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HYDROMAGNETIC STABILIZATION OF JET-DRIVEN VORTEX FLOW

J. J. Keyes, Jr., T. S. Chang,Jr and W. K. Sartory

ABSTRACT

Confined, vortex-type flows generated by tangential impingement
of fluid on the interior surface of a tube are observed to be unstable
at values of tangential Reynolds modulus much below the range of in-
terest for such advanced energy conversion applications as the gaseous-
fueled nuclear reactor and the vortex magnetohydrodynamic power gen-
erator. At the operating temperature level envisioned for these devices,
however, the electrical conductivity may be sufficiently high that
maghetohydrodynamic stabilization can be considered. Experiments are
described which demonstrate the stabilizing influence of an axial mag-
netic field (up to 75 kilogauss) on vortex flow of an aqueous electro-
lytic conductor generated by two-dimensional, tangential wall jets.
For example, using a 1lO0-cm-diam vortex tube having two feed jets and
a single exit orifice at the center of one end, the tangential Reynolds
modulus at transition to instability was increased from 500 with no
magnetic field to 7600 with the 75 kilogauss field (corresponding to a
Hartmann modulus based .on the tube radius of'l72). The experimental
magnetic stabilization results for 1-, 2-, and L4-slit injection are
correlated in terms of a modified "Gortler modulus" [tangential Reynolds
modulus based on momentum boundary-layer thickness times (momentum
thickness/radius)® %3] and the Hartmann modulus based on momentum
thickness. '

. An MHD Gortler-type stability analysis based on a tangential jet-
injection velocity profile over a concave wall is considered. The
fluid medium is assumed to be incompressible, viscous, and electrically
conducting. The stationary jet-injection velocity profile is calculated
according to the classical theory of laminar boundary-layer flow,
neglecting effects of curvature. The stability analysis is carried out
numerically based on the linear perturbation theory for the calculated
stationary profile subjected to an external magnetic field. Whereas
the jet-velocity recovery ratios (tangential velocity extrapolated to
wall /mean injection velocity) derived from the theoretical stationary
velocity profiles agree well with the measurements for magnetically
stabilized vortex flow, the agreement between results of the stability
.analysis and the measurements is poor. Possible reasons for the dis-
agreement are discussed.

*Consultant, Heat Transfer—Fluid Mechanics Section, Engineering
Science Department, Reactor Division; NSF Professor of Continuum
Mechanics, Department of Engineering Mechanics, North Carolina State
University, Raleigh, North Carolina.



1. INTRODUCTION

Confined, vortex-like flows generated by tangential impingement of
fluid on the interior surface of a tube are of current interest for.
application to such advanced energy conversion devices as the vortex
magnetohydrodynamic (MHD) generator and the gaseous fuel (or gas-core)
nuclear reactor utilizing vortex containment of the_fissibnable material.
The vortex MHD generator, for example; utilizes the interaction between
a rotat;ng plasma and an axial (or radial) magnetic field to induce a
radial (or axial) electric field.l The vortex gaseous-fuel reactor, as
originally proposed, depends on a balance between the outward centrifugal
force on the heavy fuel moledulesland;the’inward force due to convection
of a light gas which is used to generate the vortex and which spirals

"radially inward. This balancelof forces can, in principle for laminar-
flow, effect containment offthe fuel in an annular region away from thé
cylindrical.wall within which the gas is constrained to rotaté, thereby
enabling gas temperaturee to bc attained which méy be well in excess of
that for solid-fuel reactors.?

It may be possible fo cdmbine ﬁhe vortex reactor and the vortex MHD
generator in the same tubular unit, as illustrated schematically in Fig. 1.
Here the vortex flow field is gehefated by 5ets of light gas impinging
tangentially on the concave interior surface of a straight channel, in
this case a unit cell of the reactor core matrix. The gas spirals
radially inward through the annular fuel zone and, in the process, is
heated by direct molecular interchange and/or radiation. The hot,
rotating gasvwhich may be strongly ionized and hence electrically.con—

ducting (i.e., a plasma) will interact with an axial magnetic field

~
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to produce a radial electric field between the inner electrode (which
also serves for removal of the gas) and the fuel zone which would serve
as an outer plasma electrode for the vortex generator.

Experimental studies of jet-driven vortex-type flows have revealed
that such flows are turbulent at values of tangential velocity (and cor-
responding tangential Reynolds modulus) much below the range of interest
for. the applications.2 Turbuience results in excessive frictional losseé,
and, in the case of the reactor application, limils separation and hence
fuei containment by the process of eddy mixing.  Suppression of or, hope-
fully, complete elimination of turbulence would certainly increase the
feasibility of these energy conversion concepts. Another problem of
hydrodynamic origin results from the interaction of the primary tangential
flow with the end walls of the vortex chamber causing some of the fuel
mixture to bypass the intefior of the chamber by radial flow in the
boundary layers which develop on the end walls. This problem was con-
sidered analytically and experimentally by Kidd.*

Attempts to ﬁiniﬁize turbulence by purely fluid-mechanical tech-
niques, such as wall suction employing porous and slotted walls, and
wall cooling, have met with onl& limited success.®-5 Most recently,
however, attention has been focused on the stabilizing influence of an
axial magnetic field on the vortex flow of an electrically conducting
fluid since, in the applications of interest, operation will be at
sufficiently high temperature to sustain a relatively high level of
ionization in an inert gas (for example, helium seeded with cesium) .

-

;i This paper summarizes results of an exploratory analytical and experi-

i
il

mental investigation into confined, vortex-like flow of an electrically



conducting fluid for the ultimate purpose of determinging the feasibility
of applying megnetic stabili;ation to the vortex reactor concept and
extending significantly the initial resulﬁs reported by Keyes..é'7 The
term vortex-like flow is used here to describe a flow which is pre-
dominantly two dimensional over most. of the chamber volume and which

is characterized by a tangential velocity which varies approximately in—
versely with radius (free vortex) away from solid boundaries.' ‘As a con-
sequence of.the reduction in wall shear effected by stabilization of the
flow, increase in recovery of injectien velocity ae tangential velocity
would be expected; and tﬁis paper alSo'presents.experimental and enelyti—

cal results substantiating this expectation.

2. LITERATURE REVIEW

To the authors’ knowledge, no experimental hydromagnetic investi-
gation iﬁto jet-driven voftex flows other than. that dcscribed by'Keyes
has been reported. Some work has heen .described, however, in which
the stabilizing effect of an axial magnetic'field on axisymmetric
Couette flew was experimentally determined. The most significant re-
eults appear to be those of Donnelly and 0zima® and of Donnelly and
daldwell9 who employed a rotating cylinder viscometer (relatively
suwall gap) iﬁ-which the inﬁer' cylinder was rotated at constant speed
and the torque transﬁiﬁted to the stationary outer cylinder was meas-
ured; mefeury was used as the eleetrically condueting fluid. The

observed dependence of the critical Taylor modulus on Hartmann modulus

for the case of plastic, insulated‘cylinders, agreed very closely



with the theory of Chandrasekharl® for insulating walls (Taylor
modulus proportional to the square of the Hartmann modulus).

Recently Chang and Sartoryll have developed criteria for hydro-
magnetic stability of non-dissipative and dissipative incompreséible
vortex-like flows including effects of inward and outward fadial flow,
under the assumption that transition occurs from a stationary two-
dimensional flow to a stationary, three-dimensional flow of cellular
naturé. as described originally bva. T. Taylor. For the case of
perfectly conducting nonpermeable walls, it .can be deduced that the
critical tangential Reynolds modulus for tranéition to instability
increases as the square of the Hartménn modulus (dimensionless magnetic
field strength defined in Section L4).for sufficiently large valués of
the Hartmann modulus. It is now known, however, . that under certain
conditions transition to oscillatory modes of instaﬁility can occur
which lead to lower critical Reynolds moduli than those based on
stationary modes. The analysis-of osc;ilator& mﬁdes is éummarized
by Chang and Sartory in Ref. 12, from which it can be deduéed that,
for the case just considered,the oscillatory mpdes are more cfitical
and lead té an asymptotic reiationship between tgngential_Reynolds
modulus and Hartmann‘modulus whiéh is linear. The main'implicatién of

these hydromagnetic Couette flow results as far as the present ﬁroblem

i

is concerned is that, 1if the instability in the jet-driven case is

derived from the same mechanism as the 'aylor instability (or more

Y

appropriately the Taylor-GOrtler instability), it would be reasonable

to expect a similar stabilizing influence of the magnetic field.

-

L
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The assumptién of axisymmetric Couette flow between rotating
cylinders is not a particularly good approximation to the actual jet-
driven flow of interest for the applications. Rather, the actual
flow is dominated by a boundary layer which forms downstream from a
tangential wall jet impinging‘oh a curved surface. This flow is
certainly not axisymmetric,'althOugh there is circumferential periodicity
associated.with the uniformly spaced jets. Initial results are
presented in Section'5 of an analysis which considers the jet-boundary
layer with respect to both stationary veldcity distributioh and hydro-
magnetic stability; thesevanalytical results are cdmpared wiﬁh the
experimental data in Sectigns L and 5.

. In connection with the use of an aqueous electrolytic conductor
as the working fluid, the investigation of Boedeker and Covert*3 is
lof Significance. They measured the effect of a transverse magnetic
fiéld on' the heiical flow of hydrochlbric‘acid_solufion and found
measurable interaction with the.brimary-aﬁd with.fhé_secéndafy flow
structure when the Reynolds'and Hartmann modull were approximately
equal and at least ofborder'unityf A gignificant conclusion of this
study is that the 6ne-fluid or continuum model.of hydromagnetic flow
which assumes no net electrical charge is valid for electrolytes in

the absence of large gradients;

3. EXPERIMENTAL TECHNIQUES AND APPARATUS

In order to achieve the objectives of this investigation most
expeditiously, flow visualization (including motion-picture photography )

was employed to permit observation of the transition phenomenon as



influenced by the magnetic field and to make possible quantitative
determination of tangential vélocity Without the néed for insertion
of probes. A concentrated -aqueous solution of ammonium chloride
(350 g/liter) was selected as the electrically conducting working
fluid. Operation was at 94°C, at which temperature the pertinent

physical properties of the solution are:

o, electrical conductivity (mho/cm) = 0.837,
u, absolute viscosity (poise) = 4.1 x 1073,
p, density (g/cm®) = 1.0h1. -

The dye employed for flow visualization was a dilute solution
.of soluble red coal-tar base food color in aqueous NH4C1l, the concen-
tration of which was adjusted to provide neutral buoyancy of ‘the dye-
solution in the working fluid under operating conditionsl |

The 10-cm-diam vortex tube used in most of the experiments
described here is illustrated in Fig. 2. DNute that the flow field was
generated by injection ghrough 0.0635-cm-wide slits enteriﬁg precisely
tangentially and extending the full U4O-cm-length of the tube.. Operation
with 1, 2, and L4 slits feeding was possible by blocking-appropriate
slit entrances. A baffled annular jacket which surrounded the tube and » =
through which the working fluid was circulated served to supply fluld
to the slits uniformly through a low porosity imner shell which mini-
mized transfer of turbulence from the annulus to the slit inlet. Rapid
circulation of fluid through the annulus also served to minimize axial
and circumferential temberature gradients which can induce flow in-

sfabilities. Fluid which passed through the vortex tube was exhausted
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Fig. 2. Slit-Fed Vortex Tube (10-cm diameter X 4l-cm long).
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at the center of one end by means of a 0.625-cm-diam orifice joined

to a long plastic return line to maximize the electrical resistance

to ground. This was mecessary to minimize the induced radial electric
current flow which would interact with the magnetic field to produce
flow-retarding body forces. Note that in the absence of radial electric
current flow there is no influence of a constant, uniform axial magnetic
field on the stationary velocity distribution in two-dimensional vortex
flow.T Hence, this flow affords the opportunity for study of the
direct influence of the magnetic field on stability.

The tube assembly was fabricated of typer 347 stginless steel (non-
magnetic), and was provided with Plexiglas end walls to enahle flow
visualization. As in the earlier work with the 2.8-cm-diam fubes,
observation of dye filaments injected into the boundary layer along the
concave wall at several circumferential positions near the mid-axial
plane was the primary technique for determining the influcnce of the
magnetic field on flow statbility. Dye injection positions in the end
wall opposite the discharge opening werc provided o make possible the
study of flow in the end-wall boundaryvlayer. Tangential velocities
wcre determined by measuring the time required for a small dye "puff"
to complete one or two revolutions at a meésured reference radius.

Since the reference radius varied slightly from measurement to meas-
urement, all velocities were corrected tn A radius ratio of 0.8 by
assuming a free vortex welocity profile (qe'v l/r) over the radius
range of interest. The uncértainty introduced by this assumption is

not considered to be serious.

TSee "Jet-Injection Boundary-Layer Profile" — Section 5.
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The internal dimensions of the vortex chamber (10 cm X 4O cm)
were chosen to maximize utiliiation of the working volume of the largest
air-core solenqid available in thé Oak Ridge Natiohal Laboratory Magnet
Laboratory. The tube was installed with its axis coincident with
that of the solendid, as indicated in Fig. 3 which»depicts schemati-
cally the all stainless steel (300 series)»system for‘reciréﬁlating
the working fluid. This wafer-cooled cépper magnet has a working bore
of 16.5 cm and a length of about 58 cm and develépé a pedk field of
75 kgauss with a dc power input.of about 6.5'Mw} The field is gniform
to within *1% over the 5 cm tube radius, falling'off to about 85% of |
the peak intensity at the ends of the hO-cm‘chamber;i Thelmaximum
Hartmann modulus (based on tube radius) which could be atﬁained in
these experiments is 172 as compared with 42 in the earlier work.®-7-
Since the Hartmann modulus determines the magnitude of the magnetic
stabilization effect, thelnew experiments ha&e enabledQextension of
the measurements to-much higher values of the critical tangential

Reynolds modulus.

4. EXPERIMENTAL RESULTS

Flow Visualization

As has:been iﬁdicated;Aprimary emphasis in these experiments
was on observation of the effect of an axial magnetic field on the
transition from a stable; laminar flow to a time-dependent flow which
ultimately becomes turbulent. This transition phenomenon is too

complex to describe adequately, but certain consistently observed
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features are worthy of note.f When the flow was laminar, dye intro-
duced through the concave wall into the boundary layer (or alternatively
introduced tangentially through a feéd slit) followed the streamlines
which spiral radially inward near the periphery, where the flow was
approximately two dimensional, and picked up an increasing axial com-
ponent as the tube center was approached. No reverse (i.e., upward)
flow was noted except near the solid end wall.

When the tangential Reynolds modulus exceeded a critical value
which depends on the number of slits injecting fluid and on the strength
of the magnetic field, the initial evidence of transition was a periodic
swelling of the dye trace near the concave wall just upstream from a
driving slit. The periodicity of the instability was verified by meas-
urements of instantaneous surface heat flux using a hot-film sensor (gold
film deposited on an epoxy resin plug contoured to fit flush with the
inside tube surface and operated at constant temperature as described in
Ref. 1k), as well as with a constant current hot-film anemometer probe
positioned near Lhe surface.

No regular, cell-like structure was observed in the secondary flow
at transition. 1In the Taylor instability of flow between concentric
rotating cylinders'® 4nd in the Gortler instability of flow along a
concave wall immersed in a uniform free stream,'® the secondary flow
is stationary in nature and exhibits the form of counterrotating
cellular vortices whose axes are parallel to the basic flow direction.
Although these cellular vortices were not observed at the transition
point in the prcsent experiments, it is nevertheless possible that the
Taylor-Gortler mechanism may be responsible for the transition. The

TThe observations are based on the two-dimensional impression obtained

by viewing along the tube axis through the transparent end walls; hence,
important details of the flow may elude the observer.
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apparent periodicity could result, for example, from even very slow
axial convection of a stationary disturbance past the fixed point of
'reference; furthemore, the influence of the jets in disturbing the
flow near the wall might prevent formation of recognizable Taylor
vortices.

When the tangential Reynoids modulus was increased a percent or
two above the point corresponding'to the first observation of transi-
tion, the dye trace in the wvilclnity of the wall and upstream of a siit
exhibited a slow oscillation (period approximagely equal to the time
required for the dye to move from one slit to the next). This, of
course, appeared as a radial displacement in the two-dimensional view.
Irregular rolling ofvthe dye trace around a circumferential axis was
also observed when the transition Reynclds modulus was exceeded by at
least several percenl.  This might bc interpreted as evidence of the
existence of Taylor-Gortler cells, but there was certainly no well-
defined pattern observable. ' The amplitude of the oscillation increased
with further iﬂcrease in tangential Reyholds modulus untii, when Lhe
Reynolds modulus was 5% or more above transition, the dye trace distortcd
under the infiuence of the gradient in tangential velocity into three-
dimesnional vortex loops reminiscent of those identified'by Hama et al.r”?
during transition induced by a trip wire in a boundary layer on a.fiat
plate. Note, however, that the initial instapility ou a [lat plate wao
two dimensional, as contrasted with the three-dimensional instability -
associated with flow on a curved surface. Breakup of the dye trace
correlates with the appearance of increasing randomness in the signals’
from both the hot-film surface sensor and the anemometer, and it was

concluded that the flow was becoming turbulent. It should be pointed out
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that the Reynolds modulus at transition was reproducible to within a
few percent when the transition point was approached from either below
or above and was not significantly dependent on the rate at which the
point was approached. Similar results obtained in Taylor and Taylor-
Gortler instability experiments suggest, again, that the same mechanism
may be involved.

When transition occurred under the influence of an axial magnetic
field, there was no significant effect on the qualitative observations
Jjust described. This is to say that the basic hydrodynamic character
of the instability did not appear to be altered by the magnetic field.T
However, the field did effect a reduction in amplitude of the oscilla-
tions when the tangential Reynolds modulus was above the value corres-
ponding to transition, as will be discussed.

Figure 4 depicts the development of a three-dimensional "vortex
loop" for the case in which there is no magnetic field and the tangential
-Reynolds modulus (based on tube radius and the measured tangential velocity
at a radius ratio of 0.8) is 3190 (as compared with a critical Reynolds

i Hence, Fig. 4 illustrates the fully

modulus for this case of about 500).
developed instability, not the transition phenomenon. Note that there are
two slits feeding, one entering at the five o'clock position through which
the dye also enters; and the other, at eleven o'clock. Rotation is clock-
wise. Flow spirals radially inward and is removed at the center of one end.

The dark region is a shadow of the exit opening, tube, and clamp. In frame

1 the dye trace is seen to emerge from the slit and to follow the wall

*The magnetic Reynolds modulus is very small for these experiments.

TJrFigures 4 through 7 are reproductions of 16-mm motion pictures; the
complete film is available on loan from the Oak Ridge National Laboratory.
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PHOTO 72360

Fig. 4. Development of a "Vortex Loop" in Unstable Jet-Driven Vortex
Flow. NRee = 3190; Nygg = O (clockwise rotation — jets at five o'clock and

eleven o'clock with dye injection at five o'clock).
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contour closely for an angular distance of about 90 deg (i.e., halfway
between slits). In frame 2, the trace separates from the wall 60 deg
from the slit. In frames 3 and 4, the dye trace continues to follow the
general curvature of the wall for about 180 deg, but sinusoidal waves
form which are actually three dimensional and which appear to amplify in
the vicinity of the next injection slit (180 deg downstream). In frame 5,
the disturbance has been convected radially inward, amplified further,

and under the influence of the tangential velocity gradient distorted

into a loop (one o'clock position) which is observed to be three dimen-
sional. Note that the emerging dye trace is again attached to the wall
for about 90 deg. Analysis of these photographs suggests that the inter-
action of the jets with the boundary-layer flow may significantly distort
the Taylor—GBrtler mechanism, if indeed the latter does play a significant
role, so as to make any interpretation uncertain. For example, rapid
deceleration of the jet by the action of wall shear may result in local
"separation" of the fluid from the wall under the influence of the radial

pressure gradient induced by Lhe mean tangential motion [Fig. 4 (2)].

Magnelilce Slabilizallon

Large-amplitude velocity fluctuations, as can be observed in
Fig. L4, suggest gross eddy mixing which would make quantitative molec-
ular separation as desired for the applications unlikely. That the
magnetic field does indeed inhibit transition to an unstable flow is
exhibited in Fig. 5, where again an axial view is presented of the

10-cm-diam tube operating with two slits. The flow is clockwise with



Fig. 5. Stabilization of Jet-Driven Vortex Flow by an Axial Magnetic
Field. l\TRea = 5600; N, increasing from O (Frame 1) to 172 (Frame 8)
[clockwise rotetion — Jets at five c'clock and eleven o'clock with dye

injection at elsven o'clock].
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the slits at eleven o'clock (dye injection position) and five o'clock.
The characteristic tangential Reynolds modulus is 6600 for all of
these frames. With no applied field corresponding to frame 1 at the
upper left, the instability is made evident by large-scale fluctuations
in the dye trace, essentially complete disorganization of the flow
pattern, and strong radial mixing. In successive sequences (2) through
(8), the magnetic field is increased in approximagely 10 kilogauss in-
crements keeping the Reynolds modulus constant. The first definite
evidence of a stabilizing effect is the appearance of laminar dye rings
near the axis of the tube at approximately 20 kilogauss (3), indicating
that the flow field stabilizes first in the interior. As the field in-
creases, the laminar rings increase in radius and the outer portion of
the flow ultimately stabilizes. At the full field 75 kilogauss (Hartmann
modulus 172), the macroscopic flow is completely stable (8). The only
disturbance which is not eliminated is the very small-scale ripple
associated with vortex-street formation at the lips of the injection
SHbalie=in

When the magnetic field is slowly decreased, breakdown of the
laminar flow is observed to occur first near the wall, the unstable
region spreading to the center of the tube as the field approaches
zero. Further evidence that the interior region of the flow is more
readily stabilized than that near the periphery is presented in Fig. b
Here the tangential Reynolds modulus is 13,200 as compared with the
maximum value of 7600 for complete stabilization throughout the flow

field under the influence of the full magnetic field. Note that in



20

PHOTO 72361

Fig. 6. Stabilizing Effect of an Axial Magnetic Field on Jet-Driven
Vortex Flow — Tangential Reynolds Modulus Above the Critical Value.
NReg = 13,200. Frame 1: N, = 0; Frame 2: N =172 (clockwise rota-
tion — jets at five o'clock and eleven o'clock with dye injection at five

o'clock).
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frame 1 for the case in which there is no magnetic field, essentially
complete turbulent mixing is evident in the interior by the uniform
dye coloration; with the 75 kilogauss field (frame 2), we see that
while the outer region of the flow remains turbulent, laminar flow

is evidenced in the interior by the formation of a stable spiral ring
strucfure. Similar results were observed at a Reynolds modulus of
26,000. This is important because in the applications the critical
Reynolds modulus may be above that corresponding to complete stabili-
zation with the maximum feasible magnetic field. Nevertheless, the
interior fuel region may be stabilized sufficiently to permit adequate
fuel retention.

In Fig. 7 the influence of the full magnetic field on flow near
the concave wall at a Reynolds modulus above the cfitical value is
revealed. It is seen that the amplitude of the disturbance is decreased
(by as much as a factor of 4), and the wave length likewise decreased

by the magnetic interaction.

Data and Correlations

Stabilization

Careful determinations were made of the critical Reynolds modulus
at transition to instability in the boundary layer on the concave wall,
using the dye-pulse injection method. The experimental results are
summarized in Fig. 8 in which the critical Reynolds modulus, N;ee (based
on the tube radius ros and the tangential velocity, VO.8 at a radius of

0.8 ro), is plotted as a function of Hartmann modulus NHa:
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PHOTO 72362

Fig. 7. Effect of an Axial Magnetic Field on Jet-Driven Vortex Flow
Near the Concave Wall When the Tangential Reynolds Modulus is Above the
Critical Value. NRee = 13,200, Frame i NHa =03 Frame 2: NHa = 72
(clockwise rotation — jets at five o'clock and eleven ofclock with dye

injection at five o'clock).
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Vg =V O/0 By Ty
where ¢ is the electrical conductivity, p is the absolute viscosity,
and BO the magnitude of the applied magnetic -induction ve;tor (assuméd
to be parallel to the axis of the vortex tube). The Hartmann modulus,
which 1s proportional to the square root of the ratio of magnetic to
viscous forces, has been found to characterize the stability of axisym-
metric Couette flow as discussed in Section 2. Note that for the

10-cm-diam. tube, increasing NHa from O to the maximum value of 172

*
(corresponding to B, = 75 kgauss), increases Np, from 1200 to about
6

10,000 for the case of 4 slits, and from 500 to about 8,000 for the
case of 2 slits. No stable flow condition could be found for NHa < 60
with only l-slit feeding; the results for 1- and 2-slit operation are
reiatively close for NHa > 100. Thermal coﬁvection was found to limit
stability at very low values of the Reynolds modulus..

''The nominal radial Reynolds modulus, N (=m/2 n p, vwherem

Re
r
is the total mass throughflow rate per unit tube length) ranged as

follows for the three cases:

IA

1 slit: 10.6 =N 32.2

2 slit: 16.9=<N,_ =< 51.3 , and

‘Re
al3 . 2D =< <
)4- slit: ZJ-J = NRer - llOo5 .

The dashed curves at the lower left of the plot represent results of
earlier hydromagnetic stabilization experiments;®*7 agreement with

the 10-cm-tube data is fair.
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While a plot of the critical tangential Reynolds modulus versus
“Hartmann modulus (where both moduli are vased on the tube radius) is
useful for direct comparison of experimental results, it fails to take
into account the boundary-layer nature of‘the flow between Jjets aﬁd is
therefore of limited value as a'geheral corfelation. Thaﬁ'is, growth
of the boundary layer downstream from a jet is presﬁmed to be the
principle.criterion governing the stability of the flow; hencé, con-
sideration of the data in terms of moduli appropriate-to the boundary
layer might produce a useful corfelation.j Assuming an analogy with
the GOrtler instability problem in ordinary fluid mechanics (although
the experimental observations are not at all conclusive in this regard
as has been.emphésized), the "Gortler modulus" is here defined in terms

of the momentum thickness, A, of the boundary layer as
: = ' 1/2
s = (V.5 &/ V) (&/z)

where v is the kinematic viscosity. Note that VO 8 A/v‘is the tangen-
tial Reynolds modulus bésed on the momentum thickness of the boundary
layer. -The Hartmann modulué, based on momentum thickness, is defined

as follows:
NHaA E..( c7u B0 A .

In order to determine A, it is assumed that the boundary-layer

growth well downstream from a slit is given, to a t'irst approximation,
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by ‘the result for a flat plate immersed in a uniform free stream as

obtained by the application of boundary-layer theory::18

0.66k4

0

A

(Vo.B/W’)i/z.

where f is the circumferential distance between slits and the free
stream velocity is taken as VO 8" In terms of the tangential Réynolds

modulus and number of slits, n, using

£ = 3m ro/n :

A .0.664

. (n NB_ee/zﬂ)l/ 2

. 0

The Gortler modulus may now be written:

’Néa = 0.542'(Zn/p)3/4'(NRee)1/4

Likewise the Hartmann modulus (based on momentum thickness) may be

written:

o
0.664(21/n)t/ N

o

A éomparison of the experimental hydromagnetic stability data
for the 10-cm-tube in terms of the GOrtler modulus at transition

.. *
to instability (critical Gortler modulus, NGB) and the Hartmann
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modulus (based on momentﬁm fhickness) is preseﬁted in Fig. 9. Here a

fair degree of correlation of the data is evident. The standafd error
of fit for the fourth degree least-squares curve based on data for 1-,
2-, and.h-SIit operation takén;coliectivély is Q}Oh3, cbnsidering NHaA

as the dependent variable .t

Upon close examination,'howeyer, it is

seen that the individuaivdata boints fall on three distinet curves of
somewhat lower slope than that of the fourth degre¢ curve. As discussed
in Section 5, there is uncertainty as to the validity of the boundary-
layer approximation upon which the Gortler and Haftmann moduii are based
for conditions corresponding to much of the experimenta; data. This
could account for the observed discrepancies in the resuits for the three
slit numbers even though the Taylor-Gortler mechanism is.valid.*'

The lower curve in Fig. 9 is based on é stability anélysis emplbying
laminar boundary-layer theory, the details of which afe‘described in
Section 5.10r Possible explanations for the poor agreementlbetween theory
and experiment are aiso discussed. | |

In order to improve the data correlation, the exponent of the ratio
A/ro in the expression defining the Gartler~moduius was quified to yield
the lowest standard érfof of fit. The resulting exponent turned out to

be 0.43 as compared with 0.5 based on the Gortler analysis. Figure 10

dcpicts the resulting correlation of the modulus

(V% o /) am ),

TNo improvement in the correlation resulted from the use of the
theoretical boundary-layer velocity profile well downstream from a jet,
as determined in Section 5.

TTAS discussed in Section 5, the theoretical curve is for the narrow-

gap, conducting wall case with W = 0.6.
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at transition versus the Hartmann modulus (based on momentum thickness).
It is seen that the individual data for 1l-, 2-, and 4-slit operation
fallkclosely along the 4th degree leaét—squares curves based on all

the déta, the standard error of fit beihg 0.027 &ith NﬁaA considered as
the dependent variable. Of course, there is no theoretical justifica-
tion for an exponenent other than 0.5; but the empirical correlation

should be more accurate for interpolation and extrapolation than that

based ¢n the theoretically derived Gortler modulus employed in Fig. 9.

Jet Velocity Recovery

An important parameter characteriﬁing the effleiency of vorlex
generation is the ratio of ﬁhe tangential velocity to the jet injection
velocity. The recovery ratio, & o is defined here as the ratio of
the tangential velocity (extrapolated to the wall assuming frée vortex

flow) to the average jet velocity:
R R T VAN

where Vj is the average jet velocity. From laminar boundary-layer
theory as developed in the next Section, it can be shown that, for the
case of tangential injection by means of two-dimensional ﬁlits (10-cm
vortex tube), the recovery'ratio depends on the dimensionless Jjet width
parameter, W: |

: NRe
r

W o=

(n NRej/En)l/Z
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where

NReJ = Vj, ro/ v .

In Fig. 11 experimental determinations of «

1.0 are compared with the

theoretical results in terms of the dimensionless jet-width parameter,
W. For the case of magnetic~stabilization'with the 10-cm tube, agree-
ment to within iS%‘is evidence that the theory is satisfactory° Note
further that'when ﬁhere is no megnetic stabilization and the flow is

no longer laminar, the measured values of q, . decreased by about 30%,

1.0
due probably to the increased wall shear induced by turbulence.

Data are alsovincluded in Fig. 11 for the case of stabilized
vortex flow generated in a 2.8-cm-diam tﬁbe by injectioﬁ through 880
round nozzles, 0.050-cm-diam and arranged.in eigﬁt rows.’ The nozzles
were directed so'that their centerline QaS'bangent‘ﬁo a circle of radius
0.9 ro. 4Significantly highervrecovery ;atioé were obsérved for the
round jets than for tangeﬁtial slits Qhen.compared‘on ﬁhe basis of the
parameter W. This is to be expected,.howevér, since injecting fluid
away from the wall should reduce the velocity gfadient at the wall andg,
thereby, reduce the wall shear. From the ﬁoint of view of maximum
recovery, therefore, round nozzles with off-tangent entry are preferred.
However, as discussed in Ref. 7, the critical Reynolds modulus for
vortex generation by eight rows of‘round jets is appreciably lower
than that for generation by eight slits, the round-jet results being
_comparable to the two-slit results. Thus, the advantage in recovery
ratio gained by the use of round jets is offset by the reduced stability

of the flow, and it is not certain that round jets would be more desir-

abl.e than slits for the applications.
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5. ANALYSIS

General Theory

An MHD GBrtler-type of stability analysis based on a~tangential
jet-injection velocity profile over a concave wall has been considered.
The stationary-jet-injection velocity profile is'calculated according
to the classical theory of laminar boundary-layer flow. The stability
analysis is carried out numerically bascd on the linear perturbation
theory for the jet-ingeétion profile under the influence of an
externally applied magnetic field. The fluid is assumed to be incom-
pressible, viscous, and electrically conducting.

Consider a two-dimensional, stétionaryAveIOCity profile of the

form

(1)

U= U(I‘, 9) p) V= V(I‘, e) g wb‘

il
O
-

where (U,V,W) are the cylindrical (r,9,z) components of the velocity

vector. An external magnetic indﬁctioﬁ field B. is applied in the

6]
axial (z) direction. Based on thé classical theory of magnetohydro-
‘ dynamics, it is not difficult to deménétrate that for ﬁerfectly
conducting walls, the primary interaction between the magnetic field
and the flow field given in Egs. (1) is small, provided the magnetic
Prandtl modulus (N’Pr =0 My v) is small, where ¢ is the electrical
conductivity, Ho is the magnetic permeability, and v is the kinematic
viscosity; Allowing the flow field and thé magnetic induction field
'to be perturbed slightly and inserting the perturbed functions into

the hasic equations of MHD,' the following sets of equations (correct

to the zeroth and first order of the perturbations) are obtained.



Zeroth Order Equations:

dU U VA 3P 3= 2 oV 4
U— +V——— &= — 4 v[(D*D+———)U—-, _— ,
dr 30 1 " dr T r? 367 r® 36
v 3V UV aP* N d2 23U
Ug—+V—+4 — == — ¢+ \>E<D*D + )'V + - — s (@)
dr rd® r rdo r? 367 r? 26 -
QU U oV
—+—%—= 0 ,
d3r r radb
where N -
PP o (e 2 ) =P8 (3)
o 2 kg
d a 1 :
D=—, Dy =—+— , ' (%)
dr dr r

P is the undisturbed fluid preséuré, o is the fluid density, and v

is the kinematic viscosity.

First Order Equations::

3 U d d N SR eV 2va
<—+_‘+IJ_"+V—""—\)V2)U.I+(——.——+——r—/vl
dt  or dr rd9 D0 r r® 30

*
BO abr op
_____+_=O

, (5)

Continued
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VOV zva 3 3 a v U
\—+—————)u’+<—+AU'—+V——+—+——vv2)v’
or T . r 96 ot  or roo rob T
B 3b. @p-
D
-0 8, -0 ,
dz - rde
3 3 3 B 3b 'a*'
/ : Y ' . 1Y
\—+U—+V——vv2———\wl— 0 Z 4 =0 ,
3t  ar  rde . x® Pug 3 Bz
au’ 3 d - d dU , 30 2nad
B — - —+U——+V—-—-————T]v b+ (— = — oy =0
Oaz \ dr © ra® . or ) Krae r? ae)
v,V Vo 2n s
B,—m+ | ——=+ — — b'
Aan.\ ri‘rae)
, 3 d 3 oV U
—K—+U—+V————-————'ﬂv)b
or r36 - rao ot
v’ D2 2 o
Bo——\—+U-_+V———T]v2+—)bZ=O s
dz dt ?r X368 r?
aul <u/ avI awl
—_—t 4+ —+ — =0 ,
T r r3e oz
db : ab db
..'_r+_r+__e.+_z. =0 ) ’ (5)
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where (u’, v/, w’) are the perturbations of the cylindrical components
of the velocity vector, (br’ be, bZ) are the perturbations of the
cylindrical components of the magnetic induction vector, p 1is the

% . :
perturbation of P, 1= ( ¢ Ko )™ is the magnetic viscosity, and.

'ae 32 .
V% = DD+ + . (6)
r?36° 3z°

In the above equations the rationalized MKS system of units is used.

Jet-Injection Boundary-Layer.Velocity Profile

As ébserved experimentally, the priﬁéry flow in a jet-driven
vortex tube consists of a thin boundary layer near the tube wall in
which the influeﬁce of the driving jets and frictional wall drag are
felt, followed by an interior region in which the flow appears to
become nearly axisymmetric and the tangential aﬁd radial velocities
are approximately inversely proportioﬁal to the radial. distance r
measured from thé axis of the.vortex. Near the axis, a central
core forms in which the radial and tangential velocity -decreases and’
the fluid moves éxially towafd the exit. We shall ignore the central
core containing the axial component of the primary flow entirely,
and consider only the outer bouhdary layer in detail.

Since By is a constght, substitution of Eq. (3) into Eg. (2)
gives us the ordinary two-dimensional Navier-Stokes equations in
cylindrical coordinates. The primary, or zeroth-order flow is not

affected by the applied magnetic field.
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It is well kndwnzQ that the two-dimensional bQundary—layer equations
are unaffected by the curvature of the surface if the boundary-layer
thickness is much less than the radius of curvature. Formally,.we

make the following subsitution in Eq. (2):

|

_ v g L
V=— 1 (1)
A |

where * 4 is the distance between jets, measured along‘thenoﬁter tube |
periphery, |
ro is the‘tﬁbe radius,
' Vj is the average je# injection velocity, and
6 = z/;/'vgz73‘ 5 fhe boundary-layer thickpéss parameter which
is assumed to be small.

Striétly speaking, Y is the normal distance- from the wall divided by
5. Immediately downstream of a slit opening, the distance from the
wall is not precisely (ro — r) because a portion of the wall is machined
away to make the slit. This difficulty does not affect the boundary-

layer calculations, but strictly should be taken into account in
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converting the results back into vortex tube velocity profiles, especially
for the radial velocity. However, we shall not make use of the velocity
just downstream-of the. jets. Retaining. only the lowest-order terms in

6, we obtain the usual dimensionless boundary-layer equations:

¥V -V 'V

U—=+tV—=—%5 >

Y 3X  dY
QU 3V

—_'+—_=O . _ (8)
3Y X

The boundary-layer approximations pgrmit us to treat the problem
as one in rectangular coordinates, but we cannot ignore the periodicity
of the flow in the 6- or X-direction. In rectangular coordinates, we
hunroll" the vortex tube to obtain a sefies of flat plates separated
by tangential injection slits (see sketch in Fig. 12). We consider
an infinite number.of such plates so that the flow will be periodic.

Letting W denote the jet width, we assume
Wb << 4 . (9)

The velocity profile in the slit exit is assumed to be‘parabolic.
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~Boundary Conditions

The boundary conditions for Eq. (8) are

0(X,0) =0 ,
v(X,0) =0 ,
3V _
»—_——bO&SY—Oco 3
dY
V(L,Y-W) , Y>W ,
6 Y(W —Y) _ :
' , Y<W , (10)

where W = W/é = (w/z),/ Vj£73 is the dimensinonless jet-width.
The system of equations, (8) and (10), contains only the single

parameter W. Hence the solution, and in particular

(11)

which we call the recovery ratio, should be uniquely determined by W,
In a jet-driven vortex tube W can be rewritten in terms of the radial

Reynolds modulus, NRe , the tangential jet Reynolds modulus, N
r

and the number of jets, n, as

Re .’
J

_ NRe

W= —= . (12)
(n.NRej/Zn)l/2
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Calculation of Jet Profiles

The solution of the Egs. (8) and (lO)‘Vas carried out by means
of a finite-difference technique of the explicit, forward-marching
type. The difference approximation was of second-order accuracy in -
the Y mesh size, and first-order in the X mesh size.

The last boundary condition of Egs. (10) involves values of the
velocity at both ends of the interval and pre;ents the direct use of
a marching-type solution. This difficulty was avoided by using'an

iteration method involving a sequence of marching problems with

-0 —_
vV (1,Y) = arbitrary constant

<

-
<

I

=
-
v
=

v 0,7) = ¢ _ - (13)

ON
i
=
|
)
=)
\V]
<
A
=

The sequence was continued until adéquate cénvergence was obtained.
The result was iﬁdependent=of ve.

The boundary condition dV/dY =+ 0 of Egs. (10) wag actually applied
at a finite value of‘T,<Yﬁax,‘which was chosen arbitrarily but large
enough to be outside of the boundary layer. The value of Yhax.varied
from Y'to 15 in the cases run.

The number of Y mesh points varied from 60 to 100. The minimum
number of Y meshlpoints across the jet itself was about six and was
probably-a limiting factor in accuracy. The size of the X increment
was determined by numerical stability requirements. The resulting

number of X mesh points variled from several thousand to about a



hundred thousand. The parameter W was varied from 0.4 to 3.0. Computer
~ time (CDC 160k4) varied strongly with W from several minutes with W = 3.0
to several hours with W = O.4. (The use of an implicit difference
technique would clearly be desirable for small values of Ww.)

No accurate estimate was made of the error resulting from the
choice of mesh size and Ymax used. Erroré on the order of 5 fo lO%
seem likely. The only experimental quantity available for comparison

is the recovery ratio, i.e., the ratio of tangential velocity

A.0°
beyond the boundary layer (corrected for tube curvature) to the average
jet velocity. Comparison between the experimental and theoretical
recovery ratios is shown for a range of W in Fig. 11. The agreement

is encouraging.

Some calculated tangential velocity profiles are shown in Fig. 13.

Primary Flow Beyond the. Boundary Layer

Most of the theoretical stabiliﬁy»results presented in this memo-"
randum were obtained by assuming that the disturbances are confined
to some boundary layer near the outer wall. For such stability calcu-
lations? only the primary flow in the boundary layer as obtained above
is required. A few stability calculations? however, were made without
assuming that the disturbances are confined to any particular part.of
the flow. We shall call these "finite gap" stability calculations.
Then we require also some approximation_toAthe primary flow in the

interior of the vortex tube.
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Boundary-layer techniques involve, in effect, an asymptotic expansion

of the form

(@
I

Uo + Uyb + Ugd® + ...

'

Vo + Vib + Va8% + .. (14)

wvhere Up = 0, and give as results the lowest-order non-zero terms Vo
and U;. If we substitute Eq. (14) into Egs. (12) keeping r and 6 as
variables for the interior flow, let v = 62Vj/£, and collect coeffi-
cients of the various powers of §, it is not difficult to show that
Vo « 1/r. Thus, the boundary-layer tangential profile must be faired
into a l/r profile in the interior region of the vortex tube. This

is done readily by putting

Vo (r,0) = v, =V ( , -°—————> ,- | - (15)

The radial dependence of U; is much more complicated. A partial
differential equation describing its behavior in r, 0 can be derived,

but we shall merely make the crude approximation that

*

T 1 _,n® o= T
Ul(r;e)=_vj__U\_ .:_—) ) (16)
r 4 21 & :
by analogy with Vﬂ. Equation (16) is accurate within the boundary

layer but a poor approximation in the interior region.

For our finite gap étability calculations, we assume

U=258U, and V=V_ . (17)
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Stability

Normal Mode Equations

The first-order perturbation equations [Egs. (5)] form a set
coupled, linear differential equations governing the perturbation
a given stationary.provile (U,V). The perturbations are now reso

into normal modes of the form:

sin by

¢(r) exp (iat) ’
cos bz

of
s for

1lved

(18)

where ¢(r) is the complex amplitude, a is the frequency parameter:

which may be real, imaginary, or complex, and b is the convective
wave number. In terms of the normal modes, Egs. (5) reduce to a
of coupled, ordinary differential equations governing the .complex

amplitudes as follows:

L a  du du  ov |
(ia - — +u — + — > up +4< _——— ) v,

N dx dx X080 x
Re . ) .
3 .
8 1 am
—'—-2—f+-2'—=0 5
NAL - dx
v v L d u v B
( —_—+ - ) u,; +'<ia - +u— 4+ -+ — ) v ——8=0,
9x X Nﬁe dx X X060 NAz

set

(19)

Continued
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1
L +— d
- 2 B B
\105— +u——)w1+——h——n=0,
: ‘N2
Npe ax Nag B
J .
Bu1+\ia— +u———) —K—)g=0,
I\TRe dx 9z X306
m
R 2N AN p L a4 u IV
Bvl—K—*——)f+Kia— +u———~——‘">g’=‘o‘,
OX X NRe dx 'x X956
duy  uy . :
—_— 4 — 4 BW]_ =0 P
dx X ’
SE o -
—+-—fn=0, (19)
dx X
where
aro T
o= ——, X=—, g =br ,
V. T
J o)
(U)V)/Vj = (u)v) ¥ ' (ul‘)vl)wl)/vj = (ul)VI;WI ) )

: *
(br’be’bz)/BO = (f,g,h) ) 2p /Vj =T,
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V. r V.
- _d o _ ” J /
Npe = ¢ ; Nyg=v ey, = (ALfvén modulus)
dJ B BO
‘ Nkem = Vj L Y (magnetic Reynolds modulus) ,

where Vj is the average jet injection velocity, rovis the radius of
curvature of the concave wall, and the operator L is defined as

follows:
Ls— + ————=8% . (20)

These équatipné.must~b¢_considered in conjunction with a set of
pertinent homogeneous ﬁdﬁndary conditions. ' There appears a major
difficulty in the abqve.formﬁlation, however. Sinqe thé stationary
profile is a function of (x,8), the coéfficients in Egs. (8) are in
general functions of'(x,e). This difficulty is resol;ed here by .con-
sidering the stability problem locally, by treating 6 as a paraméter
in the formulation,bénd cérrying oﬁt the ‘stability analysis for
differenﬁ constaﬁtve-values.. The wofk of'earlier invéstigators indicates
that Gortler instabiil,ity (unlike Téllmein—Schlichting wavés) is
determined primarily by the thickness of the boundary layer rather than
by detailed shape of the velocity profile. Jet-driven boundary layers
increase in thickness as we move downstream from the jet. 1In the

present work, to obtain the lowest values of the critical GOrtler
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modulus, we shall consider only the stability of the Velocity profile

at the angular position farthest downstream from the jet.

Reduction of the Normal Equations

In the present problem, the dimensionless stationary profile is
taken to be the one obtained using the boundary-layer approximatioh
previously described. In addition, it is assumed that (1) the critical
perturbation. is that due to a sfationary secondary flow [i.e., O = 0],
and (2) the magnetic Prandtl modulus [Npr; ] is small.

Under these assumptions, the normal mode equations [Egs. (19)]
reduce to the following set of two coupled differeptial equations:

o} du

2 o . 2 _ a2 , _
L u, NRej (u — + — ) Lul + BT Qu, B NTa ngl _:O s

(21)
5 . r d 1 “du - u R , dv v
Lg. — N u ( —_— + = > - ( — + - )] Lg. + B"Qg. — \ — + = )’u =0 ,
i Rej L dx b’ o dx x L 1 K dx X 1
where
Npe . Nge
J
Q = J=3 J
Iy)
Np, =2 N (Taylor modulus), and
J .
g
g = ‘
1
NRe NRe B
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Boundary Conditions

The vortex tube is assumed to be nonpermeable and a perfect elec-
trical conductor. To avoid the problem of dealing with the three-
dimensional primary floﬁ neér the axis, we assume that flﬁid is removed
through a porous inner cylinder of radius, rl; which rotates at the
local tangential fluid velocity, V(rl). Assuming that the inner cylinder

"is also perfectly conducting and has a porosity too small to permit
appreciable penetration of the disturbance, we ha&e as'boundary con-

ditions:

u, = — = _— 4+ = = Ig. =0 at x =1,k , (22)
where k = rl/ro-ll

Solution of Finite-Gap Equations

The stability equétions were rewritten as a system of first-order
equations and were solved by'forward integration using fdufth—order
predictor-corrector formulas. The method used to calculate the
critical wvalues of-B and NTa is described in Ref. 11. The step-size
for numerical'integration was progressively halved until the critical
values of both B and Nfa in fwb successive calculations differed by
leSS'than l%. As mentioned earlier, however, the error in the calcu-
lation of the primarykvelocity profile was not so éarefully controlled.
It is probably much larger and may dominate the final error.

Results in terms of the critical Gortler and Hartmann moduli

for the case of W = 3.0, k = 0.25, and n = 2 are shown in Fig. 1k.

TSee Section 4 for definitions of the Gortler and Hartmann moduli.
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The Gortler modulus, has approximately a constant value of 3

for small value; of the Hartmann modulus, NHaA' Near NhaA =2, NGB
increases rgpidly wifh NHaA and the disturbance becomes progréésively
confined to a layer hear phe outer Vall. For NHaA ; 3?'thé finite-gap
results approach the boundary-layer results which were.obtainéd by

applying the boundary-layer approximations to the diéturbances.as

described below;

Boundary-Layer Stability Equations

If we apply the boundary-layer transformation

¥ =2 = , 6 <<, . ‘(23)

to Eq. (21), we obtain a boundary-layer form of the stability equatidns:

a 4au

_2 _ — —2 — — 5 — e _—
L u h-<U — + — ) Lu «+8 Qu —B N,_ VL g =0 ,
1 . —
Ay ay 1 1 Ta 1
o 4 AU _ - _,__ o 4V :
Lg—(U———:)Lg +B'le.+<—:>,ul.=0 ’ (2k)
dy 4y dy
where )
.d2
p=(— -%)
ay®
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6 'Q(é/ro)z ’

=
|

N ‘ 3
Ta ~ NTa(é/ro) ’
u; = u; , and

B1- 51(1“0/5) .,

and VZ U are the boundéry layer primary velocities defined earlier.
As a result of the boundary-layer approximations, the number of
the characteristic parameteré is decreased by two; and.we .Igseithes

dependence of the stability criterion on both g and . n.

The boundary conditions become:

duy - ' ‘
uy = T: T= gl =0at.Y¥Y =20 . ' (25)
ay '

In addition, we require that the pgrturbations Ei, gl, vanish aé

¥ > w. It is ﬁossible to expfeﬁs ﬁhese boundary conditions such that
they can.be applied at the outer edge of the boundary layer rather

than at infinity, thus restricting the integration to a finite interval.
The method is a direct extension of:that used by H?":’mee:L"li__’;";i*f1'5 for his

non-magnetic, parallel flow analysis of boundary-layer stability.

The resulting boundary conditions are:

d a a

[<_>e+(ml+m2>—_—_+m1mgjﬁ_l—M—-_—+N}§1=O , (26)

ay ay ay Continued
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a d -

[<§>z_(m1+m2>d—]_{-+m1m2_l'g‘l=‘o ,
i(z_-f)a_(m1+m2><j_?_>2+m1m3<§§_)]§l_
_[M(;T_>2+N<-(1—Y)]gl—o ,

dl \3 d .2 d —_ | |
[<E) —,<m1+ ma)(’—_) +.m11,ne (E)] g1r=0 (26)

dy

where .
2FH + FG(my + mp) + EH(my + mz) + 2GE mumg .

M= } )
Fa + FE(ml + mg) + E® miyms '

N = —[EM mumg — H(m; + mz) — 2G mlmg] 5
F

E=4 [(ml + mz)? - mlme:] - LFEQ + 3600 (my + mg) ,
F=-bm mo(m +me) +U_(—3m mo — B ,

G = Ez NTd. Vw (ml + mg) 3

T, Voo ('mlmz'_ EZ) ‘2

=

H= g

my, mz are the roots with negative real parts of the polynomial equation

(m® —5°F ~ U m(n® -5%) + 32 Q=0 ,
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V,=1limV |,
T o
and
ﬁ; =1lim T .
Y 2w

Equations (26) may be applied at any value of Y such that V = v,

and U = ﬁm. In practice, these conditions were usually applied at . -

the value ?ﬁax used in the primary flow calculations.

Boundary-Layer Stability Results’

The boundary-layer stability equations were solved byAnumericél
integration in the same way as the.finite—gap eéuations.
Figure 15 shows the critical or transition value. of NGB ;s a
function of NHaA for W = 0.6. TFor large NHaAg the curve approaches
G G

appearing to approach a finite lower limit, at least for the range of

a straight line and N 5 < NHaA° Fo# small NHaA: N S decreases without

NHaA considered.

Figure 16 shows the critical value of the wave number ' “

. @

based on the momentum thickness, A, as a function of NHaA" For

-1
large NHaa’ B, NHaA‘ For small NHaA’ BA decrease steadily as

A
The boundary-layer stability analysis for W = 0.6 was used to cal-

culate the curve in Fig. 9 labeled "Laminary Boundary-Layer Theory."
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Comparison with Previous Theoretical Investigations

The authors know of no previous work on the hydromagnetic GOrtler
stability problem. The nonmagnetic stabiiity problem has been treated
theoretically by G'o'rtler‘,'16 Himmerlin,®® Meksyn,?® and Smith.?®

Gortler first proposed and demonstrated theoretically‘fhat Taylor
instability could occur in a boundary layer on a concave surface. He
made the‘parallel flow approximation (i.e., he neglected the component
of the primary velocify normal to the surface) in deri&ing the stability
equations.

Meksyn'solved GSrtler's stability equations using a different,
asymptotic method of integration.

Hdmmerlin also resol&ed Gortler's equations by different ﬁethods'
and apparently obtained very accurate solutions. He first established
the peculiar result that the minimum Taylor or Gortler modulus for
neutral stability occurs at an axial wave number of zero. The resulting
disturbances extend far oﬁtside of the boundary layer.

Smith considered theLapproximations made in deriving the stability
equations in detail.and derived a new set of much more complicated
equations. The.additions to the stability equations made by Smith are

of three types: .(1) Normal flow terms. Certain terms involving the

.velocity normal to the surface in a growing boundary layer were found
to be of the same order of'magnitude as the tangential velocity terms.

(2) Finite curvature terms. Terms approximately describing the effect

of curvature on the.disturbances were retained. The addition of these
terms involves the introduction of a new parameter, and the relative

“importance of the terms depends on the range of values chosen for the
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new parameter. (3) Growth rate terms. Smith permitted the distur-

bances to grow in the downstream direction rather than in time. These
growth rate terms doinot appear in the neutral stability equations.

To clarify the relationship bétween the present work and that Qf
Smith, we note that we retain the same normal flow terms as Smith.

In the finite-gap calculations, we retain finite wall curvature terms
without, however, mak;ng the approximations used by Smith. In the
boundary-layer calculations, we neglect curvature terms. We do not
consider finite rates of growth at all.

The results of.GBrtler, Heémmerlin, and Smith are in general
agreement, while the critical results of Meksyn are somewhat higher.
Hé&mmerlin, whose calculations are probably most precise,'foﬁnd a
critical GOrtler modulus of about 0.31 and a critical wave number of
zero for the Blasius profile.

It may be seen from Fig. 15 that at small values of Ny, » the
A

present calculations using the boundary-layer approximations give .

critical values of NGB much less than 0.31. To investigate the cause

of the very small critical values of NGB obtained, some calculations

.werc made using the present methods for the Blasius profile, neglect-

ing the normal flow terms. The results were in very good agreement

with Hammerlin, with Nys > 0.31 and B, > 0 as NH%A'* 0. As NHaA
ingreases, it was found that the growth of the disturbance outside

of the boundary was limited by the magnetic field; and a finite

critical wave number was obtained.
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The calculations were then repeated, still for the Blasius profile,
but including the normal flow terms. The critical value of NGB then
became very small as NHaA <+ 0, similar to Fig. 15. The normal flow
terms thus seem to have a destabilizing effect on the flow at very
small values of NHaA. As NHaA increases, howgver, the importance of
the normal flow terms diminishes.

Finally, the neutral stability curve of Néa versus‘BA at NHaA =0
was calculated for the Blasius profile with the normal flow terms. The
results at B, = 0.66k4, where Smith has made particularly detailed cal-
culations, are ih good agreement with those of Smith. At very small
values of BA’ however, NGB becomes very sméll..

It seems likely thaf the effec£ of the normal flow is to éid in
the growth of the disturbance beyond the boundary layer{ When .an
appreciable magnetic field‘is.applied, the'pérturﬁed motion outside
of the boundary layer is damped in any case; and the'hormal flow is
relatively unimportant. 4

It ie not known defintely why Smith did not find lower values
of NG5 . It could be because of the finite curvature terms which he
retained, or his method of solution (Galerkin's method) which may not

have given adequate representation of the disturbances  outside of the

boundary layer at cmall wave numbers.

Limits of Applicability of the Theory

and: Comparison with Experiment

Primary Flow Calculations

To pecrmit the use of the houndary-layer approximations, the

Reynolds modulus must be large. If we arbitrarily adopt the criterion
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Vjé/vz‘lo s - (28)
then ih a vortex tube we must have

Ny 2 75/ - . (29)

‘: Y )
We also require that the boundary-layer thickness be small compared to

the radius of curvature, say:
6/r, < 0.1, | (30)
which can be rewritten as
o> . ‘
Ny 2 19/n - (31)
Most of the experimental results are border-line cases with respect

to these limits. -Névertheless,'agreemEnt between experimental and

theoretical recovery ratios is rather'good as indicated in Fig. 11.

Finite-Gap Stabil}ty Results

All stability calcuiations require a primary flow and are there-
fore'also 1imited_5y the above restrictions. In addition, the finite-
gap stability caleculations involve a very artificial treatment of the
inner boundary condition and require a knowledge of'the radiél dependence
. of the primary radial velocity beyond the boundary layer; this has been
treated only very crudely in this work.

Comparison of the finite-gap curve of Fig. 14 with the experimehﬁal
points of Fig. 9 show é'rathe? poor égfeement, e&én in the qualitative

shape of the curves.
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There are two properties of the finite-gap results which are of
interest: (1) At small values of NHa s NG5 approaches a non-zero
limit (which incidentally depends on k. and n) and is well above the
boundary-layer stability result. This occurs very simply because the
physical dimensions of the vortex tube limit the maximum size of a
disturbance which can form, and should therefore be at least quali-
tatively correct. (2) At large values of NH%A’ the disturbance
becomes confined to a thin boundary layer, the difficulties with inner

boundary conditions and interior radial flow become unimportant, and

the finite-gap results approach the boundary layer results.

Boundary-Layer Stability Results

The validity of the boundary-layer stability results is also
limited by Egs. (29) and (31), however, because of the tendency of
the disturbances to extend far beyond the boundary layer, a more
stringent limitation than Eq.»(3l) is probably required when NHaA is.
small.‘ In any case, even with the maximum number of four jets used
in the experiments, stability results for which NGB is less than three
or four should probably be rejected because of the boundary-layer

approximations. Poor agreement of the boundary-layer results with

experimental data is evident in Fig. 9.

Treatment of the @-Dependence

Finally, we note that we have ignored the ¢-dependence of the

disturbance and have considered only the neutral stability at that



value of 6 at which the primary velocity profile is believed to be
most unstable. ‘l'his might be interpreted very roughly as meaning that,
at the critical Gortler modulus which we calculate, the loss of energy
by the disturbance due to dissipation.exceeds the energy gain from the
primary flow at all values of elexcept one, where the energy-loss and
gain just balance. The true critical GBrtler‘modulus should then be

of some higher value, at which the energy loss and gain through the -
entire flow regime balancé. This could account for the low theoretical
results shown. in Fig. 9. An attempt using an integral growth parameter
as suggested by Smith®?2 may probably be an.improvement over the present

theory.

Oscillatory: Modes

In earlier theoretical studies of the hydromagnetic -stability of
Couette flow between conducting cylinders;lg the authors have reported
that, at high values of the Hartmann modulus, disturbances involving
an oscillatory time dependence sqmetimes occur and may become more
unstable than the stationary disturbances. For the primary flow con-
sidered in the present work, the possibility of the existence of oscil-
latory critical disturbances has not been adequately investigated. We
note, however, that in all earlier cases where oscillatory critical
modes occurred, calculations of the most unstable stationary modes led
to an abnormal behavior of the critical Taylor modulus and wave number
as the Hartmann modulus became very large; the asymptotic behavior of

-1

. . . " 1"
Nys NHaAkand By o::NHaA as Nﬁaa'* © of Figs. 15 and 16 is nérmal

in this respect.
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6. CONCLUSIONS

Experimental

Hydromagnetic studies have been made of vortex flow of an agqueous
electrolytic conductor induced by two-dimensional slits oriented tangen-
tially in the wall of a 10-cm-diam by 41-cm-long tube with fluid removal
at the center of one end. Flow visualization employing motion-picture
photography revealed the Lransition to an unstable flow which ultimately
became turbulent. The principal observations and conclusions of this
study are: |

1. The transition'to instability was observed as a periodic expansion
and contraction of a dye frace'(as viewed in the axial direction) along the
concave wall downsfreamvfrom a feed slit which occurred when the tangential
Reynolds modulus ekceeded'a certain critical value dependent on the strength
of the magnetic field. At values of the tangential Reynolds modulus a few
perceﬁt above the critical; the dye trace in the'vicinity of the wall oscil-
lated with a rather well-défined radial amplitude which increased with the
amount by whiéh‘the critical ‘Reynolds modulus was excéeded. Irregular
rolling of the trace around a_circumféfential streamline was also noted
well above the transition point. Wﬁen the critical Reynolds modulus was
exceeded by more than a féw percent, the instability developed into a dis-
organized turbulent-like flow characterized by gross mixing. It should be
noted that no significant effect on the nature of the transition as observed
in these experiments resulted from application of the magnetic field. While
no définite Taylor-type cellular vortices were observed at the transition
poinf in these expefiments, it may nevertheless be possible that the Taylor-

G6rtler mechanism is responsible for the instability; the disturbing
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influence of the jets on flow near the wall may have prevented formation
of recognizable cells (Fig. ).

2. The axial magnetic field suppressed the transition to instability.
For example, with two injection slits, the critical tangential Reynolds
modulus (based on tube radius and tangential velocity at a radius ratio
of 0.8) was increased from 500 with no magnetic field to 7600 using a
T5-kilogauss axial magnetic field applied to give a Hartmann modulus
(based on tube radius) of 172 (Fig. 8). |

3. Increasing the number of injection slits (at constant slit width)
increased the critical Reynolds modulus but decreased the influence of the
fieid on the critical Reynolds modulus at high values of the Hartmann
modulus (Fig. 8).

4. The recovery of injection velocity as tangential velocity neaf
the periphery of the tube was increased significantiy when the vortex flow
was stabilized by the magnetic field, a result which can be interpreted as-
being due to a corresponding decrease in wall shear. The stabilized flow
data agree ver& well with results obtained by solving the boundafy-layer
equatiéns for the steady-state veiocity profile as a function of diatance
from an injection slit, neglecting curvature (Fig. 11).

5. When the tangential Reynolds modulus was réised above the critical
value for complete stabilization,lthe magnetic field was nevertheless
effective in stébilizing the interior of the vortex flbw. For example, at
a tangential Reynolds modulus of 13,200,'definite laminar flow wés obsefved
inside a radius ratio of about 0.8. Although the flow near the wall re-
mained turbulent in this case, the field was found %o inhibit growth of
the disturbances, resulting in a decrease in the scale of the turbulence

(Figs. 6 and 7).
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6. The data for 1-, 2-, and L-slit injection when compared in terms

y * 4
of the critical "Gortler modulus", (VO 8 £Jv)(A/ro)°'5, and the Hartmann

modulus (based on momentum thickness), ./ c7u'BO A, were found to fall on
three distinct curves (Fig. 9). Significant improvement in the correla-
tion resulted by adjusting the exponent on the ratio Ayrd in.the Gortler

modulus from 0.5 to 0.43 (Fig. 10).

Ahalx}ical

An MHD Gortler-type stability analysis based on a tangential Jet-
injection velocity profile over a concave wall has been considered. The
stationary jet-injection velocity profile was calculated according to the
classical theory of laminar boundary-layer flow, and the stability anaiysis
was carried out numerically based on linear perturbation theory for the
calculated profile under the influence of a transverse magnetfé field.
Most of the theoreficel sfability results presented in this paper were
obtained by a boundaryflayerAstability anelysis;,that is, by éssuming that
the disturbances‘are confined to some;bounQary layer of'the flow. A few
stability calculafions, however, were obtained'by a finite-gap analysis
without assuming that the disturbances are confined to any particular part
of the flow. TFor these celculations, a crude approximation of the flow
outside of the boundary layer for a vortex geometry was used.

‘A typical set of caiculated jet-injection, boundary-layer profiles is

shown in Fig. 13. Cbmparisonfbetween experimental and theoretical recovery

“ratio based on the calculated profiies is presented in Fig. 11, in which

good agreement is evident.

Comparison of the stability results with experiments is presented in

A
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the boundary-layer and finite-gap stability analyses are nearly equivalent.
At small values of NHaA: the Gortler modulus approaches zero for the
boundary-layer analysis and a finite value for the finite-gap analysis.
Since the physical dimensions of the vortex tube limit the maximum size
of a disturbance, the latter is at least qualitaﬁively correct.. However,
in order to insure that the jet-injection boundary-layer thickness be small
compared to the radius of curvature, the stability theory is applicable
only for relatively large values of N, (> 19/n).

The authors know of no previous work on the hydromagnetic Gortler
stability problem. The nonmagnetic stability problem has Been treated
‘theoretically by Gortler, Himmerlin, Meksyn, and Smith. At Ny, A" O, the
present results indicate that the critical Gortler modulus for a boundary
layer falls far below the values obtained by the earlier investigators.
The loﬁ critical value has been traced to terms in the stability equations

which account for normal flow caused by growth of the boundary layer.

Without such terms, very good agreement with Hammerlin could be obtained.
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