Chapter 2

Iterated, Line, and Surface
Integrals

2.1 Iterated Integrals

e Iterated Double Integrals e Double Integrals over General Regions e
Changing the Order of Integration e Triple Integrals e Triple Integrals
over General Regions

Iterated Double Integrals

Let f be a real-valued function of two variables x,y defined on a rectangular region
R={(z,y):a<z<b c<y<d}

where a, b, ¢,d are real numbers. We partition [a, b] and [c, d] as follows.

Let m,n be positive integers, let a = xg, 1, ..., 2z, = b be a partition of [a, b],
and let ¢ = yo, Y1, .. .,Yn = d be a partition of [¢,d]. For 1 <i<m and 1 <j < n,
consider the rectangular subregions

Rij={(z,y):zi1 < <wm, yj—1 <y<y,}.

The collection A = {R; j :i=1,...,mand j = 1,...,n} is called a partition of
R into sub-rectangles. Let Axz; = x; — x,—1, Ay; = y; — y;j—1, and let ||A|| be the
norm of A which is defined as the maximum of all the Az;’s and Ay;’s. We denote
the area of rectangle R; ; by

AAi’j = A!El‘ij.

Let L be a real number. We symbolically write

L= lim ZZf(iL’i7j,yi7j)AAi,j
i=1 j=1

1Al =0
if for every ¢ > 0 there exists § > 0 such that

sz (mij,vi) AAij— Ll <e

i=1 j=1

for all (z;;,v: ;) in R;; whenever |A]| < 6. If such a limit L exists, we say f is
Riemann integrable or integrable on R, and we write

Z, dA = lim Li,j,Yi,j AAZ’
//Rf( y) ”AH%;;N 0vYig) DAy
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We must confess in all humil-
ity that, while number is a
product of our mind alone,
space has a reality beyond
the mind whose rules we can-
not completely prescribe.
-Carl Gauss
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We quote a theorem from advanced calculus about Riemann integrable functions.

We omit the proof of the theorem since it is beyond the scope of this book.!

Theorem 2.1 Riemann Integrable Functions
Let z = f(x,y) be a bounded real-valued function on a rectangular region
R={(@y)ia<a<b c<y<d}.

If the points of discontinuities of f in R lie on a finite union of graphs of continuous
functions of one independent variable, then f is Riemann integrable on R.

In particular, every continuous real-valued function on a rectangular region R
is integrable on R. However, in order to evaluate [ fR f(z,y)dA, we introduce the
concept of an iterated integral.

If we fix a value of y, then f(x,y) is a function of x only, and we have definite

integral f; f(z,y)dz. Toillustrate, we assume y is constant in the integration below:

4 1 x=4
/ rsiny dr = —a’siny
0 2

r=2

— (;(4)Zsiny) - (;(2)281ny>

= 6siny.

Likewise, fcd f(z,y)dy is a definite integral if x is held constant. The next theorem
implies that a double integral [ [, f(z,y)dA may be evaluated as an iterated
integral if f is continuous on R. Also, we omit the proof of the theorem that is
usually discussed in advanced calculus texts.

Theorem 2.2 Fubini’s Theorem and Iterated Integrals

If z = f(x,y) is the function in Theorem 2.1, then the identity below holds:

//Rf(x,y)dA/ab/cdf(z,y)dydx/Cd/abf(x,y)dxdy

In particular, if f is continuous on R, the above identity applies.

LA bounded real-valued function on a rectangular region R C R? whose set of discontinuities
is of measure zero is Riemann integrable. Also, if y = f(z), a < z < b, is a continuous function,

then {(z, f(z)) : a < = < b} is a set of measure zero in R2.
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Example 1 Evaluating an Iterated Integral

3 ™
Evaluate the integral / / x? cos(zy)dydz.

1 Jo

Solution For the inner integral, we have

1
/cos(xy)dy = —sinay + C.
x

Consequently, we evaluate the iterated integral as follows:

3 ™ 3
/ / z? cos(zy)dydr = / x sin(xy)
1 Jo 1

3
= / x sin(rzx)dz.
1

Then we integrate by parts using the substitutions:

y=m
dr

y=0

u = z ||dv = sin(nz)de

du = dz|| v = ——-cos(mx)

Since [udv = uv — [ vdu, we obtain

3 T =3 1 3
/ rsin(rx)dr = —— cos(mz) + 7/ cos(mzx)dx
1 ™ z=1 T J1
r=3
2 1
= — + — sin(7z) = —.
T T I T

3 ™
2
Thus, we find / / x? cos(xy)dydr = =.
1 Jo ™

Try This 1

4 49
Evaluate / / Vrdydz.
0o Jo

Double Integrals over General Regions

Let ¢1, ¢2, 11,12 be continuous real-valued functions satisfying ¢1(z) < ¢2(x) and
P1(y) < ao(y) for all z in [a,b], and y in [¢,d]. We evaluate double integrals of
a real-valued continuous function z = f(x,y) over elementary regions in the
zy-plane, see Figures 1-2. We classify these regions as either of type R, or Ry, or
possibly of both types, depending on whether the boundary of the region are graphs
of functions of x or y, respectively:

A) R, ={(z,y):a <z <b, d1(x) <y < do(x)}
B) Ry ={(z,y) :c<y<d, ¥1(y) <z < to(y)}
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y y

A
y=2(x) 4 =)

\

y:¢](x)

. leﬁz(};) .

a b
Figure 1 Region of type R, Figure 2 Region of type R,

To evaluate [ |, e I (z,y)dA, let R be a rectangular region that contains R,. We
extend f to a function F on R:

flzy) if(z,y) € Ry
0 if (z,y) ¢ R,

Since f is bounded and continuous on R,, the function F' is bounded and possibly
discontinuous only on points in the graph of ¢; or ¢o. Then [ fR F(z,y)dA exists
by Theorem 2.1. Suppose we choose R such that is consists of points (z, y) satisfying
a <z <bandp <y <q. Notice, for any z in [a,b], we find F(z,y) = 0 if y does
not belong to the interval [¢1 (), ¢2(x)]. Thus,

q $2(x) $a()
/ F(x,y)dy=/ F(x,y)dy=/ Iz, y)dy.
P ¢1(x) 1(x)

F(may):{

and the latter integral exists by the continuity of f on R,. By Fubini’s Theorem,
we obtain

$2(x)
/ F(z,y)dA = // scydydx—// f(z,y)dydz.
Rx 1(

We have a similar identity for double integrals over a type R, region.

Theorem 2.3 Integrating over Regions of Type R, or R,

If z = f(x,y) is a continuous real-valued function on a region of type R, or Ry,
then

¢2(1)
/ F(z,y)dA = / / (z,y)dydx
Rz ¢1(x)
) / f(fr,y)dA:/ / (z,y)dxdy
Ry P1(y)

In Theorem 2.3, if f(x,y) =1 for all z,y, then // dA represents the area of
R
region R where R = R, or R = R,,.
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Also, we may apply double integrals to define the volume of a solid.

Definition 1 Volume of a Solid and Double Integrals

Let R be a region in the zy-plane of either type R, or R,. Let z = f(z,y) be
a nonnegative real-valued continuous function defined on R. Let S be the solid
consisting of the points (z,y, f(z,y)) in 3-space where (x,y) € R. The volume of

S is defined as
Volume = // Sz, y)dA.
R

Example 2 Evaluating the Volume of a Solid

1
Find the volume of the solid that lies below the plane f(z,y) = 5(6 — 2z — 2y) and

above the region
R={(z,9):0<y<2 0<z<y/2}

in the xy-plane, see Figure 3.

Solution The region R is both type R, and R,, see Figure 4. We choose to
evaluate the integral for the volume as a type R, region.

Volume = / /R F(z,y)dA

= // =(6 — 2y — 2x)dzdy
o Jo 3
2

z=y/2

1
= 7/(672y)x7x2 dy
3 0 =0

1 2 ) y2
= = —y2 -2 )d
3/0 <3y Yy 4) Yy

8
Volume = 3 units®

Try This 2
A solid S is bounded above by the plane z = y and bounded below by the region
R={(z,y):0<z<1,0<y<1—2%}

Find the volume of S.

. (1,2) y

Figure 3

A solid bounded above by a
plane, and with a triangular
base in the zy-plane

y
A
)
L x=y/2
- d
7 > X
Figure 4

The base of the above solid
in the xy-plane.

X

Figure 5
The solid for Try This 2.



Figure 6

Region of integration

»

Figure 7

Region of integration

for Try This 3.
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Changing the Order of Integration

To be able to integrate [ fR f(z,y)dA, there may be an advantage to evaluating
one iterated integral over another. The reason is the order of integration, i.e.,
integrating with respect to x then integrating with respect to y, may be easier than
integrating first with respect to y, then with respect to x secondly.

Example 3 Switching the Order of Integration

Sketch the region R of integration of

4 1
/ / sin(rz?)dady.
0 Jy/4

Then switch the order of integration, and evaluate the resulting integral.

Solution In Figure 6, we see the triangular region R. To switch the order of
integration to dydx, we partition the interval [0, 1] in the z-axis into smaller subin-
tervals. If the order of integration is dxdy, partition [0,4] in the y-axis.

Then draw a typical rectangle such that its base is a subinterval in the partition,
and its length extends from the lower boundary to the upper boundary of the region.
Since the order of integration is dydz, each point (z,y) in a typical rectangle satisfies
0<z<land 0<y<4x.

Then we integrate as follows:

4 1 1 rda
// sin(rx?)dzdy = // sin(rx?)dydz
0 Jy/4 0 Jo
1 y=4zx
/ysin(myQ)
0

dz
1
= /4;1:sin(7rx2)d;v
0

y=0

x=1

4 1 4
/ / sin(rz?)dedy = —
0 Jy/4 ™

Try This 3

Sketch the region R of integration of

4 g2 "
———dydx.
/o /90/2 Vs +1

Then switch the order of integration, and evaluate the resulting integral.
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Triple Integrals

Let w = g(xz,y, ) be a real-valued function that is defined on a Cartesian product
S = la,b] x[e,d] x[e, f]
= {(#,9,2):a<2<b, c<y<d, e<z<f}

We partition each of [a,b], [¢,d], and [e, f] into finitely many subintervals. Let
(@i, Tix1], (Y5, Yj+1], and [z, 2k41] be subintervals in the partitions, and we denote
their lengths by Ax;, Ay;, Az, respectively. We consider a box

Sijk = [®i; Tita] X [Yj, Vi) X [2k; 2141]

whose volume is denoted by AV, = Az;Ay;Az,. Let P;ji be a point in Sijk, and
let ||A]| be the maximum of the norms of the partitions of [a, b], [¢,d], and [e, f].

We define g to be Riemann integrable or integrable on the box S if there
is a number L € R such that for each £ > 0 there exists a positive number § > 0
satisfying

Zzzg(pijk) AV, —L| <e
ij k

for all p,;;, in Sijr whenever ||Al| < 4. In the above sums, we evaluate over all the
values of i, j, k. In such a case, we write

Ly, 2)dV = i i) AViie = L.
[ ] fsten = i 555 (o) i

We state an integrability condition for g similar to Theorem 2.1. Also, we state a
Fubini’s theorem for triple integrals [ [ [ g(z,y,z)dV. We omit the proofs since
they are usually discussed in advanced calculus texts.

Theorem 2.4 Riemann Integrable Functions
Let w = g(xz,y, z) be a bounded real-valued function on a box
S = [a,b] x [evd) x [e, f].

If the points of discontinuities of g in .S lie on a finite union of graphs of continuous
functions of two independent variables, then g is integrable on S.

Theorem 2.5 Fubini’s Theorem for Triple Integrals

If w=g(x,y,z) is the function in Theorem 2.4, then

///gg(x,y7Z)dV=/ab/cd/efg(x7y,z)dzdydx

Also, the six iterated triple integrals exist and are equal.
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Example 4 Evaluating a Triple Integral

Evaluate the integral / / / (ac + 22— y2) dxdydz.

Solution We integrate as follows:

2 3 2 2 3 /.2 =2
///(z+22—y2)dmdydz = //<+x(z2—y2) dydz
1 Jo Jo 1 Jo \ 2 =0
2 3
= //(2+2(z2—y2))dydz
1 Jo
2 3
= 2/ / (1+22—y2)dydz
1 Jo
2 3 |1y=3
= 2/ (y(1+z2)—y dz
1 3
2
- 2/ (3(1+2) - 9)de
1
2
= 6/ (22—2)dz
1

2 3 42
/ / / (a: + 22 — y2) dxdydz = 2.
1 Jo Jo

y=0

Try This 4

1
Evaluate the triple integral / / / yze®Vdxdydz.
o Jo Jo

Triple Integrals over General Regions

We wish to extend and evaluate triple integrals [ [ [ g(z,y, z)dV over elementary
regions S C R? that we are about to describe. We consider an elementary region
in the zy-plane:

Ry ={(z,y):a <2 <b¢1(z) <y < o)}

where ¢1, ¢y are continuous functions of = such that ¢;(z) < ¢o(x). Then we
associate an elementary region in 3-space such as

Syz ={(z,y,2) : (x,y) € Ry, P1(z,y) <2 < Po(z,y)}.

where @1, @5 are continuous functions on R, satisfying @4 (z,y) < ®o(xz,y). Using
similar ideas leading to Theorem 2.3, we have

$2(x) pP2(z,y)
/// (z,y,2)dV = / / / g(x,y, z)dzdydx
SyﬂE $1(z) J@1(=y)

provided g is continuous on Sy,
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Similarly, if an elementary region in the xy-plane is given by

Ry={(z,y):c<y<dhi(y) <o <a(y)}

where 11,19 are continuous functions of y such that 11 (y) < ¥2(y), we associate
an elementary region

Sﬂcy = {(z,y,z) : (Ivy) € R?ﬁ \Ill(xvy) <z< \IIQ(x?y)}'

where Wy, ¥y are continuous functions on R, satisfying W1 (z,y) < ¥s(x,y). Like-
wise, we obtain

d r2(y) pPa(z,y)
/// 9(»’57%2)6“/:/ / / g(x,y, z)dzdzdy
Szy c 1(y) 1(2,y)

whenever g is continuous on Sg,. There are six possible iterated triple integrals,
and another one of these is

I'2(y,2)
/// z,y,2)dV = / / / g(x,y, z)dxdydz
1(z) JT1(y,2)

where 71,72 are continuous functions of z satisfying v1(z) < 72(2), and I'1, 'y are
continuous functions of (y, z) in some elementary region in the yz-plane such that
Fl(yv Z) < FQ(yvz)'

We summarize and define an elementary region S C R? in 3-space. For any
point in S, two of its coordinates lie in an elementary region in a plane such as
the zy-, yz-, or xzz-plane, and the third coordinate lies between two continuous
functions of the first two variables. Specifically, let x1, 22,3 be a permutation of
x,y, 2, and let p < g be real constants. Let f1, fo, F1, F» be continuous functions
satisfying f1(z3) < fa(23) whenever p < x3 < ¢, and further Fy(zq, 23) < Fa(22,x3)
if fi(x3) < 29 < fa(xs). A point lies in S if its coordinates satisfy p < x5 < ¢,
f1($3) S T2 S fg(l‘g), and F1(£E2,JC3) S I S FQ(.TQ,J:,?,). FOHOWiIlg the idea of
Theorem 2.3, we have the following theorem:

Theorem 2.6 Triple Integrals over Elementary Regions

If g is a real-valued continuous function on an elementary region S C R?, then

fa(xs) pF2(z2,23)
1(z3) JFi(x2,23)

In Theorem 2.6, if g(x,y,z) = 1 for all z,y, then /// dV  is the volume of S. Z
s

Example 5 Triple Integral

Let S C R? be a region in the first octant that is bounded above by the plane

2z 4+ y + z = 2, and bounded below by the xy-plane. Then evaluate / / / 6zdV . y
S
Solution In Figure 8, the base of solid S in the zy-plane may be expressed as ]
R, ={(z,y): 0<2<1, 0<y<2-—2z}. X

Figure 8
Solid of integration
Sye = {(z,y,2) : (z,y) € Ry, 0< 2<2—2x —y}. for Example 5.

Then region S is given by
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We apply Theorem 2.6, and evaluate the inner-most integral.

1 2—2x 2—2x—y
///Gxdv = / / / 6z dzdydx
S 0 0 0

1 2-22
/ / 6x(2 — 2z — y)dydx
o Jo

1 p2-2¢
/ / (122(1 — z) — 6zy) dydx
0o Jo

Then we evaluate the inner-integral with respect to y:

1 y=2—2x
/// 6xdV = / (122(1 — 2)y — 3zy® dx
S 0 y=0

= /1 (24z(1 — ) — 122(1 — z)?) d
0

1
/ 122(1 — x)%dx
0

[ oty =1

Try This 5

A solid S C R? lies in the first octant, bounded by the surfaces z = 1 — 22 and

x+y =1, and the coordinate planes. Then evaluate [ [ [; 10zdV.

Figure 9
The solid of integration 2.1 Check-It Out

for Try This 5.
FEvaluate the iterated integral.

3 1 2 T Y
1. / / 1002z + y)3dedy 2. / / zy?dyds 3. / / / (x — y)dzdydx
0 0 0 0 0

Rewrite the integral by switching the order of integration.

4. /01 /01’ fz,y)dydz 5. /02 /Oy/2 fz,y)dzdy
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True or False. If false, revise the statement to make it true or explain.

//fxydydx—//fxydxdy
2
// x—i—ydydx—/xdx—i—/ ydy
0 0
1,1 pl 1
///xyz dzdydx = =
o Jo Jo 8

IR ={(2,y) : 2% +y? <12}, then//dA:m“Q.
R

o

@

W

5. The volume of the solid bounded by the hemisphere z = /4 — 22 — y2 and

2 2
the plane z = 0 is given by / / V4 — 22 — y2dydz.
—2.J-2

Exercises for Section 2.1

In FExercises 1-8, evaluate the iterated integrals.

/2 pl 1/3 1
/ / 6z sin(zy)dydx / / my sec? (may)dady
0 0
2 1 3 2 z Yy
/ / / (dzy + 2z)dzdzdy 4. / / / 12zdxdydz
1 Jo N1 o Jo Jo
1 T
/ / 6e” M dydx / / czlxdy
0 —x e+ y

2 rz py/2 4 e p4d p2z y
———dxdydz 8. / / / ———dzdydx
/1 /0 /0 VY2 — 2?2 Y 1 J2 Jo 2V —a? Y

In Ezxercises 9-14, we see a region R of integration that is bounded by the graph of the indicated equation.
Ezpress the double integral of f(x,y) over R using dydx. Then switch the order of integration to dxdy.

9. y=3x 10. y=+=x 11. y==z/2

y y y
A

3

1 4 7

For No. 9 For No. 10 For No. 11
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12. y =22 13. y=+1—2a2 4. (z—-22%+y>=4
y y y

R Y,

For No. 12 For No. 13 For No. 14

In Exercises 15-26, switch the order of integration, and evaluate the integral with the new limits.

1 2z 4 8T 2 1
15. / / 2zydydx 16. / / dydzx 17. / / S8zydxdy
o Jo 0 Ja? 0 Jy/2
4 4 2 2 pz?
18. / / dydx 19. / / dydzx 20. / / 2zdydx
o Jo o Jyz o Jo
2 4 1,1 /2 pl
21. //Qxdyda: 22. //dydm 23. / / cos(z)dydx
0 Jaz2 —1J|z| 0 sinx
N 12 1,1 2
24. // ﬂdyalx 25. //4ey2dydx 26. //cos ™ dxdy
0 Jax2 192 0 J2z 0 Jy 4

In Exercises 27-34, find the volume of the solid that is bounded by the coordinate planes, and the graph of
the equations in 3-space.

27. z=1—-y* x=2,y=1 28. x+y+z=3, =2 y=1

Z

Z]

' \
\
\\-.-
A/l ’
x
2
For No. 27 For No. 28
29. 2z =3, y=4— 22 30. z+y+z=1

For No. 29 For No. 30
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3l. z2=Vzx,z=4,y=3 32, 2z24+y+z2=2
74
z 2
>
X
4 3N 1 X
For No. 31 For No. 32
33. 224+ 22=1,924+22=1 4. z=1—y%, 2z=1—2
v4
1/

For No. 33 For No. 34

Miscellaneous Problems

35. Find the volume of the solid that is bounded by the plane = + 4y + 16z = 8§,

and the coordinate planes.

36. Find the volume of the solid bounded by the plane 2z +y + 2z = 2,

and the coordinate planes.

2

37. Find the volume of the solid in the first octant bounded by the plane z 4+ 4y + z = 4,

and the coordinate planes.

38. Find the volume of the solid in the first octant bounded by the plane 2z + y + z = 4,

and the coordinate planes.

39. Find the volume of a solid in the first octant that is bounded by the surfaces

z=1-y?and z = 2.

40. Find the volume of a solid in the first octant that is bounded by the graphs

of z=1—-9y?% y=2r,2=0,and z = 0.

T 1 s
41. Evaluate ———dA where R= 4 (z,y) : 0 <z < =, arcsinz <y < — ».
//R T3 {( Y) 5 Y 6}

71



42.

43.

44.

45.

46.

47.
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Evaluate // smdi where R={(z,y) : 0<y <1, y <z <1}
R

x

Evaluate / / / (xy — z)dV where S is the solid in 3-space that is bounded
s

by the graphs of x = 1, y = 4, z = 1, and the coordinate planes.

Evaluate / / / VxyzdV where S is the solid in 3-space that is bounded
s
by the graphs of z =1, y = 1, z = 1, and the coordinate planes.

Find the volume of a solid that is bounded by the circular cylinder 22 + y2 =1,
the plane z + 2y = 2, and the zy-plane.

Evaluate 16dV where S is the solid in the first octant bounded by the paraboloid z = 2?2 + 32,

s
the plane z = 1, and the coordinate planes.

A solid S consists of the points (z,y, ) satisfying 0 < x,y,2 < 1 and 2,/zy < z, see Figure for No. 47.
Then find the volume of S. In terms of probability, if x,y, z are independent uniform random
variables on [0, 1], then the volume of S is the probability that the solutions t of the quadratic

equation xt? + zt +y = 0 are real numbers..

Figure for No. 47
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2.2 Change of Variables in Integration

e Jacobian Determinant e Cylindrical Coordinates e Spherical Coordi-
nates

Jacobian Determinant
The substitution method is an important technique in the integration of a function
of one variable, namely,

z(b) b
z)dr = z(u))z' (u)du.
L@f() | ey

We extend the above method to the integration of multivariable functions.

Let D = {(u,v) € R? : a < u < b,c < u < d} be a rectangular region in the
uv-plane, see Figure 1. Let ¢ = z(u,v) and y = y(u,v) be real-valued functions
on D with continuous first partial derivatives. Let T be a transformation from D
into the zy-plane defined by T(x,y) = (x(u,v),y(u,v)). Further, suppose T is a
one-to-one function on D, i.e., T maps distinct points in D to distinct points in the
zy-plane.

Let C be the image of D under the transformation T, i.e,
C = T(D) = {(,y) € R : 2 = a(u,v),y = y(u,v), (u,v) € D}.

If the sides of rectangle D are small, we approximate the area of C. The idea?
is to use the linear approximation of T' near (a,c) as described in (36), page 39.
Moreover, we use a result from linear algebra claiming that a one-to-one linear
transformation maps a rectangle to a parallelogram.

In Figure 2, let v be the vector from point T'(a,c) to T'(b,c), and let w be the
vector from T'(a, ¢) to T'(a,d). We may approximate v and w by the tangent vectors
along the boundary of C, respectively, i.e.,

T T
'U%Augu( )andszvgv( )

if Au=b—a and Av = d — c are small. The area of D is AuAw, and the area of C
is approximately the area of the parallelogram defined by v and w. Recall, the area
of a parallelogram is the magnitude of the cross product of the vectors defining the
sides of the parallelogram. Then

Areaof C = |lv x w]|

oT oT
~ B B (Area of D)
(a,c) (a,c)
i J k
or Oy
= |Det| 54 du 0 (Area of D)
oy,
ov  Ov

2The linear approximation of T' near &g = (a,c) is defined by T'(x) = A(x — xo) + T(x0)
where A is a 2 by 2 matrix, and =, zg € R? are realized as column vectors.

a b

Figure 1
Region S in the uwv-plane

T(a,d)

T(b,c)
T(a,c)

Figure 2
Region T'(R) in the zy-plane



Figure 3
Region in zy-plane
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where the partial derivatives are evaluated at (a,c). Consequently, we find

Area of C' = ’ggi:z; (Area of D)
where
o0 0y
ou Ou
0(2,9) _ et
O(u,v) dx  dy
ov  Ov
The factor ggi’ z; is called the Jacobian determinant of the transformation 7.

Let z = f(z,y) be a real-valued continuous function on an elementary region
R in the zy-plane. We sketch a proof of the change of variables theorem. For a
detailed proof, consult an advanced calculus textbook.

/ /R f (. y)dudy

2
M-
NE

@,
Il
_

<.
Il
—

f(xi,y) Az Ay,

2
i M:

- 0
Z x(ui, vj), y(us, v;)) ‘(z’z)’ AulAv

f s

We summarize the discussion into a theorem.

Theorem 2.7 Change of Variables

Let z = f(z,y) be a continuous real-valued function defined on an elementary
region R in the zy-plane. Let (z,y) = T(u,v) be a one-to-one function defined on
an elementary region S in the wwv-plane. Suppose the components of T, namely,
x = z(u,v) and y = y(u,v) have continuous partial derivatives and T(S) = R.

Then
//fxydxdy—//f x(u,v) uv))‘gguvi

dudv.

Example 1 Applying a Change of Variables

Evaluate / / V22 —y? dA where R is the rectangular region with vertices
R

1 1
at (0,0), (1,1), (3,1), and (3, —3). Let x = §(u+v) and y = §(U_U)'



2.2. CHANGE OF VARIABLES IN INTEGRATION (0]

Solution Solving for u and v, we find v = x + y and v = & — y. The four vertices
of R correspond to four points in the uv-plane:

(z,9) | (u,v)

The region R is mapped to region S in the uv-plane, see Figure 2. Since z = (u+v)/2
and y = (u — v)/2. The Jacobian determinant is given by

0(z, y) oz Odz 1 1 1
x, ] 5]
y) _ Det “ Y| = Det 2 S -
A(u,v) dy By 1 1 2
ou ov 2 2

Notice, 22 — y? = uv. Applying Theorem 2.7, we obtain

//ngguyi\dd

s ([ vooe) (] vie)

4v2

9

J e

Try This 1

Evaluate the same integral in Example 1, but let z = u + v and y = u — v.

Example 2 Applying Polar Coordinates

Evaluate // e~ (@ +¥) 4 A where R is the region between the circles 22 + 3% = 9
R
and 22 + 92 = 4, where y > 0. See Figure 5.

Solution We apply the change of variables x = rcosf and y = rsinf, where
r > 0. These equations arise from trigonometry, as shown below.

X
Figure 6 Right triangle trigonometry

v
A
S
1
> > U
Figure 4
Region in wv-plane
y
X
2 3

Figure 5
A region S between two
concentric circles.



» I

7 2 3

Figure 7
Rectangular region S
in the r@-plane.
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Solving for r and 6, we have r = /22 +y? and tanf = y/z if x # 0. In
particular, r is the distance between point (z,y) and the origin. In Figure 5, we
deduce that r satisfies 2 < r < 3. Also, 6 is the standard angle that the line through
the origin and point (z,y) makes with the positive z-axis. From Figure 5, we see
0 satisfies 0 < @ < . The region S in the rf-plane corresponding to region R is
shown in Figure 7.

Since x = rcosf and y = rsin 6, the Jacobian determinant is given by

oz oz .
d(x,y) — Det or 06 ~ Det cosf —rsinf
o(r.9) % % sinf  rcosf
= r(cos’0+sin’0) = r.

Applying 72 = 22 + y? and the change of variables, we obtain

[ = [fe
R S
T 3 R
= / / re” " drd0
o J2
1/# e r=3
= —= e
2 Jo

do
//Re_(lz"’yQ)dA = g(e_4—e_9).

drdf

O(z,y)
O(u,v)

r=2

Try This 2

Evaluate / / V22 + y2dA where R is the circular region bounded by x2 +y? = 1.
R

Apply the transformation defined by = = rcosf and y = rsinf.

Next, we discuss the change of variables for triple integrals. Let T" be a one-to-
one transformation from a rectangular box

B = {(u,v,w) a1 <u<byas <v<by,a3 <w < bsh

into R3 where a; < b; are real constants, i = 1,2,3. We investigate the effect of T
on the volume of B.

Let 2 = x(u,v,w), y = y(u,v,w), z = z(u,v,w) be real-valued functions on B
with continuous partial derivatives such that (x,y,z) = T(u,v,w). The derivative
T' of T at (ay,as,as) provides the best linear approximation® of T near (a1, az, as).

3The linear approximation of T near o = (a1, a2, ag) is defined by T'(z) = A(z —x0) + T (x0)
where A is a 3 by 3 matrix, and @, 2o € R? are realized as column vectors. See (36), page 39.
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We apply a result from linear algebra stating that an injective linear transfor-
mation in 3-space should map B onto a parallelepiped C'. If all the sides of B are
small, then the volume of T'(B) is approximately the volume of the parallelepiped
T'(B) whose three defining edges are vectors

ugT, =A or 'vg—Awa—T.

Yov’ ow
where the partial derivatives are evaluated at (a,b,c), Au = by — a1, Av = by — ag,
and Aw = b3 — az. By Theorem 1.2, the volume of T"(B) is the absolute value of
the triple scalar product of vy, v, and v3. Applying identity (1) in page 152, the
triple scalar product is the determinant of the 3 by 3 matrix whose rows are the
vectors. That is,

=A

(v1 X vg) vy = MVOI(B)

where the volume of B is Vol(B) = AuAvAw, and the Jacobian determinant is

9z Odz Oz

ou ov ow
d(x,y, 2 dy 9y By
M = Det Ju v dw
O(u,v,w)

oz Iz Oz

ou Ov Ow

and the partial derivatives are evaluated at (a, b, ¢). Then an effect of transformation
T on the volume of B is given by

oz, y,w)

Vol(T'(B)) = Vol(T"(B)) = ‘3(uw)

‘ Vol(B).

Furthermore, let A = F(z,y, z) be a real-valued function. We sketch a proof of the
change of variables for triple integrals.

n m p
/// F(z,y,2)dV = ZZZF(%,%,%)A%A%A%
M k=1

i=1 j=1k=

(z,y, 2)

AuAvA
O(u, v, w Uavaw

n m P
ZZZ (F oT)(u;,vj, wg)

i=1 j=1k=1

[ ] e mien o 55

A detailed proof of the change of variables is found in advanced calculus books.

Q

dv

Theorem 2.8 Change of Variables II

Let A = F(x,y,z) be a continuous real-valued function defined on an elementary
region M in the zyz-space. Let (x,y,z) = T(u,v,w) be a one-to-one function
defined on an elementary region N in the wvw-space. Suppose the components of
T, namely, z = z(u,v,w), y = y(u,v,w) and z = y(u, v, w) have continuous partial
derivatives and T(N) = M. Then

/// F(z,y,2)dV = /// (FoT)( uvw)‘g((u’g’w))

av.
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Figure 8
Cylindrical solid of radius 2

Figure 9
Rectangular solid N

x¥

Figure 10
Washer M between two
cylindrical cylinders
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Example 3 Triple Integral and Change of Variables

Evaluate / / / V22 + 42 dV where M is the solid bounded by the circular
M

cylinder 22 4+ y? = 4, and the planes z = 0 and z = 1, see Figure 8.

Apply the transformation z = rcosf, y = rsin6, and z = z.

Solution The base of the solid M lies in the xy-plane. Notice, 2% +y? = r2. Then
each point (z,y,0) in the base satisfies 22 + y? < 4, or equivalently 0 < r < 2 and
0 < 0 < 27. In addition, the z-component of any point in M satisfies 0 < z < 1.

Then the solid defined by
N={(r0,2):0<r<20<60<2r0<z<1}

is mapped into M by the transformation, see Figure 9. The Jacobian determinant
of the transformation is given by

ox ox ox

S5 % o cosf@ —rsinf 0
3(3373/,2’):Det % % % _ | sinf rcosf O | _ .
8(T,9,Z) 9z oz Oz 0 0 1

dr 90 0z

Applying the change of variables theorem, we obtain

[ L= [f ]
/01 /OQW/OQTQdeHdz

16w
or,

oz, y,z)

a(r,0,z)

av

Try This 3
Evaluate / / / e*dV where M is the solid between two circular cylinders
M

22 +9% =1 and 2% + y? = 4, and the planes z = 0 and z = 1. See Figure 10,

and apply the same transformations used in Example 3.
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Example 4 Changing the Variables in a Triple Integral
av
Evaluate / / / ——5 5 5 Wwhere the solid S is the unit ball bounded by
s 1+a2+y? 4 22

22 + 1% + 22 = 1. Apply the transformation = psin ¢ cos, y = psin ¢sin 6, and
z=pcos¢p where 0 < p<1,0< ¢ <7, and 0 <6 < 2.
Solution We find
22+ +22 = (psingcosh)? + (psingsinf)? + (pcos¢)?
= (psing)?(cos? 0 + sin? @) 4 (pcos ¢)?

— (psing)?+ (pcos g)?

= p2'

Observe, p is the distance between (x,y,z) and the origin. Also, 6 is the angle
between the z-axis and the vector from the origin to (z,y,0) for tanf = y/x. The
dot product of (z,y, z) with k satisfies

(psin ¢ cos b, psin gpsin b, pcos @) - k = pcos ¢.
In particular, ¢ is the angle between vector (x,y, z) and k.

The solid ball S is mapped into a rectangular solid T, see Figure 12. The
Jacobian determinant of the transformation is given below but we postpone the
proof to page 83 of the section:

ox ox ox

dp o o060
dx,y, 2z oy 9y &
0@ y, z) — Det| 25 25 o6 P sin ¢.
8(p7¢’9) oz oz oz

dp 0 90

Applying the change of variables, we obtain

[ = - [
sl+a?+y2+22 7 14 p?
27 T 1 2 -
- / / / PS4 e
o Jo Jo l+p
1 2
p
= 471'/ ——=dp
o 1+p?

1 1
e [ ()
0 1+ p?

p=1

d(z,y, 2)
A(p, $,0)

‘ dpdedd

= 4x(p — arctanp

av
//Ll+ﬂ+f+% - e

p=0

Figure 11
Solid ball S of radius 1.

Figure 12
Rectangular solid T'



Figure 13

Cylindrical coordinates

(r,0, z) of point P.

Figure 14
Cylindrical point

(r,0,2) = (4, -3
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Try This 4

Evaluate / / / dV where S is the unit ball that is bounded by the sphere
s
2% 4+ y? + 22 = 1. Apply the transformation = = psin ¢ cosé, y = psin ¢sinf, and

z=pcos¢p where 0 < p<1,0<¢<m,and 0 <6 < 27.

Cylindrical Coordinates

The cylindrical coordinates of a point (z,y,z) € R? in Cartesian coordinates are
(r,0,z) where

r? =z + 2, tan&zgifa:#O.
x

In particular, 6 is the angle between the positive x-axis and the line segment joining
the origin to (z,y,0). Usually, we require 0 < 6 < 27. Also, (r, §) represent the polar
coordinates of (z,y). Note, r is a real number representing the directed distance
from the origin to (x,y). The cylindrical coordinates of a point are not unique.
For instance, the cylindrical coordinates (2,7/6,3), (2,137/6,3), and (—2,77/6, 3)
represent the same point in 3-space. The identities below

xr=rcosf, y=rsinf, z=z.

are helpful when converting to Cartesian coordinates from cylindrical coordinates.

Example 5 Switching between Cartesian and Cylindrical Coordinates

Find the cylindrical coordinates of the point P(x,y, z) = (2, —2v/3,4) in Cartesian
coordinates. Then find the Cartesian coordinates of the point Q(r, 0, 2) = (4, %’T, 1)
given in cylindrical coordinates.

Solution Since P(z,y, z) = (2, —2v/3,4), we find
r=+12+12=v4+12=4.

From the identity tan 6 = y/x = —/3, we may choose § = — 73, see Figure 14. Then
the cylindrical coordinates of point P are

2
(r0,2) = (4, —g + 2k7r,4) : (—4, g + 2k7r,4)

where k is an integer.
Using the cylindrical coordinates Q(r,0,z) = (47 %”, 1)7 we find

r = rcosf = 4cos5§ = —2V3

y = rsinf = 4sin5—7r = 2.
6
Thus, the Cartesian coordinates of @) are
Q(xv Y, Z) = (_2\/37 27 1)

since z = 1.
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Try This 5
Find the cylindrical coordinates of point P(z,y,z) = (—1,1,2). Also, find the

Cartesian coordinates of point (3, 32“ , 1) given in cylindrical coordinates.

Example 6 Finding the Volume of a Solid

Find the volume of the solid S bounded by the cone 22 4+ y? = 22 and the
sphere 22 + 32 + 22 = 2 where z > 0, see Figure 15.

Solution The volume of S'is [ [ [¢dV. In cylindrical coordinates, we have the
identity 2 + y> = r2. Then an equation of the cone z2 + y?> = 22 in cylindrical

coordinates is z = r. The cylindrical coordinates for the sphere is 72 + 22 = 2.

To find where the surfaces intersect, substitute the former equation into the later
one. Then 222 = 2 and z = 1 for z > 0. Thus, every point (z,y,z) in S satisfies

224+ y? <land /22 4+ 32 <2< /2 —22 —g2.

Since 2 + 92 <1, we have 0 < r < 1 and 0 < § < 27, see the base of the solid in
Figure 16. The solid T' corresponds to solid S under the change in coordinates from
rectangular to cylindrical coordinates. In Example 3, the Jacobian determinant
associated to the change of variables is

oz, y,z)
o(r,0,z)

From /22 + 92 < 2 < /2 — 22 — 92, we obtain r < z < /2 — r2. Applying the

change of variables theorem for integration, we find

[ =

=7

55?/7
r@z

21 1 /212
/ / / rdzdrdf
0 0 r
27
= / / 27r27r)drd0

Volume = 3 (\f2— 1).

av

Try This 6

Find the volume of the solid bounded by the ellipsoid z2 4 y? 4 422 = 4.
Express the volume as a triple integral that uses cylindrical coordinates.

See Figure 17.

X

Figure 15
Solid S bounded between
a cone and a sphere.

Figure 16

Solid T between z = 72,
r?+22=2 and 0 =27
in the first octant.

Figure 17
The ellipsoid

x2+y2+422:4.
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Spherical Coordinates

The spherical coordinates of a point (z,y,z) € R3 in Cartesian coordinates are
(p,0,¢) where

p=+x2+y2+22 tanf = J if x #0, and pcos¢ = (x,y,2) - k.

X

The coordinate 0 < 6 < 2m is the angle between the positive z-axis and a vector
from the origin to point (z,y, 0), see Figure 18. The coordinate p > 0 is the distance

Figure 18 between (z,y, z) and the origin. Further, we require 0 < ¢ < 7 and ¢ is the angle
Spherical coordinates between the positive z-axis and the line segment joining the origin to (x,y, z). The
(p,0, @) of point P. identities below

x = psingcosh, y=psingsinf, z = pcos¢

are useful when converting to Cartesian coordinates from spherical coordinates.
Example 7 Switching between Cartesian and Spherical Coordinates
Find the spherical coordinates of point A(zx,y, z) = (%, @, 1).

Then find the Cartesian coordinates of the point B(p, 0, ¢) = (87 %“, %)

Solution Since A(z,y,z) = (%, @, 1), we find

9
p=vVel+y?+22=/-+-+1=2.
Az 4

Using the identity tanf = £ = %, we choose ¢ = %, see Figure 19. Also, we find

T

=W

pCOSd) = (x,y,z)k
3 V3
2 = - —, 1]k =1
o - (35)
s
Figure 19 ¢ = 3

Spherical coordinates

of point A( )5 g)

Then the spherical coordinates of point A are

1000 (.5.5)

T w

Next, we determine the Cartesian coordinates of B(p, 0, ¢) = (8, € g).

7
x = psingcost = 8sin%cos£ = 2V2
. . .om . T
y = psingsind = SSlngst = —2V2
™
z = pcosp = SCOSE = 43

Thus, the Cartesian coordinates are B(z,y,2) = (2v/2, —2v/2,4v/3).
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Try This 7

Find the spherical coordinates of point C(z,y, z) = (3, 3v/3, 6). Also, find

3
the rectangular (or Cartesian) coordinates of D (p, 8, ¢) = <2\/§, Zﬂ-, 7;)

For the purpose of evaluating triple integrals, we evaluate the Jacobian determi-
nant of the transformation to Cartesian from spherical coordinates. The spherical
coordinates (p, ¢, 0) of a point (z,y, z) satisfy

T = psingcosh, y= psingsinh, z = pcos ¢.

We compute the determinant below by expanding the minors in the third row, i.e.,

ox oz ox

o 96 00 singcosf pcospcosh —psingsinf
ggﬂf,(yﬁ,zi — Det g% (% % _ singsinf pcos¢gsind  psingcosf
Ps Ps

0z oz 0z 3

E % % cos ¢ —psin ¢ 0

= Det[A31]cos¢ — Det [As 2] (—psin @)

where the 2 by 2 matrices As ; are obtained from the above 3 by 3 matrix by crossing
out the third row and jth column, j = 1,2. Namely, the matrices A3 ; are

pcospcos —psingsinb singcosf —psinpsind

143,1 = 5 /43,2 =

pcos¢gsing  psin ¢ cos singsind  psin¢cosf

Then

Det[As 1] p? sin ¢ cos ¢ cos? 6 + p? sin ¢ cos ¢ sin” 0

= p?sin¢pcosg(cos? § +sin® ) = p*sin ¢ cos .
Using a similar calculation, we find
Det[A32] = psin¢.

Consequently, the Jacobian determinant for the change of variables to Cartesian
coordinates from spherical coordinates is given by

= Det[A31]cos¢ — Det [A3 2] (—psin @)

= (p?sin¢cos p) cos ¢ — (psin? ¢)(—psin ¢)

= pZsin¢. (1)
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Figure 20
A solid S bounded by
two hemispheres.

/2
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o
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0
Figure 21

The solid S in
spherical coordinates.
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Example 8 Triple Integral and Spherical Coordinates
Evaluate / / / zdV where S is the solid between the two
s

spheres of radii 1 and 2, and centered at the origin. See Figure 20.

Solution In spherical coordinates, we have z = pcos¢. Also, the Jacobian
determinant for spherical coordinates is p? sin ¢, see (1).

Analyzing Figure 20, the spherical coordinate p satisfies 1 < p < 2 since the
distance between a point in S and the origin is a value between 1 and 2, inclusive.
The coordinate ¢ satisfies 0 < ¢ < 7/2 for the angle between vector k and a vector
from the origin to a point in S is a value from 0 to 7/2 radians. Also, the polar
angle of any point is S satisfies 0 < 6§ < 27. In Figure 21, we see that the spherical
coordinates of S describe a rectangular box.

Then by the change of variables theorem, we obtain

2m /2 2
///de / / /p3sin¢cos¢dpdqbd9
s o Jo 1
/27r /T{'/2p4
o Jo 4

15 27 pm/2
= Z/ / sin ¢ cos ¢ d¢ df
o Jo

p=2
sin ¢ cos ¢ d¢ df
p=1

15 (271 $=r/2
= — Sin2(¢)‘ de
1), 2 oo
15 27
= — do
8 Jo

[[ [ =

Try This 8

Set up a triple integral in spherical coordinates for the volume of the part of

solid S in Figure 20 that lies in the first octant. Then evaluate the integral.
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2.2 Check-It Out

Evaluate the integral by applying the indicated transformation.

1. / / ¢ " 4 A where R is the circular region of radius 1 and centered at the origin.
R

Apply the transformations z = rcos and y = rsiné.

2. /// V2?2 + y? + 22dV where S is the unit ball, i.e., the solid bounded by the unit
s

sphere 22 4+ y2 + 22 = 1. Apply a change of variables by using spherical coordinates, see Example 8.

True or False. If false, revise the statement to make it true or explain.

1. If x =u — v and y = u + v, the Jacobian determinant satisfies gg% y§ = 2.
U,V

— - _ : s . ter . a(xvy) .2

2. If x =rcosf and y = rsinf, the Jacobian determinant satisfies 20 0) r
— 27 5
3. If R ={(z,y) : 2® + y* < 25}, then // eVo Y g A :/ / re"drde.
R o Jo
. . . . . (z,y,2) .

4. The Jacobian determinant for spherical coordinates satisfies W = psin ¢.

5. If x = 2u and y = 3w, then by the change of variables we have

/03 /02f(x,y)d:cdy/01/01 £(2u, 3v)dudv.

Exercises for Section 2.2

In Exercises 1-8, evaluate the integral by applying the indicated change of variables. The region of integration
R in Cartesian coordinates is shown. The region S to where R is mapped by the change of variables is shown,
too. In addition, state the Jacobian determinant of the change of variables.

1. // ydA where R is the quadrilateral region with vertices at (0,0), (4,0), (1,2), and (5, 2).
R

v —
Let x =

uandy:v.

f

Y
=

7 15 -8

Figure for 1



86 CHAPTER 2. ITERATED, LINE, AND SURFACE INTEGRALS

2. // (y—x)dA where R is the quadrilateral region bounded by the linesy = x+1,y = 2+2, y = 2z —1,
R

and y=2x+ 2. Let xt =u —wv and y = 2u — v.
y v

Figure for 2

3. // z J_r Y A where R is the quadrilateral region with vertices at (1,0), (2,0), (1,1), and (3, 3).
RTTY

u—"v

2

Letx:u+v

and y =

[

N~ ~

N~
~|
\)

Figure for 3

4. / / (Jc2 + y2)2 dA where R is the circular unit circle centered at the origin.
R
Let © = rcosf and y = rsiné.

y 0
A

[
?

2/(

Figure for 4
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5. / / / zdV where R is the solid in the first octant bounded by the surfaces z = 22 + 32,
R

22 4+ y? = 1, and the coordinate planes. Let © = rcosf, y = rsinf, and z = 2.

Z
S

1
0 /J/]\r"

/2

Figure for 5
6. /// e($2+y2+22)3/2dV where R is the solid bounded by the spheres 22 4+ y2 4+ 22 = 1 and
R

22 + 9% + 22 = 4. Change the variables to spherical coordinates.

o

Figure for 6

7. /// 22dV where R is the solid bounded by the surfaces z = /4 — 22 — 92, 2 = /2 — 22 — 2,
R

=1, y=x, and y = 0. Change the variables to cylindrical coordinates.

Figure for 7

87
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8. /// zdV where R is the solid bounded by the surfaces z = y/x2 + y2,
R

22 + 9% =1, and z = 0. Change the variables to spherical coordinates.

0

Figure for 8

In Ezercises 9-14, if a point is defined in Cartesian coordinates, express the point in cylindrical coordinates.

If the point is given in cylindrical coordinates, change to Cartesian coordinates.

9. (w,y,2) = (2V3,2,1) 10. (r,6,2) = (2, 5;,3) 1. (z,9,2) = (—6,2v/3,2)

12. (r,0,2) = (2, 3;,4) 13. (r,0,2) = (\/5, 2;,—2) 14. (z,y,2) = (—ég,—;, —3)

In Ezxercises 15-20, if a point is given in Cartesian coordinates, express the point in spherical coordinates.

If the point is expressed in spherical coordinates, convert to Cartesian coordinates.

5. (w,y,2) = (17\/572\/3) 16. (p,0,0) = (47237Ta567T> 17, (z,y,2) = (Zv_\/gu_1>

18, (p,0,¢>—<2,76”,2§) 19. (p,0,¢>>—<2m,3j) 2. (2,y,2) = (6v/3,~6,4v3)

In Exercises 21-2/, evaluate the integral by applying the indicated change of variables. Sketch the indicated
region R. Also, sketch the image S of the transformation defined by the change of variables.

21. // (r —y)dA where R is a quadrilateral region with vertices (0,0), (1,1), (—5,1), and (—6,0).
R

Apply the change of variables x = 2u 4+ v and y = v.

22. [ [p(y —x)dA where R is a quadrilateral region with vertices (0,0), (2,0), (3,1), and (1,1).

Apply the change of variables x = —u + v and y = v.

23. // dA where R is the region bounded by the linesy =z, y=2z+1,y= —z,and y = —z + 1.
R

—u+v u—+v
and y = 5

Let x =
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24. // \/m dA where R is the region bounded by the lines y = 4x + 2, y = 4x + 5,
R

— 2
y=—-2x+3,and y = -2z + 1. Letx:uTﬂandy:u—; U.

In Exercises 25-28, solve for x and y in the given substitution. Then evaluate the integral by applying a
change of variables. Sketch the region R in the Cartesian plane, and the image S of the transformation
defined by the change of variables.

25. //R\/m dA where R is a trapezoid with vertices (1,0), (2,0), (0, —2) and (0, —1).
Substitute u =x +y and v =z — y.

26. / /R xy dA where R is the region in the first quadrant that is bounded by the graphs of y = z, y = 3x,
xy =1, and xy = 3. Substitute u = zy and v = y.

27. //R(x + y) dA where R is the triangular region with vertices (0,0), (2,1), and (1, 2).
Substitute u = —z 4+ 2y and v = = + y.

28. //R(x —y)(1 + z + y)dA where R is the triangular region with vertices (0,0), (1,0), and (1,1).
Substitute u =z +y and v =z — y.

29. // (z? — 3*)dA where R is a quadrilateral region bounded by the lines y =z, y =z — 2, y = —=,
R

and y = —x + 3. Substitute z = UT—H} and y = _u2+ -

30. Verify the identity // e VA =1 (1 — e_”z) where R, = {(z,y) : 22 + y?> <n?}, n > 1.
R,

31. We adopt the notation of Exercise 30. Applying the Monotone Convergence Theorem*

// e~V dA = lim // eV A,
R2 n—o0 R,

Moreover, by Fubini’s theorem, we have

// 67I27y2dA:/ / efl,?*y?dzdy.
R2 —o0 J —o0
[e.e]

Then verify the identity / e dr = /7

— 00

, we have

4The Monotone Convergence Theorem and a version of Fubini’s Theorem used in Exercise 31
are proved in a course such as integration theory or real analysis. The proof is beyond the scope
of this text.
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32. A solid is bounded by the surfaces 2 + 32 =1, 2 =0, and z = 2. Sketch the solid.
Then find the volume of the solid by evaluating a triple integral in cylindrical coordinates.

In Exercises 33-36, evaluate the integral by changing the variables to spherical coordinates.

Include a graph of solid R.

33. /// (1 —a?— P - 22) dV where R is the unit ball of radius 1 and centered at the origin.
R

34. /// z dV where R is a solid in the first octant that lies inside the sphere 2% + 3% + 22 = 4.
R

35. /// dV which is the volume of the solid R inside the sphere p = 1 and above the cone ¢ = 3.
R

36. /// dV which is the volume of the solid R inside the sphere p = 2, above the plane z = 0, and
R

below the cone ¢ = 7.

In Ezxercises 37-38, evaluate the integral by changing the variables to cylindrical coordinates.
Also, sketch the solid R.

37. /// xy dV where R is the solid in the first octant bounded by 22 + 42 =4, 2 =0, and z = 1.
R

38. ///Rm dV where R is the solid bounded by z = \/;Wy2 and z = 1.
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2.3 Line Integrals and a Fundamental Theorem

e The Arc Length Function e Line Integral ¢ Re-parametrizing a Curve
e Fundamental Theorem for Line Integrals ¢ Path Integrals

The Arc Length Function
Geometrically, a curve is an arc of a graph such as a parabola, circle, line, and

others. In this section we study integrals of functions that are defined on curves.

We begin with a definition of the parametrization of a curve.

Definition 2 Parametrization of a Curve

Let 7 be a continuous function from a closed interval [a, b] to R™ where n = 2, 3.
Suppose r satisfies the two conditions below.

a) r is one-to-one on [a, b], or  is one-to-one on [a,b) and r(a) = 7(b).

b) 7/(t) is continuous on (a,b) such that ||r'(¢)|| and m are bounded.

In such a case, r parametrizes the smooth curve C defined by

C={r(t)|a<t<b).

For simplicity, we may write that a smooth curve is a curve. If r is one-to-one
on [a, b], we say C' is a non-intersecting curve. If r is one-to-one on [a,b) and
r(a) = r(b), we say C is a simple closed curve.

Suppose n = 3 and r(t) = (x(t), y(t), 2(t)) is a vector in standard position, i.e.,
the initial point of r(t) is the origin, and the terminal point is (x(¢),y(¢), z(t)).

Ifa <t <band At > 0 is a small, the difference quotient

r(t+ At) — r(t)
At

is a vector whose initial point is the terminal point of r(¢t). As At — 0, the limit

r’(t) is a vector that is tangent to the curve C at point r(t), see Figure 1.

To define the arc length of C, partition [a, b] into m subintervals. Let tg = a,

At = (b—a)/m, and t = tx_1 + At for k =1,...,m — 1. Using the partition,
subdivide C' into m subarcs, and find the sum of the distances between the initial

and terminal points of each subarc.

The distance between the endpoints of r(t;) and r(tx—1) satisfies

I () = et Dl = o o0 + 9 (a) + 2/ (0) At

because of the Mean Value Theorem, where tx_1 < pi, qr, Vi < tr. We recall

I ()] = /(2" ()2 + (y' (1) + (2'(£))2.

Since 2’,y’, 2’ are continuous, we estimate each of py, gi, v, by a single value ¢}

in (tx—1,tx). Consequently,
[r (tk) = r(te-D)ll =~ [l ()] At.

X

Figure 1
A position vector r(t) and
a tangent vector r’(t)



Figure 2
A curve emanating
from the origin.
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Then a reasonable approximation for the arc length of C' is the Riemann sum

m—1 m—1

Dol ) = rta-n)ll = Y e (60| At

k=0 k=0

By definition, ||7’|| is bounded and continuous, and consequently, integrable.

We let m — oo, and define the limit of the Riemann sums as the arc length of C.

b
Length(C) = /||1“’(t)|| dt.

The arc length of C is independent of the parametrization; this follows from a
modification of Theorem 2.9 to be discussed later in the section. Moreover, the

arc length function is defined by

s(t) = / I+ (w)]] duw. ()

Example 1 Arc Length Function

Find the arc length function for the curve parametrized by

3t 3

r(t)= (32,232, 2 ) o<t < 2.

2 5

Then find the arc length from 7(0) to r(3/5), see Figure 2.
Solution The derivative is

3 3
(1) = <2¢5, NG 2).

Then the magnitude of derivative is

9 9 45 9

/ _ 7 7 i v

I =/ 5t+9t+ 7 =\ Tty
3

= 5\/5t+1

Thus, the arc length function satisfies

s(t) = /OH’I'/(U))H dw = /0 ;\/5w+1dw

w=t

3 2
— -~ 1 3/27
10(5w+ ) 3

w=0

((5t F1)3/2 1)

| =

Hence, the arc length from 7(0) to r(3/5) is given by

(2) - el
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Try This 1
Find the arc length function for 1 4
r(0) = (cosf,sinf,0), 0 <6 < 2.

The graph of r is a helix, see Figure 3. Q

The Line Integral

A line integral generalizes the concept of an integral fab f(z)dzx of a real-valued

function f defined on [a,b]. In a line integral, we integrate a vector field F' that is

defined on a curve. X y
Figure 3
The helix r lies on a

Definition 3 Line Integral circular cylinder of radius 1.

Let C C R™ be a curve parametrized by a function 7 defined on I = [a, b] where
n = 2,3. Let F be a vector field defined on C such that F or is continuous from I
to R™. The line integral of F' along C' is denoted by fC F - dr, and defined by

/CF ~dr = /ab F(r(t)) -r'(t)dt

Later in the section, we show the line integral of a vector field along a curve is
independent of the parametrization provided the parameterization is orientation

preserving, see Theorem 2.10.

We discuss an application of line integrals. Suppose a vector field F' represents
a force that causes a particle to move along a curve C parametrized by r. That is,
the particle is at position r(¢) at time ¢. We show the line integral fC F -dr

represents the work done by the force on the particle.
The unit tangent vector to 7(t) is defined by

1
IR0l

T(t) r'(t)- (3)

Since the differential of the arc length function is ds = ||v'(t)|| dt, we write

ar = [ Py O
[Foar = [ Pee) e ol

b
/ F(r(t) - T(t) ds. )
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Recall, the projection of vector v = F(r(t)) onto unit vector w = T'(t) satisfies
Projy,(v) = (F(r(t)) - T(t)) T(t)

see identity (15) in page 15. The scalar F(r(t)) - T(t) ds in the integrand of (4)
represents the work done by the force F' along the tangential component T'(t),
as the particle moves through an arc length of ds. Then the line integral (4) is

the work done by a force F' acting on a particle that is moving along curve C.

Example 2 Evaluating a Line Integral

Let F(x,y,z) = (yz,z,2x) be a vector field. Let C be the curve parametrized by
r(t) = (t, t2,t3)7 0 <t <1, see Figure 4. Then evaluate fc F - dr.

Solution Let 7(t) = (x(t),y(t), 2(t)) where z(t) = t, y(t) = t2, and 2(t) = t>.

Evaluating the vector field, we obtain

F(rt)) = F(z(),y),2(t))
Figure 4 = (y(t)=(t), z(t), 2z(t))
The curve r(t) = (¢,t°,t°),
0<t<1 = (t°,t,2t).

Also, the derivative of the curve is
r'(t) = (1,2t,3t%).

Applying Definition 3, the line integral is given by

/CF-dr - /OF(r(t))-r(t)dt

/ (t°,t,2t) - (1,2t,3t%) dt

0

1
/ (t° + 2t + 6t°) dt
0

t=1

T
6 3 2

t=0

Wl

/F-d'r =
z c

Try This 2

Let F(x,y,z) = (x, z,y) be a vector field. Let r(t) = (t,2t,t2), 0<t<2,bea

parametrization of curve C. Then evaluate the line integral |, o F-dr.

-

X

///
- y

Figure 5
For Try This 2
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Re-parametrizing a Curve

We study the effect of re-parametrizing a curve has on a line integral. Let C be a
curve that is parametrized by a function = defined on [a, b]. The orientation of C
with respect to 7 is the direction along C' that the points r(t) trace as ¢ increases.

For instance, the orientation may be counter clockwise on a simple closed curve.

Let a be a one-to-one continuous function from [, d] onto [a, b] such that the
derivative o and % are bounded and continuous on (¢, d). We say the composite
function 7 o « is a re-parametrization of r.

Notice, r o a parametrizes C. We say r o « is orientation preserving if the
orientations of C' with respect to » and to r o a are the same. Otherwise, we

say r o « is orientation reversing.

The line integral of vector field F' using the parametrization r1 = r o « satisfies

/ F(ri(t)) -ri'(t) dt = / F(r(a(t))-r'(a(t)) o'(t) d¢  Chain Rule

a(d)
= /< ) F(r(w)) - r'(w) dw where w = a(t),dw = o/ (t)dt

:I:/ F(r(w)) -7 (w) dw (5)

for f; f(@)dz = — [, f(x)dz. The sign in (5) depends on whether a(c) = a or
a(c) = b. We choose the plus sign if a(c) = a, i.e., 71 is orientation preserving.
Otherwise, we choose the negative sign if 1 is orientation reversing.

Moreover, any two parametrizations of a curve C' with the same initial points are

re-parametrizations of each other, see theorem below.

Theorem 2.9 Parametrization of Curves

Let 71 and r2 be functions defined on I1 = [a,b] and I = [c, d], respectively, that

parametrize a curve C. If r1(a) = ra(c), then 71 is a re-parametrization of ra.

Proof Lett € (a,b), and choose s € (¢, d) such that r1(¢) = r2(s). Then the
function given by s = f(¢), f(a) = ¢, and f(b) = d is a bijection from I; onto Is.
By definition, 7y = r5 o f. We show f is differentiable. If At # 0 is small enough,
choose As # 0 such that 71 (¢t + At) = ra(s + As). Then

ri(t + At) — r1(t) = ra(s + As) — ra(s).

By definition, we have f (t + At) = s + As.



ry(v)
:r](a)
:rl(b)

Figure 6
Parametrizations 1
and r2 with different
initial points.
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Then
iy e JEEAY () As
o = lm = = A A
l[ra(t+ At) — ra(8)]]
_ : At
= A TG T As) — )]
As
By the continuity of the curves, At — 0 if and only if As — 0. Consequently,
/ " ()]
t) = ——. 6
TO = Gl ©

By definition, ;' and 7.%, are bounded for i = 1,2. Then f’ and % are bounded

on (a,b). Hence, r1 = rg o f, i.e., 71 is a re-parametrization of rs.
O

A curve C has exactly two orientations. If we fix an orientation for C', the other

orientation is called the opposite orientation and which we denote by —C.

Let C be a non-intersecting oriented curve, and let F' be a continuous vector field
on C. Applying identity (5) and Theorem 2.9, the line integral of F along C' is

independent of any orientation preserving parametrization r of C.

Next, we analyze the line integral on a simple closed curve C. Note, the initial
points of two functions r; and 7, that parametrize C' may not be the same. We

assume the orientations of C' with respect to r; and ro are the same.

Suppose 71 is defined on [a,b], and 75 is defined on [¢,d]. Choose w,v such that

r1(w) = ra(c) = ra(d), and ro(v) = r1(a) = r1(b), as in Figure 6. Then

/bF(rl(t))-rl'(t)dt . /wF(rl(t))-rl'(t)dt+/bF(r1(t))-rl'(t)dt

d v
- /F(rg(t))~r2'(t)dt+/ F(ra(t)) - ra’ (1)t

d
/ F (ra(t)) - r2' (t)dt

where in the middle equation we applied identity (5) with the plus sign. Thus, the
line integral of a vector field along an oriented simple closed curve is independent

of the orientation preserving parametrization of the curve. We summarize below.

Theorem 2.10 Line Integrals and Re-parametrization of Curves

Let C be an oriented curve, and let F' be a continuous vector field defined on C.

Then the line integral [, o F - dr is independent of the orientation preserving
parametrization of C. Also,

/ F~dr:7/Fodr.
—C c

Moreover, the lengths of curves C' and —C' are the same.
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Proof We only have to prove the last statement. Let r be a parametrization
of C, and let r1 = r o & be a re-parametrization where « is a one-to-one function

from [e, d] onto [a, b] such that o/ and 1/a’ are continuous and bounded on (a, b).

Since « is one-to-one, o’ is entirely nonpositive or entirely nonnegative. Then

/ I (®)I] dt I ()] o (£)] dt

c

" ()| &'(t) dt if « is increasing

— I ()| &'(t) dt if « is decreasing

b
|l*'(w)|| dw if w = a(t), and « is increasing

—/ |l*'(w)|| dw if « is decreasing
b

d b
/ I @] dt / I )] dt

Hence, the arc lengths of C' and —C' are equal.

O

Given a parametrization r of a curve C defined on [a, b], there is a natural orientation-
reversing parametrization r* of —C. Namely, r* is defined on [a, b] and

r't)=r(a+b—1). (7)
Example 3 Evaluating a Line Integral

Let F(x,y,z) = (sinmx, cosmz,y) be a vector field. Let C be the oriented line
segment from A(1,0,0) to B(0,2,1), see Figure 7. Then evaluate fc F - dr.

Solution The vector from A to B is (—1,2,1). Then a parametric equation of

the line segment from A to B is

r(t) = (=1,2, 1)t + (1,0,0) = (1 —t,2t,¢), 0< ¢ < 1. Figure 7
Li t f
Since 7'(t) = (—1,2,1), we obtain Al(rllegeg?:élngrg 1.
1
F-dr = / (sinm(1 —t),cosmt,2t) - (—1,2,1)dt
c 0

1
= / (=sinm(l —t) + 2cosnt + 2t) dt
0

1
1 2

= ——cos(m(1 —t)) + = sin(nt) 4 >
™ ™ 0

ERRN)

C



Figure 8
A counter-clockwise path
around a circle of radius 2
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Try This 3

Evaluate the line integral in Example 3 where C' is the oriented line segment
from A(2,0,0) to B(0,4,2).

Example 4 Evaluating a Line Integral

Let F(z,y) = (—y, z) be a vector field. Let C be a circle of radius 2, centered at

the origin, and oriented counter clockwise. Then evaluate the line integral | o F-dr.

Solution The standard equation of circle C is 22 + 3% = 4, see Figure 8. Using
the identity cos? 6 4 sin? @ = 1, the parametrization
r(f) = (2cos0,2sinf), 0 <6 <2
traces the circle in a counter clockwise motion. The derivative is
r'(0) = (—=2sinf, 2cosb).
According to Theorem 2.10, the line integral is independent of the orientation

preserving parametrization. Thus,

2
/ F-dr = F (2co0s6,2sin0) - (—2sin6, 2cosfh)df
c 0

2m
= / (—2sinf,2cosf) - (—2sinf, 2cosh)dd
0

27 27
= / (43111204—4cos2 6) do = / 4d6
0 0

/F-dr = &m.
c

Try This 4

Let F(z,y) = (—y,1) be a vector field. Let C be the unit circle oriented counter

clockwise. Then evaluate the line integral |, o F -dr.

We extend the definition of a line integral of a vector field. Let C be a finite union
of smooth curves C; ,i=1,...,n.

C=CiU---UQC,

We denote the line integral of F' along C' by fc F' - ds, and define it by

/F~dr: F-dr+~--+/ F-dr. (8)
C Cl CTL
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Using Theorem 2.10, it can be shown that the left side is independent of the finite

union of smooth curves C;. We say C' is a piecewise-smooth curve.

Example 5 Line Integral Along a Triangular Image

Let F(x,y,z) = (zz,2y,yz) be a vector field. Let C be a simple closed triangular
path that bounds the plane 2x + 2y + 2z = 4, and the coordinate planes. The

orientation is counter clockwise as shown in Figure 9. Then evaluate |, o F -dr.

Solution We parametrize the segment C; from (2,0,0) to (0,2,0). Since y is z
increasing from y = 0 to y = 2, let y = ¢ where 0 <t < 2. Notice, the plane

x +y = 2 contains Cy. Then x = 2 — ¢, and we obtain a parametrization of Cj:

ro(t) = (2—1,£,0), 0<t <2

Applying Definition 3 and F(z,y, z) = (zz,2y,yz), we find

2
F.dr = /(O,2t70)-(—1,1,0)dt = 4.
0

C1
Secondl ider th t Oy from (0,2,0) to (0,0,4). Then » is increasi Figure 9
econdly, consider the segment Cs from (0,2,0) to (0,0,4). Then z is increasing A triangular path in the
z=0to z=4. Let z =1t for 0 <t < 4. Note, the plane 2y + z = 4 contains C5. plane 2z + 2y + z = 4.

Then y = (4 — t)/2, and we have a parametrization for Cs:

4t
ro(t) = (0,2,t>, 0<t<4.

The line integral along C5 satisfies

4 2
4t —t 1
F.dr = / (0,4—t, )-(0,—,1)dt
Ca 0 2 2

1 4
= 5/ (~t>+5t—4)dt =
0

Similarly, a parametrization of the segment C5 from (0,0,4) to (2,0,0) is given by

W =~

ra(t) = (£,0,4—2t), 0 <t <2

Then the line integral along Cj5 satisfies

2
Fodr — /F(t,0,4—2t)-(1,0,—2)dt
C3 0

2

= / (4t —2¢2,0,0) - (1,0,—2)dt = ;
0

Finally, we obtain

/F-dr = F.dr+ F-dr + F -dr
C Ch Cs Cs

4 8
44 -4 °2
+3+3



Figure 10
An oriented closed path
along y = 2% and y = .
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Try This 5

Let F(z,y) = (2y,1) be a vector field. Let C' be a counter clockwise closed curve
bounded y = z? and y = =, see Figure 10. Then evaluate the line integral | o F-dr.

Fundamental Theorem for Line Integrals

If a vector field F' is conservative, the line integral [ F - dr depends only on F,

and the initial and terminal points of C, as the next theorem shows.

Theorem 2.11 Fundamental Theorem for Line Integrals

Let F' be a continuous vector field satisfying F' = V f for some real-valued
function f. Let C' be an oriented curve that is parametrized by a function r

with initial point 7(a) and terminal point 7(b). Then

/ Fodr = f(r(b)) - f ((a)).
C

Proof For simplicity, let F' be a function of two variables. Let F' = g, Zf>
z’ Jy
By the chain rule and the Fundamental Theorem of Calculus, we find
b lof of
/F-dr = / = ,= ! (t)dt
c o \ 9% |p@y OYlp
b
= [ en @
= f(r®) - f(r().
O

We recall a characterization of conservative vector fields, see Theorem 1.10.
Let G be a vector field defined on R? with continuous first partial derivatives
except for finitely many points. Then curl(G) = 0 if and only if G = Vg for

some real-valued function g.

If G = (M, N, P) where M, N, P are real-valued functions of x,y, z, then the
proof of Theorem 1.10 shows

el g — (98 _ONN, (9P _OMY . (ON OM\
~\oy 0z or 0z )7 ox Oy '
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Thus, curl(G) = 0 if and only if

oP _ON 9P _oM ON oM
oy 9z’ Oz 9z  9dxr Oy

Often, we may denote the line integral of G = (M, N, P) along C by

/G-dr:/(Md:r+Ndy+sz).
c c

For vector fields F' = (M, N) of two variables = and y, we may denote the line

/F~dr:/(de+Ndy).
c c

integral by

Example 6 Fundamental Theorem for Line Integrals

Let C be a curve that is parametrized by r(t) = (2sint, 2cost), 0 <t < 7. Then
evaluate [ (ydx + (z — 1)dy) by the Fundamental Theorem for Line Integrals.

Solution We apply (9) to show that F is the gradient of a real-valued function.
We write F = (M, N, P) where M =y, N =2 — 1, and P = 0. Since M, N are
functions of = and y only, we find curl(F') = 0 exactly when

oN _ oM

or Oy’
Clearly, the above statement is true. Then curl(F') = 0. Now, we may eyeball and

directly find a function f whose gradient is F'. In fact,
Vizy—y)=(y,x—-1)=F
and we let f(z,y) = 2y — y + C where C is a constant.

We present a different method for finding f. Notice, g—i =y and % =z — 1

Integrating with respect to =, we find

[z, y) =2y + ¢o(y)

where ¢ is a function of y only. Since % =z + ¢'(y), we obtain

r+d'(y) = x-1
dly) = -1
o(y) = —y+C.

In any case, we have

flx,y) =ay +d(y) =2y —y+ C.

Hence, by the Fundamental Theorem for Line Integrals we find

/CF ~dr = [ (r(r/2)) = f(r(0)) = £(2,0) = £(0,2) = 2.
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Try This 6

Let C be an oriented curve with initial point (1,0) and terminal point (2, 2).

Then evaluate [, (dex + 2chdy) by the Fundamental Theorem for Line Integrals.

Example 7 Fundamental Theorem for Line Integrals
Let C be an oriented path from point A(3,1,1) to B(1,1,2) where y # 0. If
z  xz x
an?/vz = (a R _1)
( ) vy

is a vector field, evaluate [, ¢ F - dr by the Fundamental Theorem for Line Integrals.

Solution We find a function f satisfying Vf = F, but we omit the details in
verifying (9). We may eyeball f and choose f(x,y,z2) = xz/y — 2.

Alternatively, since df/0x = z/y, we integrate with respect to x. Then
Tz
f(xayaz) = ? =+ ¢(y72)
. . of _
where ¢ is a function of y and z only. Note, 57 =
for Vf = F. Thus,

0¢ of _
%4‘& AISO,E—%_I

z, 00 _ T
y 0z y
9¢
A
0z
Then ¢(y, z) = —z + ¥ (y) where 9 is a function of y only. Thus,
xz
Observe, %ch =-5+ ¥'(y) and %ch = —3 for Vf = F. Combining, we obtain
xz xz
S+ = =
y? ) y?
v(y) = C

where C'is a constant. Then we rewrite (10) as follows:
xz
f(I,y7Z) = ? —-z+C.

Hence, by the Fundamental Theorem for Line Integrals we find

/F-dr = f(1,1,2)— f(3,1,1)=2-0
C
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Try This 7

Apply the Fundamental Theorem for Line Integrals in evaluating

1
/ (dm + —dy — dez)
C z z

where C' is an oriented smooth path from A(2,2,2) to B(4,4,2) where z # 0.

Path Integrals

Let C be a curve parametrized by a function r. Recall, the differential of the arc

length function in (2) satisfies
ds = ||7'(t)] dt.

Next, we define the path integral of real-valued function f along C.

Definition 4 Path Integral

Let C be a smooth curve parametrized by a function r defined on [a,b]. Let f be
a real-valued function such that f o r is continuous on [a,b]. The path integral of
f along C is denoted by fc x)ds, and defined by

/f %—/f ) e (1) d.

The line integral of f along C' is independent of the parametrization r of C.

The proof of which is similar to that of Theorem 2.10. That is, if 7; and ro are

two functions that parametrize C, and defined on [aq, b1], [az, b2], respectively, then

by b2
Fra(®) ') dt = [ fra(o) ra'(0)] at.

ai
The above identity holds even if 7y is orientation reversing of ra.

Geometrically, if f(r(¢)) > 0 represents the height of a fence at r(t), the path
integral fC x)ds is the area of the fence, see Figure 11. The product f(x)ds is
the area of a rectangle with base ds and height f(x).

A parameter s for a parametrizing function 7 is called arc length parameter
if ||7'(s)|| = 1 for all s except possibly at the endpoints. Consequently, the arc
length of r in subinterval [c, d] is d — ¢. To re-parametrize 7(t) by using the arc

length parameter s, we suggest the following guidelines.

X y

Figure 11

If f( ) > 0, the path integral
Jo f(x)ds is the area of a
fence bullt on a curve.
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Parametrizing by the Arc Length Parameter
Let 7 be a smooth curve on [a, b].
t
1. Evaluate the arc length function, s = ¢(t) = / |l ()| dt.

2. Since s = ¢(t) is an increasing function, solve for the inverse function t = ¢=1(s).

3. The arc length parametrization is 74 (s) = r (¢71(s)).

Let C be a curve parametrized by r(s) where s is the arc length parameter.

From definition (3), the unit tangent vector to the curve C at r(s) satisfies

r'(s)

()]

see (3). The curvature « of C' is a function that is defined on C' where

T(s)

=7'(s)

r(x) = [T (s)]| (11)
and = r(s). The curvature x is independent of the parametrization of C.

In particular, let 71 (s1) and 73(s2) be two functions that parametrize C' where s;
and s, are the arc length parameters. If 1 and r2 have the same orientations,

then 71 = ro o f where f'(s1) = 1, see identity (6). By the chain rule, we find

d?"l dr2

_— — 4
d81 ngf (81)

_dr
_dSQ.

If 71 and r5 have opposite orientations, 71 and r2* have the same orientations

where r2*(s2) = r2(ag + be — s2), see (7). Similarly, r; = ro* o f and

dry _ dra" F(sr) = 92 s
dsy dsz s2=f(s1) ds2 s2=f(s1) dsz az+bz—s2
Thus, we find
dry drg
— =4
d51 d52

where the sign depends on whether 1 and r4 are orientation preserving or

reversing. In any case, the magnitudes of the second derivatives are equal, i.e.,

Thus, the curvature k is independent of the parametrization.

2
d T1
2
dsy

2
d T2
2
dss
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Example 8 Evaluating a Path Integral
Find the curvature function x of the curve C' parametrized by
r(s) = 7 (cos s,sin s, s)
where 0 < s < 27, Then evaluate the path integral fC Kds.
Solution Indeed, s is the arc length parameter for
r'(s) = L (—sins,coss, 1)
V2
and 1 )
I(5)ll = 5l (= sims, cosis, 1) | = =5 (ﬂ) ~ 1
Since T'(s) = 7/(s), the curvature x at & = r(s) satisfies
@) = 1T = 6] = |5 (- coss,—sins.0)|
V2
1
= 7
Applying Definition 4 and since ||7'(s)|| = 1, the path integral of x along C
is given by
27 / 2r
/C,K;(w)ds = /0 k(r(t)) || (t)] dt = /0 ﬁdt
= Vo
O
Try This 8

Find the curvature function s for the circle C defined by

ris) = 8 (cos () oin ()

where 0 < s < 27 R, and R > 0. Then evaluate the path integral fc Kds.

2.3 Check-It Out

1. Find the arc length function for the curve r(t) = (¢, mt + b).

2. Let F(z,y) = (—y,3z) be a vector field. Let C be the curve parametrized

by r(t) = (cost,sint), 0 <t < Z. Then evaluate [, F -dr.



3.

4.
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Let F(z,y) = (y,z + 1) be a vector field. Let C be the curve parametrized by r(¢) = (3cost, 3sint),

0<t< Then evaluate f o F- dr by the Fundamental Theorem for Line Integrals.

5
Let G(z,y,2) = (£ + y,y, z) be a vector field, and let C' be the line segment that joins point
A(2,1,0) to B(1,2,2). Then evaluate [, F - dr.

True or False. If false, revise the statement to make it true or explain.

1.

10.

A parametrization of the unit circle that is oriented in the counter clockwise direction is given by
r(0) = (sinf,cosb), 0 < 0 < 2.

The line segment from (1,0,0) to (0, 1,1) is parametrized by r(t) = (1 —¢,¢,¢) where 0 <t < 1.
The unit tangent vector to a curve parametrized by 7(t), a <t < b, is given by 7/(t).
If C is a curve parametrized by 7(t) = (¢,0,1) where 0 < ¢ < 1, then the line integral of a vector

1
field F on C satisfies / F-dr = / F(t,0,1) -4 dt
c 0

b
A definite integral / f(z)dz is a line integral.

If C is a curve parametrized by r(t) = (¢,0,1) where 0 < t < 1, then the line integral of a vector field
1
F on C satisfies / F-dr = / F(t,0,1) -4 dt
c 0

If F(z,y) = (y,2z), the Fundamental Theorem for Line Integrals applies to / F -dr.

c
Let r(t) be a parametrization of a curve where a <t < b . Then ¢ is the arc length parameter if there
is a constant ¢ > 0 satisfying ||7/(¢)|| = ¢ for all a < ¢ < b.

Let r(t) be a parametrization of a curve where ¢ is the arc length parameter. Then the curvature of

the curve is ||r"(¢)].
Let C be an oriented curve with initial point (a,b) and terminal point (¢, d). If F(xz,y) = (y, z),

then/F-dr:cd—ab.
c

Exercises for Section 2.3

In Ezercises 1-4, evaluate the line integral of the vector field along the curve C' parametrized by r.

1.

2.

/ F - dr where F(z,y) = (2z,y), and r(t) = (sint,cost), 0 < ¢ <
c

E

/ (zdx + xydy) where r(t) = (2sint,cost), 0 <t <
c

E



3

4.
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. / G - dr where G(x,y,z) = (y,y + z,2), and r(t) = (2 —t,t + 1,t), 0 <t < 2.
c

/ (siny dx + cosz dy — sinzx dz) where r(t) = (¢,2t,t), 0 <t < g
c

In Exercises 5-12, parametrize the path C by a curve r that is one-to-one except possibly at the endpoints.

Then evaluate the line integral of the indicated vector field F' or G along the path C.

5

(=2}

o

10

11

12

. / F - dr where F(z,y) = (—y, ), and C is the directed line segment from (1,0) to (3,4).
c

. / F - dr where F(z,y) = (y,z), and C is the directed line segment from (1, 1) to (2, 3).
c

. / (dz + zdy) where C is the oriented line segment from the origin to (2,4).
c

. / (3zdx + (x + y)dy) where C is the line segment from the point (2,2) to (0,4).
c

Sl

. / F - dr where F(z,y) = (—4y,4x), C is a path along the unit circle that joins (1,0) to (%, )
c

in the counter clockwise direction.
. / F - dr where F(z,y) = (x +y,z —y), and C is a path along a circle of radius 2, centered
c

at the origin, and joining (2,0) to (1,1/3) in the counter clockwise direction.

) / G - dr where G(x,y,2) = (x +2y,y — 22,2+ z), and C is the line segment from (1,2, 3) to (3,6,5).
c

. /C(ydx + 2°dy + xdz) where C is the line segment from (0,1,1) to (1,2,0).

In Exercises 13-26, evaluate the line integral by the Fundamental Theorem for Line Integrals. State the

fun

13.

14.

15.

16

17

ction f such that the gradient V f is the conservative vector field in the integral.
/C(yzda: + 2zydy) where C is a path from the origin to (-1, 3).

/C(dez - %dy) where C' is an oriented path from the (1,2) to (3, 6).
/C(cos:rcosy dx —sinzsiny dy) where C is the path defined by 7(t) = <t, >, 0<t< 3.

) / F - dr where C is a path from point A(1,0) to B(0,1), and F(z,y) = (ye™¥ + 1, xze™¥).
c

. / F-dr where C'is the image of the curve r(t) = (arccost, arcsint), 0 < ¢t < 1, F(x,y) = (e¥ cosx, e¥ sin ).
c
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18. / 6ye®*dx + 3e**dy where C' is the path defined by 7(t) = (t, 2+ 2), 0<t< 1.
c

19. / 3 cos(2y)dx — 6 sin(2y)dy where C' is the path defined by r(t) = (¢,(t — D7), 1 <t < 2.
c

20. / F - dr where F(x,y) = (—2e¥sin(z), 2e¥ cosz), and C is defined by r(t) = (¢,6t/7), 0 <t <
c

21. / F - dr where F(z,y) = (ycos(z)e? 5" sin(z)e? "), and C is defined by r(t) = (£,2t), 0 <t <
C

22. / arcsin (Q) dx + Ldy where C is a path joining point (1,0) to (v/3,1) with y # 42.
c 2 Vi —y?

23. / (ydea: + x22dy + 21:yzdz) where C' is a path from point P (2,2,1) to Q (3,1,2).
c

24. / (eY cosx dx + e¥sinx dy + dz) where C' is a path from point A (g,(), 1) to B (%, 1,2).
c

25. / F-dr where C is a path from point P(0,2,1) to Q(2,1,2), and F(x,y, z) = (ye*¥ =%, ze*¥—%. — e*¥~%).
c

26. / F - dr where C is a path from point P(1,0,1) to Q(v/3,2,1), and F(x,y, 2) = (sz’ 1, arctanx).
C X

In Ezxercises 27-34, evaluate the path integral of the given real-valued function along the smooth curve C

parametrized by r. See Definition 4.

1
27. / f(z,y)ds where f(z,y) = 2y — 22, r(t) = (3t,4t), 0 < t < 3
c
4 1
28. / f(x,y)ds where f(z,y) = ﬁ(x —y), r(t) = (12¢,5¢), 0 <t < 7
c
29. / (x4 y)ds where r(t) = (4sin2t,4cos2t), 0 <t < g
c
30. / f(z,y, 2)ds where f(z,y,2) =2 —y+ 2, r(t) = (cost,sint, /3 1), 0 <t < g
c
31. / f(z,y, 2)ds where f(z,y,2) = 2y, r(t) = (2cost,2sint,/5t),0 <t < %
c
2
32. /Cf(x,y,z)ds where f(z,y,z) = 1(?(:5;6, r(t) = (8t,2t2,43/3),0<t < 116

33. / g(z,y, 2)ds where g(z,y, 2) = yz — 22, r(t) = (¢,2t,2t), 0 < t < 2.
c

31. [ gl 2)ds where g(a.v.2) = oy, v(0) = (VE.2VE2V0), 0 1 <3,
C



2.3. LINE INTEGRALS AND A FUNDAMENTAL THEOREM 109

In Ezxercises 35-40, find the unit tangent vector T'(t) to the smooth curve

parametrized by r. See identity (3) in page 93.

35. r(t) = (t,t?) 36. r(t) = (8t,4t,8t)
37. r(t) = (acost,asint), a >0 38. r(t) = (bcost,bsint,t), b>0
39. r(t) = (t, @ t2,t3) 40. r(t) = (V2telet)

In Ezercises 41-44, find the curvature of the curve parametrized by r at the
indicated point P. By the chain rule, the curvature k satisfies

[aT/dt]| _ [T"(8)ll

= ITON= e = o
41. r(t) = (t,t?), P(0,0) 42. r(t) = (t,mt), P(t,mt)
43. r(t) = (3cost,4sint), P(0,4) 4. r(t) = (t,2vt), P(1,2)

In Ezercises 45-46, a fence is built on a curve C parametrized by r. The height of the fence at r(t) is given
by f(r(t)) where f is the indicated real-valued function. Find the area of the fence.

45. r(t) = (cost,sint), 0 <t <2m, f(z,y) =242y 46. r()=(t,3t),0<t<1, f(z,y)=14+y—=x

| Z

X

Figure for 45 Figure for 46

In Ezercises 47-48, a curve C is parametrized by a function r. Find the work

done by the given force F on a particle that is moving along C.
1
47 r(t)=(t%,1),0<t <1, F(z,y) = (y,—z) 48. r(t)=(e',1),0<t <2, F(x,y) = <nx’m +y2>
Y

49. Let 7 be a smooth curve defined on [a, b], and let T'(¢) be the unit tangent vector at r(t),
see definition (3). Let s be the arc length parameter where ds/dt = ||7/(t)]|.

d
a) Verify the identities r/(t) = d—iT(t), and

d?s ds
hadldy ¥ as
s T+ —

" _
r’(t) = 7

T'(t).
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b) Using the fact that T'(¢t) x T'(t) = 0, prove

r'(t) x r’(t) = (f;) (T(t) x T'(t)) -

¢) Using the fact that T'(¢) - T'(t) = 1, prove T'(t) is perpendicular to T"(t).

d) Show

I < rol = (5 ) Il

T'(t
e) Using the fact that curvature satisfies x(t) = |||’((t))||||’ prove the identity
r
ity I <o)
= .
[ @

50. Let C be a parabolic curve parametrized by r = (0, t, t2).

2

a) Applying the curvature identity (12), verify x(t) = A4

o0

b) Evaluate / k(t)dt.

— 00

¢) Evaluate the path integral / kds.
c

51. Let C be a hyperboloid curve parametrized by r = (sinh ¢, cosh ¢, 0).

a) Applying the curvature identity (12), verify x(t) = (sech 2t)3/2.

b) Evaluate the path integral / kds.
c

52. Let r be a smooth curve defined on [a, b], and let T'(¢) be the unit tangent vector at r(t).

a) The normal vector to the curve at r(t) is defined by

N(t) = . (13)

b) Using the fact that T'(¢) - T'(t) = 1, prove N (t) is perpendicular to T'(t).
¢) The binormal vector to the curve at r(t) is defined by
B(t) =T(t) x N(t). (14)
Using the fact that B(t) - B(t) = 1, show B'(t) - B(t) = 0.
d) Using the fact that B(t) - T'(t) = 0 = B(t) - T'(t), prove B'(t) - T'(t) = 0.
e) Applying c) and d), prove B’'(t) is multiple of N (t).

53. If r(t) = (t,2,12), find the unit tangent vector T'(t), the normal vector N (¢), and the binormal
vector B(t) at r(t).
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2.4 Surface Integrals

e Area of a Surface e Surface Integrals of Vector Fields e Surface Integrals
of Real-Valued Functions

Area of a Surface

In Section 2.3, we discussed line integrals along smooth curves. In this section, we T Z
study surface integrals, or integrals of vector fields defined on surfaces. When the % A
. . . . y
surface is a subset of the xy-plane, the surface integral is a double integral as we
/ - 3

will see. We begin with the definition of a parametrized surface.

R..
X y
Definition 5 Parametrization of a Surface Figure 1
Surface parametrized by two
Let R C R? be an elementary region®. Let r be a continuous function from R to independent variables.

R3 that satisfies the two conditions below except possibly on the boundary of R.

a) r is one-to-one with continuous partial derivatives, and

b) the functions
or Or

™ X 30 (15)

ou.0) = |

1
and ——— are nonzero and bounded.

¢(u,v)

In such a case, we say r parametrizes the surface defined by

M =A{r(u,v) | (u,v) € R}.

The function ¢ in (15) is integrable on R, and we omit its proof since it is

similar to the application of Theorem 2.1 to Theorem 2.3 in pages 60 and 62.

Next, we define the surface area of M. For the moment, let R be a rectangular
region. Partition R into sub-rectangles R;; with uniform width Au and uniform

height Av. Let (u;,v;) be the vertex of R;; nearest the origin, as in Figure 1.

We approximate the image r(R;;) by a rectangular region A,; whose sides are the

vectors Au‘g—m(uwﬂ and Avg—: . The area of rectangle A;; is the magnitude

| (’u,q, ,Uj)
of the cross product of the vectors that define the rectangle. That is,

Area (4;;) = ||(Aug£|(ui,vj)> X (A”gz )H
(uisv;)
_ or % or AuAv
Ou (uiyvj) v (ui,v;)

5Elementary regions are discussed in page 61



X£2

Figure 2
The plane x + 2y + 2z =2
in the first octant.

112 CHAPTER 2. ITERATED, LINE, AND SURFACE INTEGRALS

The Riemann sum of the areas of rectangles A;; approaches a limit as the norm of
the partition of R approaches zero, due to the boundedness and continuity in (15).
The limit which is an integral is a reasonable definition for the surface area of M.

Notice, the integral of | g—z X g—f || over R exists even if R is an elementary region.

In general, let r be a function satisfying Definition 5. Let M be the corresponding

surface parametrized by r. We define the surface area of M as follows:

3r

’I°

( dA (16)

where dA = dudv or dA = dvdu. The surface area of M is independent of the

parametrization 7 in Definition 5; the proof is left as an exercise and depends

on the change of variables theorem.

We consider a special case where a surface M is the graph of a real-valued
function z = f(x,y) with continuous partial derivatives. We parametrize M by

the one-to-one function
T(.’L’, y) = (1’, Y, f($7 y))

The cross product of the partial derivatives of r is given by

i 7 k
&x& = |10 %
ox Oy 8“”
01 g

- (22,
N ox’ 0y’

Applying (16), the area of the surface defined by z = f(x,y), (x,y) € R, satisfies

rar

(Surface Area of M) = dA

/Mw@@ﬂ(z;) wo

Example 1 Evaluating a Surface Area

Find the surface area of the portion of the plane = + 2y 4+ z = 2 in the first octant,

see Figure 2.

Solution Solving for z, we find and write

2= flay) =2—a - 2.
Let M be the triangular region in the first octant defined by z = f(x,y). The

subset R of the zy-plane below the triangular region satisfies

2 —
R:{@wﬂ@ﬁxﬁlogyg Qx}
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We apply identity (17) to find the surface area of M. Notice,

\/1+ (g‘;er (gi)Q =1+ (-1)2+(-2)2 = V6.

Then the surface area of M is given by

[ () (2 a

2 p(2—2)/2
\/6/ / dydx
o Jo

= /6 (Area of R)

(Surface Area of M)

= V6 Sq. units

since the area of triangle R is 1 square unit. O

Try This 1

Find the surface area of the portion of the plane 2z + 2y + z = 4 in the first
octant above the triangular region in the xy-plane with vertices (0,0,0), (1,0,0),
and (1,1,0).

Example 2 Surface Area

Find the surface area of the part of the sphere
2?2+ +22=25

where z2 + y2 < 16 and z > 0, see Figure 3.

Solution We solve for z and write

z= f(z,y) = /25 — 22 — y2.

Evaluating the partial derivatives, we find

of _ —x of -y

a = by = —/—-Z2
) dx /25 — 22 — 2 ) oy /25— 22 — 2

Then we obtain

[REIREI -
O dy) B —a®— 2

-

- N
N
y y

X

Figure 3
A dome above a circle
of radius 4.



Figure 4
For Try This 2

N

a by

Figure 5
The curve z = f(y) is

revolved about the z-axis.
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Let M be the upper part of the sphere that lies above circular region
R={(zy) | 2*+y* <16}.

We apply identity (17) to find the surface area of M.

2 2
(Surface Area of M) = // \/1 + (gi) + (gg) dA
R

B // 5 dA
RA/25— 22—y

We apply a change of variables to polar coordinates. Let

a) x =rcosf b) y =rsiné, c) dA =rdrdfd
where 0 <7 <4 and 0 < 0 < 27. Since z2 + y? = r2, we obtain

4 27
5r dOdr
Surface Area of M) = / / S
( ) o Jo V25—1r2

/4 rdr
107 R
0o Vv 25 — 7‘2

r=4
= —10mv/25 —1r2
r=0
(Surface Area of M) = 207 sq. units
O
Try This 2
1
Find the area of the surface z = 3 (Jc2 + y2) that lies below the plane z = 2.
See Figure 4.
Next, we evaluate the area of a surface of revolution. Let Cy be a curve in the
yz-plane that is parametrized by
r1(t) = (0,y(1),2(t)), a <t <b (18)
where y(t) > 0, as in Figure 5. A surface of revolution M is generated when C4
is revolved about the z-axis. Then surface M is parametrized by
r(0,8) = (y(t) cos 0, y(t) sin 6, 2(¢)) (19)

where 0 < 0 < 27, t € [a,b]. We leave the verification of (19) as an exercise.
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Moreover, the cross product of the partial derivatives of r satisfies

i j k
or  or
90~ ot

—y(t)sinf y(t)cosd 0
y'(t)cosh ¢ (t)sinf 2'(t)

= (y()z'(t) cos O, y(t)z'(t)sind, —y(t)y'(t)).
Since y(t) > 0, we find

= y(t) [r" @)l (20)
Applying (16), the area of the surface of revolution M defined by (18) and (19) is

[L]5

on / y(t) /(1)) d. (21)

or Or

20~ ot

37’

(Area of Surface of Revolution) dodt

Example 3 Surface Area of a Sphere

Parametrize the sphere S of radius 2 that is centered at the origin.

Then find the surface area of S.

Solution Let C be the semicircle of radius 2 in the yz—plane given by X 2 y

_ ' Tey<?
r1(1) = (0,2cos 1, 2sin¢)), 2 LS 2" Figure 6

Semicircle generates

The sphere S is generated when C] is revolved about the z-axis, see Figure 6. .
a sphere by a rotation.

Applying (19) we parametrize S as follows
r(0,1) = (2cos ) cosf,2costpsinb, 2sin )
where 0 < 0 < 27. From the definition of r4(¢), we find ||r1'(¢)|| = 2 and let

y(1) = 2cost) be the y-component of r1(¢)). Using (21), we obtain

b
(Surface Area of S) = 27r/ y() e’ (@) di

/2
= 27T/ (2cos)(2) dy

—m/2

w/2

8msiny

—m/2

= 167 sq. units



b4 2 y

Figure 7
Right circular cone with

radius 2 and height 2 units.

116 CHAPTER 2. ITERATED, LINE, AND SURFACE INTEGRALS

Try This 3

Parametrize a right circular cone S whose base is a circle of radius 2 and the height
is 2 units. Assume the base lies on the zy-plane and is centered at the origin, see
Figure 7. Then find the surface area of the cone S.

Surface Integrals of Vector Fields

Let r be a function from an elementary region R C R? into R? as in Definition 5.
Let M C R3 be the surface that is parametrized by r. Let F be a vector-valued
function defined on M with values in R? such that F or is continuous. In such

a case, we say F' is a continuous vector field defined on M.

Definition 6 Surface Integral of a Vector Field

Let M C R? be a surface parametrized by a function r satisfying Definition 5.
Let F' be a continuous vector field defined on M, where the values of F' lie in
R3. The surface integral of F on M denoted by [ [,, F - dS is defined by

//MF~dS://RF(r(u,v))-(?)ngz>dA

where dA = dudv or dA = dvdu, and R is the domain of definition of 7.

An orientation on a surface M is a continuous function that assigns to each
interior point p of M a unit vector N(p) that is perpendicular to the tangent plane
at p. We claim the surface integral [ [, F - dS is independent of the orientation

preserving parametrization r of M, as we briefly explain below.

By Definition 5, 7 is defined on an elementary region R. Given p = r(u,v) where

(u,v) lies in the interior of R, the unit vector below
1 or Or
= o (2)
| Su ¥ %H ou  Ov
is normal to the tangent plane at p, where the partial derivatives are evaluated at

(u,v). For the details, see Exercise 25. We say r is orientation preserving if

for all interior points p € M.
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Example 4 Evaluating a Surface Integral

Let F(x,y,z) = (0,0,y) be a vector field. Let R be a triangular region in the
zy-plane with vertices at (1,2), (0,2), and the origin, see Figure 8. Let M be

the surface that is oriented, and parametrized by

r(z,y) = (w,y,vw2+y2+1)7 (z,y) € R.

Then evaluate the surface integral [ [, F -dS.

Solution The surface M is a portion of the larger surface z = /22 + y2 + 1 that
lies above the region R in the xy-plane, see Figure 9. The cross product of the

partial derivatives of r satisfies

i j k

LN L U -
oxr Oy m2+ny+1
0 1l —

z?+y?+1

—z —y
= ) 1]
<\/x2+y2+1 Va2 +y?+1 )

We apply Definition 6 to evaluate the surface integral. Notice, F(r(x,y)) = (0,0,y).

//MF-dS //RF(T(J;,y)). (g;ng) A

- /01/;(0,0,;/). <\/x24_-22+1’ \/x2;22+1’ 1) dyde
/1 /2 ydydx _ /1 y72 y=2
0 2x 0 2
//MF-dS _ %

1
der = / (2—2x2)d:17
0

y=2x

Try This 4

Let F(x,y,z) = (0,0,1) be a vector field. Let R be a triangular region in the
ay-plane with vertices at (0, %), (%, 0), and the origin. Let M be the surface
parametrized by

T‘(Qj‘,y): (x7y7 17I27y2>3 («I,’y)GR

Then evaluate the surface integral [ [, F -dS.

:

Figure 8
Triangular region R

Figure 9
Surface M above
region R in Figure 8



118 CHAPTER 2. ITERATED, LINE, AND SURFACE INTEGRALS

Example 5 Evaluating a Surface Integral

Let F(z,y,z2) = (x,y,2) be a vector field on the unit sphere centered at (0,0, 0).
Assume the sphere is oriented by unit vectors that point away from the origin.
Then evaluate the surface integral [ [, F - dS.

Solution In Example 3, we parametrized a sphere of radius 2 centered at the
origin. Likewise, we obtain a parametrization r of the unit sphere, namely,
r(0,1) = (cos 1) cos B, cos 1 sin 6, sin )

where 0 < 0 < 27 and —§ < ¢ < 7. For the cross product, we simplify and find

i J k

or Or )
%x% = —cosysind  cos cosb 0
—sinycosf —sinysing cosvy

= (0052 cosB, cos®sinb, cossin w) .

Analyzing the third component of ‘Z—z X g—z, we observe the cross product vector

points away from the origin. In particular, r is orientation preserving.

Moreover, we find

Fr0.0)- (55 % 50 )

(costp cos b, costpsin b, sin ) - (0052 Y cosB, cos®)sind, costsin 1/))

cos® ¥(cos? 0 4 sin? 0) + cosysin®¢p =
cos® 1 + cospsin®y =
cos(cos® O +sin ) = cosp.

Applying Definition 6, we evaluate the surface integral as follows:

//MF~dS = //I%F(r(9,¢))'<ggx2;>dz4

/2

2
/ cos ) dfdy
0

—m/2

/2
27r/ cosy dy

—m/2

// F.-dS = 4.
M
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Try This 5

The orientation on the unit sphere M are unit vectors that point away from the
origin. If F(x,y,z) = (0,0, z), evaluate the surface integral [ [, F - dS.

In the short sequel, we give a geometric interpretation of a surface integral
Ik fM F -dS. Suppose a fluid is flowing through a surface M such that the fluid’s
direction and velocity at point p in S is given by vector F(p) ft/sec. The component

of F(p) in the vector % X ‘giy' normal to S at p is given by the dot product
1 dr  Or
F(p) ——— ( X ) ft /sec
195 x %’H ox = Oy

We partition M into rectangular-like subregions where ||g—£ X ‘Z—Zﬂdxdy ft2 is the
area of a subregion. When we multiply the above dot product to the area of a
subregion, we obtain

F(p)- (g; X Z;) dxdy ft3 /sec

that describes the volume of fluid flowing through the subregion per second. Sum-
ming up and taking the limit as the norm of the partition approaches zero, we
obtain the surface integral [ [, F -dS that is the volume of fluid flowing through
surface M per second.

Surface Integrals of Real-Valued Functions

Definition 7 The Integral of a Real-Valued Function Defined on a Surface

Let f be a real-valued function on a surface M. Suppose M is parametrized by a
function 7, as in Definition 5, such that f or is continuous. We denote the integral
of fon M by [ [,, fdS, and define it by

//Mfds:/4f<r<x7y>>H§;x§;

where R is an elementary region in the zy-plane on which r is defined.

dA (22)

The surface integral of a real-valued function f on M is independent of the
parametrization r of M. That is, whether r is orientation preserving or reversing,

the integral (22) is invariant. See Exercise 25 for a proof.

In particular, if f is a nonnegative function, the surface integral of f describes
the volume of a solid. Moreover, the base of the solid is the surface M and the

height of the solid at point r(z,y) is f(r(z,y)). The integrand in (22) represents

LN g—T H dA and the height
Y

the volume of a rectangular box whose base has area ‘ o

of the box is f(r(z,y)).
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Example 6 Evaluating a Surface Integral

Let M be the rectangular region in the plane z = 1 — y where 0 < z,y < 1.
Let f(x,y,2) = x be a real-valued function that is defined on M.
Then evaluate the surface integral [ [,, fdS.

Solution To parametrize M where z =1 — y, we let

r(z,y) = (z,y,1 —y)

where (z,y) lies in a rectangular region R in the xy-plane defined by 0 < z,y < 1.
For the cross product of the partial derivatives of r, we find

t jJ k
or Or
— X — = 1 0 0
8xX3y
0 1 -1
= (0,1,1).

Using the given function f, we obtain

fr(z,y)) = f(z,y,1 —y) ==z

Applying Definition 7, the surface integral satisfies

[fos = [ [ |55
Figure 10

1 1
The base of a solid is / / V2 dzdy
the surface M in the o Jo

plane z =1 —y.

dA

X

V2

2
The surface integral [ [ o JdS represents the volume of a solid in Figure 10. The
base of the solid is the surface M, and the height at (x,y, z) € M of the solid is

flz,y,2).

Try This 6

Let M be the rectangular region in the plane z =1 —y where 0 < z,y <1, ie., M
is the base of the solid in Figure 10. If f(z,y,z) =y + z is defined on M, evaluate
the surface integral [ [, fdS.
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2.4 Check-It Out

In Exercises 1-3, let M be the triangular part of the plane x + y + z = 1 in the first octant.

Suppose M is oriented by unit vectors normal to M that point away from the origin.

1. Find the surface area of M.
2. If F(x,y,2z) = (0,0,y + z), evaluate the surface integral [ [, F -dS

3. If f(x,y,2) = y + 2, then evaluate the surface integral [ [, fdS

True or False. If false, revise the statement to make it true or explain.

1. The plane z + y + z = 4 in the first octant is parametrized by r(z,y) = (z,y,4 —x — y)
where 0 < z,y < 4.

2. Let M be a surface parametrized by r(s,t) = (s,t,1) where 0 < s,¢t < 1.

1 1
If F is vector field on M, then // F.dS = / / F(s,t,1) -k dsdt
M o Jo

o\ (oY’
3. The surface area of z = f(z,y) is given by // 1+ () + <> dA
R Ox oy

for some region R in the xy-plane.

4. The surface area of M is given by // [|7(s,t)]] dA where 7 is a function that
R

parametrizes M, and r is defined on some region R in the st-plane.

5. If F(x,y,2) = (z,y,2), and M is parametrized by r(z,y) = (x,y,1 —x — y),

then / F.dS = // (1+ z + y)dA for some region R in the zy-plane.
M R

6. If f(x,y,2) =22+ y? + 2z, and M is parametrized by r(s,t) = (s,t, s> + t2),

then // fds = // (5% +t%)\/1 4 452 + 4t2 dA for some region R in the st-plane.
M R

7. If F is a vector field on a surface M defined by z = f(z,y), then

// F.dS = // F(z,y, f(x,y)) - (—gf, —g—f, 1) dA for some region R in the zy-plane.
M R €z Y
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Exercises for Section 2.4

In Ezercises 1-6, find a parametrization of the indicated surface. Then find the area of the surface.

1. The quadrilateral region defined by 2z +y+ 2 =4 where 0 <z <1 and 0 <y < 2.

Figure for 1 Figure for 2

2. The surface in the parabolic cylinder z = §x2 where 0 <z <land 0<y<zx.

3. The elliptical-shaped surface = + y + z = 3 such that 22 +y? < 1.

Figure for 3 Figure for 4
4. The dome-shaped surface 22 + 32 + 22 = 4 such that 22 + y?> < 1 and z > 0.

5. The surface consisting of points (x,y, ) satisfying 2> + y? =1and 0 < 2 <1 —y.

Z
Z
/ -
1
X 4 X Y
Figure for 5 Figure for 6

6. The cone defined by z = /22 + 32 where 22 + y? < 16. The top is not included.
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In Ezercises 7-16, evaluate the surface integral [ fM F - dS for the indicated vector field F defined on

the oriented surface M. Assume M is oriented by unit vectors pointing upward.

7.

10.

11.

12.

13.

14.

15.

16

Let F(x,y,z) = (y,0,2), and let M be parametrized by r(t,0) = (2t cos6,2tsin 6, 1) where
0<f<2rand 0 <t <1.

Let F(x,y,z) = (0,y + z,z), and let M be parametrized by r(¢,0) = (tcos6,tsinf,1 — tsinf)
where 0 < <2rand 0 <t <1.

Let F(z,y,2) = (y,—,2), and let M be parametrized by 7(¢,8) = (sint cos 8, sin ¢ sin 6, cos )
where 0 < ¢ <7 and 0 < # < 27w. Note, M is the unit sphere.

Let F(x,y,2) = (—x/z, —y/z, 1/22), and let M be parametrized by r(z,y) = (:C,y, V1it+z2+ y2)

where 0 <z <a,0<y<b.

Let F(z,y,z) = (0, —z,2y), and let M be the triangular planar region defined by x +y + 2z = 2 in the

first octant.

Let F(z,y,z) = (0,0,2), and let M be upper unit hemisphere z = /1 — 22 — y2.

Let F(x,y,z) = (2y — 2z, —1,2x), and let M be the triangular planar region defined by z —y+ 2z =1

in the octant where z,z > 0 and y < 0.
Let F = (0, 2,0), and let M be the portion of the plane 2x + 2y 4+ z = 4 in the first octant.
Let F = curl(0,0,y), and let M be the portion of the sphere 2% + y? + 22 = 25 in the first octant.

Let F = curl(0,2%,0), and let M be the hemisphere z = \/4 — 22 — 2.

In Exercises 17-24, evaluate the surface integral [ fM fdS for the indicated real-valued function f

defined on the given surface M.

17.

18.

19.

20.

Let f(x,y,z) = 3z, and let M be the surface parametrized by r(6,t) = (tcosf,tsiné,t)
where 0 <t <2 and 0 <6 < 27.

Let f(x,y,2) = 22, and let M be the surface parametrized by r(6,t) = (tcosf,tsinf,t + 1)
where 0 <t <2and 0 <6 <27.

Let f(x,y,2) = 22 + 4%, and let M be the surface parametrized by r(z,y) = (z,y, /22 + y2)
such that 22 4+ y2 < 1.

Let f(x,y,2) = z\/22 + 92, and let M be the disk of radius 2 defined by 22 +y* < 4 and z = 3.
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21. Let f(x,y,2) = 2x + y + z, and let M be the plane 2z + y + z = 4 in the first octant.
22. Let f(z,y,z) =2y, and let M be the plane x + y + z = 3 in the first octant.
23. Let f(z,y,z) = 6ay, and let M be the triangular region with vertices (1,0,0), (0,2,0), and (0,0, 2).

24. Let f(x,y,z) = 6z, and let M be the triangular region with vertices (2,0,0), (0,0,4), and (1,1,1).

The Effects of Re-parametrizations on Surface Integrals

25. Let 71,72 be two functions that parametrize a surface M C R3, as in Definition 5. Suppose 71,72 are
defined on elementary regions Ry, Ry C R?, respectively. To each interior point (s,¢) in Ra, choose an
interior point (u,v) in R; such that

r1 (u,v) = ra(s, ).
a) Prove there exists a function h that is one-to-one and differentiable in the interior of Ry such that
(u,v) = h(s,t). We sketch a proof below.

ar
Let r2(so,to) = r1(uo, v9) = (20, Yo, 20) € M. Since the cross product (So 1) X T ‘(90 to)

nonzero, without loss of generality we assume the third component of the Cross product is nonzero,

Ozy  Oza

9s ot 0x2 0y Oxa Oy
Det =222 To2noe

dys  Oya ds Ot ot Os

bs ot

where 7r2(s,t) = (22,2, 22). We apply the Inverse Function Theorem to the system of equations:

{ xo(s,t) =

y2(57 t) =Y

Since the above determinant is nonzero, it is possible to express (s, t) as a differentiable function
of (z,y) near (xg,yo). That is, (s,t) = f(x,y) for some invertible function f defined on an open
disk containing (xg,yo) with continuous partial derivatives.

8T1 |
(u0,v0) (u0,v0)

Similarly, since 3au | is nonzero, we write (u,v) = g(x,y), (u,v) = g(z, 2), or

(u,v) = g(y, z) for some function g with continuous partial derivatives in an open disk containing
(70,v0), (zo, 20), or (Yo, 20), respectively. In any case, we obtain (s,t) = f o g~ (u,v).
b) Apply the Chain Rule to verify

Orz (Orz _ (O0x0y Ordy) (Ory Ory
0s ot ds Ot Ot Os or dy

~ O(z,y) (Or 37‘1
T 9(s,t) \ 0z 8y

where %((‘Zi’)) is the Jacobian determinant of the transformation from (s,t) € R; to (x,y) € Rs.
Thus, the tangent plane to the surface M is well-defined since the cross- dr2 X 6;52

and arl X 887; 1 are parallel.
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c) Let F be a continuous vector field defined on M and with values in R3.
Applying part a) and the change of variables theorem, we find

Ora 81‘2 _ O(z,y) (Or1  Or1 (s, t)
[ peseon (F2xG)ae = [ [ Feen- (58 (5 < F)) o]
ory 8T1> A(z,y) ' (s, t)
= F (ri(z —-— dxd
[ [ Fosen (52 < 50) 58 |y et
87‘1 (97'1
= F (ri(z,y (—X—)da:dy
/ R D% Ay
where the sign is positive if the Jacobian determinant ((37 t)) is positive, and
the sign is negative if the Jacobian determinant is negative.
The Jacobian determinant is positive when 71 and 75 are orientation preserv-
ing. Then the integral of F' on surface M is independent of the orientation-
preserving parametrization r of M.
d) Applying the change of variable theorem, we find
Orz _ Ors _ ory  Ors
[ reeon |Gz < G = [ [ sG55 (5 5| ol

ff |- 5) s

In particular, the integral of the scalar-valued function f over M, namely,
I [ o fdS, is independent of the parametrization r of M. Moreover, the path
integral is independent of the orientation of r, i.e., the orientation may be
preserving or reversing.



S

X

Figure 1

An oriented surface M, and
its boundary OM is oriented
positively.

Figure 2
The boundary is oriented
positively.
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2.5 Integral Theorems of Green, Stokes, and Gauss

e Stokes’ Theorem e Stokes’ Theorem Applied to Surfaces that are Graphs
of Functions e Green’s Theorem e Gauss’ Divergence Theorem e Proofs
of the Integral Theorems

Stokes’ Theorem

Stokes’ Theorem relates a surface integral to a line integral along the boundary of

the surface. In the short sequel, we develop the relationship.

Let M be an oriented surface parametrized by a function r satisfying Definition 5
in page 111. Consequently, there are unit vectors N(p) that are normal to M at
p such that N(p) varies continuously as a function of p. Furthermore, suppose the
boundary OM of M is a simple closed curve. We define a positive orientation for
the curve M using the orientation of M, see Figure 1. That is, using your right
hand, let your thumb point to the direction of the unit vectors N(p), and the
direction along the curve 9M as you curl your fingers is the positive orientation
for OM.

In words, Stokes’ Theorem states that the line integral of a differentiable vector
field F' in 3-space along a positively oriented boundary 0M is the equal to the

surface integral of the curlF' on the surface M.

Theorem 2.12 Stokes’ Theorem

Let M be an oriented surface such that its boundary M is a simple closed curve.
Suppose OM has the positive orientation. Let F be a vector field defined on M

with values in R3. If F has continuous partial derivatives, then

F-dr:// curlF - dS.
oM M

Example 1 Illustrating Stokes’ Theorem

Verify Stokes” Theorem if F(x,y,2) = (y, —z, —x), M is the plane x +y + 2z = 2
in the first octant, and M is oriented by unit vectors that point away from the

origin. Notice, the boundary of M is oriented counter-clockwise, see Figure 2.

Solution Let r; parametrize the straight path Cy from (2,0,0) to (0,2,0).
ri(t)=(2—-1¢1¢0), 0<t<2.

Likewise, let 7o parametrize the straight path Cs from (0,2,0) to (0,0,2).
ro(t) = (0,2 —t,t), 0<t<2.

Similarly, let r3 parametrize the straight path from (0,0,2) to (2,0,0).
r3(t) = (£,0,2—1), 0<t<2.
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The boundary of M is the union of the oriented lines, i.e., IM = Cy U Cy U Cs.
Then the line integral of F' along OM satisfies

F.dr = F . dr+ F.dr+ F .dr (23)
oM Cq Ca Cs

Since F(x,y, z) = (y, —z, —x), the line integral along r; is given by

2
. F.-dr = /0 F(r(t)) - ri(t)dt

/ (6,06 —2) - (—1,1,0)dt

0

2
= —/tdt:—Q.
0

Similarly, the line integral along 7o satisfies

2
. F.dr = /0 F(ry(t)) - ro(t)dt

2
_ /(2—t,—t,0)-(0,—1,1)dt _ / tat = 2.
0

0
Likewise, we find |, o, Frdr=2. Applying (24), the sum of the line integrals equals

F.dr=2. (24)
oM

Since the plane is z = 2 — z — y, we parametrize M by
r(xvy) = ($7y72 - _y)
where (z,y) lies in the zy-plane directly below M, see Figure 2a. Then

1 J k
% X % = 10 -1 =(1,1,1).
01 -1
The curl of F satisfies
7 J k
cwlF = VxF = | & £ 2 | = (L1,-1).
Yy —z -

Using the region of integration R in Figure 2a, the surface integral is given by
Figure 2a

2 2—y
// curlF - dS / / (1,—-1,-1) - (1,1,1)dzdy
M 0 0
The region R in the

2 2—y
/ / dxdy = (Area of R) = 2. zy-plane below M.
o Jo

Hence, the surface integral agrees with the line integral (24), thereby, verifying

Stokes’ Theorem.



X
Figure 2b
A unit disk centered at
(0,0,2), and oriented by
vector N = k.
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Try This 1

Let M be a circular region of radius 1 in the plane z = 2, and centered at (0, 0, 2).
Assume M is oriented by unit vectors N that point upward, as seen in
Figure 2b. Verify Stokes’ Theorem for the vector field F(z,y, z) = (—y/2,2/2,0).

Stokes” Theorem Applied to Surfaces that are Graphs of Functions

Let M be a surface that is the graph of a function, i.e., M is parametrized by

r(x,y) = (x,y,f(x,y)) (25)

where f is a function on an elementary region R in the xy-plane with continuous

partial derivatives. Suppose the boundary OM of M is a simple closed curve.

Notice, M is oriented by unit vectors pointing away from the origin. Then the

positive orientation on M is the counter clockwise direction in the xy-plane.

In Section 2.4, we have seen

t 3 k
dr Or af of of
—X—=Det| 1 0 % | =|-,—--,1
&Exay ¢ Ow < ox’ Oy’

2]

01 ¢

Let F(z,y,2) be a vector field defined on M and with values in R3. Suppose
curlF(r(z,y)) = (L, N, P) where L, N, P are functions of (z,y).

Then the surface integral of curlF' on M satisfies

//McurlF.dS = //1%cur1F(r(x7y)). (g; « g;) dA

o P

where dA = dxdy or dA = dydx. Thus, if M is a surface parametrized by (25),
OM is a simple closed curve oriented in the counter clockwise motion, and

curlF' = (L, N, P), then we may rewrite Stokes’ Theorem as follows:
F-ds = // curlF - dS
oM M

- //R <Lg‘£ - N% + P) dA (27)
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Example 2 Surfaces Defined by Functions

Let C be the intersection of the surfaces 22 +3y? =1and z =3 — 2 — v, as in
Figure 3. Assume curve C' is oriented by the counterclockwise direction on the

xy-plane. Apply Stokes’ Theorem in evaluating the line integral

/ yvidae + 23dy + (y® + 2)dz.
c

Solution
The vector field in the line integral is

F(z,y,2) = (v°,2° 9>+ 2).
We evaluate the curl of F":

k
cwlF = VxF = | 2 & L | = (320327 -3°).
TR A T

Notice, the surface M that is enclosed by C'is the graph of f(z,y) =3 -z —y
where 22 + y? < 1. If (L, N, P) = curlF, then
of of 2 2 2 2
—L—-N—+P)=(3y"—0+ (32" -3 = 3x*.
( Ee By + ) (3y + (3z y?)) x
In applying Stokes’ Theorem, we use the special case (27).

/ Yo + x3dy + (y* + 2)dz = // curlF - dS
c M
_ of of
= //R(L3:C Nay-i-P)dA
// 3z2dA.
R

The region of integration R is the unit disk of radius 1 centered at the origin.

Using a change of variables to polar coordinates with = r cos and dA = rdrd®,

27 1
// 322dA / / 373 cos? 0 drdo
R 0 0
2
= § / cos? 6 do
4 Jo

3T

1

we obtain

Hence, by Stokes” Theorem we obtain

3
/ yida 4+ 23dy + (y® + 2)dz = ZF
c

Figure 3
The region R in the
zy-plane below M.



X

Figure 4
A 2 by 1 rectangular region
and a normal vector V.

Figure 5
A surface M in the zy-plane
oriented by the unit vector k.
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Try This 2

Let M be an oriented rectangular region with vertices (0,0,1), (1,0,1), (1,2,0),
and (0,2,0), see Figure 4. Let the boundary dM of M be oriented positively.
Then apply Stokes’ Theorem in evaluating the line integral [, (zzdz + ydz).

Green’s Theorem

We analyze a special case of Stokes’ Theorem. In the parametrization (25), let
f(z,y) = 0. In particular, each point in M has the form (z,y,0) where the set of

of (z,y)’s lie in an elementary region R in the xy-plane, see Figure 5.

We assume M is oriented by the unit vector k, and the boundary dM is a simple

closed curve oriented with the counter clockwise direction.

Moreover, we consider vector fields of the form F(z,y,0) = (f1(z,v), f2(z,y),0)

where f1, fo are real-valued functions defined on R. Then the curl is given by

1 7 k
curlFF = VxF = % % a%
fl(x7y) f2(3€,y) 0

- (o022 00).

Applying a special case of Stokes’ Theorem, i.e., (27), we obtain

|t pteao-as= [ [ (525 an

Since z = 0, the vector field F may be realized as having values in R?.

Then Stokes” Theorem reduces to the following;:

Theorem 2.13 Green’s Theorem

Let M be an elementary region in the xy-plane whose boundary M is a simple
closed curve, oriented by the counter clockwise motion. If fi, fo are real-valued

functions defined on M with continuous partial derivatives, then

/BM (fr(z,y)dz + folz,y)dy) = //M (%J;? - %J;;l) dA.

Notice, the line integral [, (f1(z,y)dz + fa(x,y)dy) reduces to the area of M
if 92 %—’;1 =1 for all (z,y) € M.

ox
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Example 3 Applying Green’s Theorem

Apply Green’s Theorem in evaluating the line integral / y2da + 3zydy where C is
c

a triangular path from the origin to point (1,0) to point (1,2) and to the origin.

Solution Let M be the triangular region enclosed by C', see Figure 6. Notice,

C = 0M, i.e, the boundary of M, is oriented in the counter clockwise direction.

J1 ()
[ e
[ 1

22%dx

Applying Green’s Theorem, we obtain

/ y*dx + 3xydy
c

y=0

I
S~

W Do

/ yidx 4 3zydy =
c

Try This 3

Apply Green’s Theorem in evaluating the line integral / sinz dx 4 3zy*dy where
c

C' is a triangular path from (0,0) to (2,1) to (0,1) to (0,0). See Figure 7.

Example 4 Illustrating Green’s Theorem

Verify Green’s Theorem if F(z,y) = (=433, 22%) and M is a circular region of

radius 1 and centered at the origin. Suppose the unit circle 9M, i.e., boundary

of M, is oriented in the counter clockwise direction. See Figure 8.

Solution The unit circle 9M is parametrized in the counter clockwise motion by
r(t) = (cost,sint)

where 0 <t < 27w. We evaluate the line integral of F' along 0M as follows:

y
y=2x
2
M
] » X
Figure 6

Triangular region with
hypotenuse y = 2x.

y
A
1
il y=x/2
— X
2
Figure 7
Triangular path with
hypotenuse y = x/2.
y
X

Figure 8
Counter clockwise
circular path
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27
Fodr — / F(r(t) - (1) dt
oM 0
1 27
= §/ (—sin®¢,cos®t) - (—sint, cost) dt
0
1 27
= 7/ (cos4t+sin4t) dt
3 Jo
1/27r 1+ cos2t)? 1—cos2t)?
= - STOOSERN (2O ) g
3/, 2 2
1 (2™ (24 2cos?2
_ 7/ ( + 2cos t) it
3/, 4
1 27
= ; (34 cos4t) dt
B 1<3t+sin4t t=2m
12 1,
T
F.dr = —.
oM 2

To verify Green’s Theorem, we evaluate a double integral as in Theorem 2.13.
We apply a change of variables by changing from Cartesian to polar coordinates.

Notice, M is the circular region centered at the origin and radius 1.

//M ((;1 B‘TS} - a% [‘;yBD dA //M (22 +4?) dA
= AZW Al rdrdd

2
1 ™
—df = —.
/0 1 2

since 22 + y? = r2 and dA = rdrdf. Then the double integral and line integral

have the same values. This completes the verification of Green’s Theorem.

Try This 4

Verify Green’s Theorem if F(z,y) = (—%,%) and M is the circular region of
radius 1 and centered at (1,1). Assume circle M, i.e., the boundary of M

is oriented in the counter clockwise direction.
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Gauss’ Divergence Theorem

We consider a solid M in R3 whose boundary OM consists of finitely many surfaces
that are oriented by unit vectors pointing outward from the solid. An example
of such a solid is a cube, and its boundary consists of six planar faces. Another
example of a solid is the ball 22 + y? + 22 < r2, and its boundary is the sphere
22 + 9% + 22 = r? where r > 0. See Figures 9 and 10.

Theorem 2.14 Gauss’ Divergence Theorem
Let M be a solid region in R? such that its boundary M consists of finitely many

surfaces oriented by unit vectors pointing outward from M. Let F' be a vector field
defined on M and with values in R3. If F' has continuous partial derivatives, then

[ peas=[[[ aeya

Example 5 Illustrating Gauss’ Divergence Theorem

Let M be the ball 22 +y? + 22 < r? of radius 7 > 0. Verify the Divergence Theorem
for F(z,y,z) = (0,0, 2). Assume the boundary OM of M is oriented by unit vectors
pointing outward from the ball, see Figure 10.

Solution We parametrize M using spherical coordinates, i.e.,
r(¢,0) = (rsin¢cosd, rsin ¢sin b, r cos @)
where 0 < ¢ < 7 and 0 < 0 < 27, see Section 2.2. Furthermore, we find
7 7 k
or Or
—_ X —_
op 00

= rcos¢cosf rcos¢sinf —rsing

—rsin¢sinf rsin ¢ cosf 0

= (r2 sin? ¢ cos @, 12 sin? ¢ sin 0, r% sin ¢ cos gb)
Notice, the above cross product is a vector that points away from the ball.

Applying Definition 6 in Section 2.4, the surface integral of F' on M satisfies

2 or Or
/6MF-dS = / F (r(¢,0) (8(;5 89)d0d¢

_ //27r00rcos¢) <a; 89)d0d¢

s 2m
/ / 3 cos? psin ¢ dfdg
o Jo

= 277 / cos? ¢sin ¢ do

0
3
/ F.dS dmr”
oM 3

X

Figure 9
A cube oriented by unit
vectors pointing outward.

Figure 10
Sphere of radius r and
outward pointing vectors.

Figure 11
Rectangular solid T'
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Next, we evaluate the triple integral as in Theorem 2.14. Since div(F') = 1, we find

[ ][ avwav — [[] v

We apply a change of variables and use the spherical coordinates x = psin ¢ cos 6,
y = psingsing, and z = pcos¢ where 0 < p<r,0< ¢ <7, and 0 <0 < 27.
The ball M is mapped into a rectangular solid 7', see Figure 11, by the trans-

formation that sends (x,y,z) € M into (¢,60,p) € T. In page 83, the Jacobian
determinant of the transformation is given by

oz dz  OJz

op 0 00
o(x,y, z dy O JoJ .
(7y) = Det az % Fz = p2 sin ¢.
d(p, ¢,0) .

d9p 04 00

Applying the change of variables, we obtain

[ I
/0% /OW /0 p*sin ¢ dpdgdo

23 473

= 3 /Osin(bqu: 3

Hence, in the case of Example 5, we have verified

/aMF-dS:///Mdiv(F)dV.

dpdedd

oz, y,z) ’
d(p,9,9)

Try This 5

Let M be the cube in the first octant bounded by z = s, y = s, 2 = s where s > 0
as in Figure 9. Let M be oriented by unit vectors that point away from M. If
F(z,y,z) = (22,0,0), evaluate [ [, F -dS by Gauss’ Divergence Theorem.

Example 6 Applying Gauss’ Divergence Theorem

Let M be the solid circular cylinder bounded by z2 4+ 4% = 4, 2 = 0 and 2z = 1.
Let the boundary OM of M be oriented by unit vectors that point away from M,
see Figure 12. If F(x,y,z) = (m3, 222y, 1‘22’), apply Gauss’ Divergence Theorem in
evaluating the surface integral
/ F.ds.
oM
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Solution The divergence of F' is given by
0
div (2°,22%y,2%2) = — (%) + = (22%y) + 7(x2z)

= 3224222+ 2% = 622

Applying the Gauss’ Divergence Theorem, we rewrite the surface integral.

. . . 2 Figure 12
/ oM F-dS = ///M div(F) dV = ///M 627 dV. A disk oriented by unit

vectors pointing outward.
To evaluate the above triple integral, we use cylindrical coordinates

r=rcosf, y=rsinf, z=2z
as discussed in Section 2.2. Notice, 0 <r <2,0< 60 <2m,and 0 <2< 1.

The Jacobian determinant of the transformation from cartesian to cylindrical
coordinates is given by

ox ox oz

5 95 o cos) —rsinf 0
a($7y72):Det Gu Gy Su | _ | sinf rcosf 0 | _,
8(r,,2) .o

9z 09z 0z 0 0 1

or 00 0z

Consequently, we obtain

1 p2m g2
(z,y,2)
6z% dV = // /GTCOSGQ%
///M o Jo 0 ( ) a(r,0,z)
1 p2m 2
// /67"3 cos? 0 drdfdz
o Jo 0
/1/271‘37,4
o Jo 2
1 27
= 24/ / cos? 0 dfdz
o Jo
1 27
= 12/ / (1 + cos20) ddz
o Jo
! 1
= 12/ <0+Sin20
0 2
1
= 12/ 21 dz
0
/ / 622 dV = 24r.
M

Hence, we have
/ F-dS = 24~r.
oM

drdfdz

r=2
cos? 0 dfdz
r=0

0=27m
dz

0=0



y
A
G,
¢
a b
Figure 13a

g(z) < f(x)fora <z <D

Figure 13b
m(y) < n(y) for c <y <d

136 CHAPTER 2. ITERATED, LINE, AND SURFACE INTEGRALS

Try This 6

Let M be the solid bounded by 22 + y?> = 1, 2 = —2 and z = 2. Suppose the
boundary M is oriented by unit vectors pointing away from M. If F(z,y,z) =
(z, y3, ac), apply Gauss’ Divergence Theorem in evaluating the surface integral

[] Fas.
oM

Proof of Green’s Theorem
We prove Green’s Theorem for the case when M C R? is an elementary region
that is both of type R, and R,, see page 61. That is, we may express M as
M = {(z,y):a<x<b glx)<y< f(x)} Type R,
= {(e;d):c<y<d m(y) <z <n(y} TypeR,

where f, g and m,n are continuous real-valued functions on [a, b] and [c, d],
respectively. Assume the boundary OM is a simple closed curve oriented by
the counter clockwise motion. In Figure 13a, let M = C; U Cy where C; and
—(C5 are parametrized by

ri(z,y) = (z,9(z))

ra(z,y) = (z, f(x))
and a <z < b. If f1 is a real-valued function defined on M, the line integral of
the vector field (f1,0) along OM satisfies

f1 der = f1 dr — f1 dz
oM —C>

/flxg dm—/flwf
/ab/g(f:j)—a;yldydx
aMfldx - //M afl

Similarly, if fo is defined on M, the line integral of (0, f2) along OM satisfies

o= [ ], 5

Adding the last two line integrals, we obtain

o ftee o= [ [ (5= 5)

This proves Green’s Theorem when M is an elementary region that is of both
type R, and Ry.
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Proof of Stokes’ Theorem

We prove Stokes” Theorem for surfaces M that are graphs of functions. Following

(25), we parametrize M by

r(z,y) = (z,y, f(z,y))

where f is a function with continuous partial derivatives defined on an elementary
region R in the zy-plane . In Section 2.4, we proved

or _Or of of

T = (2L 2 ). 2

8:v><8y < oz’ Oy’ ) (28)
Notice, M is oriented by unit vectors pointing away from the origin. Assume the
boundary OM of M is a simple closed curve. Then the positive orientation on oM

is the counter clockwise direction in the zy-plane.

Let F be a vector field defined on M such that the values of F lie in R3. We write
F = (P,Q, R) where P,Q, R are real-valued functions with continuous partial
derivatives defined on R. Then the curl is given by

_ (9 _0Q\, (0R 0P\, (0@ OP
CurlF_(@y 82)1 (am 8Z>J+(8x 6y>k (29)

see (30) in Section 1.3.

On the other hand, the boundary OM of M is parametrized by

where z(t), y(t) are certain real-valued function defined on [a,b]. Then the line
integral of F' along the boundary OM satisfies

F.dr = /b(F oc)(t)-c(t)dt

oM

of

/ «sz,R>oc>u>-(x%w,y%w7ax o

() + =
C(t) 9y

y'(t) | dt
c)

where the chain rule is used in the last line. Evaluating the dot product, we find

/ (P@u»fuw+Rw@»§f
o1

x’(t)) dt +
r C(t)
/ (Qwu»yuw+Rwa»8

/
y(t) | dt
) ( ))
c(t)

/ (P—&-Rg) dac—i—(Q—l—Rg) dy
oM ox dy

where we used the definition of the line integral in the previous line.

F -dr
oM
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By Green’s Theorem, chain rule, and the product rule, we obtain

F -dr

o [ G Lo mag] =gy e nz] ) oo

_ aQaf OROf  OROfOf 0% f
N //( 8z8m+8x8y+8z6w8y+R8x8y)dA

0z 0y Oy dx 0z Oy Ox Oyox
L 9Q0s oo
//( 825‘w+6x6y>dA
oP OPOf OROf
//< 828y+8y8z>dA
Grouping and factoring % and %ch’ we find
- OR _0Q\( 05\, (9P OR\( 0f
Ear = [ LG -5) (o) (5 -5) (-5)+
oQ OP
(5 - %))«
_ // @_@@_Bjaﬁ_@ (=2 9F 1) 4a
o T 0z Oz’ Ox oy ox’ 0oy’

// (curlF) (a—rxg) dA
Oy

where in the last line we used the curl of F' in (29), and the cross product in (28).

// <aP aPaf+ajg+aRafaf+R82f)dA

Note, the right side of the last line is the definition of the surface integral of curl F’
on surface M. Finally, we obtain

F.-dr = // curlF' - dS.
oM M

This completes the proof of Stokes’ Theorem for the case when the surface M is

the graph of a function z = f(z,y).

Proof of Gauss’ Divergence Theorem

Let M be an elementary solid in 3-space, see page 66 in Section 2.1. Assume M
is oriented by unit vectors pointing away from M. Let F' = (P, Q, R) be a vector
field where P, @, R are real-valued functions on M. We express the surface

integral of F' on the boundary OM of M as a sum:

/aMF.dS:/ aM(Pi).dS—i—/ aM(Qj).dS—i_/ aM(Rk).dS
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Using the definition of the divergence, we obtain

[ [ awrav- ///—dv+///—dv+///—dv

The Gauss’ Divergence Theorem will follow if the three statements below are true.

/ [ (pi)-as - / / —dV (30)
[l - [[L50

(Rk)-dS — v (32)  Sord with three faces
/1, /11,3

Fi, Fs, F3, and outward
pointing vectors.

We only prove (32), and in a special case. Suppose OM consists of three faces
F; for i = 1,2,3 such that F3 is a lateral surface, and k is perpendicular to the

normal vectors to F3, see Figure 14.

If r3 is an orientation preserving parametrization of F3 defined on D3 C R2, then

(97'3 87'3 -
k M (81‘ X &y) —_ 0.

Consequently, by the definition of the surface integral we obtain

o 8’)”3 8’]"3
/ FSRk-dS—//mRk (% ay)dA—O (33)

Also, we know the surface integral of Rk on OM is the sum of the surface integrals
on Fy, Fy, F3. Combined with (33), we obtain

/ Rk-dS = // Rk~d5’+/ Rk - dS. (34)
oM Py s

Let D be an elementary region in the xy-plane, and let ®;, ®5 be continuous real-
valued functions on D satisfying

M ={(z,y,2): (z,y) € D, ®1(z,y) < z < o(z,y)}.

For i = 1,2, we parametrize F; as follows:

ri(z,y) = (z,y,P:(z,y)), (z,y) € D.

Since F} is oriented by upward pointing unit vectors, we have

//Fle:-dS - /ARk'<%2 aazl)dA
e ()
_ //DR(x,y,d)l(x,y))dA.
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We have oriented F> by downward pointing unit vectors. Notice, the cross product

_Ora Ory (0 0%,
ox dy

ox ' Oy’

is downward pointing and normal to F». Then we obtain

e
_//D R(z,y, ©2(x, y))dA.

2= (x,y))
dA
z=®3(z,y))

Then we rewrite (34) as follows:

[ s = ]
///Madv

Thus, we have proved (32). The proofs of (30)-(31) are similar when we assume M

has a symmetry in its parametrizations:
M = {(z,y,2): (z,2) € R, ¥(z,2) <y < Py(z,2)}
= {(z,y,2): (y,2) € R", D (y,2) <z <P
1

where ®7, @, and @Y, @7 are defined on subsets of the zz-plane and yz-plane,

respectively. This completes a sketch of the proof of Gauss’ Divergence Theorem.

Theorem 2.15 Path Independence and Conservative Vector Fields

Let F be a vector field from R? into R3 with continuous partial derivatives
except at finitely many points. Then F' is a conservative vector field if and

only if fc F - ds = 0 for all simple closed curves C in R3.

Proof Let M be an oriented surface in R? such that C' = M has the positive
orientation. By definition, if F' is a conservative vector field then curlF' = 0, see

page 37. Applying Stokes’ Theorem, we obtain

/F-dr = // curlF - dS

c M

// 0.dS —
M
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To prove the converse, suppose |, o F - dr =0 for any simple closed curve C'. Let
C4 and C5 be two paths from points P to @ such that C' = C; U (—Cb) is a simple
closed path. Since [, F-dr = fCl F-dr — [, F-dr, we find

F.dr = F -dr.
C1 C2

That is, the line integral of F' is independent of the path from P to Q. Let
f(z,y, z) denote the value of the line integral of F from (0,0,0) to point (z,y, 2).
For simplicity, suppose z,y,z > 0. Let r1(t1) = (¢1,0,0), r2(t2) = (z,t2,0), and
r3(t2) = (2, y,13).

Notice, the union or the sum r = r1 + r2 + r3 is a path from the origin to
(z,y,2). If F = (Fy,Fy, Fs), then

flzyy,2) = AF~dr

F-dr+ F -dr+ F -dr
1 T2 T3

T y z
= / F1(t17070)dt1+/ F2($775270)dt2+/ F3(x,y,t3)dts.
0 0 0

Applying the Fundamental Theorem of Calculus, we obtain

of
&—FQ}.

Similarly, by choosing different paths, we find % = F; and g—’; = F5. Thus,
Vf = F. From the identity curl(V f) = 0, we find F' is a conservative vector field.

O

2.5 Check-It Out

1. Apply Stokes’ Theorem in evaluating the line integral F - dr where M is
oM

the part of the plane 2z+y+2 = 2 in the first octant, and F(z,y, 2) = (2,y,0).

2. Apply Green’s Theorem in evaluating the line integral / F -dr. where C is
c

the boundary of the rectangular region 0 < 2 < 2,0 <y < 1,and F = (e¥,e”).

3. Apply Gauss’ Divergence Theorem in evaluating the surface integral

/ F -dS where F(z,y,2) = (z,—y, 2z), and M is the solid cube bounded
oM

by the planes x = 1, y = 1, z = 1, and the coordinate planes.
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True or False. If false, revise the statement to make it true or explain.
1. The line integral of a vector field F' along the boundary OM of surface M is equal
to the surface integral of the curlF on M.

2. The surface integral of a vector field F' along the boundary OM of a solid M is equal
to the triple integral of divF on M.

3. Let R be a region that is enclosed by a simple closed curve C' that is oriented in the counter

clockwise direction. If F(x,y) = (—22%, zy), then / F.dr = // (y — 2z)dA.
c R

4. Let M be parametrized by r(x,y) = (z,y,2? + y?) where (z,y) lies in a region R. Assume

the boundary dM is oriented in the counter clockwise motion as seen from above the z-axis.
If curlF(x,y,2) = (x,—y, —1), then / F . dr = // (x,—y,—1) - (2z,2y,1)dA.
c R

5. Let F(x,y,2) = (z,y, 2), and let M be the ball defined 22 + y? + 22 < r? and oriented by

unit vectors that point away from the origin. Applying Gauss’ Divergence Theorem, we find

/ F - dS is equal to the volume of M.
oM

Exercises for Section 2.5

In Exercises 1-8, apply Stokes’ Theorem in evaluating a line integral of a vector field F' along the
boundary OM of a surface M. Assume M is oriented by upward pointing unit normal vectors, and

OM is oriented positively by the counter clockwise direction.

1. F .- dr where F(z,y,2) = (0,2,2), M is the part of the surface z = y? in the first octant
oM

above the rectangular region in the zy-plane with vertices at the origin, (2,0,0), (2,1,0) and (0,1, 0).

2. / (e* — 2y)dzx + e¥dy + e"dz where M is the part of the plane z = 2 that lies above the rectangular
oM

region in the xy-plane satisfying 0 <z <2, 0 <y < 3.

3. F - dr where F(x,y,z) = (y,z,—4x), and M is the part of the plane 2z + 3y + 32z =6 in
oM

the first octant.

4. F - dr where M is the plane 2x + 2y + z = 2 in the first octant, and F(z,vy,2) = (—x, —22%, —y).
oM
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5. F-dr where F(x,y,z) = (0,e”,e¥), and M is the part of the plane z+y+ 2z = 1 in the first octant.
oM

6. / (—zy,z — v, z2) - dr where M is the part of the plane z = 4 in the first octant that lies above
oM

the interior of the quarter of the unit circle in the xy-plane centered at the origin.

7. F - dr where M is the upper hemisphere z = /1 — 22 — y2 and F(z,vy, z) = (—12y,0,0).
oM

8. F - dr where F(x,y,2) = (1,y + 22, 2), and M is the part of the hemisphere z = \/4 — 22 — 32
oM

that is bounded by the cylinder 22 + y? = 1.

In Ezercises 9-16, apply Green’s Theorem in evaluating the line integral of F along the indicated curve C

oriented in the counter clockwise direction.

9. / y*dx + 4xydy where C is a triangular path from the origin to point (1,0) to point (1,4)
c

and to the origin.

10. / F - dr where F(z,y) = (v — y%, 22 +y), C is a triangular path from the origin to point (1, 1)
c

to point (0,2) and to the origin.

11. / (—y?’dac + x?’dy) where C' is the circle of radius 2, and centered at the origin.
c

12. / (xS + y) dy where C' is the unit circle centered at the origin.
c

13. / F - dr where F(z,y) = (xQ, QOxy), and C is a closed curve formed by y = /z and y = 22.
c

14. / F - dr where F(z,y) = (x — y,x +y), and C is a closed curve formed by y = 4 and y = 22.
c

1
3 (y2, x2), C' is the parallelogram with vertices
(0,0), (2,0), (3,1), and (1,1).

15. / F - dr where F(z,y) =
c

16. / F - dr where F(z,y) = (:c2, 61*9), and C' is a parallelogram with vertices
c

(0,0), (1,0), (2,1), and (1,1).
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In Ezercises 17-24, apply Gauss’ Divergence Theorem in evaluating the surface integral of F on the

boundary OM of a solid M that is oriented by unit vectors that point away from M.

17.

18.

19.

20.

21.

22.

23.

24.

25.

/ F - dS where F(z,y,2) = (z,9%, 2%) and M is the solid bounded by the planes z = 3, y = 2,
oM

z =1, and the coordinate planes.

/ F - dS where F(z,y,2) = (2,y,7) and M is the solid bounded by the cylinder 2% + 3> = 9,
oM

the planes z = 0, and z = 2.

/ F - dS where F(x,y,2) = (x,2%y,y?z) and M is the solid bounded by the cylinder 2% + y? = 1,
oM

the planes z =1, and z = 2.

/ F - dS where F(z,y,2) = (2%, 2%2,7y?), and M is the sphere 2% + y? + 2% = 1.

OM

/ F - dS where F(z,y,2) = (23,53,2%), and M is the sphere 22 + y? + 22 = 72 with r > 0.
OM

/ F - dS where F(z,y,2) = (y,7,2?), and M is the solid bounded by the cylinder 22 + y? = 4,
oM

the hemisphere z = /16 — 22 — 42, and the plane z = 0.

/ F-dS where F(z,y,2) = (y,22,2%), and M is the solid bounded
OM

by the ellipsoid 2 + y2? + 422 = 4.

3
/ F -dS where F(z,y,z) = (z, y—, x), and M is the solid bounded
oM

18

by the ellipsoid 2 + 9y? + 422 = 36.

Let r(x,y, z) = (x,y, z) be the position vector field, and let

r(z,y,z)
F = T\&62)
@9:2) = ey, )P

If M is a solid that does not contain (0,0, 0) and for which Gauss’ Divergence

Theorem applies, verify / F-dS=0.
oM
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26. One of Gauss’ Several Lemmas Let F' be the vector field in Exercise 25.

Let M be a sphere centered at (0,0,0), and of any radius € > 0. Prove

|| Fas—in

27. If F' is the vector field in Exercise 25, show F' # curlG for any vector field G.

28. Let F be a vector field from R? to R? with continuous first partial
derivatives. If divF = 0, prove F' = curlG for some vector field G.

Notice, F should be defined on all of R3, see Exercise 27.
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Chapter 2 Multiple Choice Test

1. A unit tangent vector to the curve r(t) = (t, 2, —t2) at the origin is given by
A. i—k B. i+k C. j5-k D. —:

2. The curvature to r(t) = (cost,sint, 2t) at point P(1,0,0) is equal to
A, - B. — Cc. Vb D. 5

3. Let C be a triangular path from the origin to point (1,0) to point (1,2) and
to the origin. Then the line integral / ydx + 3zdy equals
c

A. 1 B. 2 C. 4 D. 8

4. f u =z 4y and v = & — y, the absolute value of the Jacobian determinant

ggzz; is equal to

A. 4 B. 2 C. - D. -

5. Let C be directed line segment from the origin to point (1,3). Then the line

integral / dx + dy equals
c

A. 2 B. 3 C. 4 D. 5

2 43
6. The iterated integral / / (22 + y*)dydzx equals
0o Jo

A. 30 B. 21 C. 13 D. 7

4 VT
7. The iterated integral / / f(z,y)dydz equals
0 Jz/2

4 r2y 2 Y
A. / / f(z,y)dzdy B. / f(z,y)dzdy
0 VY 0 2y

o, [ [ semwar oo [ ey
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8. Let C be a rectangular path that joins the points from (0,0) to (2,0) to

(2,1) to (0,1), and to (0,0). Applying Green’s Theorem, the line integral

/ (zy,z?) - dr is equal to
c

2 1 2 1
A. / / (22 + y)dydx B. / / (22 — y)dydx
o Jo o Jo
2 1 2 1
C. / / (y + 2z)dydx D. / / (y — 2z)dydx
0o Jo o Jo

9. Let C be a path from point (0, 1) to (7,2). Applying the Fundamental

Theorem of Line Integrals, / 6y cos(2x)dx + 3sin(2z)dy is equal to
c

A. 12 B. 9 C. 6 D. 3

10. If R = {(z,y) : 2% + y? < 4}, the double integral // Va2 +y? dA equals
R

27 4 27 4

A. / / r3drdf B. / / r2drdf
0 0 0 0
2 2 2 2

C. / / rdrdf D. / / r2drdf
0 0 0 0

11. Let M be the portion of the plane x + y + z = 2 that lies in the fist octant.

If F(z,y,z) = (z,y, 2), then the surface integral / F(x,y,z)-dS equals
M

A. 2 B. 4 C. 8 D. None of the given

12. Let S be the solid in the first octant that is bounded by the surfaces

z2=1—-9y% y=1,2=0,2=0, and y = . The volume of S equals

A. 2 B. 1 C. — D. None of the given
3 3 12
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13. Let M be the planar surface x + y + z = 1 in the first octant. Assume M is

14.

15.

16.

oriented by unit vectors that point away from the origin, and the boundary

OM has the positive orientation. By Stokes’ Theorem, F - dr is equal to
oM

1 -z 11
A. / / curlF' - (-1, -1, 1)dydx B. / / curlF' - (=1, -1, 1)dzdy
o Jo 0o Jo
11 1 pl-g
C. / / curlF' - (1,1, 1)dzdy D. / / curlF' - (1,1, 1)dydx
0o Jo 0o Jo

Let F(z,y,2) = (z,y, 2), let M be the disk 22 + 3> + 22 < 1, and let OM be
the sphere 22 4+ y? + 22 = 1. Assume OM is oriented by unit vectors that

point away from the origin. By Gauss’ Divergence Theorem, the surface

integral / F - dS is equal to
oM

1 27 ™ 1 27 T
A. / / / 3p? sin ¢ dodfdp B. / / / 3psin ¢ dopdbdp
o Jo Jo o Jo Jo
1 2T ™ 1 2m T
C. / / / 2p? sin ¢ dedfdp D. / / / 2psin ¢ dodbdp
o Jo Jo o Jo Jo

A point (z,y,2) = (v/3,—1,2) is given in Cartesian coordinates.

The cylindrical coordinates of the point are equal to
A (2%F2 B (2-%2 C (442 D (4-%2)

s
6

A point (p,0,¢) = (4, %, %) is given in spherical coordinates.

The Cartesian coordinates (z,y, z) of the point are equal to

A, (1,V3,2v3) B. (4,4/3,8/3) C. (12,4v/3,8) D. (3,V3,2)



2.5. INTEGRAL THEOREMS OF GREEN, STOKES, AND GAUSS 149

Investigation Projects

Mazwell’s Equations
Let E, H, and J be vector-valued functions of (z,y, z,t) such that the values of
E, H, and J lie in R3. Let p be a real-valued function of (x,y, z,t). In [1], a set of

Maxwell’s equations is given as follows:

divE = p (Gauss’ law) (35)
dvH = 0 (36)
H
curlE—&—aa—t = 0 (Faraday’s law) (37)
E
curlH—aa—t = J (Ampere’s law) (38)

The divergence and curl of a vector field is evaluated by fixing ¢. If in component
fOI'l’IL we write E(xa Y, z, ﬁ) = (El ('T7 Y, z, t)7 E2(£7 Y, z, t)7 Eg(.’ﬁ, Y, z, t)>7 the
divergence is defined in the usual way:

divE(z,y,z,t) = % + 887% %

For each t, the curl of F is

curlE(z,y, 2,t) = Det 2 0 0

If ¢ is a real-valued function of (w,y, z,t), the Laplacian of ¢ is denoted V3¢,

and defined by
¢ 0% 0%
2 .
= d = —_— —_— _—
Ve v(Ve) Ox? * oy? + 072

Likewise, if A = (A1, A, A3) is a vector-valued function of (z,y, z, t) with values in
R3, the Laplacian of A is defined by

V?A = (V?A;,V? 45,V 43) .

Let J and p be given, and suppose A and ¢ satisfy

divA—i—% = 0 (39)
82

Vi = S8 (10)
2

VA = %—J. (41)

We assume ¢t lies in an open interval I, and A, H, J are defined for all (z,y, z) in
R3. Also, for each t € I, assume E, p, ¢ are everywhere in R? except for finitely

many (z,y, z)’s. We assume A and ¢ have continuous second partial derivatives.
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In Exercises 1-5, we outline a proof that the vector-valued functions defined by

E=-V¢-— 86*? and H = curlA (42)

satisfy Maxwell’s equations (35)-(38).

1. Verify divE = p. Hint: Apply (39) and div (%A) = BQ (divA).

t

2. Prove divH = 0. Hint: div(curlA) = 0.

3. Show curlE + % = 0. Hint: curl(V¢) = 0 and curl (£ A) = 2 (curlA).
4. Prove curl(curlA) = V(divA) — VZA.

5. Verify curlH — %E = J. Hint: Apply Exercise 4.

In Exercises 6-7, let f;i(z) and g;(z) be functions that are selected

from {sinz,cosz} for i,j = 1,2,3. We consider the following functions:
d)(‘r,ya Zat) = fl (nx)gl (Tlt) (43)

A(x7 Y, =, t) = (f{ (nx)gi (nt)7 f2 (mz)QQ (mt)’ f3(py)93 (pt)) (44)

where n, m,p € R are constants.
6. If J =0 and p = 0 are the zero functions, prove ¢ and A as defined
by (43)-(44) satisfy (39), (40), and (41).

7. Let J =0 and p =0. If ¢ and A are defined by (43)-(44), evaluate
the functions E and H in (42). Notice, E and H satisfy Maxwell’s

equations because of Exercises 1-5.



