Line, Surface and Volume

Integrals




Line integrals

/C¢dr, /Ca-dr, /Caxdr (1)

(¢ is a scalar field and a is a vector field)

We divide the path C joining the points A and B
into N small line elements Ar,, p=1,...,N. If
(p, Yp, 2p) is any point on the line element Ar,,
then the second type of line integral in Eq. (1) is
defined as

N
/ a-dr = lim a(Tp, Yp, 2p) - Tp
C

N —o0
p=1

where it is assumed that all |Ar,| — 0 as N — oc.




Evaluating line integrals

The first type of line integral in Eq. (1) can be
written as

[oar = if olwyzydot [ olay.z)dy
C C C
+ [ ooy dz
C
The three integrals on the RHS are ordinary scalar

integrals.

The second and third line integrals in Eq. (1) can
also be reduced to a set of scalar integrals by
writing the vector field a in terms of its Cartesian
components as a = azi + a,j + a k. Thus,

/a-dr /(axi+ayj+a,zk)-(da:i+dyj+dz
C C

/ (azdx + aydy + a,dz)
C

/amdx—l—/ aydy—l—/ a,dz
C C C




Some useful properties about line integrals:

1. Reversing the path of integration changes the

sign of the integral. That is,

B A
/ a-dr:—/ a-dr
A B

. If the path of integration is subdivided into
smaller segments, then the sum of the separate
line integrals along each segment is equal to the
line integral along the whole path. That is,

B P B
/ a-dr:/ aodr—l—/ a-dr
A A P




Example

Evaluate the line integral I = fCa . dr, where
a=(zx+y)i+ (y—x)j along each of the paths in
the xy-plane shown in the figure below, namely,

. the parabola y? = z from (1,1) to (4,2),

. thecurve x =2u? +u+1, y =14+ u? from
(1,1) to (4,2).

. the line y =1 from (1,1) to (4, 1), followed by
the line y = x from (4,1) to (4, 2).

s jj,_:fi’-‘? (4~ 2)

g ey

(ii1)

X

FIG. 1: Different possible paths between points (1, 1)
and (4, 2).




Answer

Since each of the path lies entirely in the zy-plane,
we have dr = dx i+ dyj. Therefore,

I:/Ca-dr:/C[(a:er)da:Jr(y—:U)dy]. (2)

We now evaluate the line integral along each path.

Case (i). Along the parabola y* = x we have
2y dy = dx. Substituting for = in Eq. (2) and using
just the limits on y, we obtain

(4,2)
I /( ey~ )]
1,1

/1 (v* + )2y + (v — y?)|dy = 11%




Case (ii). The second path is given in terms of
parameter u. We could eliminate u between two
equations to obtain a relationship between x and y
directly, and proceed as above, but it us usually
quicker to write the line integral in terms of
parameter u. Along the curve x = 2u? + u + 1,

y = 1+ u?, we have dr = (4u + 1) du and

dy = 2u du. Substituting for = and y in Eq. (2) and
writing the correct limits on u, we obtain

(4,2)
I /( ey~ )]
1,1

/1[(311,2 +u+2)(du+1) — (u* + u)2uldu
0

102
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Case (iii). For the third path the line integral must
be evaluated along the two line segments separately
and the results added together. First, along the line
y = 1, we have dy = 0. Substituting this into

Eq. (2) and using just the limits on z for this
segment, we obtain

(4,1) 4
/ (x 4+ y)dx + (y — x)dy] / (x 4+ 1)dx
( 1

1,1)
1

105
Along the line x = 4, we have dx = 0. Substituting
this into Eq. (2) and using just the limits on y, we
obtain

(4,2)
/(4 R UL

Therefore, the value of the line integral along the
whole path is 103 — 25 = 8.




Connectivity of regions

(a) _ (c)

FIG. 2: (a) A simply connected region; (b) a doubly

connected region; (c) a triply connected region.

A plane region R is simply connected if any closed
curve within R can be continuously shrunk to a

point without leaving the region. If, however, the

region R contains a hole then there exits simple
closed curves that cannot be shrunk to a point
without leaving R. Such a region is doubly
connected. Similarly, a region with n — 1 holes is
said to be n-fold connected, or multiply connected.




Green’s theorem in a plane

Suppose the functions P(z,y), Q(z,y) and their
partial derivatives are single-valued, finite and
continuous inside and on the boundary C' of some

simply connected region R in the xy-plane. Green's

theorem in a plane then states that

f(Pda:Jery // (8_@_8_]3) dr dy (3)

To prove this, let us consider the simply connected
region R below.

Y|

X

FIG. 3: A simply connected region R bounded by the

curve C.
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Let y = y1(x) and y = y2 () be the equations of the
curves STU and SV U respectively. We then write

b y2 ()
/ / opP / g / ay O
R ay a y1(x) ay

b
/ dz [P(z, )]/ ="2

/ Pz, y2(2)) — Pla, ()] da

11



If we now let x = x1(y) and = = z5(y) be the
equations of the curves T'SV and T'UV respectively,

we can similarly show that

z2(y)
/ anaj dy / dy/ da:—
8$ :B1(y

Subtracting these two results gives Green's theorem

in a plane.
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Example

Show that the area of a region R enclosed by a

simple closed curve C' is given by

A= §(xdy—yda)= ¢ xdy=—§,ydu.
Hence, calculate the area of the ellipse + = a cos ¢,

y = bsin ¢.

Answer

In Green's theorem, put P = —y and () = x. Then

]{C(wdy—ydaz)://R(1+1)d;cdy=2//Rda:dy:A

Therefore, the area of the region is

A =3 ¢ (zdy — ydaz).

Alternatively, we could put P =0 and Q = = and
obtain A = ¢, xdy, or put P = —y and Q =0,

which gives A = — ¢, ydux.

13



The area of the ellipse x = acos¢, y = bsin ¢ is

given by

1

A — jl{ (xdy — ydx)
2 Je

1

2

2T
a,_b d¢ = mab.
2 0

2m
K / ab(cos® ¢ + sin® ¢) do
0

14



Conservative fields and potentials

For line integrals of the form fc a - dr, there exists a
class of vector fields for which the line integral
between two points is independent of the path
taken. Such vector fields are called conservative.

A vector field a that has continuous partial
derivatives in a simply connected region R is
conservative if, and only if, any of the following is

true.

1. The integral ff a - dr, where A and B lie in the
region R, is independent of the path from A to

B. Hence the integral §, a - dr around any
closed loop in R is zero.

2. There exits a single-valued function ¢ of
position such that a = V.

3. Vxa=0

4. a-dr is an exact differential.

15



If the line integral from A to B is independent of
the path taken between the points, then its value
must be a function only of the positions of A and
B. We write

[ avdr=o(B) - o4) (4)
A

which defines a single-valued scalar function of
position ¢. If the points A and B are separated by

an infinitesimal displacement dr, then Eq. (4)

becomes

a-dr =do

which requires a - dr to be an exact differential. But
d¢p = V¢ - dr, so

(a—Vo)- -dr =0.

Since dr is arbitrary, a = V¢, which implies
V xa=0.

16



Example

Evaluate the line integral I = ff a - dr, where
a= (xy° + 2)i+ (z%y + 2)j + zk, A is the point
(¢,c,h) and B is the point (2¢,c¢/2,h), along the
different paths

1. (4, given by x = cu, y = ¢/u, z = h, and

2. (5, given by 2y = 3¢ —z, z = h.

Show that the vector field a is in fact conservative,
and find ¢ such that a = V¢.

17



Answer

Expanding out the integrand, we have

(2¢,¢/2,h)
I = / [(xy® + 2)dz + (z°y + 2)dy + zdz]
(c,c,h)
()

(i). Along C1, we have dx = cdu, dy = —(c/u?) du,
and on substituting in Eq. (5) and finding the limits

on u, we obtain

I:/jc(h—%)du:c(h—l)

(ii) Along C5, we have 2dy = —dx, dz =0, and on
substituting in Eq. (5) and using the limits on x, we
obtain

2 /1 9 , 9,
I:/c (513—10:5 —|—Zc:c—|—h—1)da::c(h—1

Hence the line integral has the same value along
both paths. Taking the curl of a, we have

Vxa=(0-0)i+(1-1)j+ (2xy — 22y)k = 0.

a is a conservative field.

18



Thus, we can write a = V¢. Therefore, ¢ must
satisfy

99 _ o
%—wy + z

which implies that ¢ = s2%y? + 22 + f(y, 2) for
some function f. Secondly, we require

% - —|—8f
0y_ Y oy

= 2y + 2

which implies f = 2y + g(z). Finally, since

— =T+ — =

0z 0z

we have g = constant = k. So we have constructed
the function ¢ = 22%y? + 2z + 2y + k.

19



Surface integrals

Examples,

/(pds, /¢dS, /a-dS, /ade
S S S S

S may be either open or close. The integrals, in

general, are double integrals.

The vector differential dS represents a vector area
element of the surface S, and may be written as
dS = ndS, where nn is a unit normal to the surface

at the position of the element.

(a)

FIG. 4: (a) A closed surface and (b) an open surface. In

each case a normal to the surface is shown: dS = ndS.
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The formal definition of a surface integral: We
divide the surface .S into IV elements of area AS,,
p=1,..., N, each with a unit normal n,,. If
(p, Yp, 2p) is any point in AS,,, then

N

/ a-dS = lim a(zy, Yp, 2p) - NyAS),
S

N —o00
p=1

where it is required that all AS, — 0as N — ooc.

21



Evaluating surface integrals

X’

FIG. 5: A surface S (or part thereof) projected onto a
region R in the xzy-plane; dS is the surface element at a

point P.

The surface S is projected onto a region R of the

xy-plane, so that an element of surface area d$ at

point P projects onto the area element dA. We see
that dA = | cos a|dS, where « is the angle between
the unit vector k in the z-direction and the unit

normal n to the surface at P.
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So, at any given point of S, we have simply

dA dA

" Jcosal  |n-k|

dsS

Now, if the surface S is given by the equation
f(x,y,z) =0, then the unit normal at any point of
the surface is simply given by n = V f/|V f]
evaluated at that point. The scalar element of
surface area then becomes

dA  |VfldA |V f]dA

SR vk o O

where |V f| and 0f/0z are evaluated on the surface
S. We can therefore express any surface integral
over S as a double integral over the region R in the
xy-plane.
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Example

Evaluate the surface integral I = fSa - dS, where

a = xi and S is the surface of the hemisphere
22 +y? + 22 = a® with z > 0.

Answer

. < __—a 7.1,-

- C “dA = dx dy
-

FIG. 6: The surface of the hemisphere
2 +y? +2° =a” 2> 0.

In this case dS may be easily expressed in spherical
polar coordinates as dS = a”sin 6 df do, and the
unit normal to the surface at any point is simply r.

24



On the surface of the hemisphere, we have

x = asinf cos ¢ and so

a-dS z(i-r)dS
(asin @ cos ¢)(sin 8 cos ¢)(a® sin 6 dO d¢)

Therefore inserting the correct limits on 6 and ¢, we

have

/a-dS

S
/2

a3/ do Sin39/
0 0

3

2ma
3
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We could, however, follow the general prescription
above and project the hemisphere S onto the region
R in the zy-plane, which is a circle of radius a
centered at the origin. writing the equation of the
surface of the hemisphere as

flz,y) = 2* + y* + 2° — a® = 0 and using Eq. (6),
we have

/Sa-clS:/Sa:(i-f')dS

/ r(i-r) —|Vf\ dA
R of/0z

Now V f = 2xi + 2yj + 2zk = 2r, so on the surface
S we have |V f| = 2|r| = 2a. On S, we also have
Of 0z =2z =2/a? — 22 —y2andi -t =x/a.
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Therefore, the integral becomes

72
I:// dx dv.
R\/aQ—:r:2—y2 Y

Although this integral may be evaluated directly, it

is quicker to transform to plane polar coordinates:

2 a2
P Ccos” @
=
/ a —p

2 a 3(1
cos? qbdqb/ pap
/0 0 a2 — p?

Making the substitution p = asin u, we finally

obtain

27 /2
/ cos® ¢ do / a sin® u du
0 0

2ma’

3
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Vector areas of surfaces

The vector area of a surface S is defined as

S:/dS
S

Example

Find the vector area of the surface of the
hemisphere 22 + y? + 22 = a® with z > 0.
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Answer
dS = a®sinfdf d¢t in spherical polar coordinates.

The vector area is

S://aQSinef‘degb
S

Since r varies over the surface S, it also must be
integrated. On S we have

r =sinfcos¢pi+sinfsingj+ cosfk

27 /2
il a? / cos ¢ do / sin” 0 d6
0 0
27 /2
+j | a* / sin ¢ d¢ / sin® 0 df
0 0
27 /2
+k <a2 / do / sin 6 cos 0 d@)
0 0

0+ 0+ 7wa’k

ra’k.

Projected area of the hemisphere onto the xy-plane.
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Volume integrals

/ngdV, /VadV

Examples:

Volumes of three-dimensional regions

The volume of a three-dimensional region V' is
simplpy V' = fV dV'. We shall now express it in
terms of a surface integral over §.

FIG. 7: A general volume V containing the origin and

bounded by the closed surface S.
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Let us suppose that the origin O is contained within
the V. Then the volume of the small shaded cone is
dV = %r -dS. The total volume of the region is
then given by

1
V:—]{rodS
3 Js

This expression is still valid even when O is not

contained in V.

31



Example

Find the volume enclosed between a sphere of radius
a centered on the origin, and a circular cone of half
angle a with its vertex at the origin.

Answer

Now dS = a?sin 0 df d¢ t. Taking the axis of the
cone to lie along the z-axis (from which 6 is
measured) the required volume is given by

V le{r-dS
3 Js
1 2m o
—/ dqﬁ/ a’sinfr -t df
3 Jo 0

1 2m lo'
— / do / a’ sin 6 d
3 Jo 0

2ra’
3

(1 — cos ).
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Integral forms for grad, div and curl

At any point P, we have

Vo
V -a

V X a

(Vxa)a = lim (Zjida-dr) (10)

where V' is a small volume enclosing P and S is its

bounding surface. C'is a plane contour area A
enclosing the point P and n is the unit normal to
the enclosed planar area.
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Divergence theorem and related theorems

Imagine a volume V', in which a vector field a is

continuous and differentiable, to be divided up into

a large number of small volumes V;. Using Eq. (8),

we have for each small volume,

(V-a)%%% a-ds,
S.

(2

where S; is the surface of the small volume V.
Summing over ¢, contributions from surface
elements interior to S cancel, since each surface
element appears in two terms with opposite signs.
Only contributions from surface elements which are
also parts of S survive. If each V; is allowed to tend
to zero, we obtain the divergence theorem

/VV-adV:jia-dS (11)

If we set a = r, we obtain

/V-rdV:/Z%dV:SV:jI{r-dS
1% 1% S
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Example

Evaluate the surface integral I = [ a - dS, where
a=(y—x)i+x?zj+ (2 +2*)k, and S is the open
surface of the hemisphere 22 + y? + 22 = a2, 2 > 0.

Answer

Let us consider a closed surface S’ = S + Sy, where
S7 is the circular area in the xy-plane given by

2 +y? < a?, z=0; S then encloses a

hemispherical volume V. By the divergence
theorem, we have

/V-adV:j{ a-dS:/a-dS+/ a-dS
1% S’ S S1

Now V-a=—-1+0+1=0, so we can write

/a-dS:—/ a-dS
S S1

The surface element on 57 is dS = —k dz dy.
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On S1, we also have a = i+ 22k, so that

I:—/adS //a:da:dy,
S1

where R is the circular region in the xzy-plane given
by 22 4+ y? < a?. Transforming to plane polar
coordinates, we have

I / / 02 cos® ppdpde
2T a
/ c032¢d¢/ p>dp
0 0

7TCL4

1
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Green’s theorem

Consider two scalar functions ¢ and 1 that are
continuous and differentiable in some volume V
bounded by a surface S. Applying the divergence
theorem to the vector field pV, we obtain

]i oV - dS /V V- (V1)) dV

/V V20 4 (Vo) - (V)] dV
(12)

Reversing the roles of ¢ and % in Eq. (12) and
subtracting the two equations gives

]fs (GVi— T p)-dS — /V (GV2h—pV20) dV (13)

Equation (12) is usually known as Green's first

theorem and (13) as his second.
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Other related integral theorems

If ¢ is a scalar field and b is a vector field and both
satisfy the differentiability conditions in some
volume V' bounded by a closed surface S, then

VodV ]f ¢ dS (14)
S

/bedV ]{deb (15)
1% S
Proof of Eq. (14)

In Eq. (11), let a = ¢c, where c is a constant
vector. We then have

/‘/V°(¢c)dV:]§q§c°dS

Expanding out the integrand on the LHS, we have
V- (¢c) = ¢V -c+c Vo =c-Ve.
Also, ¢c - dS = c - ¢dS, so we obtain

c-/‘/V¢dV:c°]§q§dS.

Since c is arbitrary, we obtain the stated result.
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Example

For a compressible fluid with time-varying
position-dependent density p(r,t) and velocity field
v(r,t), in which fluid is neither being created nor
destroyed, show that

op B
E‘FV'(pV)—O

Answer

For an arbitrary volume in the fluid, conservation of
mass says that the rate of increase or decrease of

the mass M in the volume must equal the net rate
at which fluid is entering or leaving the volume, i.e.

dM
— = —7{ pv - dS,
dt g

where S is the surface bounding V. But the mass of
fluid in V is M = fvpdV, so we have

d
— pdV+jI{pV-dS:O
dat Jy s
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Using the divergence theorem, we have

/V %d‘/—i—/‘/ V-(pv)dV =/V [% + V- (pv)] dV

Since the volume V is arbitrary, the integrand must

be identically zero, so

op B
a%—V-(pv)-O
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Stokes’ theorem and related theorems

Following the same lines as for the derivation of the
divergence theorem, we can divide the surface S
into many small areas \S; with boundaries C’; and

with unit normals n;. Using Eq. (10), we have for

each small area

(an)-ﬁiSi%j{ a-dr

C;

Summing over ¢ we find that on the RHS all parts of
all interior boundaries that are not part of C are
included twice, being traversed in opposite
directions on each occasion and thus contributing
nothing. Only contributions from line elements that
are also parts of C survive. If each §; is allowed to
tend to zero, we obtain Stokes' theorem,

/S(an)-dS:]ia-dS (16)

41



Example

Given the vector field a = yi — zj + zk, verify
Stokes' theorem for the hemispherical surface
2 +y? + 22 =a’ 2z >0.

Answer

Let us evaluate the surface integral

/S(an)-dS

over the hemisphere. Since V x a = —2k and the
surface element is dS = a?sin 0 df d¢ T, we have

27 /2
/(v x a) - dS / dqb/ df(—2a” sin 0)t - k
S 0 0

27 /2

—20,2/ dgb/ sin 0 (5) d0
0 0 a
27 /2

—2a2/ dgb/ sin f cos 6 db
0 0

—97a?.

42



The line integral around the perimeter curve C (a
circle 2 + y? = a? in the xy-plane) is given by

fa-dr f(yi—xj%—zk)-(daci+dyj+dzk)
C C

# (o~ zay)

Using plane polar coordinates, on C' we have
xr =acos®, y=asin@® so that dr = —asin ¢ do,
dy = acos @ do, and the line integral becomes

27
7{ (ydr —xdy) = —a* / (cos® ¢ + sin® ¢) do
C 0

27
—a2/ dp = —2ma*
0

Since the surface and line integrals have the same

value, we have verified Stokes' theorem.
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Related integral theorems

/SdS < Vo ]igbdr (17)
/S(deV)xb j{)drxb (18)

Proof of Eq. (17)

In Stokes' theorem, Eq. (16), let a = ¢c, where c is
a constant vector. We then have

/ [V X (¢c)] - dS = j{ ¢c - dr (19)

S C

Expanding out the integrand on the LHS, we have
VX (¢pc)=Voxc+ oV xc=V¢ X c.

so that

'V x (¢c)] - dS = (V¢ x c)-dS = c - (dS x Vo).
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Substituting this into Eq. (19), and taking c out of
both integrals, we find

c-/Sdeng:c-jiqbdr

Since c is an arbitrary constant vector, we therefore

obtain the stated result.
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