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Lecture 4 — Introduction to tensors and vectors

KINEMATICS OF DEFORMATIONS

x = p(X,t)
thermo-mechanical loads

laws of nature .
CONSERVATION OF MASS
BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM
LAWS OF THERMODYNAMICS

16 unknown fields + b5 equations
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configuration
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Multi-scale
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Tensor algebra
Tensor analysis

deformed
configuration

CONSTITUTIVE
EQUATIONS
11 equations

Empirical
observation



Lecture 4 — Introduction to tensors and vectors

Review (tensor analysis in Cartesian coordinates)

Bijj=Aj; < B=A"
D = Ajjup <= D =A®v

v; = Ajpup <= v = Au
A:B=A,;B;; A --B=A,;Bj

1-order tensor (vector) 2-order tensor

vi=vle] v=vie; Aj;=Tlei e;] A=A;(e;®ej)

Symmetric, positive-definite 2-order tensor )\2 cR, Ag . Ag — 5a5
3 S S

S = Za:l )\g Aa X Aa = Sz-j(ei X ej)
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Tensor analysis

Tensor fields

- In continuum mechanics we encounter tensors as spatially and
temporally varying fields over a give domain:

T = T(w,t) , r=2x;€e; c Q(t)

- Partial differentiation of a tensor field (and the comma notation)

4
88(33) — g : Comma notation and summation convention
=S
oz - (Ty()a;) =
8’02($> o I
= Ui,j !
(’9:1:]- :
L = Tz‘j,k I
|
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Tensor analysis (in Cartesian coordinates)

Tensor fields

- Gradient
0
Vs = ;Es> e;=s;e; = |Vs|e;
VB = 83(:{3) e, From tensor of rank m

to tensor of rank m+1

e O . E O S S B B EE B B S B B S B B S S B mE S B S mE B ma S B ma S B S ma Eee me .

I Given 8(%) = Ax - -x = Aij:csz-

: Vs = (Awéjkxz + Aija:jéik,)ek = (Azka:z + Ak,jazj)ek, — Ax + ATw

T
VI = —®e,=[VT|jre;@e;® e, =
0T



Tensor analysis (in Cartesian coordinates)

Tensor fields
- Curl

0B (x
curlB = — (z) X e;
axi
curlv dviei 0vi (e; x e;) 9vi e 0vi e
= — = —5 \€; = — €; €kiji =
8:1;j J 8:13j J 8513'] Ik Sk 8LCj KA

€kjiVi,j €k = [curlv]k €L

— o o o o o o o o E——,




Tensor analysis (in Cartesian coordinates)

Tensor fields

- Divergence
ov(x
dive = (z) - e;
8331-
divB = 83(33) . From tensor of rank m
Ve = 0x; €i to tensor of rank m-1
I{ . a(vz ez) 0v; ov; ov;
I divy = 8.ij c e = %j(ez . ej) = axj 52’]’ = a—xz = Vi :
: I
: I
| oT 0[T;;(e; ® e;)] T ; I
d T = - e Y L J s J i . == I
: v 8$k Ck Ga:k Ck aﬂ?k (68® ej)ek 8 :
| Tij Tz
i0jk = . i !
: a.ka Ciojk aCUj :
' I



Tensor analysis (in Cartesian coordinates)

Divergence theorem

- Given a vector field w(z)

/ w~ndA:/divde
BIY) Q

@_Cartesian components

- Given a tensor field T'(x)

/ TndA=/diVTdV
oN Q

@_Cartesian components




Curvilinear coordinate systems

Curvilinear coordinate systems

Two set of basis vectors at each position in space
{g,} tangent vectors
{g"} reciprocal vectors

defined through g° - g;= 5;-

- Contravariant components

a — aigli 'l ,l ’I
- Covariant components

a = ajgj
- Connection between
components
ak = gjkaj
ai = gika'
ik — 47 .
with g g -9
gik = g; * g

k




Curvilinear coordinate systems

Curvilinear coordinate systems

- Two set of basis vectors at each position in space
{g;} tangent vectors

/ defined through g*- g, = §°
{g?} reciprocal vectors gh g'-g; =0;

- Covariant and contravariant components: a = aigi = aig"'
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Curvilinear coordinate systems

Curvilinear coordinate systems

- Two set of basis vectors i.a. =45
g -9, ]
{g,} tangent vectors

ok — gk
: , defined through 9’ - 9" = ¢’
{g"} reciprocal vectors

9i 9 = Gik
- Covariant, contravariant and mixed components:
T=Tg,0g;)=Ti;(g°®g")=T7(g"®g;) =T(g;® g)
- Connection between components:
T = g™ Ty g% = g™ T;" = T g™
- Metric tensor (it is the identity of a generalized coordinate system):

detg = det|g;;] = g (notequalto 1in general) and symmetric (g;; = g;;)
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Tensor algebra (in curvilinear coordinates)

Inner product - Dot product

(a,b)=a-b=(ag;)  Vg;)=a't’(g; - 9;)
— azbjg,,;j — aibjg” — aibz — aﬂ'bi

Cross product |
axb=,/geiatgt=—¢
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Shaded areas are related by the determinant of the metric tensor (and are different in general).
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Tensor algebra (in curvilinear coordinates)

Transpose
Bv=vA<+= B=A" +< B;; = Aj; < B = A”®
= B = A} (#By)
Contracted multiplication CJa, b] = Contas(A[a, | B[d, b))

Scalar contraction eg, A..B= Conto(Contas(Ala, ¢|B[d, b]))
A:B=A;;BY =AYB;; = A?jB};j = A%jB.ij

A..B=A;B"=AUBj; = AJBi = Al B’
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Curvilinear coordinate systems

Construction of tangent basis {g.}

- Tangent vectors describe how the point in space changes as the
coordinates change

g, = g;i where @? are the curvilinear coordinates
d(zve,) Oz where z® and { e} are the Cartesian
g; = ML e, Ccoordinates and basis, resp.
00 00 [usually & = @ (91, 62, 93) are known]
Inversely:
. = oz _ Oz 007 _ 603'9' " 9017  [0x2] ™"
*T 9z 909 Oz~ Hxe I M Sl T | B0

- Derivatives of tangent vectors:

8gk_ 0 8£Cae B 02 o _ 9%x® o™ o
00t 90t | 09k “* | 90190k T 90i00F Oz Im = L ki9m

Christoffel symbol of the second kind
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Curvilinear coordinate systems

Construction of metric tensor Ji;

- By definition
ng Oz O0x“

detg = det|gij] = ¢
Note: /g = det[%ch] =J

- The metric of the space is the following scalar invariant quadratic form
(i.e., the metric is the elementary line element or arc length):

ds? =dr-dr
= (dz%eq,) - (dxﬁeg) = dx® 5a5.dx5 = dx®dz® =
= (do'g;) - (d07 g;) = dO* g;; Ao’

... elementary volume element: dV = /g dol d6? do3
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Curvilinear coordinate systems

Construction of reciprocal basis {g?}

- Reciprocal vectors describe the coordinates change as the point in
space changes

1 _ go X g3 2 gs X gy 3 g1 X 9-
= 9° = g9° =
g, (92 % g3) g, (92 % g3) g, (92 % g3)

g

Notice that g - (92 X 93) — \/57

- Derivatives of reciprocal vectors:

O k
8%@' = —Ffmgm Christoffel symbol of the second kind
09" - g, 0g" dg, 00y
Note 1: —= = — Te—==—=0
oo o0 I*T9 e T Ba

Note 2: Christoffel symbols are zero in Cartesian coordinates
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Tensor analysis (in curvilinear coordinates)

Tensor fields

- Gradient )
gradv = Vv = % ® gt = 8(272? ) ® gt
= ?;;f (9" ®g") +v (%—gf ® g°)
- ?;’E (9" @ g") + vi(-T%, 9™ ® g')
= [% - kavj] (9" @ g')

. . . vy j
Covariant derivative of a covariant component  Uk,i = 27 — I v;

. . . k ov* ki
Covariant derivate of a contravariant component  vj = — 7 + %07
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Tensor analysis (in curvilinear coordinates)

Tensor fields

- Divergence

8_Tgk _ oTii(g' ® g’) 4
%9’“ 06" 0gq* 0g’
T, g’ g
I\ ak . J k
= 5ok L(g'®97)g + T 50 © 9 )g* +Tij(g" ® 9% )9

— o7k )

J [aek
T

_ gk

=3t | 30

divT =

— I Ly — F%Tim] 9' =9"Tijxr g'

+ Tt T + PanTim] g, =0"T% g, =T% g,
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Orthogonal curvilinear coordinates

Polar cylindrical coordinates

1 pn2 p3\ _—
(0+,0°,0°) = (r,0,z2)
rl = rcosf
r? =rsind
333 =z Z
e
I~
” A
_ 8(xaea) B oxr< . Basis vectors AN // €-
g;, = BY T = 5t o are not Al
unit vectors.
€1
m 82:50‘ oo™ Most of the
Fki — 8(97’89]{ Or Christoffel symbols

are zero.

, -1 Only diagonal

ol Ox“ ox® Ox®
[ — 9;°9; = ij = an components

3? - % a=1l 9pi % are non-zero.
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Orthogonal curvilinear coordinates

Spherical coordinates

€3

1 p2 p3 g,

(9 79 ’0):(’]"’¢’6)
S

1 . / 9o
r* = rsin¢gcosf —=F-

2 : : //T -~
x* = rsin¢sinf , I’ ¢ N

> = e

o 2
x T COS ¢ I / y
\
d(x%ey) ox® Basis vectors \
g; = - = - €, arenot \
90" 00’ unit vectors. S
€1

m 82:50‘ 00™ Most of the

ki — i Ank o Christoffel symbols

89 89 8'7; are zero.

; -1 Only diagonal
@ — E g g; =g =" Oz Oz components
oxr™ 067 vt 97 Y a=l 95gi  HPJ are non-zero. .



Lecture 4 — Introduction to tensors and vectors

Any questions?




