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1. Introduction

In the present paper we are dealing with 2-D Navier—Stokes equations with periodic
boundary conditions, perturbed by a small additive noise. These boundary conditions are
usually realized by considering the problem on a two-dimensional torus T?, see Section 2
for more details. To fix readers attention, let us write down these equations in a functional
form, as

du(t) + Au(t) dt + B(u(t), u(t)) dt = Ve dw(t), u(0) = uo, (1.1)

for 0 <e << 1.

Full definitions of the symbols involved can be found later in Section 2, but, for
the time being, let us recall that A is the Stokes operator, equal, roughly speaking,
to the Laplace operator (acting on vector fields) composed with the Leray—Helmholtz
projection P, defined on the space of zero mean and square integrable vector fields with
values in the subspace H of divergence free vector fields, the convection B(u,u) is equal
to P(uVu), w(t) is a K-cylindrical Wiener process, for K = D(A%) with o > 1, and
ug € H. Of course, because P nullifies the gradients, the gradient of the pressure term
Vp disappears in such a formulation. Basic questions about such a problem are now well
understood, and we simply refer to the papers [15] and [6] and to the chapter 15 of the
monograph [11].

It is know that, for every fixed € > 0, the Markov process on H generated by equa-
tion (1.1) has an invariant measure p. (see [15]), which is also unique and ergodic (see
[13] and also [17]). The objective of our paper is study of the validity of a large deviation
principle (LDP) for the family of invariant measures {u.}e~o. To be more precise, our
purpose is to show that the family of probability measure { “5}5>0 satisfies a LDP, as
€ | 0, with rate € and action functional equal to the quasi-potential U associated to the
controlled deterministic NSE, also known as the skeleton equation,

u'(t) + Au(t) + B(u(t), u(t)) = f(t),  u(0) = uo, (1.2)

where f € L?(0,00; D(A%)). The quasi-potential U(v), for v € H, can be defined as the
infimum, over all 7' > 0, of the energy of the control f, with respect to the norm of the
reproducing kernel Hilbert space K of the law £(W(1)), i.e.

T
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such that the solution u to the skeleton equation (1.2), with initial data u(0) = 0, reaches
the state v at time T, i.e. w(T) = v. To this purpose, we refer to equation (4.12) for
a version of the definition of U using both positive and negative times and (4.13) for a
representation of U using the skeleton equation over the negative half-line (—oo, 0].

The quasi-potential U was an important object in our recent study [3] with M. Freidlin
and in some sense our current paper is a natural continuation of that work. The two
other works on which we depend a lot in our investigation is the paper [9] by the second
named author and M. Réckner and [22] in which a similar question was investigated for
reaction diffusion equation with polynomially bounded, resp. bounded, reaction term.

Let us make an important comment about the assumption o > 1. In fact, the Markov
process on H, generated by problem (1.1), for both periodic and Dirichlet boundary
conditions, has a unique invariant measure p. for o > 0, (to this purpose, see [6, Corol-
lary 9.1 and Remark 4.1 (c)]). However, an essential tool in proving the LDP is given
by the exponential estimates for the invariant measures and we have been able to prove
them only in the case of periodic boundary conditions and « > 1 (see Theorem 5.1). As
a matter of fact, we do not know if, even in the case of periodic boundary conditions,
such exponential estimates are true without assuming that the covariance of the noise
is a trace-class operator. This is the reason why, already from the very beginning, we
assume that our problem is posed on a 2-D torus and that a > 1.

The subject of this paper is closely related to recent research activity in mathematics
and physics related to the so called rare events, see for instance [1,12,27].

Let us conclude this introduction by briefly describing the content of our paper. Sec-
tion 2 is devoted to presenting basic notation and preliminaries. We try to explain the
differences and similarities between the NSES with periodic and Dirichlet boundary
conditions which lead us to consider only the latter case. In particular, we prove some
estimates concerning the nonlinearity B with respect to norm in different fractional
domains of the Stokes operator A, see Propositions 2.3 and 2.4.

In Section 3 we discuss the skeleton equation and, in addition to recalling some fun-
damental and useful results (also from our previous work [3]), we also discuss their
generalizations to the general case o > 0, valid however only for the case of NSEs on a
2-D torus.

In Section 4 we introduce the action functional, for the large deviation principle in
C([0,T); H) associated with the family of solutions {u.}.>o of equation (1.1), and the
corresponding quasi-potential. We formulate generalizations of the corresponding results
from [3] to the general case o > 0, again, valid only for the case of NSEs on a 2-D torus.
Moreover, we state our main result, i.e. Theorem 4.5, about the LDP for the family of
invariant measures {p.}eso for the stochastic NSEs on a 2-D torus. The remainder of
the paper is devoted to the proof of that result.

So, in Section 5 we formulate and prove Theorem 5.1 about exponential estimates
for the family of probability measures {s.}__ . This result is based on the unique-
ness and ergodicity of each invariant measure p.. The basic ingredient in this proof
is also Lemma 5.3, about uniform exponential estimates for the solutions u. of equa-
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tion (1.1). Our proof is a simplification (and clarification) of a proof of a more general
result from [16]. However, we should note that another proof of such a result is pos-
sible, which is based on an earlier paper [8] by the first named author and Peszat,
see [2]. We believe that it is possible to obtain results similar to ours for stochastic
NSEs with multiplicative noise. However, such a study is postponed till another publi-
cation.

Let us continue with the description of the content of our paper. In Section 6 we
continue with the proof of Theorem 4.5 and show that the invariant measures u. satisfy
an appropriate lower bounds, see Theorem 6.1. In inequality (6.1) we already see the
relationship between the invariant measures p. and the quasi-potential U.

Sections 7 and 8 are devoted to the formulation and proof of appropriate lower bounds
satisfied by the invariant measures p., see Theorem 7.1.

The paper is concluded with an appendix. It is devoted to a proof of precise behavior
for large negative time of solutions to the skeleton equation (1.2) on the negative half-line
(—00,0]. Such results should be of independent interest.

Acknowledgments

The first named author would like to thanks Department of Mathematics, University
of Maryland for it’s hospitality during his visit in September 2013 during which this
project was initiated. Research of the second named author was partly supported by
NSF grant DMS-1407615. Talks on preliminary versions of the results from this paper
were given by the first named author at workshops at Lyon, Krakéw, Loughborough and
Warwick (all in 2015). After, one of them we were informed by A. Shirkyan about a
paper [20] by D. Martirosyan who studies LDP for invariant measure for stochastic wave
equations.

2. Notation and preliminaries

Our main results are formulated for the stochastic Navier—Stokes equations with pe-
riodic boundary conditions. Hence we begin with a brief introduction to the relevant
notation in this case; all the mathematical background can be found in the small book
[23] by Temam. Here we will not recall the notation in the case of the Dirichlet boundary
conditions but only refer the reader to our earlier paper [3]. Some of our results are true
also in this case. Proper generalization to this case, as well to the case of multiplicative
noise, will be a subject of a forthcoming publication.

We denote here by T? the two dimensional torus of fixed dimensions L x L. The space
H is equal to

H = {u € L§(T* R?) : div(u) = 0 and v, (u)r,,, = =% (uW)r,, j = 1,2},
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where LZ(T?,R?) is the Hilbert space consisting of those u € L?(T?,R?) which satisfy
the condition

/ u(z)de =0, (2.1)

T2

7, is the bounded linear map defined on divergence free vectors in L?(T?,R?) with values
in the dual space of H2(8T2) (the image in L2(0T2) of the trace operator H!(T?2) —
L?(9T?)), such that v, (u) coincides with the restriction of u - v to T2, if u € D(T?),
and T, j = 1,--- ,4 are the four (not disjoint) parts of the boundary of 9(T?) defined
by, for j = 1,2,

Fj = {x = (1’171’2) S [O,L]2 1Ty = 0}, Fj+2 = {I’ = (ml,Ig) € [0,L]2 1Ty = L}
We also define the vorticity space V by setting

vV o= {u €H: Djuc L(T%R2), ur, o7 =ur,, j = 1,2}, (2.2)
where Dj, j = 1,2, are the 1st order weak derivatives in the interior of the torus.
Because of condition (2.1), the norm on the space V induced by the norm from the
Sobolev spaces H'?2 is equivalent to the following one

Z/au]ﬁv]d , U, v € V.
Ox; O

1= 10 Ti

The Stokes operator A can be defined in a natural way as

{ D(A) =VnH*?(T? R?) 23)

Au = —PA, u e D(A),
where
P:L%(0) - H

is the orthogonal projection, called usually the Leray—Helmholtz projection.

It is well known that A is a self-adjoint positive operator in H. In fact, its eigenvectors
and eigenvalue can be explicitly found. In particular, A has bounded imaginary powers
and thus by [26, Remark 2 in 1.15.2], the domains of the fractional powers of A are equal
(with equivalent norms) to the complex interpolation spaces between D(A) and H, i.e.

D(A%) = [H,D(A)]p, 0€(0,1). (2.4)
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This means that
D(A%) = Hn H?"2(T% R?). (2.5)

Moreover, it is well known, see for instance [24, p. 57|, that V = D(A'/2).
It follows from the above that, contrary to the Dirichlet boundary conditions case,
compare with [3, Proposition 2.1], the Leray—Helmholtz projection

P: H*?(T?,R?) — D(A%) (2.6)
is a bounded linear map for every « > 0. To this purpose, in the bounded domain case.

The Stokes operator A satisfies all the properties known in the bounded domain case,

inclusive the strict positivity property, with \; = 4LL22,

(Au,u)g > M|u?lg, u € D(A). (2.7)
Now, consider the trilinear form b on V' x V' x V given by
2 dv;
b(u,v,w) = Z /ula—;zwJ dz, wu,v,w € V.
z,j:lo
It is known that b is a continuous trilinear form such that
b(u,v,w) = —b(u,w,v), u € V,v,weH}O), (2.8)

and, for some constant ¢ > 0 (see for instance [25, Lemma 1.3, p. 163] and [24]),

lul 2Vl 2 Vol 2 Av 2wk weV,veDA),welH
, § lul 2| Aul! |V ol w] weD@A)veVwel
[b(u,v,w)| < ¢ 12 12 (2.9)
|ula|Vola|w|y “[Aw|{ ueHveV,we D(A)
[l * [Vl 2| Volalwl i *| Vol wv,we V.

Next, define the bilinear map B : V x V — V', by setting
(B(u,v),w) = b(u,v,w), u,v,w eV,
and the homogeneous polynomial of second degree B : V — V' by
B(u) = B(u,u), u € V.

From the first inequality in (2.9), we have that if v € D(A), then B(u,v) € H and the
following inequality follows directly

1B(u, v) [ < Clulu|Vula|Volu|Avla, v € V, v € D(A). (2.10)



Z. Brzezniak, S. Cerrai / Journal of Functional Analysis 273 (2017) 1891-1930 1897

Moreover, the following identity is a direct consequence of (2.8).
(B(u,v),v) =0, u,ve€ V. (2.11)

Furthermore, we have the following property involving the nonlinear term B and the
Stokes operator A

(Au, B(u,u))y =0, u € D(A), (2.12)

see 23, Lemma 3.1] for a proof.
Let us also recall the following facts (see [6, Lemma 4.2] and [25]).

Lemma 2.1. The trilinear map b: V XV XV — R has a unique extension to a bounded
trilinear map from L*(O) x (L*(O) N H) x V and from L*(O) x V x L*O) into R.
Moreover, B maps L*(O) NH (and so V) into V' and

|B(’U,)|V/ S C’1|u|i4(o) S 21/2C1‘U|H|vu|]1‘2(o) S CQ|U‘H|U|V S C3‘U|%/7 u € V. (2.13)

Lemma 2.2. For any T € (0,00] and for any u € L*(0,T; D(A)) with ' € L?(0,T;H),
we have

T

/ B(u(t), u(t)) [} dt < oc.

0

The restriction of the map B to the space D(A) x D(A) has also the following repre-
sentation

B(u,v) = P(uVv) = P(Z uw! Djv), u,v € D(A). (2.14)

In view of (2.6), the above representation allows us to prove the following property of the
map B (compare with a weaker result in [3, Proposition 2.5] for the Dirichlet boundary
case).

Proposition 2.3. Assume that o € (0,1]. Then for any s € (1,2] there exists a constant
¢ > 0 such that

IB(u, v) u,v € D(A). (2.15)

|D(A%) < C|U‘D(A%)|U‘D(A"—‘2ﬁ)a

Proof. In view of equality (2.14), since by (2.6) the Leray-Helmholtz projection P is a
well defined and continuous map from H%(O) into D(A%) and since the norms in the
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spaces D(A?) are equivalent to norms in H?*(0), it is enough to show that
[uVvlge < clulgs |v|gatr, u,v € HZ(O).
Thus, it is sufficient to prove for scalar valued functions

|fg|H°‘ S C‘f|HS|g|Haa f7g S H2- (216)

First we consider the case a = 0. In this case it is sufficient to assume that s € (1,2)
and we have

[f9lz < [flreelglez < |fla-lgle2

by the Gagliado—Nirenberg inequality, which implies that H® < L continuously.
Secondly, we consider the case o = 1. Also in this case it is sufficient to assume that
€ (1,2). Then, by the Sobolev Gagliado—Nirenberg inequalities, we have

IV(f9)l2 < |9V flez + [fVg|Le
< |V fleelglre + | flL=IVg|L2
< |V fleelglar + | fla:1 VgL

< | flaslgler + 1fla=1VyglL2
where p, g € (2,00) are such that zl?+ % = % and % = ]% + 551, i.e. % =1— 5. From the

above two inequalities we trivially deduce that

[fglm < V6| f|melglm
what proves inequality (2.16) for a = 1.

Finally, let us consider the case a € (0,1). By a complex interpolation argument and
the Marcinkiewicz Interpolation Theorem, we infer that for any a € (0,1)

|fgle < 6% [flmelglae,
so that the proof of Proposition 2.3 is complete. O
Since the Sobolev space H® is an algebra for o > 1, we have the following result.

Proposition 2.4. Assume that o € (1,00). Then there exists a constant ¢ > 0 such that

at1, u€ D(A%),ve DA'T). (2.17)

[B(u, v) f

y=¢

Ipas “|D(A%)|”|D(A
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Proof. Let us fix @ € (1,00). In view of equality (2.14), as in the proof of Proposition 2.3
it is enough to show that

[uVolge < culga|v|gers, u€ HY(O), ve H*T(O).
Since the Sobolev space H* is an algebra and |Vu|ge < c|v|ga+1, the result follows. 0O

Remark 2.5. One consequence of Propositions 2.3 and 2.4 is that the 2-D NSEs with
periodic boundary conditions are locally well posed in the space D(Ag), for every 8 > 0.
To be precise for every ug € D(Ag) and every f € Lfoc([O,oo);D(Agfé) there exists
T > 0 and a strong solution u defined on [0,T]. This local existence result is well
known for 8 € {0, 1} for 2-D NSEs with either Dirichlet or periodic boundary conditions.
Moreover, it is rather a folk result for 5 € (0,1). However, in [3] we proved it to be true
also for g € (1, %) The difference between the NSEs with general boundary conditions
and NSEs on a torus stems from the fact that, while Propositions 2.3 and 2.4 hold in
the latter case for any a > 0, we have been able to establish a corresponding result in
the former case for only a € [0, %) And the root for this difference lies in the properties
of the Leray—Helmholtz projection P. Actually, while in the latter case, it is a bounded

linear map from H*2(T?,R?) into D(A%), in the former case we have been able to prove

1
s ' 2

local well-posedness in D(Az) implies also global well-posedness. See Proposition 3.3 for

an analogous result only for a € (0, 5). As in [3], by using the global well-posedness in H,

precise formulations of these results.

Remark 2.6. Similar inequalities to those in Propositions 2.3 and 2.4 have also been
studied in [4].

3. The skeleton equation

We consider here the following Navier—Stokes equation

{ W' (t) + Au(t) + B(u(t),u(t)) = f(t), te€(a,b),

u(a) = o,
where —0o < a < b < 0.

Definition 3.1. Given any f € L?(a,b; V') and ug € H, a solution to problem (3.1) is a
function u € L?(a,b; V) such that u’ € L?(a,b; V'), u(a) = up? and (3.1) is satisfied.

As shown in [25, Theorems I11.3.1/2], for every f € L?(a,b; V') and ug € H there
exists exactly one solution u to problem (3.1).

2 Tt is known (see for instance [25, Lemma I11.1.2]) that these two properties of u imply that u is almost
everywhere equal to a function @ € C([a, b], H). Thus, when we later write u(a) we mean @(0).
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Lemma 3.2. For any r > 0 there exists ¢, > 0 such that, if T € R andu € C([T,+00); H)
satisfies f :=u' + Au+ B(u,u) € L*(T, +oo; H), then

|flL2 (T4 00m) 7= |Ulo(T,400)m) < & + [u(T)]n. (3.2)
More precisely, the following inequality holds:
g (t— 1
lu(t)|g < e MO |u(T)|u + )\_1|f|%2(T,+oo;H)’ t>T. (3.3)

Proof. By [25, Lemma II1.1.2] and inequality (2.7) we have

1d 1 1
3 luOB: + WO, < SR + 5170l (3.4)
This implies that for all b > a > T,
1
|u|2C([a,b);H) + |u|2L2(a,b;V) < Ju(a)ff; + )\_1|f|%2(a,b;H)’ (3.5)

what yields (3.2). Moreover, from (3.4) in view of inequality (2.7) we have

d 1
@+ M fu®)i < —[fOF, =T
dt A

Hence, by the Gronwall lemma, for any 7' < a <t < +00 we have

t
— —a 1 - —5
O < Ju(@ e 5 5 eI () s,

a

what implies (3.3). O

In [25, Theorem I11.3.10] it is proven that, if f € L?(a,b; H), the solution u of equa-
tion (3.1) has the following properties

V(- —a)u € L*(a,b; D(A)) N L>®(a,b; V), /(- —a)u' € L*(a,b;H).

Moreover, there exists ¢ > 0 such that for all a < b

|mu‘QL‘X’(a,b;V) + |mu|i2(a7b;D(A))

(3.6)
< cexp [eluolis + 1132 )| ([0l + 15132 000+ 16 = allF o pem )

In [3, Proposition 3.3] we have also proved the following result for o € (0, %) for 2-D
NSEs with both Dirichlet and periodic boundary conditions. It turns out that in the
latter case it is true for any o > 0.



Z. Brzezniak, S. Cerrai / Journal of Functional Analysis 273 (2017) 1891-1930 1901

Proposition 3.3. Suppose that o > 0. If f € L?(a,b; D(A%) and ug € D(AQTH), for some
a > 0, then the unique solution u to the problem (3.1) satisfies

a+1

u € L*(a,b; D(A'™2) N C([a,b]; D(A"2)), u'(:) € L*(a,b; D(A%)). (3.7)
Proof. As discussed in Remark 2.5, the above result follows from Propositions 2.3
and 2.4. The proof of the above result can be accomplished by following line by line
the proof of [3, Proposition 3.3], which worked for both types of boundary conditions
but only for aw € (0,3). O

Now, for any —oo < a < b < oo and for any two reflexive Banach spaces X and Y, such
that X < Y continuously, we denote by W12(a, b; X,Y) the space of all u € L?(a, b; X)
which are weakly differentiable as Y-valued functions and their weak derivative belongs
to L%(a,b;Y). The space Wh2(a,b; X,Y) is a separable Banach space (and Hilbert if
both X and Y are Hilbert spaces), endowed with the natural norm

|u“2/V1=2(a,b;X,Y) = |u‘%2(a,b;X) + |’U’I|%2(a,b;Y)’ u € Wl’Z(aa ba X7 Y)
Later on, when no ambiguity is possible, we will use the shortcut notation
Wht2(a,b) = Wh?(a,b; D(A),H).

The following definition has first appeared in the paper [19] by Lions and Masmoudi
as a natural tool in the investigation of the uniqueness questions for Navier—Stokes
Equations in the Lebesgue spaces L.

Definition 3.4. Assume that —o00 < a < b < oo and f € L (a,b;H). A function u €
C((a,b); H) is called a very weak solution to the Navier—Stokes equations (3.1) on the
interval (a,b) if for all ¢ € C*°((a,b) x D), such that div¢y =0 on (a,b) x D,

/ u(t, ©)(tr, )dE = / u(to, ) (to, €)d
D D
+ / u(s,€)(0(5,€) + Ad(s, €)) dsde

[to,t1]x D
ty

+ / b(u(s), u(s), 6(s)) ds + / F(5,€) - B(s,€) dsde,

to [to,tl]XD

(3.8)

for all a < tg < t1 < b.

One can observe that a solution to the Navier—Stokes equations (3.1) on the interval
(a,b) is also a very weak solution to (3.1) on the interval (a,b). We need a notion of a very
weak solution because a basic object in our study of large deviations is the space X, see
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definition in equality (4.10), which consists only of H-valued continuous functions. It has
been used in Proposition 3.6 which consequently was used in the proofs of Lemmata 3.8
and 3.9 in our previous paper [3].

By adapting some of the results from [19] to the 2-dimensional case, it is possible to
prove the following result.
Proposition 3.5. Assume that —oo < a < b < oo and f € L2 ((a,b);H). Suppose that
the functions u,v € C((a,b); H) are very weak solutions to the Navier—Stokes equations
(3.1) on the interval (a,b), with u(te) = v(to), for some tg € (a,b). Then u(t) = v(t) for
all t 2 to.

Definition 3.6. Assume that —oco < a < b < c0. Given a function u € C((a,b); H) we say
that

u' 4 Au+ B(u,u) € L*(a,b;H), (resp. € Li.((a,b); H))

if there exists f € L?(a,b;H), (vesp. f € L% .((a,b);H)) such that u is a very weak
solution of the Navier—Stokes equations (3.1) on the interval (a, b).

Obviously, the corresponding function f is unique and we will denote it by H(u), i.e.
[H(w)](t) :== ' (t) + Au(t) + B(u(t),u(t)), t € (a,b). (3.9)
In [3, Proposition 10.2] we have proved the following result.

Lemma 3.7. Assume that a € (0, 3). Assume thatu € C((—o0,0]; H) is such that H(u) :=
u + Au+ B(u,u) € L?(—00,0; D(A%)) and there exists {t,} | —oo, such that

lim |u(ty)|m = 0.

n—roo
Then u € Wh2(—o00,0; D(A*%), D(A%)), u(0) € D(A*s") and

=0.

t——o0

[

In Appendix A, we generalize the above result, again only in the case of NSEs on a
torus, to the case of any a > 0.

4. LDP for stochastic NSEs on a 2-D torus
For any fixed € € (0,1] and z € H, we consider the problem
du(t) + Au(t) + B(u(t),u(t)) = Vedw(t), u(0)=z. (4.1)

Here w = {w(t)} >0 1s an H-valued Wiener process with reproducing kernel Hilbert
space denoted by K. In particular K C H and the natural embedding i : K < H is a
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Hilbert—Schmidt operator. Let us fix an orthonormal basis { fx }re v of K and a sequence
{Bk}]jil of independent Brownian motions defined on some filtered probability space
(Q,F,F,P), where F = {F
representation

} >0+ Such that the Wiener process w has the following

gk
=
=
=
=
-
V
e}

w(t) = (4.2)

k=1
With the Wiener process w, one can associate a covariance operator C' € L(H) (usually
denoted by @), defined by
<Ch1, h2> =E [(hl, ’LU(l)>H (w(l), h2>H] , hi,ho € H.

It is well known, see e.g. [10, Proposition 2.15], that C is a non-negative self-adjoint and
trace class operator in H. Moreover, see for instance [5], C = ii* and K = R(C%). In this
paper we assume that for some o > 1, the operator Q := C' 3 is an isomorphism of H
onto D(A%), i.e. when K = D(A?%).

Note that

Z lifrf = tr[C] < oo.
k=1

It is now well known, see e.g. in [15], that for all ¢ € (0,1] and = € H, equation (4.1)
has a unique solution u® such that u* € LP(Q;C([0,T];H)), for all T > 0 and p > 1.
Moreover, there exists an invariant measure v, for the Markov process generated by this
equation, i.e. a Borel probability measure on H such that for every ¢ € B(H), and every
t>0,

/ Ep(u? (£)) ve(dz) = / () ve(dz), (4.3)

H H

where B,(H) denotes the set of bounded and continuous functions ¢ : H — R. It is
also known, see [13], that under our assumption, this invariant measure v, is unique and
ergodic. Thus is particular, for any bounded Borel measurable function ¢ : H — R,

/go(m) ve(dz) = lim %/Eg@(ug(t))dt. (4.4)

For a function® v € C([a,b]; H), where —oco < a < b < 400, such that

H(u) == v’ + Au + B(u,u) € L ((a,b); D(A%)),

3 If for instance a = —oco0), we assume that u € C((a, b]; H).
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we define the action functionals by
Sty (1) == /|Q YY) () |fdt, a<ty<t; <b. (4.5)

Note that since @) is a bounded operator in H, we have the following useful inequality

ty

/ [H () (1) dt < 2] QU1 11) Stotr (w). (4.6)

to
If H(u) & L?((to,t1); D(A%2)), we put Si, .+, (u) = +00. Moreover, we denote
S_r:=8_10, Str:=Sor, foreveryT >0.

In particular, when a = —oo and b = 0, we set

/IQ M (u) (1) dt. (4.7)

An obvious sufficient condition for the finiteness of S, ;, (u) is that v/, Au and B(u,u)
all belong to L2(tg,t1; D(A?%). In fact, as we proved in [3, Lemma 3.9], in the case of 2-D
NSEs with both Dirichlet and periodic boundary conditions, when « € (0, %), this is not
so far from being a necessary condition. As earlier for Proposition 3.3, it turns out that
in the latter case, [3, Lemma 3.9] holds true for any o > 0.

Lemma 4.1. Suppose that o > 0 and —oco < a < b < 0.
If a function u € C([a,b]; H) satisfies

u' + Au+ B(u,u) € L*(a,b; D(A?)),

then u(b) € D(A®s") and u € VV1 2(to,b; D(A2 1), D(A%)), for any to € (a,b).
Moreover, if u(a) € D(A“"), then u € Wb 2(a,b; D(A=TY), D(A2)).

Proof. As discussed in Remark 2.5, the above result follows from Propositions 2.3
and 2.4. The proof of the above result can be accomplished by following the line of
proof of [3, Lemma 3.9] which worked for both types of boundary conditions but only
fora € (0,3). O

As a consequence of the contraction principle and of certain continuity properties
of the solution of equation (4.1) proven in [6], we infer the following result, see |3,
Theorem 5.3].
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Theorem 4.2. For any x € H, the family {L(uf)}.c (0,1) satisfies the large deviation
principle in C([0,T); H), with speed € and action functional St, uniformly with respect
to x in bounded subsets of H.

We recall here (see e.g. [14]) that a family of probability measures {u.}.~o on
some complete metric space E satisfies a large deviation principle, with speed {f:}c>0
such that lim.\B(¢) = 0, and action functional I, iff I : E — [0,00] is a lower-
semicontinuous® map such that

(1) For each r > 0, the level set
I,.={ze E : I(zx)<r},

is compact in F.
(2) Lower bounds: For every T € F and for all 6,y > 0 there exists €9 > 0 such that®

4o (Bp(z,6)) > exp (I(f”;”) . e<eo (4.8)

Here Bg(z,0) ={z € E: |z — Z|g < ¢}.
(3) Upper bounds: For every s,0 and v € (0,s) there exists g > 0 such that

s

pe ({z € E : distg (z,1,) > 6}) <e 7, &<e,. (4.9)

Next, for any =,y € H and a,b € R, we introduce the following functional spaces

X ={ue C((—o0,0];H) : tl}ir_noo lu(t)lu = 0},
X, ={ue X :u0) =z}, (4.10)
Cyy(la,b],H) = {u € C([a,b]; H) : u(a) = x, u(b) = y}.

We endow the space X’ with the topology of uniform convergence on compact intervals,
i.e. the topology induced by the metric p defined by

p(u,v) = Z 27" < sup |u(s) —v(s)|u A 1> , u,v € X.

s€[—n,0]

The set X, is a closed in X and we endow it with the trace topology induced by X.
In [3, Propositions 5.4 and 5.5], we proved that the functional

S_so: X = [0, +00], (4.11)

4 This condition is redundant if we also assume condition (1) below.
5 Inequality (4.8) is trivially satisfied when I(Z) = oo.
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is lower-semicontinuous and has compact level sets. This result obviously holds for both

types of boundary conditions, but only for a € [0, %) Its proof relied on [3, Propo-

sitions 10.1 and 10.2] which we generalize in Appendix A. Let us state it for the
completeness sake.

Proposition 4.3. Assume that a > 0. Then the functional S_o defined by (4.7), is lower-
semicontinuous on X. Moreover, its level sets are compact in X

Next, we define the quasi-potential U associated with equation (4.1), by setting

U(z) := inf{Sr(u):T >0, ue Cy,([0,T];H)}

i {S_r(): T >0, uE Cou(-TOhM), el D

In our previous paper [3], we thoroughly studied the functional U for the 2-D NSEs, for
both Dirichelt and periodic boundary conditions, and we have shown that it satisfies the
properties described below for « € (0, %) The following result generalizes [3, Theorem 6.2
and Propositions 6.1, 6.5 and 6.6] to a > 0 but only, as all our generalizations, for the
case of the 2-D NSEs on a torus.

Theorem 4.4. Assume that « > 0 and x € H. Then the following hold true.
(1) U(z) < 0o < z € D(A"7") and
U(z) :=inf {S_oo(u) : u € X, }. (4.13)
The restriction of the map U to the set D(A®3"), i.e. the map

1+
2

U:D(A") >R

s continuous.
(2) For any r > 0, the level set

K,={zeH:U(z) <r} (4.14)

is compact in H.
In particular, the function U : H — [0, 00] is lower semi-continuous.

Proof. The proofs of the above results follow the proofs of [3, Theorem 6.2 and Propo-
sitions 6.1, 6.5 and 6.6], while taking into account Propositions 2.3 and 2.4. O

As mentioned in the introduction, in the present paper we want to prove the following
theorem.
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Theorem 4.5. The family {v.}e~o of the invariant measures for equation (4.1) satisfies
a large deviation principle in H, with speed B. = € and action functional U (defined in
formula (4.12) ).

In Theorem 4.4, we have seen that U has compact level sets. Thus, in order to prove
Theorem 4.5, in what follows we have only to prove the validity of the lower and upper
bounds.

5. Exponential estimates

In the proof of lower bounds for the large deviation principle we need to prove that
there exists some R > 0 such that

tim v (B (0, B)) = 0. (5.1)

On the other hand, in the proof of upper bounds we need something stronger. Actually
we need that the convergence to zero in (5.1) is exponential.

Theorem 5.1. For any s > 0, there exist e, > 0 and Rs > 0 such that

ve (Bf(0, Ry)) < exp (—g) , e <egs. (5.2)

This fundamental result will be used in the proof of Theorem 7.1. Let us note that
the proof uses the ergodicity of the invariant measure.

Remark 5.2. An essential part of the proof of the above result is given by the following
exponential estimates. Their proof can in fact be traced to the paper [8], but we present
here an independent one based on the use of a suitable Lyapunov function. This proof
goes back to the paper [16], but that paper tried to treat so many cases simultaneously
that we decided to write down an independent statement and proof.

Lemma 5.3. In the framework of Theorem 5.1, for any arbitrary € > 0 there exists v > 0
such that

Eetli®li < o= Ftetlela 1o ¢ 0.

Remark 5.4. The result from Theorem 5.1 is also true for the stochastic Navier—Stokes
equations with multiplicative noise

du(t) + Au(t) + B(u(t), u(t)) = Veg(u) dw(t), u(0) = ug, (5.3)

where w(t) is a cylindrical Wiener process on some separable Hilbert space K, provided
the map g : H — R(K, H) is a continuous and bounded and there exists unique ergodic
invariant measure v, of the corresponding Markov process.
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The result from Lemma 5.3 is also true for the stochastic Navier—Stokes equations with
multiplicative noise (5.3) provided w is a cylindrical Wiener process on some separable
Hilbert space K and a continuous and bounded map g : H — R(K, H).

Proof of Lemma 5.3. Let us fix the initial data x € H. Take arbitrary e, A,y > 0, that
will be specified later on. Let us denote the solution u? by w. Let us recall the It6’s
formula due to Pardoux [21] applied to a C12-class function ¢ : R, x H — R and the
process u:

ag(t.u(e) = 220D gy P80 ) 5o PELMO) ) i

We apply this formula to the following function

~

p:Ry xH> (t7u)»—>e’\teelu‘12{ eR.

Since 2elw) — Ao(t,u), W = 2?'ch(t,u)u € H and, for y,z € H, <azgl(fz7u)y,z) =

<p(t7u)[t—2<u,y><u7z> + 2%(y,z)], by (2.11) and (2.7), we infer that

<78@(t’ u(t) ,du(t)) = 2%@(16, u) {(u, —Au) + (u, B(u, u) + <u\/5dw(t))]

< o(t. 0[] 2t + 2],

N ™

Z<w(1f’f)viﬁc> = oltu) [4%2 > (uifi)(w.ifi) + 2?7 > ifis )]
k

k k
2’72 sk, 12
= p(t,u) [Th ul 4+ tr(C)]
2
< () 2L R ful? + 7 tr(C)]
< ot u) [~ [z v v tr .
Therefore, we infer that
2y
€

dio(t,u(0)) < p(t,u) [~ (A = I g ()P + A+ 71(C)] + so(@u%w, du(t)).

Now, if we put A = A1/2 and choose (small enough) v > 0 such that

. A A
M= [ > 717 v tr(C) < ?17

we get

di(t, u(t)) < ot ) [~ DAaful® + A + ot u) = (u, du(®).

S
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By taking expectation (and considering stopping times as for instance in [7]) we infer
that

t
E [eTt ezl “”1 Hel® 4 ), E/e%seglu(sw [fg|u(s)|%{ + 1} ds.
0

Since e"(—r + 1) < 1, for any r > 0, and A\ fg 0T ds = Z(e%lt — 1) this yields
Ee?lv®li < o= te2lzli 4 o,
The proof is now complete. 0O

Now, we continue with the proof of the main result in this section.

Proof of Theorem 5.1. We use the notation introduced in the proof of Lemma 5.3. Let
us fix R > 0 and t > 0. By the previous lemma and Chebyshev’s inequality, we have

P(u2 (1) € B5(0, B)) =P (juZ ()] > R) = P (o4Ol > ")

2
<o E( wu:ml%{) <o [ef%te%\w@ +2} ,

Now, due to the ergocity of the invariant measure v,, for any function ¢ : H — R, Borel
and bounded,

T
/go(x) ve(dz) = lim l/]Egp(ug(s))ds.
T—oo T
H 0
This implies that for any R > 0
) T
v (B0, B) = lim / P (u2(s) € B5(0, R))) ds

<e” hmsup—/ *73—&—2 ds =2e W.

T—o00

Hence, if we fix s > 0 and put

2 2
R, = —8, €s = iy
v 2log 2

we have that

R s
VE(BIC—I(OvRG)) <e 2 =e =, € < g,

and this concludes proof of Theorem 5.1. O
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6. Lower bounds

Our purpose here is proving the following upper bound.

Theorem 6.1. For any 0,y > 0 and T € H, there exists eg > 0 such that

_U@+y

ve(Bu(z,0)) >e” =, e<ep. (6.1)

Let us point out that in the proof of the result we will use that fact that v. is an
invariant measure of the Markov process corresponding to the stochastic Navier—Stokes

Before proceeding with the proof of Theorem 6.1, we need to prove a preliminary
result.

Lemma 6.2. Suppose that v,T >0, Z € H and ¢ € L*(0,T;H) satisfy

L N
§|¢|12(07T;H) <U(z)+ 1 (6.2)
Moreover, assume there exists a solution z € C([0,T];H) to the problem
Z'(t) + Az(t) + B(2(t), 2(1)) = Qp(t), 2(0)=0, 2(T)=z. (6.3)

Then, for all § and R > 0 there exists Ty > 0 and pg € L*(0,Ty + T; H) such that

1 N
5 ‘SDOﬁ/Q(O,TngT;H) < U(.’E) + Z (64)
and
. 0
sup |zo(p0)(To +T) — &, < 3 (6.5)
lzla<R

where z,(po) € C([0, Ty + T); H) is the (unique) solution of the control problem
2(t) 4+ Az(t) + B(z(t), 2(t)) = Qpo(t), t€ [0,To+T)], =2(0)=u=. (6.6)

Proof. Let us assume that v, 7 >0,z € H, ¢ € L?(0,T;H) and z € C([0, T]; H) satisfy
the assumptions of our Lemma. Let us fix § > 0 and R > 0.

Since, as it is well known,® the solution of problem (6.3) depends continuously on the
initial condition in C([0,T]; H), we infer there exists p > 0 such that

lyolu < p == 14y, (P)(T) = Zlu < 3, (6.7)

N

6 For a proof, see e.g. [6, Theorem 4.6].
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where y,, (@) € C([0,T];H) is the solution of the problem

y'(t) + Ay(t) + By(t),y(t)) = Qp(t), te [0,T],  y(0) = yo.

Now, let us consider a solution u, € C([0,Tp]; H) of the homogeneous Navier—Stokes
equation

u'(t) + Au(t) + B(u(t),u(t)) =0, u(0) =x. (6.8)
According to (3.3), we have
lug () g < e MYalg, t>0.
Hence, if we choose Ty > 0 such that Re=*170 < p, we have

sup |u(To)lu < p. (6.9)
|zla<R

Next, let us define a control ¢o € L(0, Ty + T; H) by setting

0, t € [0,Ty],
po(t) =1 _ -
(p(t—To), t e [To,T0+T],

and next let us fix 2 € H such that |x|g < R. Then, the function z € C([0, Ty + T)]; H)
defined by

u$(t), t (S [O,To],
z(t) = ~ _
Yuo(10)(0)(t = To), t € [To,To + T,
is the unique solution to problem

Z(t) + Az(t) + B(2(t), 2(t)) = Qpo(t), te€ [0,To+T], 2(0)=uz.

In particular we infer that z = 2z, (o).
Since moreover z,(¢0)(To + T) = Yy, (1) (#)(T) and |z|g < R, due to (6.9) and (6.7),
we infer that

|22 (00)(To + T') — Z|u <

N

This proves condition (6.5). It remains to prove that g satisfies (6.4). This however
follows directly from the definition of g and assumption (6.2). O

Now, we are ready to prove Theorem 6.1. As we have proved Lemma 6.2, its proof is
analogous to the proof of [22, C.2] and [9, Theorem 6.1].
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Proof of Theorem 6.1. Let us fix §,7 > 0 and £ € H. Without loss of generality, we
may assume that U(Z) < oo. Note, that in view of Theorem 4.4, this implies that
zE D(A#). Moreover, by the definitions (4.12) for the quasi-potential U and (4.5) for
the energy, we infer that there exists T > 0, a control ¢ € L?(0,T;H) and a function
z € C([0,T;H) such that

P

S8l 0 rany < V(@) +
and Z is a solution to the problem
2'(t) + Az(t) + B(2(t),2(t)) = Qp(t), 2(0)=0, 2(T)==z.
By (5.1) we can find R > 0, sufficiently large, and £; > 0 such that
ve(Bu(0,R) >1—(1—e"2)=e"2, ce(0,e] (6.10)
Note that trivially, the above implies that
ve(Bu(0,R) > e %, ce(0,1A¢e] (6.11)

With all the data given and constructed, we can apply Lemma 6.2 and we can find
To > 0 and ¢o € L(0,Tp + T, H) such that

1, T
5 “'00|L2(O,T0+T;H) < U(.’E) + Z
and
- )
sSup {ZE(QOO)(TO +T) - l'|H < 57
lz|lu<R

where 2z, (o) € C([0, Ty +T]; H) is the solution of the control problem (6.6). Let us recall
that for z € H and ¢ > 0, the unique solution to the stochastic problem (4.1) is denoted
by u?.

Now, since by Theorem 4.2, the family {u?}.~¢ satisfies the uniform large deviation
principle in C([0, To+77; H), there exists €5 > 0 such that for |z|g < Rand all ¢ € (0, 5],

2 ol _
120172 0,1y + 751y T 2 _U@+3
2e

@ d _eolizo,mp it 2
P (|“s = 22 (%0)lc(po. 1o+ 7y5m) < 5) >e >e < . (612)

Let us fix z € H such that |z|y < R. Then by inequality (6.5) we have

[ (To +T) = Zlu < [uZ(To + T) — 2o (00)(To + T) |1 + |22 (00) (To + T') — Z|n

_ . 5
< [z (Ty + 1) = 2(p0)(To + Dl + 5.
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This implies that
T T & 0 T T 7
[uZ(To +T) — 22(00)(To + T)|u < 5 = uZ(To +T) — Tl < 6.
Therefore, since v, is an invariant measure for the Markov process u,, we infer that

Ve (Bu(z,0)) = ve (Jlo — Zlg < 6) = /IF’ (|uZ(To + T) — Z|u < 6) ve(d)
H

> /]P’ <|u§(TO +T) = 22(¢0)(To + T)|u < é) Ve(dz)

2
H
N 0

> [ P |ug — 2z (o)l (o, m+7m) < 3 Ve (dz)

H

w 6

> P{ |uf = zz(%0)lcqo,1o+)m) < 3 ve(dz).

Bu(0,R)

Applying (6.12) we infer that for e € (0, &3],

u@+3

VE(BH(:Ea(S)) > VE(BH(O,R))ei N

To conclude the proof, let us take ¢ := min{1,e1,e2}. Then, by (6.11), we infer that for
e € (0,e0),

u@)+3 z
Vs(BH(:Ea(S)) 26_2156_ 15 . :e_U(TEH—’Y

This completes the proof of Theorem 6.1. O
7. Upper bounds

Let us recall here that K is the level set of the quasipotential U, as defined in (4.14),
that is

K, :={zxe€H:U(z) < s}.
Theorem 7.1. For all §,7 > 0 and s > 0, there exists g > 0 such that

s—=v

ve {zx €H: distyu(x,Ks) >0}) <e” =, ¢e<ep. (7.1)

Before proceeding with the proof of Theorem 7.1, we state two auxiliary results, whose
proofs are postponed till next section.
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Lemma 7.2. For all § > 0 and s > 0, there exist A = \(6,8) > 0 and T = T(J,s) > 0
such that for every t > T and z € C([—t,0]; H)

[z2(=t) g < A, S—i(2) < s = distu(2(0), K;) < 4. (7.2)
Lemma 7.3. For all s,6,r > 0, there exists n € N such that
Br =1inf {Sp(u) : ve Hys5(n)} > s,
where for eachn € N, s >0, 6 >0 and r > 0, the set H, s 5(n) is defined by
Hys5(n) :={u e C((0,n];H), [w(O)|x <7, [u(@)la =X j=1,....n},  (73)
and X is the constant depending on s and 9, obtained in Lemma 7.2.
Assuming Lemmata 7.2 and 7.3, the proof of Theorem 7.1 follows the same line of the
proofs of [22, C.3] and [9, Theorem 7.3]. We give here the proof, with some additional

details, for the reader’s convenience.

Proof of Theorem 7.1. Let us fix 6 > 0, v > 0 and s > 0 and let us choose positive
constants R, and &4, as in Theorem 5.1.

Because v, is an invariant measure for the Markov process generated by equation (4.1)
and the set {# € H : dist(z, K;) > 6} is closed and hence a Borel subset of H, we infer
that

ve({ze H : dist(z,K,) > 6)) = / P (dist (ul(£), K.) > ) v.(dy) (7.4)

Bu(0,Rs)

Thanks to Theorem 5.1, for any € < £5 we have

/ P (dist (ul (£), K.) > 6) va(dy) < e~ % (7.5)
B%(0,Rs)

Now, in view of Lemma 7.3, we can pick n € N such that

uw € Hp, 55(n) = Si(u) > s.
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Since the set Hpg, s.5(n) is closed in C([0,n]; H), and since by Theorem 4.2 the family
{u¥}.so satisfies the large deviation principle in C(]0,n]; H) uniformly with respect to
y € Bu(0, Rs), we infer that there exists 1 > 0 such that

sup P(uf € Hp,s5(n)) < e*s_g/z, e <eg. (7.6)
y€Bu(0,R,)
This implies that for e € (0,e1),
[Pt 20, K0) 2 6. € H s vely) < 2
BH(O:RS)
Thus, for € € (0,e1),
P (dist (u?(t), K3) > 8) < e~ 2 (7.7)
BH(OaRs)
+ / P (dist (u? (1), ) > 6, u? ¢ Hp, .5(7)) v (dy).
B (0,R,)

Thus we only have to deal with the second integral on the RHS of (7.7).
Let now fix t > n, ¢ € (0,65 Aey) and y € Bu(0, Rs). In view of the definition of
H, s 5(n), we have that

{uec C([0,n];H), [u(0)[a <7} \ Hrs5(n) = U {ue C([0,n]; H), [u(G)[a < A}. (7.8)

Therefore, because |[u¥(0)|g = |y|lu < Rs, we infer that
{w € Q:dist(ul(t), Ks) =6, u? ¢ HRS’S)(;(?:L)}

-U {w € Q: dist(ul(t), K.) > 6, [ul(j)u < A}.
j=1

Moreover, by the Markov property of the process u¥, we infer that if P(r,t,dz),
0 < 7 < t, is the transition probability function corresponding to the Markov process
u¥(t), t > 0 and y € H, then

}P’(dist(ug(t),Ks) > 5, [u? ()| < A)

= [ PUvdap(isti(-).K.) 2 ) (79)
{lu (@) la<A}
< sup P(dist(uZ(t — j), Ks) > 0). (7.10)

|z|[H <A
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Therefore,

P (dist (uf(t), Ks) = 0, u ¢ Hr, s.5(n)) ve(dy)

ylu<Rs
< Z sup P (dist (uZ(t —j), Ks) > 9).
=1 2€Bu(0)

Next, in order to estimate the RHS of the last equality, we fix z € By (0, A) and define
two auxiliary sets K,(\,t) and K,(z,t) by

KA t) :={ue C([0,1];H) : Si(u) < s, [u(0)|ln < A},
and
Ky(z,t) :={ue C([0,t];H) : Si(u) <s, u(0)==z}.
Since, |z|lg < A, we observe that
K(z,t) C Ko(\1).

Moreover, according to Lemma 7.2, there exists T > 0 such that for any 7> T

p € K\, T) = dist(p(T), Ks) <

N

In what follows we fix ¢ > max{T,n}, and we prove that for any u € C([0,¢]; H) such
that

diStC([O,t];H) (uva()‘at)) <5 (712)

|

we have
dist(u(t), Ks) < 6.
Indeed, if (7.12) holds, then there exists ¢ € K(A,t) such that
diste (o, (u, ) < g,

so that |u(t) — o(t)|u < g. Hence, by the triangle inequality, we infer that

dist(u(t), K.) < fut) — (0 + dist(u(t), K.) < 3+ 2 =4
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Since, K;(z,t) C Ks(A,t) we deduce that

P (dist (uZ(t), Ks) > 0) <P (distc([oyt];H) (u¥, Ks(A 1)) > g)
. . )
<P (dlStC([o,t];H) (uZ, Ks(z,t)) > 5) .

Next, as the set
. )
{ue (0,4 1) : disteqo g (e, Koy, 1) > 5}
is closed in C([0,¢]; H), and, by Theorem 4.2, the family {uZ}.5o satisfies the large

deviation principle in C([0,¢]; H) uniformly with respect to z € Bg(0, A), we infer that
there exists e5(t) > 0 such that

. z 0 _s=v/2
sup P (dlStC([O,t];H) (uZ, Kq(y,t)) > 5) <e = e < e(t).
z€Bu(0,\)
Therefore, if we define
ez :=min{ea(t — 1),...,e2(t — n),e5,1},

due to (7.4), (7.5), (7.7) and (7.11), we deduce that for € < €3,

ve(ze H @ dist(x, K(s)) > 0)
<e iPq(l4n)e T =e i1+ (1+n)e E).

This clearly implies (7.1), if we take g¢ sufficiently small. O

8. Proof of Lemmata 7.2 and 7.3

Proof of Lemma 7.2. Suppose that there exist § > 0 and s > 0 such that for every n € N
there exists a function z, € C([—n,0]; H) with

S_n(zn) <s, distg(2,(0), Ks) > 4, (8.1)
and
B = |zn(—n) |3 N0, asn — oo. (8.2)

We will show that this leads to a contradiction.
Note that for every n € N, the function z, satisfies the following a priori inequality

sup |
s€[—n,0]

() + / on(8)[ ds < [za(—n)[3 + / Fule)Eds,  (83)
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where
fa(s) = H(zn)(s) = 2,(5) + Azn(s) + B(2n(s), 2a(s)), s € (-n,0).

Therefore, in view of inequality (4.6), by conditions (8.1) and (8.2), we infer that there
exists ¢ > 0 such that

0
sup |za ()% + / en(8)% ds < o + c.
s€[—n,0]

—n

Moreover, by inequality (3.6), there exists a constant ¢ > 0 such that

V- +n Zﬂ(')|%°°(fn,O;V) + V- +n Zn(')|2L2(7n,O;D(A))

A4
< coxp [e(lzn(=m)lh + |l o) (84
x (12 (=) + al32 (o) + PlFal3 (o )
If s € [-%5,0], we have s +n > & and therefore, from (8.4), we get
n
§<|2n|%w(—%,0;v) + |zn|i2(7%,0;D(A)))
< cexp [e(lza(=nl + falbs Cnovn)]
% (2 (=l + falke oy + lfalienom )-
This implies that there exists a constant ¢z = ca(s, |21(—1)|%) such that
|2n|Loe(— 2 0v) + [ 2nlL2(—2 0p(a)) S 2, nEN. (8.5)
Moreover, this implies that there exists a constant c3 > 0 such that
|2 (L2 (=2 0y < 3. (8.6)
Indeed, since for n € N,
n
2 (t) = falt) = Az(t) = B(za(t), 2 (1), t€ (=5,0),
we infer that
2|2 (— 2 0:1)
< |fulrz(-n 0m) + [Aznlp2 (-2 0wy + |B(2n, 2n)|L2(— 2 0m) (8.7)

< e fallon om FClzalizn opay + 1Bz z0)| L2 2 om) + 1.
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Next, from inequality (2.10), we deduce that

IB(zn, 20)l 22— 2 0511 < 12l (3 0510 20 Lo (- 2 05v) [2n ] L2 (- 3 0y |20l 20,05 ) -

Thanks to (8.3) and (8.5), this implies that for some constant ¢ > 0
|B(Zn, Zn)'LQ(fg,O;H) < C, n € N.

Hence inequality (8.6) follows, due to (8.7) and (8.5).

Now, let us fix k& € N. Notice that if n > 2k then [—k,0] C [-%,0]. We can consider
the sequence {z,}7° 5., or more precisely, the sequence of restrictions of that sequence
to the time interval [—k,0]. According to (8.3), (8.5) and (8.6), this sequence satisfies

0
sup |zn(r)[3 + / on (P dr < B+ c5
re[—k,0] A

and

20l T (—kovy + | 20l T2 k0pay) F 12nlee(rom) < e

Moreover, as S_,(z,) < s, for any n € N we have

))gx/ﬂ.

|f"|L2(—k7O;D(A%

Hence, by a standard compactness argument, (compare with the first method of proof
of Theorem 6.1 in [18, page 71 onwards] and the proof of Theorem III.3.10 from [25]),
for each fixed k € N there exist two subsequences

{Zﬁj };il C {zn}tnlak and { jfj };)il C {fatnZak:

and two functions f* € L%(—k,0,H) and v* € C([-k,0]; V) N L*(—k,0; D(A)), with
DyuF € L?(—k,0;H), such that, as j — oo,

zflj — ¥, weakly in L?(—k,0; D(A)) and strongly in L*(—k,0; V) N C([—k,0]; H),
fu. = [*, weakly in L*(—k,0; D(A%)),
u® satisfies

Dyu® + Au® + B(u*, u*) = fi. on (=k,0),
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and

k|2 k2
WS- ko) S €55 |f |L2(7k,O;D(A%)) < 2s.

o0

Moreover, by an inductive argument, the sequences {sz] 521 and { f,’fj 521 can be chosen

in such a way that, for any k € N, the restrictions of u**! and f¥*1 to (—k,0) are equal
to u* and f¥, respectively.

This allows us to define two functions w and f on the interval (—oo,0) such that for
every k, the restrictions of u and f to (—k,0) are equal to u*¥ and f*, respectively. These
functions u and f satisfy, for every k € N,

Dyu+ Au+ B(u,u) = f on (—k,0),
and

2 2
e (= k,01m) < €5, |f|L2(—k,0;D(A%)) < 2s.

The last of these properties implies that f € L?(—oo0, 0; D(Ag)) and

2 < 2s.
‘f|L2(—oo,O;D(Ag)) =25

Moreover
Diyu+ Au+ B(u,u) = f on (—o0,0),
so that S_o(u) < s. Finally, due to (8.2), there exists a sequence {t,} | —oco such that

lim |u(ty,)|g = 0.

n—oo

Therefore, by Lemma 3.7 we infer that v € X. Thus, thanks to the characterization of
U given in equality (4.13) in Theorem 4.4, we can conclude that U(u(0)) < s, so that
u(0) € K.

On the other hand,

lim 2z} =w, in C([-1,0];H),

j—oo 7
and, by our assumptions, disty(z,(0), Ks) > ¢. Hence
disti (u(0), Kg) > 6

which contradicts the fact that u(0) € Ky. O
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Proof of Lemma 7.3. Let us assume that there exist s > 0, § > 0 and r > 0 such that
for every n € N there exists u,, € H, 5 5(n) such that

Sp(up) < s+ 1.

In particular, due to (3.2), we have

[Un|c(jo,n);H) < ¢ /3050 (1+r)=¢csr, neN (8.8)
Now, for any k € N, we define

Vi = 1inf {Sk(u); uw € C([0,k]; H), [u(0)|g < csr AT, |u(k)|lm > A}.
If we show that there exists k € N such that v > 0, then, due to (8.8), we have
Spi(Ug) Znyg, neN,
which contradicts the fact that S,z (u,;) < s+ 1. Therefore, in order to conclude our
proof, we show that there exists some k € N such that v > 0.
For any = € H, we denote by z,(t) the solution of the problem
(1) + Azalt) + Bz(t), 2(6) =0, z(1) 2.

According to (3.3), there exists some integer k > 1 such that
A _
|zl < csp = |20 ()| < > t>k. (8.9)

We show that, for such k, it holds v; > 0. Actually, if 7z = 0, then there exists a
sequence

{vn}tnen C {u € C([O,lz:];H); [w(0) | < csr AT, |u(k)|u > /\} ,
such that

lim Sj(v,) = 0. (8.10)

n—oo

Thus, there exists 7 € N such that Sz (v,) < s+ 1, for any n > n and hence, according
0 (8.8), [vn(1)|u < ¢, for any n > n. Moreover, thanks to (3.6), there exists a constant
Cs i such that

|vn‘L°°(1,l;:;V) < Es,r,l}’ nzn. (811)
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This means, in particular, that there exists a subsequence {vn,}jen C {Un}nen and
z € H such that

lim [v,, (1) — &/ = 0. (8.12)

Jj—o00
Since |v,(1)|a < ¢, it follows that |Z|g < ¢, and then, due to (8.9), it follows that

lzz(k)|m < 5. (8.13)

| >

Now, as a consequence of (8.10), for every n € N there exists f, € L?(0, k; H) such that
Uy, (1) 4+ Avp (t) + B(on (1), va (1) = fult),
and

Jim | falez ok = 0

According to (8.12), this implies that
Jim fon; = Zzlequigm = 0,
so that |zz(k)|g > A, which contradicts (8.13). O

Appendix A. Behavior of the solutions of the Navier—Stokes equations for large
negative times

In our paper with Mark Freidlin [3] we proved the following two results, see Proposi-
tions A.1 and A.2, for the general 2-D Navier—-Stokes Equations. We formulate them in
way that does not need to use special notation used by us.

Proposition A.1. Assume that z € C((—o0,0]; H) is such that

i [=(t)] = 0 (A1)
and S_s(2) < 00, i.e.
0
/ |2/ (t) + Az(t) + B(2(t), 2(t)) |} dt < oo (A.2)
Then, we have z(0) € V,
lim |z(t)]v =0, (A.3)
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and
0 0
/\Az(t)|§dt+ / 12 (8)[2 dt < oo. (A.4)

Moreover, there exists a continuous and strictly increasing function ¢ : [0,00) — [0, 00)
such that ¢(0) =0 and, if z satisfying condition (A.1) is a solution to the problem
2(t) + Az(t) + B(2(1), 2(t)) = f(t), t<0, (A5)

with f being an element of L*(—o0,0;H), then

2OR + [ 1Aswfder [12Okd <o [ 1Ok (20

Proposition A.2. Assume that a € (0,1/2). If a function z € C((—o0,0]; H), satisfying
condition (A.1), satisfies also

0
/ |2/ (t) + Az(t) + B(z(t), 2(1)) fo%) dt < oo, (A.7)
we have
2(0) € D(A5*2), (A.8)
tl}r_noo|z(t)‘D(A%+%) = 07 (Ag)
and
0 0
/ |AS T 2(1) | dt + / |A% 2 ()[4 dt < oc. (A.10)

Moreover, there exists a continuous and strictly increasing function ¢, : [0,00) — [0, 00)
such that p,(0) = 0 and if z, satisfying condition (A.1), is a solution to problem (A.5)
with f € L%(—00,0; D(A%)), then

0 0
2O 501, + / |ASH1(8)[2 dt + / |A% 2/ (¢)2 dt (A.11)

2
)‘D(Ai

S gpa(|f|iz(7m70);D(A%))' (A12)
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The reason for the restriction « € (0,1/2) in Proposition A.2 lies in the fact that we
have used continuity of the Leray-Helmholtz projection P from H*(O,R?) into D(A®/?),
see Proposition 2.1 in [3] (and (2.6) in the current paper).

The aim of this section is show that in the case of the 2-D NSEs with periodic boundary
conditions, i.e. NSEs on a 2-dimensional torus, Proposition A.2 holds true for any a > 0.
Of course we will only need to consider the case o > % The main result in this section
is as follows.

Proposition A.3. Assume that o > 0. If z satisfies conditions (A.1) and (A.7), then it
satisfies (A.8), (A.9), and (A.10) as well.

Moreover, there exists a continuous and strictly increasing function ¢4 : [0,00) —
[0,00) such that ¢ (0) =0 and if z, satisfying condition (A.1), is a solution to problem
(A.5), with f € L?(—00,0; D(A %)), then inequality (A.11) holds as well.

The following proof is an adaptation of the proof of Proposition 2.2 from [3]. In fact,
we follow the lines quite literary. As mentioned earlier, we only need to consider the case
a € [1/2,00). Since the estimates for the nonlinear term B given in Propositions 2.3 and
2.4 are different for & < 1 and a > 1 we will have to consider two cases: a € [1/2,1] and
a € (1,00). If o € [1/2,1] then we can use inequality (2.15) with s = 2. In this case the
proof from [3] is virtually the same. Note however, that if & > 1 and inequality (2.17)
holds, this does not imply that inequality (2.15) with s = 2 holds.

Proof of Proposition A.3. In the whole proof all the norms and scalar products are in H.
For the readers convenience and the completeness of the results we will prove our
result in the special case

a=1

So, let us fix ¢ € D(A) and a function z satisfying conditions (A.1) and (A.7).
Following the methods from the proof of Proposition 2.1 from [3] it is sufficient to prove
(A.8), (A.9), and (A.10).

Since the function z satisfies inequality (A.6), we can find a decreasing sequence {s, }
such that s, \, —00, z(s,) € D(A), n € N and

lim |Az(sp)|g = 0. (A.13)
n—roo
Arguing as in the proof of [3, Proposition 3.3], we infer that the function |[Az(-)|3 is
absolutely continuous and satisfies the following identity on (—oo, 0]

1d
§%|A2(t)l¥{ +IAZ2()E = —(B(2(t), 2(1)), A22()m + (f(t), A%2(t))n. (A.14)
In view of inequality (2.15), with s = 2 and a = 1, we infer that there exists ¢ > 0 such
the following inequality is satisfied for f € D(A%)
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—(B(z,2),A%2) + (Af,A%2) = —(A2B(z,2),A%2) + (A2 f,A%2)
1
< §|A%z|2 T clAz|* + AT f]?, z € D(A).
Hence, we infer that on (—oo, 0], we have
d 3 1
E\AZ(UI% +[A22(t)[} < c|Az()FIA2()]F + 21A2 F() (A.15)
Therefore, by the Gronwall Lemma, we get
A2(0)[f < |Az(s)[fec o 1A=l (A.16)
t
+ 2/|A%f(r)|§lec F1Az @i de g oo < 5 <t <0,

Note that by inequality (A.6) we have

t

sup [ 1A dr < (1), ¢ <0

where for the sake of brevity, we set |f|52(—o,0;1) = | f]-
Hence, using inequality (A.16) with s = s, from (A.13) and then taking the limit as
n — 0o, we infer that

t
Az(t)% <2 / |Az f(r)[2ec S 1820 de g ¢ < 0, (A.17)
Therefore, we conclude that

0
sup [Az(t)|? < 2eC¢ (/1% / |AZ f(r)[? dr. (A.18)
t<0

Moreover, by assumption (A.7), definition (A.5) of the function f and inequality (A.G)
we have

0 0
/ |A%f(7~)|QeCJf |Az(p) [ dp g, < oC /2o 1A2(p) I} dp / \A%f(r)|2 dr < oo,

we infer that

t——o0

¢
lim / |A%f(r)|12{ expecf: A=)l de gy — .
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Hence, due to (A.17), we have that (A.9) holds for ao =1, i.e.
. 2 o
i |2()[pay = 0.

Now, let us prove the first one of inequalities (A.10), with o = 1. For this aim, let us
observe that from (A.15) we deduce that

0 0 0
AZ(O)f% + / Afa()hdt < c / Az(t)lh dt +2 / AL F(0)[3 dt

0 0
<cswplas®f [ 1As(0fde+2 [ 1AL
<0
Taking into account inequalities (A.18) and (A.6), we infer that

0 0
|Az(0)% + / |A%z(t)|gdtg2/|A%f(t)|%dt (A.19)

0
T 2ep(| s 1) / A} f(r)[3 dr,

and this concludes the proof of the first part of inequalities (A.10).
In order to prove the second of inequalities (A.10) (with a = 1), i.e.

0
/ A2 (1) dt < oo
— 00
by the maximal regularity of the linear Stokes problem, it is enough to show that

0
/ |A2 B(2(t), 2(t)) 3 dt < oo.

According to inequality (2.15) (with s = 2 and o = 1), we get, similarly to (A.19),
the following estimate

0

0
/|A%B(z(t),z(t))|%{dt§0/ |Az(t)| & dt (A.20)

— 00

0
< 2ep(| f[2)ece 1) / AL F(r) 3 dr.

The proof, for a = 1, is now complete.
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The case a > 1 has to be treated very carefully. To this purpose, we first consider
the case a € (1,2]. We fix ¢ € D(A®2") and a function z € C((—o0,0]; H), such that
z(0) = ¢, satisfying conditions (A.1) and (A.7), i.e.

lim |z(t)|u =0,

t——o0

and

0 0
/ [f() ;(A%)dt = / |2/ (t) + Az(t) + B(2(t), 2(t)) QD(A%) dt < 0.

Since the assumptions in the present proposition are stronger than the assumptions of
Propositions A.1 and A.2, we can freely use the results from their proofs, see [3].

As before, it is sufficient to prove that z satisfies conditions (A.8), (A.9), and (A.10).
We notice that, due to inequality (A.10) with o = 1, we can find a decreasing sequence
{sn} such that s, \,—oo and

lim |A2z(s,)|g = 0. (A.21)

n—oo

Hence, as o < 2, we get

. atl o
nl;rgo|A 2 z(sp)|lu = 0.

Therefore we can deduce that the function \AQTH u(t)|% is absolutely continuous and
satisfies the following identity on (—o0, 0]

LA ) + A = —(B((0), 2(0), A 2(0) + (F(1), A 12() (A.22)

. . . 3 .
By inequality (2.17), since § < 3, we infer that

—(B(z,z),Ao‘+1z) = (A%B(z,z),AH'%z) < c|A%z|H|AaTHz|H|A1+%z\H

1 o [e] [e3 1 o [e3
< JIATE AR A ATRIAT 2l < JIAT R + AR HIATE 2

Due to (A.22), this implies that
d [e3 [e3 o3 o
T 2O AT (0 < AT RIAT (1) + 21A% F(1)

Therefore, by the Gronwall Lemma, for any —oo < s <t < 0 we get
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t
AT 213 < AT 2(s) % exp c/ A2 ()3 dr (A.23)

t t
2 [Iaf e (o [ 1A (s | dn

Note that by inequality (A.12) with « = 1 we have

t

sup [ |A22(r)ff dr < (171

Sn

where we use notation shortcut |f|,/2 = |f|L2(foo,O);D(A%)' Hence, using inequality
(A.23) with s = s, from (A.21) and then taking the limit as n — oo, we infer that

t

o a E a2
A () <2 / AF () e r 18220l dr g ¢ <0, (A.24)
so that
0 2 2
sup |A“T 2(t)] < 2 / |A%f(r)\%{dre<pl(|f|%) = 2|f\2%e¢1(|f‘%). (A.25)
t<0

Moreover, as
0
3
/ A3 F(r)Zec f AR 20 B de gy o
we have that

3
; 3 iy 2ec S AR () B dp g,
i [T e O o

— 00

and (A.9) follows from (A.24).
Next, we observe that, due to (A.15),

0

AT O+ /|A |Hdt<c/|A%z A" (0 d

—|—2/|A f( )|Hdt<csup|A E 2(t \H/|A2z \Halt—i-2|f|2
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Taking into account inequalities (A.25) and (A.10) with @ = 1, we infer that
0
AR+ [ AT a0 fde <21 (4.26)

e1(IF13)
el e o (112)

and this concludes the proof of the first part of inequality (A.10).
Invoking the maximal regularity of the Stokes evolution equation, in order to prove
the second inequality in (A.10), it is enough to show that

0
/ IAS B(2(t), 2(t))[2 dt < oo.

According to inequalities (2.17), (A.25) and (A.10) with a = 1, we have

0 0
[ 1A%BG0. R <e [AT0RAT R @ (A.27)

0
< esup A (1) / INEOIY
t<0

—00

2
< |fgerMlerpy(f13).

The proof in the case a € (1,2] is now complete. A simple extension of the last argument
and mathematical induction with respect to the integer part of o can provide a complete
proof for all « > 0. O
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