A random variable Z can be written as
Z = g(Y) for a measurable function g if and only if Z is
measurable with respect to o(Y). In view of these
observations, one can define conditional expectation given a
sigma field as follows.
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Conditional Expectation

Let X be a random variable on (Q,.%,P) with E[|X|?] < o
and let ¢ be a sub-o field of .%. Then the conditional
expectation of X given ¢ is defined to be the & measurable
random variable Z such that

E[(X — Z2))] <E[(X — U)?], YU —%-measurable r.v. (6)
The random variable Z is characterized via
E[X14] =E[Z1,] VA€ ¥ (7)

It should be remembered that one mostly uses it when the
sigma field ¢ is generated by a bunch of observable random
variables and then Z is a function of these observables.
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Conditional Expectation

We can see that information content in observing Y or
observing Y3 is the same and so intutively

E[X | Y]=E[X | Y3]

This can be seen to be true on observing that o(Y) = o(Y?)

as Y is measurable w.r.t. o(Y?3) and Y3 is measurable w.r.t
o(Y).
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Conditional Expectation

We extend the definition of E[X | 4] to integrable X as
follows. For X >0, let X" = X An. Then X" is square
integrable and hence Z" = E[X" | ¢] is defined and
0< 7" < 7ML a5 X" < X1 So we define Z = limZ" and
since

E[X"14] =E[Z"1,4] VA€ ¥

monotone convergence theorem implies
E[X1a] =E[Z1,] VA€ ¥
and it follows that E[Z] = E[X] < eo and we define

E[X |¥]=2Z.
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Conditional Expectation

Now given X such that E[|X|] < eo we define
E[X | 9] =E[XT |¥4]-E[XT|¥]

where X+ =max(X,0) and X~ = max(—X,0). It follows that
E[E[X9]14] =E[X14]. VA€ ¥ (8)

The property (8) characterizes the conditional expectation.
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Conditional Expectation

Let X, X, Z be integrable random variables on (2, % ,P) for
n>1and 4 be a sub-o field of .% and a,b € R. Then we
have

(i) E[aX+bZ | 9] =aE[X | 9]+ bE[Z | ¥].
(ii) If Y is & measurable and bounded then
E(XY |¥9)=YE(X |¥9).
(i) X<Z=EX|¥9) <E(Z|9).
(iv) E[E[X |#]] = EIX].
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Conditional Expectation

(v) For a sub-sigma field 77 with &4 C ¢ C .7 one
has
E[EX | #]| 9] = E[X | 9]
(vi) [E[X [9] <E[|IX]|¥]
(vii) If E[|X,— X]|] — 0 then
]E[\E[X,, | 4] —E[X | g]@ 0.
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Martingales

Martingales

A sequence of random variables {M,, : n> 1} is said to be a
martingale if

E[Mn—H ‘ Mo, My, ..., Mn] =M, n>1.
An important property of martingale: E[M,] = E[M;].
The process D, = M,, — M,_1 is said to be a martingale
difference sequence. An important property of martingale
difference sequence:

E[(Dy+ D2+ ...+ D,)?] = E[(D1)? 4+ (D2)? + ...+ (D,)?]

as cross product terms vanish: for / <,

E[D;Dj] =E[DE[D; | My, My, ..., Mj_1]] =0
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Martingales

Thus martingale difference sequence shares a very important
property with mean zero independent random variables:

Expected value of square of the sum
equals Expected value of sum of squares.

For iid random variables, this property is what makes the law
of large numbers work. Thus martingales share many
properties with sum of iid mean zero random variable, Law of
large numbers, central limit theorem etc.

Indeed, Martingale is a single most powerful tool in modern
probability theory.
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Martingales

Let (M,) be a martingale and D, = M, — M,,_; be the
martingale difference sequence. For k > 1, let gx be a
bounded function on R¥ and let

Gk = gk(Mo, My, ..., My_1)Dy.
Then it can be seen that Gy is also a martingale difference
sequence and hence

Nn = ZZ:I gk(M07 M17 ceey Mk*l)Dk
is a martingale. Note that the multiplier is a function of

Mo, My,...,M,_1 and NOT of My, My,..., M. In the later
case, the result will not be true in general. Hence

E[(GL+ G+ ...+ Gp)?] =E[(G1)? +(G2)? +... +(G,)?]
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Martingales

The processes {N,} obtained via
Np=Yk—18k(Mo, My, ..., Mi_1)(Myx — My_1)
is known as the martingale transform of M.

We have seen that the martingale transform {N,} is itself a
martingale and so
E[N,] = 0.
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Martingales

Note that

E(Nn)2 = i E[(gk(/\/lo, Ml, ey Mkfl)(Mk — Mk_l))z]
k=1

Z (8k(Mo, ..., Mi1)*E[(My — Mi_1)* | (M, ..., My_1)]

and hence if g is bounded by 1, then

| /\

i E[(My — My 1))

=1
= E[(M2 — Mg)]
<E[(M3)].
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Martingales

A digression: Consider a discrete model for stock prices: Say
Sk denotes the price on k" day. Let us assume for the sake of
clarity, that the price changes at 2pm and trading is allowed at
11lam. Thus, on kt" day, the number of shares that an investor
could buy can use the information Sg, S1,52,...,S¢_1 (and
other publicly available information). On k" day the trisection
takes place at the price Sx_1. Let us denote by &, the number
of shares that an investor decides to hold on k' day. Then &,
should be a function of S¢, 51,5, ...,5k_1, say

ék = 8k(50,51,52, ..., Sk-1)-
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Martingales

The collection of functions {gx: 1 < k < N} can be
considered as an investment strategy.
For such a strategy, on k%" day the gain (loss) would be
Ei(Sk— Sk-1)-
Thus the net gain (loss) from the strategy {gx : 1 < k < N}
would be
N
Gn =Y &(Sk—Sk-1)-

k=1
For simplicity let us assume that rate of interest is 0, else we
can replace Sy by Sy = Si(14r)~k, where r is the rate of
interest.
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Martingales

Suppose there exist functions {gx : 1 < k < N such that
P(Gy >0)=1 and P(Gy >0) > 0.

Such a strategy is called an arbitrage opportunity.

In a market in equilibrium, arbitrage opportunities cannot exist
for if they did, all investors would like to follow the same,
multiple times over, disturbing the equilibrium.
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Martingales

If {Sk} were a martingale, then the gains process {G,} is a
martingale transform and hence a martingale, and so

E[Gy] =0. As a result, P(Gy > 0) =1 implies P(Gy =0) =1
and so arbitrage opportunity cannot exist.

Suppose there exists a probability Q such that

P(E) =0 if and only if Q(E) = 0.

Such a Q is called an Equivalent probability measure.
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Martingales

For an Equivalent probability measure QQ
P(E) > 0 if and only if Q(E) >0

and
P(E)=1if and only if Q(E) = 1.

So a strategy {gk} is an arbitrage opportunity under P if and
only if it is an arbitrage opportunity under Q. Thus even if the
stock price is not a martingale under the model probability
measure P, but there exists an equivalent probability measure
Q under which it is a martingale (Q is then called an
Equivalent Martingale Measure - EMM), then arbitrage
opportunities do not exist.
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Martingales

Interesting thing is that when each {S;: 0 < k < N} takes
finitely many values, the converse is also true- No Arbitrage
holds if and only if EMM exists. The result is also essentially
true in great generality in continuous time too, one needs
some technical conditions. This result is called Fundamental

theorem of Asset Pricing.
This shows a deep relation between Martingales and

Mathematical Finance.
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Martingales

A process (M;) adapted to a filtration (%), ( for s <t, Zs is
sub-o field of % and M; is .%; measurable) is said to be a
martingale if for s < t,

E[M; | 5] = Ms.

For 0=ty < t; <...< tm, in analogy with the discrete case
one has

E[(th - Mto)ﬂ = E[ jrlBl(MU+1 - Mtj)z]

Under minimal conditions one can ensure that the paths
t — M;(w) are right continuous functions with left limts
(r.c.L.l.) for all @ € Q. So we will only consider r.c.LI.
martingales.
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Martingales

For any integrable random variable Z on (Q,.%,IP), the process
Zt - E[Z | yt

is a martingale. This follows from the smoothing property of
conditional expectation: for ¢ C 7

E[E[Z | #]|¥] =E[X | ¥).

Here 77 = .%; and ¥ = %.
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Martingales

One of the most important result on Martingales is:
Doob’s Maximal inequality
For an r.c.l.l. Martingale (M), for all A >0,

P(supocr<7IMe| > A) < HE(M7)

and

E (supo<i< 7|Me|?) < 4E(MZ).
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Martingales

It can be shown that for any t
Yo (Meesn) 1) — Mu)? — Ae

where A; is an increasing r.c.l.l. adapted process, called the
quadratic variation of M. Further, when E[M%-] < oo forall T,
then

where B; is also an increasing r.c.l.l. adapted processand
M? — A; and M? — B; are martingales.
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Martingales

The quadratic variation process (A;) of M is written as
[M,M]; and B; is written as (M, M);. (M, M), is called the
the predictable quadratic variation of M.

When M has continuous paths (t — M;(®) is continuous for
all @) then (M, M);=[M, M|;.

For Brownian motion (B:), [B,B]: = 6°t and (B,B): = 62t
while for a Poisson process (M;) with rate A, Ny = My — At is
a martingale with then [N, N]; = M; and (N,N); = At.
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Martingales

A stopping time 7 is a [0, 0] valued random variable such that
{0: 1(0) <t} e F, Vt}

The idea behind the concept: Whether the event {7 < t} has
happened or not should be known at time t, when one has
observed {X,: u<t.}.

If (X¢) is an continuous adapted process then

T=inf{t: |X¢| >0}

is a stopping time : for any 6 € R. For example, {t <7} has
happened iff {sups<7|Xs| > 6}.
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Martingales

In real life we are used to talking in terms of time in reference
to time of occurence of other events, such as meet me within
five minutes of your arrival or let us meet as soon as the class
is over, or sell shares of company X as soon as its price falls
below 100. Thse are stopping times

Of course a statement like buy shares of company X today if
the price is going to increase tomorrow by 3 is meaningless.
One can talk but cannot implement. The time specified in the
statement is not a stopping time.

The time at which an americal option can be exercised has to
be a stopping time as the decision to exercise the option at a
given time or not has to depend upon the observations upto
that time.
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Martingales

Martingales and stopping times:
Let (M;) be a martingale, T be a stopping time and (X:),(Y})
be r.c.l.l. adapted processes and Y be bounded.

(X¢t) is a martingale if and only if E[X;] = E[Xp] for all
bounded stopping times T

N; = Mipz is a martingale.

Uy = Yt/\T(Mt — th) is also a martingale.

A martingale (M) is said to be a square integrable martingale
if E[M?] < oo for all t < oo.
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Martingales

A process (X;) is said to be locally bounded if there exists an
increasing sequence of stopping times {t"} increasing to oo
such that X/ = X¢r¢n is bounded for every n.

It can be seen that every (X;) such that Xp is bounded and
(Xt) is continuous is locally bounded.

Likewise, an adapted process (M;) is said to be a local
martingale (or locally square integrable martingale) if there
exists an increasing sequence of stopping times {7"}
increasing to oo such that M’ = M,z is a martingale (is a
square integrable martingale) for every n.

The sequence {7"} is called a localizing sequence.
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Martingales

Let M be a local martingale with localizing sequence {7"}.

Thus
]E[Mt/\f" | ys] = Ms/\‘c"-

So if M is bounded then M is a martingale. Other sufficient
conditions for a local martingale to be a martingale are

m E SUPogng‘qu <o

C ]E_|MT|2} <oo, VT < oo

n ]E-|M7-|1+5} < oo, VT < oo, for some & > 0.
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Martingales

Let M be a [0,00) valued local martingale with localizing
sequence {7"}. Then since

]E[Mt/\fn] == E[MO]
using Fatou's lemma it follows that for all t > 0,
E[M;] < E[Mp].

If E[M;] = E[Mp] it is a martingale.
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Martingales

When (M) is a locally square integrable martingale, it can be
shown that for any t

Yo (Mesny — Mu)? — Ay

where again A; is an increasing adapted process such that
M? — A; is a local martingale. A is again called quadratic
variation process, written as [M, M];. One can also show that
there is an increasing adapted r.c.l.l. process B such that

M: = th’H <Mn; Mn>t = Btm”-

and then B; is written as (M, M);.
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Martingales

Let (M;) be a locally square integrable martingale with My =0
and let {1"} be a localizing sequence such that M = M ¢n is
a martingale for every n.

Then, using E[M?, .»] = E[{M, M) ¢ren] = E[[M, M]¢nzn] and
Doob’s inequality, one has

E( sup |Ms?) <AE[(M,M)¢en] (9)
0<s<tATn
as well as
E( sup |Ms|2) < AE[[M, M]¢pzn] (10)
0<s<tAT"
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Brownian motion

Brownian Motion

A Brownian motion (f;) is a continuous process with o =0
and such that for t; < th < ... <ty m>1;

(ﬁtpﬁtz?'"aﬁtm)

has a multivariate Normal distribution with mean vector 0 and
variance co-variance matrix ¥ = ((oj;)) given by

Ojj = min(t,-, l'j)
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Brownian motion

It can be checked thatforO =ty <ti <tr <...<tm m>1,

Bty — Btos Bty — Btys -+ Bty — Bty 4

are independent Normal random variables, with mean 0 and
for j=1,2.m

Var(ﬁtj _ﬁtj—l) =t —t-1.
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Brownian motion

One of the most important properties of a Brownian motion is
that (B:) is a martingale with

[Bvﬁ]t = <ﬁt,ﬁt>t =t.

Thus, [3,_? — t is a martingale and

2
QF = X7t (B Brpne) ¢
where the convergence is in probability.

The Q7 for a fixed n,t is a finite sum, indeed it has
J=1[2"t] +1 terms, where [2"t] is the integer part of 2"t since
for k such that [27t] +1 < k, &2 At=tand At =t.
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Brownian motion

2 _
Let Uy = (ﬁzi,,/\t - ﬁ%m) - (2L" At— k2”1 At)

Then W/ = ZE:;]H U/ = Qf —t and using properties of
Normal distribution, it follows that for each n,

{Uf :1 <k <[2"t]} are i.i.d. random variables, with mean 0
and variance 2% Hence

Variance(W/)< ([2"t] + 1)2% < 21;:1

and hence W' converges to zero in probability and so Qf — ¢t
in probability.

With little work, it can be shown that Qf converges to t,
uniformly on t € [0, T] for all T < e almost surely.
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Brownian motion

In fact, for a continuous process (Xt), if Xo =0 and if
(X:) and (Y; = X? — t) are martingales

then (X:) is Brownian motion (Levy's characterization).

For this, continuity of (X;) is very important. Result not true
for r.c.l.l. martinagles. X; = N; —t is a counter example where
(N;) is a poisson process with parameter 1.
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Brownian motion

Let us fix an observable process (Z;) (it could be vector
valued) with Z; denoting the observation at time t and let

Fr=0(Z,: u<t)

denote the filtration generated by observations.

A Brownian motion w.r.t. this filtration (.%;) means that f;
and B2 — t are martingales w.r.t. this filtration (.%;).
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Brownian motion

Let (B:) be a Brownian motion w.r.t. a filtration (.%;).
There are occasions when one needs to consider limits of
expressions that are similar to Riemann-Steltjes sums for the
integral [g YsdBs where (Ys) is say a continuous (%)
adapted process:

F = Zzozl Yskm/\t (B%/\t - Bk{,}/\t)

where k27,1 < Skn < 2—",,

For Riemann-Steltjes integral fot Ysd s to exist, the above
sums (R{") should converge (as n — o) for all choices of sy ,
satisfying k221 <skn < 21,,
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Brownian motion

Let Y = . Let us choose si , to be the lower end point in
every interval : 55 , = % and for this choice let us denote the

Riemann sums R{ by A7
Thus
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Brownian motion

Let us now choose si , to be the upper end point in every
interval : s , = 2L" and for this choice let us denote the
Riemann sums R/ by B/.

Thus

n_
t = kz.lﬁzk,,/\t (ﬁ2i,,/\t - Bk27,1At>
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Brownian motion

Recall
Al =Yi=1 ﬁ%/\t (Bzi,,m - ﬁ%/\t)
while
Zk 1[32,,/\t<ﬁ t_B%/\t>
and hence

2
n __ o i n
P =71 (B Brane) = QP

Since Qf — t, A7 and B{ cannot converge to the same limit
and hence the integral fot YsdBs cannot be defined as a
Riemann-Steltjes integral.

Rajeeva L. Karandikar Director, Chennai Mathematical Institute

Introduction to Stochastic Calculus - 75



Brownian motion

Indeed, Brownian motion is not an exception but the rule. It
can be shown that if a continuous process is used to model
stock price movements, then it can not be a process with
bounded variation as that would imply existence of arbitrage
opportunities. Hence, we cannot use Riemann-Steltjes
integrals in this context. The Riemann like sums appear when
one is trying to compute the gain/loss from a trading strategy,
where the process used to model the stock price appears as an
integrator.
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Brownian motion

It turns out that in the context of construction of diffusion
processes, Riemann sums, where one evaluates the integrand
at the lower end point, are appropriate. So taking that
approach, Ito defined stochastic integral (in '40s).

It so happens that in the context of applications to finance,
the same is natural and so Ito Calculus could be used as it is.
This was observed in the early '80s.
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Stochastic integral

Let X; denote the stock price at time t. Consider a simple
trading strategy, where buy-sell takes place at fixed times
0=s59<5s1<...<Smt1. Suppose the number of shares held
by the investor during (sj,s;+1] is aj. The transaction takes
place at time s; and so the investor can use information
available to her/him before time t, so a; should be .7
measurable.
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Stochastic integral

So the trading strategy is given by: at time t hold f; shares
where

fo = 301{0} s)+ Z aJl(SJvSJH]( )
Jj=

and then the net gain/loss for the investor due to trading in
shares upto time t is given by

m t
Ve =Y (X100 = Xgn) = [ fudXy
=0
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Stochastic integral

Now suppose (Xt) is a square integrable martingale with r.c.l.l.
paths (right continuous with left limits). Recalling

fs = a0l(0y(s) + Lo 3/l (5.5,11(5): Ve = Lo aj(Xsine = Xgne)-
it follows that (V;) is also a martingale and

m—1

[V, V] = Z 2([X7X]Sj+1/\f_[X7X]Sj/\t)

J/ £2d[X, X].

Hence, using (10)

Lijrr’/ £,dX,) }341[-3 {/OTffd[X,X]u}.
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Stochastic integral

The estimate

[53?/ £,dX,) }§4E[/0Tfu2d[X,X]u]

for simple integrands f can be used to extend the integral to
integrands g that can be approximated by simple functions in
the norm ||-||x given by RHS above:

I =2 [ x|
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Stochastic integral

Let (Y:) be a bounded adapted continuous process and (X;)
be a square integrable martingale. Let t;, = "%. Then it can be
shown that (Y;) can be approximated in the norm ||-||x by
simple processes Y defined by

Ytn: Z Yt,’;/\tl tn tn +1]( )
m=0

and hence the stochastic integral fot Y,dX, is defined and is
given by

/ YydX, = ||m Z Yt”/\t<Xt”+1/\t Xt”/\t)

The two infinite sums above are actually finite sums for every
t (if m > tn the terms are zero).
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Stochastic integral

Also, the limit
/ YydX, = lim Z Ve (Xenone— Xepe )

is in the sense of convergence in probability, uniformly in
t € [0, T] (follows from Doob's inequality).
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Stochastic integral

In other words, for every € > 0, as n tends to infinity

sup / YudXu— Y. Yene(Xen_ne—Xepne)| > €| = 0.
m=0

0<t<T

This shows that the stochastic integral fot Y,dX, is a process
with r.c.l.l.paths. Further, if X is a continuous process then so
is fot Y,dX, continuous process. Of course, when X is a
process with bounded variation the integral fot Y,dX, is
defined as the Riemann-Steltjes integral.
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Stochastic integral

One can directly verify that when X is a square integrable
martingale,

Y dX, = Z Ytg,/\t(Xt,’;7+1/\t_Xtr';7/\t)

is a square integrable martingale. Then convergence of
Jo YdX, in L2 to [y Y,dX, for every t implies that

t
M, — / Y, dX,
0

is also a square integrable martingale.
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Stochastic integral

One of the important properties of the integral Z; = fot Y, dX,
so defined is that for a stopping time 7, defining X,_[T] = Xing,

‘ [7]
/0 Yuqu = Zt/\ﬂ;.

This can be seen to be true for simple integrands and hence
for bounded continuous processes Y. Thus if X is a locally
square integrable martingale so that for stopping times {7"}
increasing to oo, X" = X[*"l are square integrable martingales,
then Z" = [ YdX" satisfy

Z{' =2Z) n, for m>n.
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Stochastic integral

Thus we can define Z, = ZJ" for 771 < t < 7 and we would
have

n
t — Zt/\‘L'"-

Thus we can define Z = [ YdX. Thus for a locally square
integrable martingale X, for all continuous adapted processes
Y we continue to have for every € > 0, as n tends to infinity

t oo
m=0

0<t<T

By construction, each Z" is a martingale and hence Z is a
local martingale.
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Stochastic integral

If X were a process with bounded variation paths on [0, T] for
every T, of course [; YdX is defined as Riemann Steltjes
integral and we have

sup / Y, dX, — Z Yipne (Xeo_ ne—Xeppe)| > €| =0

0<t<T

and then fot Y,dX, is a process with bounded variation paths.
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Stochastic integral

An r.c.l.l. process X is said to be a semimartingale if it admits
a decomposition

Xt = M+ Ag,

where (M;) is a locally square integrable martingale and (A;)
is an adapted process whose paths t — A:(®) have bounded
variation on [0, T| for every T < oo for every .

Such a process A will be called process with bounded variation
paths.

Rajeeva L. Karandikar Director, Chennai Mathematical Institute

Introduction to Stochastic Calculus - 89



Stochastic integral

Let X be a semimartingale, with X = M+ A, M a locally
square integrable martingale and A a process with bounded
variation paths.

For a bounded continuous adapted process Y, the integral

fot YsdXs can be defined as the sum of fot YsdMs and

fot YsdAs and again one has every € > 0, as n tends to infinity

sup / YudXu— ¥ Vipne(Xeo_ ne—Xenne)| > €] = 0.
m=0

0<t<T

Thus the integral [ YdX does not depend upon the
decomposition X = M + A.
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Stochastic integral

We have seen that for a semimartingale X and a bounded
continuous adapted process Y, the integral fot YsdXs can be
defined on the lines of Riemann-Steltjes integral, provided we
always evaluate the integrand at the lower end point while
taking the Riemann sums:

t
/0 Y,dX, = lim Z Yine(Xen_ne —Xepne)-

Further, if X is a local martingale, then so is Z; = fot Y, dX,
and if X is a process with bounded variation paths, then so is
Z and as a result, Z is always a semimartingale.
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Stochastic integral

Question: Just like one extends Riemann integral fol f(x)dx

defined for say continuous functions g on [0,1] to Lebesgue

integral fol gdA for all bounded measurable functions, can we
extend fot YsdXs defined for all bounded continuous adapted

processes to a larger class of integrands?

The natural class of processes is then the class that is closed
under bounded pointwise convergence and contains all
bounded continuous adapted processes.
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Stochastic integral

If we think of every process Y; as a function on

Q = [0,00) x Q, then the required class is the collection of all
A-measurable bounded functions, where &2 is the o-field
generated by bounded continuous adapted processes.

& is called the predictable o-field and &2 measurable
processes are called predictable processes.
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Stochastic integral

A left continuous adapted process (Z;) is predictable, but an
r.c.l.l. (right continuous with left limits) adapted process (V)
need not be predictable. (V;) is predictable if for all ¢, V; is
F+_e measurable.

If (Z;) is predictable with respect to a filtration (%) then for
each t, Z; is measurable w.r.t.

cgat_ - G(Us<tﬁs) .

This justifies the use of the name predictable.
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Stochastic integral

Thus we require a mapping Jx from the class of bounded
predictable process f into r.c.l.l. processes such that for
adapted continuous processes f, Jx(f)r = [q fdX (as defined
earlier) and if f” converges to f bounded pointwise, then

P| sup |JIx(f")e—Jx(f)¢] >¢€| —0.

0<t<T

When X is a semimartingale, then such an extension exists
and we denote it as Jx(f)e = [ fdX.
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Stochastic integral

The Bichteller-Dellacherie-Meyer-Mokodobodski Theorem
states that for an r.c.l.l. process X, existence of mapping Jx
from the class of bounded predictable process f into r.c.l.l.
processes such that for adapted continuous processes f,
Ix(f)e =[5 fdX (as defined earlier) and if f" converges to f
bounded pointwise, then

P{ sup |[JIx(F")e— JIx(F)e] > 8} —0

0<t<T

implies that X s a semimartingale. We will not discuss proof
of this.
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Stochastic integral

Let X be a semimartingale. It can be shown that
(f,X)— [, fdX is linear.
Important fact: If 7 is a stopping time, then
8t = 1[07r](t)
is predictable (as it is adapted, left continuous). Now for a

bounded predictable process (f;), ht = fr1[g 7)(t) is predictable
and

JE hsdXs = [ fdXs = [ frdXL?

where XS[T] = Xsnz.
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Stochastic integral

Localization: An adapted process (f;) is said to be locally
bounded if there exists an increasing sequence of stopping
times {7"} increasing to oo such that ;" = fi1jg (1) is
bounded for every n.

Here, for a stopping times 7, the stochastic intervals [0, 7],
play the role of compact sets [-K, K] in R. Recall definition
of local martingale.

Given f, {t"} as above, for a semimartingale X, let
Z = Jo f1jgn(s)dXs
Then for m>n

n_ 7m
Zt— tAT"
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Stochastic integral

Hence we piece together the pieces to define
! 1
/ fodXs = Z for T <t < 1",
0

Thus for a semimartingale X and for locally bounded process
f, we have defined stochastic integral Z; = fot fsdXs. It is an
r.c.l.l. process.

Moreover,
(AZ): = fi(AX):.

One can verify this for simple f and then for general f via
approximation.
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Stochastic integral

If X is a square integrable local martingale, then so is Z, if X
has bounded variation paths then so does Z and in general, Z
is a semimartingale with decomposition

t t t
Zi= [ o= [ faMo+ [ fdA = N+ By
0 0 0

where X = M+ A, M a locally square integrable martingale, A
a process with bounded variation paths and N; = f(f fsdMs is a
locally square integrable martingale and B; = fot fsdAs is a
process with bounded variation paths.
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Stochastic integral

Further if g is a locally bounded predictable process, then

t t
/ gdZ = / gfdX.
0 0

One can verify this first when f, g are simple functions and
then for a fixed g simple one can first verify it for all f and
then the general case.
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Stochastic integral

An r.c.l.l. adapted process Y need not be predictable.
However, the process Y~ defined by Y, = Y;_ (left limit at ¢
for t >0), Yy =0 is predictable. It is also locally bounded
and with tf, = ™ one has

n—oo

- t
lim Z Ytr';]/\t(Xf,';,+1At_th,At) :/ Y, dX,
m=0 0
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Stochastic integral

Note that (using b?> — a® = 2a(b— a) + (b — a)?)

[

th - X02 = ZO (Xt2,’;7+1/\t - th[,g/\t)
m=
=) 2th,/\t(th,+1/\t — Xennt)
m=0

+ Z (th1+1/\t_Xt,’,77/\t)2
m=0

Hence for a semimartingale X,

oo 5 ¢ -
Y (Xt,’T’7+1/\t — Xinat)” = X2 —X¢ —2/0 X, dX,.
m=0
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Stochastic integral

We denote the limit of ¥5_o(Xen  ne — Xepae)® by [X, X]e
and note that it is an increasing adapted process. Further we

have .
X2 :X02+2/ Xy dXy + X, X].
0
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Stochastic integral

For semimartingales X, Y let us define [X, Y] by the
parallelogram identity

X, Y]e=3(IX+ Y. X+ Y] —[X=Y,X=Y])

It follows that [X, Y]: is a process with bounded variation
paths and

(X, Y]t =limp e Y m—o (thﬂ_l/\t - Xt,’;,/\t) ( Yin At — Yt,';,At)
Also, it follows that
XeYe=XoYo+ Jo Yo dXs+ [5 XodYs+[X, Y]

This is called the integration by parts formula.
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Stochastic integral

Like Lebesgue integrals, we have a Dominated Convergence
Theorem for stochastic integrals:

Let (X¢) be a semimartingale and let ", f be predictable

processes such that
'l <g

where g is some locally bounded predictable process and such
that " converges pointwise to f. Then

t t
/ £7dX, — / £,dX,
0 0

>e} — 0.

IP{ sup

0<t<T
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Stochastic integral

Some Facts: Let X be a semimartingale, with X; = M; + A,
where (M;) is a locally square integrable martingale and (A;)

is a process with bounded variation paths. Let
(AX)t = Xt —Xt_, (Jump at t)

ALX,X]: = (AX)2,
Y (AX)2 <X X]t

O<s<t

If A has bounded variation paths then

A Alt=Y (AA)

O<s<t
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Stochastic integral

Moreover, if X is a semimartingale and A is a continuous
process with bounded variation paths, then [X,A]; = 0. To see
this . =
| XA = ¥ Xgne(Ay e~ Agye)
0 m=0
and . N
| Xedas= ¥ X ne(Asg e = Ay
m=0

as the integral fOthdAs is the Riemann-Steltjes and thus

[

[X,Ale = Z (Xt,’;,_H/\t - Xt,';/\t) (At,’;H_l/\t - At,';,/\t) =0.

m=0

As a result

[A, Al = 0.
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Stochastic integral

For a continuous semimartingale (X;) the decomposition
Xt - Mt +At

into a continuous local martingale (M;) with My =0 and a
continuous process A with bounded variation paths is unique.
The uniqueness is proven as follows. If

Xt:Mt+At:Nt+Bt

with M, N continuous local martingales, My = Ny =0 and

A, B processes with bounded variation, then

Ui = My — Ny = By — A is a continuous local martingale with
Uo =0, and has bounded variation paths. Thus, [U, U] =0.
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Stochastic integral

As a result (recall integration by parts formula)

t
U2 = /0 UodU,

and hence U? is a continuous local martingale with Ug =0. If
{7"} is a localizing sequence, then U?, ., is a martingale and
so

E[U?, ] =0, Vn

and as a result U2, ., =0 for all t,n. This proves (X;) the
decomposition
Xt - Mr +At

into a continuous local martingale (M;) with My =0 and a
continuous process A with bounded variation paths is unique.
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Stochastic integral

If X is a semimartingale and f is a locally bounded predictable
process, then V; = fot fsdXs is also a semimartingale with
decomposition V; = N; + By where X; = M; + A is a
decomposition of X, with M a locally square integrable
martingale, A a process with bounded variation paths,

t
N; :/ fsdNs is a locally square integrable martingale
0

and

t
B :/ fsdAs is a process with bounded variation paths.
0

Further, ,
[V7 V]t:/ fszd[X7X]s
0
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Ito formula or Change of variable formula

Let £ be a smooth function on R and let (G;) be a continuous
function with bounded variation paths. If G were continuously
differentiable with derivate g, then

h(t) = £(G(t))
is differentiable with continuous derivative f'(G(t))g(t) and
hence

FG() =F(G(0) + [ F(6(s))g()ds
—h(0) + /0 CF(G(s))dG(s)
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Ito formula

Even if G is not differentiable, one still has

F(G(t)) = F(G(0) +/t £(G(5))dG(s).

0

Assume that f” is bounded. The proof uses taylor's expansion:
1
f(b) = f(a)+f'(a)(b—a)+ 5"(c)(b— a)?

where ¢ belongs to the interval {a, b}, i.e. c € (a,b) or
c € (b,a) according asa< bor b< a
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Ito formula

Another fact that is needed is: If G is a continuous function
with bounded variation: then there exists a function H(t) such
that for any partition for 0 =tg < t; <...<tym=T of [0, T],
m>1

(ZmolG(t1) — G(8)]) < H(T) <o

then with t, =7

Y (60300~ 6(th 1 A1)) "< H(t)sup (16t A 1) = G(th 112

m

—0as n—oo

as G being continuous on [0, t] is uniformly continuous on
[0,¢] and hence sup,, (|G(th, At)— G(tl_ At)|) — 0.
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Ito formula

Observe that for every n with t;, = % one has

I
gk

f(G(t)) - f(6(0)) (F(G(tq A1) = F(G(tn 1 A1)

m—1

3
Il
._.

I
s

FI(G(tn 1 A1) (G(tmAt) = Gty 1 A1)

3
Il
_

_l_
N =

(6nm) (G(th A )= G(th 1 AT))

ook
Iy

[y

Here 6, m belongs to the interval {G(t],_; At),G(t],At)}.
Since G is a continuous function with bounded variation, the
second term goes to zero and first term goes to

/0 CF(G(s))dG(s).
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Ito formula

Ito’s formula

Let X be a continuous semimartingle and let f be a thrice
continuously differentiable function on R with "/ bounded.
Then

t 1 st
FX) = F060)+ | FOOdXe 5 [ (X)X, X,
This time we need Taylor's expansion with two terms:
1 1
f(b) = f(a)+f'(a)(b—a)+ 5f"(a)(b—a)* + F"(c)(b—a)’

where ¢ belongs to the interval {a,b}, i.e. c € (a,b) or
¢ € (b,a) according as a< b or b < a.
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Ito formula

We will also need that since X has finite quadratic variation,
with t], = ™1 one has

3 2
Z }Xt,’,’,/\t - thqfl/\t < Z (th,/\t - thqflm) sup (‘th,m - thHAt|)
m m m

< X Xlesup (1 Xegne — Xeg el
m
—0as n— o

as uniformly continuity of paths s +— Xs(®) of X on [0, t]
implies sup,, (|th1/\t(w) —Xt[,',,lAt(w)|> converges to 0 for
every .
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Ito formula

Recall: we have seen that for every continuous adapted
process Y

lim Z Yt”/\t Xt”+1/\t Xt"/\t / Y dXy (11)

n—yeo &
Also that,
— 2
Z (Xt,';,+1/\t_Xt,’,7.,/\t) — [X,X]t (12)
m=0
On similar lines it can be shown that

L e 2 b
lim 3 Vigne (X ne—Xegoe) = [ Yy dlX XL (13)
m=0

The relation (13) is a weighted version of (12).
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Ito formula

As in deterministic case, let us write

f(Xe) —f(Xo) = Z f'(Xenne) (Xt,’;hq/\t — Xennt)

/ 2
+5 Zf Xennt) Xt,’1’7+1/\t_Xt,’},/\t)

+ éf'//(en.,m) (Xt,';,+1At - Xt,';,At)3

As noted earlier, the first term converges to [y f'(Xs)dXs and
the second term to 3 [o £”(Xs)d[X, X]s. Using boundedness of
" and the fact (proven earlier) that Z‘thﬂ/\t —Xt,r;,/\t‘?’
goes to zero, it follows that third term goes to zero. This
completes the proof.
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Ito formula

The Ito formula is true even when f is just twice continuously
differentiable function. For the proof, one just uses a version
of Taylor's theorem with a different remainder form:

F(b) =F(a) + F/(a)(b—a) + 5 F"(2) (b~ )
()~ (@) (b o)

where ¢ belongs to the interval {a, b}, i.e. c € (a,b) or
c € (b,a) according as a< b or b < a.
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Ito’s formula for Brownian motion

Let (B¢) be a standard Brownian motion. Then we have noted
that [8,B]: =t and hence for a twice continuously
differentiable function f, one has

(B = (o) + [ F(BIIPs
]‘ t 1/
+ 2/0 f7(Bs)ds
Taking f(x) = exp(x) we get, writing Y; = exp(f:)
t 1 st
Yt:1+/0 stﬁs+2/0 Y,ds.

The last term is the Ito correction term.
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Ito formula

The same proof as outlined earlier, yields for a continuous
semimartingale X the second version of Ito formula. Here one
uses, for an r.c.l.l. process Z, and semimartingales X, Y

t
| zrdix.v,
0

n—veo

= lim Z Zt,’},At(Xt,’;,+1At —Xt,';,At)(Yt,';,+1At - Ytg/\t)
m=0
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Ito formula

Ito’s formula-2

Let X be a continuous semimartingle and let f function on

d 0 92 )
[0,00) X R such that f; = Ef, fo = xf and f, = Ef exist

and are continuous. Then

t t
F(£, X0) =F(0, Xo) + / (s, Xs)ds + / (5, Xs)dXs
0 0
t
41 || el X)X X1,
2 Jo
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Ito formula

Let (B¢) be a Brownian motion. Let

f(t,x) =exp(ox — 262t). Let Yy = f(t,B:). Then noting
1 2
thatft:aif:—icfandf —%f—cfonehas

t
Y, = Y0+G/O Y. dps.

In particular, (Y:) is a martingale.
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Ito formula

If (X¢) takes values in an open convex set U and f is a twice
continuously differentiable function, then the same version of
lto formula is valid.

In particular, if (X¢) is a (0,00) valued continuous
semimartingale, then taking f(x) = log(x) we get

t 1 t
log(Xe) = log(X0) + | XX~ 5 [ X 2d[x. X]..

Once again the last term is the lto correction term.
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Ito formula

Let us write Y = [y X; 1dXs. Then
t
v, Y]t:/ X22d[X, X]s.
0
Hence, recalling,
t 1 [t
og(Xe) =log(X0)+ [ XX — 5 [ X, 2d[X. X,
0 0

we get
1
IOg(Xt) = IOg(XO) + Yt — E[Y, Y]t

and hence
Xi = Xoexp( [Y Y]: )
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Ito formula

Further, if X is a (0,o0) valued continuous local martingale,
then .
M, = / X tdXs
0

is also a local martingale and then X admits a representation
1
Xt = Xoexp(/\/lt — §[M, M]t)

So every positive continuous local martingale is of the form
given above for a local martingale M.
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Ito formula

Ito’s formula-3

Let X be a continuous semimartingle, A be a continuous
process with bounded variation and let f = f(a, x) function on

d d 92 .
R x R such that £, = xf, k= <9_f and f, = an exist
X X

and are continuous. Then
t t
f(At,Xt):f(Ao,Xo)Jr/o fa(As,Xs)dAs+/0 Fu(As, Xs)dXs

1 t
45 | e X)X X,
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Ito formula

In typical applications of lto's formula, one needs to show a
certain process is a martingale. First one shows that it is a
local martingale by expressing it as an integral w.r.t. a locally
square integrable martingale and then uses other methods to
show it is a martingale.

Let (M;) be a continuous locally square integrable martingale
and let (hs) be a locally bounded predictable process.

Question: for what values of A is Z a martingale where

t t
Zt:exp{cr/ hsdl\/ls+7L/ hfd[l\/l,l\/l]s}.
0 0
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Ito formula

Let . .
Yt—/ hsdMs and vt—/ h2d[M, M]s.
0 0

Note that (Y;) is a square integrable local martingale and

Ve=[Y, Y]

Let f(a,x) =exp(ox+Aa). Then Z; = f(V4, Y¢). Now noting
2

that f, = %f = Af and fi = ;Txf = 6f, one has

t 1 t
zt:zo+o/ ZSdYS+(A+§o2)/ Z,dV..
0 0
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Ito formula

Hence if A = —3 152 it follows that
t

ztzzo+o/ Z.dYs.
0

Hence for A = —562 Z is a local martingale. It can be shown

that this is a necessary and sufficient condition.

Of course, we will need some other way to prove that the local
martingale is a martingale.
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Ito formula

Levy's characterization of Brownian motion.

Suppose M is a continuous local martingale with My =0 and
such that Z; = (M;)? — t is also a local martingale, or
[M,M]; =t, then M is a brownian motion.

Apply Ito formula to (for a fixed real number 1)

f(t,x) :exp{ilxjt%%}.

We note that %fxx = —f, and hence Z; = exp{iAM; + %21“} is
a local martingale. Since Z is bounded, it is a martingale.
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Ito formula

As a result, E[Z; | 5] = Zs ie.

12 2
[exp{lll\/lﬁ——} |J5} —exp{/l/\/lswL—}

Hence

E[exp{il(Mt — Ms) + m

AR

or
A%(t—s)

E[exp{il(/\/’t —Ms)} | 9’5] = exp{—

Thus

2(t—s
E[exp{i?t(/\//t— Ms)}] = exp{—%}

and so (M; — Ms) has normal distribution, mean 0 Variance

t—s.
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Ito formula

Further,

E[exp{il(/\/lt— Ms)} | ys] = E[eXP{"A(Mt‘ - MS)}}

implies that (M; — Ms) is independent of any set of .
measurable random variables. In particular, (My — Ms) is
independent of M,,;,M,,,...,M,,. Thus M; is a Brownian
motion.
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Ito formula

Sometimes, given a process (Z;) one needs to find a process
(A¢) with bounded variation paths such that

Mt = Zt - At
is a local martingale or a martingale (U;) such that
Nt - ZtUt

is a local martingale.
Example: Let (B;) be the standard Brownian motion and for
c>0and u eR let

St = Soexp{oP:+ ut}.
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Ito formula

We need to find a local martingale (U;) such that
Zt = St Ut

is a martingale. Let us try U; = exp{AB; — 3A%t}. We know
this is a martingale. Now

ztzsoexp{(cmﬁt—%(a%zu)}

Thus (Z;) would be a martingale if (¢ +1)? = (A% —2u).
Thus 62 +20A = —2u and hence

1.2
_ _kt350
A=— c

In this case, (U;) and (Z¢) turn out to be martingales.
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Ito formula

Ito’s formula-4

Let X1, X2,...,X9 be a continuous semimartingles and let f
d d

function on [0,00) x RY such that f; = mf, fi = 8_X,-f and
2
fij = ajaxj f exist and are continuous. Let X; = (X},..., X7).

Then

F(£, X:) =F(0, Xo) + / (s, Xs) ds+2/ (5, X5)dX!

+ = Z/ fi(s, Xs)d[X', X']s

/dl
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Ito formula

Often one needs to compute the part with bounded variation
paths separately. In light of this, we can recast the formula
showing the (local) martingale part and the part with bounded
variation paths separately.

Let X1,...,X9 be continuous semimartingales with

X' =M+ A’ where M’ are continuous local martingales and
A be processes with bounded variation paths.

Let £ € C12(]0,00) x RY). Then
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Ito formula

f(t,Xt) - Nt —|— Bt

where
d

t .
Ne=Y / £ (s, Xs)dM
=170

and
t t .
B, —£(0,Xo) + /O fils, Xs)ds + X9, /0 (s, Xs)dA

1 t ,
ST [ s XM M,
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Ito formula

Ito’s formula for r.c.l.l. semimartingales.
Let X1,...,X? be semimartingales, X; := (X},...,X7). Let
fe C12([0, o) x RY).

X)) =F(0. %) + [ fels,X,)ds
d t j
XA /0 (s, Xs_)dX]

+ Zd 12/( 1/ jk(SX )d[Xjan]

+ Zo<s<t{f(5 X ) — F(5.Xs-) — X1 f(s5. X )AX]

ST B als X ) (AX)(AXE) )
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Ito formula

Martingale representation theorem

Let (B¢) be a standard Brownian motion. Let
Fr=0{Bu: u<t}

Let (M;) be a martingale w.r.t. (:%;). Then M admits a
representation

t
0
for some predictable process (hs) such that

T
/ hsds < o a.s.
0
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Ito formula

For T >, let Z be any random variable such that E[|Z]] < co.
Then taking the martingale My = E[Z | %], we can get
predictable process (hs) such that

T
/ hsds < oo a.s.
0

and .
Z =My I\/lo+/0 hd .
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Ito formula

Martingale representation theorem- multidimensional
Let (BL,...,B¢) be d- independent standard Brownian
motions. Let .%; = G{ﬁ{; cu<t,1<j<d}

Let (M;) be a martingale w.r.t. (.%#;). Then M admits a
representation

d rt .
Mt:MO+Z/ WdBl, 0<t<T
j=170

for some predictable process (hs) such that
JoT(H)2ds < o0 a5, 1<j<d.
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Ito formula

Suppose X is a continuous process on (£2,.%,P) and let Q be
an equivalent probability measure on (£2,.%) such that X is a
martingale on (Q,.#,Q). Equivalent means P(A) =0 if and
only if Q(A) =0.

Such a Q is called an Equivalent Martingale Measure, written
as EMM, for X and is of great importance in Mathematical
finance.
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Ito formula

Let R denote the Radon-Nikodym derivative of Q w.r.t. P, em
i.e.

Q(A) = /A RdP.

Equivalence of P and Q means P(R >0) =1. Let
R: = Ep[R | #¢]. Then as noted earlier (R;) is a martingale.
Moreover, for A € .F;

Q(A) = /A RdP

_ / E[R | Z:]dP.
A

:/ RedP
A

Thus R; is the R-N derivative of Q w.r.t. P on .%;.
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Ito formula

Now, (X¢) being a martingale on (2,.%,Q) means

Amm:A&m

for s <t and a € .%5. But this is same as
/&&wz/&&m
A A

since R, is the R-N derivative of Q w.r.t. P on .%,,.
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Ito formula

Hence, (X¢R:) is a martingale on (£2,.%#,P). Further, R; being
a positive martingale implies R[l is a semimartingale and thus

Xi = XeRe. Rt

is a semimartingale.
Suppose X; = N; + B; is the decomposition of X with local
martingale N. We have seen that

1
Rt = RO exp(Mt — E[M, M]t)

where M; = [ R; 1dRs.
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Ito formula

Hence Z; = (N¢ + B:)exp(M; — 3[M, M];) is a martingale.
So we see that if an EMM exists for X, then X must be a
semimartingale and further the R-N derivative for the EMM
w.r.t. the model probability measure on .%; is

1
Rt = RO exp(/\/lt — E[M, M]t)
where M is a local martingale such that
1
Zt = (Nt + Bt)exp(/\/lt — E[M, M]t)

is a martingale.
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Ito formula

(GIRSANOV’S THEOREM) Let

{WE W2 ... WE: 0<t< T} beindependent Brownian
motions on (Q,.%,P). Let f1,f2 ... f9 be predictable
processes such that fOT Zj‘-jzl \fsjlzds < oo. Let

d T . 1 T,
LT::exp{Z/o deWJ_EZ/o R

Suppose that E[L7] = 1. Let Q be the probability measure
defined by dQ = L+dP. Then the processes

A 7 H t .
Wi — Wg—/o fids, j=1,..,d,0<t<T

are independent Brownian motions under Q.
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Ito formula

Let W, = (W}---,WF) be a d-dimensional Brownian motion.
For a function f on [0, T] x RY for which ‘3';, 27 and ax ax

i0Xj
exist, by Ito’s formula one has

oW~ [(GE 205 w)ds

equals a stochastic integral w.r.t. Brownian motion and hence

is a local martingale.
92f
Here Af(x) = Z 1 90x
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Ito formula

Thus if g satisfies

dg 1
%€ L pg=0
gt 27877
taking f(t,y) = g(s+t,x+y), one gets (s and x fixed and A

is w.r.t. y)
ME™* = g(s+t,x + W;)

is a local martingale.
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Ito formula

If we have an appropriate integrability condition on g that
implies that this local martingale is indeed a martingale, it
would follow that (equality of expectation at

t=0and t=T —5)

g(s,x) =E(g(T,x+ Wr_y)),

giving us a representation of g in terms of its boundary value
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Ito formula

Similarly, if h satisfies

oh 1

— =-Ah
ot 2

Y

taking g(t,y) = h(T — t,x+y) and using the heuristics given
above we could conclude (with u= T —t)

h(u,x) =E(h(0,x+ W,))

provided we have conditions that ensure that the local
martingale h(u— t,x + W) is a martingale.
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Ito formula

Suppose f is a continuous function on R? and
1f(x)] < Crexp(ar|x]?), x € RY (14)

for C; < oo and a3 < oo. Then the Cauchy problem (for
ue C12((0, T) x RY)) for the heat equation

%(t,x) :(%Au)(t,x) : (t,x) € (0, T) xR?

Itifa u(t,x) =f(x)

admits a unique solution in the class of functions g satisfying

lu(t,x)] < G exp(32|x|2), (t,x)€(0,T)x R (15)

for some () < o0, a5 < oo,
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Ito formula

The unique solution is given by
u(t,x) = E(f(x+ W) (16)

where W, = (W/,---,WZ) is a d-dimensional Brownian
motion.
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