L 33
Diagonalization



Diagonalization

= Diagonalization problem:

For a square matrix A, does there exist an invertible matrix P
such that P-AP is diagonal?

= Diagonalizable matrix:

A square matrix A is called diagonalizable if there exists an
invertible matrix P such that P-*AP is a diagonal matrix.

= Notes: (P diagonalizes A)
(1) If there exists an invertible matrix P such that B = p AP,

then two square matrices A and B are called similar.

(2) The eigenvalue problem is related closely to the
diagonalization problem.



= Thm : (Similar matrices have the same eigenvalues)

If A and B are similar nxn matrices, then they have the

same eigenvalues.
Pf:

Aand B are similar = B =P AP

A1-B| = |4l - P—lAP\ = \P—l/up - P—lAP\ = \P-l(,u - A)P\
=|P|1- AP =|P?|Pa1 - Al=|P'P| a1 - A
=|Al-A

Thus A and B have the same eigenvalues.




« EX 1: (A diagonalizable matrix) check the following matrix is diagonal or not.

1 3 0|
A=3 1 0

00 -2
Sol: Characteristic equation:

A-1 -3 0
\/ll—Alz -3 A-1 0 [=(1-4)(U1+2)?*=0
0 0 A+2

Theeigenvalues: A4, =4,1,=-2,1,=-2

(DA =4 = theeigenvector p, =| 1




P:[pl

« Note: If P=

1
(2)A =-2 = theeigenvector p, =| -1}, p;=|0
_ 10
1 1 0] ~
P, ps]: 1 -1 0y,
0 0 1
4 0 0
suchthat P*AP={0 -2 0
0 0 -2
P, PPl
1 10
-1 1 0 — P AP =
0 0 1

o &~ O




= Thm : (Condition for diagonalization)

An nxn matrix A is diagonalizable if and only if it has n
linearly independent eigenvectors.



= EX 4: (A matrix that is not diagonalizable)

Show that the following matrix is not diagonalizable.

<, 3]

Sol: Characteristic eguation:

- A= ial /{_zjjz(z—l)zzo

Theeigenvalue : 4, =1

0 -2 0 1 _ 1
M—A=I—A=[ }~[ O]:elgenvectorpl=[0]

0O O 0

A does not have two linearly independent eigenvectors,
so A is not diagonalizable.



= Steps for diagonalizing an nxn square matrix:

Step 1: Find n linearly independent eigenvectors

P, Py, P, for Awith corresponding eigenvalues.

Step2:Let P=[p, | p, |-+ | p,]
Step 3: A, 0 -« 0]
. 0 A, - O
P"AP=D=| ., ° . ,
0 0 - A,]

where, Ap. =Ap., 1=1, 2,..., n



= Thm 5.6: (Sufficient conditions for diagonalization)

If an nxn matrix A has n distinct eigenvalues, then the
corresponding eigenvectors are linearly independent and
A 1s diagonalizable.

= EX 5: (Determining whether a matrix is diagonalizable)

A=

1 -2
0 0
0 0

1

1
-3

Sol: Because A Is a triangular matrix, its eigenvalues are

A =174,=0 4 =-3

These three values are distinct, so A Is diagonalizable.



= EX 6: (Diagonalizing a matrix)

A—

1 -1
1 3
-3 1

~11
1
-1

Find a matrix P such that P AP is diagonal.

Sol: Characteristic equation:

Al-A =

A-1
-1
3

1
A-3
-1

1
-1
A+1

~(1-2)(A+2)(1-3)=0

Theeigenvalues: 4, =2, 4, =-2,4, =3
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= elgenvector p,




2 1 1 1 0
> 4LI-A=|-1 0 -1|~|0 1
'3 -1 4] |00
x| [—t] -1
X, |=| t | = eigenvector p,=| 1
X [ U ) _;_
-1 1 -1
P=[p p, p]= 0 -1 1}~
1 4 1
2 0 O]
st.P*AP=|0 -2 0

0 0 3
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