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Abstract

A nonlocal nonlinear Schrodinger (NLS) equation was recently introduced
and shown to be an integrable infinite dimensional Hamiltonian evolution
equation. In this paper a detailed study of the inverse scattering transform of
this nonlocal NLS equation is carried out. The direct and inverse scattering
problems are analyzed. Key symmetries of the eigenfunctions and scattering
data and conserved quantities are obtained. The inverse scattering theory is
developed by using a novel left-right Riemann—Hilbert problem. The Cauchy
problem for the nonlocal NLS equation is formulated and methods to find
pure soliton solutions are presented; this leads to explicit time-periodic one
and two soliton solutions. A detailed comparison with the classical NLS
equation is given and brief remarks about nonlocal versions of the modified
Korteweg—de Vries and sine-Gordon equations are made.

Keywords: integrable nonlocal NLS equation, left-right Riemann-Hilbert
problem, PT symmetry
Mathematics Subject Classification numbers: 37K15, 37Q55, 35Q51

1. Introduction

Exactly solvable models and integrable evolution equations are ubiquitous in nonlinear sci-
ence and play an essential role in many branches of physics. Generally speaking, many of
these systems can be derived from basic principles and arise as universal models in diverse
physical phenomena. For example, the Korteweg—de Vries (KdV) and modified Korteweg—de
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Vries (mKdV) equations describe the evolution of weakly dispersive and small amplitude
waves in quadratic and cubic nonlinear media respectively. Physically speaking, the KdV
equation is well known in terms of its application to shallow water waves [5, 19].

The integrable cubic nonlinear Schrodinger (NLS) equation [28] is also a universal model.
It describes the evolution of weakly nonlinear and quasi-monochromatic wave trains in media
with cubic nonlinearities. In the context of nonlinear optics, the NLS equation is a key model
describing optical wave propagation in Kerr media [9, 18]. Moreover, in the limit of deep
water, the NLS equation can be derived from the classical irrotational and inviscid water
waves equations [5]. The KdV, mKdV and NLS equations share the mathematical property
that all are integrable and exactly solvable evolution equations.

There are also numerous continuous and discrete exactly integrable evolution equations that
are physically relevant and apply to diverse problems in fluid mechanics, electromagnetics,
gravitational waves, elasticity, fundamental physics and lattice dynamics, to name but a few
[3, 5, 6]. Recently integrable continuous and discrete nonlocal nonlinear Schrodinger equa-
tions describing wave propagation in nonlinear PT symmetric media were also found [1, 2].

Interestingly there are multi-dimensional extensions of many of these equations. The
best known integrable multi-dimsional equation is the Kadomtsev—Petviashvili (KP) equa-
tion [17]. It is too a universal model describing the evolution of weakly dispersive and small
amplitude waves with additional weak transverse variation. It arises in water waves, plasma
physics and internal waves [3, 5]. Remarkably, multi-line soliton solutions of the KP equa-
tion are observed virtually daily on shallow flat beaches [8].

Generally speaking integrability is established once an infinite number of constants of
motion or an infinite number of conservation laws are obtained. However considerably more
information about the solution can be obtained if the inverse scattering transform (IST) can
be carried out [4]. Corresponding to rapidly decaying initial data, IST provides a linearization
and a class of explicit solutions—e.g. solitons.

The method associates a compatible pair of linear equations (i.e. a Lax pair) with the inte-
grable nonlinear equation. One of the equations, termed the scattering problem, is used to
determine suitably analytic eigenfunctions and provides a mechanism to transform the initial
data to appropriate scattering data. The other linear equation serves to determine the evolution
of the scattering data. Using the analytic behavior of the eigenfunctions an inverse scatter-
ing problem is developed. It is convenient to transform the inverse scattering system to a
generalized linear Riemann—Hilbert (RH) problem to solve for the underlying meromorphic
functions. With the time dependence of the scattering data one can find the solution of the
nonlinear evolution equation from the inverse or RH problem. The IST method is viewed as
an extension of Fourier transforms to a class of nonlinear systems [3, 5, 13, 24].

Here we investigate in detail the following nonlocal nonlinear Schrodinger (NLS) equation

ig,(x,t) = q,.(x,1) £ 2¢%(x, )g*(—x, 1), (1.1)

where * denotes complex conjugate. This equation was first introduced in [1] but due to size
limitations many details had to be omitted. In the above equation we see that the nonlocal-
ity occurs in a remarkably simple way; namely one of the nonlinear terms has the dependent
variable evaluated at —ux, i.e. note the term ¢*(—x, f). We also note that integrable multidimen-
sional extensions of the nonlocal NLS equation have been found and studied [15]. Another
way to write the above equation is

ig,(x,1) = q (x, 1) + V(x,1)q(x, 1), (1.2)

where V(x, t; q) = +2q(x, t)g*(—x, t). In this latter form the equation is viewed as a Schrodinger
equation with a nonlinear ‘P7T’ symmetric potential [11]: V(x, 1) = V*(—x, f). It is remarkable
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that such a simple nonlocal nonlinear Schrodinger equation turns out to be integrable. We also
note that this equation is Galilean invariant. PT-symmetric equations have been extensively
studied in recent years [14, 16, 20-23, 25-27]. This is discussed further in section 2.

There are other nonlocal integrable systems which have been analyzed; two that are well-
known are the Benjamin-Ono and intermediate long wave equations [3, 5]. These equa-
tions were found in the study of long internal waves with a deep bottom layer. The IST for
these systems has been known since the 1980s. We also remark that the following nonlocal
evolution equations

q,(x, 1) + g, (x, 1) £ 6q(x, t)g"(—x, —t)g,(x,t) = 0, g € C : complex nonlocal mKdV
(1.3)

q,(x, 1) + g (x, 1) £ 6q(x, )g(—x, —1)q (x,1) = 0, g€ R : real nonlocal mKdV
(1.4)

and
@ (x, 1) + 25(x, )g(x, 1) = 0, sc(x, 1) = (g(x, 1)g(—x, —1)), ¢ € R : real nonlocal sine~Gordon
(1.5)

arise from a reduction of the AKNS scattering problem and are integrable. It is interesting
that for this case (and ‘odd’ flows in the 2 x 2 hierarchy) the nonlocality shows up as sign
inversions in both x and t. When g(—x, —f) = ¢(x, 1) all these equations reduce to their stan-
dard counterparts: mKdV and sine-Gordon. The IST formulation will be discussed in a future
communication.

In this paper we develop the IST associated with nonlocal nonlinear Schrodinger (NLS)
equation (1.1). It turns out that the general method of AKNS [5, 6] can be applied but with a
new symmetry relationship imposed. This crucial symmetry relation has major consequences;
it leads to new symmetries amongst the eigenfunctions, scattering data and a novel inverse
problem which can be related to a Riemann—Hilbert problem formulated via eigenfunctions
defined at both plus and minus infinity; here we refer to the method as a left/right Riemann—
Hilbert approach. Explicitly this new symmetry condition leads to relationships between
eigenfunctions defined at both +o0o and —oco (hence the term left and right). In the standard
NLS system the Riemann—Hilbert problem leads to a closed set of uncoupled integral equa-
tions at either +00 or —oco. In the nonlocal NLS equation discussed in this paper a closed set
of integral equations can again be determined. But to do this requires using both sets of eigen-
functions at +0o and —oo which, in turn, are coupled. The symmetry conditions relating the
eigenfunctions at both 400 and —oo are fundamental. To our knowledge this is the first time
that such symmetries between left and right Riemann—Hilbert problems have been employed
in the IST associated with nonlinear wave problems.

The paper is organized as follows. In section 2 we employ the AKNS procedure to find a
coupled NLS type system in terms of two potentials: g(x, f) and r(x, f). With the symmetry

r(x,t) = oq*(—x,1), o=7%FI (1.6)

the nonlocal nonlinear Schrodinger (NLS) equation (1.1) results. In section 3 we provide a
method to derive an infinite number of local and global conservation laws associated with the
nonlocal nonlinear Schrédinger equation (1.1). This establishes its integrability as an infinite
dimensional Hamiltonian dynamical system. In section 4 certain key asymptotic properties of
the eigenfunctions and scattering data are discussed; this is followed by section 5 where the
symmetries of the eigenfunctions as well as of the scattering data are established. The basic
inverse scattering problem is developed in section 6 along with a detailed analysis of the
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left-right Riemann—Hilbert problem. The reconstruction formula of the potentials is presented
in section 7. The time periodic one and two soliton solutions and some of their properties are
given in section 9. Comparisons with the classical NLS equation is in section 10; the calcul-
ation for the scattering data associated with equation (1.1) for special box initial condition is
given in section 11. We conclude in section 12.

2. Linear pair and compatibility condition

2.1. The nonlocal nonlinear Schrédinger equation
We begin our discussion by considering the AKNS scattering problem [5, 6]
v, = Xv, 2.1

where v = v(x, 1) is a two-component vector, i.e. v(x,) = (vi(x, 1), v2(x, )] and g(x, 1), r(x, 1)
are (in general) complex valued functions that vanish rapidly as |x| = oo and k is a complex
spectral parameter. The matrix X depends on the functions ¢ and r as well as on the spectral
parameter k

—ik  g(x,t)
X = .
(r(x, 1) ik ) 2.2)
The time evolution of the eigenfunctions v;, j = 1, 2 is given by
v, =Ty, (2.3)
where
A B
T= ,
(C B A) 2.4)
and A, B and C are scalar functions of ¢(x, 1), r(x, t) given by
A = 2ik? +ig(x, t)r(x, t), 2.5)
B = —2kq(x,1) —iq,(x,1), (2.6)
C = —2kr(x,t) + iry(x, 1). 2.7
The compatibility condition of system (2.1) and (2.3), i.e. Vjy = Vjur, j = 1,2 yields
iq,(x, 1) = q,(x, 1) — 2r(x,0)g?(x, 1), (2.8)
—in(x, 1) = ra(x, 1) — 2q(x, Or(x, 1). (2.9)

Under the symmetry reduction
r(x,t) = oq*(—x,t), o=%FI, (2.10)

system (2.8) and (2.9) are compatible and leads to the nonlocal nonlinear Schrodinger equa-
tion first introduced in [1] and mentioned above in the introduction. We write the resulting
equation (1.1) again for the convenience of the reader:

iqt(x’ t) = CIxx(x’ t) i Zqz(x, t)q*(_-x’ t)’
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where again * denotes complex conjugation and g(x, ) is a complex valued function of the real
variables x and ¢ with corresponding Lax pairs given by

B —ik q(x,1)

K= (Uq*(—x, 1 ik )’ @2.11)
B 2ik? + ioq(x,t)q*(—x, 1) —2kq(x,t) —iq,(x,1) 51
~\—20kg*(—x,1) — iog' (—x,1) —2ik? — iog(x, )g*(—x,1) | (2.12)

The crucial symmetry reduction (2.10) was first noted in [1] and leads to a novel class of
nonlocal integrable nonlinear evolution equations including a nonlocal NLS hierarchy. This
is a special and remarkably simple reduction of the more general AKNS system [4] which
has not been previously found. A list of few important properties of equation (1.1) are shown
below:

e Time-reversal symmetry: If ¢(x, ¢) is a solution so is g*(x,—1).

e Invariance under the transformation x — —x : If g(x, 7) is a solution so is g(—x, 1).

e Gauge invariance: If g(x, 7) is a solution so is e%g(x, t) with real and constant 6.

e Complex translation invariance: If g(x, f) is a solution so is g(x + ixg, t) for any constant
and real x.

e Equation (1.1) is a Hamiltonian dynamical system and is obtained using the variational
formulation

OH

R ey

(2.13)
6H
6q"(=x.1)

is given by

where is the variational derivative of the Hamiltonian with respect to ¢*(—x, f) and

H= £+w [—q,.(x, t)qi(—x, 1) — qu(x, t)q*z(—x, H]dx, o==FI1. (2.14)

e PT symmetry: If g(x, ) is a solution so is ¢g*(—x,—1). As mentioned in the Introduction,
calling the quantity

V(x, 1) = £2q(x, 1)g"(—x, 1), (2.15)
which, in classical optics is referred to as a self-induced potential, implies that V*(—x, f) =
V(x, ).; and with this at hand, equation (1.1) takes the form

iq,(x,1) = g (x, 1) + V(x,t)q(x, 1). (2.16)

This equivalent formulation allows one to connect equation (1.1) with PT symmetric
optics for which V(x, 7) represents a ‘waveguide’ and the resulting equation remains invar-
iant under the joint transformation of x - —x, t — —¢ and a complex conjugate. Thus, the
nonlocal equation (1.1) is PT symmetric [11]. We remark that wave propagation in PT
symmetric coupled waveguides or photonic lattices has been observed in experiments in
classical optics [14, 16, 20-23, 25-27].

e Galilean invariance: If g(x, 7) solves equation (1.1) with initial condition g(x, 0) then

G(x, 1) = q(x + 2i&t, e~ e Y, (2.17)
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also solves to equation (1.1) with corresponding initial condition G(x,0) = g(x, 0)e™%
for any real constant £. If one restricts the class of solutions to equation (1.1) to rapidly
decaying solutions at |x| — oo then this would put some restriction on the parameter ¢ to
guarantee that §(x, r) itself remains within that class. We point out that the general g, r
system (2.8) and (2.9) is also Galilean invariant: If g(x, ), r(x, f) solve system (2.8) and
(2.9) so does

Gx,1) = q(x — iVi, r)e Kre i, (2.18)

F(x,1) = r(x — iVt, t)e Kre w2, (2.19)
with K] = —K; and wy = —wj all being real parameters satisfying the relations V = —2K,
and w; = Klz.

An infinite number of local and global conservation laws associated with equation (1.1) can
be derived hence it is an integrable evolution equation. Using a left-right Riemann—Hilbert
formulation, the inverse scattering transform is carried out and general solution to equa-
tion (1.1) corresponding to rapidly decaying initial data, is obtained including pure one and
two solitons solutions. Key important properties of equation (1.1) are also contrasted with the
classical NLS equation where the nonlocal nonlinear term ¢*(—ux, ) is replaced by ¢*(x, 7). In
particular, the symmetries of the eigenfunctions and scattering data associated with the classi-
cal NLS equations with even initial data are shown to coincide with symmetries of (2.1) under
the symmetry reduction (2.10).

2.2. The nonlocal real and complex mKdV equations

In the case where the functions A, B and C are third order polynomial in the spectral parameter
k [3, 4], the compatibility condition of system (2.1) and (2.3) yields

4%, 1) + G (X, 1) — 6q(x, )r(x, 1)q,(x, 1) = 0, (2.20)
rt(x’ t) + rxxx(x9 t) - 6‘]()5, t)r(x’ t)rx(x, t) = 07 (221)

Under the symmetry reduction
r(x,t) = oq*(—x,—t), o=%FI, (2.22)

system (2.20) and (2.21) are compatible and leads to the nonlocal complex mKdV equation
4%, 1) + G (%, 1) — 60q(x, 1)g"(—x, —1)q,(x, 1) = 0, (2.23)

where again * denotes complex conjugation and g(x, ) is a complex valued function of the real
variables x and 7. When the function g(x, 7) is assumed to be real valued then equation (2.23)
reduces back to the real mKdV equation (1.4). We point out that under space and time even ini-
tial conditions, the nonlocal mKdV equation reduces back to its classical (local) counterpart.

2.3. The nonlocal sine-Gordon equation

If in equation (2.4) we take A = A/k, B = By/k and C = Cy/k then the compatibility condition
Vixt = Vii,J = 1, 2 results in the following set of equation for the potentls g and r

th(xs t) + 2S(x’ t)C](x, t) = Os (224)
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ru(x, 1) + 2s(x, r(x, 1) =0, (2.25)

s:(x, 1) + (q(x, Dr(x, 1)), = 0, (2.26)
where we have defined A; = —is/2. Under the reduction

r(x,1) = —q(=x, —1), (2.27)
the system (2.24) and (2.25) are compatible and give rise to the nonlocal sine-Gordon equation

q x, 1)+ 25(x,1)q(x,1) =0,  s(—x,—1) = s(x,1). (2.28)

3. Infinite number of conserved quantities and conservation laws

3.1. Global conservation laws

The infinite number of conserved quantities of (1.1) is derived as follows. We assume that
q(x, 1) decays rapidly at infinity. As a result, solutions of the scattering problem (2.1) can be
defined subject to the following boundary conditions

lim (x, k) = (é)e*ikx, lim 3(x,k) = (?)ei’“, 3.1)
lim (x, k) = (?)ei’“, lim % (x, k) = (é)e’ik". (3.2)
x—+400 x—>+00

Throughout the paper, ¢ is not the complex conjugate of ¢. We shall instead use ¢* to denote
the complex conjugate of ¢. If ¢(x, ) = (d(x,1), p,(x,1))T is the solution to (2.1) that satis-
fies the boundary conditions (3.1) then, for Im k> 0, the scattering data a(k) = ¢,(x, 1)elk
is analytic in the upper half complex k plane and approaches 1 as x — £oc0. Substituting
@i(x, 1) = exp [—ikx + ¢(x, )] into (2.1) we find (after eliminating ¢,) that the function
n(x, 1) = ¢ (x, t) satisfies the Riccati equation

0 .
q—(ﬁ) + p? — qr — 2ikp = 0. (3.3)
ox\ q
Since for Imk > 0, limy_, ., ¢(x, k) = 0 we substitute the asymptotic expansion
o0
W (x, 1)
b k = b
pu(x, k) 2120 2icy ] (3.4)
in equation (3.3) and equate powers of k to find
/J/O(x’ t) = _Q(xs t)r(-x, t)’ (35)
py(x, 1) = —q(x, Dre(x, 1), (3.6)
and for any integer n > 1
8 ’un n—1
Hpp1 = qa(;) + m;o Fonln—p—1- 3.7

From the boundary conditions (3.1) it follows lim,_, . ¢,(x,k)el® =1 and lim,_,___o(x,k) = 0.
Combining this result together with the definition of ;& we have
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[e's) Cn
Ina(k) = EOW, (3.3)
where we have defined
+oo
C, = j: e (3.9)

Since for all k with Im k > 0, a(k) is time independent then it follows that C,, is also time inde-
pendent. Below is a list of the first few conserved quantities under the symmetry reduction
r(x,t) = oq*(—x,t), o =F1:

+00
Co=—0 [ qte.ng(—x.ndx, (3.10)
+00
=7 | la.0g (—x0 + gl 0gi(—x. 0l dr, (3.11)
+o0
Co= 0o [ la,.06 (50 = 0 (x, g (~x D] dx, (3.12)

+o0
C3= %j: (G DG (=2, 1) + q(x, )G (—X, 1)
—20q(x, )g*(—x, 1) [4q(x, g (—x, 1) — q,(x, )g*(—x, 1)]}dx, G-13)

+00
Cs= —O’j; {4, (6, 0)q (—x,1) — 60q(x, )q"(—x, 1)q,(x, g (—x, 1)
+ olg*(—x, g (x, 1) — q(x, DG (—x, D + 2¢°(x, )g*(—x, 1) }dx, (3.14)

3.2. Local conservation laws

In this section we explain how to derive an infinite number of local conservation laws. We start
with the time-dependent problem (2.3)

o1, = Ap, + Bo,. (3.15)

Substituting the expression for 1 and ¢ into (3.15) and taking the x derivative of the resulting
equations we find

x,1)B
3:#()6, 1) = a)C(Anonloc + w)- (3.16)
q(x,1)
Recall that the nonlocal nonlinear Schrédinger equation (1.1) is obtained when
Anontoc = 2ik? + ioq(x, Hg*(—x, 1), (3.17)
Brontoc = _2kq(x’ 1 — iqx(x, 1), (3.18)
Chonloc = —2kog*(—x,1) — ioq (—x,1). (3.19)
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Substituting the power series expansion for p from (3.4) and (3.17)—(3.18) into (3.16) we
obtain

00 ,Un(x, 1) . o _ qx(x’ H)& ,un(x, 1)
61[’;) Qi ] = i0, [aq(x, D (—x,1) + (Zlk props );) Qi ] . (3.20)

The coefficients of (2ik)~" are trivial for n < — 1. For n > 0 we find

| 40 1)
al n st + 8.)( =
(X, 1) +1 [q(x’t)

[, (. 1) = 1, (5, t)]: 0, n=0,1,2,3,---. (321)

We can write the conservation laws in the form

0T  .OX
Sy =i (3.22)

where 7 and X are the so-called densities and fluxes respectively. The first few conservation
laws are given by
L. T=qx, g (—x,1), X=qx,0)q (—x,1) + g"(—x,1)q,(x,1).
2. T=qx,0)q (—x,1), X = q'(—x,0)q,(x,1) + q(x, g (—x,1) — 0g*(x, Ng**(—x, 1),
3. T= g, 0)q, (—x.1) — 0q*(x, g (—x,1), X = q,(x, )G, (=X, 1) + q(x,1)q (—x,1)
— 40q*(x, 1)g*(—x, )q(—x, 1).

4. Direct scattering problem

In this section we study the scattering problem (2.1) subject to the boundary conditions (3.1).
It is expedient to reformulate the scattering problem in terms of eigenfunctions having con-
stant boundary conditions (the so-called ‘Jost functions’) defined by (note: hereafter, for sim-
plicity of notation, we often suppress the time dependence)

M(x, k) = e®p(x, k),  M(x, k) = e *@(x, k), “4.1

NG k) = e Ry k), N(xk) = e (x, k). 4.2)

With this in mind, one can show that the Jost functions satisfy a linear implicit integral equa-
tion that in turn is used to establish the following important results: In the space of absolutely

integrable functions L'(R) defined by f[R | fldx < oo, one can show that M(x, k), N(x, k) are

analytic functions in the upper half complex k plane whereas M (x, k), N (x, k) are analytic
functions in the lower half complex k plane [6]. From the integral representation one can also
derive the large k asymptotics of the Jost functions used in the inverse problem, (c.f. [6])

1 X
- [ @@z
M(x, k) = + O(k™2), (4.3)

C))

2ik
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qx)
2ik
N(x, k) = R + O0(k™2), (4.4)
T f r(2)q(z)dz
ax)
GO 2:" Lok, 4.5)
1+ ﬂ j:oo r(z)q(z)dz
1 [t
B l+ﬁ j; r(z)q(z)dz X
N, k) = ) + O(k™). (4.6)
rx
ik

The solutions ¢(x, k) and ¢ (x, k) of the scattering problem (2.1) with the boundary conditions
(3.1) are linearly independent for all & satisfying a(k) = O—see below. This follows from the
fact that the Wronskian W(u, v) is given by

W(u, V) = u\vy — upvy, (47)

of any two solutions « and v to (2.1) is independent of x. Similar arguments hold for ¥ (x, k)
and 7 (x, ]i)‘ Therefore because the scattering problem (2.1) is a second order linear ODE, the
pairs {¢, ¢ } and {1, 9 } are linearly dependent and one can express one basis set in terms of
the other:

Px, k) = a(kyy (x, k) + b(k)(x, k), (4.8)
¢ (x, k) = ak)(x, k) + bk (x, k). (4.9)
With this result, the scattering coefficients are thus given by
atk) = W(o,v), (4.10)
atk) =W, ). (4.11)
b(k) = W, ), (4.12)
b(k) = W(¢, ). (4.13)
Note that the scattering data satisfy the relation
a(k)a(k) — b(k)b(k) = 1. (4.14)

If the potentials g, r — 0 as |x| = oo then from the analyticity properties of the Jost functions,
it can be shown that a(k) is analytic in the upper half complex k plane whereas a(k) is analytic
in the lower half complex k plane [6]. In general, b(k) and b (k) cannot be extended off the real
k axis. Therefore, equation (4.14) is defined only for Imk = 0. The large k asymptotics of the
scattering data a(k) and a(k) is given by [6]
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_ o —
a)~ 1= = [ r@a@ + 06, *.15)
1 400
at) ~ 14 5 [ @4z + 06 (4.16)

5. Symmetry reduction r(x, 1) = 0g*(—x,1), 0 = F1: eigenfunctions
and scattering data

5.1. Symmetry of the eigenfunctions

In this section we establish important symmetry properties of the eigenfunctions of the eigen-
value problem (2.1) valid under the symmetry reduction r(x, t) = oq*(—x, t) where 0 = F1.To
do so, letv(x, k) = (vi(x, k), vo(x, k))T be a solution to system (2.1) with r(x, 1) = ogq*(—x, t).If
we take the complex conjugation of (2.1) and let x — —x, k* — —k* one reaches the following
conclusion:

Vi(—x, —k*)

—ovj(—x, —k*

¢ (vl(x, k)

(s k))solves (2.1) then (

)]solves 2.1). 5.1

Therefore, because the solutions of the scattering problem (2.1) are uniquely determined by
their respective boundary conditions (3.1) we obtain the important symmetry relations

w(x,/o:(‘l’ ‘O”)¢*(—x, ke, 52)
(0 1) .
Pk =( 0 )7 5.3)

With the definitions (4.1) and (4.2) one can readily write down the corresponding symmetry
conditions of the Jost functions:

0 —0o

N(x,k):(l K

)M*(—x, iy, (5.4)

0

NG k) = ( (1))1\7*(7)6, —k"). (5.5)

Thus we see that the symmetry r(x, t) = og*(—x, t) leads to symmetry between eigenfunctions
defined at 4-o0.

5.2. Symmetry of the scattering data

The symmetry in the eigenfunctions in turn imposes a very important symmetry in the scatter-
ing data a(k), @(k)and b(k), b(k).From the Wronskian representations for the scattering data
and the above symmetry relations together with the fact that the Wronskian does not depend
on x it follows for both signs o = F1

a(k) = a*(—k"), (5.6)
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ak) = a*(—k"), (5.7)

b(k) = ob*(—k*). (5.8)

It therefore follows from equation (5.6) that if k; = 51 + in; is a zero (eigenvalue) of a(k) in the
upper half k plane then —kf = —§; + inj;is a zero of a(k) in the upper half k plane. Similarly, if
k; is a zero of @(k) in the lower half k plane so is —k f in the upper half k plane.

6. Inverse scattering: a left-right Riemann—Hilbert approach

The inverse problem consists of constructing the potential functions r(x, f) and g(x, ) from
the scattering data, i.e. reflection coefficients p(k, ¢) and p(k,t) defined on Im k = O as well
as the eigenvalues k;, Igj and norming constants (in x) Ci(z), C_'j(t). Our approach is based on
solving two Riemann—Hilbert problems associated to what we refer as left and right scattering
problems and use the symmetry conditions established in section 5 to relate between the two
pieces. In doing so we will make frequent use of the so-called projection operators defined
as follows. For any integrable function f(k) , k € C that rapidly decays to zero as |k| - co we
define the projection operators Py as

o Lo f©
RJ_E%hdﬁmg—@imy (6.1)

One of the most important properties of the projection operators are
Pf. =+f, Pf. =0, (6.2)

where f (z) and f_(z) are analytic functions in the upper and lower complex half plane respec-
tively satisfying f.(z) = 0 as|z| = oo.

6.1. Left scattering problem

Our starting point is the ‘left’ scattering problem (4.8) and (4.9). Divide equation (4.8) by
a(k); (4.9) by a(k) and use the definition of the Jost functions given in (4.1) and (4.2) gives the
equivalent formulation

M, k) = Dikx
Taly N (x, k) + p(k)e”™N(x, k), (6.3)
MOB) _ New k) + plioe N k), 6.4)
ak)
where we have defined the left reflection coefficients
pk) = )’ pk) = o (6.5)

Taking into account the corresponding boundary conditions as well as the asymptotic behavior
of a(k) at large k we find

lkhinoo[ﬁgfk’)k - (3))] B (8) (6.6)
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The functions M(x, k) and a(k) are both analytic functions in the upper half complex k& plane.

Since a(k) has simple zeros at k = k; then M;:Ck)k )

is not analytic and has simple poles at k = ky
(note that M(x, k) has no zeros in the upper half plane). Let k = ko be a simple zero of a(k).

MQ.k) -

Then around kj the Laurent series expansion for the function —— " is given by

M(x, k) _ M (x, ko)
a(k) a'(ko)(k — ko)

+ analytic function. (6.7)

Let k; be an eigenvalue of a(k) in the upper half complex k plane, i.e. a(ky) = 0. Then equa-
tion (4.8) gives ¢(x, k) = b(ke)(x, ky) which, in terms of the Jost functions, reads
M (x, ke) = b(kN (x, kp)e ™. (6.8)

We subtract from both sides of equation (6.3) the contributions from all poles and use (6.8)
to find

M(x, k) B (1) Czl\fe(x)emk[x Nk — ( ) C[N/(x)eZlkgx
=1 =1

+ p(k)e* N (x, k),

a(k) 0 k— ke k— ke
. (6.9)
where we have defined the left norming constant Cy as
_ bko)
2 (6.10)

The left hand side of equation (6.9) is an analytic function in the upper half plane and goes to
zero as [k| = oo hence it forms a ‘+” function. Also, the function N, k) — ((1)) is an analytic

function in the lower half plane and goes to zero as |k| — oo therefore, it forms an ‘—’ func-
tion. Apply P_ on (6.9) to find

— B CiN(x, k/)eZ‘k”‘ p({)ez@‘N (x, &)
N(x’k)_( )+;1 k—k 27r1f — (k—i0) . @11

Similarly, the functions M (x, k) and @(k) are both analytic functions in k in the lower half
M (x k) -

plane. Since a(k) has simple zeros at k = k; then is not analytic and has simple poles

at k = ky (the function M (x, k) has no zeros in the lower half plane). Let k = kobe a simple
(x k)

zero for @(k). Then around k the Laurent series expansion for the function is given by

M (x,k) _ M (x, ko)
a(k) a'(ko)(k — ko)

At an eigenvalue k; we have a@(k;) = 0. Then equation (4.9) gives ¢ (x,k¢) = b (ko) (x, ky)
which imply

+ analytic function. (6.12)

M (x, ky) = b (k)N (x, ky)e ke, (6.13)
Subtract all the poles from (6.4) and use the relation (6.13) to find

M.k) (0) B i ColNp(x)e2kex

0) Z C/Ny(x)e ke
aky \1) =7 k—k

+ p(k)efz"“N (x, k),
1 =1 k— kf

= N(x.k) — (
(6.14)
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where as before the left norming constant is given by

b (k) '
a'(ky)

G (6.15)
Note that the left hand side of equation (6.14) is an analytic function in the lower half plane

and goes to zero as |k| — oo hence it forms a ‘—’ function. Also, the function N(x, k) — ((1)) is

an analytic function in the upper half plane and goes to zero as |k| — oo therefore, it forms an
‘4’ function. Apply P on (6.14) to find

_(0) . <~ CGN@.kpe 2k 1 p p(&e 9N (x, )
N k) = (1)+;1 k—k 27 fm & — (k+i0) at. (6.16)

6.2. Time evolution of the scattering data: left scattering problem

The time evolution of the scattering data is derived from the evolution equation (2.3) and is
given by see [3]

a(k,t) = a(k,0), atk,t) =a(k,0) (6.17)

bk, t) = e 4*ip(k, 0), b(k,t) = e**1b(k, 0). (6.18)

Equation (6.17) implies that the zeros of the scattering data k; and k; (the soliton eigen-
values) are time independent. The time-evolution of the reflection coefficients and norming
constants follows from (6.17) and (6.18) and are respectively given by

p(k, 1) = e bk, 0)/a(k,0), pk.t) = b (k,0)/a(k,0), (6.19)

. _ _ -2
C = GO ™", T = TR, (6.20)

6.3. Right scattering problem

To account for the symmetry conditions (5.5) and (5.4), we view the system (4.8) and (4.9) as
a left scattering problem and supplement it with the right scattering problem

Px, k) = kg (x, k) + BE)H(x, k), (6.21)

P (x, k) = at)x, k) + B (k) (x, k). (6.22)

where a(k), @(k), B(k) and 3 (k) are the right scattering data. We can also write system (6.21)
and (6.22) in the matrix form

W(x, k) = Sp(k)P(x, k), (6.23)
where the right scattering matrix is

sey = |70 7 (k)), 6.24

W) (B(k) atk) (29
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and ®(x, k) = (op(x, k), ¢ (x, k), U(x, k)= (1 (x,k), Y(x,k))! where superscript T denotes
matrix transpose. Following the same steps as for the left RH above, we can formulate the
corresponding RH problem on the right and find the following linear integral equations which
govern the functions M (x, k), M (x, k):

J —2ikex —2i&x
Tk (0) py BMkge B L ROSIME) 4
1 =1 k— kg 271 oo € — (k—10) (6.25)
T 3 5 Toaike 0o B(E\e2ETT
1 By M (x, kp)e™ 1 R(§e™M (x,§)
M(x, k) = +y — - — ——=d¢, .
0 (0) Dy 3 il —k+io) ¢ (6:26)
(=1
where R (k) and R (k) are the right reflection coefficients defined by
Bk) o 3 (k)
Rk)=—=, R(k)=—>=, 6.27
(k) o) (k) a6 (6.27)
and By, By are the right norming constants defined by
k ~ Bk
= Sk g Sk (6.28)
(k) a'(ke)

6.4. Time evolution of the scattering data: right scattering problem

The derivation of the time evolution of the right scattering data follows closely that of the left
case and are given by

alk,t) = a(k,0), a(k,t) = a(k,0) (6.29)

Blk, 1) = K13 (k, 0), Bk, 1) = e *1F (k, 0). (6.30)
The time evolution of the norming constants and reflection coefficients follows from (6.29)

and (6.30)

B = B(0)e™", B = Bi0ye K. 6.31)

6.5. Relation between the reflection coefficients
The left scattering problem (4.8) and (4.9) can be rewritten in the matrix form

D(x, k) = S(k)U(x, k), (6.32)
where ®(x, k) = (d(x, k), & (x, k)T, U(x, k)= (@ (x, k), ¥(x,k))" (here superscript T stands

for matrix transpose) and S (k) is the so-called left scattering matrix

a(k) b(k))

b(k) a(k) (6.33)

Sp(k) = (

With this notation at hand, the scattering matrix (6.33) is related to the right scattering matrix
(6.24) throughout the relation Sg(k) = S, 1(k) which explicitly gives
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a(k) =ak), ak) = a(k),

— — 6.34
B = —bo. B = bk, 39
From the definition of the right reflection coefficient R given in (6.27) we have
k b(k b*(—k*
Ry =8B _ PO PR ke, (6.35)

a(k) a(k) a*(—k*)

In obtaining the result (6.35) we used the definition of the left reflection coefficient p given in
(6.5) as well as the symmetry relation between the scattering data a, @ and b given in (5.6)—
(5.8) respectively. Similar symmetry result hold between R and p, i.e.

R(k) = —op*(—k"). (6.36)

With this at hand we have reduced the number of scattering data (reflection coefficients) in
half. Next we aim at achieving the same goal for the norming constants.

6.6. Closing the system

To close the system we substitute k = Igj in equations (6.11), (6.25) and k = k; in equa-
tions (6.16), (6.26) then impose the symmetry condition r(x) = og*(—x) where o = F1
throughout the symmetry relation between the Jost functions (5.4) and (5.5) as well as the
reflection coefficients to find

[ M3~ ;) ]:(1) +§’:geezikfx(zvl<x,k4)) L[ e (Nl(x,f)) i«

—oM; (—x, —E;) 0 121 ki — ke \ Na(x, ko) 271 Joo & — (kj — 10)\ Ma(x, )
(6.37)
Mi(x, k) (0) -\ Bee ket Ni(—x, —kp) 1o p(=&e & (—aNy(—x, =)
T = + 4 + — S de,
[Mz(x,k_,-)] 1 ,; k—ke \—oNj(—x,—k}))  2mi J-x €~ (k;—i0)| Nj(—x,—&) :
(6.38)
Ni(x, k) (0) T, Cre ke[ Mi(—x,—kp) 1o pe % [ Mi(—x, =€)
— —— I S —— J— d N
(Nz(x,kj)) 1) ; ki—ke \—oMi(—x,—k))) 2 j:oog—(k,-+10) —oMi{(—x,—§) &
(6.39)

—oNi(—x, k) | \O) T kg — ke \ M Ry ) T 2w e € — (j + 10) \ Ma(x, €)
(6.40)

( N (=, =kj) ]:(1) +éme2ikfx(z\7l<x,a>) L aﬁ*(—f)f:zj&(ﬁz(x,ﬁ)]d&

Equations (6.37)—(6.40) are integro-algebraic equations that (can in principle) solve the
inverse problem. As we shall see later, the above system will be used to construct breathing
one soliton solution. Indeed the system can be reduced to two equations in two unknowns, e.g.
for Ni(x, k) and N»(x, k) by appropriately substituting M;(x, k), M>(x, k) from equation (6.38)
into equation (6.39) leaving only one vector equation for N(x, k) and N,(x, k). The question of
solving systems such as (6.37)—(6.40) or the reduced system (6.39) has been studied by Beals
and Coifman in [10]. In this paper they give explicit conditions as to when the IST method
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yields a unique solution (possibly for finite time) to nonlinear evolution equations associated
which contain the 2 x 2 scattering problems with general potentials g, . However we note that
soliton solutions to the nonlocal NLS equation can admit simple pole singularities in time.
Hence, in general, one can only expect to find solutions for finite time. A full discussion of
the solutions to the nonlocal NLS equation, obtained by IST, is outside the scope of this paper
and remains to be studied.

6.7 Eigenvalues on the imaginary axis and norming constants

When formulating the left and right RH problem for the Jost eigenfunctions we have sub-
tracted only the contribution from all poles the are located at k;, IZJ the zeros of the scattering
data a(k) and a(k) respectively. However it follows from the symmetry of the scattering data

(5.6) and (5.7) that there are two more contribution to the pole arising from fk;, k ;. Thus, in
order for the above analysis to be consistent we restrict ourselves to the case for which all
eigenvalues are located on the imaginary axis, i.e.
= Tk
kj = —k;, ki = —k;. (6.41)
To obtain the symmetry condition that relates the left norming constants C; and C; to the right
norming constants B; and B; we restrict the equations (6.37)—(6.40) to eigenvalues satisfying

(6.41) and obtain after some algebra the following set of equations

(M(x,@]_ (0) S C}eﬁkﬂ(—ow—x,kf)] L p*(—s)eﬁ&(—ozva—x,—o] .

1) " 2 k4 ke Ni(—xke) 21 S £— (K —i0)| Nj(—x, =)

My(x, k)
(6.42)

Mi(x, k;) (0) I Bpe Zkex( N(—x,ks) 1 > p'(—=&e 2 (—aNy(—x, =€)
— = + = +— — d¢,
[Mz(x,kj)J 1 ;, k—ke \—oNi(—x,kp)) " 271 J-oo €= (K —i0)| Nj(—x,—€) ¢

(6.43)

(M(kaj>)_(0)+i@e—ﬁkﬂ( Mi(—x.kr) ]_ L @ [ My(—x.€) ]d§

No(x, kj) 1 = ki—ke \—moMi(—x, k)] 2mi oo €= (ki +10) | —o M ((—x, &)
(6.44)
Ni(x, k; T a—2ikex ( _ T~ T o = —2igx A
el B () T o et e R My 3
No(x, k) 1 ki ke Mi(—x,ke) 27i J-oo € — (k; +i0) |\ —o M (—x, &)
(6.45)
Comparing equation (6.42) with (6.43) one finds
B, = oCy, (6.46)
Similarly, one obtains from (6.44) and (6.45) the result
B, = oC}. (6.47)

It should be noted that both relations are valid under the symmetry reduction 7(x) = og*(—x).
Later in section 9 we will show that further restrictions on the norming constants only allow
oc=-—1
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6.8. Additional symmetry between the eigenfunctions

At an eigenvalue k = k¢, { = 1,2, ---, N (a zero of a(k) in the upper half complex k plane), the
eigen functions ¢(x, k¢) and ¥ (x, k;) are linearly dependent, i.e. ¢(x, k;) = b(k¢)(x, k¢) which,
in terms of the Jost functions, it reads (see equation (6.8))

Mi(x, ke) = bre* Ni(x, ko), (6.48)

Mo(x, ke) = beeP Ny (x, ky). (6.49)
Equations (6.48) and (6.49) yields the product relation
Mi(x, ke)No(x, ko) = Mo(x, ke)Ni(x, ko), (6.50)

between the Jost functions N; and M;, j = 1, 2 valid at an eigenvalue kg, £ = 1,2 --- N.Now use
the symmetry condition (5.4) and (5.5) between the Jost functions in (6.50) to find

NZ(x, k[)NZ*(_-xs kf) = Nl(-xs kf)Nl*(_-xs ké)? g = 15 2, '”9N' (6.51)

Similar relation can be derived for the other set of the Jost functions N; and M;, j = 1,2 valid
at an eigenvalue ke, € = 1,2 --- N.Indeed, starting from the right scattering problem (6.23) one
finds that at an eigenvalue k; the Jost functions N; and Mj, j = 1,2 are linearly dependent and
satisfy

NiCx, ko) = B e My(x, ko), (6.52)

Na(x, ko) = Br €25 Mo(x, k). (6.53)

Eliminating 3; 2% from equations (6.52), (6.53) and make use of the symmetry condition
(5.4), (5.5) between the Jost functions gives

}WZ(X7 EZ)MZ*(_xa EZ) - M(x’ E[)Ml*(_x9 E@)» Z - 1’ 2a i '»N- (654)

The above relations (6.51) and (6.54) are useful in finding explicit soliton solutions.
The above relations (6.51) and (6.54) are useful in order to find the norming constants C;

and C; and their dependence on the soliton eigenvalues ; and k;.
7. Recovery of the potentials

Recall from equation (6.11 ) that

o CN()e p(é)ez‘fo(x 3)
N = (§ )+[zl [ —5de A

The large k behavior of N(x, k) is thus given by

_ 12 1 o .
Rl e g 2 Ot ke~ _z_m [ poerem ode (72)

From (4.6) we have

Mo k)~ —%, 73)
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therefore, we have the result:

J
. : 1 o0 .
r(x) = 21(2 CiN>(x, kp)e2ike — P f P(E)EHFNy(x, E)df). (7.4)
(=1 o0
We use the symmetries from (5.5) to find for r(x) = F¢*(—x)
Mi(x, k) = £N3(—x, —k*) (7.5)
together with the asymptotic relation (4.5)
T A q(x)
M ) k ~ 0> 76
1(x, k) ik (7.6)
to find that
q(x) ~ £2ikN5(—x, —k*). (7.7
From (7.2) we have
RT * —21 x 1 > * —21Ex nT*
Ny (x, k) W T 2 CiN; (x, kp)e 2k —*% f PH(E)e HEN; (x, £)dE. (7.8)

1 d 1K) X 11 o0 * 16 AT *
Ni(x k)~ f;%j N (—x, kg)ePk i j;oop(f)engz(fx,f)dﬁ. (7.9

Therefore, comparing (7.9) with (7.7) we find (¢ = F1)

J

4 = 20 N (—x ke + £ [ p(@t NI ods. (7.10)
(=1

8. Characterization of scattering data: general trace formulae

The functions a(k) and a(k) are analytic in the upper and lower half complex k plane respectively

and tend to unity as k — co. We assume a(k) and a(k) have the simple zeros {k;, Im k; > O}jJA:1

and {k;, Imk; <0 v

i respectively, and define

?\“I

I, J
atk) =[] Z Z_ma(k), ack 1__[

m=1 — Am

8.1)

Thus a(k), a(k) are analytic in the upper and lower half complex plane respectively, tend to
unity for k — oo and have no zeros in their respective half planes. Therefore we have

1 +oo log al(§) 1 +oo log @(§)
] — - I
ogath) = o= [ =EE € [ P dE=0 Imk>0,
oy Lo logacd) 1 proe log o(§)
log ai(k) = ——— j:oc - I fm - 8N ge—0  mk<o.

Adding/subtracting the above equations in each half plane respectively, yields
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_ L e loga©at®)
loga(k)—zwiim = ¢ Imk>0
logd(k):—z%ﬂ I ::o mgg(—%& Im k < 0.

Then from equation (8.1) one finds

< k — Ky 1+ log(a(§)a(§))
log a(k) = mgl log(k - k) o f_ Lo e mk>o $2)

J —k +0o ], o
log a(k) = Zlog(i_im)— ﬁf_w de, Im k < 0. 83)

m=1
Since from equation (8.1) we have a(k)a(k) = a(k)a(k), equations (8.2)—(8.3) together with
the unitarity condition a(k)a(k) — b(k)b(k) = 1yield

(k - lfm) N 1 f+oo log(1 + b(k)b(K)) |

k—kp) " 27 o c—k

J
loga(k) = > log

m=1

logatk) = S 1 1 d&,  Imk<o.
ogatk) = > logl— =52 ) c—k & m

m=1

J (klzm) 1+ log(1 4 b(k)b(k))

From the symmetry conditions (5.8)

b(k) = Fb*(—k),

we arrive at
. k—kn) 1t log(1 F bEP (=)
log a(k) = mZ::l log(m) oo fm = ds, k>0 gy
oy (k=) 1 oo log(1 4+ FHE)I(=E)))
log a(k) = mz:jl log(k - km) - f_m — &, Imk<0. (g5

Thus we can reconstruct a(k), a(k) in terms of the eigenvalues (zero’s) and only one function
b(k). And in the inverse problem we do not need

b(k b(k
oty = 28 iy = 28
a(k) a(k)
independently. We only require one function b(k), since g(k) = % and we can determine

a(k), a(k) from only b(k) using equations (8.4)—(8.5). To find the norming constants for the
solitons
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we need aj, @; when r(x) = —g*(—x). These derivatives in general position are found to be
[T,k ) L [losti= b(&)b*( 0,
) = e 7B i [P (8.6)
l_[m ](k m)
Similarly for a’(k):

log(1-b(§)b*(=£))
e = 8.7)
[T 1& — kn)

Pure solitons have p(k) = 0:

ITy,..;(kj = ki)

a'(ky) =

a'ky) = —
T Ik — K
Similarly for a’(k):
Ik — K
(k) = —= 2

Hi:1(l€j - km)

Thus we have:

elds —~ el
G=—— G=—=
a'(kj) a'(k;)

So, in the pure soliton case a a i depend only on the zero’s k;, Ej. But in the general case a]'-, a}’.

depend on k,,k and b(k) (Vla b(k)b*( k)) as seen from the above formulae: (8.6)—(8.7).

9. Soliton solutions

9.1 Norming constants

Pure soliton solutions correspond to zero reflection coefficients, i.e. p(§) = 0 and p(€) = 0O for
all real &. In this case the system (6.37)—(6.40) reduces to an algebraic equations that would
determine the functional form of the soliton(s). Unlike the case of the classical NLS equa-
tion for which the two norming constants C; and C; are related through a symmetry condition
(similarly the soliton eigenvalues), here, as we shall see, the norming constants are determined
either using the symmetry condition (6.51) and (6.54) which is tedious to apply or via a trace
formula [6, 12] that leads to a simple formula relating the norming constants to the soliton
eigenvalues. We start the derivation from equation (5.4) whose first component satisfy (at an
eigenvalue k)

Ni(x, kj) = —oMy (—x, —k;). 9.1

At an eigenvalue k = k;, the eigenfunctions M(x, k;) and N(x, k;) are related via equation (6.8)
which in our case give

Mo(x, kj) = bjeZikr"Nz(x, kj), 9.2)
where b; = b(k;). Equation (9.2) combined with (9.1) gives
M(x, kj) = —obje 2Ny (—x, —k;). 9.3)
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On the other hand, the eigenfunctions N»(x, k;) and M;(x, k;) are related through the symmetry
condition (5.4), i.e.

Na(x, kj) = My'(—x, —k;), (9.4)
which together with (see equation (6.8))

Mi(x, k;) = bje? 5 Ny(x, k;), 9.5)
one finds

No(x, k) = b;‘e‘z“‘f'le*(—x, —k;). (9.6)

By complex conjugating equation (9.6); making the transformation x — —x, k; — —k;‘ and
substituting the resulting expression into (9.3) we find the important relation

—olb = 1. (9.7)

This result imply that the phase of b; is arbitrary and b; = el’. Moreover we see that these
types of soliton solutions can only be obtained when o = —1. Similar derivation holds for the

functions M (x, 12,) and N (x, IEJ-). Indeed starting from the symmetry (5.5) and (6.13) one arrives
after some calculations to a similar result as the one shown above

—olBP =1, 9.8)
where b; = b(k;). The phase of the scattering data b; is also free and we thus write b; = ei%. To
find the norming constants

b ~_b
G=-= G== 9.9)
a; aj

we need to compute a]( and Ej/-. This is accomplished with the help of the trace formula [6, 12]
which, for a general N eigenvalues k;, Igj j=1,2,--- N takes the form

1|2

- (9.10)
]

k —
k —

=~

N
atk) =[]
j=1

By taking the derivative of a(k) with respect to k we find

i ek k(1 1
aw)_IIk—E[gik—kg_k—EJ]' @D

j=1

Evaluating equation (9.11) at the poles k = k, we find

Ni k—k) N T
d'(k,) = lim H;V*l( _’) D (k¢ — k) -
k=t TT;_ (k — k) 1= (k — ke)(k — kg)

9.12)

For the special case for which all the eigenvalues reside on the imaginary axis we let
ki = inj,lgj = —iﬁj for j=1,2,--- N with all ;s 77; being real positive numbers. In this case,
equation (9.12) simplifies to
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M m—n) ¥ 7
a/(ky) = lim ——T 5 et
n=n, [+ 1) o= 1 — ) =+ 7,)

9.13)

where we defined k = in with > 0. Similar results can be obtained for the scattering data
a(k). Indeed, starting from

N
ak)y=1]
j=1

k —
k —

=~

J
b

X (9.14)

<

one can derive the relation

Nok—k| (1 1
a'(k) = g — — .
a'(k) Hk—kj[;l(k—kg k_kl)] (9.15)

Jj=1

As before, evaluating equation (9.15) at the poles k = k,, we find

a'(k,) = lim L S v ¥
kel T (k= k) (= G — ko) (k — ko)

(9.16)

Again, when all the eigenvalues reside on the imaginary axis, equation (9.16) simplifies to

. 9.17
=i, TI_, (7 + ) (=1 (7 = (T + 1) o1

where now k = —iff with 77 >0 and k; = in,, k; = —ifj; for j = 1,2, --- N with all 7, 7; being
positive real numbers. Below we list the norming constants associated with the one and two
soliton solutions:

e One soliton solution. Here we take N = 1 in equations (9.13), (9.17) and find

1 — i
adk)=—— altk)= —. 9.18
i(n; + 1) m+m ( )
The norming constants are readily obtained from (9.9) and are given by
Gl=m+7.  |Gl=mn+7 9.19)
e Two soliton solution. Substituting N = 2 in equations (9.13), (9.17) we find

7+ 1) _ (m+ )+ )

Gl = —"—7, |G| = ; (9.20)
|’72_771| |772_771’

= (m + 1), + 1) = (np + 72)(n, + 775)

Gl = ————— |G| = : 9.21)

|772* 771| |772* 771|

9.2. 1-Soliton solution
In this section we give an explicit form for the one soliton solution by setting / = J = 1. In

this case, system (6.38) and (6.40) give (c = —1)
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~* Zilax _ _

N3 (—x, k) = 1 — L ——Mi(x, k), (9.22)
ki — Kk

i C*CZilax_ _
N(—x, k) = ————Mh(x, k), (9.23)
k—K

—, _ G 2ikyx

Mi(—x k) = 1+ 25— Ni(x, k), (9.24)
ki —k

. _ C e2iki

M (—x, k) = 25— No(x, k). (9.25)

ki — ki

Now let k; = in, and kj = —ifj; with 7,, 7, both being real and positive. Substituting these
quantities into system (9.22)—(9.25) gives after lengthy algebra

. Ce 2 CCe2m+mx
N, iny) = ——— (1 - == 2 (9.26)
i(m + 1) (m +m)
Note i) — 1
H(x, 1)) = 1_5@—2(“% (9.27)

(i +m)?

_ crern

My(x, —i7) = 1 + ————N; (—x, 17))), (9.28)
i(n +m)

e

Mi(x, —if;) = ————N;(—x,in,). (9.29)

i(n, + 1)

The explicit form of the 1-soliton solution follows from (7.10) by setting the reflection coef-
ficient p to zero,

q(x) = —20C/ Ny (—x, ke ™. (9.30)

The norming constants C; and G are given in equation (9.19), i.e. |G|= (1, + 7;) and
|Gi| = (n, + 77;) with arbitrary phases. Note that we would have arrived at the same results had
we used the symmetry conditions (6.51) and (6.54) between the Jost functions. After some
algebra we obtain

21C; (1, + )™
(i + 7)? — C,Cje2mtmx’

qx) = — 9:31)

The time evolution of the norming constants C; and G is found from equation (6.20) and is
given by

G = GO = |c|ei+mer || =, + 7, 9.32)

G

G(O)e 7T = |g|el®+m2e 4T 5| =, + 7. (9.33)
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Substituting (9.32) and (9.33) back in (9.31) we find after some algebra the most general two
parameter family of a breathing one soliton solution

2(m; + ﬁl)ei@efﬁﬁlzte’zﬁl"

. s 2 =2 .
1 4 el DH =T =20 +17)x

qlx,t) = — (9.34)

To obtain the one soliton solution for the corresponding local NLS equation we let 77, = 7,
and G = —Cy. This implies ¢ + @ = 0. Next we show that the one soliton solution (9.34) is
indeed Galilean invariant. To establish this result, we use the transformation (2.17) and obtain

2+ 1 )ei¢674i7712’e_2771(x+2i5’)e_§xe_i§2t

G(x,1) = — , 9.35

1 1 4 il @) =)o =20, +7)(xr-+2ig0) 03
By defining the new soliton eigenvalues 7j, and 7; via the transformation

m=m+£2, (9.36)

mh=m—&/2, (9.37)
the one soliton solution then reads

207, + )elPe e 2
gex, 1) = — (9.38)

1 + elle+PIH =71 =20 +7i)x

In order for the soliton §(x, ¢) the remain within the class of rapidly decaying functions one
requires

§> =21, (9.39)
where —277, is exactly the asymptotic decay rate of the soliton as x — +o0. One interesting
feature of the one soliton solution (9.34) is the formation of singularity at a finite time. Indeed,
at the origin (x = 0) the solution (9.34) becomes singular when
P Cn+Dr—(p+ )

A(n; — 1y)
It should be pointed out that not all members of the one-soliton family develop a singularity
at finite time. For example, if one takes 77, = 7, = 7 then the one soliton solution (9.34) reads

nel’. (9.40)

4nei¢e—4i7]2te—2nx

T4 e e o4

CI(x, t) = -

Thus the soliton given in (9.41) develops no singularity so long ¢ + @ = (2n 4 1)7 for any
integer n.

9.3. 2-Soliton solution

In this section we construct a 2-soliton solution to the PT invariant nonlinear Schrodinger
equation (1.1) with o = —1. Such solution corresponds to soliton eigenvalues

ki =in,, ky = in,, 77j>0 j=12,

- . - . . 9.42
k= —17;, ky = —17],, r_)j> 0; ] = 1,2. ( )
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Substituting J = 2 in equation (7.10) and set the reflection coefficient p to zero we find
q(x) = 2i0C Ny (—x, k)e*™ + C5N5 (—x, ky)e*™, (9.43)
where C;, C_‘j, j = 1,2 are the norming constants (in x) whose time evolution is determined by

G() = GO)E™",  Car) = Cx(0)e™, (9.44)

G(t) = C0)e T, Ty(r) = Ty(0)e 7, (9.45)

and |G|, |C}| are given in (9.20). To determine the functional form of the eigenfunctions
N;(—x, k) and N;(—x, ky) we solve the system of equations given in (6.37) and (6.40) with
J=17J =2,and {,j = 1,2. After some lengthy calculations we arrive at the following set of
algebraic equations satisfied by the soliton eigenfunctions

Ny (=x, k) = 1 — 3™ Mi(x, k) — 1,e”™ Mi(x, k), (9.46)
Ny(—x, k) = 1 — 6:e*™ Mi(x, k) — 6,*™ Mi(x, k), (9.47)
N (—=x, k) = —7e*™ Mo(x, ki) — 1,6 Mo(x, k), (9.48)
N (—x, k) = — 6,62 Mo(x, ki) — 6,€>™ Mo(x, ky), (9.49)
M5(—x, ki) = 1 + aje™ 21" Ny(x, ky) + are ™2 Ni(x, k), (9.50)
My(—x,kp) = 1+ Bie 2 Ni(x, ki) + Boe 2" Ni(x, k), 9.51)
M (—x, ki) = cne " Na(x, k) + coe ™2 Ny(x, kp), (9.52)
M (—x, k) = Bie™2 No(x, ki) + Bae ™2 No(x, ky), (9.53)

where the quantities a;, 3;, 7; and 0;,j = 1,2 are time dependent and defined as

: 4i7]2t : 4i7]2t
= 1Ci(0)e ] ’ = ICE(O)C 2 9.54)
m+m M+ 1,
G0y 1Cy(0)e ™!
Br= i(% B2 = 3(7) (9.55)
M+ T+ 1,
co 64177]% A0 e4ir7§t
W= —C 10 —> N = -2( ) — ©.56)
i(n; + 7y 1(n; + 77,)
.2 )
6* 0 Myt 6* 0 At
8 = %, 8y = M (9.57)
i(n, + 1) i(n, + 1)

Solving system (9.46)—(9.53) we get
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A5(8) — )X + 35(6, — 7, )e? Tt + e 2

Ny(—=x, k) = , (9.58)
’ Gi(x) — Go(x)
where we defined the functions:
Gi(x) = [yt 4, B2t 1] [810562T + 8,356 4 = 21]
(9.59)
and
Ga(x) = [610 @2 4 6,312 TN] [ a5 + 7, Fre?] (9.60)
The solution for Ny (—x, ky) is given by
a* — 6 ezﬁlx _|_ % . 6 62772)( —+ 6*2711)‘
NZ(—X, k) = G 1) /61('72 2) ’ 9.61)
Hi(x) — Ha(x)
where we defined the functions
Hi ) = [aie? + 9, B2 + e 1] [S105e20 I 4 6 B0 B 1],
(9.62)
and
Ha(x) = [810fe2™ + 6,317 [ 030270 + 7y B2 (9.63)

Substituting equations (9.58)—(9.61) into equation (9.43) yields the 2-soliton solution.

10. Comparison with the classical NLS equation

In this part we briefly contrast the properties of the nonlocal NLS (1.1) with that of the clas-
sical (local) NLS equation:

iq,(x, 1) = g, (x, 1) £ 2|q(x, D) q(x, 1), (10.1)

obtained from equation (1.1) by replacing the term ¢*(—x, #) with g*(x, 7). In table 1 we sum-
marize and highlight the key differences between the classical and nonlocal NLS equations.
Three different scenarios will be addressed all of which concerning equation (10.1):

1. general initial conditions posed on the whole real line,
2. even initial conditions posed on the whole real line and,
3. general initial conditions on the semi-infinite interval (x > 0.)

In [28], it was shown that (10.1) is integrable on the whole real line. Furthermore, it was
found that the symmetries of the eigenfunctions of the associated Zakharov—Shabat scattering
problem are such that the eigenfunctions in the upper half complex plane are related to those
in the lower half plane. This is in sharp contrast to the nonlocal case where the eigenfunctions
at the upper/lower half plane are not related. On the other hand, if one restricts the class of ini-
tial conditions to be even (in x) then one obtains extra symmetry conditions on the scattering
data that resembles the one we find. This leads us to the important conclusion that soliton solu-
tions to (1.1) will have a classical NLS limit so long (10.1) admits an even soliton solution.
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Table 1. Symmetry relations between various quantities related to the classical and
nonlocal integrable NLS equations. Here o = F1.

Classical NLS equation Nonlocal NLS equation
Symmetry property  ig,(x,t) = g, (x, 1) £2|q(x, )P q(x,1)  ig(x,1) = g, (x, 1) £ 2¢%(x, 1)g*(—x, 1)

a(k) = a*(—k*)

a) = a'(k) atk) =a'(-k"

b(k) = ob*(k*) b(k) = ob*(k")
a and @ are not related

Scattering data:

If k;, k; are eigenvalues then —k;, —k;

Eigenvalues: k= kj are also eigenvalues. No relations
between k; and k;.
_ NOGx k5 ) N(x, k) = AM*(—x, —k*)
N(x,k)( l(x,k)] _ _
oND(x, k") N(x, k) = KM (—x, —k*)
Eigenfunctions MO kY
M(x, k) = oM™ x, k) A= (0 —0’)
MO, k*) 1 0
Norming constants C; = oCj free parameters; C;, C; depend on k; and k; via
independent of k; and 1?, equations (9.9), (9.13) and (9.17)
Galilean invariance Gx, 1) = q(x — 201, t)e—igxeiczt Gx, 1) = q(x + 2iét, t)e—@ce—ifzt

Finally, we point out that similar symmetry results were obtained in [7] for the classical NLS
(10.1) on the semi-infinite interval.

11. Some special potentials: box initial conditions

In the previous sections we obtained pure soliton solutions for the nonlocal NLS equa-
tion corresponding to reflectionless potentials. However, more general choices of initial data
q(x, 0) give rise to non zero reflection coefficients in which case it is not (generally speaking)
solvable by inverse scattering transform. As an example, we consider in this section few spe-
cial cases of a box initial conditions and compute the eigenvalues and conserved quantities.

11.1. Single box function
The first example we consider the box initial condition

0 for —co<x<0
qgx,0)=4h for 0<x<L (IL.1)
0 for x>0

where &, L are both real and positive. The initial condition for r(x, 0) is obtained from (11.1)
by imposing the symmetry condition r(x, 0) = —¢*(—x, 0), i.e.

0 for —oco<x<-—L
r(x,0)=4—h for —L<x<0 (11.2)
0 for x>0

We use the scattering problem
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Vi = —ikvi + q(x, vy, (11.3)
Vo = 1kvy + r(x, H)vy, (11.4)

with the scattering functions satisfying the boundary conditions (3.1) and (3.2). Since this is
a linear, constant coefficient, second order differential equation, solution to system (11.3) and
(11.4) is thus given by

ho .
(V1(x, k)) —ciel 4 cpe

=| 2ik for O0<x<L. 11.5
Vz(.x, k) ikx ( )
Ci€
& a—ikx
vi(x, k) “1e
= . . fi —L 0.
(Vz(x, k)) Cpe' + Léleﬂ’”‘ . = (110
2ik
Matching the eigenfunctions at x = 0 and x = —L using the boundary conditions (3.1) and
(3.2) gives
ho.
G=1, &=--—e, 11.7
1 2 ik (11.7)
o = i(l _ Q2ikLy =1+ (i)z(eﬁ’d - 1. (11.8)
2ik | 2ik '
On the other hand for x > L we have from (3.2) and (4.8)
a(k)e i+
(x,1) = ) for x> L. 11.9
s 19
Matching the eigenfunctions at x = L gives the formula for the scattering data
hY 2ik hY 4ik 2ik
ak) =1+|— elL—l—(—) eHkL _ g2ikLy, 11.10
(k) ( Zik) ( ) ik ( ) ( )
b(k) = —hei"L%kL). (11.11)

The asymptotic behavior of the scattering coefficient a(k) for large and small k are readily
obtained from (11.10) as

2
k)y~1——— as k R .
a(k) Qi) — 00 (11.12)
a(k)~1—h*+ O0k) as k— 0. (11.13)

The zeros of the scattering data a(k) are implicitly given by solutions to

] iz
e =1+—, 11.14
hL ( )
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where z = 2kL. Note that k = 0 is an improper eigenvalue for ant s, L. If Imz > O then we
choose the negative sign whereas positive sign for Imz > 0. The conserved quantities can be
derived from (3.8). Using the large k asypmtotic of the scattering data a(k) leads to C,, = 0

C=—h, Cy=—h*n. (11.15)

11.2. Separated boxes
As a second example we consider two separated boxes initial condition

0 for —co<x<
qx,0) =< H for Li<x<L, (11.16)
0 for x>1L,

where H, L;, j = 1, 2 are real and positive. The initial condition for r(x, 0) is obtained from
(11.1) by imposing the symmetry condition r(x, 0) = —g*(—x, 0), i.e.

0 for —co<x<—L,
r(x,0) =< —H for —L,<x<—-L; (11.17)
0 for x> —L,

Solution to the scattering problem (11.3) and (11.4) satisfying the boundary conditions (3.1)
and (3.2) is thus given by

% —ikx
k) ) Cleh for —Lr<x<-—L 11.18
va(x, k) EZCikx + Tkéle*ikx g " (11.18)
i
vi(x, k) e ik
= f — L L.
(Vz(x, 0 e or 1<x <Ly (11.19)
vi(x, k) Lcleikx + ce
’ = | 2ik for Li<x<L,. (11.20)
va(x, k) ek

Matching the eigenfunctions at x = —L,, —L; and x = L, using the boundary conditions (3.1)
and (3.2) gives

h .
G=1, & =——¢?kl 11.21
! T 2k (12D
o= ey g (i)z(eﬁkh — 1yedikh, (11.22)
2ik 2ik
5ol &o ety (11.23)
’ Dik '

Now for x > L, the eigenfunctions are given by (11.9) Matching the eigenfunctions at x = L
gives the formula for the scattering data
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Vo Vo .
a(k) =1 + (ﬁ) (621kL _ 1) _ (ﬁ) (e4lkL _ eZIkL)’ (1124)
b(k) = —he”‘L%. (11.25)

The asymptotic behavior of the scattering coefficient a(k) for large and small k are readily
obtained from (11.10) as

2

as k— oo, (11.26)

ak)~1—1L>+ O(k) as k—0. (11.27)

The zeros of the scattering data a(k) are implicitly given by solutions to

i iz
et =14+—, 11.28
L ( )
where z = 2kL. Note that k = 0 is an improper eigenvalue for ant s, L. If Imz > 0 then we
choose the negative sign whereas positive sign for Imz > 0. The conserved quantities can be
derived from (3.8). Using the large k asypmtotic of the scattering data a(k) leads to C,, = 0

C=—h, Cy=—h*n. (11.29)

12. Conclusion

A detailed study of the inverse scattering transform for the recently introduced integrable
nonlocal nonlinear Schrodinger (NLS) equation is carried out. The direct and inverse scatter-
ing problems are analyzed and key symmetries of the eigenfunctions and scattering data and
conserved quantities obtained. The inverse scattering theory is formulated using a new left—
right Riemann—Hilbert problem and the Cauchy problem for the nonlocal NLS equation is
formulated and methods to find pure soliton solutions presented. An explicit time-periodic
one and two soliton solutions are given. A detailed comparison with the classical nonlinear
Schrodinger (NLS) equation is presented as is scattering data for special box type initial con-
ditions. Two nonlocal versions of the modified Korteweg—de Vries and sine-Gordon equa-
tions are given.
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