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Introduction

Time series analysis provides a framework for modeling a wide variety of phenomena,
among which those in electrical engineering, astronomy, oceanography, ecology, demog-
raphy, macroeconomy, insurances. Some models are settled in continuous time, though
statisticians have paid specific attention to discrete models. A main problem faced in
presence of sampled a time series is the detection of the “signal” in conjunction with
the removal of the “noise”. This terminology, borrowed from electrical engineering with
reference to electrical devices, furnishes an insight also in modeling time series in different

contexts.

Series derived from natural phenomena are often thought as “stationary”, meaning
that the generating process should maintain the same properties during the time passing.
Stationary time series thus gave rise to a very popular and successful family of models
(see Box and Jerkins, 1970)

The hypothesis of stationarity immediately fails in presence of changing phenomena.
In particular the decomposition of time series in economics modeling arises from the
modern Macroeconomic theories, which use to explain Economic phenomena as made up
of two components: one of long-run equilibrium (trend), studied in the growth theories,
and one of short-run fluctuations (cycle), typically in the range of 1.5 and 8 years. Under

this assumption a discrete univariate time series admits the decomposition:
(1) Yt = Tt + Kt + €¢.

We shall refer to 7 as the trend, to ; as the cycle, and we let €; be a random error.
Further, 74, k¢ and €; are modeled separately. Equation (1) furnishes a simple version of
an Unobserved Component (UC) model, and it constitutes one of the most discussed

model used for trend-cycle decomposition.

Even in presence of a long lasting trend it is interesting to capture the cyclical

component of a series. Deviation from the trend can heavily affect the evolution of a

xi



xii INTRODUCTION

phenomena and thus have an impact on decisions to be undertaken. This is evident
for macroeconomic series data.For economic series, theoretical constructs and empirical
analysis have put the attention on the “Business Cycle”. In their seminal paper Burns
and Mitchell (1946) defined the business cycle as follows:

Business cycles are a type of fluctuation found in the aggregate economic activity
of nations that organize their work mainly in business enterprises: a cycle consists of
expansion occurring at about the same time in many economic activities, followed by
similarly general recessions, contractions, and revivals which merge into the expansion
phase of the next cycle: this sequence of changes is recurrent but not periodic; in duration
business cycles vary from more than one year to ten or twelve years; they are not divisible
into shorter cycles of similar character with amplitude approximating their own.

A specific quasi-periodical component of an economical time series is addressed as
“seasonality”, and is easily ascribed to alternating seasons and to the effect of it on human
activities.

The distinction among trend, cycle and seasonality can be more blurred, thus the
estimation of these components if often conducted jointly.

The aim of this thesis is modeling the cyclical component of time series by means of
a local trigonometric model.

Trigonometric functions appear to be a very natural technique to model cycles, and
their use can be ascribed first to Ancient Greeks, who described the motion of planets
by means of eccentrics, deferentes cycles, epicycles and gave a first application of what
would have be called later “Fourier analysis” (see Gallavotti, 2001). Schuster (1897, 1906)
and Fisher (1929) later tried to identify hidden periodicities in astronomical time series
fitting series by means of trigonometric trend.

Fitting by means of trigonometric functions gives rise to specific problems. First,
approximating a non periodic function in a finite interval by means of trigonometric
functions generates the so called “Gibbs phenomenon”, that is the presence of wiggles
at the extremes of the interval, which does not fade by increasing the order of the
approximation. Secondly, the rate of convergence trigonometric function is o(n_l/ 2)
globally and o(n*Q/ 3) locally, and it does not reach the theoretical maximum order of
convergence o(n~%/°) available in nonparametric regression.

Open problems remain: estimating the order of the model and balancing between
localization in the time domain and in the frequency domain.

A variety of alternatives is available in order to model cycles in a time series, among
which stochastic harmonic models and pseudocycles generated in a ARM A(p, q) (see
Harvey, 1993).
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The thesis is structured as follows.

Chapter 1 reviews some basic concepts related to time series and to trigonometric
models, including the different possible definitions of trigonometric process, the notion of
filter of a series and the main cases of kernel smoothers and LTI filter, and the setting of
Fourier analysis, which allows to represent a series both in the “time domain” and in the
“frequency domain” .

Chapter 2 examines some time-limited filter commonly employed to extract cycles
from a macroeconomic time series. Among the chosen models there are the family of
Wiener-Kolmogorov filters, ad hoc filter such as the Hodrick-Prescott filter, the Baxter
and King filter, the Christiano and Fitzgerald filter, the family of Butterworth filters,
providing a comparison among their theoretical properties. In this chapter it is proposed a
generalization of the filter proposed by Christiano and Fitzgerald (2003) suitable to detect
cycles associated to specific frequencies in presence of high order integrated processes,
and they are performed simulation on IMA(2,1), IMA(2,2) processes.

Chapter 3 is focused on local methods of smoothing. Local models are gaining a major
importance in time series analysis because of their ability to better exploit information
relative to a fixed instant, possess lower variance and allow a faster detection of turning
points of the phenomenon under exam.It is presented the terminology associated to local
processes, and relevant examples are furnished. Then, it is proposed a local trigonometric
model and worked out its statistical properties, with application to the smoothing of
ARIM A processes.

In chapter 4 it is discussed the choice of the minimizing function arising in L2[0,217]
and its related rates of convergence. Namely, Mean Squared Error (MSE), Integrated
Mean Squared Error (MISE) and the Point-wise Mean Squared Error (PMSE) are
examined. Further there are compared some information criteria such as AIC, BIC for
selecting the order of the trigonometric model.

In chapter 5 will give some insight in some open questions, such as the problem of
the balance between time localization and frequency localization of the process, the use
of alternative local methods such as splines or wavelets, the possibility of minimizing a

different error criteria arising from LP norms.
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Chapter 1
Preliminary concepts

In this chapter they are discussed the first concepts needed to model deterministic
and stochastic cycles of a time series. We recall that often the distinction between trend

and cycle is not sharp, and it make sense to speak of a “trend-cycle” component.

The notation y(¢) will be used for a continuous process, that is t € I C R, while the

notations y;, ¥, or y; are used for discrete processes, thatisi=1,...,nort=1,...,n.

1.1 Trigonometric Processes

We can distinguish two different way of modeling the cyclical component: as a

trigonometric trend or as a harmonic processes.
Definition 1. A model with trigonometric trend is the following:

(1.1) yi = p+ Y (cpcos(witi) + spsin(wit;)) + €5, i=14,...,n.

B
Il >
—

In this model the trend is a deterministic periodic function in sine and cosine terms,
and the random component is the noise ;. The ¢; are usually assumed to be independent
and identically distributed (i.i.d.) with zero mean and finite variance, or satisfying an
Autoregressive Moving Average process of orders p and ¢ (ARM A(p,q)) , or being a
weakly mixing process. The frequencies wy, are usually the Fourier frequencies, and they
depend on the number of observation n: wg = % Different choices are possible for the

Wi



The same model can be written only in cosine terms, or only in cosine terms:

A
(1.2) Yi :,u—l—ng cos(wit; — dk) + &;.
k=1
for g, = (cz + si), oS ¢, = Cj/ 0k, Or
A
= i+ Y opsin(wrti + dx) + &
k=1

for o, = \/(cj + s3), sin oy = cx/ oy
The same model can be written in complex notation as

A
yi=p+ > Ape gy,
k=—X

for Ag = p, Ap = =1k ZS’“ LA = C’“HS’“ (k > 0), complex numbers.

Definition 2. A harmonic process consists in a sum of sine and cosine terms amplified

by a random coefficient:

A

(1.3) yi =+ Y o cos(witi + o)
k=1

where the «y, are random processes, with zero mean and finite variance.

An alternative way of defining a harmonic process is taking the «j fixed and assuming
that the phases ¢y are independent random variables uniformly distributed over [—m, 7.
If the oy, are fixed and the ¢y, are independent rvs ¢y ~ U(—m, ), the harmonic model

can be rewritten as

A

(1.4) yi =+ Y [Br cos(wits) + i sin(wit;)],
k=1

for Bk, 7% independent zero mean random variables. Under these assumptions the process

y; is stationary with mean equal to p and covariance function given by:

cov(yi, ) zal cosa(ty — 1)/2



see Percival and Walden (1998).
The definition of harmonic process having random coefficients however is more general

than the harmonic process with the ay, fixed. The complex form of eq.(1.3) is

A
Yi = Z Ak€ZWkti7
k=—X

for Ap = e /2 (k> 0), A_p = e ™ /2 (k< 0), Ag =0, w_p = —wp.

If both the oy and the ¢ are fixed, the model becomes the deterministic part of the
trigonometric trend model.

Let {X;|t € Z} a discrete zero mean stationary stochastic process,and let P;_1 X}
be the projection of X; on the space generated by {Xs,s < t} (see 1.4). X; The Wold
theorem states that if the one step prediction error 02 = E|X; — P, 1X|? > 0, X is
the sum of an M A(c0) process U; and of a deterministic process V;, with U; and V;
uncorrelated. .

Xe=U+Vy = Z?/)J'thj + Vi
§=0
Harmonic processes appear as the deterministic component of a zero-mean stationary
process in the Wold decomposition.

A stationary process can be approximated by an harmonic process consisting of a

finite number of terms. (Doob, 1953)

1.2 Filters

From an abstract point of view, the cyclical component of a deterministic or stochastic

process can be obtained from the process itself by applying a filter to it.
Definition 3. A filter is an operator L that associates a process y(-) to the process z(-).

The filter L is said to be linear if L(ax(-) + By(-)) = aL(x(+)) + BL(y(-)), for every
choice of the series x; and y; and of the constants « and .

The filter operates instantaneously if y; = L(zy).

L is said to be time-invariant if the identity v = L(z) implies y;p = L(x¢4p), for
every number h.

The filter L is said to be bounded if 1 is bounded whenever x; is bounded.

The filter L is said to be realizable or causal if y; depends only on the past value z,

s <t of the input series {z}.



Definition 4. The transfer function B()\) is the response of the filter to the input series

2, = M

B(\) = L(e™).

In a physical context, the index A is called pulsation; if A = 2 f, f is called frequency

2mift i an eigenfunction for a

and it is the inverse is the period T'. The process z; = e
linear time invariant (LTI) filter, since L(e*™/*) = G(f)e?™/t. The eigenvalue G(f) is
called frequency response function. In general G(f) is a complex function, thus it can be
written as G(f) = |G(f)|e?). Its modulus |G(f)| is called gain of the filter, while its

phase 0(f) is called phase of the filter.

A discrete linear filter y = L(x) acquires the form y;, = ;r:ofoo Yt xi. Such a filter is
time invariant if the weights v, ; depend only on ¢t —@: y; = ;Oioo ;x5

A general class of linear transformation of z(-) is obtained by kernel smoothing;:
y(t):/ K(t,t)z(t)dt

for any choice of the function K(-,-), which is called kernel. Usually kernel function need
to be symmetric and positive function. Such type of filter is also time invariant if and
only if K(t,t') = g(t —t'). Thus LTT filter obtained by kernel smoothing are convolution

products:

o
y(t) :/ gt —tz(t')dt'.
—00
The discrete version of the convolution product is

o0

Yt = Z 9t—iLi-

1=—00

If we allow g(-) = d(+), for §(-) Dirac delta function, then the class of the convolution

products coincides with the class of the LTI filters. The convolution product is symmetric:

oo

y(t) = / gzt —t)dt'.
—0o0

The function g(-) that appears in the formulas above is called impulse response function

of the filter, and it is uniquely determined by the filter as the response to the unit impulse,

since

L) - | T g@)8(t — )t = g,

—00

Its Fourier transform is the transfer function of the filter: F(L(5(t); f)) = L(e*™/t).

4



A LTI is bounded if and only if its impulse response function is summable.
A LTI filter is symmetric if it has a symmetric impulse response function; in this case
the phase of the filter is one.

Fundamental examples of LTI filters are:

e a high-pass filter defined by having transfer function G(f) = 0 for f < W and
G(f)=1for f > W;

e a low-pass filter defined by having transfer function G(f) = 1 for f < W and
G(f)=0for f > W;

e a band-pass filter defined by having transfer function G(f) = 1 for |f| < W and
G(f) =0 for |f| > W.

The number W is called cut off frequency .

The impulse response function of a band-pass filter is

sin(27Wu
g(u) _sin@rWu) u#0
™
2W uw=0.

A fundamental result in filter theory was worked out separately by Kolmogorov (1941)
and Wiener (1949):

Theorem 1. If the input series y; admits the decomposition y; = 1 + ¢, where 0 is

the signal and e¢ is the noise, then the minimum mean square estimator of the signal is

e = Enelwe, 24-1,...).

1.3 Fourier Transform

Analysis of time series can be cast in time domain or in frequency domain. In the
following paragraphs we will make precise the meaning of this expression, introducing
the Fourier transform defined on different spaces of function.

If ¢, t € Z is in Iy, that is Ez;oioo |zy| < 400, then x; is the Fourier series of a
periodic function y(w), w € [~7,7]. Moreover, if x; € I3, then y(w) € L?([~7,7]), and

this correspondence is an isomorphism between Il and Lo([—7, 7]):

+oo 1 T
—itw wwt
= E s c|—m,T = — d y teZ.
y(w) t Ti€ w [ ] < Tt B) _ y(w)e w



The equivalence of scalar products is written as:

If z(t) € L'(R), that is fj;o |x(t)|dt < +oo, then z(t) admits the Fourier trans-
form y(w) = f_+oo z(t)e~™tdt. If x(t) € L2(R), then y(w) € L*(R), and the following

oo
correspondence in an isomorphism between I and L%(R) (see Rudin, 1974):

1 +oo ) 1 +oo )
y(w) = \/ﬁ/ r(t)e ™dt, weR e x(t) = \/ﬁ/ y(w)e“tdw, teZ.

The equivalence of scalar products in this case is written as:

—+o00 s
\/12? / 2()F (£)dt = \/12? / ()7 (w)dw

If x,, is a finite discrete sequence of length T, then it admits Fourier expansion yy:

T—1 T—1
1 —i2tnk i2nnk
yk:fg € 7 , kzO,...,T—l@xn:E ykeQT , n=0,...,T—1.

The above mentioned identities makes sense in the counting measure. The equivalence of

scalar products in this last case is written as:

T-1 T-1

} : _/ _2 : —/
CEnxn - ynyn

n=0 n=0

These relations constitutes the basis for Fourier analysis of deterministic processes.
Often they are referred as relations between “time domain” and “frequency domain”,
since in physical applications ¢ plays the role of time and w plays the role of frequency.

Among the many useful relations available for Fourier transforms we recall the

following theorem:

Theorem 2. If h(t) = f(t)g(t), then the Fourier transform of h(t) is given by the
convolution product of the Fourier transform of f(t) and the Fourier transform of g(t):
(Fh)(w) = (Ff)(w) * (Fg)(w). Viceversa, if H(t) = F(t) * G(t), then the Fourier
transform of H(t) is given by the product of the Fourier transform of F(t) and the Fourier
transform of G(t) (FH)(w) = (FF)(w) * (FG)(w).

The proof is found in the appendix. From this theorem follows:

6



Theorem 3. If y; is the process obtained from the process x; by applying a linear filter,
that is y, = S.1°° _ gi_ixs, then the gain of the filter is Y (e ™) = G(e ™)X (e~™),

1=—00

where G(e™™) =",  gre ™t

Fourier analysis has been extended by Wiener (1949) in a probabilistic context, as we

will see in the following paragraph.

1.4 Spectral Analysis of stationary time series

The space of complex random variable X on a measure space (2, F, P) satisfying
E|X|? < 400, endowed with the scalar product < X, Y >= E(XY) constitutes a Hilbert
space.

If {Xy| € Z} is a discrete stochastic process,the lag operator is defined by means of
L(X¢) = Xi—1. The projection of X; on the space generated by M = {X,, s < t} is the

process Y € M having minimum distance from X, and it is denoted by means of P;_1 X;.

Definition 5. A stochastic process is weakly stationary if, for each t € Z and for each
k € Z, it appens E(y;) = p and E((yt—x — 1)(yt — p)) = vk independently of ¢, or, in an
equivalent formulation, if the first two moments of the process does not depend on the

time t.

The function 7, k € Z is called autocovariance function (ACF) of the process X,
and it is a symmetric positive definite function.
Every discrete zero-mean stationary process X; admits a decomposition into a series

of sinusoidal components with uncorrelated random effects, i.e.
X; = / eaz(v)
(771-771-]

where Z()\) is a suitable right continuous orthogonal increment stochastic process. (Brock-
well and Davis, 1994). Correspondingly, the covariance function 75 of X, being a

summable sequence, admits the spectral representation (Herglotz theorem):
Vi :/ eik"dF(y)7
(_ﬂ-?ﬂ—]

where F(-) is a non-decreasing, right continuous bounded function on [—7, 7] with
F(—7) =0 and F(r) = v(0) = E|X;|>. The function F is called spectral distribution
of v and if FI(\) = f_)‘7r f(v)dv then f is called spectral density of . The orthogonal

7



increment stochastic process Z and the spectral distribution F' are linked by the relation
F(p) — F\) = |Z(p) — ZW)?, —7 < XA < p < 7, and if T is the isomorphism of
sp{Xy,t € Z} onto L(F) then Z(X) = T~ (x(—x,n) where x(_, y is the indicator function
of (—m, A

If the one step prediction error o2 is greater than zero then the spectral distribution
Fx can be decomposed as Fx = Fy + Fy, where Fyy and Fy are respectively the spectral
distribution of the M A(oo) process U; and the spectral distribution of the deterministic
V4 in the Wold decomposition of X;. Fy is absolutely continuous with respect to the
Lebesgue measure, and admits spectral density fu: Fy(A) = [, fu(u)du; Fy has no
absolutely continuous component, and Fy (A) = Z)\jeA p(Aj), where p(X) is the spectral
mass concentrated in .

A harmonic process without an additive error term has a pure discrete spectrum
(Percival and Walden, 1998).

In the following we will deal mainly with stationary processes, and when necessary

we will detrend series of data.

1.5 Ergodicity

The process y; is said to be ergodic with respect to the second moments if the
autocovariance function calculated with respect to the time converges almost surely to

autocovariance function calculated with respect to the ensamble:

17
Cw(r) = Jim /Tyt+rytdt = Elyiy] =C(7)  as.

A linear process x; is always ergodic (Grenander and Rosenblatt, 1957). A normal

process is ergodic if and only if its spectrum is continuous.



Chapter 2

Extraction of Business cycle in

finite samples

In this chapter there are presented some of the most frequently used filters for the
extraction of the cyclical component of an economic time series. A starting point is the
Wiener-Kolmogorov filter, which arises from the minimization of a quadratic function.
This kind of filter requires adjustments to deal with economic series. A first problem is
to smooth short series, so it make sense to work out finite sample version of the filter, or,
further local version of the filter. A second problem is the treatment of nonstationarity.
A modification of the minimization function with the addition of a penalized term is the
Hodrick-Prescott filter.

The problem of finding the filter can be settled both in the time domain and in the
frequency domain. The Baxter and King filter and the Christiano and Fitzgerald filter
rise from the analysis in the frequency domain. This second framework allows to select
the frequencies to describe the business cyclical activity.

As an alternative, one can try to model directly the stochastic cycle by modulating
a white noise, or a colored noise applying to it trigonometric coefficients (Harvey and
Trimbur, 2003).

In the second part of the chapter there are examined the links between the ideal
band-pass filter, the Baxter and King filter and the Christiano and Fitzgeralg filter, by
means of the analysis in the frequency domain. It is worked out the explicit solution of
the smoothing problem following the asset of CF in the case of a M A(q) error.Then it is
furnished a generalization of the CF filter appropriate to extract cycle from a high order
integrated series without a preparatory differentiation. Simulations are made in the case

of I(2)process.



2.1 Mainstream in detecting Business Cycle

In econometric time series, the trend component is supposed to be originated by
structural causes such as institutional events, demographic and technological changes,
new ways of organization, and it has a slow evolution. The business cycle received
different definitions, and can be described as a quasi-periodic oscillation characterized by
periods of expansions and contractions. Often the estimation of both trend and cycle are
conducted simultaneously.

The literature distinguishes between real business cycle and business cycle tout court.
In the following paragraph we will discuss some of the most popular filters used to extract
the real business cycle, pointing out similarities and differences by means of a theoretical

analysis.

2.1.1 Wiener-Kolmogorov filter

Many filters used in physical and econometrical applications are encompassed by the
family of Wiener Kolmogorov (WF) filters.

The classical theory of linear filtering was developed independently by Wiener (1941)
and Kolmogorov (1941), and it assumes that data generating processes are stationary
and that adequately long data series are available. After some necessary adjustments

(Bell, 1984), this theory is often applied to the treatment of economic data.

The Wiener-Kolmogorov filter extract the signal of a sequence under the assumption

that observations are sum of signal and noise:
Yt = St + .

The estimate of the signal is a linear combination of the data points available:

q
S = Z Vt,jYt—j-

Jj=—p

Under the assumptions that the filtered series §; is a LTT filter should minimize the mean

square error:

E[(ye — 8:)%) = miny,.

Classical theory assumes that error and noise are independent, or at least uncorrelated.

b k2t of a

So, denoted by v**(z) the autocovariance generating function (AGV)
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process x¢, the AGV of the process y admits the decomposition

() =) + 7).

An autocovariance is a positive definite function, so it admits the Cramér-Wold decom-

position (see Brockwell and Davis, 1991):
W(z) = d(zg(2), 7(2) = 0(z71)0(2), V" (2) = Ou(z)0n(2).

The minimum mean square error criterion yields
0= Ely—j(st — 8t)] = Elyr—jse] — Z Ve E[Y1—jyi—k] Z VeV g
k=—p k=—p

where, for each j € Z, ’y;’s = Ely:si—;]. Multiplying the previous equation by 27, defined

VY5 (2) = jj’i o ’y] °2J, one obtains the finite sample version of the WF filter:

,}/yS(z) ’(fp,q) = [,yyy(z)w(z)] ‘ (—=p,q)-

The subscript (—p, q) means that only the coefficient of 2/ for —p < j < ¢ are involved,
and that ;=0 for j & [—p, q]. For a casual Infinite Impulse Response (IIR) filter (p =0,
q = +00) the WK filter becomes (Whittle, 1983)

“0) = 55 B(sz(—z%];

If 4 is available for —oco < j < 400, the WF filter is simply given by

77(2) =" (2)9(2),

that is
5= ()
YWY(z)  %(z) + ()

P(z) =

Let By; = Ly; = y;—1 the backward operator , and Fy; = L™ y; = ;41 the forward

operator. If the observed series admits a signal plus noise decomposition:
Ty = S + Ny,

and both signal and noise are generated by ARMA processes (see Kaiser and Maravall,

11



2005):
Cbs(B)St = HS(B)aStv

¢H(B)nt = 6n<B)anta

with as and a,; mutually independent white-noise processes whit zero mean, and variance
02 and o2 respectively, polynomials ¢s(B) and ¢, (B) coprime, i.e. having no common
factors, 05(B) and 6, (B) share no unit root in common, then also z; follows an ARMA

process:

qﬁ(B)xt = Q(B)at,

with a; white-noise process, 6(B) invertible and ¢(B) given by ¢(B) = ¢s(B)dn(B), and

ay satisfying the equation:
0(B)a; = ¢n(B)0s(B)ast + ¢s(B)0n(B)an:.

The Wiener-Kolmogorov filter designed to extract the signal s; in this model is

2 H.S(B)QS(F)
(2 1) 8 = AGF(St)mt Is ¢s(B)os(F) xt k GS(B)an(B) OS(F)¢ (F)xt
' ~ AGF OBIO(E) " (B o(F ’
@)™ " gz umn) B 6F)
o 05(B) 0,(F)(F
o Be(B) 0 (F)on(F)

6s(B) 0(F) "

with ks = 02/02. The same filter can be construed as the AGFof the process z; satisfying
Q(B)Zt = 05<B)¢n(3)bt7

where b; is white noise whit variance ks = 02 /02.

If s; and n; are orthogonal, the spectral density of x; admits the decomposition
9(w) = gs(w) + gn(w).
The gain of the WK filter is the Fourier transform of the ratio of the two gains:

G(w) = gs(w)/g(w)

12



and the gain of the Minimum Mean Square Error (MMSE) estimator §g is given by:

() = 2] g(0) = 285, (0) = Gl )

Since G(w) < 1, we have gs(w) < g(w), hence the MMSE filter underestimates the
variance of the theoretical component. The WK filter is well definite even if the ¢-
polynomials contain unit roots, and thus can be extended in a straightforward manner to
the nonstationary case. In fact in the latter case, the ¢s-polynomial can be factorized as
¢s(B) = ¢(B)Ds(B), where D contains all the unit roots and 5 is stable. Thus, applying
D; to equation (2.1) and replacing Dsx; by [0(B)/(ps(B))én(B)]ay, it is obtained

) 05(B) 0s(F)pn(F)
ps(B)  O(F)

ag,

which provides the model that generated the stationary transform of the estimator §;.
Wiener-Kolmogorov filter and Kalman filter yield the same results, although Kalman
filter is computationally advantageous and Wiener-Kolmogorov filter allows to show more

easily theoretical properties of the filter.

2.1.2 The Hodrick - Prescott filter

The Hodrick Prescott (HP) filter, introduced by Hodrick and Prescott (1997), consti-
tutes a standard method for removing trend movement in the business cycle literature.

The HP filter for the trend component is a highpass filter obtained as the solution of

T
(2.2) n%rlz [(zt — 7)* + M(Teg1 — 72) — (72 — 74—1)) ]
t=1

where the residuals z; = z; — 74 represent the business cycle, while the parameter A
penalizes the second differences of the x;, and must be chosen by the researcher. This
criterium is the discrete version of (3.1): the summation takes the place of the integral
and the second derivative of the trend is substituted by A%r = Tet1 — 2T + Te—1.

The infinite sample version of the Hodrick-Prescott filter defines the cyclic component

of a time series y; as
e A1-LP1-L71)?
N D VG R PT R S S pL

where )\ is a parameter that penalizes the variation in the growth component. It removes

non-stationary components that are integrated of order four or less. It is symmetric, so
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there is no phase shift. It is a two-sided moving average filter of infinite order.

The Hodrick-Prescot filter is an ad-hoc filter frequently used by national central bank
to detect and to predict the business cycle. Some important limitation of the HP filter
are imprecise end-point estimation, large revision in recent estimators, spurious result,
noise contamination of the cyclical signal, moreover the choice of A is not supported
by an established theory (a common choice is A = 1600 for GDP quarterly data ). A
frequently used method for the extraction of the business cycle from macroeconomic time

series is applying the Hodrick-Prescott filter to X11- seasonally adjusted time series.

An alternative to asymmetric filters, when the last k observations are missing, is to
substitute the future observations with their optimal forecasts, obtained by means on an
ARIM A estimators.

Another way of obtaining the HP filter for the cyclical component is to search for a

weighted averages of the original data:

T
i = duyn
h=1

with 2521 dpt = 0 for each t. More precisely (King and Rebelo, 1993)

0105 /<X =
105 : . : :
Yy = T(Z(Alei + A2y + Z(Aﬁ{ + AQG%)QH—J’);
j=0 5=0
with 601,05, A1, Ao depending on A.
The Hodrick-Prescott filter belongs to the family of the Butterworth filters, which

are characterized by a Gain function of the form:
sin(w/2) 2%\ 1-1
=1 _— <w< T
Glw) [ + (sin(wo/Q) )] » Oswsr

Thanks to the trigonometric identity
4sin?(w/2) = (1 — e ™) (1 — ™),

substituted e~™ by the backward operator B and e™ by the forward operator F, we
obtain the time-domain representation of the Butterworth filter:

1
1 A-B)-F)?

CIHANA=-B)( =P 1+ srmmasee

v(B, F)
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with A = [4sin(wg/2)?]~%.
This identity shows that a Butterworth filter is the Wiener-Kolmogorov filter used
to estimate the signal s; in the model x; = s; + ny when the signal s; is a IM A(d,0)

process:
(2.3) Vs, = ag.

The equation (2.3) admits various generalizations, depending on the nature of the
phenomenon under examination, and can be substituted by an ARIMA model; so
accompanied by the unobserved component model it give raise to a reduce form equation.
Applying the WK filter for the signal to the reduce form equation, it is obtained a more
general HP filter, called HP-ARIMA filter. (Kaiser and Maravall, 1999).

The smoothing of an economic time series has a prominent role in detecting turning
points. A possible definition of turning point is the first of at least two successive periods
of negative/positive growth. The ability of detecting a turning point by means of an
established filter can be tested by counting, in a set of series, both the mean number of
turning points that are dated on the original series and missed by the filtered one, and
the mean number of turning points detected on the filtered series but not present in the

original one, maintaining separated “peaks” and “throughs”.

2.1.3 The ideal band-pass filter

In the following we assume that process generating the data x; has the decomposition
Ty = Yt + T¢, where y; has power only in the frequencies belonging to the interval
I = {(a,b) U (=b,—a)} € (—m,7), and #; having power only in the complement of
this interval in (—m, 7). This happens in particular if the spectral density fx and
fy are linked by fy(w) = fx(w)xr(w), where y; is ideal band pass of I (that is the
characteristic function of the interval I'). This property allows to represent the process
y¢ by applying to x; a LTI filter: Y; = j_;.ioo BjX;_j, Since fy(w) = |B(e™™)]*fx (w),

where B(e™™) = ;r:ioo Bje~"% the weights B; can be computed as Fourier coefficients

of B(e™™) = x7(w). This yields:

sin(jb) —.sin(ja)

B]: ) jZ]-a
7j
2.4
(2:4) B b—a 2m b 2m
— a = — = —.
0 9 Tu7 z—yl

The symmetric linear filter isolating a period of oscillation between T and T, (2 <
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T, < T, < oo) minimizing the mean squared error criterion E[(y; — 9¢)%|z], where

x = [x1,...,27] is the observed sample, is

+oo
ge=_ Bixwi

k=—oc0

This is the ideal band-pass filter. Since it requires infinite, past and future observations,

and infinite weights, it is unfeasible. Obviously, it is not causal.

2.1.4 The Baxter and King filter

Baxter and King (1999) developed an approximate band-pass filter which isolates
business-cycle fluctuations in macroeconomic time series. The filter was designed to
isolate fluctuations that persist for periods of two through eight years, and it also renders
stationary a series that is integrated of order one or two or that contains a deterministic
trend.

The Baxter-King (BK) filter exhibits several desirable properties: it is a moving
average consisting of infinite terms, that extracts a specified interval of frequencies, it does
not introduce phase shift, it is optimal with respect to a specific loss function, it renders
stationary time series integrated of order one or two or presenting a quadratic trend.
As a consequence, the BK filter can be applied to the rough data without pre-filtering.
The underlying model implies that very slow moving can be interpreted as a trend, and
very high frequency components represent an irregularity in the phenomenon. Thus the
problem is to specifies which frequencies can be considered involved in the business cycle.

The filtered series is
Z/;k = Z QrYt—Fk-

The BK filter has the property Zi(:_ x ar = 0, and it is symmetric. Simple algebra
shows that these two properties imply that 1 and —1 are roots of the lag polynomial:

K
a(L)= Y aLF=(1-L)1-L ")
k=—K

The ideal low-pass filter f(w) which passes only frequencies —w < w < w for a
suitable cut off frequency w has the time-domain representation b(L) = >/ °° b, L",
where by = w/7, by, = sin(hw)/hm. Since it consists of infinite terms, it makes sense to
approximate it with finite moving average filter a(L). If o (w) is the Fourier transform

of discrete filter minimizing a quadratic loss function, in which every frequency has the
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same weight:

™

(25) Q= [ IBw)—arxw)|’dw,
-7
then a(w) is obtained by simply truncating the ideal filter’s weights a;, at lag K.

If by, are the weights of the ideal low-pass filter, then the weights of the ideal high-pass
filter are 1 — by at h = 0, and —by, at h # 0, and the optimal K —approximation of the
H P, filter is obtained by truncating the ideal H P, filter.

If B(w) and B(w) are the ideal symmetric low-pass filter relative to —@ < |w| < @ and
to —w < |w| < w respectively, the ideal band-pass relative to the interval of frequencies
w < |w|] < @ is obviously given by 3(w) — B(w), and it has weights b, — b.

Baxter and King (1999) deduce the optimal approximating low-pass filter minimizing
the quadratic form (2.5) under the constraints a; = 0 for |j| > K, Eth_K ap = 1 and

ap = a_p, (so that 1 — ZhK:_K ap, = 0), which is determined by

K
(2.6) an=Dbp+0, O=(1— > by)/2K+1).
h=—K

Working in the frequency domain, researchers usually calculate the discrete Fourier
transform (DFT), computing the periodic components associated to a finite number
of harmonic frequencies, then they abruptly drop out the frequencies that lie outside
the band of interest, finally they calculate the inverse Fourier transform to get the
time-domain filtered series. The main risks of using this method are, firstly, the need of
detrending the series of the observation before applying the DFT, in order to remove
unit roots, and, secondly, the dependence of the weights and of the filtered series on the
sample length T, since the procedure is not recursive.

Baxter and King (1999) provide a detailed comparison between the approximated
band-pass filter and the Hodrick-Prescott filter, recognizing that the second one is a good

approximation of the BK filter for quarterly Gross National Product (GNP) data.

2.1.5 First differencing

If we extract the cyclical component of a time series by a first difference filter:
y§ = (1 — L)y, we obtain a filter that is not symmetric and introduces a time shift

between variables, more over, the filter are reweights strongly toward higher frequencies.

This is easily seen from |G(f)| = /2 — 2cos(27f), arctan(0(f)) = %

In general, the application of a filter to a series of observation could produce some
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distortion and generate spurious cycles (Yule-Slutsky effect) . For difference filter and
summation filter the reason is the following. If the first difference operator 1 — L is
applied d times to the series y¢, and then the summation filter 1 + L is applied s times to
the resulting series, the effect of the difference filter is to attenuate the low frequencies,
while the effect of the summation filter is to attenuate the high frequencies. Thus the
overall effect is the transfer function shows a peak, that could be misinterpreted as the

presence of a cycle.

Gain of the filter (1-L)

(G{a)l

08 1

06 B

0.4F 1

Figure 2.1: Gain of a first difference filter

Gain of the filter (1+L)
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Figure 2.2: Gain of a first summation filter



Gain of the filter (1-1)% (1+0°
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Figure 2.3: Gain of the filter (1 — L)(1 + L)?

2.1.6 Christiano and Fitzgerald filter

Christiano and Fitzgerald (2003) (CF) developed optimal finite-sample approximation
of the pass band filter. They used as weighting scheme the spectral density function

fz(w), to obtain a filter as the solution of the minimization problem:

2.7) min / 1By — B (e= ) 2 f, (w)dw.
By

—T

The rationale under this choice is to give a higher weight to more pronounced frequency.
The CF filter differs from BK filter because the weights solution of (2.7) will be attached
to X; and not to the generating process u;.

Simulations show that such a filter is more accurate in the selected range of frequencies.

If the estimate Z; of z; is calculated by means of the observations z_g¢,...,xp,
symmetry of the filter can be obtained by choosing f =T —t =t — 1 = p. In general,
the CF filter is not symmetric.The minimization problem depends on ¢, T' different filters
are obtained for each data, and hence the filter is not stationary.

The so called Random Walk (RW) filter is obtained in the minimization problem by
putting f,(w) pseudo spectral density of x(¢) Random Walk, (or z; ARIMA(p,1,q)).

_ 9(w)
fx(w) - (1 _ 671‘“})(1 _ eiw)’

where (1 — e ™)(1 — ™) = 2(1 — cos(w)). Under this assumption, the process X; does
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not belong anymore to L?([—,7]).

If ; is a M A(q) process,
g(w) =0(e™™)0(e™) = co +c1(e™™ — ) + -+ cq(e™™ + ™)

q
=co+2 Z ¢y cos(wr)
r=1

Such a filter is much more accurate in a neighborhood of w = 0 than for higher values
of w, even if f;(w) does not exists for w = 0 . The estimation of BY /" involves the
spectral density of x;, that is unknown, and must be estimated from the data. In the
simulation study of CF, the RW filter dominates both the Baxter and King filter, and
the Trigonometric Regression filter.

The differences are most pronounced for filter approximations designed to extract
frequencies lower than the business cycle. In the approach of CF the condition Bt (1)=0
is not imposed as a constraint, but arises from the hypothesis that the data contain a
unit root.

The statistic used to compare the Hodrick-Prescott filter to the Random Walk filter is

R — Vary(g: — ye)11/2
p = | gt TU
Var(yt)

This statistic represents the squared root of the residual variance when g, is calculated
by means of the observations available at time ¢ and the total variance, thus a large value
of R; indicates a poor filter approximation.

The proper criterium to choose p and f is not clear, and it corresponds to the choice of
the width of the filter, this complication in Christiano and Fitzgerald (2003) is sidestepped
by the Random Walk filter, that uses all the data all the time.

2.1.7 Models for the stochastic cycle

Stochastic cycles are often used to model a business cycle (see, Harvey, 1993, Harvey
and Trimbur 2003 among others). The reason is easily understood by examining the
spectrum of the stationary process. For instance, for an AR(2) process, the spectral

density is
o2

o =(5:) (5 9+ 93— 201(1 - d2)cos(N) - 2cos<2A>)’

If the root of the characteristic equation ¢(L) = 1 — ¢1 L — ¢oL? are complex, the
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Plot of f () AR(2)
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Figure 2.4: Spectral density Ma(2) complex roots

autocorrelation function led to a damped cyclical pattern, and this was interpreted
as an indication of some kind of cyclical behavior in the series. A plot shows a peak
that indicates a tendency toward a cycle at frequency Aq., and this is an indicator
of a pseudo-cyclical behavior. Harvey (1993) shows how a stochastic cycle may be
formulated in term of an ARMA(2,1) process. If ¢, is a deterministic sinusoidal trend:
Yy = acos(wt) + B sin(wt), a simple model for the cycle is y; = ¥ 4+ €;. Introducing the

complex conjugate process 1)}, the same model can be putted in the form

Y1

[1/)1 _ [cos(w) sin(w)
i

f —sin(w) cos(w)

], t=1,...,T.

with the initial conditions g = «, 5 = 8. A first modification is given by adding two

white noise disturbance k¢ e &j:

wi _ | cosw)  sinfw) wi‘l +™, t=1,...,T.
v T |sinw) cos@)] | v, | |m
k¢ € Ky are assumed to be uncorrelated and to have the same variance for the identifiability

of the model. Further, a damping factor p € [0,1] is introduced to give the model more

flexibility:
[wt] — [ cos(w) Sin(w)] [ Vi1 ] N [K}t] L t=1..T
N —sin(w) cos(w) (T K}
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The reduced form for (¢, ;)" shows that this process is a vector AR(1) process:

-1
Y| |1—cos(w)L —psin(w)L Kt
vi| | psin(w)L 11— pcos(w)L il
and substituting the value of ¢, in the definition of y; gives

1 —pcos(w)L)k; + (psin(w) L)k}
yo = Lmpeos@Liri + (psin@)ng | -y p
1 —2pcos(w)L + p?L

that is

Yt — 2pcos(w)yi—1 + p2Yr—o =

Kt — pcos(w)ki—1 + psin(w)ky_; + &1 — 2pcos(w)er—1 + pler_a.

Thus y; is an ARMA(2,2) process, while 1), is an ARMA(2,1) process. The root of the AR

polynomial are my,my = p~!

exp(+iw), and they are complex conjugate for 0 < w < 7.
The process is stationary for 0 < p < 1. The analysis also shows that not every AR(2)
process gives rise to a pseudo-cyclical behavior. For w = 0 or w = 7 the process collapses
to an AR(1). In these cases the dynamic of v is given by ¥, = pyy_1 + K¢ for w = 0 and
by ¥ = —pthr—1 + K¢ for w = .

The spectrum of ¢y is

B 1+ p? — 2pcos(w) cos(N) 9

—ix
)= 1+ p* + 4p2 cos2(N\) — 4p(1 + p2) cos(w) cos(N) + 2p? 008(2)\)0”’

gy (e

and its plot shows a peak for p < 1. The autocovariance function (ACF) of 1y is
p(T) = 0" cos(wT).

The model proposed by Harvey for the stochastic cycle can be putted in a vectorial
MA form as

t
Uy = p'0"Wg + ) p*0"°E,,

s=1

where U, = [, V7], Z¢ = [k, k7], and O is the orthogonal matrix
cos A sinA
—sinA cos\ /'

CosS At  sin At
—sin M cosM |
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The real part of the process can be interpreted as a harmonic process with a number of

term depending on the same period length t:
Yy =p'lcos(At)abg + sin(At)g]+

Harvey and Streibel (1998) give a different definition of stochastic cycle, distinguishing
indeterministic cycle a cycle modeled as a M A(oo) process with a peak in its spectrum
such as Beveridge and Nelson decomposition and deterministic cycle a cycle modeled as

a harmonic process, whose spectral distribution function exhibits a sudden jump.
A modification of the stochastic cycle proposed by Harvey is (Harvey and Trimbur,

2003)
[wu] _, [ cos(w) sin(w)] [ V11-1
Vi —sin(w) cos(w)| | ¥1,4

that yields ¢ = ¢(L)ky, for

+

(L) 1—pcos(w)L
e(L) = .
1 —2cos(w)L + p?L?

Further, the i-th order stochastic cycle is defined as

(L
0

wit] _y [ cos(w) sin(w)] [ Vi1 N

—sin(w) cos(w)

(2.8) [ ] t=1,...,T.

*
it it—1

To model (2.8) it corresponds the Wiener-Kolmogorov filter

gre(L)"e(L71)

GBP(L) = qee(L)e(L=1) + 17

qx = 02/0%. For p =1, it is obtained the band-pass Butterworth filter, corresponding to

the gain function

1 < 4(cos A — cos \.)? )n} —1.

B\ = [1+ -
n( ) C) +q 1+COS2)\C—2COS)\CCOS)\

For p = 1 the spectrum is undefined at A, while the gain is still defined.
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2.1.8 Seasonality

The seasonal adjustment of time series is the removal of a special cyclical component
that is ascribable to climatic and institutional events repeated more or less regularly
every year, and that is “nearly” predictable. Seasonal component seems to be “easily”
recognized, and a common approach is to remove this component from rough or pre-

treated data before searching for trend and cycle components.

The simplest model for the seasonal component (Dagum...) is a regression with
dummy variable:
Y, =Si+e,t=1,...,T,

S S
Sy = Z’yjdﬁ subject to Z’yj =0.
j=1 Jj=1

d is 4 for quarterly data, 12 for monthly data, {e;} ~ WN(0,02). S; = S;_s. This
model is deterministic. A stochastic alternative is S; = S;_s + w; for all t > s where
{w} ~ WN(0,02) and E(wes) = 0 and Zj;(l) Si—; = wi, E(wy) = 0. The stochastic
model can be written as (1 — B*)S; = wy, and since 1 — B* = (1 - B)(1+ B +---+ B*71)
the factor 1 — B gives rise to a stochastic trend, while the factor S(B) = 1+B+---+ B!
can be properly attributed to the seasonal component. Thus a model for seasonality is
S(B)S; = wy, or S(B)S; = ns(B)b, with the right side being a moving average.

A model often used is estimating seasonality is X11ARIMA developed by Dagum
(1978).

Hannan, Terrell and Tuckwell (1970) used spectral analysis to model the seasonal
component of an economic time series, developing a technique for dealing with a changing
seasonal pattern.

The authors compare a trigonometric model for the cycle

. 2mj
Sp = Z {ajcosn; + Bjsinn);}, A= ETR
J
with a harmonic model
s(n) = Z {aj(n)cosnAj + Bj(n)sinn;}, A = QLJ
; J J J J J 12

aj, i can be AR(1) processes or more generally an ARM A process.
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2.2 Comments and (GGeneralization of the presented models

2.2.1 Weighting frequencies with the density function in finite approx-

imation: finite and infinite version

It is unrealistic to dispose of infinite observations, so it makes sense to build a finite

version of approximate band pass filter:
yf = Bozy + Bixii1 + -+ Br_1_xp_1 4+ Br_yxr 4+ Bixgy + -+ - + Bi_oxo + B34,

where the By, are defined as in the ideal band pass filter (2.4), and the BT,t, Bt,l linear

functions of the Bj’s. If only a finite set of observations [z1,...,27] are available, the
solution of the projection problem 7; = Z;;I_T +t Bf o T¢—j minimizing the mean squared

error in general is not a symmetric filter.

The approximate band-pass filter proposed by Baxter and King does not take into
account the properties of the random process generating the observed data x;. A natural
way of exploiting them is to weight the frequencies with the spectral density, if the
process admits it. If X; follows an ARM A(p, q) process, that is ¢(B)X; = 0(B)uy, for
P(z)=1—12— - —¢p2P, 0(2) =1+ 012+ - + 0,27 and uy ~ WN(0,0?%), ¢(z) and
0(z) having roots outside the complex unit circle and not sharing roots, then the spectral

density of X; is A
0_2 |9(€—zw)|2

fx(w) = o ol @)

—7m<w<m.

The minimization problem can be solved in the frequency domain. In fact, exploiting the
isomorphism between L?(F) (F spectral distribution function) and the probability space
L2(2) given by I(e') = X,

El(ye =y = llye = vi @) = 1) = L) ()
= V() = YN aqommy = 1Be™) = Ble [ X( )]
= [IB(e™) = B(e™™)l| fx (w).

that is

2 s 0 —iw)|2
0 o)

—iw\ _ % efiw 2 '
(2.9) |B(e™*) — BY( )| |p(e—) 2

21 )«

The virtue of quadratic form (2.9) is that frequencies having higher gain receive a higher

weight. This criterium coincides with the one applied by Baxter and King in the trivial
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2

case of X; ~ WN(0,0?), for which fx(w) = Z.

™

We impose B = 0 for |j| > K since the property of minimality of the linear
projection in L?([—m,n]) allows to state that the best finite approximation of the Fourier
series of B(e”™)0(e~™)/¢p(e~™) is given by the first K terms of its expansion, whose
coefficients are obtained as a convolution product of the Fourier series of B(e™) with the
Fourier series of 0(e™™)/¢(e™™). Putting 0(2)/d(2) = ¥(z) = S.42°  ¥rz*, we have
(B* ) = 3022 o Bithn—-

Thus the best approximation in L? of x;(e™®)0(e~™)/¢(e~*) under the constraint
Gj =0 for |j| > K (that is minimizing the variance of y; — ) is

B (e ™)~ = > (Bxth)me ™).

P(—iw)

The weights calculated with this formula apply to wu;:

K

ge= > (B*)mis—m.

m=—K

and since u; = ¢(L)/0(L)X;, and we posses a sample of X; and not of u;, we get:

K K
= <B*¢>m?8@—m— > (Bx9)mt(L)it—m.

m=—K =K
This expression contains only a finite number of x; if x; is an M A(q) process. This
filtered series is what we obtain when first Fourier-transforming the initial series, then

cut out frequencies not needed and data distant in time, and then calculate the inverse

Fourier transform when the spectral density of X; is involved.

The non-constrained solution of the minimization problem is

[e.9]

o= (Bt (L) = (B 1)« )(D)ir.

m=—0Q0

From algebra of convolution products we have (B %) * ™1 = Bx (¢ x~!) = B,
and then ¢, = B(L)zy, that is that is the band pass filter discussed by Baxter and King,

not involving the spectral density.

26



2.2.2 Smoothing of an ARIM A(p,d, q) process in the frequency domain

For a general ARIM A(p,d, q), defined B(w) = x7(w)/(1 — €)%, b(w) = B(w)/(1 —
¢4, given the spectral density of the ARM A(p, q) part g(w) = % (e)1h(e~™), the
coefficients §j7 —k < j < k are found by minimizing in the frequency domain the

functional

186 - bRy,

which yields
/ (B(w) — b(w))e g(w)dw =0, —k<I<E.

—T

In the following paragraphs the solution to this problem will be solved in different

cases.

2.2.3 Some calculation for an approximate band-pass filter - M A pro-
cesses

In the following paragraph it will be calculated explicitly a finite version of the ideal
band pass filter with density function as weighting density. Assume that X; follows a
M A(1), process, so that its spectral density is fx (w) = fo+61 (e~ +e™) = fy+26; cos(w)
1. We want to determine the best approximate band-pass filter of order p = 2, f = 2:

Uy = B_oxy_o + B_1x4—1 + Boxy + Biy12i41 + BigoTiqo.

The coefficient B_, ..., By are obtained by minimizing the functional:

T 2
F(B_y,...,By) = / xr(w) = > BjeP P[00 + 01(e™ + e™)]dw,
. =,

where I = (—b,—a) U (a,b),0<a <b<m.
The conditions

a—on, k=-2...,2,
OBy

'Here the notation is slightly different from other books. The spectral density of a M A(1) process is
usually written as
2
o
o=

142 %).
o + 20 cos(w) + 6%)

2 .
Px(@) = |14 e =

Tt is B0 = 3o (1+ 6%), 61 = 6.

27
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yield
/ X[(w)eik‘” [0 + 61 (ei‘*’ + e_w)]dw =

™ 2 .. . . .
/ Z Bje”“’elkw[ﬁg +601(e“ + e )dw, k=-2,...,2;

2 /b{Go cos(kw) + 01 cos((k + 1)w) + 01 cos((k — 1)w) }dw =

2 w
Z Bj / [Qoei(j+k)w + Hlei(kJer)“’ + 916i<k+j_1)w]dw7 k=-2,...,2
j=-2 77

01
k+1

C[sin((k = 1)) = sin((k — 1)a)] =

2%0 [sin(kb) — sin(ka)] + 2 [sin((k + 1)b) — sin((k + 1)a)]

th
2
+/€

W=T

9
wW=—Tr

2
o 00 . 91 . 91 g
B i(j+k)w Y1 Gk l)w YT (k1w
2. j[i(j+k)€ ETT T T ]

In the last equation one must replace, for | = 0,

sin(lb) — sin(la)
l

with b — a,

and, in the same manner,
il —ilm
e"m —e .
- with 2m.
il

ilmw _ —ilw

For [ #0, ~—— =0.
Since k+j =0 ifand only if j = —k, k+j+1ifand only if j = —(k+1),k+7—-1=0
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if and only if j = —(k — 1), the second term of the last equality is reduced to

2%{003,k + 6137(k+1) + 91B,(k,1)}.

Thus, the Ej are the solution of the system of equations:

00B_i + 01B_(511) + 01 B_ (1) =

9 sin(kb) — sin(ka) Lo sin((k + 1)b) —sin((k + 1)a)

0 7k ! m(k+1)

sin((k — 1)b) — sin((k — 1)a)
m(k—1) ’

+ 0,

k=-2...2

where B; = 0 for [ & {-2,...,2}.

Defining the tridiagonal matrix

6 67 0 0 O
61 6 61 0 O
0, = 0 6, 6, 6, 0
0 0 60 6y 6,
0 0 0 61 6

the vector 0 as [0, 6;,60,61,0]" the vector B = [B,g, e ,f)’g]’ and B as the sequence
{ sin(kb)—sin(ka) }
ke

— (that is the Fourier transform of the exact band-pass filter), the

w(k—1)
6*L'B, 1 = —2,...,2 this system of equation is written in matrix notation as:

translated of B L'B as {Sin((k_l)b)_sm(k_l)a) }k - 0* B as the vector of the convolutions
€

~

0B =0"B.

Finally, since det(©1) # 0 (O, is a diagonally dominant matrix) the solution is B =
0;'¢*B.

The right side is also written as ©7B|s, where

01 6 60 0 0 O
01 6o 61 0 O
0 6 6 61 O
0 0 6 6y 6y
0 0 0 6; 6o 01

o O O O
o O O O
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and B’g _ {sin(be)fsin(f?)a) sin(Sb)fsin(?;a)}'

—3r RN 3r

Theorem 4. For a general M A(q) process, the 2k+1 unknown By, are determined by B=
07 01 Bli1q, where®, is a Toeplitz band matriz of dimension (2k + 1) x (2k 4 1) having
{O1}ij =0 if i — jl < q, {O1}ij = 0 otherwise, and ©F is a (2k +1) x (2k +2q +1)
band matriz having {©7}ij = 0j_i_q-

These weights are symmetric. They do not sum to zero.

Ma(l]

0.5

0.4 L L L L L
u} 20 40 B0 a0 1aa 120

Figure 2.5: Smoothed MA(1) process

ra(2)

L L L L L
a 20 40 B0 a0 1aa 120

Figure 2.6: Smoothed MA(2) process
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2.2.4 A Christiano - Fitzgerald filter for I(d) processes

The approach of Christiano and Fitzgerald can be generalized in order to filter time
series which present more than one unit root. Infact if X; follows an ARM A(p,d,q)

process, it is enough to set in the minimization criterion

_ 0729(62'“})9(67“) 1
folw) = 27 p(e@)p(e— ) (1 — e—w)d(1 — ¢iw)d

if;pz()zd) # oo for z =1, in order to

make the integral in (2.7) to converge, and this implies

Also in this case, if a solution exists, it must be

b(z) = (lfff(;))d = p_dzp_d + bp_d_lzp_d_l +o+ b+ + b_f+1z_f+lz_f.
If BPf is the vector of the coefficients of the Laurent polynomial Brf (z) and b is the
vector of the coefficients of the Laurent polynomial b(z), the link between BP/ and b is
expressed by: Q?BPS = b, where Q is a (p+ f+1—d)x (p+ f+1) matrix, Qq = [QF, 0],
where (—1)%Q{isa (p+ f+1—d) x (p+ f + 1 — d) low-triangular matrix whose first
column of Q¢ is the d-st diagonal of the Pascal triangle, and the n-st column is obtained

by shifting the n — 1-st column, and 0 is a zero (p + f + 1 — d) x d matrix.

(1) o 0 0
1) (1) o 0
—D%i=| ) (4 () 0
: 0
G G GEY - ()

For example, if d =5, p + f + d — 1=6, then

0 0 0 00
5 0 0 0 0

- | 15 5 1 0 00
P 35 15 5 1 00
70 35 15 5 1 0

126 70 35 15 5 1
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Calculation proposed in the paper are easily generalized: d’ = ABTP ,
™ ~ . . . A
/ Ble™™)g(w)e™dw = 2m F;Qq B/,
-

where
BIP(e7™) = B(e™™) /(1 — e ™) = x1(w)/(1 — )%

Fj is the row vector

where the first p — ¢ — d — j and the last j — ¢ + f positions are zero, for a M A(q)

stationary component, and

c=[Cq,Cq—1s---1,C0s---,Cq—1,Cq]

is the vector of the autocovariances;

Under the hypothesis that B (z) do not possesses a zero for z =1 up to d — 1 order,
then for h =0,...,d — 1, the identity Eﬁ’f(z) = BPf(2)/(1 — 2)" defines a polynomial
for which éﬁ’f (1) = 0. These identities give rise to the last d equations of the system

that allows to determine the Bf .

) ' i prle
flr B(e ™) g(w)e™®—1dy :
o 5 ' F_r11Qq
[ Blem)g(w)e ™+ du F_Q
! T P —iw tw(— = n— n—
d = " Ble)g(w)e Ndw |, A= 1, ( 21),...,( dl)
0 ...
n—d+1
: L3, ("5
0 1, 2, NN d

1,1,...1

It may be useful to derive an Integrated Random Walk filter, which correspond to

d = 2, and can be compared to the Hodrick-Prescott filter. In this case the matrix Q3,
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forp+f—1=61is

100000
210000
321000

2 _

@ 43210 0
543210
6 53 3 2 1

Also the recursive calculation suggested for the elements of the vector d’ still holds:

R(j) = /” B(efw)g(w)eiwjdw,

—T

we have
b (D (=1)F cos(w
0= [ e
b —iwj iwj
RG)=RG+1) = | [ + gy o).
These integrals are evaluated numerically.
ol fl’ | | ‘
£=3 il J .'hl . I. k‘“li ||’ 'f’ hl‘M ".“.'\ } ) ||

Figure 2.7: IMA(2,2) process smoothed by generalized CF filter. The figure shows only
the cyclical component of the MA(2)

In the simulations conducted, the generalized CF filter is applied to the original
simulated series. The figure compares the cyclical M A part of the process to the smoothed

series. Source codes are available on request.
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Chapter 3

A Local Trigonometric Model for

smoothing cycles

In this chapter we will introduce the main parameters which characterize local esti-
mators. There are presented models discussed in literature such as the local polynomial
regression and the polynomial spline. Then it is proposed a local trigonometric smoother,
with its statistical properties, and it is applied to the smoothing of a simulated pseudo-
cyclical process. Some insights is given for the choice of the parameters of interest and
for the testing of hypothesis. Connections between trigonometric filter and ideal band

pass filter are highlighted.

3.1 General properties of local fitting

In chapter 2 we pointed out that in an economic context it is impossible to dispose
of an as long series observations as infinite filters would require. Moreover, often they
are needed quick estimation for a parameter. Further, a reasonable conjecture is that
observation closer to a specific point y; would help to predict the same y; better than
distant observations, so a “local” estimator would furnishes more precise estimates.

An estimator is said to be local if it predicts y; only by means of observations taken
in a neighborhood of y;.

Several methods are known in literature to perform local fitting of time series. Among
these we point out kernel estimators, local polynomial fitting, wavelets, splines, orthogonal
series (see Fan and Gijbels, 1996). For a review relative to local polynomial regression
and polynomial splines see Proietti and Luati (2007).

Kernel estimators allow asymptotic bias corrections, whereas local regression provides
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finite sample solutions to the same problems.

3.1.1 Main parameters of a local model

In a local fitting they must be specified
e the bandwidth,
e the degree of the local trigonometric polynomial,
e the weight function,
e the fitting criterion.
The choice of the model depends on
e the variance reducing factor.
e the influence function.
e the degree of freedom.
The local regression estimate is said to be linear if for each ¢ there exists a weight diagram

vector I(t) = {l;(t)}, such that the estimate can be written as j(t) = > 1" Li(t)y;.

The variance reducing factor ||I(t)||> measures the reduction in variance due to the local

regression. Under mild condition one can show that (Loader, 1999)

< JU@)|* < li(t:) < 1.

SHE

The extreme cases 1/n and 1 correspond, respectively, to fi(t) being the sample average
and interpolating the data. The is the n x n matrix which maps the data into the fitted
values:

fi(t1)
: =LY.

A~

fin
It has rows (I1(ti),...,ln(ti)), i=1,...,n.

The influence or leverage values are the diagonal elements infl(t1) = l;(¢;) of the
matrix L. These measure the sensitivity of the fitted curve fi(¢;) to the individual data

points.
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The degrees of freedom of a local fit provide a generalization of the number of

parameters of a parametric model. They can be defined as

v =Y infilt) = tr(L)
=1

or as

vo =Y [[lit:)|]” = tr(L"L).
=1

The two definitions of degrees of freedom coincide if L is a symmetric and idempotent
matrix, but in general 1 < vy, < vy < n.

Choosing the length of a graduation rule, or bandwidth, involves a compromise
between systematic error (bias) and random error (variance)

In a discrete setting a filter is given by any one of the rows of the matrix W = L
(Proietti and Luati, 2007). Thus it is possible to investigate the effect of the filter induced
on a particular sequence y; = cos(wt), where w is the frequency in radians. Applying

standard trigonometric identities, the filtered series is

ijyt—j = ij cos(w(t — 7))
J J
= Z wj cos(wt) cos(wy) + Z wj sin(wt) sin(wy)

; j
= a(w) cos(wt) + o (w) sin(wt)
G(w) cos(wt — O(w))

where a(w) = >, w; cos(wj), o (w) = > ; w;sin(wy).

The function

G(w) = /a2 (w) + a*2(w)

is the gain of the filter and measures how the amplitude of the periodic components that
make up a signal are modified by the filter. If the gain is 1 at a particular frequency, this
implies that the periodic component defined at that frequency is preserved; if the gain is

less than 1 for some frequency, that frequency is compressed.

The function

O(w) = arctan[

a*(w)
a(w)
is the phase function and measures the displacement of the periodic function along the

time axis. For symmetric filters the phase function is zero, since ) ;Wj sin(wj) = 0.
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If the trigonometric trend presents more frequencies in general each frequency has

different gain and phase shift, in fact
n n
Yp = Z{ai cos(w;t) + b; sin(w;t)} = Z r; cos(wit — 6;),
i=1 i=1

with r; = ,/a? + b? and 0; = arctan (b;/a;) when smoothed gives rise to

Z WiY—j = Zn{ [Z —wj sin(wij)} cos(wit — 6;) + [Z wj cos(wij)} sin(w;t — 97;)},
J ( J

J

so that the frequency w; receives a gain and a phase shift given respectively by

G(wi) = Va(wi)?+ a*(w;)?, 6(w;) = arctan a

3.1.2 Estimation of the goodness of fit

In the following section there will be presented some useful statistics to test the

goodness of fit of a local model.

Var(in) = Elin — Bl = E[ 3wy — me-y)] =

o? Z W? = o%e)(X'KX) ' X'K’X(X'KX) e

The term Zj Wj2 = o2 is addressed as wvariance inflation factor, and it represents
the proportionate increase in the variance of a filtered white noise sequence after the

smoothing.

If ;i the two-sided estimate of the signal at time ¢ that doesn’t use y; then

1 " wo

thpe = €1 (X' KX — rperel) (X' Ky — koyser) = T-w b 1—we’"

and the leave-one-out residual leave-one-out residual is

. 1
Yo = Ma\e = 77

Wo (yt - mt).
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The cross-validation score is the sum of the squared deletion residuals:

n
. (yr — 1)?
CV = Y —mpg )’ = —_

2= D (e
where one writes wq; since the filter weights are different at the extremes of the sample.
The estimation of ¢ can be done by using the residuals from the local polynomial
fit: gy —my =y — > § WjtYe—j- Under the hypothesis of a polynomial trend of degree p
and thanks to the polynomial preservation property of the filter, the expectation of the

residual sum of squares (RSS) is:
n 2 n n
E(RSS) = E[Z (yt - ijtyt,]) } = g2 [n - 2Zw0t + Z (Zw?tﬂ
t=1 J t=1 t=1 j
This suggests using the following estimator for the error variance:

o RSS
n—23 " wor + 3y (E] w?’t)

An approximate 95% confidence interval for p; is
1
262 w?)
J

3.2 Some examples of local model

Very popular kernel smoothers are the Henderson smoother, the Macaulay smoother,

the Epanechnikov smoother.

3.2.1 Local polynomial regression

In general it is assumed an additive model as
Yyt = e+ €, t=1,...,m,

where p; is the trend component, also termed the signal, and ¢; is the noise, or irregular
component. u; can be either stochastic or deterministic. In the case of a deterministic
trend it is often assumed to be p times differentiable in ¢. If 2h+ 1 equispaced observations

Yi+j, |7] < h are available in a neighbor of ¢, then j; is approximated by its truncated
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Taylor polynomial of order p:
mt+j:ﬁ0+ﬂ1j+“’+5pjp7 Jzoailavih

The problem of finding the vector of coefficients § is known as local polynomial regression.
p is the degree of the approximation and A is the bandwidth. The local polynomial model
is
P
Yern = Y Bei® + ey, j=0,%1,... +h,
k=0
in matrix notation y = X3 + ¢, ¢ ~ N(0,02I). The vector 3 is chosen as the vector

minimizing a weighted squares summation:

h
S(Boy -5 Bp) = D kilyers — Bo— Brj — -+ — Bpi®)’
j=—h
for a suitable choice of kernel function xj, j = 0,%£1,...,%+h such that x; > 0 and

kj = k_j. Such a kernel function is time-invariant. In matrix notation the solution is

B = (X'KX)'X'Ky. In particular, if e; = [1,0,...,0] € RP*L, s, = f3 is given by

h
e = e = ell(X/KX)_lX,Ky =uw'y = Z W5Yt—j-
j=—h

The vector w = e} (X'KX) ' X'K is a filter. It is symmetric since x is symmetric. The

condition X'w = ej is equivalent to

h h
dwi=1, > jwi=0, 1=1,...,p

]:—h ]th

These conditions imply that the filter w preserves a polynomial of degree p, that is it
reproduces it exactly, and in this case m; = By = y;. The central element of the vector
w, wy, represents the leverage, as defined above, that is the contribution of 3 on the

estimate of the signal at time t¢.

Luati and Proietti (2010) establishes the conditions under which the generalized
least squares of the regression parameters is equivalent to the weighted least squares
estimator. The equivalence conditions allows to derive the optimal kernel associated with

a particular covariance structure of the measurement error.
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3.2.2 Polynomial splines

An alternative way of overcoming the limitations of a global polynomial model is
represented by a polynomial spline. Given the set of points t; < -+- < t; < -+ < tg, a
polynomial spline function of degree p with k knots t1,..., ¢, is a polynomial of degree p
in each interval [t;,¢;11[, with p— 2 continuous derivatives whereas the (p — 1)st derivative

can have jumps at the knots. It can be represented as:

k
pt) =B+ Bt —tr) + -+ Bt —t)P + > _milt — t:i),
i=1

where

0, t<t.

E—t)P, >t
(t—ti)ﬁZ{( otz

It has been pointed out that the piecewise nature of the spline “reflects the occurrence of
structural changes”. The knots t; are the timing of a structural break. The coefficients
n; regulate the size of the break, and can be considered fixed or random; in the second
case the function (t — tl)ﬂ describes the impulse response function, that is the impact of

the future values of the trend.

For 7; random, the spline model can be formulated as a linear mixed model. Denoting
y=[yt1),.. .y, n=[m,....m]" e =[e(t1),....€(tn)]'s p = XB + Zn, the spline
model is

y=p+e=XB+2Zn+e,

where the t-th row of X is [1,(t — 1),...,(¢t — 1)?], and Z is a known matrix whose i-th

column contains the impulse-response signature of the shock n;, (t —t;)".

The spline model encompasses several type of models, such as the local level model
(p = 0), the local linear trend model (p = 1), that is an integrated random walk, and
the cubic spline. The cubic splines displays too much flexibility for economic time series,
that is paid for with excess variability, especially at the beginning and and at the end of
the sample period. Out of the sample forecast tend to be not very reliable, as they are
subject to high revision as new observations become available. This flexibility is usually
limited by imposing the so called boundary conditions, which constrain the spline to be
linear outside the boundary knots, i.e., the second and third derivative are zero for ¢t <1
and t > n.

A smoothing spline is a natural cubic spline which solves the following penalized least

41



square indexpenalized least square(PLS) problem

(3.1) min{(y —w)(y—p)+7 /[u”(t>]2dt}-

Minimizing the PLS objective function is equivalent to maximizing the posterior density
f(uly) assuming the prior density v ~ N (0,03R_1), R being a suitable diagonally

dominant tridiagonal matrix for the smoothing spline, 7 = 2/ 03.

3.3 Local Trigonometric Regression

In chapter 2 we examined and extended the finite sample approximation of the exact
band-bass filter by working in the domain of frequency. In particular, we saw that
the optimal approximating smoother can be expressed as a finite sum of trigonometric
function. In this section we focus on time domain, and we shall build a local trigonometric
filter.

Trigonometric regression has been studied by Walker (1971), Hannan (1973), Quinn
(1979), Wang (1993) among others.

The minimization of the sum of squares of a local trigonometric regression in time

domain is
I2 A 2

(3.2) Fe)= Y ity = Y ene™ | = ming,,
t=—T/2 k=0

where ¢ are assumed to be real. In the remaining part of the paragraph it is written xy

instead of x;; for simplicity.

gTi = 0 yields

T/2 T/2 A
Z KtYi+; cos(xtk) Z Z keepcos(xt(k —1)), k=0;...,\
t=—T/2 t=—T/2 I=0

The simplest case is the uniform kernel: x; = 1, Vt. In this case we have:

T/2 . T+1
I S
T/ sin(3)
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T/2
Yoot =T+1, r=2kn,

t=—T/2
T/2
Z et =-T-1, r=2k+1n,
t=—T/2
and thus
/2 T+1 k—1
Z Yi4j cos(xtk) ch sin(@ )El) )), k=0;...,\
=T 2 s.m(:(:—2 )

For instance, if k = 3, this system of equation is explicitly written as:

AT 41+ bsirsli:%” . Csin;f(;—;— D, dsir;zmn Tf "

2 t=—T/2
aSi:izg;l) +b(T +1) + csjrslizg;l) dsm;gg o t:gj/g cos(2t)y;+t
sin:cigl(“;)- 1) bSiTSliz((%J;l) +ce(TH+1)+ dSirsliz((g;l) = t_Tg:/:/Q cos(2xt) Y4+
Sislz(g;l) Sin:if(:; . Shsli:(g;l) +d(T+1) = t:T_Z/TQ/z cos(3wt)y;+¢

If the instant ¢ belongs to the boundaries of the interval, the summations are modified

as
T/2 . . (T—m+1)
S Ry = cos (MR T2 g
2 sin(§)
t=—T/2+m
T/2
Z et =T—m+1, r=2kn,
t=—T/24+m
T/2
Z = _T4+m—-1, r=2k+1)m;
t=—T/2+m
and 7
2—m _ . (T—m+1)
Z Re(e") = cos ( rm)sm(r. Z ), r# km,
2 sin(3)
t=—T/2
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T/2—m
Z et =T —m+1, r=2kn,
t=—T/2
T/2—m
Z €= -—T+m—1, r=2k+1)7.
t=—T/2
Here x is a wrapping parameter, that must be non zero to guarantee the uniqueness of the
solution. The problem of choosing z, k, T here is faced chiefly by means of simulations,

and the simultaneous estimation of these parameters is still an open problem.

The smoother is local if it is used only for the prediction of y; (¢t = 0). Thus
Uj = 2220 ¢i- The obtained filter satisfies the trigonometric reproducing property up to
the order of the system: if the real process y; is a trigonometric polynomial, the system

of equations is trivially satisfied.

More generally, the minimization of the functional S(t) = Z]Ti 2_T /o KilYets S cpet k)2
with respect to co, ..., ¢\, maintaining the x; fixed, can be putted in matrix form as follow.
Let t = 0. Define v = [co,c1,. .., Al ¥ = [Y—1/244> YT /241485 - - YT /2~ 14 YT /244
1 e—in/Q 6—2ixT/2 . e—ar)\T/Q
| e—iw(T-1)/2 —2ia(T-1)/2 . ,—eAT-1)/2
J=1: : : : ;
| ein(T-1)/2  2ia(T-1)/2 .. aAT-1)/2
1 ieT/2 o2i2T/2 . oEAT/2
A = diag{k_r1/2, K_T/241;- - s KT/2—1, KT)2}-

Then ~ is the solution of J'AJ~ = J'Ay, where J is the complex conjugate of .J, which
implies y = (J'’AJ)"'J'Ay. Hence §; = 22:0 cp = 2220 ex(J'AT) LT Ay = o'y, for
er = [0,...,0,1,0,...,0), (1 in the k-th position) and the filter ¢) transmits without

alteration the trigonometric trend of order .

The recourse to the use of complex number can be avoided by postulating a trend of the

form y; 1 = 22:_/\ cr
Zzzo(ak cos(xkt) + by sin(xtk)), with ar = ¢ +c— = 2R(cg), by = cx — e = —2i(cx).

etk with ¢_j, = €. Thus the same trend assume the usual form

Under this assumption, the system of equation becomes

A T/2 T/2
Z Cr Z rpet =Dt — Z e_w“ytﬂ-, l==X...,\
k=—X\  t=—T/2 t=—T/2
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Let y; be a local trigonometric trend written in exponential form:

A

itk

Yj+t = E cre™™,
k=—\

so that y; = 22:_)\ ck. Let ¢y, t = =T/2,...,T/2 a discrete system of weights satisfying

T/2

(3.3) > e =1; VE,

t=—T/2

for each choice of ¢;. Thus we have: the weights have the trigonometric reproducing

property :

T/2 T/2 A
~ _ _ i(t+s)k __
g = Y VsUirers = Y e Y cpeTHIF =
s=—T/2 s=—T/2 k=—\
A /2 A
— Z Ckeztk Z wsezks — Z Ckeztk.
k=—\ s=—T/2 k=—\

Taking T' = 2k the system (3.3) can be putted in matrix form: Ay = 1, where a;,, =
elatk — eix(lflfT/Q)(mflf)\).

if yy = py+eq, with e, ~ I1D(0,02), then the variance of the estimator is o2 Z?liT/Z |1¢]2.

Under the same hypothesis the local trigonometric estimator is unbiased. In fact if
y; = n; + €4, the signal 7; is a deterministic trigonometric trend, n; = 22:0 cxeF | and

€, is a white noise process, then

T/2 T/2 T/2
Elg]=E[ Y wyjrd = D wiBj+ Y wiBlejr]
t=—T/2 —7 t=—T/2
T/2 A A T/2
Z th[Z crel k) — Z ek Z wee™ = .
t=—T/2 k=0 k=0 t=—T/2

The figures show the smoothing of a AR(2) process (L? — 0.6L + 0.08)y; = &; where
g ~ WN(0,0%), 0> = 0.01. It has been build the smoother for different choices of
bandwidth and maximum frequency. The parameter x has been taken as small as
possible. The presence of higher frequencies could lead to oversmoothing. The gain of

the filter is about 1 in a neighborhood of zero frequency. Aliasing is also evident.
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Figure 3.1: Smoothed AR(2) process, A =1, W=N/5

Simulated process

Figure 3.2: Smoothed AR(2) process, A = 1, W=N/5

Table 3.1: CV for different A\ and windows
1 2 3 4

N/12 2.0143 1.8414 1.5757 1.7874
N/10 2.0891 1.9727 1.7182 1.7871
N/6  2.0173 2.0637 1.9164 2.1725
N/5  2.0292 2.0852 1.9433 2.1962
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Figure 3.3: Smoothed AR(2) process, A = 1, W=N/10
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Figure 3.4: Smoothed AR(2) process, A =1, W=N/12

Table 3.2: VIF, ¢ inner point for different A and windows
1 2 3 4

N/12 1.013 1.4535 1.5144 2.1628
N/10 1.0126 1.457 1.4881 2.1657
N/6  1.0119 1.4504 1.4806 2.1617
N/5  1.0117 1.453 1.4729 2.1447
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Figure 3.6: Smoothed AR(2) process, A = 2, W=N/12

Table 3.3: RSS for different A\ and windows
1 2 3 4

N/12 1.1097 1.0762 0.6395 0.6206
N/10 1.2981 1.2547 0.7783 0.754
N/6  1.6112 1.5914 1.353 1.3374
N/5  1.6976 1.6652 1.487 1.4721
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Figure 3.7: Smoothed AR(2) process, A = 3, W=N/5

True process
Simulated process

Figure 3.8: Smoothed AR(2) process, A = 3, W=N/6

Table 3.4: §2 for different A\ and windows
1 2 3 4

N/12 0.0101 0.0113 0.0059 0.0072
N/10 0.0116 0.0127 0.0071 0.0082
N/6  0.0140 0.0148 0.0119 0.0129
N/5 0.0147 0.0152 0.0130 0.0139
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Figure 3.9: Smoothed AR(2) process, A = 3, W=N/10

Figure 3.10: Smoothed AR(2) process, A = 3, W=N/12
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Figure 3.11: Gain of Smoothed AR(2) process, A = 3, W=N/5
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Figure 3.12: Gain of Smoothed AR(2) process, A = 3, W=N/6
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Gain for A= 3, T=MA0

Figure 3.13: Gain of Smoothed AR(2) process, A = 3, W=N/10
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Figure 3.14: Gain of Smoothed AR(2) process, A = 3, W=N/12
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3.3.1 The choice of the sampling frequency

One problem faced in the previous section (3.3) was the choice of the parameter
x which decides the frequency of sampling. Pollock (2012) sheds some light on this
point. In fact, if the process under exam shows a precise range of frequencies, i.e. it is
band limited, an optimal choice of the parameter x is possible.  can be thought as the
maximum sampling frequency of a continuous time underlying process.

Macroeconomic data processes in fact are commonly thought as composed of compo-
nents that fall within limited frequency bands.

The following relation holds for z(t) € L?(R):

+oo +o0 .
2(t) = — / e (W) dw ¢ E(w) = / et (1) dt.

2 —00 —00

By sampling z(t) at integer time points, a sequence {z;,t = 0,+1, 42, ...} is generated,

of which the transform £g(w) is a 2m-periodic function.

1 [T . = .
n=o- | el g (w)dw < Es(w) = Y wpe ™.
k=—00
At the sampling point x; = x(t) yields
L™ teayo = L [T cteg(wyio,
27 J_ o 2 J_,

which implies
400
Es(w) = > &w+ 2knm).
k=—00

The two functions will coincide if {(w) = 0 for |w| > 7, otherwise zg(w) will be subject
to a process of aliasing, since elements of the continuous function that are at frequencies
in excess of 7 are confound with elements with frequencies less than 7. Thus, the so
called Nyquist frequency of w radians per period represents the limit of what is directly
observable in sampled data.

If the condition is fulfilled {(w) = 0, then it should be possible to reconstitute
the continuous function x(t) from its sampled ordinates. This is the statement of the

Nyquist-Shannon sampling theorem.

Theorem 1. If f is a continuous periodic function of period T', which results square-

integrable function in [0,T], then it can be reconstructed by means of its sample taken at
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the frequency f.=2/T.

If (t) is a periodic function, then

x(t) = /7T { Z zpe Wk }eiw:

k=—o00

= sin(7 k))
— :rk/ e wt=k) gy = Z Tp—— s

k —

The sequence of sinc functions ¢(t — k) = w k € Z constitute an orthonormal

basis for the set of all functions band-limited to the frequency interval [—m, 7]. In fact,

recall that the sinc function is the Fourier transform of

1, we(—mmn)
Xw)=<¢1/2, w=4=rm

0, w¢l[-mmn].
Thus
/gb o(r — t)dt = /¢ / x(w )’w(T_t)dw}dt
o

—zwt WwT

= 0 / (1) dt} dw

LT e

= g5 | X(@x w

1 i T _
=3,/ € dw = 0(t).

A continuous function y(t) that is limited by the frequency value w. < 7 can be
similarly expressed as

+oo .
y(t) = Z " sin(we(t — k))

Rt we(t — k)

sin(we(t—k))
we(t—k)

for the set of all functions band-limited to the frequency interval [—w.,we].

The sequence of functions ¢.(t — k) = , k € Z constitute an orthonormal basis

If moreover {h;,t € Z} is the sequence of ordinates sampled from the function ¢.(t)

at unit intervals of time, then according to the Shannon-Nyquist theorem



As a consequence, the same y(t) can be re-expressed as

+0o0 +00
)= > w{ 3 mott-i-n}.
j=—00 k=—00

If x(t) is defined in [0, T, then

2wk

. 1 (T 4
2(t)= 3 Gt o 6= /0 (D)l oy =

T-1 T-1
o) = 30 6 65 6 = £ 3 et
k=0 k=0
Thus
—1 1 T-1 1 T-1 T-1
CC(t) _ Z {7 Z l‘te_iwkt}eiwjt _ = Tk eiwj(t—k)
pur i = =

sin(w1(t — k)T'/2) w1 (t—k)(T—1)/2
sin(wr (t — k)/2) '

1
<. ~
1M

where the Dirichlet kernel % constitutes the discrete version of the sinc

function.

The forcing function £(t), i.e. the error term, of the underlying continuous process

can be estimated by means of the sampled error term as follows:

—+00

()= Y erolt— k)

k=—o00

Similarly, the covariance function of the continuous process and the covariance of the

sampled process are linked by the relation:

“+o0o
e(r) = Ele(De(t + )] = Y Elere]dlt +7 — k) = 026(r).

k=—0o0

A discrete ARMA process is obtained by sampling the continuous analogous ARMA

process.
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+o0

V() = Y ve(r —).

k=—00

The prediction of a time limited stochastic process can be enhanced by resampling the
original data sequence to a rate r = w.(Pollock). The frequency w. can be evaluated
by visual inspection of the spectral density of the process, or, by inspection of the
periodogram (see 4.3.1) when the spectral density is not available.

The consequence of applying an unrestricted estimator to data that are strictly band
-limited will be to create an estimated autoregressive polynomial in which the complex
roots approach the perimeter of the unit circle of the complex plane, exhibiting an

artificial nonstationarity.

3.3.2 Test of hypothesis for trigonometric models

Rosenblatt and Grenander (1957) give some insight relative to the comparison of two
different trigonometric regressions. Suppose that we want to compare the two statistical
models

H=y=z+m?, j=01,

where x; ~ N(0,0%) with spectral distribution F(w). Assume that the two vector

m(©® = (mgo), cey mglo)) and m() = (mgl), ey mﬁ)) have real components. After having
observed y1, ..., Yy, we want to test Hy against H;. Assume that the covariance matrix

R of the disturbance x; is not singular. Under H;, j = 0, 1, the vector x; has pdf

1 1 N ‘ ,
fj(ylall%u-vyn):Wexp{2(y—m(3))’R 1(y_m(3))}7 i=0,1.

The most powerful test of Hy against H; has the critical region
W = {yR(m® —m®) > K}
Assume that the m@) admits Fourier expansion
m,gj) = /7r e™dpi(w), j=0,1
-7
¢;(w) bounded variation function. Let the expected value be
Ejy’Rfl(m(l) — m(o)) =pu;, Jj=0,1,
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and the variance
D2[y/R—1(m(1) o m(O))] =,

which does not depend on j. Then there exists a consistent test of Hy against H; if and

only if
(11 — po)?

[

—" o0.

T

or equivalently, if and only if

/7r |d(1(w) — po(w))[?

. dF () = oo

(Hellinger integral). In other words, the spectral densuty of the random error z; have to
be smaller than the squared Fourier transform of Am to assure the consistency of the test.
The presence of a discontinuity in the spectrum of x; makes it harder to discriminating

between Hy and Hiand to find a consistent test.

If the disturbance z; are normally distributed and the covariance matrix R of x1,...,x,
are fixed and known, then ¢'R~!y is a minimal sufficient statistic for the class of

distribution of m . The linear estimate
c=(¢R o) 'Ry
is an unbiased estimate of v(w) = ¢1(w) — po(w).
(n)

Suppose ¢, = Y 4 a; Yt is a sequence of consistent estimates of y(w) in mean square

sense. _—
o Et:l LtYt

Ch = <n - 15

2= l@el*

¢, 18 an asymptotic unbiased estimates if and only if

n
lim Z lt]? = +o0.
-1

n—-+o0o :

In the trigonometric regression
Y = ,yleit)q + 726#)\2 4t ,ypeit)\p + oy

if the frequencies A1, A2, ..., A, are distinct, the least squares estimates of v, v, ...,

7p are asymptotically efficient.
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3.3.3 Trigonometric filter as an approximation of the ideal band-pass
filter

The global Trigonometric filter ¢, = By (L), arises from a Trigonometric Regression

(1.3) without mean p by rearranging the terms of the summations:

-1

B (L)xy Z { Zcos wjl }:L‘t,j, gg?J,

I=t-T jeJ

t—1
2 1 T
x = Z {T Z cos(wjl) + T cos(m(t — 1)) cos(mt) }ay—;}, 5 € J,
=t=T  jej#%
27,
t=1,...,T, wj = ) JCA{1,...,T}.
has a unit roots since B/ (1) = 0, and it has at least two unit roots if it is symmetric. If
compared with the Random Walk filter, it has al lower correlation function in all the
frequencies, has a higher variance, especially in the lowest frequencies , and it shows a
substantial departure from covariance-stationarity (see CF, 2003).
If the frequencies selected are the first A, that is J = {1,2,..., A}, the weights of the

trigonometric filter are:
. 2 rsin(A+1/2)w; 1
By == Zcos w;l) Zcos wij) = = W_§ =

_ sin(A —|— 1/2)wl - sm(wl/Q) _ sin[(27\/T + 7 /T)l] — sin(wl/T)
T sin(w;/2) T sin(wl/T) )

The filter is linear and time invariant. The weight B}, is zero if Al/T is an integer.

If b= 2\ + 1)7/T and a = /T, since Tsin(wl/T) = 7l + o((I/T)?), and if B, is the
I-th weight of the ideal band-pass filter for the band [a, b], one obtains Bj' = B;+o((/T)?).
If X(T)/T — ¢ for T — oo, this weight converges to the weight B; of an ideal band-pass
with ¢ = 0 and b = 27e.

If the frequencies selected are those between A1 and Ag, then

)\2 /\2

Bi= 2 3 cosluh) = 2 3 cos(ug) = T ELB (—;i/r;()& +1/2)w)
J=Atl Jj=A+1

_sin[(2ao/T + w/T)l] — sin[(27 A\ /T + 7 /T)]]

B T'sin(wl/T) :
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and the weight approximates the B; of an ideal band-pass with a = (2\; + 1)7/T" and
b= (2X\o 4+ 1)/T. Moreover, if \{(T)/T — c¢1 and A\o(T')/T — co for T'— oo, then the

weight B[ converges to the weight B; of an ideal band-pass with a = 2m¢; and b = 27cs.
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Chapter 4

Convergence properties of the

proposed models

In this chapter it will be discussed the rate of convergence of global and local
trigonometric estimators. Optimality criteria such as Mean Squared Error, Integrated
Mean Squared Error and Pointwise Mean Squared Error are proposed, and there are given
the condition on the order of the model that have to be satisfied in order to guarantee
the consistency of the estimators.

Then it is discussed the problem of choosing the order of the model by means of data
driven methods. Selection criteria such as the Generalized Cross Validation, AIC-like,
BIC and Mallows C), are examined, showing their asymptotic equivalence and comparing

their performances.

4.1 General convergence properties of local models

Polynomial regression can be shown to produce an estimator of p that attains the
theoretical optimal rate of convergence for mean squared error in certain sets (Rafajlowicz,
1987; Cox, 1988).

The rate of convergency of a trigonometric estimator can be not so satisfactory. In
fact the mean squared error convergence rates for trigonometric series estimators are
as slow as n=2 globally, or n=s locally for a twice differentiable, non periodic function
(Hall, 1981, 1983) rather than the optimal n~% rate obtained both by kernel and cubic
smoothing spline (Walter and Blum (1979)). It is due to the fact that a trigonometric
polynomial is always periodical whereas the unknown function x4 can be aperiodical.

It can be shown that the boundary behavior of a trigonometric series estimator
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dominates its squared error.

The result is that when a data driven method based on a mean squared error estimate
such as cross-validation is used to choose the number of trigonometric functions in the
regression, the result is often as estimator involving too many terms that undersmooths
and exhibits anomalous wiggles.

Eubank and Speckman (1990) try to improve the rate of convergence of the trigono-
metric estimator by adding to it a polynomial term of order d playing the role of a
deterministic trend. For a similar model the generalized cross-validation for selecting A

is defined as

GCV(A) =nRSS(\)/(n — 2\ — d — 1)?

and the unbiased risk criteria is defined as
(4.1) Ry =n"'RSS(\) + 2022\ +d +1)/n

where
n

RSS(N) =Y (yi — mat:))*.

i=1
The ¢ statistic can be employed to aid the detection of terms in the estimator which
do not contribute to the overall fit.

Define the mean squared prediction error of uy as
n
Ra(N) =n" Y E{u(ti) — ma(t:)}?
i=1

and assume that the ¢; are distributed as a sample from a distribution function W and
continuous positive density w on [0,27]. If 0 < ¢; < --- < t,, let W,, be the corresponding
empirical distribution function W, (t) = k/n for tx, <t < tx11 (k=1,---,n) and let
5 = supt W (£) — W (ta)].

It can be proved that if & has d — 1 absolutely continuous derivatives with ;(9 square

integrable, then

Ry(\) = OOA2Y) + 022X +d + 1) /n + O(5, 27201,

2d

Thus, taking A RTFT we obtain n” %1 as a rate of decay for R, (). Stone (1982) and

2d
Speckman (1985) have shown that n~ 241 is the best uniform rate for linear estimator

over function with the same smoothness properties as .
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The orthogonality of the trigonometric functions allows one to avoid problems of
collinearity , so the proposed method is also a practical alternative to the use of orthogonal
polynomials. If a polynomial trend is added, the orthogonality is lost. The solution could
be again detrending the series of the observations, and then fitting via trigonometric

regression.

4.2 Convergence of trigonometric estimators in L?

Some properties of the global Trigonometric Regression Estimation has been high-
lighted by Popinski (1999).

Consider the model
yi = f(tin) +mi, i=1,...,n,

where the function f(t) = 7(t) + ¢(t) is the deterministic sum of trend and cycle, and

n(t) is the random component. For simplicity, we take the equidistant observations
to = 2m(i=1)
) n

It is well known that each function f € L?[0,27] has the representation

F8) =" exen(t),

k=0

for
1 27

o= | Fen(s)as

being the Fourier transform of f, where the functions:
eo() =1, ey_1(x)=+V2sin(lz), ey =V2cos(lz), 1=1,2,---,

constitute a complete normalized orthogonal system in the space L?[0, 27].

In the Fourier decomposition of the function f, the highest components play the role
of the cycle, while the lowest components play the role of the trend. Both the components

are deterministic.
If one minimizes the function

n A

Z [yl — Z C cos(ktin) + Sk sin(kti,n)] ? = i [yl - i ckek(ti,n)] ?
k=1

i=1 k=1 =1
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one derives the estimates !
1 n
/C\k‘,n — nz;ylek(tl,n)a k= 1725"' y Ty
i

that are the mean squared estimates of the Fourier coefficient c;.Notice that the ¢, are
the discrete Fourier transform of f, that is ¢, = Jn(wk).

If the regression function f is continuous, the estimators ¢ of the Fourier coefficients
¢, are asymptotically unbiased and consistent in the mean-square sense.

In the definition of an optimality criterium, it should be taken into account both
the error committed by truncating the infinite sum representing f, both the random
error 7), and this requirement can be fulfilled in different ways. Following Popinski (1999)
we explore three different criteria for estimating the prediction error: the mean-square
prediction error

1 « A 1« s
Rp(N) = =Y E(f(2im) — frm)® = - Z/Q (Wi = Fany — mi(w))?dw,
i=1

n -
=1

the integrated mean-square error

Bl =l = [ {57 | 0= () =it e},

—T
and the pointwise mean-square error

A~

E(f(l‘) - f)\(n))Q = /Q (yz — f)\(n) (331) — ’m)de

of the estimator
A(n)

) = Z crer(z), for f e C|0,2n].
k=0

The choice of the function f in the model arises from the theory under consideration
(economic, biological, astronomical...) such approach is not completely data driven, since
in a complete data driven approach it would be enough to minimize a functional of the
random error 7)(t), but this procedure can be useful if we have a strong believe in the
form of the function f, and f is difficult to be computed. Another approach could be
choosing f with a global trigonometric regression, and afterwards, determining the fA(n)

by a local fitting. Moreover, minimizing such a composite criterium allows to work with

!Notice that if the observations are equispaced, then % > e(tin)ei(tin) = Ok
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a series not filtered in advanced.

The paper proves that if f is a continuous 27-periodic and not a trigonometric
polynomial, the estimator fA(n) is consistent in the sense of the mean-square prediction
error if and only if the sequence of numbers A\(n), n =1,2,--- satisfies

A(n)

limp—o0oA(n) = 00,  limpyeo——= = 0.

As a corollary it follows that if the function f satisfies the Lipschitz condition with
exponent 0 < a < 1 and if the sequence of natural numbers A(n) satisfies A(n) ~ nﬁ,
then

n
A 2 _ 2«
ZE(f(xm) - f)\(n) (xm)) = O(n 1+2a)'

=1

1
n
This result complements the one obtained by Eubank and Speckman (1991) for a
more general fixed point design under more restrictive conditions on the smoothness of
the regression function.
In the case of the integrated meas-square error E||f — fx(n)|| Popinski (1999) finds
that, for f absolutely continuous function, if

)\(n)3/2 Ly

limp—0oA(n) = 00, liMmy_eo
then the estimator f)\(n) of the absolutely continuous function f is consistent in the sense
of the integrated mean-square error.

With respect to the rate of convergence, if f is absolutely continuous, and A(n) ~
n'/2, then E||f — f,\(n)H% = O(n~1/?). In general with the same argument it can be
shown that if f is absolutely continuous, and A(n) ~ n® for some positive a < %,
then E||f — fyml3 = O(n™) for 0 < a < 1/2 and B||f — fyw|3 = O(n**~2) for
1/2<a<2/3.

Finally, for point-wise mean-square error, the paper demonstrates that under the
more restrictive hypothesis

A(n)?

limp—o0oA(n) =00,  limyyeo——— =0,
n

if f is an absolutely continuous function, then for any & > 0 the estimator f,\(n) is
uniformly consistent in the sense of the pointwise mean-square error in the interval
(6,27 — §). If moreover the function f is 2m-periodic, then the pointwise mean-square

estimator fA(n) converges uniformly on [0, 27].
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As a criterion of order selection, Popinski suggests the minimization of the Mallows’s
Cp:

1 A 2)\62

(4.2) e =~ D Wi = faltin)) +

i=1

where & is a consistent estimator of 0727. This criterion does not require the knowledge of
the best deterministic trend f, and thus is completely data-driven.

The Mallows’s C), furnishes a consistent estimate of the sum of squared error of the
regression obtained retaining only the first n regressors.

If A(n) is the minimizer of C'()\), Posinski shows that for u(t) absolutely continuous and
not a trigonometric polynomial of finite order, if there exits a sequence of positive number
er, such that (k4 1)ey is not increasing, |cx| < e, > peg ek < 00, if g = sup E7714 < 00

and 62 — 0727 as n — 0o, then

/ (f = fj\(n))2 = Op(nil/Q)-

If moreover the function f = p is 2m-periodic and satisfies the Lipschitz condition for

0 < a <1, then the discrete version of the loss function d,,(\) satisfies

n

dn(N) = = S (F(tin) = Altin))? = Op(n” 157).

n“
=1

4.3 Estimation of the order of the model based on the

Periodogram

4.3.1 Definition of Periodogram

A basic tool to do inferences on the frequency-domain properties of a time series is
the periodogram, which helps in the detection of specific frequency contained in a time

series and in the choosing of the order of the model.

Definition 6. The periodogram I,(w), w € [—m, 7] is defined as:

2 21j
for wj=—

T

1 i

Iy(w;) = | D y(t)e "
t=1

Ij(w) = Ij(w;) if we€lwj—n/T,w;j]N]|0,n]
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I(w) =I)(—w) if we[-m0].

where y = (y1,...,yr) is a sample of the (complex) time series Y.

Taken the finite Fourier transform

=
L

Jr(w) = y(t)e ™t

Nl =

t

Il
=)

Ir(wg) and Jr(wg) are linked by I7(wy) = TJ7(wy)?.
The periodogram decomposes |y|? into a sum of components associated with the

Fourier frequencies w;:

2> = Y Ir(wy), Fr={-[(T-1)/2,....[T/2]}.

JEFT
It is easily seen that the periodogram is closely related to the sample autocovariance func-

tion 4(k), |k| < T if w; is any non-zero Fourier frequency, and the sample autocovariance

function is defined as

then
Ir(wj) = ) Alk)e ™.
|k|<T

Recall the expression of the spectral density of a stationary process :

+oo
flw) = (ke
k=—o00
with 3z [1(K)] < +oc.
If the time series consists in a periodic trend plus a Gaussian error the periodogram
Ir(wj) at any set of frequencies 0 < wy < - -+ < wy, < 7 are asymptotically independent
exponential random variables with mean 27 f(w;) and variance (27)%f%(w) + O(T(~1/2)

for w € (0,7)), where f(w) is the spectral density of y(¢). Consequently, the periodogram

67



I7 is not a consistent estimator of 27 f.

The presence of a trigonometric trend can be tested with a test for hidden periodicity
based on the periodogram by means of test such as Fisher’s test (Fisher, 1929). The
visual inspection of the periodogram, or of a suitable smoothed version of it helps in
detecting hidden periodicities, since these correspond to lines in the spectrum, and hence
to local maxima of f(w).

Since for large T' the periodogram ordinates are approximatively uncorrelated with
variance changing only slightly over small frequency intervals, consistent estimator can

be constructed by averaging the periodogram ordinates in a small neighboring of w. If

Flw) = % > Wrlk)Ir(wjsr),

\k\<mT

under suitable hypothesis for the weight function W and the integer mp f (w) converges

in mean square to f uniformly on [—, 7.

4.3.2 A comparison among estimators presented in literature

The estimation of the periodogram is needed in some information criteria used to
select the order of a global or local Trigonometric Regression. A possible strategy when
smoothing a series by means of a LTR is to decide in advance a low order for the
trigonometric polynomial estimating the signal in each point t. An alternative strategy
is to estimate the order of the regression, and after constructing the LRT. This method
is not exonerated by criticism, since it alters the level of statistic tests; moreover the
convergence to the “true” model is not uniform(Po6tscher and Leeb, 2005).

Quinn (1989) suggests an AIC-like estimator for the number of terms in a trigonometric

regression. In details, let the model consist only in cosine terms

A
(4.3) y(t) =+ pjeos(wit + ;) + e
j=1

let the ¢; and p; be real numbers, with p;1 > pa--- > py > 0, and let the w; be
the Fourier frequencies 27j/T, 1 < j < [(T — 1)/2], and further assume (a) that ¢; is
stationary and ergodic, with F(e?) = 02 < oo and E(g¢|F;_1) = 0, where F; denotes the
o-field generated by {es,s < t}, or the more restrictive condition (b) &; i.i.d. sequence
with E(g%) < oo, and
sup [¢(s)] = B(s0) <1

|s|>s0>0

68



where 1 (s) is the characteristic function of &;.

If we fit this model by the least square method with wq,...,wy known, the residual
sum after fitting is
T—1 A
(y(t) = 9)° = 3 Ty(w;)
t=0 j=1
where
1 T—1
Y= T y(t)
t=0
and -
2| — L2
I(w) = 2| Y yt)e| .

t=
If, otherwise, the w; are unknown, the residual mean square is

{D_ ) —9)?* -5}

t

S

63 =

Nl =
I

where Sy is the sum of the largest A ordinates of the periodogram I,(w), for w Fourier

frequencies. Thus Quinn (1989) constructs the information criterion
¢g(A) = Tlog(63) +2X0g(T), (A=0,1,...)

where g(T) is a suitable function satisfying T-'g(T) — 0 as T — oo The number of
sinusoids is estimated by the first local minimum of ¢4(A), in other words A is the first
integer for which ¢,4(\) < ¢,(\ + 1). This A is a consistent estimator of X under suitable

conditions on g(7T).

The proof of the consistency of the estimator A exploits the boundedness of the

periodogram as stated in An et al (1983), and uses the fact that

I (w) L(w) if w#w;, j=1,...,},
w) = )
Y \Ia(w)% + (L)2pje 2 if w=wj, j=1,...,A

It follows that 711, (w;) converges a.s. to p?/?, for j =1,...,\ and 63 converges a.s. to
02+ 37041 p2/21f A < Ag and to 0% for A = Xg. Thus for A < Ao, T~ {ge(A) — ¢g(M0)}
converges a.s to log(1 — Zﬁﬂrl p? /(202)), which is strictly positive and decreasing with A,
while 771 {py(Ao + 1) — ¢4(Xo)} is proved to be a.s. greater than zero for T — oo, and
finally A converges to Ag.
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Wang (1993) discusses the same model (4.3), removing the hypothesis that the w;
are the Fourier frequencies. In fact one can take the frequencies wq,...,w) as those
frequencies maximizing the periodogram on (—, 7] Taken the finite Fourier transform

Jr(w), the mean squared error of the fitted model of order A\ can be written as

~

(T = i

1l

A
MOEDSRACHE,
j=1

t

I
=)

Then the order of the regression A is estimated as the minimum of the Best Information
Criterion BIC7 () defined as

BICr,(\) = Tlog o} + by,

where by is a sequence of number satisfying T1by — 0 for T'— co. The A minimizing
such BICt () obviously coincides with the estimator of Quinn (1989) if the w; are the
Fourier frequencies.

If &; has continuous spectral density, and if it is ergodic and under suitable assumption
on max,, I.(w)/(log T max f-(w)), X is a consistent estimator of .

The problems of estimating the frequencies and of estimating the order of the regression

are often treated together.

The frequencies of the trigonometric model can be found by Maximum likelyhood

estimation or maximizing the periodogram.

Hannan (1973) examines a harmonic model
y(t) = pjcos(w;t + ¢5) + &4

and proves that, under the hypothesis of Gaussian error, the estimator & for the
only frequency wy is such that T3/2(& — wp) is asymptotically normal with variance
47 f(wo)/p3, for f(w) spectral density.

The results can be extended to a trigonometric regression with non-zero mean and
A sinusoids, by first estimating p by ¥ and then estimating 0 < w; < we < --- < wy by
locating the first w relative maxima of the periodogram.

Kavalieris and Hannan (1994) have studied the model (1.1) under the hypothesis of

random errors following an ARMA process. Namely, the model is

y(t) = p+ Y agos(At) + Bsin(\jt) +u(t), 0< X <m,
j=1
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where p, a;, B;, A\j are constant to be estimated, the \; are unrelated and u(t) is a
stationary process with absolutely continuous spectrum and continuous spectral density.
The authors wish to estimate the order of the model r, comparing three criteria, each of
them obtained as an AIC criterion, the first introduced by Hannan (1993)

logT 1
ép(r,m) = log{(}f(m)} + 5r Oi + 02gmm,
with u i
X oM 1 =
log{af} -7 Zlog [E Z I (w;)]
k=1 j=(k—1)m+1

and the periodogram
1 £l . 9
Ir(wj)f‘zﬂr(t)emj‘ W=
t=1

and 1, (t) is the residual from the regression of y(t) — g on cos(j\jt), sin()\;t), j=1...,r
M = | (T —1)/2m] and m needs to be estimated. Notice that this regression furnishes
also the estimates of o;j and §;, while the 5\]- can be found sequentially by locating the
maximum of I;_1(w) over 0 < w < . The penalty terms takes into account the cost of
encoding the parameters of the r fitted sinusoid. Since the r estimators &; and Bj have
standard deviation O(T~'/2), and the r 5\j has standard deviation O(T~3/2), the code
length for é;, B;, \; are respectively (1/2)logT,(1/2)logT,(3/2)logT, giving a total
code length of (5/2)log T for each sinusoid. The term logm/2m is derived from the code
length of the smoothed periodogram.

The second criterion has been proposed by Wang (1993), and can be rewritten as:

logT
T Y

éw (r,c) = log % Z (1) + cr

max 27 f (w)
J f(w)dw
of any procedure based on ¢ (r,n). The third criterium is

where the choice of ¢ depends on . Hannan (1993) offers no proof of consistency

log T
T

d(r,h) = log52(h) + (5r + h)

where G2(h) is an estimate of the prediction variance of u(t), and h must be estimated.
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¢w (r,c) is shown to be consistent only if

2max,, 27 f(w)

f f(w)dw

A simulation study with a real model having r = 2 shows that ¢(r, h) behaves better,
especially in presence of a “large” sample.

Under the hypothesis of u(t) being an AR(co) process, say u(t) + 372, kju(t — j) =
e(t), with > |k;| < 0o, k(2) # 0 for |z| <1, if £(t) is a stationary sequence of martingale
difference, where

E{e(t)|Fio1} =0, E{e(t)}|F_o} =02 E{e(t)*} < +oo,

F: being the filtration generated by £(t), s < t, if 52(h) is the estimated variance from
the AR(h) model for the correct trigonometric regression and G2(h) is the estimated
variance from the AR(h) model for the model y(t) = u(t), then, uniformly for h < H,

ro 9 i) |29
k=1

Under the same hypothesis, if 7 is the first local minimum of ¢(r, izr), then 7 — rg almost

surely.

4.4 Asymptotic equivalence of the Information criteria pro-
posed

If the lowest Fourier frequencies have the largest ordinates, a ¢,()) information

criterion can be built from the Mallows’s C), discussed above. In fact 63 = + ZZT:_Ol(yz -

~ 6’2
f/\(ti,n))za and C()‘) = 63\(1 + %é)?

2 Aoy 2, A0y )
log C(\) = log 65 + log (1 + T;f) = log oy + T? + O(T)
5’2
for |%U—;’| < 1, and thus
A
5'2
¢g(X) =Tlog C(N) + )\6—2
A
~ 9 52
where g(T') = Z—Z, and obviously ¢(T")/T = (1/T)Z—;7 — 0 for T' — oo.
A A
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In the same fashion,if \/T' — 0 as T' — oo, the unbiased risk criterion (4.1) leads to a
¢4()\) information criterion by putting ¢,(\) = Tlog (Ry) +o(T 1), for g(T) = 2\ +d +1.
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Chapter 5

Concluding remarks and further

developments

In this thesis we have developed and discussed local trigonometric models for the
smoothing of time series, in particular for estimating business cycle. We have seen that
many models can be viewed as finite version of Wiener Kolmogorov filter, and we have

proposed a solution for smoothing ARIM A(p, d, q) series without prefiltering.

A local trigonometric model as been proposed, and it has been applied to the

smoothing of pseudocyclical time series.

We have evaluated the rates of convergence of a trigonometric model under suitable

criteria, and we have given criteria to best decide the order of the model.

We have seen that a problem associated with trigonometric estimators is the slowness
of the convergence, in particular in presence of a non periodic underlying signal. This
problem has been mitigated by means of local estimates arising from the minimization of

a L? functional. Other approaches are possible.

One major problem faced when fitting a time series by means of trigonometric
function is the Gibbs phenomenon, that implies a systematic distortion of the estimators
at the end of the sample. This phenomenon can be mitigated thanks to a different
minimizating function: in fact the a Li-approximation of f(z) shows smaller wiggles
than usual Lo approximations. A different choice of the orthonormal basis function, such
as some families of wavelets functions allows to avoid Gibbs phenomenon under suitable

conditions. Some hints of this possibilities are given in this section.
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5.1 Gibbs phenomenon in splines

Richard and Foster (1991) discussed the problem of a Gibbs phenomenon in spline
approximation. They calculate an overshoot for linear splines of 0.134. They also showed
that for a spline of higher degree

lim S¥(z) = 7(z) uniformly in x,
k—oc0

for 7(z) = 28i(z) = %Singx).
Richard (1991) also showed that the value of the overshoot is independent of the
location of the discontinuity & if £ is irrational and depends of the overshoot if £ is

rational.

Foster and Richard were able to prove that an L,-approximation would result in a
Gibbs phenomenon even when piecewise- continuous function are used instead of the
trigonometric basis of the Fourier series, and then the overshoot is much larger than the
classical one of Fourier series.

Moskona, Petrushev and Saff proved that the Gibbs overshoot and undershoot occurs
also for best L, approximation, p > 1. They also noticed that the amount of overshooting

is a decreasing function of p. M.P. and S. define a Gibbs function for L:

. 1 .
Gla) = =7 [l an, 120, 60) =0,
0

™

and the number v as

v = max |G(z)| =~ 0.06578389,
151

that is 1/2.7 times the Gibbs constant for Ly approximation, and By (x) = B, p f(x) be
the best Ly-approximation of f(x) in the class T}, of the trigonometric polynomial of

degree at most n. The authors showed that if f is a 2w-periodic function with only one

jump at 0:
(B (o) - fo)] = L0 I0),
i (B g(o) - fo)] = - 20D
lim max [By, 1 f(x) — f(z)] = lim  max_ [By1¢(x)— f(z)],
n—=00 z€(0,] n—00 pe[ X 2m

n+1’n+1

lim min [B,; ¢(z)— f(z)] = lim min  [B, 1 ¢(z) — f(x)],
n%ooxe[_ﬂ,’o)[ 1) = f()] nﬁmxe[;—f{,ﬁ][ 1,f(x) — f(x)]
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and for z € (—o0, ),

nhanolo [Bn’l’f<n7fl) B f(nﬂ—flﬂ - M ; f(o_)G(x)'

By integrating by parts it is shown that the function G(z) can be computed as

SIN T2 27k !
Gle) == kzl(1+a:)(2+x)-~-(k:+a:)’ v >0

By expanding %:L—Z in Taylor expansion and then recognizing the Fourier sine series of

sintu, u € (—m, ), it is shown that

1 (7 u, .
G(z) = — [ cot(=)sin(zu)du — 1.
™ Jo 2
For p > 1, the L, approximating polynomial is unique, while the L approximating
polynomial is not unique. Uniqueness of the best interpolating polynomial in L; holds

for f continuous or piecewise continuous with precisely one jump mod(27).

5.2 Gibbs phenomenon in wavelets

General properties of the Fourier transform allows to state that if a function is very
localized in time domain, its Fourier transform is very widespread in frequency domain,
and viceversa if a function is very localized in frequency domain, its Fourier transform is
very widespread in time domain. A local trigonometric regression allowed us to exploit
time limited data using a limited range of frequency. A second approach that permits to

overcome this duality consists in wavelet analysis.
A wavelet is a family of functions very localized in the time domain whose Fourier

transform is very localized in the frequency domain.

The operator translation T : L? — L? is defined by (T'f)(x) = f(z—1). The dilatation
D, : L? — L? with scaling function a is defined by (Do f)(z) = = f(£). Thus

(DaHf)(x) = Vaf(az),

and
T — amn)
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A dyadic orthonormal wavelet is a function ¢ € L*(R) such that the set
{2392 —1):n,l € Z}

forms an orthonormal basis for L?(R). The adjective "dyadic” refers to the scaling

operator Ds.
A first family of wavelets can be devised by means of the sinc function...
Some wavelet does not exhibit the Gibbs phenomenon, ex. Haar wavelet.
Let
-CVaocVayaclWcaclhich...

a chain of closed subspaces in Ly(R) such that (,,c5_ (01 and U,,,ez = L2(R), let
fE€Vm e f(2) € Vipga.

If ¢ is the scaling function defining the wavelet transform and ¢y, ,(z) = 27 ¢(2"z — n)
is an orthonormal basis of Vj C V' = La(R), there exist the subspaces W,,, m € Z such
that for each m, V41 = Vi, @ Wy, and

o0

> W = Ly(R).

m=—0o0

For f € Ly(R) it is defined the projection onto V,, as

Jm(x) =P f(x) = Z¢m,n(x)¢:n,nf =

nel

|3 b))y = [ Kol ) 1w

neL

where

nez

Kelly (1991) showed that a Gibbs effect occurs near the origin if and only if

oo
/ Ko(a,u)du >1 for some a >0,
0

or
oo
/ Ko(a,u)du >0 for some a <O0.
0
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A positive kernel allows to reduce the Gibbs phenomenon for wavelets, such as the
Fejer kernel reduces the Gibbs phenomenon for trigonometric expansion.
Wavelet analysis can be used to accommodate structural changes of a more varied

nature than LTI structures.
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Appendix A

Convolution products

Theorem 5. If the periodic functions f(t) e g(t) admit the Fourier expansions f(t) =
S el and g(t) = 3,20 die™ respectively, then the product function f(t)g(t)

=—00
admits Fourier expansion, and its Fourier coefficients w; are obtained as convolution
“+o00

product of {cx}tr and {dp}i: we=>,""  cndp—n.

PROOQOF: f(t)g(t) is a periodic function, and admits a Fourier expansion f(t)g(t) =

;ﬁ'ioo wie™. Now

1 n 1 x +oo 400

W = — t)g(t efiktdt = / c eilt d eirtefiktdt

b= 5m | F0a0) [ty

l=—0o0 r=—00
1 &8 = T oo +oo
— 2— Z Z CldT/ el(l+T—k)dt: Z Z CldT(Sl—H“—k: Z Cldr

i l=—00 r=—00 -7 l=—00 r=—00 -

that is the thesis.O
If it is calculated the convolution product of F(xr), xs characteristic function of the
interval [—b, —a]U[a, b] with a trigonometric polynomial Z;ﬁ‘ioo 2", with Z,‘:ioo g <

oo, there are found the identities:

+o0 . .
Z sin (bk) — sin (ak)wkin . kel

wk
k=—0o0
X sin (bk) — sin (ak)
> rn=0, k¢l
Rt wk

The best approximation in L? of x;(w)f(w)/¢(w) subject to the constraint that the
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Fourier coefficient ¢; are null for |j| > K is
K

Z 5m(B*w)ezmw

m=—K
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Appendix B

Useful trigonometric Identities

LetkeZ, 0<k<T.

-1 2wkt
e =T for k=
t=0
1 ei27rk
7% =0 for kE#T
—e T
Since
=1 . 2mkt =1 cos (27rkt) N ZT_I sin (27rkt)
N T T
t=0 t=0 t=0
we obtain
T—1
2kt
Zc s( n ):T for k=0
T
t=0
0 for k#0,
and
! 2kt
sin (T) =0
t=0
Recall the Werner identities:
1

sin nx sinmaz = i(cos(m —n)x — cos(m +n)z),

1
sin nz cosmzx = §(sin(m —n)x + sin(m + n)x),
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1
COS NI COS MT = i(cos(m —n)x + cos(m + n)z).

Assume k,l € Z, 0 < k,l < T/2, in order to avoid problems of aliasing. We have

T—1 T—1
. (2mktN /2@ty 1 2r(k — 1)t 2m(k + 10ty
i () (2) 5 (1)
t=0 t=0
T
0 if k=#lI
T—1 T—1
2kt 2wty 1 2r(k — 1)t (k+1)
o (28 () <L 5 (o 01 2000
t=0 t=0
T
3 if k=1,
0 if k#I
T—1 T—1
2kt 27ity 1 C2m(k—=0t . 2m(k+ D)ty
sm( T )cos(T) 5 (sm T ~+ sin T )-0
t=0 t=0
If Kk =1=0 we have -
— 2kt 2
Z os|—— ) =T,
o ()
T—1
2wkt 2
sin{——) =0
o (22
If f & Z, then .
Zemﬁ i (T ysin(T'rf)
— sin(wf) ’

hence, if f+ [/, f— [ € Z,

lsin(TW(f - ) cos (f— f
SR D cos(( -+ (s - )+

LT+ 1)
2 sin(n(f + )
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cos(2m ft) cos(2m f't) =
t=1

cos((T'+ 1) (f + f')),




Isin(Tw(f + f')) . /
3 s (f 1) sin((T + D (f + )+

Lsin(Tn(f — f'))
2 sin(w(f = f"))

LTI =10 iy g
5 (e (f— 7y T+ DA = )

 Lsin(Tw(f + 1))
2 sin(n(f + 1))

T
Z cos(2m ft) sin(2m f't) =
t=1

sin((T + D (f = ),

Zsm 27 ft)sin(2n f't) =

cos((T'+ V) (f + f'))

In f &€ Z then
Z cos(2m ft)? ;8;31((1227}{)) os((T'+ 1)2nf)),
Zcos 27 ft) sin(27w ft) = ;S:IEZZ:}];) sin((T" + 1)27 f),
Zsm = N LI+ ) o e+ 1)),

2 sin(n(f + f))
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Fourier transform, 5

frequency response function, 4
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Herglotz theorem, 7
high-pass filter, 5

HP, Hodrick Prescott, 13
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IIR, Infinite Impulse Response, 11
impulse response function, 4
influence, 36

integrated mean-square error, 64
kernel smoothing, 4

lag operator, 7
leave-one-out residual, 38
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low-pass filter, 5

LRT, local trigonometric regression, 42
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mean squared prediction error, 62

mean-square prediction error, 64
Nyquist-Shannon sampling theorem, 53
one step prediction error, 3

periodogram, 66
phase, 37

92



pointwise mean-square error, 64
polynomial reproducing property, 40

polynomial splines, 41

Random Walk filter, 19

residual sum of squares, 39

seasonal adjustment, 24
sinc function, 54
spectral density, 7, 67

spectral distribution, 7

transfer function, 4

trend, xi

trigonometric reproducing property, 45
trigonometric trend, 1

turning point, 15

unbiased risk criteria, 62

UO (Unobserved Component), xi

variance inflation factor, 38

variance reducing factor, 36

wavelet, 77

weakly stationary process, 7

WEF, Wiener Kolmogorov filters, 10
Wold theorem, 3

Yule-Slutsky effect, 17
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