Laplace Transforms

For the design of a control system, it is important to know how the system of interest behaves
and how it responds to different controller designs. To do this, the dynamic equations of the
system are obtained and are solved to get the dynamic response. There are three different
domains within which the dynamic response of a system is studied for the purpose of control
design. These are the Laplace domain, the frequency domain and the state-space. This
module provides an introduction to the Laplace domain and covers the mathematics of the

Laplace transform.
with(inttrans) :

(This command loads the functions required for computing Laplace and Inverse Laplace transforms)

V¥ The Laplace transform

The Laplace transform is a mathematical tool that is commonly used to solve differential
equations. Not only is it an excellent tool to solve differential equations, but it also helps in
obtaining a qualitative understanding of how a system will behave and how changing certain

parameters will effect the dynamic response.
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The Laplace transform of a real function f(¢) is defined as

..Eq. (1)

where s is a complex variable (s=06 + j-®). This definition is only valid if

J |£(2)]-e °"dt <o for some finite and real value of 6. The Laplace transform provides
0

the ability to transform a differential equation into a form that can be manipulated




algebraically. For example, the differential equation

A-f (1) +B-fl1) + C-f(1) =g (1)

... Eq. (2)

with initial conditions f(O) =0 andf(O) can be transformed to
A-s*F(s) +B-s-F(s) + C-F(s) = G(s)

... Eq. (3)

which can be rearranged to obtain
F(s)=— Gls)
As+Bs+C
... Eq. (4)

The solution to the differential equation is then the inverse Laplace transform which is
defined as

LUF(s)]1=f(t) = lim

.. Eq. (5)

where c is a constant that is greater than the real parts of all the singularities of F(s) and

jisy/ -1 . This equation is usually not used in practice. Instead, the Laplace inverse for
different functions can be found using tables like Table 1 (see below) that list functions
and their transforms (these are easily available in textbooks and the internet). When the
functions are not simple enough such that their transforms can be directly found from
tables, the theorems of Laplace transforms and different rearrangement techniques (for
example the partial fraction expansion) are used to arrange the equations in a form that
can be recognized as one or a combination of the functions available in the tables. The
inverse Laplace Transforms of functions can also be easily found using built-in functions
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in Maple.

¥ Example 1: Laplace transform of a unit step function

0 r<0

Find the Laplace transform of f(¢) = .
1 t>0

V¥ solution using Maple

0 <0

1 >0
laplace( [, t, s)

Example 2: Laplace transform of a ramp function

Find the Laplace transform of f(¢) =A-¢
where 4 is a constant.

V¥ solution by hand
Lf(0]=F(s) = fio-e"dr

0

=J A-te S dt
0

Integrating by parts (J udv=u-v|, —J vdu):
0 0

(1.2.2.1)



V¥ solution using Maple

laplace(A-t, t, s)
A
2
s

¥ Example 3: Laplace transform of a derivative

Find the Laplace transform of %

V¥ solution by hand

dv | [T dy e
e[’[ 4 J R dt
0
Integrating by parts(J udv=u-v, —J vdu ):
0 0

e ]

=e_St-x|(;°—J x-(-s-e™) dr
0
=0—x(0) +s5-X(s)
Therefore,
dx
A

where X (s) is the Laplace transform of x(z).

}=s-X(s) —x(0)

V¥ solution with Maple

laplace(x(t),t, s)
s laplace(x(t),t,s) —x(0)
eval((1.4.2.1), [laplace(x(t),t,s) = (s)])
X(s) —x(0)

(1.3.2.1)

(1.4.2.1)

(1.4.2.2)



¥ Example 4: Laplace transform of a second derivative
2

Find the Laplace transform of j—;
V¥ solution by hand
L % =J %-e_”dt
Integrating by parts (qu dv=u-v|, —jwv du ):
0 0
:e‘“.ﬂlg’_Jwﬂ (-s-e7) dr
dt , df

=0 — ix(O)—J X (g dt
dt 0 d¢

Using the result from Example 3, this can be written as

=0— %x(O) 5 (s X(s) —x(0))

Therefore,
dx
dr

2

L =5-X(s) —sx(0) — ix(O)

V¥ solution with Maple

laplace(x (1), t, s)

s* laplace(x(1), t,s) —D(x) (0) —sx(0) (1.5.2.1)
eval((1.5.2.1), [laplace(x(t),t,s) =X (s)])

t,s)
s X(s) —D(x)(0) —sx(0) (1.5.2.2)

¥ The general equation for Laplace transforms of derivatives

From Examples 3 and 4 it can be seen that if the initial conditions are zero, then taking a
derivative in the time domain is equivalent to multiplying by s in the Laplace domain. The
following is the general equation for the Laplace transform of a derivative of order n.




ef-l[ d f<t>l=s” Fis) —&10) =~ S 100y -0
dr dz dr
... Eq. (6)
For example, the seventh order derivative of a function x(¢) can be written as
d7
laplace| ——=x(t), t, s]
[ dt
s’ laplace(x(t), t,s) —D'% (x) (0) —s D (x) (0) —s* DY (x) (0) =5’ D¥ (x) (0) (1.6.1)

—5'DP(x)(0) = D(x) (0) —sx(0)

eval((1.6.1), [laplace(x(t),t,s) =X (s)])
s’ X(s) =D (x)(0) —sD® (x) (0) = DY (x) (0) =5 D¥(x) (0) —s*' D@ (x) (0) (1.6.2)

— s D(x)(0) —s°x(0)

¥ Example 5: Laplace transform of a sine function

Find the Laplace transform of () =A-sin(®-¢).

V¥ solution by hand

(o]

o[’[f(t)]ZF(s)ZJ A-sin(o-) ¢ dr

0
Using the identity sin(a) = 2% (= 7).,
— wi -t —jo-t) -st
F(s) = - (SO =T e s
o 2V

_4 1 _ 1
29 | s—jo s+jm
4-®

2 2
s+

V¥ solution using Maple

laplace(A-sin(®-t), t,s)
A®

2 2
o +s

(1.7.2.1)




The following table contains a list of some common functions and their Laplace
transforms.

Table 1. Common functions and their Laplace transforms

Time domain function, f ()

Laplace transform, F(s)

Unit impulse, 1 () =06(¢)

1
Unit-step, () =1 l
Unit-ramp, f(t) =t 1

E
f)y =0 n>0 n!
n+1
fly=e ! 1
s+a
F(t) =te ! S S
(s—l—a)2
fley=1"e"

n!
(s+a)n+1

Ji-¢

where 0 <{ <1

®
S2+m2
f(t) =cos(®1) s
S2+(l)
2
()} -C-o -t
f(1) ~—e -sin((x)n-\/ 1—@2 -t) ®

_d 5:G(s) —g(0)
F) =, 8
n n n— n— d
f(t) = ddtnh(t) S"H(s) ="~ " (0) 2'5}’(0)
dn—l
- h(0
ar Y




¥ Important Properties and Theorems of Laplace Transforms

V1 Multiplication by a constant
LIkf (1) 1=k-F-(s)

. where kis a constant.

V2 Superposition

LLfi(1) £f(0) ] =F,(s) £F,(s)

V 3. pifferentiation

VY a Integration

Vs Complex shifting

where o is a constant.

\ 4 6. The Initial Value Theorem

.. EQ. (7)

... Eq. (8)

.. Eq. (10)

.. Eq. (11)



£(0) =S1i_1poos-F(S)
.. Eq. (12)
V 7. The Final Value Theorem
f(o)= limos-F(s)
.. Eq. (13)
V¥ 8. Time delay
L f(t—=1)]=e"F(s)
... Eq. (14)
where 1 is the time delay.
V¥ 9. Time Domain Convolution
t t
IU fI(T)-fz-(t—’t) dt |=F,(s)-F,(s) ZIUfI(t—‘c)-fz-(r) dt
0 0
... Eq. (15)

2.
¥ Example 6: Laplace transform of f(t)=t-e '

Find the Laplace transform of 1 () -7

V¥ solution by hand

Using Table 1,

Therefore, using property 5. Complex shifting,

Lt =F(s—2)=———
(s —2)




V¥ solution using Maple
laplace( t-ez't, 4, s)

(s —2)

Y Example 7: Laplace transform of f(t) —4.¢" (cos(2-t) +9)

Find the Laplace transform of /'(¢) =4-¢" (cos(2-¢) +9).

V¥ solution by hand

and 5.

L4-e" (cos(21) +9) | =L]4 € cos(2-1) +36-¢]
 4-(s—1) 36

= 5 + _1

(s—1)"+4 N

4-(s—1)2 L 36

5—2s54s 51

_ 405 +80-5 — 184

—s3+3-s2—7-s+5

V¥ solution using Maple

laplace(4-et~ (cos(2:¢) +9), ¢, s)
2 2 36

s—1—21 + s—1+21 + s—1

simplify

~405” +805— 184
—s3+3s2—7s+5

1

Example 8: Laplace transform of F(s) = —
s +4-s+13

Find the inverse Laplace transform of F(s) = I

S +4s+13

(1.10.2.1)

The Laplace transform of this function can be found using Table 1 and Properties 1, 2

(1.11.2.1)

(1.11.2.2)



V¥ solution by hand

F(s)= 2; can be rearranged to get
s +4-5+13
1
Fls) =5
(s+2)"4+9

This resembles the form of the Laplace transform of a sine function. Also, the (s + 2)2
term hints towards complex shifting. Further rearrangement gives
3
3 (s42)2 432
Using Properties 1 and 5, and Table 1, the inverse Laplace transform of F(s) is
1 3

; N T
L 1[?'m}—?'e -sin(3-¢)

F(s) =

V¥ solution using Maple

invlaplace( 2;, S, tj
s +4-s+13
% e 2'sin(3 1) (1.12.2.1)
32
Y Example 9: Inverse Laplace transform of F(s) =3 5 (Method of
s +3-s +2-s
Partial Fraction Expansion)
32

Find the inverse Laplace transform of F(s) = 7 5 .
s +35+2-s

V¥ solution by hand
This example shows how to use the method of Partial Fraction Expansion when there

are no repeated roots in the denominator.

The denominator of the function can be factored to get

32
s (s+1)(s+2)

F(s) =




This can be written as a sum of partial fractions:
32 4, n 4, n 4z
s (s+1)-(s+2) s s+1 s+2

... EQ. (16)
The next step is to solve for 4,, 4, and 4;. Multiplying both sides by s, gives
s-A s-A
32 4, + 2 n 3
(s+1)-(s+2) s+ 1 s+ 2
By setting s =0, this equation simplifies to
32 _
2
Similarly, multiplying both sides of Eq. (16) by (s + 1) and setting s=-1, gives

32
-1

4;

and multiplying both sides of Eq. (16) by (s +2) and setting s =-2, gives
32 _
2
Now F'(s) can be written as
_l6 32 16

F -
() S s+1 s+2

Using Properties 1 and 5, and using Table 1, we get

4

16 32 16 y ot
= _l —_— :1 _32. 16.
f(f)ol[s s+1+s+2} 6 e +16-¢

V¥ solution with Maple

32 St)
s (s+1)-(s+2)°7

-32e '+ 162"+ 16 (1.13.2.1)

invlaplace(

32

¥ Example 10: Inverse Laplace transform of F(s) = (Method of

3 2
s +4:s +4:s
Partial Fraction Expansion)

Find the inverse Laplace transform of



32

F(s)= .
S48 +4s

V¥ solution by hand

This example shows how to use the method of Partial Fraction Expansion when there
are repeated roots in the denominator.

The denominator of the function can be factored to get

F(s) = Lz
s (s+2)
This can be written as a sum of partial fractions:
A A A

- S . B I

s (s+2) s stT2 0 (s+2)

... Eq. (17)
The next step is to solve for 4,, 4, and 4;. Multiplying both sides by s, gives
s+A s-A
32 : 4, + 2 3 :
(s+2) (s+2)  (s42)
By setting s =0, this simplifies to
32
5 A
Similarly, multiplying both sides of Eq. (17) by (s + 2)? gives
A, (s+2)*

3 T A (s+2) +4

S S

... Eq. (18)
and setting s =-2, gives
32
=4
Now, differentiating both sides of Eq. (18) with respect to s and then setting s =-2
gives
2

d 321 d |4/ (+2) ]

ds [ s }_ ds [ s +4,
This reduces to

32
- T :A2

F(s) can now be written as




Fi-8 _ 8 16

s (s+2) (s+2)?

Using Properties 1 and 5, and using Table 1, we get

8 8 16 o e
1) =L — — - =8—8¢ " —16te
S [s (s+2) (s+2)2}
V¥ solution with Maple
32
invlaplace , S8, 1
(s3+4-sz+4-s j
8—8e 2 (2¢41) (1.14.2.1)
16
¥ Example 11: Inverse Laplace transform of F(s) =3 5 (Method of
s +2-s +2-s
Partial Fraction Expansion)
Find the inverse Laplace transform of F(s) = 3 162 .
s +25 +2-5

V¥ solution by hand

This example shows how to use the method of Partial Fraction Expansion when there
are complex roots in the denominator.

The denominator of the function can be factored to get

16
s (s+1—j)-(s+1+))
This can be written as a sum of partial fractions:
16 4, 4, A3

+ +
s (s+1—j)-(s+1+)) s s+1—j s+1+j

F(s) =

... Eq. (19)
Multiplying both sides by s and setting s =0, gives

16 _

2 4,




Similarly, multiplying both sides of Eq. (19) by s + 1 —; and setting s=-1 +, gives
16
By rationalizing the denominator this can be written as
A,=-4-(1—})

4,

Once again, multiplying both sides of Eq. (19) by s + 1 4+ and setting s=-1 —, gives
1

ErsTi

and by rationalizing the denominator this can be written as
Ay=-4-(1 +))
F(s) can now be written as
8 _ 40— _ 40+))

s (s+1—)) (s+1+))

The inverse transform of this is
S(0) =8 =4 (1 —j)-e T =4 (1 e

which can be further written as
Sy =8—d-e " [(1—j)d" + (1+))e]
—8—dee (4T —j (=) ]
(ej't+e_j'[) B jz-(e/'t—e_j't)
2 2-j
(01 4 g701)
2

F(s) =

=8 —8.¢

(e/'m-t_e—j-wt)
2+

=sin(w-¢), we

Using the identities =cos(®-¢) and

get

() =8 —8-¢ " [cos(t) +sin(t)]

V¥ solution with Maple

S4+25 425

8 —8¢  (cos(t) +sin(r)) (1.15.2.1)

invlaplace ( 16 S, tj




Y Example 12: Spring-mass system with viscous damping

Problem Statement: The following differential

equation is the equation of motion for an ideal .

spring-mass system with damping and an external W

force F(1). s mo L0
’ —

m-x (t) +cx(t) +k-x(t) =F(1)

If m=1Kg,c=5N-s/m, k=4 N/m, F(t) =2 N, and
x(0) =x(0) =0, find the solution of this differential

equation using Laplace transforms. Fig. 1: Spring-mass system with damping

Y

Taking the Laplace transform of both sides of the equation of motion gives

1-5X(s) +5-5X(s) +4-X(s) = %

By rearranging this equation we get

2
s-(sz+5-s+4)

X(s) =

The denominator of this transfer function can be factorized to

2

X(s) = s (s+4)-(s+1)

This can be further written as a sum of partial fractions:
2 4, 4, Az

s (s+4)-(s+1) N +s+4+s+1

.. Eq. (20)
Now we have to solve for 4, 4, and 4;. Multiplying both sides by s, gives

2 S'AZ S'A3

A, + +
(s+4)-(s+1) 'V s44 0 s+1




By setting s =0, this equation simplifies to

2

PR

Similarly, multiplying both sides of Eq. (20) by (s +4) and setting s =-4, gives
2 _

TR

and multiplying both sides of Eq. (20) by (s + 1) and setting s =-1, gives
2

3 4

Now F'(s) can be written as

X(s) 1 1 ) 2

T2 T e st4) 3 s+ 1)
Using Properties 1 and 5, and using Table 1, we get

1 1 2 1
= -1 —— _ -
MO =L T 14 3+l 2 6

This equation shows that the displacement approaches % m as ¢ approaches infinity.

The following is a plot of the displacement versus time.

Di spl acenent pl ot

0.5

0.41
0.31
x(m)

0.2

0.14

07\ T T T T T
0 2 4 6 8 10
t (sec)

T Solution with Maple



. 2
mvlaplace( 3 , S, t)
s (s +55+4)
L1 a2
) + 5 e e

¥ MapleSim Simulation

¥ Constructing the model

Step1: Insert Components

Drag the following components into the workspace:

Table 2: Components and locations

1-D
3 \ Mechfnlcal

Translational Translationa
Fied | >
Common
1-D

'[%]“ I Mechanical

- >
Translational

Spring Translationa
Damper | >

Common

1-D
3 \ Mech>an|cal
e Tranlsl>at|ona

Common

1-D
Mechanical
>
Translationa
| > Force

2.1.1.1)



—_—

23

Constant
Force

Drivers

Step 2: Connect the components

Connect the components as shown in the following diagram.

Probe
!5
50 ;
1 M d
1 N
m,.g 2 ;
_r-.
CF
1
—_—

Fig. 2: Component diagram

Step 3: Set parameters and initial conditions

1. Click the Translational Spring Damper component and enter 4 N/m for the
spring constant (c) and 5 N/m for the damping constant (d).

2. Click the Mass component and enter 1 kg for the mass (m), 0 m/s for the initial
velocity (v,) and 0 m for the initial position (s,). Select the check marks that enforce

these initial condition.
3. Click the Translational Constant Force component and enter 2 N for the
Nominal force (f,

onstant)'

Step 4: Run the Simulation

1. Attach a Probe to the Mass component as shown in Fig. 2. Click this probe and
select Length in the Inspector tab. This will show the position of the mass as a



function of time.
2. Click Run Simulation (. ).

This simulation outputs the same plot that is obtained analytically:

Probe: s
05 —

04 >

W

0z

Probe.s

01 /

Fig. 3: MapleSim simulation result - Displacement (m) vs. time (sec)
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