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HYDROMAGNETIC STABILIZATION OF JET-DRIVEN VORTEX n o w  

J. J. Keyes, Jr., T. S. Chang, and W .  K. Sartory 

Confined, vortex-type flows generated by t angen t i a l  impingement 
of f l u i d  on the i n t e r i o r  surface of a tube a r e  observed t o  be unstable 
a t  values of t angen t ia l  Reynolds modulus much below the  range of in-  
t e r e s t  f o r  such advanced energy conversion appl ica t ions  a s  the  gaseous- 
fueled nuclear reac to r  and t h e  vortex magnetohydrodynamic power gen- 
e r a to r .  A t  t he  operating temperature l e v e l  envisioned f o r  these  devices, 
however, t he  e l e c t r i c a l  conductivi ty may be s u f f i c i e n t l y  high t h a t  
magnetohydrodynamic s t a b i l i z a t i o n  can be considered. Experiments a r e  
described which demonstrate the s t a b i l i z i n g  influence of an a x i a l  mag- 
n e t i c  f i e l d  (up t o  75 kilogauss)  on vortex flow of an aqueous e l ec t ro -  
l y t i c  conductor generated by two-dimensional, t angen t ia l  wal l  j e t s .  
For example, using a 10-cm-diam vortex tube having two feed j e t s  and 
a s ing le  e x i t  o r i f i c e  at  the  center  of one end, the  t angen t ia l  Reynolds 
modulus a t  t r a n s i t i o n  t o  i n s t a b i l i t y  was increased from 500 with no 
magnetic f i e l d  t o  7600 with the  75 kilogauss f i e l d  (corresponding t o  a 
Hartmann modulus based on the  tube radius  of 172).  The experimental 
magnetic s t a b i l i z a t i o n  r e s u l t s  f o r  1-, 2-, and 4 - s l i t  i n j e c t i on  a r e  
corre la ted i n  terms of a modified "Gzrt ler  modulus" [ t angen t ia l  Reynolds 
modulus based on momentum boundary-layer thickness times (momentum 
t h i c k n e s s / r a d i ~ s ) ~ '  43] and t he  Hartmann modulus based on momentum 
thickness.  

An MHD Gzrt ler- type s t a b i l i t y  ana lys i s  based on a t angen t ia l  j e t -  
i n j ec t i on  ve loc i ty  p r o f i l e  over a concave wal l  i s  considered. The 
f l u i d  medium is  assumed t o  be incompressible, viscous, and e l e c t r i c a l l y  
conducting. The s t a t i ona ry  j e t - i n  jec t ion ve loc i t y  p r o f i l e  i s  calcula ted 
according t o  t he  c l a s s i c a l  theory of laminar boundary-layer flow, 
neglecting e f f e c t s  of curvature.  The s t a b i l i t y  ana lys i s  i s  ca r r i ed  out 
numerically based on t he  l i n e a r  per turbat ion theory f o r  the  calcula ted 
s ta t ionary  p ro f i l e  subjected t o  an ex te rna l  magnetic f i e l d .  Whereas 
the  ~ e t - v e l o c i t y  recovery r a t i o s  ( t angen t ia l  ve loc i ty  extrapolated t o  
wall/mean i n j ec t i on  ve loc i ty )  derived from the  t h e o r e t i c a l  s t a t i ona ry  
ve loc i ty  p ro f i l e s  agree wel l  with the  measurements f o r  magnetically 
s t ab i l i z ed  vortex flow, the  agreement between r e s u l t s  of the  s t a b i l i t y  

. ana ly s i s  and the  measurements i s  poor. Possible reasons f o r  the  d i s -  
agreement a r e  discussed. 

T Consultant,  Heat Transfer-Fluid Mechanics Section, Engineering 
Science Department, Reactor Division; NSF Professor of Continuum 
Mechanics, Department o f  Engineering Mechanics, North Carolina S t a t e  
Univercity, Raleigh, North Carolina. 



1. INTRODUCTION . . 

Confined, vortex-l ike flows generated by tangent ia l  impingement of 

f l u i d  on the  i n t e r i o r  surface of a tube a re  of current  i n t e r e s t  f o r  

app l ica t ion  t o  such advanced energy conversion devices a s  t h e  vortex 

magnetohydrodynamic (MHD) generator and t he  gaseous f u e l  (or  gas -core)+ 

, nuclear reac tor  u t i l i z i n g  vortex containment of the  f iss ionable  mater ia l .  

The vortex MHD generator,  f o r  example, u t i l i z e s  the  in te rac t ion  between 

a ro t a t i ng  plasma and an ax.ial (or r a d i a l )  magnetic f i e l d  t o  induce a 

r a d i a l  (or  a x i a l )  e l e c t r i c  f i e l d  .l The vortex gaseous-fuel reactor ,  as  

o r i g ina l l y  proposed, depends on a balance between the  outward cen t r i fuga l  

force  on the  heavy f u e l  molecules and t he  inward force due t o  convection 

of a l i g h t ' g a s  which i s  used t o  generate t he  vortex and which s p i r a l s  

r a d i a l l y  inward. This balance of forces  can, i n  pr inciple  f o r  laminar. 

flow, e f f e c t  containment of the  f u e l  i n  an annular region away from the  

cy l i nd r i ca l .  wal l  wi thin  which t h e  gas i s  c.onstra.ined t.o ro t a t e ,  thereby 

enabling gas temperature6 t o  bc a t t a ined  which may be wel l  i n  excess of 

t h a t  f o r  so l id - fue l  ' reactors  .. 2 
It may be possible t o  combine the vortex reactor  and the  vortex MHD 

generator i n  the  same tubula r  u n i t ,  as ill.~n.stsat,erl. schema.t,i ca l l  y in Fig.  1 . 
Here the vortex flow f i e l d  i s  by je t s  of l i g h t  gas irqJlngtng 

tangent ia l ly  on t he  concave in ter j .or  sl.i.rface of a s t r a i g h t  channel, i n  

t h i s  case a un i t  ' c e l l  of the  reactor  core matrix. The gas s p i r a . 1 ~  

r a d i a l l y  inward through the annular f u e l  zone and, i n  the  process, i s  

heated by d i r e c t  molecular interchange and/or radia t ion.  The hot,  

ro ta t ing  gas which may be s t rongly ionized and hence e l e c t r i c a l l y  con- 

duct ing ( i  .e . , a plasma) w i l l  i n t e r ac t  with an a x i a l  mggnetic f i e l d  
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t o  produce a r a d i a l  e l e c t r i c  f i e l d  between the  inner electrode (which 

a l s o  serves f o r  removal of t h e  gas) and the  f u e i  zone which would serve 

a s  an outer  plasma electrode f o r  the  vortex generator. 

Experimental s tud ies  of jet-driven vortex-type flows 11a.v.e revealed 

t h a t  such flows a r e  turbulent  a t  values of t angen t ia l  ve loc i ty  (and 'cor- 

responding t angen t i a l  Reynolds modulus) much below the  range of i n t e r e s t  

for .  t he  app l ica t ions  .3 Turbulence r e s u l t s  i n  excessive f r i c t i o n a l  losses ,  

and, i n  t h e  case of t h e  reac tor  appl icat ion,  l i m i t s  separation and kence 

f u e l  containment by t he  process of eddy mixing. Suppression of or,  hope- 

f u l l y ,  complete el imination of turbulence would ce r t a in ly  increase the  

f e a s z b i l i t y  of these  energy c.onversion concepts. Another problem of 

hydrodynamic o r ig in  r e s u l t s  from the  i n t e r ac t  ion of the  primary tangent ia l  

flow with t he  end wal ls  of t he  vortex chamber causing some of t he  f u e l  

mixture t o  bypass t h e  i n t e r i o r  of the  chamber by r a d i a l  flow i n  t he  

boundary layers  which develop on t h e  end wal ls .  This problem was con- 

s  idered a n a l y t i c a l l y  and experimentally by Kidd . * 
Attempts t o  minimize turbulence by purely f  luid-mechanical tech- 

niques, such a s  wal l  suct ion employing porous and s l o t t e d  walls ,  and 

w a l l  cooling, have met with only l imi ted success .3-5 Most recent ly ,  

however, a t t e n t i o n  has been focused on the  s t a b i l i z i n g  influence of an 

a x i a l  magnetic f i e l d  on the vortex flow of an e l e c t r i c a l l y  conducting 

f l u i d  s ince ,  i n  t he  appl icat ions  of i n t e r e s t ,  operation w i l l  be a t  

s u f f i c i e n t l y  high temperature t o  su s t a in  a r e l a t i v e l y  high l e v e l  of 

ion iza t ion  i n  an i n e r t  gas ( f o r  example, helium seeded with cesium) . 
/ 'This  paper summarizes r e s u l t s  of an exploratory ana ly t i c a l  and experi-  

, mental inves t iga t ion  i n to  confined, vortex-l ike flow of an e l e c t r i c a l l y  



conducting f l u i d  f o r  the  ult imate purpose of determinging the  f e a s i b i l i t y  

of applying magnetic s t a b i l i z a t i o n  t o  t he  vortex reactor  concept and 

extending s i gn i f i c an t l y  the  i n i t i a l  r e s u l t s  reported by Keyes .6-7 The 

term vortex-l ike flow is  used here t o  describe a flow which i s  pre- 

dominantly two dimensional over most ,of  t h e  chamber volume and which 

i s  characterized by a t angen t ia l  ve loc i t y  which var,ies approximately in -  

verse ly  with radius  ( f r e e  vortex) away from so l i d  boundaries..  A s  a con- 

sequence of the  reduction i n  wall  shear e f fec ted  by s t ab i l i z a t i on ,  of the  

flow, increase i n  recovery of i n j ec t i on  ve loc i t y  a s  t angen t i a l  ve loc i t y  

would be expected; and t h i s  paper a l s o  presents  experimental and ana ly t i -  

c a l  r e su l t s  suhs tan t ia t ing-  t h i s  expecta'bion. 

To the  authbrs knowledge, no experimental hydromagnetic i nves t i -  

gation i n t o  je t -dr iven vortex flows other than.  t h a t  dcocribed by Keyes 

has been reported.  Some work has .heen.descr ibed,  however, i n  which 

the  s t a b i l i z i n g  e f f e c t  of an a x i a l  magnetic f i e l d  on axisymmetric 

~ o u e t t e  flow was experimentally determined. The most s i g n i f i c a n t  re-  

s u l t s  appear t o  be those of Donnelly and 0zima8 and of Donnelly and 

caldwells who employed a ro t a t i ng  cyl inder  viscometer ( r e l a t i v e l y  

s ~ ~ a l l  gap) fl?. which the  inner. cyl inder  was ro ta ted  a t  constant speed 
. .  . 

and the  torque t ransmit ted  t o  the  s t a t i ona ry  outer  cyl inder  was meas- 

ured; mercixry w a s  used an the  elecLr1cally conducting f l u i d .  The 

observed dependence of the  c r i t i c a l  Taylor modulus on Hartmann modulus 

f o r  the  case of p l a s t i c ,  insula ted 'cylinders,  agreed very c lose ly  



with t he  theory of chandrasekhari0 f o r  insu la t ing  walls ( ~ a ~ l o r  

modulus propor t ional  t o  t he  square of t h e  .I-Iartmann modulus). 

Recently Chang%and SartoryZx have developed c r i t e r i a  f o r  hydro- 

magnetic s t a b i l i t y  of non-dissipative and d i ss ipa t ive  incom-pres~ible 

vor tex- l ike  flows includi.ng e f f e c t s  of inward and outward r a d i a l  flow, 

under t h e  assumption t h a t  t r a n s i t i o n  occurs from a s ta t ionary  two- 

dimensional flow t o  a s ta t ionary,  three-dimensional flow of c e l l u l a r  

na tu r e . a s  described or ig ina l ly  by G.  T.  Taylor'. For t he  case of 

pe r f ec t l y  conducting nonpermeable walls, it .can be deduced t h a t  t he  

c r i t i c a l  t angen t ia l  Reynolds modulus f o r  t r a n s i t i o n  t o  ins ta .bi1i - t~  . 

increases  a s  t h e  square of t h e  Rartmann modulus (dimensionless magnetic 

f i e l d  s t reng th  defined i n  Section 4 ) . f o r  su f f i c i en t l y  l a rge  values of 

t h e  Hartmann modulus. 1t i s  now known, however,.that under ce r t a in  

condit ions .Lransition t o  o sc i l l a t o ry  modes of i n s t a b i l i t y  can occur 

which l e ad  t o  lower c r i t i c a l  Reynolds moduli than those based on 

s ta t ionary  modes! The a,n&lysls uf o sc i l l a t o ry  modes i s  kunmarized 

by Chang and Sar tory i n  Ref. 12, from which it can be deduced that ,  

f o r  t he  case j u s t  considered,the o sc i l l a t o ry  modes a r e  more c r j - t i c a l  

a.nd, lead, t o  an asymptotic re la t ionsh ip  between tangent ia l  Reynolds 
, ,  - 

modulus and Hartmann modulus which i s  l i n e a r .  The main'implication of 

these  hydromagnetic Couette flow r e s u l t s  as f a r  a s  t h e  preserrt yroblem 

i s  concerned i s  tha t ,  i f  Lhe i n s t a b i l i t y  in t he  jet-driven case i s  

derived from the  same mechanism a s  t h e  Taylor ins . t ab i l i ty  (o r  more 
\ 

appropr ia te ly  t he  Taylor-GSrtler i n s t a b i l i t y ) ,  it would be reasonable 

t o  expect a s imi la r  s t a b i l i z i n g  influence uf t he  magnetic f i e l d .  
___J" 



The assumption of axisymmetric Couette flow between rotating 

cylinders is not a particularly good approximation to the actual jet- 

driven flow of interest for the applications. Rather, ,the actual 

flow is dominated by a boundary layer which forms downstream from a 

tangential wall jet impinging ,on a curved surface. This flow is 

certainly not axisymmetric, although there is circumferential periodicity 

associated with the uni-formly spaced jets. Initial results are 

presented in Section.5 of an analysis which considers the jet-boundary 

layer with respect to both stationary velocity distribution and hydro- 

magnetic stability; these analytical results are compared with the 

experimental..data in Sections 4 and 5. 

In connection with the use of an aqueous electrolytic conductor 

as the working fluid, the investigation of Boedeker and covert13 is 

of significance. They measured the effect of a transverse magnetic 

field on the helical flow of hydrochloric acid solution and found 

measurable interaction with the primary and with the secondary flow 

structure when 'the Reynolds 'and Hartmann moduli were approximately 

eqi.ial and at least of order unity. A significant conclusion of this 

study is that the one-fluid or continuum model of hydromagnetic flow 

which assumes no net electrical chargc is valid fol. electrolytes in 

the absence of large gradients. 

3. E X P m N T A L  TECHNIQUES AND APPARClTUS 

In order to achieve the objectives of this investigation most 

expeditiously, flow visualization (including motion-picture photography) 

was employed to permit observation of the transition phenomenon as 



8 

influenced by t he  magnetic f i e l d  and t o  make possible quant i ta t ive  

determination of t angen t i a l  ve loc i ty  withou'l; the  need f o r  inse r t ion  . 

of probes .' A concentrated .aqueous so lu t ion  of ammonium chloride . 

(350 g / l i t e r )  was se lec ted  as the  e l e c t r i c a l l y  conducting working 

f l u i d .  Operation was a t  9b0cJ a t  which temperature t h e  per t inent  

physical  proper tie.^ of . the so lu t ion  a r e  : . . 

a, e l e c t r i c a l  conductivity (mho/cm) = 0.837, 

p, absolute v i s cos i t y  (poise) = 4.1 X 

The dye employed f o r  flow vis1.1.alizatlon was a d i l u t e  so lu t ion  

.of soluble red coa l - t a r  base food color i n  aqueous NH4C1, the  concen- 

t r a t i o n  of which was adjusted t o  provide neu t ra l  'buoyancy of the  dye 

so lu t ion  i n  the  working f l u i d  under operating conditions . 
The 10-cm-diam vortex tube used i n  most of the  experiments 

described here is  8 - l u s t r a t e d  l n  Fig. 2.  Rote t h a t  thc  flow fie3.d was 

generated by i n j ec t i on  ghrough 0.0635-cm-wide s l i t s  enter ing prec i se ly  

t angen t i a l l y  and extending the  f u l l  40-cm-length of the  tube.  Operation 

w i t a h  1, 2, and 4 s l i t s  feeding was possible .by blocking. appropriate 

sL5t entrances.  A baf f led  annula-r jacket which surrounded the  tube and 

through which t he  working f l u i d  was c i rcu la ted  served t o  supply f l u l d  

t o  t he  s l i t s  uniformly through a low porosi ty  inner s h e l l  which mini- 

mized t r a n s f e r  of turbulence from the  annulus t o  t h e  s l i t  i n l e t .  Rapid 

c i r cu l a t i on  of f l u i d  through the  annulus a l s o  served t o  minimize a x i a l  

and c i rcumferent ia l  temperature gradients which can induce flow in- 

s t a b i l i t i e s .  Fluid which passed through the  vortex tube was exhausted 
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Fig,. 2. Sli t-Fed Vortex Tube (10-cm diameter X 41-cm long) .  



at the  center of one end by means of a 0.625-cm-diam o r i f i c e  joined 

t o  a long p l a s t i c  r e tu rn  l i n e  t o  maximize thc  electrical res is tance 

t o  ground. This was mecessary t o  minimize the  induced r a d i a l  e l e c t r i c  

current  flow which would i n t e r ac t  with the  magnetic f  ie1.d t o  produce 

flow-retarding body forces .  Note t h a t  i n  the  absence of radial e l e c t r i c  

cur ren t  flow there  i s  no influence of a constant; uniform a x i a l  magnetic 

f i e l d  on t he  s t a t i ona ry  ve loc i ty  d i s t r i bu t i on  i n  two-dimensional vortex 

flow. Hence, t h i s  flow affords  the  opportunity f o r  stud,y o f  the  

d i r e c t  influence of t he  magnetic f i e l d  on s t a b i l i t y .  

The tube assembly was fabr icated of typer  347 s t a i n l e s s  s t e e l  (non- 

magnetic), and was provided with Plexiglas  end walls  t o  enable flow 

v i sua l i za t i on .  As i n  t h e  e a r l i e r  work with the 2.8-cm-diam tubes-, 

observation of dye fi laments in jected i n to  the  boundary layer  along the  

concave wal l  a t  severa l  c i rcumferent ia l  posi t ions  near the  mid,-a.xia.1 

plane was the  primary technique f o r  determining the  influcnce of the  

magnetic f i e l d  on flow s t a t b i l i t y .  Dye in jec t ion  posi t ions  i n  the  end 

w a l l  opposite t h e  discharge opening werc provj-ded t o  rr~alce possible the  

study. of flow i n  the  end-wall boundary layer .  Tangential veloci,t,ies 

wcre determined by measuring the  t;,m.e required f o r  a small dye "puff" 

t o  complete one o r  two revolutions a t  a measured reference radius .  

Since t he  refelsenee radius varied s l i g h t l y  from measurement ' to  meas - 

urement, a l l  ve loc i t i e s  were corrected, t,o a. ssdius r a t i o  of 0 ~ 8  by 

assuming a f ree  vortex ve loc i ty  p r o f i l e  ( 1 over the  radius 

range of i n t e r e s t .  The uncer ta inty  introduced by t h i s  assumption i s  

not considered t o  be ser ious .  

. . 

t ~ e e  "Jet - Inject ion Boundary-Layer Prof i l e"  - Section 5. 



The i n t e r n a l  dimensions of t h e  vortex chamber (10 cm x 40 cm) 

were chosen t o  maximize u t i l i z a t i o n  of t h e  working volume of t h e  l a r g e s t  

a i r -core  solenoid ava i l ab le  i n  t h e  Oak Ridge National Laboratory Magnet 

Laboratory. The tube was i n s t a l l e d  with . i ts a x i s  coincident  with 

t h a t  of t h e  solenoid, a s  ind ica ted  i n  Fig.  3 which dep ic t s  schemati- 

c a l l y  t h e  a l l  s t a i n l e s s  s t e e l  (300 s e r i e s )  system f o r  rec i r iu la t ing  

t h e  working f l u i d .  This water-cooled copper magnet has a working bore 

of 16.5 cm and a length  of about 58 cm and develops a peak f i e l d  of 

75'kgauss with a dc power input  of about 6.5 Mw. The f i e l d  i s  uniform 

t o  within +1$ over the  5 cm tube radius, f a l l i n g '  of f  t o  about 85% of 

t h e  peak i n t e n s i t y  a t  t h e  ends of t h e  40-cm 'chamber. The maximum 

Hartmann modulus (based on tube rad ius )  which c o u l d b e  a t t a i n e d  i n  

these  experiments i s  172 a s  compared with 42 i n  t h e  e a r l i e r  ~ o r k . ~ - 7  

Since t h e  Hartmann modulus determines t h e  magnitude of t h e  magnetic 

s t a b i l i z a t i o n  e f fec t ,  t h e  new experiments have enabled extension of 

t h e  measurements to.much higher  values of t h e  c r i t i ca l  t a n g e n t i a l  

Reynolds modulus. 

4. EXPER7MENTA.L rnSULTS 

Flow Visual iza t ion 

As has 'been indicated,  primary emphasis' i n  these  experiments 

was on observation of t h e  e f f e c t  of an a x i a l  magnetic f i e l d  on t h e  

t r a n s i t i o n  from a s tab le ,  lami,nar flow t o  a time-dependent flow which 

ul t imate ly  becomes tu rbu len t .  This t r a n s i t i o n  phenomenon i s  too 

complex t o  descr ibe  adequately, but  c e r t a i n  cons i s t en t ly  obse~.ved 
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Fig. 3. Sche mat ic Flow Eiagarn. 



f e a t u r e s  a r e  worthy of note .  When the  flow was laminar, dye i n t r o -  

duced through t h e  concave wa l l  i n t o  the  boundary l a y e r  (o r  a l t e r n a t i v e l y  

introduced t a n g e n t i a l l y  through a feed s l i t )  followed the  s t reamlines  

which s p i r a l  r a d i a l l y  inward near t h e  periphery,  where t h e  flow was 

approximately two dimensional, and picked up an increas ing a x i a l  com- 

ponent a s  the  tube cen te r  was approached. No reverse (i .e . , upward) 

flow was noted except near the  s o l i d  end w a l l .  

When t h e  t a n g e n t i a l  Reynolds modulus exceeded a c r i t i c a l  value 

which depends on the  number of s l i t s  i n j e c t i n g  f l u i d  and on t h e  s t r e n g t h  

of the  magnetic f i e l d ,  the  i n i t i a l  evidence of t r a n s i t i o n  was a per iodic  

swell ing of tlie dye t r a c e  near t h e  concave wa l l  jus t  upstream from a 

d r iv ing  s l i t .  The p e r i o d i c i t y  of t h e  i n s t a b i l i t y  was v e r i f i e d  by meas- 

urements of instantaneous surface hea t  f lux  us ing a hot - f i lm sensor (gold 

f i l m  deposi ted on an epoxy r e s i n  plug contoured t o  f i t  f l u s h  wi th  t h e  

ins ide  tube surface  and operated a t  constant  temperature a s  described i n  

Ref. 1 4 ) ,  a s  we l l  a s  with a cons tant  current  hot - f i lm anemometer probe 

posi t ioned near  Lhe surface .  

No regular ,  c e l l - l i k e  s t r u c t u r e  was observed i n  the  secondary flow 

a t  t r a n s i t i o n .  I n  t h e  Taylor i n s t a b i l i t y  of flow between concentr ic  

r o t a t i n g  cylinders15 &d i n  the  ~ ' d r t l e r  i n s t a b i l i t y  of flow along a 

concave wa l l  immersed i n  a uniform f r e e  streamJ16 t h e  secondary flow 

i s  s t a t i o n a r y  i n  na ture  and e x h i b i t s  t h e  form of coun te r ro ta t ing  

c e l l u l a r  v o r t i c e s  whose axes a r e  p a r a l l e l  t o  t h e  bas ic  flow d i r e c t i o n .  

Although these  c e l l u l a r  v o r t i c e s  were not  observed a t  the  t r a n s i t i o n  

point  i n  t h e  prcsent  e x p e r ~ r ~ e ~ r l ; ~ ,  it i s  never the less  poss ib le  t h a t  t h e  

Tay lo l - -~z r l ; l e r  mechanism may be responsib le  f o r  t h e  t r a n s  i t i o n .  The 

t ~ h e  observations a re  b a ~ e d  on t h e  two-dtu~ensional impression obtained 
by viewing along t h e  tube a x i s  through t h e  t r ansparen t  end wal ls ;  hence, 
important d e t a i l s  of t h e  flow may elude t h e  observer .  



apparent pe r iod i c i t y  could r e s u l t ,  f o r  example, from even very slow 

a x i a l  convection of a s t a t i ona ry  disturbance past  the  f ixed point  of . 

reference;  furthemore, t he  influence of the  j e t s  i n  dis turbing t he  

flow near t he  wal l  might prevent formation of recognizable Taylor 

vo r t i c e s .  

When the  t angen t i a l  ~ e ~ n o l d s  modulus was increased a percent or  

two above t he  point  corresponding t o  t he  f i r s t  observation of t r a n s i -  

t i o n ,  t h e  dye t r a c e  i n  the  vlcl l l i ly.  of the  wall  and u p s t r ~ ~ l m  nf  a s l i t  

exhibi ted a slow o s c i l l a t i o n  (period approximagely equal t o  the  time 

required f o r  the  dye t o  move from one s l i t  t o  the  next) .  This, of 

course, appeared as a r a d i a l  displacement i n  the two-dimensional view. 

I r r egu l a r  r o l l i n g  of t he  dye t r ace  around a circumferential  ax i s  was 

a l s o  observed when t he  t r a n s i t i v r ~  Reynolds modulu~ was exceeded by a t  

Peast severa l  percerll. T h i s  might bc in terpreted a s  evidence of the  

exis tence of ~ a ~ l o r - ~ g r t l e r  c e l l s , . b u t  the re  was ce r ta in ly  no well- 

defined pa t te rn  observable. The amplitude of the  o s c i l l a t i o n  increased 

with fu r the r  increase i n  t angent ia l  Keynoids rrlutlulus: i - i i ~ t ~ l ,  wrie~l L l l w  

Reynolds modulus was 5% o r  more above t r ans i t i on ,  t h e  dye -I;race d i s to r tcd  

under t h e  influence of the  gradient  i n  t angent ia l  ve loc i ty  i n to  three-  

dimesnional vortex loops reminiscent of those iden t i f i ed '  by Hama e t  a l .B7 

during t r a n s i t i o n  .induced by a t r i p  wire i n  a boundary layer  on a f l a t  

p l a t e .  Note, however, t h a t  the  i n i t i a l  i n s t a b l l r t y  on a f l a b  pla%c waa 

two dimensional, a s  contrasted with t he  three-dimensional i n s t a b i l i t y  . 

associa ted with flow on a curved surface.  Breakup of t he  dye t r a c e  

co r r e l a t e s  with t he  appearance of increasing randomness i n  t he  s ignals  

from both the  hot- f i lm surface sensor and t he  anemometer, and it was 

conclud.ed t h a t  the  flow was becoming turbulent .  It should be pointed out 



t h a t  the Reynolds modulus at  t r ans i t ion  was reproducible t o  within a 

few percent when the  t r ans i t ion  point was approached from e i t h e r  .below 

o r  above and was not significantly dependent ,on the r a t e  at which the 

point w a s  approached. Similar r e su l t s  obtained i n  Taylor and Taylm- 

~ C r t l e r  i n s t ab i l i t y  experiments suggest, again, t ha t  the same mechanism 

may be involved . 
When t r ans i t t an  occurred under the influence of an ax ia l  magnetic 

f i e l d ,  there was no s ignif icant  e f fec t  on the qual i ta t ive observations 

.iust described. This is t o  say that the basic h y d r o d w i c  character - 

However, the f i e l d  d i d  e f fec t  a reduction i n  amplitude of the  osc i l la -  
- 

t ions  when the tangent ial  Reynolds modulus w a s  above the  value corres- 

ponding t o  t ransi t ion,  as w i l l  be discussed. 

Figure 4 depicts the development of a three-dimensional "vortex + 

loop" f o r  the case i n  which there is  no magnetic f i e l d  and the tangent ial  

Reynolds modulus (based on tube radius and the measured tangent ial  velocity . 
at a radius r a t i o  of 0.8) is 3190 (as compared with a c r i t i c a l  Reynolds 

modulus f o r  t h i s  case of about 500) .ti ~ e n c e ;  Fig.' 4 i l l u s t r a t e s  the  f u l l y  

developed ins tab i l i ty ,  not the t r ans i t ion  phenomenon. Note t h a t  there a re  

two sl i ts  feeding, one eqtering at  the f ive  o'clock posit ion through which 

the dye a lso  enters;  and the other, a t  eleven olclock. Rotation is clock- 

wise. Flow sp i ra l s  rad ia l ly  inward and is removed at  the center of one end. 

The dark region i s  a shadow of the e x i t  opening, tube, and clamp. I n  frame 

I 

1 the dye trace is seen t o  emerge from the s l i t  and t o  follow the wall 
\ 

1 

' 

  he magnetic Reynolds modulus is very small f o r  these experiments. 

t t~igures  4 through 7 are  reproductions of 16-m motion pictures j the 
complete f i lm is  available on loan Prom the Oak  id^& National Laboratory. 
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Fig. 4. Development of a "VortexLoopl' i n  Unstable Jet-Driven Vortex 

Flow. NRee = 3190; I$, = 0 (clockwise rotation - jets a t  five ofclock and 

eleven o'clock with dye injection a t  five o'clock). 



contour closely f o r  an angular distance of about 90 deg (i.e., halfway 

between sl i ts) .  I n  frame 2, the t race separates from the w a l l  60 deg . 

from the s l i t .  I n  frames 3 and 4, the dye t race continues t o  'Pollow the 

general curvature of the wall f o r  about 180 deg, but sinusoidal waves 

form which are  actual ly  three dimensional and which appear t o  amplify i n  

the v ic in i ty  of the next inject ion s l i t  (180 deg downstream) . I n  frame 5 ,  

the disturbance has been convected rad ia l ly  inward, amplified fur ther ,  

and under the influence of the tangential  velocity gradient dis tor ted 

in to  a loop (one orclock posit ion) which i s  observed t o  be three dimen- 

sional. Note t h a t  the  emerging dye t r ace  is again attached t o  the  w a l l  

fo r  about 90 deg. Analysis of these photographs suggests tha t  the inter-  

act ion of the jets w i t h  the boundary-layer flow' may s ignif icant ly d i s to r t  

the ~ a y l o r - ~ z r t l e r  mechanism, if indeed the l a t t e r  does play a s ignif icant  

role,  s o  as t o  make any interpretat ion uncertain. For example, rapid 

deceleration of the je t  by the action of wall shear may resu l t  i n  loca l  

"separation1' of the f lu id  from the w a l l  under the influence of the rad ia l  

pressure gradient induced by the mean tangent ial  motion [ ~ i ~ .  4 (2)]. 

Large -amplitude velocity fluctuations , as can be observed i n  

Fig. 4, suggest gross eddy mixing which would make quantitative molec- 

u lar  separation as  desired f o r  the  applications unlikely. That the  

magnetic f i e l d  does indeed inhib i t  t r ans i t ion  t o  an unstable flow is 

exhibited i n  Fig. 5, where again an a x i a l  view is presented of the 

10-cm-diam tube operattng with two sl i ts .  ,The flow is clockwise with 
\ 
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Fig. 5 ,  Stabil,ization of Je t -E~iven  Vortex Flow by an A x i a l  Magnetic 

FielE . N% = 5600; NHa increasing f ram 0 (Frame 1) t o  172 (~rame 8) 
[clockwise rotstion - j e t s  a t  f ive clclock and eleven o'clock with dye - 

injection a t  eleven o lclock] . 



the s l i ts  a t  eleven o'clock (dye i n  Section posit ion) and f ive o'clock. 

The character is t ic  tangential  Reynolds modulus is  6600 fo r  a l l  of 

these frames. With no applied f i e l d  corresponding t o  frame 1 a t  the 

upper l e f t ,  the i n s t a b i l i t y  is  made evident by large-scale fluctuations 

i n  the dye trace,  essent ia l ly  complete disorganization of the flow 

pattern, and strong radia l  mixing. I n  successive sequences (2) through 

(8)) the magnetic f i e l d  is increased i n  approximagely 10 kilogauss in- 

crements keeping the Reynolds modulus constant. The f i r s t  def ini te  

evidence of a s tab i l iz ing  ef fec t  is the appearance of laminar dye rings 

near the axis of the tube a t  approximately 20 kilogauss (3)) indicating 

t h a t  the flow f i e l d  s tab i l izes  f i r s t  i n  the in te r ior .  A s  the f i e l d  in- 

creases, the laminar rings increase i n  radius and the outer portion of 

the flow ultimately s tab i l izes .  A t  the f u l l  f i e l d b 7 5  kilogauss (~artmann 

modulus 172)) the macroscopic flow is completely s table  (8). The only 

disturbance which i s  not eliminated is  the  very small-scale r ipple  

associated with vortex-street formation a t  the l i p s  of the inject ion 

slits.  

When the magnetic f i e l d  i s  slowly decreased, breakdown of the 

laminar flow i s  observed to '  o c c u ~  f i r s t  near the w a l l ,  the unstable 

region spreading t o  the center of the tube as  the f i e l d  approaches 

zero. -Further'evidence t h a t  the in t e r io r  region of the flow is more 

readily s tab i l ized  than that near the periphery is  presented i n  Fig. 6. 

Here the tangential  Reynolds modulus is 13,200 as compared with the 

maximum value of 7600 f o r  complete s tab i l iza t ion  throughout the flow 

f i e ld  under the  influence of the f u l l  k g n e t i c  f i e ld .  Note that in 
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Fig. 6. Stabilizing Effect of an Axial Magnetic Field on Jet-Driven 

Vortex Flow - Tangential Reynolds Modulus Above the Cr i t ica l  Value. 

N R ~ ~  = 13,200. Frame 1: N - = 0; Frame 2: Ha NHa 
= 172 (clockwise rota- 

t ion  - jets at f ive olclock and eleven o'clock with dye injection a t  five 

of  clock) . 



frame 1 for  the case i n  which there is no magnetic f ie ld ,  essent ia l ly  

complete turbulent mixing is evident i n  the  in t e r io r  by the uniform 

dye coloration; with the 75 kilogauss f i e l d  (frame 2 ) )  we see t h a t  

while the outer region of the flow remains turbulent, laminar flow 

is evidenced i n  the in t e r io r  by the  formation of a s table  s p i r a l  r ing 

strucfure . Similar resu l t s  were observed at a Reynolds modulus of 

26,000. This is important because i n  the applications the c r i t i c a l  

d Reynolds modulus may e above t h a t  corresponding t o  complete s t a b i l i -  

zation with the maximum feasible magnetic f ie ld .  Nevertheless, the 

in t e r io r  fue l  region m y  be s tabi l izkd suff ic ient ly  t o  permit adequate 

Fuel retention. 

I n  Fig. 7 the influence of the  f u l l  magnetic f i e l d  on flow near 

the concave w a l l  a t  a Reynolds modulus above the c r i t i c a l  value is 

revealed. It is  seen t h a t  the amplitude' of the distur%ance i s  decreased 

(by as much as  a fac tor  of 4)) and the wave length likewise decreased 

by the magnetic interaction; 

Data and Correlations 

Stabi l izat ion 

Caref i l  determinations were made of the c r i t i c a l  Reynolds modulus 

at  t r ans i t ion  t o  in s t ab i l i t y  i n  the boundary layer on the concave w a l l ,  

using the dye-pulse inject ion method. The experimental r e su l t s  a re  
* 

summarized i n  Fig. 8 i n  which the c r i t i c a l  Reynolds modulus, N ~ e  R.e (based 

on the tube radius r and the tangent ial  velocity, VOe8 at a radius of 
0' 

\ 
0.8 rO) ,  i s  plotted as a function of Hartmann modulus N ~ a '  
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Fig. 7. Effect of an Axial Magnetic Field on Jet-Driven Vortex Flow 

Near the Concave Wall When the Tangential Reynolds Modulus i s  Above the 

C r i t i c a l  Value. NReg = 13,200. Frame 1: sa = 0; Frame 2: I$a = 172 

(clockwise rotat ion - j e t s  a t  f ive o f  clock and eleven o'clock with dye 

in j ec t  ion a t  f ive  o f  clock). 
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10-cm DIAMETER - 4 SLI 

10-cm DIAMETER - 2 SLITS 

2 8-cm DIAMETER - 2 SLITS 

N,,, HARTMANN MODULUS 

Fig. 8. Summary of Hydromagnetic S tab i l i za t ion  Experiments with 
2.8- and 10-cm-diam Jet-Driven Vortex Tubes ( ~ e y n o l d s  modulus versus 
Hartmann modulus ) . 



where i s  the  e l e c t r i c a l  conductivity, p i s  the  absolute viscosi ty ,  

and B t h e  magnitude of t he  applied magnetic induction vector (assumed 
0 

t o  be p a r a l l e l  t o  t h e  axis of the  vortex tube).  The Hartmann modulus, 

which i s  propor t ional  t o  t h e  square root  of t he  r a t i o  of magnetic t o  

viscous forces, has been found t o  character ize  the  s t a b i l i t y  of axisym- 

metr ic  Couette flow as discussed i n  Section 2. Note t h a t  f o r  t he  

10-cm-dim. tube, increas ing N from 0 t o  t he  maximum value of 172 
Ha 

JC 
(corresponding t o  B = 75 kgauss), increases N from 1200 t o  about 

0 Re 
0 

10,000 f o r  the  case of 4 s l i t s ,  and from 500 t o  about 8,000 f o r  t he  

case of 2 s l i ts .  No s t a b l e  flow condit ion coald be found f o r  NHa < 60 

with only 1 - s l i t  feeding; t h e  r e s u l t s  f o r  1- and 2 - s l i t  operation a r e  

r e l a t i v e l y  c lose  f o r  NHa > 100. Thermal convection was found t o  L i m i t  

~ t a b i l i t y  a t  very low  value^ of t h e  Reynold~ modulus. 

The nominal r a d i a l  Keynolds modulus, 'Re (.= m / ' ~  rr p, where m 
3: 

i s  the  t o t a l  mass throughflow r a t e  per  u n i t  tube length)  ranged a s  

follows f o r  t he  th ree  cases:  

1 s l i t :  10.6 5 NRe 5 32.2 , 
1' 

2 s l i t :  16.9 5 NRe 5 1 .  , and 
r 

4 s l i t :  23.3 f N 5 1 1 0 . 5  . 
Rer 

The dashed curves a t  t h e  lower l e f t  of t he  p l o t  represent r e s u l t s  of 

e a r l i e r  hydromagnetic s t a b i l i z a t i o n  experiments; 6 v  7 agreement, with 

the 10-cm-tube data  i s  f a i r .  



While a p l o t  of the  c r i t i c a l  t a n g e n t i a l  Reynolds modulus versus 

Hartmann modulus (where both moduli a r e  based on t h e  tube rad ius )  i s  

u s e f u l  f o r  d i r e c t  comparison of experimental r e s u l t s ,  it f a i l s  t o  take 

i n t o  account the  boundary-layer na ture  of the  flow between j e t s  and i s  

the re fo re  of l imi ted  value a s  a 'genera l  c o r r e l a t i o n .    hat is ,  growth 

of t h e  boundary l a y e r  downstream from a j e t  i s  presumed t o  be t h e  

p r inc ip le  c r i t e r i o n  governing t h e  s t a b i l i t y  of t h e  flow; hence, con- 

s i d e r a t i o n  of the  da ta  i n  terms of moduli appropr ia te  t o  the  'boundary 

l a y e r  might produce a use fu l  c o r r e l a t i o n .  Assuming an analogy with 

the  G z r t l e r  i n s t a b i l i t y  problem i n  ordinary  f l u i d  mechanics (although 

t h e  experimental observations a r e  not  'at  a l l '  conc1.u~ ive i n  t h i s  regard 

as has been -emphasized), t h e  '"Gzrt ler  modulus" i s  here defined i n  terms 

of the  momentum th ickness ,  A, of t h e  boundary l a y e r  as 

where v i s  t h e  kinematic v i s c o s i t y .  N o t e t h a t  VOq8 A/v is t h e  tangen- 

t i a l  Reynolds modulus based on the  momentum th ickness  of thk boundary 

l aye r .  The Hartmann modulus, based on momentum th ickness ,  i s  defined 

as follows: 

I n  o rde r  t o  determine A, it i s  assumed t h a t  t h e  boundary-layer 

growth we l l  downstream from a s l i t  i s  given, t o  a f i r s t  approximation, 



b y ' t h e  r e s u l t  f o r  a f l a t  p l a t e  immersed i n  a uniform f r e e  stream a s  

obtained by t h e  appl icat ion of boundary-layer theory : * 

where l, i s  t h e  circumferential  d is tance between s l i t s  and t he  f r e e  

stream ve loc i ty  i s  taken as V 0.8' 1; t e rn s  of the  t angent ia l  Reynolds 

modulus and number of s l i t s ,  n, using 

The Gzr t l e r  modulus may now be. writ-ten: 

NGii = 0.542 (~n /n) ' /4  (N  1114 , . Re- 

Likewise the  Hartmann modulus (based on momentum thickness)  may be 

2 .  

A comparison of t he  experimental hydromagnetic s t a b i l i t y  da ta  

f o r  t he  lo-cm-tube i n  terms of t h e  Gzr t l e r  modulus a t  t r a n s i t i o n  

* 
t o  i n s t a b i l i t y  ( c r i t i c a l  Gb'rtler modulus, N ..) and t he  Hartmann 

Go 



modulus (based on momentum th ickness )  i s  presented i n  Fig .  9. Here a 

f a i r  degree of c o r r e l a t i o n  of t h e  da ta  i s  evident .  The standard e r r o r  

of fit f o r  the  f o u r t h  degree leas t -squares  curve 'based on da ta  f o r  1-, 

2-, and 4- 's l i t  operat  ion t a k e n  c o l l e c t i v ~ l y  is  0.043, cons i 'dering NHa 
A 

a s  the  dependent va r i ab le . Ig  Upon c lose  examination, however, it i s  

seen t h a t  the  ind iv idua l  da ta  po in t s  f a l l  on t h r e e  d i s t i n c t  curves of 

somewhat lower slope than t h a t  of the  four th  aegree curve. A s  discussed 

i n  Section 5, the re  is uncer t a in ty  a s  t o  the  v a l i d i t y  of' t he  boundary- 

l a y e r  approximation upon which the  Gor t ler  and Hartmann moduli a r e  based 

f o r  condi t ions  corresponding t o  much of the  experimental da ta .  This  

could account f o r  t h e  observed d iscrepancies  i n  t h e  r e s u l t s  for.  t he  t h r e e  

s l i t  numbers even though the,  ~ a y l o r - G o r t l e r  mechanism is  va l id .  t 

The lower curve i n  Fig.  9 i s  based on a s t a b i l i t y  ana lys i s  employing 

laminar boundary-layer theory,  the  d e t a i l s  of which a r e  described i n  

Section 5 .  tt P o s s i b l e  explanations f o r  t h e  poor agreement between theory  

and experiment a r e  a l s o  discussed.  

I n  order  t,o 3.mprove the  data  co r re la t ion ,  t h e  exponent of t h e  r a t i o  

a/ro i n  t h e  expression def in ing t h e  ~ o r t l e r .  modulus was modified t o  y i e l d  

the  lowest s tandard e r r o r  of fit. The resu1ting.exponent  turned out  t o  

be 0.43 as compared with 0.5 based on t h e  Gor t l e r  ana lys i s .  Figure 10  

dcpic tc  the  r e s u l t i n g  c o r r e l a t i o n  of t he  modul-1.1,s 

t ~ o  improvement i n  t h e  c o r r e l a t i o n  r e s u l t e d  from t h e  use of t h e  
t h e o r e t i c a l  boundary-layer v e l o c i t y  p r o f i l e  we l l  downstream from a j e t ,  
as determined i n  Section 5 .  

t t ~ s  discussed i n  Section 5, t h e  t h e o r e t i c a l  curve is  f o r  t h e  narrow- 
gap, conducting wal l  case wi th  W = 0.6. 



NHOA, HARTMANN MODULUS BASED ON MOMENTUM THICKNESS O f  BOUNDARY LAYER 

Fig.  9. Summary of Hydromagnetic S t ab i l i z a t i on  Experiments with a 
10-cm-diam J e t  -Driven Vortex Tube (~'drt l e r  Modulus versus Hartmann Modulus ) . 
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N ~ a A 1  HARTMAN MODULUS BASED ON MOMENTUM THICKNESS OF BOUNDARY LAYER 

Fig.  10. Summary of Hydromagnetic S t ab i l i z a t i on  Experiments with a 
3C 

10-em-dim Jet-Driven Vortex Tube [ ~ m ~ i r i c a l  Modulus, (vO. 4 v )  (A./ro) 0.43 

a t  Transi t ion t o  I n s t a b i l i t y  versus Hartmann ~ o d u l u s ]  . 



a t  t r a n s i t i o n  versus t h e  Hartmann modulus (based on momentum thickness) .  

.It i s  seen t h a t  t h e  individual  data  f o r  1-, 2-, and 4 - s l i t  operation 

f a l l  c lose ly  along t he  4th  degree leait-squares curves based on a l l  

the  data,  the  standard e r r o r  of f i t  being 0.027 with N conside'red a s  
 ha^ 

t h e  dependent var iab le .  Of course, the re  i s  no t heo re t i c a l  j u s t i f i c a -  

t i o n  f o r  an exponenent o ther  than 0.5; but the  empirical cor re la t ion  

should be more accurate f o r  in te rpo la t  ion and extrapolat  ion than t h a t  

based on t he  t heo re t i c a l l y  derived ~ ' d r t l e r  modulus employed i n  Fig.  9. 

J e t  Velocity,  Recovery 

An important parameter Characterfzfng t h e  efficiency uf  vurLex 

generation i s  the  r a t i o  of t he  t angent ia l  ve loc i ty  t o  the  j e t  in jec t ion  

ve loc i ty .    he recovery r a t i o ,  
-0' is  defined here a s  t h e  r a t i o  of 

t he  t angent ia l  ve loc i ty  (extrapolated t o  t he  wall assuming f ree  vortex 

flow) t o  t he  average j e t  veloci ty :  

where V i s  the average je t  veloci ty .  From laminar boundary-layer 
j 

theory a s  developed i n  the  next Section, it can 'be shown t h a t ,  f o r  the  

case of t angen t ia l  i n j e c t  ion by means of two-'dimen6h'onal . s l i t s  (10-cm 

vortex tube) ,  the  recovery r a t i o  depends on the  dimensionless j e t  width 

- 
parameter, W: 



where 

I n  Fig. 11 experimental determinations of a: a r e  compared with t he  
1 .0  

t heo re t i c a l  r e s u l t s  i n  terms of t he  dimensionless jet-width parameter, 

- 
W. For the  case of magnetic s t a b i l i z a t i o n  with the  10-cm tube, agree- 

ment t o  within +5$ i s  evidence t h a t  the  theory i s  sa t i s fac tory .  Note 

fur.-Lher Lha't when t ,her~: i s  no magnetic s t a b i l i z a t i o n  and t he  flow i s  

no longer laminar, the  measured values of alO0 decreased by about *%, 
due probably t o  t he  increased w a l l  shear induced by turbulence. 

Data a r e  a l s o  included i n  Fig. 11 f o r  t he  case of s t ab i l i z ed  

vortex flow generated i n  a 2.8-cm-dim tube by i n j ec t i on  through 880 

round nozzles, 0.050-cm-dim and arranged i n  e igh t  rows. The nozzles 

were di rected so t h a t  t h e i r  cen te r l ine  wascangentto a c i r c l e  of radius 

0 .9  r . Signif icant ly  higher recovery r a t i o s  were observed f o r  t he  
0 

round j e t s  than f o r  t angen t ia l  s l i ts  when compared on t he  ba s i s  of the  

parameter z. This i s  t o  be expected, however, s ince i n j ec t i ng  f l u i d  

away from the  w a l l  should reduce the  ve loc i ty  gradierit a t  t h e  w a l l  and, 

thereby, reduce t he  w a l l  shear. From the  point  of view of maximum 

recovery, therefore,  round nozzles with off-tangent entry  a r e  preferred.  

However, a s  discussed i n  Ref. 7, t he  c r i t i c a l  Reynolds modulus f o r  

vortex generation by e igh t  rows of round j e t s  i s  appreciably lower 

than t h a t  f o r  generation by e igh t  s l i t s ,  t he  round-jet r e s u l t s  being 

comparable t o  the  two-s l i t  r e s u l t s .  Thus, the  advantage i n  recovery 

r a t i o  gained by t h e  use of round j e t s  i s  o f f s e t  by t he  reduced s t a b i l i t y  

of the  flow, and it i s  not c e r t a in  t h a t  round j e t s  would be more des i r -  

ahl-e than s l i t s  f o r  the  appl icat ions .  
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Fig.  11. Correlat.ion of J e t  Veloacity Recovery. Ratio f o r  Magnetically 
S tab i l i zed  and Unstabilized Vortex Flog. 



5 .  ANALYSIS 

General Theory 

An MHD ~ " o t l e r - t ~ ~ e  of s t a b i l i t y  analysis  based on a tangent ia l  

j e t - in jec t ion  veloci ty  p r o f i l e  over a  concave w a l l  has been considered. 

The s ta t ionary  je t - in jec t ion  veloci ty  p r o f i l e  i s  ca lcula ted according 

t o  t he  c l a s s i c a l  theory of laminar boundary-layer flow. The s t a b i l i t y  

analysis  i s  ca r r ied  out numerically bascd on t he  l i n e a r  per turbat ion 

theory f o r  t he  jet- inflection p r o f i l e  under t he  influence of an 

external ly  applied magnetic f i e l d .  The f l u i d  i s  assumed t o  be incom- 

press ible ,  viscous, and e l e c t r i c a l l y  conducting. 

Consider a two-dimensional, s t a t ionary  veloci ty  p r o f i l e  of the  

form 

where (u,V,W) a r e  t he  cy l indr ica l  ( r ,  0, z )  components ,of t h e  veloci ty  

vector.  An extesna.1. magnetic induction f i e l d  B i s  applied i n  t he  
0 

a x i a l  ( z )  d i rec t ion .  Based on t h e  c lasS ica l  theory of magnetohydro- 

dynamics, it i s  not d i f f i c u l t  t o  demons'trate t h a t  f o r  per fec t ly  

conducting walls, the, primary i n t e r ac t i on  between t he  magnetic f i e l d  

and t h e  flow f i e l d  given i n  Eqs. ( 1 ) i s  small, provided t he  magnetic 

Prandt l  modulus ( N  = 0 po v) i s  small, where 0 i s  t h e  e l e c t r i c a l  
prm 

conductivity, po i s  the  magnetic permeability, and v i s  t he  kinematic 

viscosi ty .  Allowing the  flow f i e l d  and t he  magnetic induction f i e l d  

t o  be perturbed s l i g h t l y  and i n se r t i ng  t h e  perturbed functions i n t o  

t he  basic equations of MHD, l1 t he  following s e t s  of equations (correct  

t o  t h e  zeroth and f i r s t  order of the  per turbat ions)  a r e  obtained. 



Zeroth Order Equations: 

where 

P i s  the  undisturbed f l u i d  pressure, p i s  the  f l u i d  density,  and v 

i s  t h e  kinem-tic v i scos i ty .  

F i r s t  Order Equations : . 

( 5 )  
Continued 



a a a  av u  - - + u - + v - - - - - -  r\ V2)be = 0 , ' a t  a  r r a e  r a e  1. 



where (u', v', w') a r e  t h e  per turbat ions  of t he  cy l i nd r i ca l  components 

of t h e  veloci.t,y vector, ( b ,  be, b ) a r e  t he  per turbat ions  of the  
' 

z * 
cy l i nd r i ca l  components of t he  magnetic induction vector, p i s  t he  

* 
per tu rba t ion  of P , $ = ( CJ po i s  t he  magnetic v iscosi ty ,  and. 

I n  t h e  above equations t h e  ra t iona l ized  MKS system of un i t s  i s  used. 

Jet-1nject . ion Boundary-Layer Velocity P ro f i l e  

A s  observed experimentally, t he  primary flow i n  a je t -dr iven 

vor tex tube cons i s t s  of a t h i n  boundary l aye r  near t h e  tube w a l l  i n  

which t h e  influence of t he  dr iv ing j e t s  and f r i c t i ona1 ,wa l l  drag a r e  

f e l t ,  followed 'by' an i n t e r i o r  region i n  which t he  flow appears t o  

become near ly  axisymmetric and t he  t angen t i a l  and r a d i a l  v e l o c i t i e s  

a r e  approximately inverse ly  propor t ional  t o  t he  radial. ilist,;l:r~r:e r 

measured from t h e  ax i s  of t he  vortex. Near the  axis, a cen t r a l  

core  forms i n  which t he  r a d i a l  and t a a g e ~ l t i a l  ve loc i ty  decrea.ses, and 

t h e  f l u i d  moves a x i a l l y  toward t he  e x i t .  We s h a l l  ignore t h e  cen t r a l  

core  containing t he  a x i a l  component of -Lhe primary flow en t i re ly ,  

and consider only t he  outer  boundary l a y e r  i n  deta i l . .  

Since B i s  a constant, subs t i t u t i on  of Eq. (3) i n t o  Eq. ( 2 )  
0 

gives  us t he  ordinary two-dimensional Navier-Stokes equations i n  

cy l i nd r i ca l  coordinates.  The primary, or  zeruth-order flow i s  not 

a f f ec t ed  by ' t h e  appl ied  magnetic f i e l d .  



It is well kndwn2' that the two-dimensional boundary-iaier equations 

are unaffected by the curvature of the surface if the boundary-layer 

thickness is. much less than the radius of curvature. Formally,.we 

make the following subsitution in Eq.. (2): 

where l, is the distance betweerl ;jets, measured along the outer tube 

periphery, 

r is the' tube radius, " 

0 

V. is the average jet injection velocity, and 
J 

6 = a/ JT , the boundary-layer thickness parameter which 
J 

is assumed to be small. 

- 
Strictly speaking, Y is the normal distance from the wall divided by 

6 .  Immediately downstream of a slit opening, the distance from the 

wall is not precisely (ro - r) because a portion of the wall is machined 
away to make the slit, This difficulty does not affect the boundary- 

layer calcu~ations, bu-1; strictly should be taken into account in 



convert ing the r e s u l t s  back in to  vortex tube veloci ty  p ro f i l e s  , espec ia l ly  

f o r  the  r a d i a l  vel-0c.it.y. However, we s h a l l  not make use of the ve loc i ty  

jus t  downstream of t h e  j e t s .  Retaining only the  lowest-order terms i n  

6 ,  we obtain  t he  usual  dimensionless boundary-layer equations: 

The boundary-layer approximations permit us t o  t r e a t  t he  problem 

a s  one i n  rectangular coordinates, but  we cannot ignore the  per iod ic i ty  

of t he  flow i n  t h e  8- o r  X-direction. I n  rect,a.ngular coordinatca, we 

"unrol l"  t he  vortex tube t o  obtain a s e r i e s  of f l a t  p la tes  separated 

by tangent ia l  i n j ec t i on  s l i t s  (see sketch i n  Fig.  12 ) .  We consider 

an inf'ini'te number. of such .p la tes  so  t h a t  the  flow w i l l  be periodic.  

Le t t ing  W denote the  j e t  width, we assume 

The ve loc i ty  p ro f i l e  i n  the  s l i t  e x i t  i s  assumed t o  be 'parabol ic .  
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Fig. 12. J e t - I n j e c t i o n  Geometries f o r  Calcula t ions .  



Boundary Condit ions 

The boundary c o n d i t i o n s  f o r  Eq. ( 8 )  a r e  

where F'= w/b = (w /A)  i s  t h e  d imensi  onless j e t -w id th .  

The system of equat ions ,  ( 8 )  and (10))  con ta ins  only t h e  s i n g l e  

parameter  F. Hence- t h e  so lu t ion ,  and . i n  p a r t i c u l a r  

= l i m  V , 
Y . 0  - 8 + _ 

which we c a l l  t h e  recovery r a t i o ,  should be  uniquely  determined by F. 

I n  a j e t - d r i v e n  v o r t e x  tu'be can be r e w r i t t e n  i n  terms of t h e  r a d i a l  

Reynolds modulus, 
N ~ e - )  

t h e  ta ,ngent ia l  j e t  Reynolds modulus, NRe +, 
I 

and t h e  nwnber of  j e t s ,  n, as 



Calculat ion of J e t  P ro f i l e s  

The so lu t ion  of the  Eqs. (8) and (10) .was ca r r i ed  out by means 

of a f in i t e -d i f fe rence  technique of the  e x p l i c i t ,  forward-marching 

type.  The di f ference approximation was of second-order accuracy i n  

t he  Y mesh s i z e ,  and f i r s t - o r d e r  i n  the  X mesh s i z e .  
' 

. 

The l a s t  boundary condit ion of Eqs. (10) involves values of the  

ve loc i ty  a t  both ends of the  i n t e rva l  and prevents the  d i r e c t  use of 

a marching-type so lu t ion .  This d i f f i c u l t y  w a s  avoided by using an 

i t e r a t i o n  method .involving a sequence of marching problem'  with 

-0 
V (1,Y) = a r b i t r a r y  constant , 

I 

The sequence was continued u n t i l  adequate convergence was obtained. 

The r e s u l t  was independent -- of y o .  

The boundary condit ion av/aY + O of Eqs. .  (10) was accl;-ually applied 

a t  a f i n i t e  value of Y, Ymax, which was chosen a r b i t r a r i l y  but l a rge  

enough t o  be outside of the  boundary l aye r .  The value of ymax varied 

from ' (  t o  15 i n  the  cases run. 

The number of mesh points  var ied  from 60 t o  100. The minimum 

number of Y mesh points  across the  j e t  i t s e l f  was about s i x  and was 

probably a l imi t ing  f ac to r  i n  accuracy. The s i z e ' o f  the  fZ increment 

was determined by numerical s t a b i l i t y  requirements. The r e su l t i ng  

number of X mesh points  var ied  frurn several  thousand t o  about a 



hundred thousand. The parameter W w a s  varied from 0.4 to. 3.0. Computer 

time (CDC 1604) var ied s t rongly with W from several  minutes with W = 3.0 

t o  severa l  hours with W = 0.4.  h he use of an impl ic i t  di,fference 

technique would c l e a r l y  .be desi rable  fo r  small values of W.) 

No accurate est imate w a s  made of the . e r r o r  resu l t ing-  from the  

choice of mesh s i z e  and Y used. Errors  on the  order of 5 t o  1% max 

seem l i k e l y .  The only experimental quant i ty  avai lable  f o r  comparison 

i s  the  recovery r a t i o ,  alaO; i . e  ., the  r a t i o  of t angen t ia l  veloci ty  

beyond the  boundary layer  (corrected f o r  tube curvature) t o  . the  . average ' 

j e t  ve loc i ty .  Comparison between the  experimental and t heo re t i c a l  

recovery r a t i o s  i s  shown f o r  a range of W i n  Fig .  11. The, 3greement 

i s  encouraging. 

Some calculated t angen t i a l  ve loc i ty  p ro f i l e s  a r e  'shown i n  Fig.  13. 

Primary Flow Beyond the  Boundary Layer 

Most of the  t h e o r e t i c a l  s t a b i l i t y  r e s u l t s  presented i n  t h i s  memo-', 

r andm were o'btained by assuming t h a t  the  disturbances 8re  confined 

t o  some boundary layer  near the  outer  wall .  For such s t a b i l i t y  calcu- 

la.l;ioris, only t h e  primary flow i n  the  bound.ary layer  as obtained above 

i s  required.  A few s t a b i l i t y  calcula t ions ,  however, were made without 

assuming , t ha t  t h e  disturbances a re  confined t o  any pa r t i cu l a r  pa r t  of 
. . 

t he  flow. We s h a l l  c a l l  these " f i n i t e  gap" s t a b i l i t y  calcula t ions .  

Then we require a l s o  some approximation t o  the  primary flow i n  t he  

i n t e r i o r  of the vortex tube.  



7, NORMRL DISTANCE FROM SURFRCE 

- 
Fig. 13. J e t  Boundary-Layer Prof i les , .W = 0.6. 



Boundary-layer techniques involve, i n  effect ,  an asymptotic expansion 

of t h e  form 

where Uo = 0, and give as r e s u l t s ' t h e  lowest-order non-zero terms Vo 

and U1. I f  we subs t i t u t e  Eq. (14) i n t o  Eqs. (12) keeping. r and 8 a s  

var iab les  f o r  t he  i n t e r i o r  flow, l e t  v = b 2 v . / i ,  and co l l ec t  coef f l -  
J 

c i e n t s  of the  various powers of 6, it i s  not d i f f i c u l t  t o  show t h a t  

V o  0: l/r.  Thus, t h e  boundary-layer t angen t ia l  p r o f i l e  must be f a i r e d  

i n t o  a l / r  p r o f i l e  i n  t h e  in&er ior  region of t he  vortex tube. 'This 

i s  done read i ly  by pu t t ing  

The r a d i a l  dependence of UL i s  mucll more colilplicated. A pa r t i a l  

d i f f e r e n t i a l  equation d e ~ c r i b i n g  i t s  behavior i n  r y e  can be derived, 

bu t  we s h a l l  merely make t h e  crude approximation t h a t  

by analogy with V  . Equation (16) i s  accurate within t h e  boundary 
O 

l a y e r  bu t  a poor approximation i n  t h e  i n t e r i o r  region. 

For our f i n i t e  gap s t a b i l i t y  calculations,  we assume 

U = 6 U 1  and V = V  . 
0 



S t a b i l i t y  

Normal Mode Equations 

The f i r s t - o r d e r  pe r tu rba t ion  equations [ E ~ s .  (5 ) ]  form a s e t  of 

coupled, l i n e a r  d i f f e r e n t i a l  equations governing t h e  pe r tu rba t ions  f o r  

a given s t a t i o n a r y . p r o v i l e  (u,v). The pe r tu rba t ions  a r e  now resolved 

i n t o  normal modes of the  form: 

s i n  bz 

4(r) exp (Tat) 

cos bz 

where 4 ( r )  i s  the  complex amplitude, a i s  t h e  frequency parameter 

which may be r e a l ,  imaginary, o r  complex, and b i s  t h e  convective 

wave number. I n  terms of t h e  normal modes, Eqs. (5)  reduce t o  a s e t  

of coupled, ordinary d i f f e r e n t i a l  equations governing the  complex 

amplitudes a s  follows: 

L a~ a~ 
(ia - - + u - + -  u + (--"v, 

' ~ e  
dx ax xae  x 

j 

av v L B ( - + - )  ul + ' ( i a - -  + u - + - + -  g = o  , (19) 
ax x N ~ e  

j Continued 



L d au , / 
pu1 + pa - - + u - - -  

I V ~ e  tlx ax 
m 

where 



V .  ro V .  
J 

N ~ e  
= p -  , N~ A = ,/- 2 (Alfv;? modulus) , 

j p .  Bo 

' ~ e  = V .  r p 0 (magnetic Reynolds modulus) , 
m J 0 0  

where V .  i s  t h e  average j e t  i n j e c t i o n  veloci ty ,  r i s  t h e  r ad ius  of 
J 0 

curvature of t h e  concave w a l l ,  and t h e  opera tor  E i s  defined as 

fol lows : 

These equations must be considered i n  conjunction with a s e t  of 

p e r t i n e n t  homogeneous boundary condit ions.  There appears a major 

d i f f i c u l t y  i n  t h e  above formulation, however. Since t h e  s-l;ationary 

p r o f i l e  i~ a funct ion  of (x, B), t h e  c o e f f i c i e n t s  i n  Eqs. (8) a r e  i n  

genera l  funct ions  o f  (x, 8).  This d i f f i c u l t y  i s  resolved he re  by . con- 

s ide r ing  t h e  s t a b i l i t y  problem l o c a l l y ,  by t r e a t i n g  8 as a parameter 

i n  t h e  formulation, and carry ing out  t h e  s t a b i l i t y  a n a l y s i s  f o r  

d i f f e r e n t  cons tant  0-values. The work of e a r l i e r  i n v e s t i g a t o r s  i n d i c a t e s  

t h a t  GErtler  i n s t a b i l i t y  (unl ike  Tollmein-Schlichting waves) i s  

determined p r imar i ly  by t h e  th ickness  of t h e  boundary l a y e r  r a t h e r  than  

by d e t a i l e d  shape of t h e  v e l o c i t y  p r o f i l e .  J e t -d r iven  boundary l a y e r s  

inc rease  i n  th ickness  a s  we move downstream from t h e  j e t .  I n  t h e  

p resen t  work, t o  obta in  t h e  lowest  values of t h e  c r i t i c a l  GErtler  



modulus, we s h a l l  cons ider  only t h e  s t a b i l i t y  of the  v e l o c i t y  p r o f i l e  

a t  t h e  angular  p o s i t i o n  f a r t h e s t '  downstream from the  jet. 

Reduction of t h e  Normal Eauations 

I n  t h e  p resen t  problem, t h e  dimensionless s t a t i o n a r y  p r o f i l e  is  

t aken  t o  be t h e  one obtained using t h e  boundary-layer approximation 

p rev ious ly  described.  I n  add i t ion ,  it is assumed t h a t  (1) the  c r i t i c a l  

p e r t u r b a t i o n  i s  t h a t  due t o  a s t a t i o n a r y  secondary flow [i .e . , a = 01, 

and (2) t h e  magnetic P r a n d t l  modulus [Nprm] i s  small. 

Under these  assumptions, t h e  normal. mode equations [ ~ q s .  ( l g ) ]  

reduce t o  the  fol lowing s e t  of two coupled d i f f e r e n t i a l  equations : 

where 

. . 

2 

N ~ a ,  = N ~ e  (Taylor modulus), and 
j 



Boundary Conditions 

The vortex tube i s  assumed t o  be nonpermeable and a pe r fec t  e lec -  

t r i c a l  conductor. To avoid the  problem of dealing with the  th ree -  

dimensional primary flow near the  ax i s ,  we assume t h a t  f l u i d  i s  removed 

through a porous inner cyl inder  of radius,  rl, which ro t a t e s  a t  the 

l o c a l  t angen t ia l  f l u i d  veloci ty ,  v ( r l ) .  Assuming t h a t  the inner cylinder 

i s  a l s o  per fec t ly  conducting and has a porosi ty  too  small t o  permit 

appreciable penetra t ion of '-the disturbance,  we have a s  boundary con- 

d i t i ons  : 

11 where K = rl/r . 
0 

Solution of Finite-Gap Equations 

The s t a b i l i t y  equations were rewri t ten  a s  a system of f i r s t  -order 

equations and were solved by forward in tegra t ion  using fourth-order 

predic tor-corrector  formulas. The method used t o  ca lcu la te  the  

c r i t i c a l  values of e and NTa i s  described i n  Ref. 11. The s tep-s ize  

f o r  numerical in tegra t ion  was progressively halved u n t i l  the  c r i t i c a l  

values of both fl and N i n  two successive ca lcu la t ions  d i f fe red  by 
Ta 

l e s s .  than 1%. A s  mentioned e a r l i e r ,  however, the  e r r o r  i n  the  calcu- 

l a t i o n  of the  primary ve loc i ty  p r o f i l e  w a s  not so  ca r e fu l l y  control led .  

It i s  probably much l a rge r  and may dominate t he  f i n a l  e r r o r .  

Results i n  terms of the  c r i t i ca l .  Ge6rtler and Hartmann moduli 
- 

f o r  the case of W = 3.0, K = 0.25, and n = 2 a r e  shown i n  Fig .  14. 

+see Section 4 f o r  definj- t ions of the  ~ 6 r t l e r  and Hartmann moduli. 



N m A ,  HRRTMRNN MODULUS BASED ON MOMENTUM THICKNESS 

Fig. 14.  Comparison of Theoretical  Results. Upper curve from 
boundary-layer s t a b i l i t y  theory with - W = 3.0. Lower curve from f i n i t e -  

' gap theory with two j e t s .  K = 0.25, W = 3.0. 



The GGrtler modulus, NGz, has approximately a constant  value of  3 

f o r  small values of the  Hartmann modulus, NHaA. Near N = 2, NG6 Has 
increases  r ap id ly  with N and t h e  disturbance becomes progress ively  

Han 
- -  . 

confined t o  a l a y e r  near  the  outer  wa l l .  For NHaA > 3, t h e  f i n i t e - g a p  
. . 

r e s u l t s  approach t h e  boundary-1-ayer r e s u l t s  which were obtained b y  

applying the  boundary-layer approximations t o  t h e  d i s tu rbances . a s  

described below. 

Boundary-Layer S t a b i l i t y  Equations 

If we apply t h e  boundary-layer t ransformat ion  

t o  Eq. (21), we ob ta in  a boundary-layer form of t h e  s t a b i l i t y  equat ions :  

where 



- 
u1 = u ' ~  , and 

and a r e  t h e  boundary . layer primary v e l o c i t i e s  defined e a r l i e r .  

A s  a r e s u l t  of t h e  boundary-layer approximations, t h e  number of 
1 

t h e  c h a r a c t e r i s t i c  parameters i s  decreased by two; and..we:;..P6se..!ithe!b;-;:. 

dependence of t h e  s t a b i l i t y  c r i t e r i o n  on.both K, and .n .  

The boundary condi t ions  become : 

-. - 
I n  addi t ion ,  we requ i re  t h a t  t h e  per turbat ions  u i J  g l ,  vanish as 

. . - 
Y 4 CO. It i s  poss ib le  t o  cxprcss these  boundary condit ions such t h a t  

they can be appl ied  at  t h e  outer  edge of the  boundary l a y e r  r a t h e r  

than a t  i n f i n i t y ,  thus  r e s t r i c t i n g  .the i n t e g r a t i o n  t o  a f i n i t e  i n t e r v a l .  

The method i s  a d i r e c t  extension of t h a t  used by ~'&mnerl~&.~' f o r  h i s  

non-magnetic, p a r a l l e l  flow ana lys i s  of boundary-layer s t a b i l i t y .  

The r e s u l t i n g  boundary condit ions a re :  

d d  d  
f 

dY 
(26) 

Continued 





and 

Equations (26) may be applied a t  any value of Y such t h a t  V = 

and = L. I n  p rac t ice ,  these  conditions were usual ly  applied a t  

the  value Ymax used i n  t he  primary flow calcula t ions .  

Boundarv-Laver S t a b i l i t v  Resul ts '  

The boundary-layer s t a b i l i t y  equations were solved by numerical 

in tegra t ion  i n  t he  same way a s  the  . f i n i t e  -gap equations . 
1 

Figure 1 5  shows t he  c r i t i c a l  or t rans , i t ion  value. of N a s  a 
Go 

funct ion of NHa f o r  W = 0.6. For large  NHa the  curve approaches n A' 

a s t r a i g h t  l i ne  and N G6 a NHan. For small NH an, NG.d decreases without 

appearing t o  approach a f i n i t e  lower l i m i t ,  a t  l e a s t  fo r  the  range of 

N ~ a n  considered . 
Figure 16 shows the  c r i t i c a l  value of the  wave number 

based on the  momentum thickness,  A, a s  a function of NHaA. For 

- 1 
large NHaA, PA a N ~ a A *  For small NHad A decrease s t ead i l y  a s  

The boundary-layer s t a b i l i t y  analysis  f o r  W = 0.6 was used t o  ca l -  

cu la te  t he  curve i n  Fig .  9 labeled "Laminary Boundary-Layer Theory." 



NHR,, HARTMANN MODULUS BASED ON MOMENTUM THICKNESS 

Fig. 15. Cr i t i ca l  ~ g r t l e r  Modulus, Theory, f = 0.6. 



N HRRTMRNN MODULUS BRSED ON MOMENTUM THICKNESS 

- 
Fig. 16. C r i t i c a l  Wave Num'ber, Theory, W = 0.6. 



Com~arison with Previous Theore t ica l  Inves t iga t ions  

The authors  know of no previous work on t h e  hjrdromagnetic G8r t ler  

s t a b i l i t y  problem. The nonmagnetic s t a b i l i t y  problem has been t r e a t e d  

t h e o r e t i c a l l y  by Gijrtler,  l6 ~ b n e r l i n , ~ . '  ~ e k s ~ n , " '  and smith." 

G'drtler f i r s t  proposed and demonstrated t h e o r e t i c a l l y '  t h a t  Taylor 

i n s t a b i l i t y  could occur i n  a boundary l a y e r  on a concave su r face .  He 

made the  ' p a r a l l e l  flow approximat ion  (i .e . , he neglected.  the  component 

of the  primary v e l o c i t y  normal t o  the  su r face )  i n  de r iv ing  the  s t a b i l i t y  

equations . . . 

Meksyn solved G 'd r t l e r f s  s t a b i l i t y  equations us ing a d i f f e r e n t ,  

asymptotic method of in teg ra t ion .  

Hkimmerlin a l s o  resolved G o r t l e r f s  equations by d i f f e r e n t  methods 

and apparent ly  obtained very accura te  so lu t ions .  He f i r s t  e s t ab l i shed  

the  pecu l i a r  r e s u l t  t h a t  t h e  minimum Taylor o r  Gor t l e r  modulus f o r  

n e u t r a l  s t a b i l i t y  occurs a t  an  a x i a l  wave number of zero.  The r e s u l t i n g  

d is turbances  extend f a r  outs ide  of t h e  boundary l a y e r .  

Smith considered the  approximations made i n  der iv ing t h e  s t a b i l i t y  

equations i n  d e t a i l  and derived a new s e t  of much more complicated 

equations.  The add i t ions  t o  the  s t a b i l i t y  equations made by Smith a r e  

of t h r e e  types:  (1) Normal flow te1.m~. Cer ta in  terms involving t h e  

v e l o c i t y  normal t o  t h e  surface  i n  a growing boundary l a y e r  were found 

t o  be of the  same order  of magnitude a s  t h e  t a n g e n t i a l  v e l o c i t y  terms.  

(2) F i n i t e  curvature terms. Terms approximately descr ib ing the  e f f e c t  

of curvature on t h e .  disturbances were r e t a ined .  The a d d i t i o n  of these  

terms involves the  in t roduct ion  of a new parameter, and the  r e l a t i v e  

importance of t h e  terms depends on t h e  range of values chosen f o r  the  



new parameter. (3 )  Growth r a t e  terms. Smith permitted t he  d i s t u r -  

bances t o  grow i n  t he  downstream d i rec t ion  ra ther  than i n  time. These 

growth r a t e  terms do not appear i n  t he  neu t ra l  s t a b i l i t y  equations. 

To c l a r i f y  t h e  re la t ionsh ip  between t he  present w.ork and t h a t  of 

Smith, we note t h a t  we r e t a i n  the  same .normal flow terms a s  Smith. 

I n  t h e  f in i te-gap calcula t ions ,  we r e t a i n  f i n i t e  wall curvature terms 

without, however, making t h e  approximations used by Smith. I n  t h e  

boundary-layer calcula t ions ,  we neglect  curvature terms. We do not 

consider f i n i t e  r a t e s  of growth a t  a l l .  

The r e s u l t s  of ~ z r t l e r ,  H ' h e r l i n z  and Smith a r e  i n  general 

agreement, while t he  c r i t i c a l  r e s u l t s  of' Meksyii are sumewhat higher. 

H k e r l i n ,  whose ca lcu la t ions  , a re  probably most precise,  found a 

c r i t i c a l  GGrtler modulus of about 0.31 and a c r i t i c a l ,  wave number of 

zero f o r  the  Blasius p r o f i l e .  

It may be seen from.Fig. 1 5  t h a t  a t  small values of NHa , t he  
A 

present  calcula t ions ,  using the  boundary-layer approximations give 

c r i t i c a l  values of N much l e s s  than 0.31. To inveat igate  the cavse G'd 

of t h e  very s m a l l  c r i . t i c a l  values of N obtaixed, some calcula t ions  GE 
werc made using t h e  present  methods f o r  t he  Blasius p rof i l e ,  neglect-  

ing t he  normal flow terms. The r e s u l t s  were i n  very good agreement 

with H"merlin, with N G2 -, 0.31 and + 0 a s  N -+ 0. As N, 
 ha^ HaA 

increases,  it was found t h a t  t he  growth of the  disturbance outside 

of t h e  boundary was l imi ted  by the  magnetic f i e ld ;  and a f i n i t e  

c r i t i c a l  wave number w a s  obtained. 



The calcula t ions  were then repeated, s t i l l  f o r  the Blasius p ro f i l e ,  

but including the  normal flow terms. The c r i t i c a l  value of N then 
Go 

became very small a s  NHaA+ 0, s imi la r  t o  Fig. 15. The normal flow 

terms thus  seem t o  have a des tab i l i z ing  e f f ec t  on the  flow a t  very 

small values of NHa As NHaA increases,  however, the  importance of 
A' 

the  normal flow terms diminishes. 

Finally,  ' the neu t ra l  s t a b i l i t y  curve of N .. versus 'p a t  NH, . = 0 
Go A A 

was calculated f o r  the  Blasius p ro f i l e  with t he  normal flow terms. The 

r e su l t s  a t  pa = 0.664, where Smith has made pa r t i cu l a r l y  de ta i l ed  c a l -  

cula t ions ,  a r e  i n  good agreement with.  those of Smith. . A t  very srrlall 

values of, PA, however, N becomes very small.  . 
G'd 

It seems l i k e l y  t h a t  the  e f f e c t  of the  normal flow i s  t o  a i d  i n  . 

the  growth of the  disturbance beyond the  boundary layer .  When an 

appreciable magnetic f i e l d  i s  applied,  the  perturbed motion outside 

of the  boundary layer  i s  damped i n  any case ; and the '  normal flow is  

r e l a t i ve ly  unimportant. 

It 'i& not known def in te ly  why Smith did 'not f ind  lower values 

of NG6 . It could be because of the  f i n i t e  curvature terms which he 

retained,  o r  h i s  method of so lu t ion  (Galerkinls method,) which may not 

have' given a.d.e quate representat  ion of the  disturbances outside of the  

boundary layer  a t  small wave numbers . 

, Limits of Appl icabi l i ty  of the  Theory ' 

andm Comparison wit,h.  Experiment 

Primary Flow Calculations 

To permit the  use of the  boi.i.ndary-layer approximations, the  

Reynol-ds modulus must be l a rge .  I f  we a r b i t r a r i l y  adopt - L ; k  c r i t e r i o n  



then i n  a vortex tube we must have 

9 . 
We a l s o  require t h a t  t he  boundary-layer thickness be small compared t o  

the  radius  of curvature,  say: 

whlch can be rewr i t t en  as 

N~~ - > 19/11 ., (31) 

Most of the  experimental r e s u l t s  a r e  border-l ine cases with respect  

t o  these  l i m i t s .  ~eve ' r theless , '  agreement between experikental  and 

theoret ical .  recovery r a t i o s  is ra ther  'good as  indicated i n  Fig. '11. . 

Finite-Gap S t a b i l i t y  Results 

A l l  s t a b i l i t y  ca lcu la t ions  require a primary flow and are  there-  

fo re  a l s o  l imi ted by the  above res t r i c t ions , .  . I n  addit ion,  the  f i n i t e -  

gap s t a b i l i t y  ca lcu la t ions  involve a very a r t i f i c i a l  treatment of the 

inner  boundary condit ion and require a ,knowledge o f '  t he  r a d i a l  dependence 

. of t he  primary r a d i a l  ve loc i ty  beyond. t he  boundary layer ;  t h i s  has been 

t r e a t e d  only very crudely i n  t h i s  work. 

Comparison of the  f in i t e -gap  curve of Pri.g. 1 4  with t he  experimental 

points  of Fig.  9 show a r a t h e r  poor agreement, even i n  the  qua l i t a t ive  

shape of t h e  curves. 



There a r e  two proper t ies  of the  f in i te-gap r e s u l t s  which a r e  of 

i n t e r e s t :  (1)  A t  small values of NHa , NGG approaches a non-zero 
A 

l i m i t  (which inc iden ta l ly  depends on K: and n),  and i s  well above the  

boundary-layer s t a b i l i t y  r e s u l t .  This occurs very simply because the  

physical  dimensions of t he  vortex tube l i m i t  t h e  maximum s i z e  of a 

disturbance which can form, and should there fore  be a t  l e a s t  qual i -  

t a t i v e l y  correct .  ( 2 )  A t  l a rge  values of N , the  disturbance 
 ha^ 

becomes confined t o  a t h i n  boundary layer,  t he  d i f f i c u l t i e s  with inner 

boundary conditions and i n t e r i o r  r a d i a l  flow become unimportant, and 

t he  f in i te-gap r e s u l t s  approach t he  boundary layer  r e s u l t s .  

Boundary-Layer S t a b i l i t y  Results  

The v a l i d i t y  of the  boundary-layer s t a b i l i t y  r e s u l t s  i s  a l s o  

l imi ted  by Eqs. ( 2 9 )  and (31), however, because of t h e  tendency of 

t h e  disturbances . to exteud far beyond t h e  boundary layer,  a more 

s t r ingen t  l im i t a t i on  than Eq. (31) i s  probably required when N i s .  
 ha^ 

small. I n  any case, even with t he  maximum number of four  j e t s  used 

i n  the  experiments, s t a b i l i t y  r e s u l t s  f o r  which N i s  l e s s  than th ree  GE 

o r  four should probably be re jec ted  because of t he  boundary-layer 

approximations. Poor agreement of the  boundary-1ayer.results with ' ' 

experimental data  i s  evident i n  Fig. 9. 

Treatment of t he  &Dependence 

Finally,  we note t h a t  we have ignored t he  &dependence of -the 

d.ist,in.rhance and have considered only t he  neutra l  s t a b i l i t y  a t  t h a t  



value of 0 a t  which the  primary ve loc i ty  p r o f i l e  is  believed t o  be 

most unstable .  'l'his might be in te rpre ted  very roughly a s  meaning t h a t ,  

a t  the  c r i t i c a l  ~ ' d r t l e r  modulus which we ca lcu la te ,  the l o s s  of energy 

by the  disturbance due t o  d i s s ipa t ion  exceeds t he  energy gain from the  

primary flow a t  a l l  values of 0 except one, where t he  energy l o s s  and 

ga in  jus t  balance. The t r u e  c r i t i c a l  ~ ' d r t l e r  modulus should then be 

of some higher value, a t  which the  energy l o s s  and gain through the  

e n t i r e  flow regime balance. This could account f o r  the  low theo re t i c a l  

r e s u l t s  shown i n  Fig .  9. An attempt using an i n t eg ra l  growth parameter 

as suggested by may probably be an  improvement over the  present  

t.heory . 

~ s c i l l a t o ~ ~  Modes 

I n  e a r l i e r  t h e o r e t i c a l  s tud ies  of' the  hydromagnetic s t a b i l i t y  of 

.12 Couette flow between conducting cyl inders ,  the  authors have reported 

t h a t ,  a t  high values of the  Hartmann modulus, disturbances involving 

an  o s c i l l a t o r y  time dependence sometimes occur and may become more 

unstable than the  s t a t i ona ry  disturbances.  For the  primary flow con- 

s idered i n  the  present  work, the  p o s s i b i l i t y  of .the existence of o sc i l -  

l a t o r y  c r i t i c a l  disturbances has not been adequately invest igated.  We 

note,  however, t h a t  i n  a l l  e a r l i e r  cases where o sc i l l a t o ry  c r i t i c a l  

modes occurred, ca lcu la t ions  of the  most unstable s t a t ionary  modes l ed  

t o  an  abnormal behavior of t h e  c r i t i c a l  Taylor modulus and wave number 

a s  t h e  Hartmann modulus became very l a rge ;  the  asymptotic behavior of 

NGg OLNHa and p = N  as NHa . + a  of Figs. 1 5  and 16 i s  "normal" 
A 

A HaA 
A 

i n  t h i s  respect .  



6. CONCLUSIONS 

Experimental 

Hydromagnetic s t u d i e s  have been made of vo r t ex  flow of a n  aqueous 

e l e c t r o l y t i c  conductor  induced by  two-dimensional s l i t s  o r i e n t e d  tangen-  

t i a l l y  i n  t h e  w a l l  o f  a 10-cm-diam by 41-cm-long tube  wi th  f l u i d  removal 

a t  t h e  c e n t e r  of one end. Flow v i s u a l i z a t i o n  employing motion-picture 

photography revealed t h e  .I;r.ansition t o  an  uns t ab le  flow which u l t i m a t e l y  

became t u r b u l e n t .  The p r i n c i p a l  observa t ions  and conclus ions  of t h i s  

s tudy  a r e  : 

1. The t r a n s i t i o n '  t o  i n s t a b i l i t y  w a s  observed as a p e r i o d i c  expansion 

and c o n t r a c t i o n  of a dye t r a c e  (as  viewed i n  t h e  a x i a l  d i r e c t i o n )  a long  t h e  

concave w a l l  downstream from a feed s l i t  which occurred when t h e  t a n g e n t i a l  

Reynolds~modulus exceeded a c e r t a i n  c r i t i c a l  value dependent on t h e  s t r e n g t h  

of  t h e  magnetic f i e l d .  A t  'values of  t h e  t a n g e n t i a l  Reynolds modulus a few 

yerLceiit above t h e  c r i t i c a l ,  t h e  dye t r a c e  i n  t h e  v i c i n i t y  of t h e  w a l l  o s c i l -  

l a t e d  wt th  a r a t h e r  wel l-defined rad ia l ,  ampli tude which inc reased  wi th  t h e  

amount by which t h e  c r i t i c a l  Reynolds modulus w a s  exceeded. I r r e g u l a r  
. . 

r o l l i n g  of t h e  t r a c e  around a .  c i r c u m f e r e n t i a l  s t r eaml ine  w a s  a l s o  noted 

w e l l  above t h e  t r a n s i t i o n  p o i n t .  When t h e  c r i t i c a l  Reynolds modulus was 

exceeded by more than  a few pe rcen t ,  t h e  i n s t a b i l i t y  developed i n t o  a d i s -  

organized t u r b u l e n t  - l i k e  f low cha rac t e r i zed  by ,gross  mixing. It should be 

noted t h a t  no s i g n i f i c a n t  e f f e c t  on t h e  na tu re  of t h e  t r a n s i t i o n  as observed 

i n  t h e s e  experiments r e s u l t e d  from a p p l i c a t i o n  of t h e  magnetic f i e l d .  While 

no d e f i n i t e  Taylor- type c e l l u l a r  v o r t i c e s  were observed a t  t h e  t r a n s  it ion  

p o i n t  i n  t h e s e  experiments,  it may neve r the l e s s  be p o s s i b l e  t h a t  t h e  Taylor -  

~ o r t l e r  mechanism i s  respons ib le  f o r  t h e  i n s t a b i l i t y ;  t h e  d i s t u r b i n g  



influence of t he  j e t s  on flow near the  w a l l  may have prevented formation 

of recognizable c e l l s  (Fig. )I.). 

2. The a x i a l  magnetic f i e l d  suppressed the  t r a n s i t i o n  t o  i n s t a b i l i t y .  

For example, with two in j ec t i on  s l i t s ,  the  c r i t i c a l  t angen t ia l  Reynolds 

modulus (based on tube radius and tangent ia l  ve loc i ty  a t  a  radius r a t i o  

of 0.8) was increased from 500 with no magnetic f i e l d  t o  7600 using a 

75-kilogauss a x i a l  magnetic f i e l d  applied t o  give a Hartmann modulus 

(based on tube rad ius )  of 172 (Fig. 8 ) .  

3. Increasing t h e  number of in jec t ion  s l i t s  ( a t  constant s l i t  width) 

increased the  c r i t i c a l  Reynolds modulus but decreased the  influence of the 

f i e l d  on the  c r i t i c a l  Reynolds modulus a t  high v a h ~ e s  of the  Hartmann 

modulus ( ~ i g  . 8)  . 
4. The recovery of in jec t ion  ve loc i ty  as  t angen t ia l  ve loc i ty  near 

t h e  periphery of t he  tube was increased s ignif icant l -y  when the  vortex flow 

was s t ab i l i z ed  by t he  magnetic f i e l d ,  a r e s u l t  which can be in terpreted as  

being due t o  a corresponding decrease i n  wall shear.  The s t a b i l i  xed f 1 .o~~~  

data  agree very wel l  with r e s u l t s  obtained by solving the  boundary-layer 

equations f o r  the  s teady-s ta te  ve loc i ty  p ro f i l e  a s  a function of distance 

froni an inJec t ion  s l i t ,  neglecting curvature (Fig. 11) . 
5. When the  t angent ia l  Reynolds modulus was ra ised above th.e c r i t i c a l  

value f o r  complete s t ab i l i z a t i on ,  the  magnetic f i e l d  was nevertheless 

e f f ec t i ve  i n  stabiliz5,ng the  i n t e r i o r  of the vortex flow. For ex-mple, a t  

a  t angen t i a l  Reynolds modulus of 13,200, de f in i t e  laminar flow was observed 

ins ide  a radius r a t i o  of about 0.8. Although the  flow near the  wal l  r e -  

mained turbulent  i n  t h i s  case,  the f i e l d  was found t o  i nh ib i t  growth of 

the  disturbances,  r e su l t i ng  i n  a decrease i n  the  sca le  of the  turbulence 

(Figs.  6 and 7 ) .  



6 .  The data f o r  l:, 2-, and 4 - s l i t  in jec t ion  when compared i n  terms 

++ 
of the c r i t i c a l  "G'drtler modulus ", (vO. 4 v )  (A/r  )O ' 5 ,  and the  Hartmann 

0 

modulus (based on momentum thickness) ,  Jx Bo A, were found t o  f a l l  on 

three  d i s t i n c t  .curves (Fig. 9) . Signif icant  improvement i n  the  corre la-  

t i o n  resul ted by adjust ing the  exponent on the r a t i o  a/ro i n  t h e  Ggrtler  

modulus from 0.5 t o  0.43 (Fig. 1 0 ) .  

Analytical  

An MHD ~ G r t l e r - t y p e  s t a b i l i t y  analysis  based on a tangent ia l  j e t -  

in jec t ion  ve loc i ty  p r o f i l e  over a concave wall has been considered. The 

~ t a t ~ i o n a r y  je t - in jec t ion  ve loc i ty  p ro f i l e  was calcula ted according t o  the  

c l a s s i ca l  theory of .'laminar boundary-layer flow, and the  s t a b i l i t y  arlalys i s  

was ca r r ied  out numerically based on l i n e a r  per turbat ion theory f o r  the  

calculated p ro f i l e  under the  influence of a  t.ransverse magnet$b f i e l d .  

Most of the  t heo re t i c a l  s t a b i l i t y  r e su l t s  presented i n  t h i s  paper were 

obtained by a boundary-layer s t a b i l i t y  analysis  ; t h a t  i s ,  by assuming t h a t  

the  djsturbances a re  confined t o  some,boundary layer  of the flow. A few 

s t a b i l i t y  calcula t ions ,  however, were obtained by a f in i t e -gap  analysis  

without assuming t h a t  the  disturbances are  confined t o  any pa r t i cu l a r  pa r t  

of the  flow. For these  calcula t ions ,  a crude approximation of the  flow 

outside of the  bounda.ry l ayer  f o r  a  vortex geometry was used. 

A t yp i ca l  s e t  of calculated j e t  - in ject ion,  boundary-layer p ro f i l e s  i s  

shown i n  Fig. 13. Comparison between experimental and t heo re t i c a l  recovery 

r a t i o  based on the  calculated p ro f i l e s  i s  presented i n  Fig. 11, i n  which 

good agreement i s  evident.  

Comparison of the  s t a b i l i t y  r e su l t s  with experiments i s  presented i n  

Figs.  9 and 14;  here poor agreement, i s  observed. At . l a rge  values of NHa 
A' 



the  boundary-layer and f i n i t e -gap  s t a b i l i t y  analyses a r e  nearly equivalent .  

A t  small values of NH t he  Gort ler  modulus approaches zero f o r  the  

boundary-layer ana lys i s  and a f i n i t e  value f o r  the  f i n i t e  -gap ana lys i s  . 
Since the  physical  dimensions of the  vortex tube l i m i t  t he  maximum s i z e  

of a disturbance,  t he  l a t t e r  i s  a t  l e a s t  qua l i t a t i ve ly  cor rec t .  However, 

i n  order  t o  insure  t h a t  the  j e t - in jec t ion  boundary-layer thickness be small 

compared t o  the  radius  of curvature, the  s t a b i l i t y  theory i s  applicable 

only f o r  r e l a t i v e l y  l a rge  values of N .. (2 lg /n )  . 
Go 

The authors  know of no previous work on t he  hydromagnetic Gort ler  

s t a b i l i t y  problem. The nonmagnetic s t a b i l i t y  problem has been t r e a t ed  

t h e o r e t i c a l l y  by GErtler,  Harnrnerlin, Meksyn, and Smith. A t  NHaA -1 0, the  

present  r e s u l t s  ind ica te  t h a t  the  c r i t i c a l  Gort ler  modulus f o r  a boundary 

l aye r  f a l l s  f a r  below the  values obtained by t he  e a r l i e r  inves t iga to rs .  

The low c r i t i c a l  value has been t raced t o  terms i n  the  s t a b i l i t y  equations 

which account f o r  normal flow caused by growth of the boundary l aye r .  

Without such terms, very good agreement with ~ b e r l i n  could be obtained. 

The authors wish t o  express apprecia t ion t30 D r .  W. F. Gauster and t o  

R. L.  Drown, Thel-monuclear Division, f o r  t h e i r  cooperation i n  making the  

Magnet Laboratory ava i l ab le  f o r  t he  experiments. R. E. Dial  was respon- 
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