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LECTURE NOTES 15

The Divergence & Curl of B
Ampere’s Law

As we have discussed in the previous P435 Lecture Notes, for the case of an infinitely long
straight wire carrying a steady (constant) line current | = 12, the macroscopic magnetic field
associated with this system is given by:

é(r):(ﬂjlgb for

2r)r
‘E(F)‘ Lines of B for I = 12 out of page:
S (7 Ho |1 o
B(f)=| Lo |=
Tesla (r) (Zﬂjrgo
(or Gauss)
{1T=10'G}

y N
Clearly this vector B -field has circulation (a.k.a “vorticity”) associated with it !!!
= VxB=0! (cfw/ VxE =0always, for electrostatics)
Let’s take the line integral Sﬁc Bed 7/ where d /7 =+d/ ¢ at aradius, r (arbitrary) along a

contour C as shown in the figure below, for this B -field:

c C (B=(§—;jl?¢j I (d7=dtg)
Z out|of page o
% & B-dé:(&)lgb-dw:(&jldz (here)
& r 2w )r 2r)r
| 7
C d7=+d/¢
y

n.b. Important Convention:
The contour integrals’ path is always taken such that the “outside” of the enclosing contour C

is on the right-hand side of the infinitesimal vector element d’.
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By the arc length formula s =ré, we see that d/ =rd¢:

A dé\(

>

Thus, if I§(r) = (ﬂjl—(o for and|d?=d/¢ =rdp@| (here), then:

2r)r
G 8yt [ aoi] (2 a0 41225 -

Thus: |§_B(F)d 7= |

If we had instead chosen a loop/contour/path which did not enclose (circle) the current, but
rather, e.g. the contour shown in the figure below:

<

. 4

beToddeeT o

Pu;.ic A

&>
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3

end
o - as [ o/ o 1
Then here: SBCB(r)-dE=Cﬁa B(r)-d€=ﬁl é’fg(@jdgo:O "

Thus, we have obtained Ampere’s Circuital Law (in integral form): (f)c B (F)-d? = 24| o1 ctosed

where | ..q 1S the current enclosed by the bounding contour, C.
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If we have N straight line/filamentary wires, each carrying current | = |2 and all of which
are enclosed by the bounding contour, C then (by the principal of linear superposition)
lneioses = NI, and thus:
Cﬁc B (F)-d? = ol oniioses = NI for the N currents | enclosed by the bounding contour, C
—_—
dependence

= constant.

If electric charge flow is via a free volume electric current density J . (7) (Amps/m?), then:

lenctosed = J‘S, NP (F')-dA’ n.b. the surface integral is taken over cross sectional area S’
bounded by the corresponding closed contour, C

_ = o\ B N n.b. primes denote integration
Then: Cﬁc' B(r ) 007= £l encoses = ﬂojs'Jffee (r ) A = with respect to source variables.

Now use Stokes’ Theorem:
§,B(r 107 = [ (V% B(F)s0 = ], 3 (R

Thus: L/(@x g(f’))-dﬂ’—yoj‘s,jﬁee (F)dA' =0 = L,(ﬁx B(r)— 23 e (F’))-dA’ =0

However, the enclosing surface S’is arbitrary (as long as 1., remains the same).

The only way this relation can hold for arbitrary enclosing surfaces S’ is if the integrand = 0 at
every point I’ within S’ and thus:

VxB(F) = ptyd e (7') = 0| 0r: |VxB(F") = p4yJ . ()| <= Ampere’s Law (Differential Form)

A more rigorous way to prove this relation for arbitrary volume current density distributions
J e (T') is as follows: We start with the formula for B (') that we obtained earlier (see P435

Lect. Notes 14, p. 10 and/or p. 17):
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Note that:
B(T)is a function only of the field/observation point P (T) located at T = (x&, y§, 22)

J(F")is a function only of the ~ source point S (") located at 7' = (X%, 'Y, 2'2)

The field point-source point separation distance vector I = ( r— I") in Cartesian coordinates is:

=(r-r)=(x-x)%+(y-y")9+(z-2')2| and [dr’ = dx'dy

The integration over the source volume V' is only over the source coordinates:
Xt Via %

jdr': "dx’ 'dy’j "dz’
v' Lo 2o

’
Yio

Next, the divergence and curl of I§(F) are to be taken with respect to the field coordinates (i.e.

the unprimed coordinates), I = (XX, y¥, zZ) and not the source coordinates, ' =(Xx'X, ', 2'2).

Thus: | V-B(F)= V- jv,Mdr' jv( (") ]dr'

and: [7xB()=9x| [ 2L gy %;v{&]d
Vv T Vv

Now |F=F-T

and also f:/_"/|f":r_rr/

For the divergence of B( we use the product rule on the RHS:

6.(5( j (%3 (F))-T )(Vx—j

But: VxJ (f') =0 (obvious) and (amazingly) V x (izj =0 (see Griffiths problem 1.62 p. 57)
r

Thus: |V-B (F) =0| always (= no free magnetic charges/no magnetic monopoles!!!)

no “bare” or “isolated” N or S free magnetic charges

For the curl of E(F) we use another product rule on the RHS
- y7x j(r)xr o0 f RN f ,
V x B( ) 47[J. Vx(r—}dr 47[_[ (J(r )(V-rzj—(\](r )-V)FJdT

~

r
r’

Recall that Ve [ j =475 (F); 5 ( f) is the 3-D Dirac ¢ -function (see Griffiths 1.100, p. 50)

Note also that V+J (") =0 and VxJ(')=0 because V depends only on the field point

variable F =(X, ¥, Z) whereas J(r (F") depends only on the source point variable F'=(X',y’,Z').
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ﬁ.rr;jdz' [ (M) 47 S (r—r)de' = T (F) |11

Therefore the term: &j‘ J (f’)(
4 v

: : . : f
Next, we focus on figuring out the details associated with the term: —J ( ) (—zj

We know that: —j(F’)'ﬁ(r—ij = ﬁﬂf’)-ﬁ'(r—ij because V( % ] =-V' - j

= Please prove this relation to yourself, using , |[r= | r |

= ol o ~( f = f—r' =, f=r' =, f
P=r/|7|=F—F/|F —F||, then work out: V(FJZVLF—WFJ:_V (|F—f’|2J:_v (Fj

Now since: |V+( fA)=f (V+A)+As(VF)| then: |A{(VF)=Ve(fA)-f(V-A)

Thas j(rr).vizzv{ f J(r')] - L3

steady state currents

=7%=0m

or

-. —Ivyj(r’)-?(r—r;jdr’=+L,T(F') (L;jdf -[. v'[ A ”(r')dfv]:gss,r_ij(r').d/&'

{n.b. the last step used the divergence theorem}

Now let volume V' and corresponding enclosing surface S’ — oo, then 3 no currents on surface!
p g g

= ‘ij(w)'ﬁ(rfzjdf':ﬁ'r_fzj(r')'d@:o "

holds/is valid V T in volumeVv'!!!

!
~—

L VxB(F) =, d (T

Thus, finally, we obtain Ampere’s Law (in differential form): |V xB(F)= x,J (F)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois  §
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APPLICATIONS OF AMPERE’S LAW

Ampere’s Law in Differential Form: |V xB(F) = g,J (F)

Ampere’s Law in Integral Form: (]SC E(F)'dz = ol enciosed

However, by the Curl Theorem (see inside front cover of Griffith’s book):

J.Sﬁx é(f)’d;\ = @C E(f)-dz :#OJ.S j(r)'d'&: luolenclosed

Griffiths Example 5.7:

Use Ampere’s Law to determine the macroscopic magnetic field B (F) a perpendicular

distance r away from a (infinitely) long, straight filamentary wire carrying steady current, .
We already know that (here) B¢ (ie. solenoidal/phi field).

Use the integral form of Ampere’s Law, take an “Amperian” loop contour C, enclosing the
filamentary line current | as shown in the figure below:

@C B>(F).d_é = :uo Ienclosed = IUOI

Now: B(F)ll¢, d/ll¢p = B(F)lld/, .. B(F)d/=B(F)d/
And: d/=rde by the arc length formula, S =R&

Thus: |7 "B(r)d¢=[" "B(F)rdg=22rB(F)= sl

»=0

= p (1) 4 Same/identical result as that which we had previously obtained
B(r)=22( | < . .
- but far less effort/work involved using Ampere’s Law!!!
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Griffiths Example 5.8:

Determine the magnetic field B ( F) associated with an infinite planar sheet of uniform surface

current, K = K,X Amperes/meter flowing over the X-y plane ( K,= constant).

N>

3-D View: A

>

K= K,X (Amps/meter)

End-View of Uniform Surface/ “Sheet” Current:

Can build up sheet current K = K X from

a linear superposition of infinitesimal
filamentary line currents:

%\h” =1 X (Xout of page)

& >y

X out of page 1234

N>

Blow-Up/Expanded/Microscopic View of Filamentary/Infinitesimal Line Currents:

out of page
B’net

above

(z>0)=-B,y

A

cancel cancel cancel cancel

Iy, =1X (out of page)
i1=1,2,3,4,5,....

cancel cancel cancel ~ cancel Bosow (Z2<0)=+B, ¥

\4
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Use Ampere’s Circuital Law — in integral form to determine B ( F) associated with surface /

sheet current K = K R
4)(: B(T )0/ = £4y] ,pi00e0 - take the contour shown in the figure below:

Can either a.) do the line integral explicitly — i.e. break it up into 4 integrals - one for each side
(will discover that the vertical sides will not contribute to the line integral), or b.) shrink height
h of contour loop C to infinitesimally above/below current sheet:

Z

Y, y, +
<« j —>
-~ < B>abc~ve(z>0):_Boy
K = K, X K = KX — b¢_‘( _______ K X (outofpage) y
'¢' """ C' AN T T T T T T o
Amperian loop g Byeiow (2 <0) =+B, ¥
Contour, C
I 0=y, — 1=y, A A LL=Y2 A
Whatis 1 ws? | Toncioses = Lyy Kde, = Lyy K,&d¢, =K % Lyy de, =K (%

If the height h of the contour loop C is infinitesimally small, then only the horizontal portions
of the contour loop C contribute to contour integral:

n.b. Bypoe (2>0)11d 7 here 1.b. Bygjow (2<0) 11 d7 here

$B(F)dl= jy‘éabovez>o dz +j B

Z < 0) d ﬂ /uo enclosed ~— /uoKoé

—+d/y

below

=(-B,§)-(-19) + (+Boy)-(+€y)=ﬂo*<of
=+B,/+ B,/ =2B,( = u K ¢

Thus: [B, =—=#,K,| And hence finally:

1 N
Babove (Z > 0) = _EluoKoy

Bbelow(Z < 0) = +%/JOK09

Note that for the infinite planar sheet current, that the B -field is independent of the height z
of the observer above (or below) the sheet current — completely analogous to what we found
for the E -field associated with an infinite planar electrically charged conducting sheet of
uniform surface charge density o, Coulombs/m?!!!

8  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Griffiths Example 5.9:

Determine the magnetic field associated with an infinitely long solenoid consisting of n turns
(loops) per unit length, i.e. n=N/L (where N = total number of turns or wire wound around a
cylinder of radius R and carrying a steady current I).

n.b. There is a very small pitch angle, o associated with physically winding real, finite-
diameter wire around a cylindrical form to make a real solenoid coil. The steady current

flowing in the solenoid is then | = | cosax @+ | sinex 2, which for & ~ 0 is nearly all in the phi-
direction, i.e. | = 1¢. {n.b. If we neglect this finite-small pitch angle ¢, then I = 1§.}
7 A
ARy
A - -~
=
N = total number turns \\ﬁ I =1¢
(loops) of wire &x}\ﬁ
\)\_/'
L \)\_/’ R
y
n = number of turns of wire
per unit length= N/L / N
N
v

We will take several Amperian-loop contours in order to “explore” the nature of B, :

Amperian Loop/Closed Contour #1:

Circular loop contour C; (in x-Yy plane) with radiusr > R (i.e. outside solenoid) - see figure(s)
on following page - encloses a single winding of the solenoid.

Thus: | =11 =1

enclosed

Cﬁcl Boutside (F)odz = ﬂo Ienclosed = ﬂol Wlth dz = dﬁ@ = rd (Dé and B.outside (F) = Boutside (F)é)

= /JOI 5
2xr

= N . . . 5 =
M: 4)01 Boutside (r ).d E = 27z-rBoutside (r) = /Jol or: Boutside (r) = ;;_r L€ Boutside (r)

The B -field outside of a long solenoid, B (r > R) = same as that for infinitely long wire

outside

carrying steady current | = 12 11! It arises solely due to finite pitch angle, « associated with
physically winding a real solenoid. If we neglect the finite pitch angle of the solenoid

windings, i.e. =0, then B, (r >R)=0.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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The x-y plane of Amperian loop
contour C; cuts/pierces the
windings of the solenoid coil
once, right here:

" loeoses = | (only one loop enclosed)

| into

I out of
page here

page here

n.b. The finite pitch angle & associated with the windings of a solenoid coil arises due to
winding the coil with wire of finite thickness (e.g. wire radius = a).
For a< R, then: tana ~ o =2a/R.

Close-up/Cutaway View:

La \ !

2a

J f
«—R——
<—R+a~R

10 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Amperian Loop/Closed Contour #2:

Take closed contour C; e.g. in the Y-z plane, as shown below in a cross-sectional view of the
long solenoid:

I outofpage | into page

Ampere’s Circuital Law for closed contour Cy: Cﬁc B(7)ed 7 = )l roceq

2

Whatis |, .. here?

The vertical sections of contour C, have height /, and if the long solenoid has [n = N/L|turns

per unit length, then the total number of turns of wire (each carrying current I) enclosed by the
contour C; is [Ny oeeq = N}, and thus: =N I =n/l|

enclosed enclosed

Here, we will initially explicitly carry out this closed contour integral by breaking it up into the
four segments (1), (2), (3) and (4):

§ B(rydi=] Bi(r)di,+] By(Fdi,+] By(Frdls+] Bi(F)als= it

where:

d/, =+dzZ

d?z = +dyy = +drf <— in cylindrical coordinates
47, =dz(-2)=—dzz |

d¢, =dy(-y)=—dyy=—drf

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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We will extend the RHS of contour C; out to infinity — i.e. in the radial direction (in cylindrical
coordinates) such that segment (3) of contour C, is located at r = o0, as shown in a close-up
view of the solenoid & contour integral’s path, below:

1‘ Bwire1

1=1, e Yy

v
-

|

Segment ( 1 ) BWire3

df, =+dzz | | d/, =—dzz
él(r< R,Z): #Segment 3)
B/(r<R,z)Z Buie, B,(r=c0,2)=0

B,(r<R,z)=B,(r<R,z)

G
T

Segment (4) d24 =—drf

o
=
D A—

r=R = .. r=o
| =1¢ into page

For an infinitely long solenoid carrying a steady current I, there can be no z-dependence of the
magnetic field (anywhere) (i.e. B(F)# fcn(2)), just as we saw for the case of the magnetic

field associated with an infinitely long filamentary wire carrying steady current I.

One can see that on segment (1), with r <R and z, < z < z,, that the macroscopic/net B -field

I§l (r <R, Z) will be non-zero and also point in the +Z direction, because the individual B-

field contributions from each wire add together (analogous to what we saw for the macroscopic
B -field associated with superposing infinitesimal filamentary currents for the planar current
sheet!). Thus B, (r <R,z)=B,(r<R,z)2 || d/, = +dzZ . Note also that / =z, —z,

For segment (3), which is located at r =, note that I§3 (r = 0, z) =0.

If the solenoid is infinitely long, then the B -field along segments (2) and (4), can have no z-
dependence, thus we know that B, (r,z, )= B, (r,z,). Furthermore, for an infinitely long

solenoid, the macroscopic/net B -field cannot have any radial component, i.e. B,(Ff=0.
However, along segments (2) and (4), d/, =+drf and d/, =+drf, thus B, (7 )-d/, =0 and
B,(r)-d7,=0

12 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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gﬁczé(r)-dhj(l)él(r)-dzl +j B, (F)-d? +j Jd?y + B (F)od L = s = 11

=["B,(r<R)dz+ M jz ZlMdzz— B (R)dr?
1 = o B =0
= B,(r<R)X =gnXI

Thus we learn that the magnetic field is only non-zero inside (r < R) the infinitely long
solenoid and that it points in the Z -direction:

Bmfmlte (r < R) = ﬂom Z

solenoid

We can also calculate the magnetic flux passing through the bore of the solenoid:
®, = | Blines (r<R)-dA where dA=dAi=dA2,

solenoid

thus: |@, I B (r <R )edA= J-S (1,01 2)+dAZ = 11,01 7R?| (SI Units: Webers = Tesla-m”).

If we now imagine the thickness of the wire (of radius a) used to wind the coil to become
smaller and smaller, then each loop/each turn of wire, in the limit a — 0 becomes an
infinitesimal filamentary “line” current wrapped around the cylindrical surface of the solenoid,
the pitch angle o — 0, and in this limit we can equivalently view the infinitely long solenoid

as having a sheet/surface current K = K, flowing azimuthally around the surface of the
cylinder of radius R, as shown in the figure below:

Z
A
S———
Eii Sheet/Surface
e ——»| Current
o e I
—1—F%7= z, 1 g
;i:ii ! Contour C,
———x| 2= ¢ y v
P —— —
P —— —
S

For the same closed contour C, as used above, Ampere’s Circuital Law is:
Cﬁcz B( ) df /uOIenclosed WIth Ienclosed - _[ K df _J‘l ( 0(0) dZ - K f(l) ThU.S

K, /|

enclosed — " “o

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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We again break the contour C, up into its four segments (as before), and the result is the same
as before — the only non-zero contribution to this contour integral is that from segment (1)

<.|‘>C2 B(F)d7= j(l) B, (F)-d7, + j(z) B, (F)-d7, +j(3) B, (F)ed7, + jw B, (F)ed 7, = 2| o = 1Ko

=1, r=ow N . =7, - . [r=R N .
=|" "B,(r<R)dz+ RW—] M-dzz— W
2=z r= =7, r=co
0 =0 =0

= B,(r<R)X =K, X
Thus we see that Bl e (r < R)= 1,K,2|is equivalent to the B -field associated with an

cylinder

infinitely long solenoid | By (r < R)= #,nl 2| wound with |n = N/L|turns per unit length of

solenoid

wire, both in magnitude and direction, provided the equivalent azimuthal sheet/surface current
K, =nl = NI/L|(Amperes/meter).

We can now even “jazz up”/improve our azimuthal current-sheet model of an infinitely long
solenoid in order to mimic the finite-small pitch angle & associated with physically winding
finite-diameter wire (of radius @) around a cylindrical tube to make a real solenoid, by giving

the sheet/surface current a small z-component, i.e. K = K, Z+K,p=K, (sin al+cos 0«/3) :

K =K, (sinaZ+cosap)

1
1
1
1
3
>

v

K, =K, cosa v
This sheet current K = K, (sin al+cos a(b) flows down the surface of the cylinder, spiraling
slowly (because « is small) around it - in a helical fashion - analogous to that of a strand of
DNA, or e.g. a red & white barber-shop pole. The resulting B -field is still primarily inside the

~ K—sheet
chlinder—z

a , there is also a weak @ -component of the magnetic field which can be obtained using

bore of the solenoid,

(r <R)= y,K, cosaZ| however with a finite-small pitch angle

= - K /sina . L
Bgﬁﬁ?:ret_(p (r)= Iu()o—¢ which is

Ampere’s Circuital Law, and taking contour C;:
outside 2rr

equivalent to the ¢ -component of the weak external (i.e. r > R) magnetic field that we

_ . | .
obtained for the infinite solenoid with finite pitch angle & : |Bjiqe (r) =t 0|
2xr

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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We can learn some additional interesting things about the nature of the magnetic field
associated with the infinitely long solenoid. For the simplest model in which the pitch angle
a =0, the magnetic field is only non-zero (and constant/uniform) inside the solenoid:

Blnflnlte (rS R)=,U0n| 2

solenoid

This result may initially seem rather strange — why is the magnetic field outside of this
solenoid identically zero?

First, let’s investigate the situation where we have two parallel, infinite-extent planar current
sheets that have opposing sheet current flows, and which are laterally spaced apart from each
other by a distance d = 2R as shown in the figure below.

Planar . Planar
Current < Current
Sheet1 4 Sheet?2

Region 1 L > § Region 3

age

K=+K X K=-K3X
out of page into page

In each of the three Regions 1, 2 and 3, the net magnetic field there is the linear superposition
of the magnetic field contributions in that region associated with each of the two current sheets:

Brogon (¥ < —R) = B (y < —R)+ BI™ (y < —R) =~ g K, 2+ 11, K,2 = O
sheet 1 sheet 2 2 2

B (Y] < R) = B2 (1] < R)+ B2 (Y] <R) =+ 4K, 22 K, 2 = K,

sheet sheet 2

=} anar anar 1 5 1 5
Bregions (Y >R) = g’;;gfqt (y>R) + ngglgg‘:“; (y>R) :+5,uOKOZ—E,u0KOZ: 0!

Thus, we see that for this situation, the net magnetic field is only non-zero in the region
between the two opposing, infinite-planar current sheets!

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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The above picture is also the cross-sectional view of an infinitely-long solenoid! In fact, if we
simply take a single infinitely-long planar current sheet and topologically deform it into an
infinitely long cylinder of radius R, we have precisely the same situation as that of an
azimuthal sheet/surface current flowing on the surface of an infinitely long cylinder.

However, the cross sectional view shows that outside the cylinder, the magnetic field
associated with the “current sheet” on one side of the cylinder is cancelled by the magnetic
field associated with the “current sheet” on the opposing side of the cylinder, whereas inside
the cylinder, these two magnetic field contributions add together!

Thus, it can be seen that the magnetic field in the exterior region of an infinitely long solenoid
is zero due to this cancellation of fields associated with the two opposing “current sheets” of
the solenoid in the cross-sectional view!

Yet another equivalent way to view the infinitely long solenoid is as an infinite linear
superposition of individual, planar current loops each carrying steady current I. Inside the bore
of the solenoid, the B-fields add, whereas outside they cancel! One can even slant the planar
current loops by a small pitch angle & to mimic the winding of turns on a real solenoid!

The Magnetic Field of a Short Solenoid

If the length L of the solenoid is not L >> R where R = radius of solenoid, then end effects are
not negligible — then the magnetic field along the solenoid is no longer axial, especially at the
ends of the solenoid — it develops a radial component. Ampere’s Law isn’t very useful here

either, in this situation, because detailed information gets “integrated over” (i.e. lost...) using

Cﬁc Bed? = 11,1, 0es - Ampere’s law (in integral form) actually tells us very little about the

detailed geometry of the current-carrying structure.

On the other hand, we have seen that, on the symmetry axis of a single current-carrying loop of

radius R with steady current |, i.e. using the formula: I§,00p ()= (&j I Cﬁc drx7 that:

Ar r’
2
éIoop (Z) = i }%ZRI cos 02 = & R_zlcosei = & L}i Cost9=5, r=+ R2 + 22
% r 2)r 2 (Rz n ZZ)A r
Z

(See p. 7-10, P435 % % Observation Point P(2)

Lect. Notes 14

for details) r=+R2+ 72

I
y

v

>x<>

@ Source Point S (')
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We can “stack up” N such current loops along the z-axis to create a short solenoid of length L.

A

2
Each such current loop contributes its own infinitesimal déloop (z)= (&j%
2 (RZ + Z2 )A
Noting thatn = N/L and | — nldz , then summing all of these individual contributions to get

the total / net result (i.e.integrating this expression (appropriately)) gives the (net) B -field on
the symmetry axis of a short solenoid:

= = M Iy Rznle A = H 2 Iy dZ A
_ | Ho | 25 o B =| £ IRl [ ———
B, (2)=] B [szo(Rzﬂz)%z or: |Byen,, (2 (2) RSP

We can then use this formula to calculate:

A.) The E-field at the Center of a Short Solenoid:

. H 2 v dz .. —
=0)= %" ——/ . B =0)=unlsin®
s =0 (2JR”'I%(ZZ+R2)%Z gives: By (220)=pulsiny2

: L/2 5 ,
Where: [sin &), :4 and |0, =90°—6,| and n=N/L=# turns per unit length.

(L/2) +R?

=0
Thus: |sind), = sin(90° - ¢9m) =5sin90° cos @, — ce§90° sinf, =cos b,

. L/2
Thus, equivalently: By, (zZ=0)=gnlcosd,| where: |cos@, =sinf; = +
solenoid (L/Z) +R?

—+L
T<R> z_+é

Ll e A g L/2
<R—> g

AN
:
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Note that if the short solenoid — infinitely long solenoid that:
6, —90° (= %j and sin@;, > 1, cos@, —1 (i.e. 6, > 00), then élong (z=0)=y,nlz| M

solenoid

B.) The B -field at the End of a Short Solenoid:

At one end of the short solenoid, e.g. z = +L/2:

_ = L . 5
B z :+£ = o RZnIJ‘0 Li or: By |Z=4—=|= £o i sind, 2
shIOI’t id 2 2 —L( 2 2 % lenoid 2 2
solenol 77+ R ) solenol
R

T
|

where: [sin 6, , =

l«—R —]

B.) The E-field at an Arbitrary Point on Along the Symmetry Axis of a Short Solenoid:

N>
»
»

NOXONOXOROXONONONONONOUOXON

I=1¢
I out of page here observation point P(z,) I into page here
B, (2,) =2 IR’ | dz | fsiner - (2-2) cos@=— "
2 0[(20_2)2+R2}2 (2—20)2+R2 (2—20)2+R2

18 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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’ ' Zo ! -1 Zo
Let: (z-z,)=Rtand then: tan6 == and: 0 = —tan =

Then: dz=

— L-z -
, ? do’ and:  tan@, = (L-2) and: 6, = tan( L-z, J
sin” &' R R

Then: B,(z,)= (%) ni J.:fv cosd'dd  Or: |B,(z,)= (%j nl (sin 6, —sin ;)

But: sing =sin(90-60)=cosd  Thus: |B,(z,)= [—j nl (cos 6, —cos )

Another Application of Ampere’s Circuital Law

Griffiths Example 5.10: The B-field Associated with a Toroid Coil

A toroid is a long solenoid bent into a circle = doughnut!!!
— B -field inside the toroid is in the ¢ direction.

CRSS SECTIoNAL-
Ew:

Take Amperian Loop Contour C;:
Take contour C; at mean radius of toroid R:

Cﬁcl B.(F).dz = H, Ienclosed where Ienclosed =NI

d?=Rdgpg@ (by arc length formula “S = RE ™)
B||d¢ and B =B¢ by the right-hand rule

o B ) _ s oy M4 NI
Thus: jo BRdg = y,Nl or: 2zRB(R)= #,NI or: |Bq(r=R) =
The (mean) circumference of the toroid is C =27zR and N = —— =N =# turns per unit length

27zR

Thus: | By (F = R) = £,nl$| and note that:

étoroid (I’ - R)‘ -

long
solenoid

B’inside (r < R)‘ Zﬂom

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 19
2005-2008. All Rights Reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 15 Prof. Steven Errede

Amperian Loop Contour Cy: Take contour C, around “waist” of doughnut — see above figure.

Contour C; encloses single current | right here (e.g.)

| into page

Cﬁc BedV =g, yous =1, B lld?,. (nb.B,, =B from &)ng straight wiril)

~
@nd wire into a circular loop of radiuﬁ
Y

= magnetic dipole loop!!!
= B -field outside toroid wound with N total turns and finite pitch angle, a. = B -field of single
circular loop carrying steady current | 11! If pitch angle o = 0, = B -field outside toroid = 0.

Amperian Loop Contour Cs:
Take contour Cs at radius r larger than toroid R+a:

jgoutside (r > R+a).dz = :uolenclosed = O
N =0!Netl=0

= B, ie (r > R+a) =0¢

The B -field “detected” by contour Cs is equivalent to that of single circular loop of radius R

carrying steady current | — it’s the B -field one gets from a long straight wire carrying current |
after it is bent into circle of radius R.

SEEDE;—‘LI?E 8 21
%
R.?EE

&

=" ,f = o
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One can also use dB(T) = [f—"j%dﬂ’ to obtain B(T) at the observation point P(T)
V4 r

Locate the observation point P (f) in the X -z plane 1 = (X, 0, Z) as shown in the figure below:

FrE
51

Field & source point coordinates are located at: T = (X, 0, Z), r= (S'cos @',s'sing, Z')
Thus: 7 =F—F =(x-5"cos¢’,s'sing’,z—17")

and: r=|7| :|F—F'|:\/(X—S'cosg0')2 +(—S'sing0’)2 +(Z—Z')2

If we neglect the pitch angle « of the windings of the toroid, this is (again) equivalent to
neglecting a/the (small) @ -component of the current I, then: | = (I,cos¢’, 1 sing', 1,)
Note that: § =cos@X+sing@y and that: | is in the radial direction § whereas I, is in the Z
direction. Then:
X y Z
Ix7=| 1. cosg |, sing’ l,
(x—s'cosg’) (-s'sing’) (z-12')

I'x7= [singo’( I, (z— Z')+S'IZ)] )?—[IZ (x—s"cos@')— 1 cosg'(z— z’)] y+[—Ixsing']2

="

However, 3 a symmetrically-situated current element at " that has the same value of §’,

same value of 7= |f - = |f - F’| and the same d?’, same |s and same |, as at ', except that

it has negative ¢’ (see figure). Then because sin (—go') =—sin¢’, the X and Z contributions

from the two source points I’ and F" cancel each other, and only the § termin I x 7 = {}

above survives. From the figure, one concludes that the B -field at the observation point
P (F) , which is in the x-z plane, points in the § direction and more generally, the B -field

points in the ¢ direction, which is what we already knew from Ampere’s circuital law.
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Note that one can also bend a “solenoid” made up of tube of azimuthally-circulating
surface/sheet current K = K,¢ into a circular tube of (mean) radius R — thus making a toroid
comprised of a tube of surface/sheet current — now circulating around the waist of the toroid —

the toroid’s B -fields (N turns of wire vs. surface/sheet current) can thus be seen to be the
same/equivalent to each other!!!

Maxwell’s Equations for Electrostatics (Differential Form):

V-E(F) = Prot (% (Gauss’ Law) with |pror (F)= Ppree (F)+ Pooung (F)

VxE(F)=0|(always) < E(F)associated with conservative electrostatic force

Maxwell’s Equations for Magnetostatics (Differential Form):

ﬁog(f) =0| « No magnetic charges / no magnetic monopoles

VxB(F)=u,J ()| (Ampere’s Law)

Force Law for Electric Charges: F, (r)=Q E (F) +V(F)x B ()
C‘)T(;m—bfs Lorentz Force Law

Law

Since (apparently) no magnetic charges/no magnetic monopoles exist in nature (despite
many physicists searching hard to discover them!), in the absence of magnetic

charges/magnetic monopoles, the lines of B are always closed —i.e. they start/end on
themselves.

If magnetic charges +gn did exist in nature, then lines of B would terminate on/emanate
from magnetic charges +gp, exactly analogous to lines of E terminating on/emanating from
electric charges *€.

Then, note also that [V+B (') = 1, p,, () # 0| where p, = volume magnetic charge density

(SI Units of p,: Amperes/m?), which would be the magnetic analog/equivalent of that for

electrostatics: |V-E () = p, (F)/&, # 0|

There would then also be a magnetic force law of the form:

Force Law for Magnetic Charges:  |F, (F)=g,| B(F) —%V(?)x E(T)

D — C
Coulomb's ‘“~—m————
Law Lorentz Force Law
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