LESSON 10 SOLVING TRIGONOMETRIC EQUATIONS

Equations which are solved in this lesson (Click on the number):

/3

1. cosez—T 2. Zsina—ﬁ:O
3. ﬁcotﬂ+1:0 4, 3secx — 4 =2
5 l4sin(€j+12:5 6. tan(5a+5)=1
3 3
7. csc(4p - 280°) = - 8. cosba =0
| 3
9. sec’d-2=0 10. 4sin’p +9 =12
11. cosa (csca — 2) =0 12. \/§sin X tan X = sin X
13. (cospB + 1)(sin f - 1) =0 14. 2c0s’0 —cos@ —1=0
15. 6sin‘a + 7sina -5 =0 16. cos’f + 24 = 1lcos f3

Additional examples worked in this lesson:
Example Find all the approximate solutions (in degrees) between — 360 ° and

_ 5
540 ° for the equation tand = - 1

Example Find all the approximate solutions (in degrees) between —270° and
630 ° for the equation 3sec2a — 7 =0,

Example Find all the approximate solutions (in degrees) between —360° and
360 ° for the equation 9sin (34 + 150°) + 4 = 0,

Example Find all the exact and approximate solutions to the equation
tan’9 - 6tand — 11 = 0,

Examples Find all the exact solutions for the following equations.

/3

1. Cosd = - - Back to Equations List



3
First, determine where the solutions & will occur. Since — 7 IS not the
minimum negative number for the cosine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
quadrants. Since cosine is negative in the Il and Il quadrants, the solutions

for this equation occur in those quadrants.

Find the reference angle 6" for the solutions &

3 3 3
0030:—£ = cose9':£ = 9':(;0517:%

The solutions in the Il quadrant: The one solution in the Il quadrant, that is
T o

between 0 and 27, is 0 =rx - g = ?. Now, all the other solutions in

the Il quadrant are coterminal to this one solution. Thus, all the solutions in

. Sz o
the 1l quadrant are given by ¢ = s 2n7  where n is an integer.

Thus, some of the solutions in the Il quadrant that are obtained by using

Sx _ _
0 = i 2Nn7  where n is an integer, are:

S S

=0 6 6
N 9:5_7z+27r:57r+127r:177r
' 6 6 6 6
N 9:5_7z+4ﬂ:57r+247r:297r
' 6 6 6 6
ho 3 0=5_7r+6ﬂ=57r+367r=417z



5 5 487 537

= . 0=—+8 = + =

n =4 6 "6 & 6

I T S
6 6 6 6

ST, 5t 2ur_ 19r
6 6 6 6

gLt 5r %r_ 3r
6 6 6 6

R N
6 6 6 6

The solutions in the 11l quadrant: The one solution in the Ill quadrant, that is

Vs 1z

between 0 and 27, is 0=rx+ E = ?. Now, all the other solutions in the

I11 quadrant are coterminal to this one solution. Thus, all the solutions in the

- 77[ - -
11l quadrant are given by ¢ = N 2N7 where n is an integer.

Thus, some of the solutions in the 11l quadrant that are obtained by using

1 . .
0 = o + 2N7  where n is an Integer, are:



+ 27

+ 4r

+ 67

+ 87

— 4

- 87

i
6
Tz 12 197«
6 6 6
1 24 31z
6 6 6
1 367 437
6 6 6
1 487 557
6 6 6
fn 12z o7
6 6 6
fn 24z _ 1z
6 6 6
fm 367 _ 27
6 6 6
Tr 4 _ 4
6 6 6



St r
Answers: 0 = i 2nz . 0 = < 2N where n is an integer

2sin o - ﬁ =0 Back to Equations List

First, do the necessary algebra to isolate Sin & on one side of the equation:

/2

2sina — /2 =0 = 2siha =2 = sha="r

2
Now, determine where the solutions « will occur. Since T IS not the

maximum positive number for the sine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
quadrants. Since sine is positive in the | and Il quadrants, the solutions for
this equation occur in those quadrants.

Find the reference angle «' for the solutions o :

Ja oo 42

. — T
shag = — = SNa'=— = «a' =5 - ==
2 2 4

The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27, is & = e Now, all the other solutions in the | quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant

T
are given by & = 7 + 2N7 where n is an integer.

Thus, some of the solutions in the | quadrant that are obtained by using

VA
a = " + 2N7 where n is an integer, are:



NGRS SN NGRS NGRS

5N

&N &N

SN

S|

r0=2=2

4

V4 87 O
+2r = — 4+ — = —

4 4 4

T 167 177
+4r = — 4+ =

4 4 4

V4 24 257
+ 67 = — + =

4 4 4

Vs 32 337
+ 87 = — + =

4 4 4

V4 87 13
- 27T = — - — = — —

4 4 4

7 lbr 157
—4r = — - = -

4 4 4

V4 24 237
-br=— - — = - —

4 4 4

T 327 31rx
-8 r=—=- — = - —

4 4 4



The solutions in the 1l quadrant: The one solution in the Il quadrant, that is

T 3

between 0 and 27 ,is & = 7 — Z = T' Now, all the other solutions in

the Il quadrant are coterminal to this one solution. Thus, all the solutions in

T
the 1l quadrant are given by & = v + 2N7 where n is an integer.

Thus, some of the solutions in the Il quadrant that are obtained by using

/A
a = " + 2N7 where n is an integer, are:

_0. a—3_ﬂ+0—3_7[
n=0: 2 2
37 3 8~ 1lr
n=1 a=—+2r = + =
' 4 4 4 4
3z 37 16z 197
n=2: a=—+4r = + =
' 4 4 4 4
37 37 24 27
n=3: a=—+6r= + =
' 4 4 4 4
3 37 32 357
n=4: a=—+8r = + =
' 4 4 4 4
37 3r 8« Y/
n=-1 a=—-2r=— — — = — —
4 4 4 4
37 3z 16x 137
n=-2- a=—-4r=— - — = — ——



/4 3r _ _
Answers: @ = -+ 2Nz, o = 2 7 2n7 where n is an integer

\/3 cotp+1=0 Back to Equations List

First, do the necessary algebra to isolate cot S on one side of the equation:

1
J3cotp+1=0= J3cotp=-1= cotﬂ=—ﬁ

Now, take the reciprocal of both sides of this equation to obtain the equation

tanﬁ:—ﬁ.

Now, determine where the solutions £ will occur. Since tangent is negative
in the Il and IV quadrants, the solutions for this equation occur in those
quadrants.

Find the reference angle B' for the solutions 3 :

T

tnf=-3 = tanp =3 = ﬂ':tan‘l\ﬁ:§



The solutions in the 1l quadrant: The one solution in the Il quadrant, that is

Vs 27

between 0 and 27, is B=r- g = ?. Now, all the other solutions in

the 1l quadrant are coterminal to this one solution. Thus, all the solutions in

. 27 .
the 11 quadrant are given by £ = 37 2N where n is an integer.

Thus, some of the solutions in the Il quadrant that are obtained by using

2w _ _
p = 3 7 2Nn7 where n is an integer, are:

=0 pe 0=

el el =2 R
n=2: ﬂ:%wﬂz?ﬂéﬂzlzﬂ
n=3: ﬁ=%”+6”:2§+12”:22ﬂ
R
n=-1 ﬂz%—Zﬂ:%_%:_%
n=-2 5221—47[:2—7[_12_”:_10_7[



- — = — — 6 = — = — = —- —
n=-8 f=gobr=ar e 3

27 27 247 227

- = — — 8 = — = — = - —
n=-4r f=og o 8m = 3

The solutions in the IV quadrant: The one solution in the IV quadrant, that is

/4 S5r

between 0 and 27, is B = 27 - 3~ 3 Now, all the other solutions in

the IV quadrant are coterminal to this one solution. Thus, all the solutions in

o
the IV quadrant are given by £ = 3 7 2Nn7 where n is an integer.

Thus, some of the solutions in the IV quadrant that are obtained by using

/A
p = 3 7 2N7 where n is an integer, are:

n=0: ﬂ=5§+0:5?”

n=1: ﬂ=5§+zﬂ:5§+63”:1;ﬂ
ne2 el aar= T 2T
n=3: ﬂ=5§+6ﬂ:53”+1i”:29;ﬂ
P LA L O




e T A T M

27 o
Answers: £ = 37 2nrw . p = 3 7 2Nn7 where n is an integer

NOTE: Since the period of the tangent function is 7, then these two answers

21
may also be written as the one answer £ = 3 + N7 where n is an integer.

3secx — 4 =2 Back to Equations List

First, do the necessary algebra to isolate S€C X on one side of the equation:

3secx —4 =2 = 3secx=6 = Secx =2



Now, take the reciprocal of both sides of this equation to obtain the equation

1
COSX = —
X

1
Now, determine where the solutions X will occur. Since E IS not the

maximum positive number for the cosine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
quadrants. Since cosine is positive in the | and IV quadrants, the solutions
for this equation occur in those quadrants.

Find the reference angle X' for the solutions X :

= X'=cos*

N | =
N |-
|

1 .
CoSX =2 = CcOSX' =

The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27, is X = 3 Now, all the other solutions in the | quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant

/A
are given by X = 3 + 2N7 where n is an integer.

The solutions in the 1V quadrant: The one solution in the IV quadrant, that is

T Sz

between 0 and 27, is X = 27 § = ?. Now, all the other solutions in

the IV quadrant are coterminal to this one solution. Thus, all the solutions in

Sx
the IV quadrant are given by X = 3 + 2N7  where n is an integer.

T S _ _
Answers: X = 2 + 2N, X = 3 1 2N where n is an integer



. (6
14 sin (Ej +12 =5 Back to Equations List

First, we must get the angle argument for the trigonometric function to be a
0

single variable.  So, let U = 3 Thus, we obtain the equation

14sinu + 12 = 5. Now, do the necessary algebra to isolate Sin U on one

side of the equation:

: 1
l4sinu +12=5 = 1l4sinu=-7 = smu:—E

1

Now, determine where the solutions U will occur. Since _E IS not the

minimum negative number for the sine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
guadrants. Since sine is negative in the Ill and IV quadrants, the solutions for
this equation occur in those quadrants.

Find the reference angle U’ for the solutions U :

1

N |-
|

, 1 1 C
sShu=-—- = sinu’"'=—- = U =sIn
2 2

The solutions in the I11 quadrant: The one solution u in the 111 quadrant, that

T 153
is between O and 27,is U =7 + g = ?. Now, all the other solutions u

in the I11 quadrant are coterminal to this one solution. Thus, all the solutions

r
u in the Il quadrant are given by U = ry + 2N7  where n is an integer.

These are the solutions for u. Now, find the solutions for 8. Since U = 3
7 6 In _ _
and U = = + 2N7 | then 3-8 7 2n7 . Now, multiply both sides of
r
this equation by 3 in order to solve for 8. Thus, ¢ = b3 + 6N7  where n is

an integer.



Thus, some of the solutions in the 11l quadrant that are obtained by using

14 . .
0 = ) + 6N7  where n is an integer, are:

T r
n=0: 5 5
6 In
NOTE: 3 = B s in the 111 quadrant.
N (9:7_7r+6ﬂ:77r+127z:197r
' 2 2 2 2
6 197 r
NOTE: - = — = 27 + — isin the Il quadrant.
3 6 6
Y 9:7_7z+127r:77z+247z:317r
' 2 2 2 2
6 3l T
NOTE: - = — =47 + — isin the Ill quadrant.
3 6 6
N3 (927_7r+187[=77r+367r=437r
' 2 2 2 2
6 43rx T
NOTE: - = —— = 67 + — isin the Ill quadrant.
3 6 6
I (9=7_7r+247[=77r+487z=557z
' 2 2 2 2
6 557 r
NOTE: - = —— =87 + — isin the Il quadrant.
3 6 6
gLl 1r x5



0 St
NOTE: 3 = Y is in the 111 quadrant.

o, gllT gy Tn 2 ix
2 2 2 2

0 177 572'_ -
NOTE: - = ——— = —27 — — isin the Il quadrant.
3 6 6
n=-3; 027—7[—187[=7_7[_36_7[=_29_7[
2 2 2 2
NOTE: - = ——— = —47 — — isin the Il quadrant.
3 6 6
n=-4: 927—7[—247[:71_48_7[:_41_7[
' 2 2 2 2

St
=-———=-67 - "6 lsinthe Il quadrant.

Q 41
3 6

NOTE:

The solutions in the IV quadrant: The one solution u in the IV quadrant, that

_ _ r 1l _
is between 0 and 27, is U = 27 - 5 = 5 Now, all the other solutions
u in the IV quadrant are coterminal to this one solution. Thus, all the

117
solutions u in the IV quadrant are given by U = 5 + 2Nn7 where n is an

integer. These are the solutions for u. Now, find the solutions for €. Since

0 117 6 1l _
U=ZandU=—=+ 2N7 | then 3" | 2n7 . Now, multiply both

3
117z
sides of this equation by 3 in order to solve for #. Thus, ¢ = -5 1 6nrz,

where n is an integer.



Thus, some of the solutions in the IV quadrant that are obtained by using

117 i )
0 = Ty + 6N7 where n is an integer, are:

117 117
0. O=""+0="+
n=20: 5 5
6 1l»
NOTE: 3 = L in the IV quadrant.
11ﬂ 1z 127 237z
' 2 2 2 2
6 23x 117
NOTE: - = —— = 27 + — jisinthe IV quadrant.
3 6 6
N 0 - 11ﬂ 19 _.11ﬂ N 247 _ 357
' 2 2 2 2
0 357 117
NOTE: 7 = —— = 47 + — isin the IV quadrant.
3 6 6
N3 0 1%1 18 - 117 N 3671 _ 477
' 2 2 2 2
0 4irx 11z
NOTE: 7 = —— = 67 + — jisin the IV quadrant.
3 6 6
I 0 117 o4y - 117 N 487 _ 597
' 2 2 2 2
¢ 59r 11z
NOTE: 7 = —— =87 + — isin the IV quadrant.
3 6 6
N g-tm g, M L2 7



0 T
NOTE: = — < isinthe IV quadrant.

3 6
Y gzll_ﬂ_lzﬂzllﬂ_247r=_137r
' 2 2 2 2
0 137 T
NOTE: 3 =~~~ = -2z - % isinthe IV quadrant.

n=-3: 9=117”—187;=112”_36”=_25ﬂ

0 257 T
NOTE: - = ——— = —47 - — isinthe IV quadrant.
3 6 6
N 4. 9:11_7r_24ﬂ:117r_487z:_37_7r
' 2 2 2 2
0 3z T
NOTE: 5 =~ = - 67 ~ ¢ isinthe IV quadrant.

r 117z
Answers: 0 = - 6nz . 0 = - 6n7  where n is an integer

T . .
tan| Sa + 3] 1 Back to Equations List

First, we must get the angle argument for the trigonometric function to be a

T
single variable. So, let U =5 + 3 Thus, we obtain the equation

tanu =1,



Now, determine where the solutions u will occur. Since tangent is positive
in the | and Ill quadrants, the solutions for this equation occur in those
quadrants.

Find the reference angle u’ for the solutions u :

1 - /A
tanu =1 = tanu'=1 = U =tan 11:Z

The solutions in the | quadrant: The one solution u in the | quadrant, that is

VA
between 0 and 27, is U = Z' Now, all the other solutions u in the |

guadrant are coterminal to this one solution. Thus, all the solutions u in the |

/A
quadrant are given by U = n + 2Nn7  where n is an integer. These are the
/A
solutions for u. Now, find the solutions for «. Since U = d5a + 3 and

Vi T 7 _ T
u= 2 + 2N7  then Sa + 32 + 2N7 . First, subtract 3 from both

T 37 4

sides of the equation. Thus, 9 = iz -Z oL i -2 L
’ 4 3 12 12

T
BT + 2n7 . Now, divide both sides of this equation by 5 in order to solve

a——£+2n—ﬂ __£+24n75 _—m+24nm
for a. Thus, 60 5 T 80 60 - 60 =
(24n - V)« _ _
, Where n is an integer.
60
Thus, some of the solutions in the | quadrant that are obtained by using
(24n - )z _ _
@ = 60 , Where n is an integer, are:
_ o a_(o—l)ﬂ'_—ﬂ'__l
= 60 60 60
ey T __®  Ar 7w
NOTE: 3 TRIRT 1 4 1sin the | quadrant.



__(24-Yr _23x

60 60
_5a+z_237r+47r_277r_97r_2ﬂ+£
NOTE: 3 12 12 12 4 4

Is in the | quadrant.

(48 -1O)7r  4irx

o =
60 60
_5a+£_477r+47z_51ﬂ_177r_4ﬂ+£
NOTE: 3 12 12 12 4 4

Is in the | quadrant.

o _(2-Uz

60 60
.5a+£_7l7r+47z_757z_257z_67[+£
NOTE: 312 12 12 4 4

is in the | quadrant.

(96 -1z 97z 197

“ 60 60 12
NOTE: 5a+£=957r+47r:997r=337r=87[+£
' 3 12 12 12 4 4
Is in the | quadrant.
a:(—24—1)7r:_25_7r:_5_7r
60 60 12
ore. Sa s T BT 41 2Ar T
' 3 12 12 12 4

Is in the | quadrant.



g - (-48 -1z 497

n=-2: = -—
' 60 60
T 49 1 A 457 157 T
- 5 =2 L2 20 2t oy
NOTE: sa + 2 12 12 4 4
Is in the | quadrant.
3 (-72 - ) 737
n:_ . = [ —
' 60 60
T 137 4 697 2371 1
- 5 T P
NOTE: 5a + 3 o + o o 1 V3 1
Is in the | quadrant.
i« (-9% - D« 977
n:_ . ey e —
' 60 60
. r#_ 9z A4r Bz _ 8l . I7
NOTE.5a+§_ 12+12_ T e 6r 1

Is in the | quadrant.

The solutions in the I11 quadrant: The one solution u in the I11 quadrant, that

Vs Sz

is between 0 and 27 ,is U = 7 + Z = T. Now, all the other solutions u

in the I11 quadrant are coterminal to this one solution. Thus, all the solutions

o
u in the Il quadrant are given by U = 1 + 2Nn7  where n is an integer.

These are the solutions for u. Now, find the solutions for a. Since
u—504+z u—5—”+2n7r 5a+z—5—”+2n7r i
3 and 1 . then 3 1 . First,

T _ _ Sw
subtract 7 from both sides of the equation. Thus, Sa = i 2nmw —

i
3

— +2N7r - — = —— +2n Vi - -
12 T 1 1 7. Now, divide both sides of this



117 2N

equation by 5 in order to solve for a. Thus, @ = 60 + 5 =
117 . 2dnz 11z + 24nx (24n + 17 _ _
60 60 - 60 = 60 , Where n is an integer.
Thus, some of the solutions in the 11l quadrant that are obtained by using
(24n + 1)z _ _
a = 60 , Where n is an integer, are:
(0+1)~r 1z
n=20: a = =
60 60
. 5a+£_117r+47z_157r_57z
NOTE: 3 12 12 12 4
is in the 111 quadrant.
(24 + 1)z 357 T=x
60 60 12
_5a+z_357r+47r_397r_137r_27[+5_7z
NOTE: 3 12 12 12 4 4
Is in the 111 quadrant.
(48 + 1)z 597
n=2: a = =
60 60
_5a+£_597z+47r_637r_217r_4ﬂ+5_7r
NOTE: 312 1 12 4 4
Is in the 111 quadrant.
(72 + 11)7 83«
n=3: a = =
60 60
_5a+z_837z+47r_877r_297r_67[+5_7r
NOTE: 3 12 12 12 4 4
is in the 11l quadrant.
(%6 + 1)z 107«
n=4: a = =

60 60



7 10/ 4n 111lx 3ix
NOTE: S« + 3 + =

Is in the 111 quadrant.

12 12 12 4

(=24 +1)x 137

o — -
60 60
.5a+£__13_72'+4_7l'__9_71'__3_ﬂ'
NOTE: 3 12 12 12 4
Is in the 111 quadrant.
a_(—48+11)7r__37_7r
60 60
NOTE: 5« + ST, + TR 2
Is in the 111 quadrant.
a_(—72+11)7z__61_7r
60 60
NOTE: 5Sa + T + TR 1

is in the 111 quadrant.

0 - (-9 +1)z 8z _ 1iz

60 60 12
T 857 4 8lx 277
NOTE: 5a + 2 T + T T i

is in the 11l quadrant.

= =87 + —
4

3

- = —67 - —



(24n - Dz _ (24n + 17

. o = .
ANSwers: 60 : 60

, Where n is an integer

NOTE: Since the period of the tangent function is 7, then these two answers
(12n - D«

60
integer. This expression is obtained in the following manner. The solutions

may also be written as the one answer & = , Where n is an

/A
in the I quadrant in terms of u were given by U = n + 2N7 where n isan

integer. The solutions in the Il quadrant in terms of u were given by

37
U= 1 + 2N7 where n is an integer. These two solutions can be written

/4
as U= 1 + N7 where n is an integer. Now, find the solutions for « .

SinceU=5a+%andU=%+n7f,then 50€+%=%+n7f. First,

i : _ V4 T
subtract - from both sides of the equation. Thus, 9 = 1 + Nz - 3

3

3—7T+n7r—4—7[——£+n7r ivi i - -
1 THRT . Now, divide both sides of this equation

) T nr T 12nx
by 5 in order to solve for . Thus, & = " 60 + T <%0 + 50 -
-z +12nz  (12n - L)z _ _

50 = 60 , Where n is an integer.

. 2

csc(4p - 280°) = - 3 Back to Equations List

First, we must get the angle argument for the trigonometric function to be a
single variable. So, let U = 48 — 280°, Thus, we obtain the equation

2
CSCU = — —

\/3 .



Now, take the reciprocal of both sides of this equation to obtain the equation

/3

sihu = - —
2

3
Now, determine where the solutions u will occur. Since — 7 is not the

minimum negative number for the sine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
guadrants. Since sine is negative in the Ill and IV quadrants, the solutions for
this equation occur in those quadrants.

Find the reference angle U’ for the solutions U :

l\/2§2600

The solutions in the I11 quadrant: The one solution u in the I11 quadrant, that
is between 0° and 360°, is u = 180° + 60° = 240°, Now, all the other
solutions u in the Il quadrant are coterminal to this one solution. Thus, all
the solutions u in the 11l quadrant are given by u = 240° + n-360 °, where

nis an integer. These are the solutions for u. Now, find the solutions for £ .
Sinceu =44 —280°and u = 240° + n-360° then 48 — 280° =
240° + n-360°, First, add 280° to both sides of the equation. Thus,
44 = 240° + n-360° + 280° = 520° + n-360°. Now, divide both
sides of this equation by 4 in order to solve for 2. Thus,
B =130° + n-90°, where n is an integer.

Thus, some of the solutions in the 11l quadrant that are obtained by using
B =130° + n-90°, where n is an integer, are:

n=20: p =130°
NOTE: 4 — 280° = 520° — 280° = 240°
Is in the 111 quadrant.

n=1. B =130°+ 90° = 220°
NOTE: 4/ — 280° = 880° — 280° = 600° = 360° + 240°



n=2:
n=3:
n=4:
n=-1:
n=-2:
n=-3:
n=-4:

is in the 11l quadrant.

p =130° +180° = 310°
NOTE: 4p — 280° = 1240° — 280° = 960° = 720° + 240°
Is in the 111 quadrant.

p =130° + 270° = 400°
NOTE: 44 - 280° = 1600° - 280° = 1320° = 3(360°) + 240°
is in the 111 quadrant.

p =130° + 360° = 490 °
NOTE: 44 — 280° =1960° — 280° = 1680° = 4(360°) + 240°
Is in the 111 quadrant.

p =130° -90°=40°
NOTE: 44 — 280° =160° — 280° = —120°
Is in the 111 quadrant.

p =130° - 180° = -50°
NOTE: 44 - 280°=-200° - 280° = —480° = -360° - 120°
is in the 11l quadrant.

p =130° - 270° = -140°
NOTE: 4p - 280° = -560° - 280° = -840° = - 720° - 120°
Is in the 111 quadrant.

p =130° - 360° = - 230°
NOTE: 44 -280°=-920° - 280° = -1200° = 3(-360°) — 120°
Is in the 111 quadrant.



The solutions in the 1V quadrant: The one solution u in the IV quadrant, that
is between 0° and 360°, is u = 360° — 60° = 300°. Now, all the other
solutions u in the IV quadrant are coterminal to this one solution. Thus, all
the solutions u in the IV quadrant are given by u = 300° + n-360°, where

n is an integer. These are the solutions for u. Now, find the solutions for £ .
Sinceu =44 —280°and u = 300° + n-360°, then 48 — 280° =
300° + n-360°. First, add 280° to both sides of the equation. Thus,
44 =300° +n-360° + 280° = 580° + n-360°, Now, divide both
sides of this equation by 4 in order to solve for 2. Thus,
B =145° + n-90° where n is an integer.

Thus, some of the solutions in the IV quadrant that are obtained by using
B =145° + n-90° where n is an integer, are:

n=20: p = 145°
NOTE: 44 — 280° =580° — 280° = 300 °
is in the 1V quadrant.

n=1: p =145° + 90° = 235°
NOTE: 4 — 280° =940° — 280° = 660° = 360° + 300°
Is in the IV quadrant.

n=2: p =145° + 180° = 325°
NOTE: 44 — 280° =1300° — 280° = 1020° = 720° + 300°
is in the IV quadrant.

n=3: p =145° + 270° = 415°
NOTE: 48 — 280° = 1660° - 280° = 1380° = 3(360°) + 300°
is in the IV quadrant.

n=4: p =145° 4+ 360° = 505°
NOTE: 48 - 280° = 2020° — 280° = 1740° = 4(360°) + 300°



is in the IV quadrant.

n=-1. g =145° -900° =55°
NOTE: 48 — 280° = 220° - 280° = -60°
Is in the 1V quadrant.

n=-2: p=145°-180°=-35°
NOTE: 44 - 280° = -140° - 280°
Is in the IV quadrant.

-420° = -360° - 60°

n=-3;: pf =145° - 270° = -125°
NOTE: 44 - 280° = -500° - 280° = -780° = -720° - 60°
is in the 1V quadrant.

n=-4. p =145° -360° = —215°
NOTE: 44 -280°=-860° - 280° = -1140° = 3(-360°) — 60°
Is in the IV quadrant.

Answers: f =130°+n-90°: g =145° + n-90°, wherenisan
integer
cosba =0 Back to Equations List

First, we must get the angle argument for the trigonometric function to be a
single variable. So, let U = 6. Thus, we obtain the equation cosu = 0,



Since 0 is not positive, then the solutions u are neither in the | quadrant nor
the IV quadrant. Since 0 is not negative, then the solutions u are neither in
the Il quadrant nor the Il quadrant. Thus, the solutions u occur at the
coordinate axes. The solutions u occur on the positive y-axis and on the
negative y-axis.

The solutions on the positive y-axis: The one solution u on the positive y-

T
axis, that is in the interval [0, 27),is U = 5 Now, all the other solutions

u on the positive y-axis are coterminal to this one solution. Thus, all the

T
solutions u on the positive y-axis are given by U = 5 + 2N7 where n is an

integer. These are the solutions for u. Now, find the solutions for « . Since

T VA
U=6a and U= 7t 2n7 | then 6a = 5t 2n7 . Divide both sides of

: . _ T 2nrm
this equation by 6 in order to solve for & . Thus, & = 1 + 5 -

T Nr& T 4nmr &+ d4nrx (4n + V7

12 3 12 12 = 12 12

, Where n is an integer.

The solutions on the negative y-axis: The one solution u on the negative y-

3T
axis, that is in the interval [0, 27),is U = PR Now, all the other solutions

u on the negative y-axis are coterminal to this one solution. Thus, all the

3z
solutions u on the negative y-axis are given by U = - + 2N7  where n is

an integer. These are the solutions for u. Now, find the solutions for « .

_ 3r 3z o
Since U = 6a and U = > + 2N7  then 6o = > + 2Nz . Divide both

. . . _ 3T 2N«
sides of this equation by 6 in order to solve for . Thus, & = e T
£+n_77_3_7r+4n77_37r+4n7r _ (4n + )7 _

4 3 T 12 12 ~ 2 T T 1 where n is an

integer.



(4n + D7z g - (4n + 3)7

Answers: 0 and 0 , Where n is an integer

_ _ (2n + V)« _
NOTE: This answer is the same as the answer & = T where n is
an integer.
sec’d - 2=0 Back to Equations List

First, do the necessary algebra to isolate secC >0 on one side of the equation:

1
sec’d -2=0 = sec’d =2 = COSZ@:E

Now, use square roots to solve for cos&. Recall that + X \X\ Thus, if

X2=a,where a > 0, then \/X7=\/E:>‘X‘=\/§:>X=i\/z,

Thus,

/ 2

COS 9—£:> cosf = =+ = C0SH =+ —:> cosezir£
2 J2 2

Thus, there are two equations to be solved. The first equation is

/2

cos g = TS and the second equation is €0S ¢ = - TR
J2 J2
To solve the first equation €0S & = T Since N is not the maximum

positive number for the cosine function, then the solutions do not occur at the
coordinate axes. Thus, the solutions occur in two of the four quadrants.
Since cosine is positive in the | and IV quadrants, the solutions for this first
equation occur in those quadrants.

Find the reference angle &' for the solutions &

cosezg = cose'=£ = 9'=cos‘1g:%



The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27, is ¢ = e Now, all the other solutions in the I quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant

- 7[ - -
are given by ¢ = i 2N7 where n is an integer.

The solutions in the IV quadrant: The one solution in the IV quadrant, that is
T I

between 0 and 27, is ¢ = 27 - 2~ - Now, all the other solutions in

the IV quadrant are coterminal to this one solution. Thus, all the solutions in

r
the IV quadrant are given by ¢ = e + 2n7  where n is an integer.

T
Thus, the solutions of the first equation €0S ¢ = —,are 0 = i 2N7 and

/A . .
0 = 7 + 2N7 where n is an integer.

J2
To solve the second equation €0S¢ = BT Since — TS is not the
minimum negative number for the cosine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
quadrants. Since cosine is negative in the Il and Il quadrants, the solutions

for this second equation occur in those quadrants.

Find the reference angle &' for the solutions &

The solutions in the 1l quadrant: The one solution in the Il quadrant, that is

T 3z

between 0 and 27 | is 0 =rm - Z = 7. Now, all the other solutions in the

Il quadrant are coterminal to this one solution. Thus, all the solutions in the



10.

. 37 o
Il quadrant are given by ¢ = i + 2n7  where n is an integer.

The solutions in the 11l quadrant: The one solution in the Ill quadrant, that is
T

T
between 0 and 27, is 0=nrm+ Z = T. Now, all the other solutions in the

Il quadrant are coterminal to this one solution. Thus, all the solutions in the

. o7 o
111 quadrant are given by ¢ = i + 2n7  where n is an integer.

/2

Thus, the solutions of the second equation COSHZ—T are

/4 or
0 = 7 * 2n7 and 0 = il 2n7  where n is an integer.

Answer: 0 =2+ 207 0 =2 L ong. 6 =" £ ong .
4 ! 4 ! 4 ’
T _ _
0 = 2 2n7  where n is an integer

NOTE: This answer may also be written in the following two ways:

/A /A
1. 0= 2 0 = — 7. where nis an integer

, e:z+n7r:(2n+l)7r
4 2 4

, Where n is an integer

4sin® g + 9 =12 Back to Equations List

First, do the necessary algebra to isolate sin * B on one side of the equation:

. 3 : 3
4sin*p +9=12 = 4sin*p =3 = Sm2'B=Z:> sm,B:ig



Thus, there are two equations to be solved. The first equation is

/3

. 3 .
sin 5 = —~ and the second equation is SI" p=- X

3o 8 |

P Since PEL not the maximum
positive number for the sine function, then the solutions do not occur at the
coordinate axes. Thus, the solutions occur in two of the four quadrants.
Since sine is positive in the | and Il quadrants, the solutions for this first

equation occur in those quadrants.

To solve the first equation Sin =

Find the reference angle B' for the solutions B :

J3 J3

snff=—= shnf'=-—>= '=sin Tt X— =
p > p > p

The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27 ,is £ = 3 Now, all the other solutions in the | quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant
- 72- - -
are givenby /= 3t 2Nn7 where n is an integer.
The solutions in the Il quadrant: The one solution in the Il quadrant, that is
T 2r

between 0 and 27 ,is B =7 — 3~ 3 Now, all the other solutions in

the 1l quadrant are coterminal to this one solution. Thus, all the solutions in

- 27[ - -
the 11 quadrant are given by / = 3 + 2N7 where n is an integer.

Thus, the solutions of the first equation SIN 5 = —, are B = 3 + 2N7w

2 _ _
and /= 3 7 2N7 where n is an integer.



o R L
To solve the second equation SN f = TR Since ~~, s not the
minimum negative number for the sine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
quadrants. Since sine is negative in the 11l and IV quadrants, the solutions for

this second equation occur in those quadrants.

Find the reference angle B' for the solutions B :

V3 J3

sinf=-Y*— = sinp' =Y— = ﬂ'—sinl—g—z
2 2 2 3
The solutions in the 11l quadrant: The one solution in the Il quadrant, that is
T Ar
between 0 and 27, is f =7 + 3 = 3 Now, all the other solutions in

the 111 quadrant are coterminal to this one solution. Thus, all the solutions in

. 4 o
the 111 quadrant are given by /# = 3 + 2Nn7  where n is an integer.

The solutions in the IV quadrant: The one solution in the IV quadrant, that is

V4 Sz

between 0 and 27, is B = 27 - 3~ 3 Now, all the other solutions in

the IV quadrant are coterminal to this one solution. Thus, all the solutions in

Sx
the IV quadrant are given by £ = 5 1 2N where n is an integer.

/3

Thus, the solutions of the second equation Sinﬂ=—7 are

Ar Sm
p = 37 2N7 and B = 37 2N7  where n is an integer.

2 4
Answer;ﬁ=%+2n7r;ﬁ=?ﬂ+2n7z;ﬁ=?ﬂ+2n7z;

ﬂ' - -
p = 3 + 2N7 where n is an integer



T
NOTE: This answer is the same as the answer 8 = § + N7 and

27 _ _
p = —3 T N7, wherenisan integer.

We will need the following theorem in order to solve the rest of these examples.

Theorem If ab = 0, then either @ = 0, or b = 0, or both are zero.

11.

cosa (csca — 2) =0 Back to Equations List

Using the theorem above, we have that cosa = 0 or csca — 2 = 0. Thus,
there are two equations to be solved.

To solve the first equation cosa = 0: Since 0 is not positive, then the
solutions are neither in the I quadrant nor the IV quadrant. Since 0 is not
negative, then the solutions are neither in the Il quadrant nor the 111 quadrant.
Thus, the solutions occur at the coordinate axes. The solutions occur on the
positive y-axis and on the negative y-axis.

The solutions on the positive y-axis: The one solution on the positive y-axis,

T

that is in the interval [0, 27),is & = E. Now, all the other solutions on

the positive y-axis are coterminal to this one solution. Thus, all the solutions

/A
on the positive y-axis are given by & = 2 + 2N7  where n is an integer.

The solutions on the negative y-axis: The one solution on the negative y-axis,

3
that is in the interval [0, 27),is @ = PR Now, all the other solutions on

the negative y-axis are coterminal to this one solution. Thus, all the solutions

37
on the negative y-axis are given by @ = ) + 2N7 where n is an integer.



T

Thus, the solutions of the first equation cosa = 0 are @ = 5 + 2n7 and
7[ - - - -

@ = Py + 2Nn7  where n is an integer. NOTE: This answer is the same as

T
the answer & = 5 + N7 where n is an integer.

To solve the second equation ¢sca — 2 = 0

) 1
cscCa - 2=0>=> csCa =2 = SIﬂOt:E

1

Since 5 IS not the maximum positive number for the sine function, then the

solutions do not occur at the coordinate axes. Thus, the solutions occur in
two of the four quadrants. Since sine is positive in the | and Il quadrants, the
solutions for this second equation occur in those quadrants.

Find the reference angle «' for the solutions « :

. 1 1 L
SII']O!=E:> SII’]OC=E:> o = SIn

N |-
|

The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27, is & = 6 Now, all the other solutions in the | quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant

T
are given by ¢ = 6 + 2n7  where n is an integer.

The solutions in the 1l quadrant: The one solution in the Il quadrant, that is

V4 Sz

between 0 and 27, is & = 7 — E = ?. Now, all the other solutions in

the Il quadrant are coterminal to this one solution. Thus, all the solutions in

51
the Il quadrant are given by & = 3 + 2N7 where n is an integer.
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Thus, the solutions of the second equation csca —2 =0 are

T or : :
@=% +2N7 gnd @ = ry + 2N7 where n is an integer.

/4 /4 5w _
Answer: & = = + N7 o« =% +2n7 : «a oy + 2N7 where n is an

integer.

J/3 sin x tan x = sin x Back to Equations List

NOTE: The first step that most students want to do is to divide both sides of
the equation by sin X. If you divide both sides of the equation by sin X, you

might (and probably will) be dividing by zero. Of course, division by zero is
undefined.

Our first step is to produce a zero on one side of the equation. Subtracting
sin X from both sides of the equation, we have that

J3 sinxtanx =sinx = /3 sinxtanx - sinx =0
Our next step is to factor out the common sin X. Thus,
J3sinxtanx —sinx =0 = sinx(3tanx-1) =0

Now, using the theorem above, we have that sinx =0 or
\/3 tan X — 1 = 0. Thus, there are two equations to be solved.

To solve the first equation sin X = 0: Since 0 is not positive, then the
solutions are neither in the | quadrant nor the Il quadrant. Since 0 is not
negative, then the solutions are neither in the Il quadrant nor the IV
guadrant. Thus, the solutions occur at the coordinate axes. The solutions
occur on the positive x-axis and on the negative x-axis.



The solutions on the positive x-axis: The one solution on the positive x-axis,
that is in the interval [0, 27),is X = 0. Now, all the other solutions on the
positive x-axis are coterminal to this one solution. Thus, all the solutions on
the positive x-axis are given by X = 0 + 2nz = 2nz, where n is an integer.

The solutions on the negative x-axis: The one solution on the negative x-axis,
that is in the interval [0, 27),is X = 7. Now, all the other solutions on the
negative x-axis are coterminal to this one solution. Thus, all the solutions on
the negative x-axis are given by X = 7 + 2nz = (2n + 1)z, where n is an
integer.

Thus, the solutions of the first equation sinX =0 are X = 2nz and
X = (2n + 1)z, where n is an integer. NOTE: This answer is the same as
the answer X = Nz, where n is an integer.

To solve the second equation \/5 tanx — 1= 0;

J3tanx-1=0>= J3tanx=1= tanx:%

Since tangent is positive in the | and Il quadrants, the solutions for this
second equation occur in those quadrants.

Find the reference angle X' for the solutions X :

tanx:i = tanx':i = x'=tan‘1i:”

V3 3 YER

The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27, is X = 6" Now, all the other solutions in the I quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant

A
are given by X = 6 + 2N7 where n is an integer.
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The solutions in the 11l quadrant: The one solution in the Ill quadrant, that is
T Iz

between 0 and 27 ,is X = 7 + E = ?. Now, all the other solutions in the

Il quadrant are coterminal to this one solution. Thus, all the solutions in the

T
Il quadrant are given by X = ry + 2N7  where n is an integer.

Thus, the solutions of the second equation \/3 tanx — 1 =0 are

V4 I _ _ .
X = 5 +2n7 gnd X = ry + 2Nn7  where nis an integer. NOTE: This

T
answer is the same as the answer X = 5 + N7 where n is an integer.

T
Answer: X =nz; X = 6 + N7 where n is an integer

(cosp +1)(sinp -1) =0 Back to Equations List

Using the theorem above, we have that cosf +1=0 or sin § - 1=0,
Thus, there are two equations to be solved.

To solve the first equation cos f + 1 = 0:
cspf+1=0= cosp=-1

Since -1 is the minimum negative number for the cosine function, then the
solutions occur at the coordinate axes. There is only one solution and it
occurs on the negative x-axis.

The solutions for cos # + 1 = 0: The one solution on the negative x-axis,
that is in the interval [0, 27),is # = 7. Now, all the other solutions on the
negative x-axis are coterminal to this one solution. Thus, all the solutions on
the negative x-axis are given by # = 7 + 2nz = (2n + 1)z, where n is an
integer.
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Thus, the solutions of the first equation cosf + 1 =0are f = (2n + 1),
where n is an integer.

To solve the second equation sin f —1 =0
snfg-1=0= sinpg=1

Since 1 is the maximum positive number for the sine function, then the
solutions occur at the coordinate axes. There is only one solution and it
occurs on the positive y-axis.

The solutions for sin  —1 = 0: The one solution on the positive y-axis,

T
that is in the interval [0, 27), is B = E. Now, all the other solutions on

the positive y-axis are coterminal to this one solution. Thus, all the solutions

T
on the positive y-axis are given by £ = 5 + 2Nn7 where n is an integer.

Thus, the solutions of the second equation sSinpg -1=0 are

7[ - -
B = ) + 2N7 where n is an integer.

T
Answers: B =2n+1)x; B = 2+ 2n7 where n is an integer

2¢0s°0 —cosh -1=0 Back to Equations List

This equation is a quadratic equation in cos&. We must first factor the left

side of this equation. The first “term” of 2€0s°6 has one set of factors.

This set of factors is C0S@ and 2c0s8@. The last term of 1 also has one set
of factors. This set of factors is 1 and 1. Since the last term is negative, then
the signs separating these factors are different (one is positive and the other is
negative.) Thus,



2c0s°@ — cosd — 1= (cosd — 1)(2cos 8 + 1)
Thus,
200s°f —cosd —1=0 = (cosd —1)(2cosé + 1) =0

Using the theorem above, we have that cosé — 1 =0 or 2cos¢d + 1 =0,
Thus, there are two equations to be solve.

To solve the first equation cosd — 1 = 0;
cosfd -1=0 = cosbd =1

Since 1 is the maximum positive number for the cosine function, then the
solutions occur at the coordinate axes. There is only one solution and it
occurs on the positive x-axis.

The solutions for cos@ — 1 = 0: The one solution on the positive x-axis,
that is in the interval [0, 27),is & = 0. Now, all the other solutions on the
positive x-axis are coterminal to this one solution. Thus, all the solutions on
the positive x-axis are given by ¢ = 0 + 2nz = 2nxz, where n is an integer.

Thus, the solutions of the first equation cos@ — 1 =0 are & = 2nx, where
n is an integer.

To solve the second equation 2cos& + 1 = 0:

1
2c0s0 +1=0 = 2cosfd = -1 = C0sO = 5

Determine where the solutions @ will occur. Since — E IS not the minimum

negative number for the cosine function, then the solutions do not occur at
the coordinate axes. Thus, the solutions occur in two of the four quadrants.
Since cosine is negative in the Il and Il quadrants, the solutions for this
equation occur in those quadrants.
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Find the reference angle 6" for the solutions &

cosH:—E = cos@':% = ' =cos !

N |-
|

The solutions in the 1l quadrant: The one solution in the Il quadrant, that is
T 27

between 0 and 27, is 0=nm - 5 = ?. Now, all the other solutions in the

Il quadrant are coterminal to this one solution. Thus, all the solutions in the

- 27[ - -
Il quadrant are given by ¢ = 3 7 2Nn7 where n is an integer.

The solutions in the 11l quadrant: The one solution in the Il quadrant, that is
T Ar

between 0 and 27, is 0=nm+ § = ?. Now, all the other solutions in

the Ill quadrant are coterminal to this one solution. Thus, all the solutions in

4
the 111 quadrant are given by ¢ = 3 + 2Nn7  where n is an integer.

Thus, the solutions of the second equation 2cos¢ +1=0 are

V4 4
0 = E 2n7 and 0 = 3 7 2Nz where n is an integer.

T 4
Answers: 0 = 2nr : 9=?+2n7f;9=?+2nﬂ,wherenisan

integer

6sin“a + 7sina — 5 =0 Back to Equations List

This equation is a quadratic equation in Sin @. We must first factor the left
side of this equation. The first “term” of 6Sin *a have two sets of factors.
The first set of factors is Sin & and 6sin o, and the second set is 2sin « and
3sin . The last term of 5 has one set of factors. This set of factors is 1 and



5. Since the last term is negative, then the signs separating these factors are
different (one is positive and the other is negative.) Thus,

6sin“a + 7sina — 5 = (2sin o — 1)(3sin ¢ + 5)
Thus,
6sin‘a + 7sinae -5 =0 = (2sina - 1)(3sina +5) =0

Using the theorem above, we have that 2sihna — 1 =0 or 3sina + 5 = 0,
Thus, there are two equations to be solved.

To solve the first equation 2sin o — 1 = 0;

: 1
2sna —1=0 = 2sina=1= SlncxzE

1
First, determine where the solutions « will occur. Since E IS not the

maximum positive number for the sine function, then the solutions do not
occur at the coordinate axes. Thus, the solutions occur in two of the four
guadrants. Since sine is positive in the | and Il quadrants, the solutions for
this equation occur in those quadrants.

Find the reference angle «' for the solutions « :

1

1
2 6

. 1 1 o
SN = — = SnNa = — = a = SIn
2 2

The solutions in the | quadrant: The one solution in the | quadrant, that is

T
between 0 and 27, is & = 6 Now, all the other solutions in the | quadrant

are coterminal to this one solution. Thus, all the solutions in the I quadrant

T
are givenby & = 6 + 2N7 where n is an integer.
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The solutions in the 1l quadrant: The one solution in the 1l quadrant, that is
T 5r

between 0 and 27, is & = 7T — g = ?. Now, all the other solutions in

the 1l quadrant are coterminal to this one solution. Thus, all the solutions in

o
the 1l quadrant are given by ¢ = ry + 2N7 where n is an integer.

. /A
Thus, the solutions of the first equation 2sina — 1 =0 are @ = s + 2nrx

o _ _
and ¢ = ry + 2N7 where n is an integer.

To solve the second equation 3sina + 5 = 0:

: 5
3snae +5=0= 3sina=-5= sma:—g

Since — 3 Is less than the minimum negative number for the sine function,

then this equation has no solutions.

Thus, there are no solutions for the second equation 3sina + 5 = 0,

/4 T
Answers: & = &+ 2Nz, a = s 2Nn7 where n is an integer

cos’ f + 24 = 1lcos f Back to Equations List

This equation is a quadratic equation in cos 2. First, we will need to produce

a zero on one side of the equation. Subtract 11cos 8 from both sides of the
equation. Thus,

cos’f + 24 =11cos f = cos’pf —11lcos f + 24 =0



Now, we will factor the left side of this equation. The first “term” of COS ‘B

have one set of factors. This set of factors is C0S £ and c0S . The last term

of 24 has four sets of factors. The first set of factors is 1 and 24, the second
set is 2 and 12, the third set is 3 and 8, and the fourth set is 4 and 6. Since
the last term is positive, then the signs separating these factors are the same.
This sign is the sign of the middle term, which is negative. Thus,

cos®f — 11cos B + 24 = (cos B — 3)(cos 5 — 8)
Thus,
cos?p —1lcos p + 24 =0 = (cosf — 3)(cosf —8) =0

Using the theorem above, we have that cosf — 3 =0 or cos g - 8 =0,
Thus, there are two equations to be solved.

To solve the first equation cos f — 3 = 0:
cosf -3=0= cospf =3

Since 3 is greater than the maximum positive number for the cosine function,
then this equation has no solutions.

Thus, there are no solutions for the first equation cos f§ — 3 = 0,

To solve the second equation cos g - 8 = 0:
cospf-8=0= <cospf =28

Since 8 is greater than the maximum positive number for the cosine function,
then this equation has no solutions.

Thus, there are no solutions for the second equation cos g - 8 = 0,

Answer: No solution



Example Find all the approximate solutions (in degrees) between —360° and

_ 5
540 ° for the equation fan & = - n

Determine where the solutions 6 will occur. Since tangent is negative in the 11 and
IV quadrants, the solutions for this equation occur in those quadrants.

Find the reference angle 6" for the solutions &
tanez—§:> tan@':§:> 0':tan‘1§z51.3°
4 4 4

The solutions in the Il quadrant: The one approximate solution in the Il quadrant,
that is between 0° and 360°, is 6 =180° - ' = 180° — 51.3° = 128.7 °,

Now, all the other approximate solutions in the Il quadrant are coterminal to this
one solution. Thus, all the approximate solutions in the Il quadrant are given by

6 ~ 128.7° + n-360 °, where n is an integer.

Now, use & ~ 128.7° + n-360 °, where n is an integer, to find the approximate
solutions in the Il quadrant that are between — 360 ° and 540 °:

n=0: 0 ~128.7°+0°=128.7°

n=1: 0 ~128.7° + 360° = 488.7°

n=2: 0 ~128.7° + 720° = 848.7° > 540°
n=-1. 6~128.7°-360°=-231.3°
n=-2: 0~128.7°-720°=-591.3° < -360°

Thus, the approximate solutions in the Il quadrant that are between — 360 ° and
540 ° are —231.3°,128.7°,and 488.7 °.

The solutions in the IV quadrant: The one approximate solution in the IV quadrant,
that is between 0° and 360° js 6 =360° — 0' ~ 360° — 51.3° = 308.7 °,



Now, all the other approximate solutions in the IV quadrant are coterminal to this
one solution. Thus, all the approximate solutions in the IV quadrant are given by
¢ ~ 308.7° + n-360 °, where n is an integer.

Now, use & ~ 308.7° + n-360 °, where n is an integer, to find the approximate
solutions in the IV quadrant that are between — 360 ° and 540 °:

n=0;: 0 ~308.7°+0°=2308.7°

n=1: 0 ~308.7° + 360° = 668.7° > 540°

n=-1. 6~308.7°-360°=-51.3°

n=-2: 0~308.7°—-720°=-411.3° < -360°
Thus, the approximate solutions in the 1V quadrant that are between — 360 ° and
540° are —51.3° and 308.7°
Answers: —231.3°, -51.3°,128.7°,308.7°, 488.7°
Back to Additional Examples List
Example Find all the approximate solutions (in degrees) between —270° and
630 ° for the equation 3sec2a — 7 =0,

First, we must get the angle argument for the trigonometric function to be a single
variable. So, let U = 2a. Thus, we obtain the equation 3secu — 7 = 0,

7 3
3secu - 7=0 => 3secu=7 = secu:§:> COSU:;

3
Determine where the solutions u will occur. Since 7 IS not the maximum positive

number for the cosine function, then the solutions do not occur at the coordinate
axes. Thus, the solutions occur in two of the four quadrants. Since cosine is



positive in the | and IV quadrants, the solutions for this equation occur in those
quadrants.

Find the reference angle U’ for the solutions u :

1

~ 64.6°

~N | w

3 .3 _
cosu = — = cosu=7:> u' = cos

The solutions in the | quadrant: The one approximate solution u in the | quadrant,
that is between 0° and 360°, is u ~ 64.6°. Now, all the other approximate
solutions u in the | quadrant are coterminal to this one solution. Thus, all the
approximate solutions in the | quadrant are given by U = 64.6 ° + n-360 °, where
n is an integer. These are the approximate solutions for u. Now, find the
approximate solutions for a. Since U = 2a and U = 64.6° + n-360 °, then
2o % 64.6 ° + n-360 °, Divide both sides of this equation by 2 in order to solve
for «. Thus, ¢ ~ 32.3° + n-180°,

Now, use a ~ 32.3° + n-180°, where n is an integer, to find the approximate
solutions in the | quadrant that are between — 270 ° and 630 °:

n=20: a=323°+0°=323°

n=1: a ~ 323° +180° = 212 3°

n=2: a ~ 32.3° + 360° = 392 .3°

n=3: a ~ 32.3° + 540° = 572 .3°

n=4: a ~ 32.3° + 720° = 752.3° > 630 °
n=-1. ao~323°-180° = -147.7°
n=-2: a~323°-360°=-327.7° < -2/0°

Thus, the approximate solutions in the | quadrant that are between —270° and
630 ° are —147.7° 32.3°, 212.3° 392.3° and 572.3°,



The solutions in the IV quadrant. The one approximate solution u in the IV
quadrant, that is between 0° and 360° is u=360°-u'~
360° - 64.6°=295.4°, Now, all the other approximate solutions u in the 1V
quadrant are coterminal to this one solution. Thus, all the approximate solutions in
the IV quadrant are given by U ~ 295.4° + n-360 °, where n is an integer. These

are the approximate solutions for u. Now, find the approximate solutions for « .
Since U=2a and U~ 295.4°+ n-360° then 2a ~ 295.4° + n-360°,
Divide both sides of this equation by 2 in order to solve for a. Thus,
a =~ 147.7° + n-180°,

Now, use « ~ 147.7° + n-180°, where n is an integer, to find the approximate
solutions in the IV quadrant that are between — 270 ° and 630 °;

n=20: a~147.7°+0°=147.7°
n=1: a~147.7° +180° =327.7°
n=2: a ~147.7° + 360° = 507.7°

n=3: a ~147.7° + 540° = 687.7° > 630°

n=-1. ao~147.7° -180° =-323°
n=-2: a~147.7°-360°=-2123°
n=-3: a~147.7° -540° =-392.3° < -270°

Thus, the approximate solutions in the IV quadrant that are between —270° and
630 ° are —212.3° -32.3°,147.7° 327.7°, and 507.7 °,

Answers: —212.3° -147.7° -32.3° 32.3° 147.7° 212.3° 327.7°
392.3° 507.7° 572.3°

Back to Additional Examples List



Example Find all the approximate solutions (in degrees) between —360° and
360 ° for the equation 9sin (34 + 150°) + 4 = 0,

First, we must get the angle argument for the trigonometric function to be a single
variable. So, let U = 38 + 150 °. Thus, we obtain the equation 9sinu + 4 = 0,

: 4
9sinu +4=0 = 9sinu=-4 = S|nu=—5

4

Determine where the solutions u will occur. Since —5 IS not the minimum

negative number for the sine function, then the solutions do not occur at the
coordinate axes. Thus, the solutions occur in two of the four quadrants. Since sine
Is negative in the 11l and IV quadrants, the solutions for this equation occur in those
quadrants.

Find the reference angle u’ for the solutions U :

1

sinu:—g: sinu':g: u' = sin" ~ 26.4°

|~

The solutions in the Il quadrant: The one approximate solution u in the IlI
quadrant, that is between 0° and 360°, is u=180°+u'=

180° + 26.4° = 206.4°. Now, all the other approximate solutions u in the IlI
quadrant are coterminal to this one solution. Thus, all the approximate solutions in
the 111 quadrant are given by U ~ 206.4 ° + n-360 °, where n is an integer. These
are the approximate solutions for u. Now, find the approximate solutions for S .
Since u=38+150° and U ~206.4°+ n-360° then 34 +150° ~
206.4° + n-360 °. First, subtract 150 ° from both sides of the equation. Thus,
3 ~206.4° +n-360° -150° = 34 ~56.4°+ n-360°. Now, divide both
sides of this equation by 3 in order to solve for f. Thus, f =~ 18.8° + n-120°,

Now, use S =~ 18.8° + n-120°, where n is an integer, to find the approximate
solutions in the Il quadrant that are between — 360 ° and 360 °;

n=20: p ~18.8° + 0° =18.8°



n=1: B ~18.8° + 120° = 138.8°
n=2: p~18.8°+ 240° = 258.8°
n=3 B ~188° + 360° > 360°
n=-1: B ~18.8°-120°=-101.2°
Nn=-2: B ~18.8°-240°=-2212°
n=-3 B ~18.8°-360°=-341.2°
n=-4: B ~18.8° - 480° < —360°

Thus, the approximate solutions in the Il quadrant that are between — 360 ° and
360° are —341.2°, -221.2° -101.2°,18.8°,138.8°, and 258.8°,

The solutions in the IV quadrant. The one approximate solution u in the IV
quadrant, that is between 0° and 360° is u=360°-u'~
360° - 26.4°=333.6°. Now, all the other approximate solutions u in the IV
quadrant are coterminal to this one solution. Thus, all the approximate solutions in
the 1V quadrant are given by U = 333.6 ° + n-360 °, where n is an integer. These

are the approximate solutions for u. Now, find the approximate solutions for 5.
Since u=38+150° and U ~333.6°+ n360° then 36 +150° ~
333.6° + n-360°. First, subtract 150 © from both sides of the equation. Thus,
3 ~333.6°+n360°—-150° = 38 ~183.6° + n-360°. Now, divide both
sides of this equation by 3 in order to solve for #. Thus, # ~ 61.2° + n-120°,

Now, use B ~ 61.2° + n-120°, where n is an integer, to find the approximate
solutions in the IV quadrant that are between — 360 ° and 360 °:

n=0;: p ~612°+0°=0612°

n=1 B ~612°+120°=181.2°



n=2: p ~61.2° + 240° =301.2°

n=3: p ~61.2° + 360° > 360°

n=-1: p~61.2°-120°=-58.8°
N=-2: B ~612°- 240°=-178.8°
n=-3 B ~612°-2360°=-2088°
Nn=-4: B ~61.2°- 480° < -360°

Thus, the approximate solutions in the 1V quadrant that are between — 360 ° and
360° are —298.8°, -178.8° —-58.8° 61.2° 181.2°, and 301.2°,

Answers: —341.2° -208.8° —221.2° -178.8° -101.2° -58.8°
18.8° 61.2° 138.8° 181.2°, 258 .8° 301.2°

Back to Additional Examples List

Example Find all the exact and approximate solutions to the equation
tan’g - 6tan @ — 11 = 0,

This equation is a quadratic equation in tan €. However, this equation does not
factor. Thus, we will need to use the Quadratic Formula. Recall: If given the

~b + ,b? - 4ac

quadratic equation ax* + bx + ¢ = 0, then X = 23 . Thus,
tan9—6i‘/36_4(1)(_11) 6+ .36 + 44 6+ .80
- 2 - 2 - 2 C




Thus, there are two equations to be solved. The first equation is
tand = 3 + 2,/ 5 and the second equation is tan & = 3 — 2 ﬁ

To solve the first equation tan & = 3 + 2 ﬁ:

First, determine where the solutions @ will occur. The number 3 + Z\E IS

positive. Since tangent is positive in the | and Il quadrants, the solutions for this
first equation occur in those quadrants.

Find the reference angle 6" for the solutions &
tand =3+ 2,5 = tand' =3+2,/5 = H' =tn'(3+2,5)

The solutions in the | quadrant: The one exact solution in the | quadrant, that is

between 0° and 360°, is 8 = tan*1(3 + Z\E). Now, all the other exact
solutions in the | quadrant are coterminal to this one solution. Thus, all the exact

solutions in the | quadrant are given by € = tan ' (3 + 2 \E) + n-360 °, where n

IS an integer. Since tan ' (3 + 2\/3) ~ 82.4°, then all the approximate

solutions in the | quadrant are given by ¢ ~ 82.4° + n-360°, where n is an
integer.

The solutions in the 11l quadrant: The one exact solution in the I1l quadrant, that is
between 0° and 360°,is & = 180° + 6" = 180° + tan *(3 + 2./5). Now, all

the other exact solutions in the Il quadrant are coterminal to this one solution.
Thus, all the exact solutions in the Il quadrant are given by

0 =180° + tan *(3+ 2,/5) + n-360° = 180° + tan *(3 + 2/5) + 2n-180°
= tan*1(3+2\/§)+(2n+1)180° , where n is an integer.  Since

tan (3 + 2 \/3) ~ 82 .4°, then all the approximate solutions in the Il quadrant
are given by 6 = 82.4° + (2n + 1)180 °, where n is an integer.

The exact solutions of the first equation tanéd =3 + 2 ﬁ are
0 =tan*(3+25)+n360°and & =tan"*(3+2,/5)+ (2n+1)180°,
where n is an integer. NOTE: Since the period of the tangent function is 7, then



this answer may also be written as & = tan *(3 + 2 \/E) + n-180 °, where n is
an integer.

The approximate solutions of the first equation tan@ = 3 + 2 \/E are
0 ~ 82.4° + n-360° and @ ~ 82.4° + (2n + 1)180°, where n is an integer.
NOTE: Since the period of the tangent function is 7, then this answer may also be
written as € ~ 82 .4° + n-180 °, where n is an integer.

To solve the second equation tan @ = 3 — 2 \E:

First, determine where the solutions & will occur. The number 3 — Z\E IS

negative. Since tangent is negative in the Il and IV quadrants, the solutions for this
second equation occur in those quadrants.

Find the reference angle 6" for the solutions &
tand =3-2./5 = tnd' =-(3-2.5) =

tang' =2.,/5 -3 = 6'=tan'(2/5 - 3)

The solutions in the Il quadrant: The one exact solution in the Il quadrant, that is
between 0° and 360°,is @ = 180° — ' = 180° — tan "*(2/5 - 3). Now, all

the other exact solutions in the Il quadrant are coterminal to this one solution.
Thus, all the exact solutions in the Il quadrant are given by

6 =180° — tan '(2/5 - 3) + n-360° = 180° — tan"*(2,/5 — 3) + 2n-180°
= —tan"!(25 - 3) + (2n + 1)180 °, where n is an integer. Since
tan ' (2 ﬁ — 3) ~ 55.8°, then all the approximate solutions in the Il quadrant

are given by 6 = —55.8° + (2n + 1)180° = 124.2° + n-360°, where n is an
integer.

The solutions in the IV quadrant: The one exact solution in the IV quadrant, that is
between 0° and 360 °,is @ = 360° — @' = 360° — tan"*(2./5 — 3). Now, all



the other exact solutions in the IV quadrant are coterminal to this one solution.
Thus, all the exact solutions in the IV quadrant are given by

0 =360° - tan"'(2/5 - 3) +n-360° = —tan *(2/5 - 3) + (n + 1)360°,
where n is an integer. Since tan ' (2 ﬁ — 3) ~ 55.8°, then all the approximate

solutions in the IV quadrant are given by ¢ ~ —55.8° + (n + 1)360° =
304 .2° + n-360 °, where n is an integer.

Thus, the exact solutions of the second equation tand =3 - 2 \E are
0 =—tan'(2/5 - 3) + (2n + 1)180° and 6 = — tan 1 (2/5 - 3) + (n + 1)360°,
where n is an integer. NOTE: Since the period of the tangent function is 7, then

this answer may also be written as 6 = — tan~*(2 ﬁ - 3) + (n + 1)180°,
where n is an integer.

Thus, the approximate solutions of the second equation tan @ =3 — 2.,/5 are
0 ~124.2° + n-360° and ¢ ~ 304.2° + n-360 °, where n is an integer. NOTE:

Since the period of the tangent function is 7, then this answer may also be written
as 0 ~ 124 .2° + n-180 °, where n is an integer.

Answers: Exact: 6 = tan (3 + Z\E) + n-180°
0 =-tan'(2/5 - 3) + (n +1)180°,
where n is an integer
Approximate: ¢ = 82.4° + n-180°
0 ~ 124 .2° + n-180°,
where n is an integer
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