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1 A (very informal) crash course in Ito calculus

The aim of this section is to review a few central concepts in It6 calculus. It is intended give
readers who are not familiar with this subject (hence, analysts or geometers who lack the nec-
essary background in probability) the intuition needed in order to be able to follow these notes.
Allowing ourselves to be non-rigorous, the proofs in this section are heuristic, mainly in the
sense that we allow ourselves to freely change between discrete and continuous time.

1.1 A discrete axis of time

In the following, we fix a small number, d¢ > 0, which denotes a time increment. Some of our
formulas will only be correct in the limit dt — 0, but for simplicity and for the sake of intuition,
the definitions as well as some of the calculations will be carried out with dt being a fixed, small
number.

Consider the lattice A = Zdt. In the following, a stochastic process X; parametrized by
time will be defined for ¢ € A. We will understand the differential of X, as

dXt = Xt+dt — Xt7 Vt € A (1)

Moreover, by abuse of notation, for stochastic processes Xy, Y;, Z; and for t1,t5 € A, we will
write

to
/ (Yid X, + Zpdt) = Z (Y (Xpwar — Xo) + Zy - dt) .
t1 tEAN[t1,t2)
1.2 Brownian motion and filtration

A Brownian motion W; on R will then be understood as follows: We fix a doubly-infinite
sequence of independent standard Gaussian random variables, ..., N_1, Ny, Ny, ... and define
for every time t € A,

AW, = Vdt Ny

with i(t) = t/dt. We now define the process W, via equation (1)), setting W, = 0. With a slight
abuse of notation, we’ll allow ourselves to write, instead of the above,

t
Wt:/ th
0
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We will also need to associate a filtration with our Brownian motion. To that end, we set
Fi=oc({dW(s);s € AN (—o0,t)}). We will say that a process Z; is adapted to F; if, for every
t € A one has that 7, is F;-measurable.

1.3 It6 processes

Let { X, }:ca be a sequence of random variables. We say that X, is an Itd process if there exist
two processes {0 }rea and {1 fen, adapted to Fy, such that

Xivat — Xy = 0e(Wirar — Wi) + pedt

or, in other words,
dXt = O'tth + ,Mtdt, vVt € A. (2)

We think of o; as the local variance of X; and of j; as the local drift. In the special case that
e = 0, we will say that X; is a martingale.

A useful fact is the following: if X, is a martingale and Y} is a process adapted to F;, we
have that

t t t t
IE/ Ytht:/ E[Y;dX,] :/ E[E[Y;dX,|F]] :/ E[V;E[dX,|F]] =0. (3)
0 0 0 0

1.4 Quadratic variation

The quadratic variation of a process X; is defined as

k
[X]; =sup  sup Z(Xti - X, )2

KEN 1<t <<ty <t S5

For a process X, satisfying equation (2)), we have by the law of large numbers (informally, as
dt — 0)

[X]t - Z (dXs)2

s€AN[0,t)

— Y Mottty

s€AN[0,¢)
t
:/ oldt + O(Vdt).
0

The last equality requires some continuity assumption about the process o;. In the following
we will allow ourselves to assume that the process o; is nice enough, and the increment dt is

negligible so that .
0

1.5 1Ito’s formula

Let X, be an Itd process and let Y; = f(X;), where f is a nice function (have a continuous
second derivative, say). Our goal is to find an expression for the differential dY7, in the form of
equation (2)). Naively, one might think that by the chain rule, we simply have

dYy = Yia — Yo = f(Xewar) — f(Xy) = f(X)dX, + o(dt).
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However, this is not correct. The reason is that, since the term d.X; is of the order v/ dt rather
than the order dt, there is another term we have to take into account. In other words, our chain
rule has to involve the second derivative of f as well. We actually have,

dYy =Yira — Y:

= f(Xt+dt) - f(Xt)
= f(X; + 0 dWy + pudt) — f(Xy)

= (X)) (o dW, + pedt) + % F1(X)02(dWL)? + o(dt).

Since dW; is of the order V/dt rather than of the order dt, we have that the second term is
not negligible compared to dt, it is rather of the same order. This term is called the It6 term.
Moreover, note that we have E[dWW7]/dt = ENJ,) = 1. The law of large numbers will allow us
to (informally) write (dW;)? = dt. We conclude that

dY; = f/(Xt)O'tth + <f,(Xt)/Lt + %f//(Xt)O'?) dt

which is correct, under suitable assumptions, as dt — 0.
Following the same lines of proof, we can assume that the function f = f(z,¢) depends
also on time, hence we define Y; = f(X, ). In this case we get an extra term:

0 0 102 0
dY, = %f(xt’ t)o dW, + (%ft(Xt»Lt + Q@f(Xt,t)af + af(Xtﬂf)> dt.

An easy, but important, consequence of Itd’s formula is the following: If X; is a martingale,
by taking f(z) = (x — E[X,])? we deduce from 1td’s formula that

df (X:) = 2(X; — E[Xo))dX; + o7dt = 2(X; — E[Xo])dX; + d[X];.
Since E[X;] = E[X,], we now have
Var[X,] = EI(X, — E[X;])’] = E[/(X,)] = [X]. @

where we used the fact that E[dX;] = 0.

1.6 Higher dimensions

The generalization of the above to higher dimensions is pretty straightforward. A Brownian
motion in R™ is a vector valued process W, such that each coordinate is an independent one
dimensional Brownian motion. For an It6 process X;, equation is changed so that o; is a
positive semidefinite n X n matrix and p; takes values in R" (in general, the process W, can
be in some R™ and o, can be any linear operator R™ — R", but it is easy to see that one can
always take o, to be a positive semidefinite square matrix instead).

Itd’s formula becomes

dYy = (Vfi(Xy), 00dWy) + (<vft(Xt)7 i) + %Tr (UtTHeSSf(Xt)Ut)> dt.



2 Two useful constructions in analysis

We would like to briefly recall two fundamental constructions: the Log-Laplace transform and
the Ornstein-Uhlenbeck semigroup, along with some of their basic properties. As we will see
below, the main construction discussed in these lecture notes attains several properties that
resemble these two constructions.

2.1 The Log-Laplace transform

For a function f : R™ — R, we define
L[f](0) :==1og [ f(x)exp((z,0))dz.
Rn

Define also fp = %, the “tilted” version of f(x). The function § — L[f](0) is a

convex function satisfying:
o VL[f](0) = [ xfy(x)dx is the center of mass of fj.
o V2L[f](6) = Cov(fy).
e In general, V¥) £[f](#) corresponds to the k-th cumulant tensor of fy.

This transform helps relate the moments of a function to its tail behaviors and entropic proper-
ties, via taking derivatives. In the past decade, it has proven extremely useful in proving bounds
on the distribution of mass in convex bodies (or log-concave measures), such as B. Klartag’s
n'/* bound for the isotropic constant.
Seewww.newton.ac.uk/files/seminar/20110622153016302-152712.pdf for
some examples.

2.2 The Ornstein-Uhlenbeck semigroup

Denote by v the density of the standard Gaussian measure in R",

1 2
P I o ]
’Y(x) - (27’(’)”/26 :
By slight abuse of notation, we’ll also denote by ~y the standard Gaussian measure. Let [" be a
random vector with law ~. Again let f : R" — R be a nice enough function. For every t > 0,

we define
Pfl(z) =E [f (e_t/Qx +v1-— e‘T)] .
It is characterized by the following PDE (heat flow on Gaussian space):

d

SRI)(@) = (A + 2 V)PIf().

Let us review some of its properties. We have [ fdy = [ P,[f]dy for all t > 0. Thus, it makes
sense to consider non-negative functions f satisfying f fd~ = 1. Upon doing so, the Ornstein
Uhlenbeck semigroup induces a flow on the space of probability measures, starting from fd-,

towards the measure 7.

—|z—yl?
2(1—e~t)
sure. One has the following easy identities:

Define ¢;,(y) = Z; Lexp < ), where Z, is chosen so that g, , is a probability mea-


www.newton.ac.uk/files/seminar/20110622153016302-152712.pdf

o Plfl(x) = [ f(y)gr.(y)dy
VPE[fl(xz) = [(y — ) f(¥)92(y)dy
V2PR(fl(x) = [(y — 2)®* () gt (y)dy = Cov(f - gr0)-

e Again, we can keep differentiating and get higher and higher moments.

3 A stochastic construction

We now define the central construction of these notes. Fix a probability measure 1 on R". For
a function F' define

ou(F) = [ oF(@)n(de) = E[Fyl
Let WW; be a Brownian motion in R". We consider the following equation:
Fo(z) =1, dFy(z) = (x — a, dW;) Fy(z), Vo € R"
where
ay = au(Ft>
Define also

A = /(a: — a;)*?*Fyu(dx) = Cov(Fipu).

This is an infinite system of SDE’s (one equation for every x € R"™). We will not discuss
existence and uniqueness of the solution here, but later on we’ll see that by taking a slightly
different point of view, this actually becomes a finite system of equations. Finally, for every
t > 0 we define the measure ;; by the equation

dpu
%(x) = Fi()

or in other words, p; = Fjpu.

3.1 Some basic properties of the process /i,

Let us start with some basic things. First, we claim that z; is a probability measure for every
t > 0. By allowing ourselves to freely change the order of differentiation and integration, we
can write

d/n i (dx) = d/n Fu(dt) = /Rn dF,(x)p(dr)
= /n (x — ag, dWy) py(dx) = </n xpg(dx) — at,th> = 0.

Another straightforward fact is:

Fact 1. For every x € R", the process Fy(x) is a martingale and for every test-function o, the
process f wduy is a martingale.

Informally, our construction has a semi-group property, in the sense that the two following
descriptions are equivalent: (a) Begin with a measure p, run the process up to some time ¢, then
take the measure v = y; and run the process on this measure up to time s, obtaining a measure
vs. (b) Run the process up to time ¢ + s, obtaining the measure fi; .



3.1.1 A slightly different point of view

Another fact we need is a simple application of Itd’s formula. We calculate, for every z € R"

dF(x) 1d[F(z)], _
Fi(z) 2 Fi(z)?

1
dlog Fy(z) = (x — ag, dWy) — 5 |z — a|” dt

1
=-3 |3:|2dt + some linear function in x

Consequently, we have that

1
Fi(x) = Z texp ((ct, x) — §t|x|2> 5)
for some Itd processes Z;, c;.

3.1.2 Convergence to a /-measure

In view of equation (3)), we have that, as t — oo, 11, converges (weakly, with respect to continu-
ous functions) to a Dirac J-measure. Denoting a, = lim;_,, a;, we have for every continuous
test function ¢, that

[ etontan) = i 8 | [ ptoyutin)| = Jim Bip(a)] = Blp(a),
In other words we have that a., ~ pu.

3.1.3 The process ;;; as a moment-generating process

Fix a test function ¢ : R® — R and consider the process ;. Define

M, = / () de). ©)

By Fact[I] we have that A/, is a martingale. Let us calculate the stochastic differential of M,:

M= d [ (@ Fuld) = [ oa)aFi(z)ntds)

= [ e~ aawpriontin = [ la)te - ayudin). aiw).
And in other words,

dt. (7

Next, let us define

so that dM; = (Mt(l) ,dW,). A similar calculation yields
Mt = ( / o(z)(x — at)®2E(x),LL(dx)> AW, — M, A dW,.
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In general, defining
MO = [ @)l - a)* Fntda)

we see that th(k) involves the term Mt(kH)th. Let us also calculate
da; = d/th(x)d,u(x) = /x(x — ag, W) Fy(z)dp(x) (8)

- / (2 — a)){x — a, W) Fi(2)dp(z) = AdW,.

A similar calculation (in spirit) also yields

dAt = (/ (l' — at)®3,ut(dx)) th — A?dt (9)

3.2 A simple example

Let us looks at the simple case that x is the standard Gaussian measure as an example. Namely,

dp (2m) 2R 2.

dz
According to formula (3)), the density of y; takes the form,

du _ 1
Ejzalwpcxm—§@+nmﬁ

where Z; € R, ¢; € R" are Itd processes. It follows that the covariance matrix A, satisfies
At — (t + 1>_l[d

Next, we use to derive that,

t
ap = / (s+1)"1dW,.
0

and finally, by (5) we know that i, is a Gaussian, thus we must have that

% = (t+1)"2(271) "2 exp (—%(t + 1) [(x - at)lz) :

4 'Towards the KLS conjecture: from moments to concentra-
tion
4.1 ('-concentrated measures

We begin with the definition of a C'-concentrated measure.

Definition 2. Let ;o be a probability measure on R™. We say that p is C'-concentrated if for
every 1-Lipschitz function ¢ : R™ — R, one has

\/ Var,[¢] := y/Varx.,[e(X)] < C.
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We have, for example,
Fact 3. The standard Gaussian on R"™ is 1-concentrated.

A remarkable result by E.Milman (relying on previous works by Buser, Cheeger, Ledoux
and others) is the following.

Theorem 4. (E. Milman, Buser, Cheeger, Ledoux etc.) (informal) Let 1. be a log-concave mea-
sure in R". The following are equivalent.

(i) The measure | is C'-concentrated.

(ii) The measure | satisfies the following Poincaré inequality: for every smooth @ one has
Var,[p] < C? / IVo|?du

(iii) The measure 1 satisfies a Cheeger inequality of the form

Cpy (9T) 2 w(T)(1 = w(T)), VT C R™.

4.2 The KLS conjecture

The KLS conjecture roughly asserts that a log-concave measure (or alternatively, the uniform
measure over a convex body) admits the same concentration as the one that the Gaussian admits.
However, the fact that a measure is C-concentrated is not invariant to linear transformations of
the measure. Thus, we need to find a suitable normalization. A natural way to do it is simply to
assume that /inear functions are concentrated:

Conjecture 5. (Kannan-Lovdsz-Simonovitz) Let K C R"™ and i be uniform on K. Suppose that
for every linear, 1-Lipschitz function g, one has Var,[g] < 1. Then p is C-concentrated for a
universal constant C' > 0.

Remark 6. Another normalization which is more common in the literature and gives an equiva-
lent conjecture is to assume that the covariance matrix of p is the identity.

We’re interested in another conjecture, known as the variance conjecture or as the thin-shell
conjecture due to Anttila, Ball and Perissinaki and Bobkov-Koldobsky. This conjecture is a
special case of the KLS conjecture, and asserts that the Euclidean norm is concentrated for
log-concave measures.

Conjecture 7. (thin-shell) Let K C R" and 1 be uniform on K. Suppose that for every linear,
1-Lipschitz function g, one has Var,[g] < 1. Then for f(x) = |x| one has that \/Var,[f] < C,
where C' is a universal constant.

The first breakthrough in attaining such a bound is due to Klartag, who shows that one
can take C = O, = n%% in the above. The state of the art in the above bound is due to
Guédon-Milman who show that one can take C' = C,, = n'/3.

Our theorem is, up to logarithmic factors, a reduction of the former conjecture to the latter.
Denote by M,, the family of measures 1, which are uniform over some convex set X C R" and
satisfy the normalization condition above (i.e., for every linear 1-Lipschitz function f one has
Var,[f] < 1). Define

C,, == inf{C;Vu € M,,, pis C-concentrated}
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and

V, == sup 4/ Var,[z — |z]].
HEM,

It is clear, by definition, that C}, > V,,. However, we also have

Theorem 8. For all n one has C,, <V, logn.

4.3 Proof of the reduction

Fix a test function ¢ : R™ — R. Define the martingale M, as in equation (6). Our ultimate goal
is to give a bound for Var,[p] = Var[M]. Since M, is a martingale, we have by orthogonality

Var,[¢] = Var[M;| + EVar[My|F;| = Var[M,] + EVar,, [¢].
Moreover, Ito’s formula gives Var[M;| = E[M?] — E[M,|* = E[M];, which in turn implies that

Var,[¢] = E[M], + EVar,, [¢]. (10)

The following well-known result (due to Brascamp-Lieb) will be useful to us:

Proposition 9. Let V : R" — R be a convex function and let K > 0. Suppose that,
dv(z) = Ze V@) -axlal® gy

is a probability measure whose barycenter lies at the origin. Then v satisfies a Poincaré in-
equality with constant K, namely for every differentiable function ¢, we have

Var o] < K / Vo) |20 (dz).

Plugging equation (5)) with the above proposition, we have

Var, o) <t [ V()P (o)
and in particular, when ¢ is 1-Lipschitz we have that
Var,,[p] <t (11)

In order to bound the term Var[M,], we use (7)), according to which,

2

t—‘/ Yz — ap)pe(dz)| dt

0 = J () (z—at)p(dz)

And setting 0 = [ () —aor )]

and using Cauchy-Schwartz,

ann = ([ @M@—%)%m@@)z

= ([ (¢t [t MMO«x—MﬁMNMOQ
< (so / oz td:c>2ut(dx)) ( / <(m—at),€>2,utdx)

= Vary, [p[(0A0) <Yi[[Adlop.



where we set Y; = Var,, [¢]. Next, we consider the stopping time
T =sup{t > 0; || Aillop <2} A 1.

Then by integrating the above inequality (hence using Gronwall’s inequality), we deduce that

[M]T < 2/ Y.ds
0

Now, according to equation ((11)) and since we assume that the support of 1 can be assumed to
be inside a ball of radius n,
Y; < min(t™!, n?)

combining the last two displays finally gives
[M], <2+ 4logn.
Finally, equations (I0) and (TT])) combined with the above display teach us that
Var,[¢] <2+ 4logn + E[r7]. (12)

So, our goal becomes proving a lower bound on 7.

4.4 Bounding 7 from below

Our goal is to give a probabilistic upper bound for || A;||op for small times ¢. Our starting point
is equation (9), which tells us that

dAt = (/ (.I' — a/t)®3,ut(d$)) th — A?dt

It is not hard to see that the drift term —AZdt is only making our matrix smaller. Roughly
speaking, we may legitimately assume that

dA, = ( / (- at)®3,ut(dx)) AW,

This shows us that the quadratic variations of the entries of A; have to do with third moments
of the measure /4.

Define \i(A;),..., \.(A;) to be the eigenvalues of A;. Now, fix a time ¢ > 0, and let
e1, ..., e, be an orthonormal basis of eigenvectors of A,. In the following differentials, this
basis will be fixed. Define also, for all ¢,

;i (t) = (ei, Avej)

Denoting &;; = 5. (% — az, €;)(x — a, €;)(x — a;)pe(dx), we have by (9) (ignoring the drift
term which only helps us),
doziyj(t) = <&J‘, th> (13)

We would like to derive a formula for d\;(t) at ¢t = t,. The next formulas, expressing the
derivatives of eigenvalues in terms of the entries of a diagonal matrix is well known:
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Lemma 10. Let A be a diagonal matrix whose eigenvalues are distinct.
For i > j, denote the (i, j)-th and (3], 1)-th entries of A by «; ;. One has, (i)

oNi(A)
= 0;0; 14
aOéj,k 5l,j61,k ( )
(ii) Whenever i # 7,
D?\i(A) 2

27]

(iii) Whenever (j, k) # (I,m) ori ¢ {j,k},
92Xi(A)

— 2 =0
3ozj7k8al’m

Combining the above lemma with formula (I3)), we get

~ () + 3 154
J#i

Now, consider the potential
Si=> ()
i=1
with « and define 7 = min{¢; S; > 2%}. It is clear that 7 > 7, so it is enough to derive a lower

bound for 7.
Now, Ito’s formula gives

dSt—aZA ()TN (t) + 0404—1 Z)\ (1)~ 2d[\;

:aZ)\ <§ZZ,th+ZA|€’_J|A ) Z/\ 1) 2d[ )\

J#z
=« Z Z Xi(t) 1)\|€Z_] |/\ dt + a Z Ai(1)*2|&.q2dt + martingale
i
_ 2 _ )\J(t)ai d 1 —1 \s a—2|¢ 2d . ]
= —Oéz i1 /\ 'y t+ 504(@ ) Z (£)*7%|&; 4| dt + martingale
i#£] 7

1 1
< = 5 ala—1) Z &7 max (A, Aj)*2dt + 2a a—1) Z)\ )*2|&.i 2 dt + martingale
i#j
<2a? Z A2 (1)) 57 dt + martingale.
1,J

At this point, Lee-Vempala use this potential with o = 2 to get

dS; < Z |&i.j]* + martingale. (16)

.3

We’ll later see how this rather easily achieves the n'/* bound.
On the contrary, we will take « to be of the order log n. Recall that we’d like to find the first
time for which .S; = 2¢. For simplicity, let us ignore the martingale term and think of the above
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as an ODE. Let us also assume that || A;||op > 1 (recall that we’re trying to bound the operator
norm from above, so this assumption is easy to make). For all ¢ < 7 we have that

J

S, <207 A1) Y |6 7dt < 2078, Kt

where we define

K = sup g [
7 .
j

Suppose that we could prove a deterministic bound K; < K for all ¢ < 7. Under this assump-
tion, using Gronwall’s inequality with the fact that Sy = n, we would get

S; < nexp (2042Kt)

and comparing S; to 2%, this would yield ¢ > %. Taking o« = 10logn then gives

t > m. This is of course true only when ignoring the martingale term, but it is actually
not hard to show that the same is true for the stopping time 7, namely we have

E[r~!] < 10K logn

It remains to find a bound for /K;. To that end, first observe that X is a random vector such that
X + a; has the law y; then we have

Z 6P =D E[X. e (X, e} (X en)]” < sup [E[(X,0)X @ X]|7rs

n—1
o pes

Now, write Y = A, /2 X and note that Y is by definition isotropic. We clearly have the bound

K < IIAzeII?épesup1 IE[Y,0)Y @ Y]|lZs < 8 sup IELY,0)Y @ Ylis

Sn— Sn—

for all ¢t < 7. The quantity on the right hand side is bounded in Lemma 1.6 of [E], which gives

K, <CY Wk
k=1

4.4.1 The Lee-Vempala n'/* bound (up to a logarithmic term)

The main modification is that we now define 7 = inf{t : ||A;||op > 2v/n} A 1. Since we now
have a worse bound on ||A;||op for t < 7, equation (12)) now becomes

Var,[¢] < n*?(logn + 1) + E[r 1]
(we get this by following the exact same steps that yielded equation (12)). Now, in view of
equation (T6) and using Gronwall’s inequality, we get S; < n+ 3", ;[ ;|* and | A;llop < V/S;
(since we picked o = 2). It follows that
. n
T:mm{t:StZZln}:E

under the assumption that K is an upper bound for the quantity »_, ; | |2. It thus remains to

show that
Z ’gi,jP < n?
4,J
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which will imply that E[7!] < y/n. Observe that if X, Y are two independent random vectors
both distributed with law ;, then a calculation gives that

2
St =3 ([ - aedto - awelo - anaduldn) ) ~EXY)?
i ivgik "
Now define X = At_l/QX and Y = At_l/QY so that X, Y are isotropic. Then

E(X,Y)? = E(AX,Y)%.

We may clearly assume WLOG that A, is diagonal (otherwise apply a unitary transformation).
Suppose that A; = diag(ay, ..., a,).

(AX,Y)3 <Z a; X; Y)
Now, since for every two independent, isotropic log-concave random variables Z;, Z> one has

Var|Z1Z,] < C, we have o
Var[a; X;Yi] < Ca?

3/2 3/2
< <02a3> < Cn®?,

where the first inequality follows from a reverse-Holder inequality for one-dimensional log-
concave measures and the last follows from the definition of 7. This completes the argument.

SO

Z az‘XzYi

)

3
E (Z aiX}ffi) < Var

)
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