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1. Introduction

Description of a sex linked inheritance with algebras involves overcoming the obsta-
cle of asymmetry in the genetic inheritance rules. Inheritance which is not sex linked
is symmetrical with respect to the sexes of the organisms [5], while sex linked in-
heritance is not (see [4,6]). The main problem for a given algebra of a sex linked
population is to carefully examine how the basic algebraic model must be altered
in order to compensate for this lack of symmetry in the genetic inheritance system.
In [2], Etherington began the study of this kind of algebras with the simplest possible
case.

Now the methods of mathematical genetics have become probability theory, stochas-
tic processes, nonlinear differential and difference equations and non-associative al-
gebras. The book [5] describes some mathematical methods of studying algebras of
genetics. This book mainly considers a free population, which means random mat-
ing in the population. Evolution of a free population can be given by a dynamical
system generated by a quadratic stochastic operator (QSO) and by an evolution al-
gebra of a free population. In [5] an evolution algebra associated to the free popula-
tion was introduced and, using this non-associative algebra, many results are obtained
in explicit form, e.g., the explicit description of stationary quadratic operators, and
the explicit solutions of a nonlinear evolutionary equation in the absence of selec-
tion, as well as general theorems on convergence to equilibrium in the presence of
selection. In [3] some recently obtained results and also several open problems re-
lated to the theory of QSOs are discussed. See also [5] for more detailed theory of
QSOs.

Recently in [4] an evolution algebra B was introduced identifying the coefficients of
inheritance of a bisexual population as the structure constants of the algebra. The basic
properties of the algebra are studied. Moreover a detailed analysis of a special case of
the evolution algebra (of bisexual population in which type “1” of females and males
have preference) was given. Since the structural constants of the algebra B are given by
two cubic matrices, the study of this algebra is difficult. To avoid such difficulties we
have to consider an algebra of bisexual population with a simplified form of matrices
of structural constants. In this paper we consider a such simplified model of bisexual
population and study corresponding evolution algebra.

The paper is organized as follows. In Section 2 we define our algebra as an evolution
algebra which corresponds to a bisexual population with a set of females partitioned into
finitely many different types and the males having only one type. Then we study basic
properties (associativity, non-associativity, commutativity, power-associativity, nilpo-
tency, unitality, etc.) of the algebra. Section 3 is devoted to subalgebras, absolute
nilpotent elements and idempotent elements of the algebra. In Section 4 the set of all
operators of left (right) multiplications is described. In Section 5, under some condi-
tions, it is proved that the corresponding algebra is centroidal. The last section gives a
classification of 2-dimensional and some 3-dimensional algebras.
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2. Definition and basic properties of the EACP

We consider the set H (the set of “hen”) and r (a “rooster”).

Definition 2.1. Let (C, -) be an algebra over a field K of characteristic # 2. If C = H® Kr
admits a multiplication given by

xr =rz = p(x) + p(x)r, VYre H,
xy =0, rr=0, Va,y€ H, (2.1)

where ¢ € Endg (H) and p € H*, is a linear map then this algebra is called an evolution
algebra of a “chicken” population (EACP).

Remark 2.2. If H is finite-dimensional and {h1, ..., h,} is a basis of H and {hy, ..., hp,7}
the basis of C, then taking ¢ = %% = %u, we have h;r = rh; = %(Z;;l a;jhj +b;r).
We call the basis {hq,..., h,,r} a natural basis.

Moreover, if

> ai =1 bi=1 foralli=1,2,...,n (2.2)
j=1

then the corresponding C is a particular case of an evolution algebra of a bisexual popu-
lation, B, introduced in [4]. The study of the algebra B is difficult, since it is determined
by two cubic matrices. While, in the case finite-dimensional, the algebra C is simpler,
since it is defined by a rectangular n X (n + 1)-matrix

a1 G2 ... Gip b1
a1 a9 e agn bg
Apl Ap2 .. Gpn  bp

We recall the following definitions: If a, b and ¢ denote arbitrary elements of an algebra
then

Associative: (ab)e = a(be).

Commutative: ab = ba.

Anticommutative: ab = —ba.

Jacobi identity: (ab)c + (be)a + (ca)b = 0.

Jordan identity: (ab)a® = a(ba?).

Alternative: (aa)b = a(ab) and (ba)a = b(aa).

Flexible: a(ba) = (ab)a.

Power-associative: For each element a the subalgebra generated by a is associative,
that is a™a™ = a™*", for all nonnegative integers n, m.
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Fourth power-associative: Each element a satisfies the identity a?a? = a*. It is known

that if the characteristic of K satisfies char K # 2,3, 5 and the algebra is flexible (particu-
larly commutative), then being fourth power-associative implies being power-associative

(see [1]).

It is known that these properties are related by

e associative implies alternative implies power-associative;

o associative implies Jordan identity implies power-associative;

e each of the associative, commutative, anticommutative properties, Jordan identity,
and Jacobi identity individually imply flexible.

For a field with characteristic not two, being both commutative and anticommutative
implies the algebra is just {0}.
By [4, Theorem 4.1] we have

(1) Algebra C is not associative, in general.
(2) Algebra C is commutative, flexible.
(3) C is not power-associative, in general.

Now we shall give conditions under which C will be associative and fourth power-
associative.

Theorem 2.3. C alternative implies C3 = {0}.

Proof. C alternative implies that for all z € H, we have (zr)r = zr? = 0 and z(zr) =
2%r = 0. Thus,

0= (p(x) + p(x)r)r = p(@)r = @*(x) + p(p(x))r,

and

0= 2(p(2) + ple)r) = ple)er = pl@) (p(@) + p(2)r) = pa)p(e) + plz)r.

Therefore, p?(z) = 0 and u(z) =0, Vo € H.

Let a = x4+ ar, b =y + pr, ¢ = z 4+ vr elements in C. Since p = 0 we have that
ab = (z + ar)(y + Br) = Bxr + ayr = Bo(z) + ap(y).

Therefore, using that ¢ = 0 and ¢? = 0, we get

(ab)e = (Bo(x) + ap(y)) (z + r) = Bye(z)r + ayp(y)r = Bre”(z) + ave®(y) = 0,
and so C3 = {0}. O

Corollary 2.4. C alternative if and only if C is associative if and only if i = 0 and ¢* = 0.
Moreover, C satisfies Jacobi and Jordan identities.
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We note that the conditions (2.2) and of Corollary 2.4 cannot be satisfied simultane-
ously, so the corresponding algebra B of a bisexual population is not associative.

Example 2.5. For n = 2, the following matrix

air a2 0)
)
a1 —air O
satisfies the conditions of Corollary 2.4, for any a1, a1z, as; with a%l = —@1209].

Theorem 2.6. C is fourth power-associative if and only if = 0 and ¢* = 0, that is, @ is
a nilpotent operator.

Proof. Let a = z + ar be an element in C. Then

a® = 2azr = 2a(p(z) + p(z)r),
@20 = (20(p(x) + p()r)* = 102 (2pu(a))p(2)r = 802 u(x) (P*(@) + u(p(@)7).

On the other hand,

a® = a’a = 2a(p(z) + p(z)r) (z + ar) = 2a(ap(z)r + p(z)ar)
() + p(@)p(z) + p(z)*r]

and

a* = d*a = 2a[ag? (@) + p(x)p(x) + (an(p(x)

) + n(=)
— 200?60 (@)r + ap(@)p(@)r + (ap(p(@) + p(x)?)
= 2a[a?(p*(2) + p(P?(2))r) + ap(@) (¢ (@) + ple(
+ap(p(@)) (p(@) + ple)r) + plz)? (e(z) +
= 2a[a’*(z) + ap()p? () + ap(p(@))p(z)
+ (@Pp(p* (@) + 2ap(z)p(p(@)) + px)*)r].

+ =
=
&
[V
%
&

(I

Therefore, since char(K) # 2, we get a?a? = a* for all a € C if and only if
dop(x) (¢*(@) + n(p(@))r) = a?*(2) + an(z)* (@) + au(p(x))p(@) + p(z)*e(2)
+(0?p(@*(2)) + 20p(@)p(p(2) + p(@)’)r,

for all z € H,a € K. Thus, p(z)? =0 and p(x) = 0. So, ¢3(z) = 0, that is ¢® = 0 and
Theorem 2.6 follows. 0O
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Example 2.7. The EACP of dimension 4 given by the matrix
0 01 0
0 00 0],
01 00

is fourth power-associative (u = 0 and ¢* = 0) but not associative, since it does not
satisfy ? = 0. Moreover, if char K # 2, 3,5, then the algebra is power-associative.

Definition 2.8. An element z of an algebra A is called nil if there exists n(z) € N such
that (--- ((z-x)-x)---x) = 0. The algebra A is called nil if every element of the algebra
—_———

is nil.

For k > 1, we introduce the following sequences:

AWM = 4, AFFD — gk) g(k).
AL — A, AR — A<k>A;

k-1
Al = A, AR AA
i=1
Definition 2.9. An algebra A is called

(i) solvable if there exists n € N such that A = 0 and the minimal such number is
called index of solvability;
(ii) right nilpotent if there exists n € N such that A = 0 and the minimal such
number is called index of right nilpotency;
(iii) nilpotent if there exists n € N such that A™ = 0 and the minimal such number is
called index of nilpotency.

We note that for an EACP, notions as nil, nilpotent and right nilpotent algebras are
equivalent. However, the indexes of nility, right nilpotency and nilpotency do not coincide
in general.

From Theorem 2.3 it follows

Corollary 2.10. C alternative implies that C is nilpotent with nilindex 3.

Remark 2.11. ;4 = 0 implies that C is solvable. In fact, if 4 =0 and a = z + ar € C then
a? = 2a(x). Therefore C?) = p(H) C H and C?C? c H? = 0. So, C is solvable.

Proposition 2.12. Let C be a non alternative algebra. If C is fourth power-associative then
C is nilpotent with nilindex 4.
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Proof. It is enough to prove that C is right nilpotent. From Theorem 2.6, C is fourth
power-associative if and only if u = 0 and ¢® = 0. Since u = 0 we have

C<2> :SD(H)’
e =C¢ = p(H)C = o(H)r = ©*(H),
cw —eB®e = SOQ(H)C — @2([{)7‘ = @3(1{) =0,

since > =0. O

Corollary 2.13. Let C be a non alternative algebra. Then C is a Jordan algebra if and
only if C power-associative algebra.

Proof. It is known that a Jordan algebra is power-associative. Conversely, let C power-
associative then C is fourth power-associative and Proposition 2.12 implies C* = 0 and
C satisfies the Jordan identity. O

Recall that an algebra is unital or unitary if it has an element a with ab = b = ba for
all b in the algebra.

Proposition 2.14. The algebra C is not unital.
Proof. Assume a = x + ar is a unity element. We then have ar = r which gives ¢(x) +
u(x)r = r, so ¢(x) = 0. From az = z we get axr = z. Since p(x) = 0, we obtain

ap(x)r = x, which is a contradiction. This completes the proof. O

An algebra A is a division algebra if for every a,b € A with a # 0 the equations
ax = b and xa = b are solvable in A.

Proposition 2.15. If C is finite-dimensional, then the algebra C is not a division algebra.
Proof. Since C is finite-dimensional we will use Remark 2.2 to have the multiplication
hir = th; = %(27:1 ai;hj + b;r). Since C is a commutative algebra we shall check

only az = b. For coordinates of any a = Y. | azh; + ar, b = Y. | Bihi + fr, . =
> Xihi + xr, the equation az = b has the following form

(Z aijai> X+ a Z aijXi = 25,

i=1 =1

(Zbiai>x+o‘zbi)ﬁ—267 j:l,...,n.
i=1 i=1

So this is a linear system with n 41 unknowns x1, ..., Xn, X. This system can be written
as My = B where y©' = (x1,---, Xn, X), B=2(B1,.--,Bn,3) and
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n

aal]  oasy ... Qlp Zi:lailai
n

aaly Aoy ... QGp3 Zi:laﬁai

M =

n

Qa1,  QA2, ... Qlpn Y g Gin0y
n

Oébl Oébg PN Oébn Zi:l bZ‘Oéi

By the very known Kronecker—Capelli theorem the system of linear equations My = B
has a solution if and only if the rank of the matrix M is equal to the rank of its augmented
matrix (M| B). Since the last column of the matrix M is a linear combination of the other
columns of the matrix, we have rank M < n. Moreover, since the dimension of the algebra
C is n+ 1 we can choose b, i.e., the vector B such that rank(M|B) = 1 + rank M. Then
for such b the equation ax = b is not solvable. This completes the proof. O

3. Evolution subalgebras, absolute nilpotent elements and idempotents elements of C
By analogues of [7, Definition 4, p. 23] we give the following
Definition 3.1. Let C be an EACP, and C; be a subspace of C.
IfC, = HH® Kr,Hy C Hyp1 = ¢|g, and pu; = p|g,, with multiplication table
like (2.1), then we call C; an evolution subalgebra of the chicken population (CP) C.

The following proposition gives some evolution subalgebras of a CP.

Proposition 3.2. Let C be a finite-dimensional EACP with basis {h1, ..., hn,r} and matriz

aiy 0 0 0 bl
a1 a2 O 0 by
M = .
an1  Gp2 Gn3 Ann b’ﬂ
Then for each m, 1 < m < n, the algebra C,, = (h1,...,hpm,ry C C is an evolution

subalgebra of a CP.

Proof. Recall that since C is finite-dimensional we will use Remark 2.2 to have the
j=1
closed under multiplication. The chosen subset of the natural basis of C satisfies (2.1). O

multiplication h;r = rh; = %(Z a;jhj+b;r). For a given M it is easy to see that C,, is

The following is an example of a subalgebra of C, which is not an evolution subalgebra
of a CP.

Example 3.3. Let C be a finite-dimensional EACP with basis {h1, he, hs,r} and multi-
plication defined by h;r = h; +r, 1 =1,2,3. Take u; = hy + r, ug = hy + r. Then



356 A. Labra et al. / Linear Algebra and its Applications 457 (2014) 348-362

(auy + bug)(cuy + dus) = acu? + (ad + be)uiug + bdu
= (2ac + ad + bc)uy + (2bd + ad + be)us.

Hence, F = (uj1,us) is a subalgebra of C, but it is not an evolution subalgebra of the
CP C. Indeed, assume {vy,v2} is a basis of F. Then v; = auy +bus and v = cuy +dug for
some a, b, ¢,d € K such that D = ad—bc # 0. We have v = (2a% +2ab)u + (2% +2ab)us
and v3 = (2¢? + 2cd)uy + (2d* + 2ed)uz. We must have v¥ = v3 =0, i.e.,

a?+ab=0, b2 +ab=0, 24 ed=0, d? 4+ ed = 0.

From this we get a = —b and ¢ = —d. Then D = 0, which is a contradiction. If a =0
then b = 0 (resp. ¢ = 0 then d = 0), we reach the same contradiction. Hence v? # 0 and
v3 # 0, and consequently F is not an evolution subalgebra of the CP C.

O = % then the trajectory

If we write z*! for the power (--- (22)%---) (k times) with =
with initial z is given by k times iteration of the operator V, i.e., V¥(x) = z[¥. This
algebraic interpretation of the trajectory is useful to connect powers of an element of
the algebra and with the dynamical system generated by the evolution operator V. For
example, zeros of V| i.e., V(x) = 0, correspond to absolute nilpotent elements of C and
fixed points of V, i.e., V(z) = z, correspond to idempotent elements of C.

The following proposition describes the nonzero absolute nilpotent elements (a? = 0)

of C.

Proposition 3.4. a = x + ar is a nonzero absolute nilpotent element of C if and only if
a=0or (p(x) =0 and p(z) =0).

Proof. Let a = x + ar be a nonzero absolute nilpotent element of C. Then o # 0 or
x # 0. Therefore, a®> = (z + ar)? = 2azr = 2a(p(r) + p(x)r). Then a? = 0 <>
20(p(x) + p(z)r) =0<= a=0or (p(x) =0 and u(x) =0). O

Now we shall describe idempotent elements of C, these are solutions to a? = a.

Proposition 3.5. ¢ = x + ar is a nonzero idempotent of C if and only if « # 0, p(z) = %
and x is an eigenvector of ¢ with eigenvalue ﬁ

Proof. Let ¢ = z + ar be a nonzero idempotent of C. Then « # 0 or x # 0. Therefore,

e? = e <= 2ap(z) + 2ap(x)r =  + ar <= 2ap(z) = z and 20u(z) = o = p(z) =

1

s5q 2 and p(r) = % and proposition follows. O

Remark 3.6. Let x be an element of H such that ¢(z) = Az (for some A # 0) and

u(x) # 0, then e = 2#1@7)33 + %r is a nonzero idempotent of C.
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4. The enveloping algebra of an EACP

For a given algebra A with ground field K, we recall that multiplication by elements
of A on the left or on the right give rise to left and right K-linear transformations of
A given by L,(z) = ax and R,(x) = wa. The enveloping algebra, denoted by £(A), of
a non-associative algebra A is the subalgebra of the full algebra of K-endomorphisms
of A which is generated by the left and right multiplication maps of .A. This enveloping
algebra is necessarily associative, even though A may be non-associative. In a sense this
makes the enveloping algebra “the smallest associative algebra containing .A”.

Since an EACP, C, is a commutative algebra the right and left operators coincide, so
we use only L,.

Theorem 4.1. Let C be a finite-dimensional EACP with a natural basis {h1,...,hn,7}.
If Ker(o) NKer(p) =0 and H ¢ Ker(p) (or H ¢ Ker(u)) then {L1,..., Ly, L} (where
L; = Ly, ) spans a linear space, denoted by span(L,C), which is the set of all operators
of left multiplication. The vector space span(L,C) and C have the same dimension.

Proof. If we prove that L, is an injection for every a € C, the linear space that is spanned
by all operators of left multiplication can be spanned by the set {L;,s = 1,...,n,r}. This
set is a basis for span(L,C).

Therefore, we will prove that L, is an injection for every a € C. Let L, = L. then
L,(b) = L.(b) for all b € C. Since a, b, ¢ are elements in C we have a = z+ar, b = y+ fr,
¢ =z +~r. We have for all b € C,

L,(b) =L.(b) <= ab=cb <= Pfar+ayr=PGzr+yyr.

If 3 =0, then ayr = yyr or a(p(y) + u(y)r) = 7(o(y) + u(y)r). SinceH ¢ Ker(p) (or
H ¢ Ker(u)) we have that a = .

If 3 # 0,y = 0, then Szr = Bzr implies that zr = zr, that is o(z) + p(z)r =
©(z) + pu(z)r. Therefore p(z) = ¢(z) and p(x) = u(z) and z — z € Ker(p) NKer(u) = 0.
Thus, ¢ = z and a = ¢. So L, is an injection. O

Proposition 4.2. For any b = y + fr € C and any h,hy,ha,...,h,, € H the following
hold

m—1

Ln, oLy . o...0Ly (b)= (H ,u(hj)>Lhm(b), (4.1)
j=1

Ly o Li(b) = Ly (D), (4.2)

Ly o Ly(b) = u(y)Ln(r). (4.3)

Proof. Recall that for any h € H, rh = hr = ¢(h) + p(h)r.
(1) To prove (4.1) we use mathematical induction over m. For m = 2 we have
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(Lhy © Ly, )(0) = Ly (ha(y + 1)) = Ln, (Bhar) = L, (B (h1) + Bu(ha)r)
= ha (B (h1) + Bu(ha)r) = Bu(hi)har = u(hy) L, (b).

Assume now that the formula (4.1) is true for m, we shall prove it for m + 1:

m—1
Lhm+1 © Lhm ©...0 th (b) Lhm+1 ( H N(hj)Lhm (b)>

Jj=1

m—1 m
= H :u‘(h] hamt1 © Lh ) = <H M(h])> Lhm+1 (b)

(2) Proof of (4.2):
Ly o Lp(b) = Ly (h(y + Br)) = Ly(Bhr) = r(Be(h) + Bu(h)r) = Be(h)r = Lyny (D).
(3) Proof of (4.3):

Ly o Ly(b) = h(r(y + Br)) = h(ry) = h(e(y) + n(y)r)
= ho(y) + h(u(y)r) = p(y)hr = p(y)Lu(r). O

5. The centroid of an EACP

We recall (see [7]) that the centroid of an algebra A, I'(A), is the set of all linear
transformations 7' € Hom(A,.A) that commute with all left and right multiplication
operators

TL,=L,T, TR,=R,T, foralzyecA
An algebra A over a field K is centroidal if I'(A) = K.

Theorem 5.1. Let C be a finite-dimensional EACP and {hy,...,hy, 7} be a natural basis
of C. If i is an injection then C is centroidal.

Proof. Let T € I'(C), then TL,(c) = L,T(c) for all a,c € C. We will prove that there
exists A € K, such that T'(r) = Ar and T'(h;) = Mh; for all by, i =1,...,n
Assume that T(r) =y + Br, T(h;) = z; + yir with y,2; € H, B,v; € K.
We have that
0=TL.(r) = LT(T(T)) — 0= T(T(r)) — 0=ry=o(y)+ uly)r.
This implies that ¢(y) = 0 and pu(y) = 0. Since Ker(u) = 0, we get y = 0 and

T(r) = Br. (5.1)
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On the other hand we have

L,T(h;) = T'Ly(h)
< 7T (h;) =T(rh;)
= rzi=T(p(hi) + p(hi)r)
= o(z) +plz)r =T (p(hi)) + T (u(hi)r)
= p(z) + plzi)r =T (p(h)) + p(hi)T(r)
= 9(zi) + plzi)r = T(p(hi)) + p(hi)Br
= (=) =T(p(h:)) and  p(zi) = p(hi)b
< ¢(z) =T(p(h;)) and z — Bh; € Ker(n) = {0}
2 = fBh;. (5.2)

Finally,

Ly, T(hi) = TLp,(hs)
— hT(hi)=0 <= hi(Bhi+~vr)=0
=  hir=0 <= yp(hi)+viulh)r=20
< 7ip(hi) =0 and yip(hi) =0 <= yp(hi) =0 and p(yih;) =0.

This implies that v;h; € Ker(u) = {0}. Then
vi =0. (5.3)
Using Egs. (5.1), (5.2) and (5.3), we get
T(h;) = Bhi, T(r) = pr,

where [ is a scalar in the ground field K. That is, T is a scalar multiplication. Conse-
quently, I'(C) =2 K and C is centroidal. O

6. Classification of 2 and 3-dimensional EACP

Let C be a 2-dimensional EACP and {h,r} be a basis of this algebra.
It is evident that if dimC? = 0 then C is an abelian algebra, i.e., an algebra with all
products equal to zero.

Proposition 6.1. Any 2-dimensional, non-trivial EACP C is isomorphic to one of the
following pairwise non isomorphic algebras:
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Ci: th=hr=h, h2=r2=0,
Co: th=hr=%(h+7r), h* =r?=0.

Proof. For an EACP C we have
1 2 2
rh:hrzi(athbr), h*=7r*=0.

Case: a # 0, b = 0. By change of basis h’ = h and r’ = %r we get the algebra C;.
Case:a=0,b#0. Take i/ =r and r’ = %h then we get the algebra C;.
Case: a # 0, b # 0. The change b’ = 17, and ' = 3 h implies the algebra Ca.

Since C3C? = 0 and C3C3 # 0, the algebras C; and C are not isomorphic. 0O

We note that the algebra Cs is known as the sex differentiation algebra [6].
Let now C be a 3-dimensional EACP and {hq, ha, 7} be a basis of this algebra.

Theorem 6.2. Any 3-dimensional EACP C with dim(C?) = 1 is isomorphic to one of the
following pairwise non isomorphic algebras:

Ci: hir=r;
CQZ th = hQ,‘
C3: hir = hy +r.

In each algebra we take rh; = h;r, i = 1,2 and all omitted products are zero.
Proof. For a 3-dimensional EACP C we have

1 1
hl’l" = T‘h1 = §(Gh1 +bh2 +A’I"), hg’l’ = Thg = §(Ch1 +dh2 +BT),
h? = h3 = hihy =r* = 0.

First we note that non-zero coefficients of hir can be taken 1. Indeed, if abA # 0
then the change of basis b} = %hl, hYy = %h@, r = %'r makes all coefficients of hir
equal 1. In case some a, b, A is equal 0 then one can choose a suitable change of basis
to make non-zero coefficients equal to 1. Therefore we have three parametric families:

hor = rhy = 1(chi + dhy + Br) with one of the following conditions

) hir =rhy =7,
) th‘:’I“hl :h27
) hir=rhy =hy +r,
(iv) hir =rhy = ha +r,
) har =rhy = hy + ha + 1,
) h17“:’l“h1 :hl,
) hir =rhy = hy + he.
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If dim(C?) = 1, then har is proportional to hyr. From above-mentioned (i)—(vii) it
follows the following cases for hi7 and har.

Case (i): In this case hir = r and hor = cr for some ¢ € K. If ¢ = 0 we get the
algebra C;. If ¢ # 0 then by the change

1
h/l = hl, hl2 = —h1 + EhQ, ’I’/ =7,

we again obtain the algebra C;.
Case (ii): In this case hir = hy and har = chy for some ¢ € K. If ¢ = 0 we get the
algebra Cs. If ¢ # 0 then by the change

1
hy = -r, hi = chy — ha, r’ = ho,
c

we get the algebra C;.
Case (iii): In this case we have hyr = hy + 7 and hor = ¢(hy 4+ r) for some ¢ € K. If
c =0 we get the algebra C3. If ¢ # 0 then by the change

1
hllzhh h/QZZhQ_h17 7"/:’/“,

we get the algebra Cs.
Case (iv): We have hir = hy +r and hor = ¢(ha + 1) for some ¢ € K. If ¢ = 0 then
by the change

hllzh,l, hé:hz, Tl:hg -|-’]",
we get the algebra C;. If ¢ # 0 then by the change
1 1
hll = —hg, h/2 = —h2 — hl, T'/ = -,
¢ c

we get the algebra Cs.
Case (v): We have hyr = hy + ho + 7 and hor = ¢(hy 4+ he + 1) for some ¢ € K. If
¢ # —1 then by the change
1 ) 1 |

]'Lll = ]_—4»0(]11 + hg), h2 = ]_—4»0(_017/1 + hg), r = r,

we get the algebra C3. If ¢ = —1 then by the change
h/lzhl, hé:h1+h2, T’/:h1+h2+’l",

we get the algebra Cy.
Case (vi): We have hyr = hy and hor = ch; for some ¢ € K. In this case by the
change
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i ! !
hy =r, o = chi — ho, r’ = hi,

we get the algebra C;.
Case (vii): In this case hir = hy + ho and hor = c¢(hy + hg) for some ¢ € K. In the
case ¢ = —1, by making the change

,
h/1:§7 5 = h1+ ho, ' =hi — ha,

we get the algebra Cs. For ¢ #£ —1, by taking the change

r
b =
7 1+4¢

; 5 = hg — ch, 7' = hy + ho,

we get the algebra C;.
The obtained algebras are pairwise non-isomorphic. This may be checked by compar-
ison of the algebraic properties listed in the following table.

C?C? =0 Nilpotent

Ci  Yes No
Cs Yes Yes
Cs No No
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