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A b s t r a c t 

S a t c h m o is a t h e o r e m p rove r cons is t ing of just a f e w shor t a n d s imp le P ro log 

p r o g r a m s . P ro l og m a y be u s e d for represen t ing p r o b l e m c l a u s e s as w e l l . S A T C H M O 

is b a s e d on a m o d e l - g e n e r a t i o n p a r a d i g m . It is re fu ta t i on -comp le te if u s e d in a leve l -

sa tu ra t i on m a n n e r . T h e p a p e r p rov ides a t h o r o u g h report o n e x p e r i e n c e s w i th 

S A T C H M O . A c o n s i d e r a b l e amoun t of p r o b l e m s cou ld be so l ved w i t h su rp r i s ing 

e f f ic iency. 

1. Introduction 

In th is ar t ic le w e w o u l d l ike to p r o p o s e an a p p r o a c h to t h e o r e m p rov i ng that exp lo i ts t he potent ia l 

p o w e r of Pro log b o t h a s a rep resen ta t ion l anguage for c l a u s e s a n d as a n imp lemen ta t i on 

l a n g u a g e for a t h e o r e m p rove r . S A T C H M O s tands for 'SATis f iab i l i t y C H e c k i n g by M O d e l 

g e n e r a t i o n ' . It is a co l l ec t i on of fa i r ly shor t a n d s imp le Pro log p r o g r a m s to be app l i ed to d i f ferent 

c l a s s e s of p r o b l e m s . T h e p r o g r a m s are var ia t ions of two bas ic p r o c e d u r e s : t he o n e is i ncomp le te , 

bu t a l l ows to so lve a w i d e range of p rob lems w i th cons ide rab le e f f i c iency ; t he o the r is b a s e d o n a 

l eve l - sa tu ra t ion o r g a n i z a t i o n t h u s ach iev ing c o m p l e t e n e s s but par t ly sacr i f i c ing t he e f f ic iency of 

t he f o rme r . 

H o r n c l a u s e p r o b l e m s c a n be ve ry ef f ic ient ly so l ved in Pro log p r o v i d e d t hey are s u c h tha t the 

Pro log -spec i f i c l im i ta t ions d u e to m iss ing occu rs c h e c k a n d u n b o u n d e d depth- f i rs t s e a r c h are 

r e s p e c t e d . A s a n e x a m p l e w e men t i on Schuber t ' s S teamro l l e r [ W A L 8 4 ] , a p r o b l e m recent ly 

d i s c u s s e d w i th s o m e in tens i ty : t h e p r o b l e m cons is ts of 27 c l a u s e s , 2 6 of w h i c h c a n be d i rect ly 

r e p r e s e n t e d in P ro log w i thou t a n y re fo rmula t ion a n d is c h e c k e d for sat is f iabi l i ty w i th in a coup le of 

mi l l i seconds by a n y o rd i na ry Pro log interpreter . T h e idea of re ta in ing Pro log 's p o w e r for H o r n 

c l a u s e s wh i l e e x t e n d i n g t he l a n g u a g e in o rder to hand le ful l f i rs t -order logic has b e e n the bas is of 

St icke l ' s "Pro log T e c h n o l o g y T h e o r e m Prover" ( P T T P ) [STI 8 4 ] . S t icke l p r o p o s e s to o v e r c o m e 
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Pro log 's l imi tat ion to n o n - H o r n c lauses by a u g m e n t i n g its b a c k w a r d r e a s o n i n g m e c h a n i s m by the 

mode l -e l im ina t i on reduc t ion ru le . In add i t ion he e m p l o y s un i f ica t ion w i t h o c c u r s c h e c k a n d 

consecu t i ve l y b o u n d e d depth- f i rs t sea rch for ach iev ing a c o m p l e t e in fe rence s y s t e m . 

W e p ropose a d i f ferent w a y of o v e r c o m i n g Pro log 's l imi ta t ions. W e i n t r oduce a s e c o n d t ype of 

ru les in o rde r to be ab le to represent t hose c l auses that canno t be h a n d l e d by P r o l o g . S A T C H M O 

c a n b e v i e w e d as an in terpreter for th is k ind of ru les t rea t ing t h e m as f o r w a r d ru les in v iew of 

g e n e r a t i n g a m o d e l of the c lause set as a w h o l e . 

A c ruc ia l point w i t h respect to t he feasib i l i ty of t he a p p r o a c h w a s the o b s e r v a t i o n tha t range-

rest r ic t ion of c l auses m a y be favorab ly exp lo i ted w h e n reason ing f o r w a r d . A c l a u s e is ca l led 

range-restricted if every var iab le occu rs in at least o n e nega t i ve l i tera l . ( T h e no t i on ' range-

res t r i c ted ' w a s f irst i n t roduced in t he con tex t of logic d a t a b a s e s in [N IC 7 9 ] ) . W h e n reason ing 

f o r w a r d , al l nega t i ve l i terals are reso lved f irst. For range- res t r i c ted c l a u s e s th is leads to a 

c o m p l e t e ins tant ia t ion of the rema in ing pos i t ive l i terals. G r o u n d d i s junc t ions c a n be spl i t into the i r 

c o m p o n e n t l i terals as has b e e n d o n e , e.g. , in ear ly proof p r o c e d u r e s b a s e d o n t a b l e a u x ca lcu lus 

[ S M U 68 ] . T h e c a s e ana lys is - l i ke sty le of t rea t ing n o n - H o r n c l auses i n t r o d u c e d by spl i t t ing c a n 

lead to very e legant so lu t ions as c o m p a r e d w i th the w a y they are h a n d l e d by P T T P . R a n g e -

rest r ic t ion in c o m b i n a t i o n w i th f o rwa rd reason ing o v e r c o m e s Pro log 's d e f i c e n c i e s fo r Ho rn 

c l a u s e s as we l l : inf ini te gene ra t i on due to recurs ive c l auses c a n be p r e v e n t e d by a s u b s u m p t i o n 

tes t fo r g r o u n d a t o m s that is very c h e a p c o m p a r e d to ' ances to r tes t ' a n d b o u n d e d s e a r c h . No 

o c c u r s c h e c k is n e e d e d b e c a u s e at least o n e of two l i terals to be un i f ied is a l w a y s g r o u n d . 

A ma jo r a d v a n t a g e of ou r so lu t ion is the fac t tha t o n e c a n af ford to i m p l e m e n t t h e necessa ry 

add i t ions ve ry eas i ly o n t o p of Pro log itself, w h e r e a s the add i t iona l f ea tu res fo r t he P T T P have to 

be i m p l e m e n t e d by ex tend ing a Pro log s y s t e m . Th is d o e s not p revent o u r a p p r o a c h f r o m be ing 

i m p l e m e n t e d on a lower level as we l l . 

A pr inc ip le d r a w b a c k of the a p p r o a c h lies in the fac t that c lauses w h i c h a re not range- res t r i c ted 

m a y requ i re a ful l ins tant ia t ion of cer ta in var iab les ove r the w h o l e H e r b r a n d un i ve r se . In t he 

p r e s e n c e of f unc t i ons th is m a y lead to the w e l l - k n o w n comb ina to r i a l e x p l o s i o n of i ns tances . 

Recu rs i ve p r o b l e m s w i th func t ions in par t icu lar wi l l hard ly be so lvab le e f f i c ien t ly in p r e s e n c e of 

non- range- res t r i c ted c l auses . A s arb i t rary c l ause sets c a n be t r a n s f o r m e d into range- res t r i c ted 

f o r m wh i le p rese rv ing sat isf iabi l i ty , o n e c a n hand le ins tant ia t ion natura l ly w i t h i n t h e f r a m e w o r k of 

range- res t r i c t ion . 

T h e r e a re , howeve r , m u c h mo re c a s e s t h a n o n e m igh t expec t w h e r e the l im i ta t ions m e n t i o n e d do 

not h a r m . T h e ef f ic iency S A T C H M O obta ins in s u c h c a s e s is r emarkab le a n d s u r p r i s i n g . In o rde r 

to g ive ev idence to th is c l a i m w e devo te a ma jo r part of the pape r to r epo r t i ng abou t ou r 

expe r i ence w i th a fair ly huge co l lec t ion of e x a m p l e p r o b l e m s t a k e n f r o m recen t pub l i ca t i ons . T h e 

ful l S teamro l le r , e .g . , has b e e n so l ved in 0.3 sees . 
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In an ear l ier pape r [ M B 87] w e have d e s c r i b e d our mode l gene ra t i on a p p r o a c h o n the bas is of 

f o r w a r d ru les on ly . In th is con tex t , m o d e l genera t ion c a n be exp la ined a n d just i f ied on the bas is 

of hype r reso lu t i on . Th is pape r is a n in fo rmal one in the sense that w e don ' t g ive proo fs or f o rma l 

de f in i t i ons . Ins tead w e tho rough ly mot iva te our p roposa l and p rov ide ful l Pro log c o d e as a 

spec i f i ca t ion . 

T h r o u g h o u t the paper w e emp loy the Pro log sty le of no ta t ion : Var iab les are rep resen ted by 

u p p e r c a s e let ters, B o o l e a n connec t i ves and/or by m e a n s of ',' and ';' respect ive ly . On ly a very 

bas i c k n o w l e d g e about P ro log is requ i red ; as an in t roduc t ion refer, e.g. , to chap te r 14 in [ W O S 

In o rder to represent the new k ind of rules inside Pro log w e a s s u m e that a b inary o p e r a t o r ' — > ' 

has b e e n dec l a red . C lauses that are not rep resen ted as Pro log ru les m a y t hen be rep resen ted in 

imp l ica t iona l f o r m as ( A v ... , A m — > C ^ ... ;C n ) w h e r e - A 1 to ~ A m are the nega t i ve , C 1 to C n t he 

pos i t ive l i terals in the c l ause . Comp le te l y posi t ive c lauses are wr i t ten as ( t rue — > C ^ ... ; C n ) , 

wh i l e comp le te l y negat ive c l a u s e s are impl icat ional ly rep resen ted by ( A v ... , A m — > fa lse) . T h u s 

nega t i on never occu rs expl ic i t ly . W e cal l the le f t -hand s ide of an imp l ica t ion its antecedent a n d 

the r igh t -hand s ide its consequent. 

2. Model Generation in Prolog 

2.1 A basic procedure 

It is w e l l - k n o w n that every m o d e l of a set of c l auses c a n be rep resen ted by a set Μ of pos i t ive 

g r o u n d a t o m s . T h e e l emen ts of Μ are t hose g r o u n d l i terals that are sa t is f ied in the mode l , the 

r e m a i n i n g o n e s are - by defau l t - a s s u m e d v io la ted . A g r o u n d con junc t ion /d is junc t ion is sat is f ied 

in M, if Μ con ta ins a l l / some of its c o m p o n e n t s . A c lause (A — > C) is sa t is f ied in Μ, if Co is 

sa t i s f ied for every subst i tu t ion σ such that Α σ is sa t is f ied . Converse ly , (A — > C) is v io la ted in Μ if 

t he re is a subst i tu t ion σ s u c h that Α σ is sat is f ied in M, but C o is not. 'T rue ' is sat is f ied, ' fa lse ' is 

v io la ted in every mode l . 

It s e e m s to be a ve ry na tura l cho i ce to imp lemen t mode l cons t ruc t ion by asser t ing fac ts into 

P ro log ' s in terna l d a t a b a s e a n d the tes t for sa t is fac t ion in a m o d e l by m e a n s of Pro log goa l 

eva lu t i on over t he " p r o g r a m " tha t cons is t s of the fac ts asse r t ed . Cons ide r , e .g . , a Pro log d a t a b a s e 

c o n t a i n i n g 

84 ] . 

P(1). 
P(2). 
P(3) . 

q (1 ,2 ) . 
q (2 ,1 ) . 
q (2 .2 ) . 
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T h e c lause (p(X) .q(X.Y) — > p(Y)) is sat is f ied in th is d a t a b a s e , b e c a u s e eva lua t ion of the Pro log 

g o a l 'p (X) ,q (X ,Y) ,no t p ( Y ) ' fa i ls . O n the o the r h a n d , the c l ause (q(X,Y) ,q(Y,Z) ---> q (X ,Z ) ) is 

v i o l a ted , as the goa l 'q (X ,Y) ,q (Y,Z) ,no t q (X ,Z ) ' s u c c e e d s a n d re turns b ind ings X = 1 , Y = 2 , Z = 1 . 

T h e s e b ind ings represen t a subs t i tu t ion such that the c o r r e s p o n d i n g g r o u n d i ns tance 

(q(1 ,2) ,q(2 ,1) — > q(1,1) ) is not sa t is f ied in t he cur rent d a t a b a s e . 

V io l a ted c l a u s e s c a n be app l ied as gene ra t i on ru les in o rde r to fu r ther ex tend the d a t a b a s e so far 

c o n s t r u c t e d . Init ial ly, the d a t a b a s e is e m p t y and the re fo re c l auses of the f o r m (true — > C) a re the 

on l y o n e s that are v io la ted . If the re is a c l ause (A ---> C) a n d a subst i tu t ion σ s u c h tha t Α σ is 

sa t is f ied a n d C o is v io la ted , the c l ause c a n be sat is f ied by sa t is fy ing C o , i.e., by 

• asser t i ng C o , if C o is an a t o m 

• c rea t ing a cho ice po in t , c h o s i n g a c o m p o n e n t a t o m of C o a n d add ing it to the d a t a b a s e , 
if C o is a d i s junc t ion . 

G e n e r a t i o n of ' fa lse ' ind icates that the cur ren t da tabase con t rad ic ts at least one of the c o m p l e t e l y 

nega t i ve c l auses a n d t hus canno t be e x t e n d e d into a m o d e l . O n e has to back t rack to a p rev ious ly 

es tab l i shed cho ice point (if any) a n d to c h o o s e a d i f ferent a t o m there (if any rema ins ) . A l l fac ts 

asse r t ed b e t w e e n th is cho i ce point a n d the point w h e r e 'false* has b e e n gene ra ted h a v e to be 

re t rac ted f r o m the d a t a b a s e o n back t rack ing . 

If al l poss ib le cho i ces lead to a con t rad i c t i on , the p rocess t e rm ina tes w i t h an empty d a t a b a s e a n d 

repor ts that a m o d e l cou ld not be c r e a t e d . T h e c lause set unde r cons ide ra t ion is unsa t i s f i ab le . If 

o n the o the r h a n d a d a t a b a s e has b e e n cons t ruc ted in w h i c h every c lause is sa t i s f i ed , th is 

d a t a b a s e rep resen ts a m o d e l of t he c l a u s e set and sat isf iabi l i ty has b e e n s h o w n . In ce r t a i n c a s e s 

g e n e r a t i o n wi l l never s top , b e c a u s e no f in i te da tabase sat is f ies all c l auses , but a con t rad i c t i on 

d o e s not ar ise ei ther. Th is is d u e to the undec idab i l i t y of sat isf iabi l i ty . 

T h e m o d e l gene ra t i on p rocess ou t l i ned above c a n be i m p l e m e n t e d in Pro log by m e a n s of t he 

fo l l ow ing ve ry s imp le p r o g r a m : 

sat is f iab le :-
i s_v io la ted (C) , !, 
sat isfy (C) , 
sa t is f iab le . 

sat is f iab le . 

sat is fy(C) :-
c o m p o n e n t ( X . C ) , 
asse r ta (X ) , 
ο n_back t racki ng (ret ract (X)) , 
not fa lse . 

is__violated(C) :-
(A ~ > C ) , 
A , not C. 

c o m p o n e n t s , ( Y ; Z ) ) :-
!, ( X = Y ; c o m p o n e n t ( X , Z ) ) . 

c o m p o n e n t ( X , X ) . 

o n _ b a c k t r a c k i n g ( X ) . 
o n _ b a c k t r a c k i n g ( X ) 

X , ! , fa i l . 
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Note that ' t rue ' is a bui l t - in Pro log pred ica te that a lways s u c c e e d s , w h e r e a s ' fa lse ' d o e s not 

s u c c e e d un less asse r ted . 

T h e fo l l ow ing e x a m p l e is in tended to i l lustrate m o d e l gene ra t i on in Pro log . C o n s i d e r the c lause 

s e t S 1 : 

t rue - > p(a) ; q(b) p(X) - > q (X) ; r(X) 
q (X) — > s(f(X)) q(X) , s(Y) — > fa lse 
r(X) - > s(X) p(X) , s(X) — > fa lse 

T h e cho i ces and asser t ions m a d e dur ing execu t ion of 'sa t is f iab le ' c a n be r e c o r d e d in f o r m of a 

t r ee : 

t rue 

P(a) q(b) 

q(a) r(a) s(f(b)) 

s(f(a)) s(a) fa lse 

I I 
fa lse fa lse 

W h e n execu t i ng 'sat is f iable ' , th is t ree is t r ave rsed in a lef t - to-r ight , depth- f i rs t m a n n e r . Every 

poss ib le p a t h t owa rds a m o d e l of S1 is c l osed b e c a u s e ' fa lse ' is f ina l ly g e n e r a t e d . T h u s , S1 has 

b e e n s h o w n unsat is f iab le . If the c lause (p(X) ,s(X) — > fa lse) w e r e m iss ing , ' fa lse ' c o u l d not be 

g e n e r a t e d a long the midd le b r a n c h and the d a t a b a s e cons t ruc ted a long th is b r a n c h - cons is t ing 

of p (a ) , r(a) a n d s(a) - w o u l d represen t a mode l of the r educed c lause set. 

2.2 How to achieve soundness for unsatisfiability 

If ' sa t is f iab le ' fai ls - w h e n app l i ed to a par t icu lar set S of c l auses - th is s h o u l d a l w a y s co inc ide 

w i t h S b e i n g unsat is f iab le . Conve rse l y , if 'sat is f iab le ' t e rm ina tes success fu l l y , S shou ld in fact be 

sa t is f iab le . Wh i l e the latter is ach ieved , the f o rmer a i m is not a l w a y s r e a c h e d : T h e r e are c a s e s 

w h e r e 'sa t is f iab le ' fa i ls a l t hough a mode l of S ex is ts . Th is h a p p e n s w h e n a d is junc t ion is 

g e n e r a t e d tha t still con ta ins un ins tan t ia ted va r iab les s h a r e d by d i f ferent c o m p o n e n t s of the 
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d is junc t ion . Cons ide r , e .g . the fo l low ing c lause set S 2 : 

t rue > p(X) ; q (X) 
p(a) — > fa lse 
q(b) — > fa lse 

Init ial ly 'p(X) ; q ( X ) ' is g e n e r a t e d . If 'p (X) ' is asse r ted , the d is junc t ion is sa t is f ied , but ' fa lse ' w i l l be 

g e n e r a t e d in t he next s tep . The s a m e is the case if ' q (X) ' is asse r ted . T h u s , 'sa t is f iab le ' fa i ls . 

H o w e v e r , the set {p(b) ,q(a)} represen ts a f ini te m o d e l of S 2 w h i c h the p r o g r a m w a s unab le to 

f i nd . 

S o u n d n e s s for unsat is f iabi l i ty c a n be gua ran teed if all d i s junc t ions g e n e r a t e d are comp le te l y 

ins tan t ia ted . Th is is the case iff all c lauses are range- res t r i c ted , i.e., if eve ry var iab le in the 

c o n s e q u e n t of a c lause occu rs in its an teceden t as we l l . In par t icu lar , comp le te l y pos i t ive c l auses 

- t h o s e hav ing ' t rue ' as the i r an teceden t - have to be var iab le - f ree in o rder to be range- res t r i c ted . 

T h e e x a m p l e set S1 g i ven above is range- res t r i c ted , wh i le S 2 is not. Range- res t r i c t i on requ i res 

that fo r every var iab le in a c lause the subset of t he un ive rse ove r w h i c h the var iab le ranges is 

expl ic i t ly spec i f ied ins ide the c lause . Var iab les impl ic i t ly a s s u m e d to range o v e r the w h o l e 

un i ve rse are not a l l owed . O n e c a n expect many c lauses to be range- res t r i c ted if the p r o b l e m 

d o m a i n is s o m e h o w natura l ly s t ruc tu red . Th is is in par t icu lar the case if a p r o b l e m is ( inherent ly) 

m a n y - s o r t e d . 

If a set S con ta ins c l auses that are not range- res t r i c ted , S never the less c a n be t r a n s f o r m e d into a 

set S* that is range- res t r i c ted a n d that is sat is f iable iff S is so . For th is p u r p o s e a n aux i l iary 

p red ica te 'dorn ' is i n t roduced a n d the fo l low ing t r ans fo rma t i ons a n d add i t ions a re p e r f o r m e d : 

• every c l ause ( true — > C) that con ta ins va r iab les X t to X n is t r a n s f o r m e d into 
( d o m ( X 1 ) , . . . , d o m ( X n ) - > C) 

• every o the r c lause (A ---> C) such that C con ta ins va r iab les Y 1 to Y m not occu r i ng in A is 
t r a n s f o r m e d into ( A , d o m ( Y 1 ) , . . . , d o m ( Y m ) — > C) . 

• fo r every cons tan t c occur r ing in S, a c lause (true — > dom(c ) ) is a d d e d ; if S d o e s not 
con ta in any cons tan t a s ing le c l ause (true — > dom(a ) ) is a d d e d w h e r e ' a ' is a n art i f ic ial 
cons tan t 

• fo r every n-ary func t ion symbo l f occur r ing in S one adds a c l ause 
( d o m ( X 1 ) , . . . , d o m ( X n ) ---> d o m ^ , . . ^ ) ) ) 

T h e 'do rn ' l i terals a d d e d to non- range- res t r i c ted c l a u s e s expl ic i t ly p rov ide for an ins tant ia t ion of 

the respect ive va r iab les ove r the He rb rand un iverse of S. The t rans fo rma t ion of S into its r ange -

rest r ic ted f o r m S* c a n be c o m p a r e d w i th the t rans fo rma t ion of a f o r m u l a into its S k o l e m i z e d f o r m : 

a l t hough the t r a n s f o r m e d set is not equ iva lent to the init ial se t in the strict s e n s e , a k ind of w e a k 

equ i va lence c a n b e o b s e r v e d . If the re lat ion ass igned to 'dorn ' (the func t ions a s s i g n e d to the 

S k o l e m func t i on s y m b o l s , resp.) is r e m o v e d f r o m any m o d e l of the t r a n s f o r m e d set , a m o d e l of 
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t he initial set is ob ta ined . The re is a one - to -one c o r r e s p o n d e n c e b e t w e e n the m o d e l s of bo th sets 

of c lauses u p to the relat ion ( funct ions, resp.) a s s i g n e d to the add i t iona l p red ica te ( funct ion 

symbo l s , resp. ) . There fo re the t rans fo rma t ion d e s c r i b e d p r e s e r v e s sat isf iabi l i ty . T rans fo rma t i on 

of S2 into range- res t r ic ted f o r m y ie lds S2* : 

t rue — > dom(a) p(a) — > fa lse 
t rue — > dom(b) q(b) — > fa lse 

dom(X) - > p(X) ; q(X) 

If 'sat is f iable ' is app l ied to S2* the p r o g r a m te rm ina tes success fu l l y w i th the fac ts d o m ( a ) , d o m ( b ) , 

q(a) and p(b) in the da tabase . 

If app l ied to range- res t r ic ted c lauses on ly , ' sa t is f iab le ' w i l l be s o u n d for unsat is f iab i l i ty as we l l . For 

the rest of the paper w e a s s u m e that all p rob lems m e n t i o n e d have b e e n t r a n s f o r m e d into range-

rest r ic ted f o r m prior to check ing t h e m for sat isf iabi l i ty . 

2.3 How to achieve refutation-completeness 

A s sat isf iabi l i ty is undec idab ie no t h e o r e m p rove r is ab le to success fu l l y te rm ina te for every 

sat is f iab le set of c lauses . Unsat isf iabi l i ty , howeve r , is s e m i - d e c i d a b l e . The re fo re , ou r p r o g r a m 

s h o u l d te rm ina te w i th fa i lure for every unsat is f iab le c l a u s e set . T h e fo l l ow ing e x a m p l e set S3 is 

unsa t i s f iab le : 

t rue - > p(a) p(X) - > p( f (X)) 
P ( f ( X ) ) , P (g (X» - > fa lse p(X) - > p (g(X) ) 

W h e n app l ied to S3 , 'sat is f iable ' wi l l gene ra te an inf in i te s e q u e n c e of p -a toms: p (a ) , p( f (a) ) , 

p ( f ( f (a ) ) ) , . . . etc. The examp le shows that 'sa t is f iab le ' is not c o m p l e t e for unsat is f iab i l i ty ! 

Th i s is due to the fact that the Prolog- l ike sea rch s t ra tegy e m p l o y e d by the p r o g r a m is inherent ly 

unfa i r : at each recurs ive cal l of 'sat is f iable ' the d a t a b a s e of p r o b l e m c l a u s e s is s e a r c h e d f r o m the 

t op a n d the first v io la ted c lause f o u n d is t r ied to sat is fy . T h e r e are p r o b l e m s - like S3 - w h e r e 

s o m e v io la ted c lauses are never c o n s i d e r e d a n d t hus a con t rad ic t i on is neve r r e a c h e d . 

S o m e t i m e s a p roper o rder ing of c lauses suf f ices for con t ro l l i ng the o rder in w h i c h fac ts are 

g e n e r a t e d . In ou r e x a m p l e , however , o rde r ing d o e s not he lp ! 

C o m p l e t e n e s s c a n be ach ieved if c l auses are g e n e r a t e d sys temat i ca l l y leve l by leve l . First, all 

a toms /d i s junc t ions that c a n be g e n e r a t e d f r o m a g i v e n d a t a b a s e are d e t e r m i n e d w i thou t 

mod i f y ing the da tabase . T h e n all fac ts n e e d e d in o rde r to sat is fy t h e s e a toms /d i s junc t i ons are 
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asse r ted a l together . If S 3 w o u l d have been t rea ted th is w a y , the f o l l ow ing f ac t s w o u l d h a v e b e e n 

a s s e r t e d : 

level 1 : p(a) 
level 2 : p( f (a)) q( f (a)) 
level 3 : p ( f ( f (a») p( f (g(a))) p(g( f (a)) p(g(g(a)) fa lse 

A con t rad ic t i on w o u l d be de tec ted o n level 3 a n d the a t tempt to g e n e r a t e a m o d e l fo r S 3 w o u l d 

fa i l . T h e fo l l ow ing p r o g r a m i m p l e m e n t s m o d e l gene ra t i on o n a leve l - sa tu ra t ion bas i s : 

s a t i s f i a b l e j e v e l :- sa t i s f iab le_ leve l (1 ) . 

sa t i s f i ab l eJeve l ( L ) :-
i s_v io la ted_ leve l (L ) , !, 
on_back t r ack i ng ( c l ean_ leve l ( L ) ) , 
s a t i s f y J e v e l ( L ) , 
L1 is L + 1 , 
sa t i s f iab le_ leve l (L1) . 

s a t i s f i a b l e J e v e l ( L ) . 

i s_v io la ted_ leve l (L ) :-
i s_v io la ted (C) , 
not g e n e r a t e d ( L . C ) , 
asse r t (gene ra ted (L ,C ) ) , 
fa i l . 

i s_v io la ted_ leve l (L ) :-
g e n e r a t e d ( L . X ) . 

s a t i s f y J e v e l ( L ) :-
g e n e r a t e d ( L . C ) , 
not C, !, 
sat isfy (C) , 
s a t i s f y J e v e l ( L ) . 

s a t i s f y J e v e l ( L ) . 

c l e a n J e v e l ( L ) :-
re t rac t (genera ted (L ,X ) ) , 
fa i l . 

c l e a n J e v e l ( L ) . 

T h e p r o g r a m w o r k s w i t h an in te rmed ia te re la t ion ' g e n e r a t e d ' u s e d fo r s to r ing a toms /d i s j unc t i ons 

v io la ted o n a level in o rde r to be able to sat is fy t h e m after the g e n e r a t i o n p r o c e s s for tha t level 

has b e e n f i n i shed . G e n e r a t i o n of a level c a n be ef f ic ient ly o r g a n i z e d by m e a n s of a b a c k t r a c k i n g 

loop , w h e r e a s leve ls have to be sat is f ied recurs ive ly . Th i s is b e c a u s e the cho i ce po in ts c r e a t e d 

w h e n sat is fy ing a d is junc t ion have to be kept " o p e n " to back t rack ing . 

A l t h o u g h 'sa t is f iab le ' - as o p p o s e d to ' s a t i s f i a b l e j e v e l ' - is not c o m p l e t e , m o s t of t he p r o b l e m s to 

be c o n s i d e r e d in t he fo l l ow ing sec t ion wi l l in fact t u rn out to be so l vab le by ' sa t is f iab le ' . In c a s e s 

w h e r e bo th p r o g r a m s are app l i cab le o n e wi l l usua l ly o b s e r v e tha t t he f o r m e r is m u c h mo re 

ef f ic ient t h a n the latter. 

2.4 Enhancing efficiency through Prolog derivation rules 

Pro log is k n o w n to be a power fu l in terpreter fo r Ho rn c l a u s e s . S o m e d e s i g n d e c i s i o n s m a d e for 

t he sake of e f f ic ieny, howeve r , p reven t Pro log f r o m be ing ab le to hand le arb i t rary H o r n p r o b l e m s . 
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T h e m i s s i n g occu rs c h e c k requ i res to avo id cer ta in un i f ica t ion pa t te rns , the u n b o u n d e d depth- f i rs t 

s t ra tegy p r e v e n t s cer ta in recurs ive p rob lems f r om be ing t rac tab le in P ro log . For the rema in ing 

c a s e s Pro log 's p o w e r c a n ve ry we l l be exp lo i ted if t hose p r o b l e m c lauses that are in t he s c o p e of 

Pro log a re rep resen ted as Pro log rules, i.e., by (C :- A) ins tead of (A ™ > C) . T h e fou r Ho rn 

c l a u s e s in e x a m p l e set S 1 , e .g . , c a n all be t rea ted th is w a y : 

t rue — > p(a) ; q (b) s(X) :- p(X) 
p (X) - > q(X) ; r (X) s( f(X)) :- q(X) 

fa lse :- p ( X ) , s(X) 
fa lse :- q(X) , s (Y) 

W h e n app l i ed to th is r ep resen ta t i on of S 1 , 'sat is f iab le ' wi l l init ial ly w o r k as be fo re , i.e., p(a) and 

q(a) are a s s e r t e d into t he d a t a b a s e in o rder to sat is fy the t w o ' — > ' - c l a u s e s . A s s o o n as q(a) has 

b e e n asse r t ed , howeve r , ' fa lse ' b e c o m e s der ivab le . T h e test 'not fa l se ' p e r f o r m e d af ter asser t ion 

of q(a) fa i ls and back t rack i ng is immed ia te l y in i t ia ted: s(f(a)) a n d ' fa lse ' n e e d no more be asse r ted 

in o rde r to run into a con t rad i c t i on . S imi lar ly the two o the r b r a n c h e s c a n be cut ear l ier d u e to 

der ivab i l i ty of ' fa lse' . T h e t ree of fac ts asser ted has b e c o m e cons ide rab l y sma l le r t h a n be fo re : 

t rue 

P(a) q(b) 

X 
q(a) 

X 

r(a) 

X 

C r o s s e s 'X ' ind icate tha t t he respect ive b ranch has b e e n c l osed b e c a u s e ' fa lse ' has b e c o m e 

de r i vab le . 

If pa r t of a c lause set is d i rec t l y rep resen ted in Pro log , 'sa t is f iab le ' c a n be app l i ed w i t hou t any 

c h a n g e , p rov i ded i ncons i s t ency of the Pro log part of the p r o b l e m has b e e n tes ted be fo re . Th is 

c a n b e d o n e by s imp ly eva lua t i ng ' fa lse ' o n c e be fore ca l l ing 'sat is f iab le ' . T h e s a m e app l ies to 

' s a t i s f i a b l e j e v e l ' . 

W h a t has c h a n g e d , h o w e v e r , is the w a y the mode l u n d e r cons t ruc t i on is r ep resen ted a n d 

sa t i s fac t ion of c l auses is d e t e r m i n e d . T h e p r o b l e m c lauses that have b e e n d i rect ly r ep resen ted in 

P ro log n o w serve as de r i va t i on ru les . If the requ i rement for c l auses to be range- res t r i c ted is 

r e s p e c t e d , on ly g r o u n d l i terals wi l l be der ivab le t h r o u g h t h e s e ru les . G r o u n d a t o m s that are 

requ i red for sat is fy ing t he > ' -c lauses need not be expl ic i t ly asse r ted a n y m o r e , if t hey are 
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der i vab le f r o m the a l ready ex is t ing fac ts . T h u s , t he m o d e l unde r c o n s t r u c t i o n is no longer 

r ep resen ted by expl ic i t ly s to red fac ts a lone , but by all fac ts de r i vab le v ia t h o s e p r o b l e m c lauses 

that have b e e n rep resen ted di rect ly in P ro log . A s the Pro log goa l eva lua t i on m e c h a n i s m so lves 

goa l s not on ly ove r fac ts but t h rough ru les as we l l , no th ing has to be c h a n g e d in the p r o g r a m s 

g i v e n . 

In eve ry c lause set at least the pos i t ive g r o u n d un i ts a n d the comp le te l y n e g a t i v e c l auses c a n 

a l w a y s b e fo rmu la ted d i rect ly in Pro log . T h e r e are e v e n p r o b l e m s w h e r e all c l a u s e s c a n be 

rep resen ted th is w a y . In th is case sat isf iabi l i ty c h e c k i n g reduces to a s ing le ' f a l se ' eva lua t i on . 

W h e n us ing Pro log ru les fo r c lause represen ta t ion o n e never the less has to be ve ry ca re fu l in 

o rde r to avo id recurs ion and occu rs c h e c k p r o b l e m s . (A set of c l a u s e s is recu rs i ve , if its 

c o n n e c t i o n g raph con ta ins a cyc le that has a uni f ier.) A l t h o u g h a c o m p l e t e syn tac t ic 

charac te r i za t ion of such c a s e s is not easy , the re are re lat ive ly s imp le suf f ic ient cond i t i ons , l ike, 

e .g . , to avo id l i terals w i th m o r e t h a n one occu r rence of the s a m e var iab le (s tat ic o c c u r s check ) in 

o rde r to avo id d y n a m i c occu rs check p rob lems . If in doub t , the op t ion to rep resen t a Ho rn c lause 

as a genera t ion rule a lways rema ins . Because of range- res t r ic t ion th is r e p r e s e n t a t i o n wi l l never 

lead to any occu rs check p r o b l e m . 

2.5 Further variations and optimizations 

T h e bas ic mode l gene ra t i on p a r a d i g m - as ou t l i ned a b o v e - may , of c o u r s e , exh ib i t ser ious 

inef f ic ienc ies in spec ia l s i tua t ions . Howeve r , o n e c a n easi ly incorpora te seve ra l va r i a t i ons into the 

bas ic p rocedure that m a y lead to cons ide rab le op t im iza t ions in cer ta in u n d e s i r a b l e c a s e s . In the 

fo l l ow ing w e wi l l shor t ly d i scuss th ree such var ia t ions that are op t iona l ly ava i l ab le in S A T C H M O . 

T h e y are in tended to s p e e d up the sea rch for v io la ted c l auses , or permi t to de r i ve con t rad i c t i ons 

ear l ier . W h e r e a s the f irst - ca l led c lause-se t c o m p a c t i o n in [ B U T 86 ] - wi l l a l w a y s resul t in s o m e 

benef i t , o thers wi l l pay off on ly if app l ied to p r o b l e m s that in fact exh ib i t t he ine f f i c iency t hey are 

i n tended to cu re . O the rw i se these var ia t ions m a y e v e n lead to s o m e o v e r h e a d c o m p a r e d w i th 

the bas ic p rocedu res . 

1 . c lause-se t c o m p a c t i o n : 

Sea rch for v io la ted c l auses m a y be fa i r ly expens i ve in c a s e s w h e r e the c l ausa l 

fo rmu la t ion of a p r o b l e m is h ighly redundan t , as is the case , e .g. , w i th 

p ( X , Y ) , q ( Y , Z ) - > h(X) 
p (X,Y) , q (Y,Z) - > h(Y) 
p (X ,Y) , s (Y,Z) - > h(X) 
p (X ,Y) , s (Y,Z) - > h(Y) 

T h e p- a n d h-re lat ions have to be s e a r c h e d four t imes , the q - a n d s - re la t ions tw i ce in 
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o rde r to de te rm ine all i ns tances of the c lauses that are v io la ted in a g i ven d a t a b a s e . If w e 

w o u l d a l low ';' to occu r in the an teceden t , a n d ',' to o c c u r in the c o n s e q u e n t of a ru le as 

we l l , t h e s e four c lauses cou ld be compac t i f i ed into the s ingle rule 

p(X,Y) , (q(Y,Z) ; s(Y,Z)) - > h(X) . h(Y) 

If th is exp ress ion is t es ted for v io la t ion , the p-, q - , a n d s- re la t ion are s e a r c h e d on ly o n c e , 

t he h-re lat ion tw ice . In o rde r to hand le non-c lausa l gene ra t i on rules as we l l , t he fo l l ow ing 

has to be a d d e d on top of 'sat isfy ' : 

sat is fy((A,B)) :- !, sa t is fy (A) , sa t is fy (B) . 

2. c l ause comp i l a t i on : 

W h e n tes t ing for con t rad ic t ions by eva lua t ing ' fa lse ' , the test is p e r f o r m e d g loba l ly ove r 

the w h o l e da tabase of fac ts . O n e does not take into cons ide ra t i on the spec i f ic fact 

asse r ted just be fore . As ' fa lse ' has not b e e n der i vab le be fo re th is upda te , it c a n be 

der ivab le now only if t he most - recent ly i n t roduced l i teral is able to par t ic ipa te in a 

der i va t ion of ' fa lse ' . There fo re it is poss ib le to " focus " the con t rad ic t i on test by 

p recomp i l i ng the comp le te l y negat ive p rob lem c lauses into local test c l auses . Cons ide r , 

e.g. , a set of c lauses con ta in ing 

fa lse : - p ( X , Y ) , q ( Y , Z ) . 
q (A,B) : - s ( B , A ) . 

P recomp i la t i on w o u l d resul t in the fo l low ing local test c l a u s e s be ing g e n e r a t e d : 

incompat ib le (p (X ,Y) ) : - q ( Y , Z ) . i ncompat ib le (q (Y ,Z) ) : - p ( X , Y ) . 
i ncompat ib le (p (X ,Y) ) :- s (Z ,Y) . i ncompat ib le (s (Z ,Y) ) :- p (X ,Y ) . 

O n c e nega t i ve c l auses have been comp i l ed th is w a y o n e c a n explo i t t h e m by sl ight ly 

mod i fy ing the 'sat isfy ' p red ica te aga in : ins tead of 'asser t (X) , . . ,not fa lse ' one pe r fo rms 'not 

incompat ib le (X) ,asser t (X) , . . ' . T h u s , fac ts the asser t ion of w h i c h w o u l d d i rec t ly lead to a 

con t rad ic t ion are never asse r t ed . P recomp i la t i on of the incompat ib i l i t y rules c a n easi ly 

and eff ic ient ly be p r o g r a m m e d in Pro log . A s imi lar p recomp i l a t i on idea m a y be app l ied 

for the rema in ing c l auses as we l l poss ib ly s p e e d i n g - u p the sea rch for v io la ted c l auses . 

W e have repor ted abou t th is in [ B R Y 87 ] . 

3. c o m p l e m e n t sp l i t t ing: 

W h e n the asser t ion of an a t o m Aj c h o s e n f r om a d is junc t ion has resu l ted in a 

con t rad ic t ion one may try to benef i t f r o m the in fo rmat ion t hus ob ta i ned wh i l e t ry ing the 
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r ema in i ng c o m p o n e n t s . Th is c a n be ach ieved by tempora r i l y asse r t i ng t h e rule 

( fa lse :- Aj) . Th is w a y any a t tempt to re-asser t A ( wh i le t ry ing to sat isfy the respec t i ve 

d is junc t ion are immed ia te l y b l ocked . T h e size of the s e a r c h t ree m a y be c o n s i d e r a b l y cut 

d o w n in c a s e seve ra l o c c u r r e n c e s of big sub t rees are a v o i d e d th is w a y . Exp lo i t i ng 

in fo rmat ion about a t t emp ts that h a v e a l ready fa i led for avo id ing redundan t w o r k has 

a l ready b e e n s u g g e s t e d by Dav is a n d P u t n a m in the i r ear ly proof p r o c e d u r e . T h e f ea tu re 

c a n be i m p l e m e n t e d by mod i f y ing the ' componen t ' p red ica te as fo l l ows : 

componen t (X , (Y ;Z ) ) :- !, 
( X = Y ; 
asser t ( ( fa lse :- Y ) ) , 
on_back t rack ing ( re t rac t ( ( fa l se :- Y) ) ) , 
c o m p o n e n t ( X . Z ) ) . 

3. Experiences with SATCHMO 

W h e n repor t ing abou t expe r i ences w i th a new m e t h o d , one of cou rse t ends to start w i th 

" s h o w c a s e " e x a m p l e s that are par t icu lar ly we l l hand led by the a p p r o a c h p r o p o s e d . In ou r c a s e , it 

t u rns ou t that severa l e x a m p l e s recent ly d i s c u s s e d in the l i terature are su i tab le f o r t h i s p u r p o s e . 

T h u s , w e beg in th is sec t ion w i t h d i scuss ing t hese e x a m p l e s in s o m e deta i l . T h e n w e shor t ly 

a d d r e s s comb ina to r i a l puzz les - a c lass of p rob lems pre fe rab ly t a k e n for d e m o n s t r a t i n g t h e p o w e r 

of a t h e o r e m prover . T h e th i rd a n d mos t c o m p r e h e n s i v e sec t ion wi l l be d e v o t e d to Pel le t ier 's 

"Seven ty - f i ve P r o b l e m s for Tes t i ng T h e o r e m Provers " [ P E L 86 ] . A s th is co l lec t ion c o v e r s a w ide 

range of p r o b l e m c l asses , w e regard it as par t icu lar ly we l l su i ted for exh ib i t ing the po ten t i a l p o w e r 

as we l l as the l imits of t he a p p r o a c h s u g g e s t e d . 

Al l e x a m p l e s d i s c u s s e d have b e e n run unde r in te rpre ted C P r o l o g V e r s . 1.5 on a V A X 11 /785 . 

T h e so lu t ion t i m e s that wi l l be g i ven have b e e n m e a s u r e d us ing the bui l t - in p red i ca te ' cpu t ime ' . 

T h e au tho rs are ve ry m u c h a w a r e of the fact that c o m p a r i n g t h e o r e m provers on t h e bas i s of c p u 

t i m e s is hard ly eve r ab le to do jus t ice to the par t icu lar a p p r o a c h e s excep t if all cond i t i ons are 

r espec ted abso lu te ly fa i r ly . Repor t ing cpu t imes in th is p a p e r is not in tended to c o m p e t e w i t h 

o the rs , but to s h o w w h i c h k ind of e x a m p l e s are ha rd for m o d e l gene ra t i on and w h i c h are easy . 

Mo reove r , w e w o u l d l ike to d e m o n s t r a t e th is w a y that t h e o r e m p rov ing in Pro log is f eas ib le and 

tha t t he e f f ic iency o b t a i n e d w h e n do ing so m a y be remarkab le . 

3.1 Schubert's Steamroller 

T h e s teamro l le r p r o b l e m has b e e n p r e s e n t e d by Len Schube r t near ly a d e c a d e ago . Mark 

St icke l ' s art ic le "Schube r t ' s S teamro l l e r P r o b l e m : Fo rmu la t i ons a n d So lu t ions" [ST I 8 6 ] p rov ides 
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an exce l lent ove rv iew of va r ious a t tempts to so lve th is p r o b l e m . W e use the (unsor ted) 

fo rmu la t ion that St icke l has p r o p o s e d as a s t anda rd . As a l ready m e n t i o n e d in the in t roduc t ion , 

th is p rob lem can be comp le te l y e x p r e s s e d in Pro log excep t fo r o n e n o n - H o r n c l ause : 

wo l f (w ) . 
fox( f ) . 
b i rd (b ) . 
sna i l (s ) . 
ca terp i l la r (c ) . 
g ra in (g ) . 

sma l le r (X .Y) 
sma l le r (X ,Y) 
sma l le r (X ,Y) 
sma l le r (X ,Y) 

- fox(X) , wo l f (Y ) . 
- b i rd(X) , f o x ( Y ) . 
- s n a i l ( X ) , b i rd (Y) . 
- caterp i l lar (X) , b i rd(Y) . 

l ikes(X,Y) :- b i rd(X) , ca terp i l la r (Y) . 

an ima l (X ) 
an ima l (X ) 
an ima l (X ) 
an ima l (X ) 
an ima l (X ) 

- wo l f (X ) . 
- f o x ( X ) . 
- b i rd (X) . 
- sna i l (X ) . 
- ca te rp i l l a r (X) . 

p lant (X) :- g ra in (X ) . 

p lant ( i (X)) :- sna i l (X) . 
l ikes(X, i (X)) :- sna i l (X ) . 
p lan t (h(X) ) :- ca te rp i l la r (X) . 
l i kes(X,h(X) ) :- ca te rp i l l a r (X) . 

fa lse 
fa lse 
fa lse 

wo l f (X) , ( fox(Y) ; gra in(Y)) , l i kes(X.Y) . 
b i rd(X) , snai l (Y) , l i kes(X.Y) . 
an ima l (X) , an imal (Y) , l ikes(X.Y) , g ra in(Z) , l i kes(Y.Z) . 

an ima l (X) , an ima l (Y) , sma l le r (Y ,X) , p lan t (W) , l i kes(Y.W) , p lan t (Z) — > l ikes(X.Y) ; l i kes(X,Z) . 

Sat is f iabi l i ty of the Pro log part of the p r o b l e m fo rmu la t i on c a n be d e m o n s t r a t e d w i th in 0.05 sees 

by eva lua t i on of the goa l ' fa lse ' . Unsat is f iabi l i ty of the w h o l e p r o b l e m is p r o v e d by m e a n s of 

'sat is f iab le ' after 0.3 sees. (The best t ime repor ted in St icke l ' s pape r w a s 6 sees fo r t he unso r t ed 

ve rs i on of t he prob lem.) T h e cho i ces a n d asser t ions p e r f o r m e d du r ing execu t i on are as f o l l ows : 

ι 1 
l ikes(b,s) l ikes(b,g) 

l ikes(f.b) l ikes(f .g) 

l ikes(w,f) l i kes(w,g) 

X X 

T h e w a y 'sat is f iab le ' so lves the p r o b l e m c o r r e s p o n d s pret ty we l l to the na tu ra l l a n g u a g e so lu t ion 

g i v e n by St icke l . 
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3.2 Lewis Carroll's "Salt-and-Mustard problem" 

Th is p r o b l e m - w h i c h s t e m s f r o m Lewis Car ro l l ' s "Symbo l i c Log ic " of 1897 - has b e e n d i s c u s s e d 

in a pub l i ca t ion by Lusk a n d O v e r b e e k in the p r o b l e m co rne r of t he Jou rna l of A u t o m a t e d 

R e a s o n i n g [ LO 85 ] . It is abou t f ive f r i ends w h o have i m p o s e d cer ta in ru les gove rn i ng w h i c h 

c o n d i m e n t - salt o r mus ta rd - to take w h e n the f ive are hav ing beef toge ther . T h e p r o b l e m is to 

c h e c k w h e t h e r t h e s e ru les are c o m p a t i b l e , i.e., sa t is f iab le . T h e ma jo r par t of the p r o b l e m cons is ts 

of i f -and-only- i f cond i t i ons for e a c h f r iend a n d e a c h c o n d i m e n t . Each of t hese c a n be e x p r e s s e d 

by m e a n s of a n o n - H o r n gene ra t i on rule a n d a Ho rn der i va t ion ru le . O u r fo rmu la t ion is as fo l l ows 

(note that s o m e ' fa lse ' - ru les have b e e n compac t i f i ed ) : 

f r i end(bar ry ) . sal t (X) :- bo th (X ) . 
f r i end(co le ) . mus ta rd (X ) :- bo th (X) 
f r iend(d ix ) . 
f r i end ( lang) . sal t (X) , mus ta rd (X ) -
f r iend(mi l l ) . 

sa l t (bar ry) - oneo f (co le ) oneo f ( l ang ) . 
mus ta rd (ba r ry ) - nei ther (d ix) bo th (mi l l ) . 
sa l t (co le) - oneof (bar ry ) ne i ther (mi l l ) . 
mus ta rd (co le ) - both(d ix ) bo th ( l ang ) . 
sal t (d ix) - nei ther (bar ry) bo th (co le ) . 
mus ta rd (d ix ) - nei ther ( lang) ne i ther (mi l l ) . 
sa l t ( lang) - oneo f (bar ry ) oneo f (d i x ) . 
mus ta rd ( lang) - nei ther (co le) ne i ther (mi l l ) . 
sal t (mi l l ) - both(bar ry ) bo th ( l ang ) . 
mustard(mi l l ) - oneo f (co le ) oneo f (d i x ) . 

sa l t (bar ry) —> oneo f (co le ) oneo f ( l ang ) . 
mus ta rd (ba r ry ) • —> nei ther(d ix) bo th(mi l l ) . 
sa l t (co le) —> oneo f (ba r ry ) ne i ther (mi l l ) . 
mus ta rd (co le ) . . . > both(d ix) bo th ( l ang ) . 
sal t (d ix) ---> nei ther (bar ry) bo th (co le ) . 
mus ta rd (d ix ) —> nei ther ( lang) ne i ther (mi l l ) . 
sa l t ( lang) —> oneo f (ba r ry ) oneo f (d i x ) . 
mus ta rd ( lang) —> nei ther (co le) ne i ther (mi l l ) . 
sal t (mi l l ) —> both(bar ry ) bo th ( l ang ) . 
mustard(mi l l ) —> oneof (co le ) oneo f (d i x ) . 

oneo f (X ) — > sal t (X) ; mus ta rd (X ) . fa lse : - o n e o f ( X ) , (both(X) ; ne i ther(X)) 
f r iend(X) — > bo th (X) ; ne i ther (X) ; o n e o f ( X ) . fa lse :- oneo f (X ) , sa l t (X) , mus ta rd (X ) . 

fa l se :- ne i ther (X) , (bo th(X) ; sa l t (X) ; mus ta rd (X ) ) . 

T h e p r o b l e m has a s ing le m o d e l : 

sa l t (barry) mus ta rd (bar ry ) ne i ther (d ix ) oneo f ( lang) both(bar ry ) 
sai t (mi l l ) mus ta rd ( lang ) ne i ther (co le ) oneof (mi l l ) 
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'Sat is f iab le ' f inds it w i th in 1.1 sees . Lusk a n d Ove rbeek have j u d g e d th is p r o b l e m to be espec ia l ly 

ha rd as their t h e o r e m prover has p r o d u c e d 32 000 c lauses fo r so lv ing the p r o b l e m . A l t h o u g h the 

t ree to b e s e a r c h e d before a so lu t ion is f o u n d is cons ide rab l y b igger t h a n for the S teamro l le r the 

p r o b l e m is sti l l a s imp le o n e for a mode l genera t i on a p p r o a c h . 

T h e two o ther p rob lems d i s c u s s e d in the art ic le by Lusk a n d O v e r b e e k are in fact m u c h eas ier : 

" t ru thte l lers a n d l iars" are d i sman t l ed w i th in 0.1 sees , wh i le a m o d e l for the " schoo lboys p r o b l e m " 

is f ound after 0.2 sees. 

3.3 A non-obvious problem 

Pel let ier a n d Rudn ick i [PR 86] have recent ly d i s cussed a p r o b l e m that is s imp le to s ta te , but ha rd 

to p rove . B e c a u s e of its brev i ty w e g ive the i r p r o b l e m fo rmu la t i on as w e l l : " S u p p o s e there are 

two re la t ions, Ρ and Q. Ρ is t rans i t ive, and Q is bo th t rans i t ive a n d re f lex ive. S u p p o s e fu r ther the 

' squa reness ' of Ρ a n d Q: any two th ings are e i ther re la ted in the Ρ m a n n e r or in the Q manne r . 

P rove that e i ther Ρ is tota l or Q is to ta l . " 

O u r fo rma l i za t ion of the p rob lem - requ i r ing a t rans fo rma t ion into range- res t r i c ted f o r m - is as 

fo l l ows : 

T h e t ree to be s e a r c h e d by 'sat is f iab le ' is a l ready qu i te b ig : 348 fac ts are asse r t ed a n d 

s u b s e q u e n t l y re t rac ted aga in , 52 cho ice po in ts are es tab l i shed a n d 5 3 b r a n c h e s are c l osed . T h e 

t h e o r e m is p r o v e d w i th in 16 sees. 

Pe l le t ie r /Rudn ick i report about a so lu t ion t ime just unde r 2 m ins , M c C u n e repor ts just under 1 m in 

[ M c C 8 6 ] . Jus t recent ly Wa l t he r has ob ta ined 31 .1 sees [ W A L 8 8 ] . If c o m p l e m e n t spl i t t ing is 

app l i ed for th is examp le , the sea rch t ree c a n be cons ide rab l y r e d u c e d s u c h tha t the so lu t ion t ime 

g o e s d o w n to 9.5 sees . 

dom(a ) 
dom(b ) 
dom(c ) . 
dom(d ) 

p(X,Y) , p (Y,Z) - > p (X ,Z ) . 
q (X ,Y) , q (Y,Z) - > q (X ,Z ) . 
q (X ,Y) - > q (Y ,X ) . 
d o m ( X ) , d o m ( Y ) - > p(X,Y) ; q ( X , Y ) . 
fa lse :- p (a ,b ) . 
fa lse :- q (c ,d ) . 
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3.4 Some combinatorial puzzles 

In Pel le t ier 's co l lec t ion , to be d i s c u s s e d be low, the re is ano the r p r o b l e m ( n u m b e r 55 ) p o s e d by 

L e n Schube r t . Th is p r o b l e m is a s imp le comb ina to r i a l puzz le w h e r e the m u r d e r e r of a u n t A g a t h a 

h a s to be f o u n d . Equal i ty (or ident i ty) is u s e d in o rder to exp ress that the m u r d e r e r has to be 

f o u n d a m o n g the t h ree peop le l iv ing in t he h o u s e . W e con jec tu re that t h e f o l l ow ing f o r m u l a t i o n of 

t he p r o b l e m (not us ing '=*) is s imp le r a n d more natura l t h a n Pel le t ier 's : 

l i ves (aga tha) . fa lse :- k i l l e d ( X . Y ) , r i cher (X .Y) . 
l i ves(but ler ) . fa lse :- ha tes (aga tha .X) , ha tes (char les .X ) . 
l i ves(char les) . fa lse :- ha tes (X .aga tha) , ha tes(X.but le r ) , h a t e s ( X . c h a r l e s ) 

ha tes (aga tha .aga tha ) . ha tes (X .Y) :- k i l led(X.Y) . 
ha tes (aga tha .cha r l es ) . ha tes(but le r ,X) :- ha tes (aga tha .X ) . 

t rue — > k i l l ed (aga tha .aga tha) ; k i l led(but le r ,agatha) ; k i l l ed (char les ,aga tha) . 
l ives(X) — > r i cher (X ,aga tha) ; ha tes (bu t le r .X) . 

A f te r 0 .05 sees a m o d e l fo r the p r o b l e m is f ound ind icat ing that aunt A g a t h a has k i l led herself . 

A f te r 0.1 sees all o the r poss ib i l i t ies have b e e n ru led out p rov ing that A g a t h a i n d e e d mus t have 

c o m m i t t e d su ic ide . 

Us ing th is sty le of f o rmu la t i on , i.e., exp ress ing the d i f ferent c h o i c e s that a re ex is t i ng o v e r the f in i te 

d o m a i n of the puzz le by m e a n s of d is junc t ions and exp ress ing the r e m a i n i n g cond i t i ons d i rect ly in 

P ro log , one c a n so lve qu i te a lot of s imi lar puzz les ef f ic ient ly. W e just w o u l d l ike to men t i on as 

e x a m p l e s 

• Lew is Car ro l l ' s Ί ί ο η - a n d - u n i c o r n " puzz le (d i scussed recent ly in t he J o u r n a l of A u t o m a t e d 
R e a s o n i n g [ O H L 85 ] ) : 20 Pro log c lauses , 1 n o n - H o r n c lause - s o l v e d in 0.1 sees 

o r a more subs tan t ia l o n e : 

• t he ful l " j obs " puzz le t a k e n f r o m [ W O S 8 4 ] : 31 Pro log c l a u s e s , 2 n o n - H o r n c l auses -
so l ved in 4 .5 sees 

A g a i n t he i ncomp le te p r o g r a m 'sat is f iab le ' has b e e n suf f ic ient . 

3.5 Pelletier's seventy-five problems 

Al l p r o b l e m s d i s c u s s e d in t he fo l l ow ing have b e e n so lved w i th 'sa t is f iab le ' as w e l l , u n l e s s s ta ted 

d i f ferent ly . 

T h e p ropos i t i ona l p r o b l e m s 1-17 are al l ve ry easy o n c e c lausa l f o r m has b e e n o b t a i n e d . Eight of 

t h e m c a n b e c o m p l e t e l y r ep resen ted in Pro log and are all so l ved under 0.01 sees . P r o b l e m 12 is 

the hardes t a m o n g the rema in ing o n e s - a so lu t ion requ i res 0.15 sees. 
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T h e m o n a d i c p r o b l e m s 18 -33 (34 has b e e n omi t ted b e c a u s e the au tho rs d id not wan t to pe r fo rm 

the "exe rc i se " of c o m p u t i n g 1600 c lauses) are s imp le as we l l , w i th one excep t i on name l y p r o b l e m 

2 9 . Th is p r o b l e m - cons i s t i ng of 32 c l auses - requ i res 3 3 sees ! (A t ten t ion : Pel le t ier 's c lausa l 

ve rs ion c o n t a i n s two t yp i ng mis takes. ) A c lause-se t c o m p a c t i o n as d e s c r i b e d a b o v e resul ts in 23 

c o m p a c t i f i e d c l a u s e s a n d unsat is f iab i l i ty of the compac t i f i ed set c a n b e s h o w n w i th in 4.3 sees . If 

in add i t ion c o m p l e m e n t sp l i t t ing is app l ied , the t ime n e e d e d g o e s d o w n to 1.1 sees. 

P r o b l e m s 1 9 , 2 0 , 2 7 , 2 8 , a n d 3 2 are comp le te l y exp ressab le in Pro log a n d so lvab le in less t han 

0.02 sees ( p r o b l e m 28 is sat is f iab le ! ) . 

T h e ful l p red i ca te logic p r o b l e m s w i thou t ident i ty a n d (non -Sko lem) func t ions 3 5 - 4 7 do not impose 

par t icu lar p r o b l e m s e i ther . P r o b l e m 44 is the on ly o n e that c a n be comp le te l y rep resen ted in 

Pro log ( so l ved u n d e r 0.01 sees) . P rob lem 35 is t he f irst p r o b l e m for w h i c h 'sat is f iab le ' w o u l d run 

fo rever . ' S a t i s f i a b l e j e v e l ' so l ves it w i th in 0.07 sees . In p r o b l e m 4 6 the c l a u s e 'f(X) — > f( f (X)) ; 

g ( X ) ' has to be " h i d d e n " at the end of the c lause list in o rder to ma in ta in appl icabi l i ty of 

'sa t is f iab le ' . T h e m o s t di f f icul t p r o b l e m in th is sec t ion is p r o b l e m 4 3 , requ i r ing 0.65 sees . P rob lem 

47 is the S t e a m r o l l e r d i s c u s s e d earl ier. 

A m o n g the r e m a i n i n g p r o b l e m s 48 -69 there are nine func t iona l p r o b l e m s w i thou t ident i ty. 

P r o b l e m s 5 7 , 5 9 a n d 60 (Pel le t ier 's faul ty c lausa l f o r m cor rec ted) c a n be so l ved by 'sat is f iab le ' 

u n d e r 0.1 sees , p r o b l e m 50 requ i res 0.55 sees (0.28 w i th c o m p l e m e n t sp l i t t ing) . 

For p r o b l e m 62 o n c e aga in the c lausa l f o r m g iven by Pel let ier d o e s not c o r r e s p o n d to t he non -

c lausa l f o r m of t he t h e o r e m . If co r rec ted the c lausa l f o r m c a n immed ia te l y be s h o w n sat is f iab le as 

no comp le te l y pos i t i ve c l a u s e s exist . 

P r o b l e m s 6 6 - 6 9 c a n n o t b e so l ved by any of the t w o S A T C H M O p r o g r a m s ! T h e s e p r o b l e m s are 

var ia t ions of a h a r d recurs i ve H o r n - p r o b l e m w i th func t i ons . T h e r e is a s ing le p red ica te rang ing 

ove r t he w h o l e d o m a i n . A s t he p r o b l e m s are not range- res t r i c ted ins tant ia t ion ove r the H e r b r a n d 

un ive rse h a s to b e p r o v i d e d t h r o u g h the ' dom ' -p red i ca te . Cons ide r , e .g. , p r o b l e m 66 : 

t ( i (X) , i (Y,X)) :- d o m ( X ) , d o m ( Y ) . 
t ( i ( i (X , i (Y,Z) ) , i ( i (X ,Y) , i (X,Z) ) ) :- dom(X ) , d o m ( Y ) , d o m ( Z ) . 
t ( i ( i (n (X) ,n (Y) ) , i (Y ,X) ) :- d o m ( X ) , d o m ( Y ) . 
t ( i (X ,Y) ) . t (X) - > t (Y) 
fa lse :- t ( i (a ,n (n (a ) ) ) ) . 

d o m ( X ) — > d o m ( n ( X ) ) . 
d o m ( X ) , d o m ( Y ) — > dom( i (X ,Y ) ) . 

S a t c h m o fa i ls b e c a u s e the gene ra t i on of new H e r b r a n d t e r m s v ia t he t w o ' dom ' - ru les in ter feres 

w i t h the g e n e r a t i o n of t he necessa ry ' t ' - facts. The n u m b e r of ' dom ' - fac ts g e n e r a t e d exp lodes and 

the c o m p a r a t i v e l y f e w ' t ' - facts that c a n be gene ra ted on each level are " bu r i ed " by t h e m . T h e only 
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w a y t o w a r d s poss ib ly so lv ing p rob lems of th is k ind s e e m s to be a ca re fu l c o n t r o l of H e r b r a n d 

t e r m g e n e r a t i o n : ' dom' - ru les shou ld not be app l ied be fo re the o the r ru les have no t b e e n 

exhaus t i ved . As s u c h a con t ro l fea ture has not yet b e e n i m p l e m e n t e d , w e d o not fu r ther e labora te 

o n th is po int . 

Pro log 's imp lemen ta t i on of ' = ' canno t be u s e d for cor rec t ly rep resen t ing log ica l ident i ty (excep t in 

ve ry rest r ic ted cases ) . In o rde r to represent the rema in ing p r o b l e m s w i th ident i ty the re are two 

poss ib i l i t ies : 

1 . to in t roduce a spec ia l equal i ty p red ica te and to add the n e c e s s a r y equa l i t y ax i oms 

(transi t iv i ty, subst i tu t iv i ty e tc . ) : th is has b e e n done for p r o b l e m s 4 8 , 4 9 , 5 1 - 5 4 , 5 6 , a n d 58 

2. to recode the p r o b l e m s w i thou t expl ic i t ly us ing ident i ty as d o n e in t he o r ig ina l f o rmu la t i on 

of the th ree g r o u p theo ry p r o b l e m s 63 -65 by W o s ; p r o b l e m 61 h a s b e e n c o d e d th is w a y 

too 

Of the p rob lems thus a u g m e n t e d or r e c o d e d , 'sat is f iab le ' w a s able to so lve p r o b l e m s 4 8 , 49 , 6 1 , 

6 4 , a n d 65 in less t han 1 sec each . For the rema in ing p rob lems ' s a t i s f i a b l e j e v e l ' h a d to be 

e m p l o y e d : of t hese , p r o b l e m 58 w a s so l ved in 0.15 sees and p rob lem 63 in 0 .75 sees ; p r o b l e m 

55 has b e e n d i s c u s s e d a b o v e . P rob lems 51 -54 and 5 6 cou ld not be so l ved by e i ther p r o g r a m s , 

d u e to de f ic ienc ies very s imi lar to those respons ib le for fa i lure in case of 6 6 - 6 9 . 

T h e last sec t ion in Pel let ier 's co l lec t ion p rov ides p r o b l e m s for s tudy ing t he c o m p l e x i t y of a proof 

s y s t e m . T h e fo l l ow ing f igures are g i ven w i thou t fur ther c o m m e n t as w e h a v e not real ly s tud ied 

the i r re levance yet . P igeonho le p r o b l e m s (72 ,73) : 

η I 1 2 3 4 5 
sees I 0.05 0.13 0.7 3.8 25 .5 ... 

T i m e s are g i ven for ou r f o rmu la t i on of the p red ica te logic ve rs ion (73) : t he t i m e s c lear ly ind icate 

exponen t i a l g r o w t h . T h e expos i to ry arb i t rary g raph p r o b l e m 74 is so lved in 0 .18 sees . 

For U-p rob lems (71) c o d e d as arbi t rary g r a p h p rob lems (75) g row th s e e m s to be at most cub ic : 

η I 1 2 3 4 
sees I 0.05 0.2 0.75 2.15 ... 
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4. Conclusion 

In th is p a p e r S A T C H M O , a t h e o r e m p rover b a s e d o n m o d e l g e n e r a t i o n , is p r e s e n t e d and 

e x p e r i e n c e s a re desc r i bed . Pro log has b e e n u s e d as a rep resen ta t ion l a n g u a g e for exp ress ing 

p r o b l e m c l a u s e s as wel l as for the imp lemen ta t i on of S A T C H M O . T h e a p p r o a c h ex tends Pro log 

wh i l e re ta in ing its e f f ic iency for Ho rn c lauses as has b e e n d o n e by St icke l 's P T T P . T h e add i t ions 

w e are p r o p o s i n g are, howeve r , cons ide rab ly d i f ferent f r o m St icke l ' s . As a c o n s e q u e n c e , 

S A T C H M O c a n b e i m p l e m e n t e d o n top of Pro log w i thou t c a u s i n g too seve re inef f ic ienc ies by 

d o i n g so. 

A s an e x t e n s i o n of the w o r k repor ted here , w e w o u l d l ike to inves t iga te mo re deep l y how to 

benef i t f r o m fu r the r comp i la t i ons of p r o b l e m c lauses a n d h o w to con t ro l t e r m g e n e r a t i o n . S o m e 

c o n s i d e r a b l e g a i n in ef f ic iency can also be expec ted f r om inves t iga t ions in mo re soph is t i ca ted 

so lu t ions to cont ro l l ing recurs ive Pro log- ru les . Apar t f r o m th is , w e w o u l d like to k n o w how 

S A T C H M O b e h a v e s w h e n i m p l e m e n t e d in up- to -da te P ro log -sys tems . T h e s impl ic i ty of its code 

s h o u l d m a k e it ex t reme ly por tab le . Due to the spl i t t ing fea tu re espec ia l l y f o r t h c o m i n g para l le l 

i m p l e m e n t a t i o n s of Pro log shou ld be p romis ing . 
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