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Optimal Signal Processing

Chapter 2. Digital signal processing

impul se response, convolution,

system function, Fourier, z-transforms  page 7-20

Matrix description. page 20-52

Hints. page 8-18, 21, 49.
Chapter 3. Random processing, such as

correlation functions, correlation matrices.

Random variables page 58-74
Random Processes page 74-119
Hints. page 77, 79, 80, 85,

95, 99, 100, 101, 106
Chapter 4. Signa models, Deterministic and Stochastic approach.

Padé, Prony page 133-154
Shank page 154-160
All-pole Modeling page 160,165
Linear prediction page 165-174
4.5 not included
46 page 178-188
4.7 Stochastic Models page 188-200
Hints. page 130, 135, 138, 147, 148,149
195, 195

Chapter 5. Levinson-Durbin recursion. page 215-225, 233-241
page 242 — 276 not included
Hints. Table5.1-5.4, figure 5.10
Chapter 6. Latttice FIR and | IR filters,
only 6.2and 6.4.1, 6.4.3 page 289-293, 297, 298, 304-307
6.5 page 308-324
Chapter 7. Optima filters. Linear prediction.
Wiener filters. Specialy FIR filters.

FIR- Wiener filter page 335-345
1IR- Wiener filter page 353-371
7.4 not included
Hints. page 337-339, 354, 355, 358-363, 370

Chapter 8. Spectrum estimation.
Nonparametric methods page 393-399, 408-425
8.3(8.5seechap4),86 page 426-429, 451-472
Hints. page 394, 408

Optimal Signal Processing

The sound of ‘Signalbehandling’

1} I'II...'IJ :NINIII Al {" Jlawris,

noise harmonic signal

How can this be generated as output from a linear filter?
Determine the filter and the input signal.

LPC model of syntetic sound production

pulse train speech output from pulse

I | train

Jlk'[h.\“ﬂ-r.v'!l.‘,v.;k“l,v.

Ho(2)
—_— 0 speech output from white noise

white noise (waveform and spectra)

LPC-model ” J'i\ M- “’| 'Hw

In syntetic speech production, the parameters often are updated every 5 milliseconds.
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Digital Signal Processing

|%0w pass- Digital Low

ilter filter. pass-
Sampling Digital Reconstruction

circuit

Example: Echo system

Xt a1 X0 7\ Ym) SR
|O A/D + D/A
microphone loadspeaker



Optimal Signal Processing

An application from the text book

Noise cancellation (chapter 7, page 349)

A signal is disturbed by additive noise v;(n).

Try to measure the noise v(n) from the source and estimate the noise
vi(n) added to the signal. Then subtract the noise v;(n) from the
received signal.

- s(n) s(n)+v,(n) s(n)
Signal ® H—
lsource A
Estimate of v;(n)
) lter

Optimal Signal Processing

Chapter 2 Digital Signal Processing

Difference equation

¥ ==Y ak) y(n=K) + X b(R)x(n— )

MATLAB: A=[1 0.5 0.5]; B=[1 1]; y=filter(B,A,x);

Convolution
y(n) = D h(k)x(n—k)
f=—c0
impulse: 6(n)=[00 0% 000]

unit step:  #(1)=[0001111.]

System function

H(z) =2
A(z)
Frequency function
B ( e.f 60)

H(ejw) = A(e_ja))

Optimal Signal Processing

Optimal signal processing in Hay's book

Chapter 2: Brief review of digital signal processing.
Chapter 3: Brief review of random signals.
noice
v(n)
white noise transmitted received signal
i hgen(®) | S ()
orimpulse | Hy,(2) @ Ho ) y(n)
om) receiver
Estimate H,,,(z) )
from properties of fDIeterm| ne
s(n) receiver(Z)

The filters Hgen(2) and H,eeiver(2) are of type
FIR

IIR
all-pole IIR

Chapter 4,5 and 6: Make a model Hg,(2) from the properties of s(n).
Chapter 7: Determine H eceiver(2).

Chapter 8: Estimation of spectra.

Optimal Signal Processing

FIR, IIR filters

FIR: Circuit with impulse response with finite length

Example

y(n)=x(n)+x(n=-2, h(n)=0(m)+(n-12

IIR: Circuit with impulse response with infinite length

Example

y(n)=05y(n—-D+x(n), h(n)=0.5"u(n)

All-pole IIR-filters

IIR-filters with poles only ( all zeroes in origin, B(2=constant)

Example

H(z)=— 2

1-05z7



Optimal Signal Processing
Solvning the convolution sum.

Y= S k) x(n—k) =Y x(k) h(n— k)

k=—oo k=—oo

y(n)=---hQ)x(m)+hQx(n-)+h(2x(n-2) - --

x(n)=[1234], h(r)=[422]

Example

Method A: Vector notation
x(n)

x(n-1)
y(n) =[O hD..A(N-D] | . =h" x(n)
x(n—N+1)
Method B: Graphical solution
Write
x(k): 1234
1
h(0—k): 22471 y(0)=4-1=4
h(1-k): 2%4 y@)=2-1+4-2=10

Gives the output y(n)= [‘Tl 10182614 8]

MATLAB: x=[1234]|; h=[4 2 2]; y=conv(x,h)

Optimal Signal Processing
Properties of matrices

The square matrix A (I’ZX n) is:

T
symmetrical if A=A

A=(A") = 4"

Hermitian if

-1
invertable if AA™ =1

Toeplitz if all diagonals are identical
345

A=234
123

Hermitian (symmetrical) Toeplitz if

321
A=|232

123 A=Toep[3,2,]]

T
orthogonal if A4 =1
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Method C: Convolution matrix

Use matrix notations

x(m)=[1234), h(r)=[422]

[(x©0 0 0 | [»(0)]
x(1) x(0) 0 v
@ <@ x0 |1 b
x(3) x(2) x(D H2) BEC)

0 x(d x(2 (4

10 0 x(3] Lv(5) |

10 0] (4]

210 10
321 ‘21 18
432[ |26 _
0a3|2) |14 Xh=y

1004 8 |

In Matlab: x=[1 2 3 4]’; X=convmtx(x,3)

h=[422]', y=X*h

(In signal processing, all vectors are column vectors)
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Linear equation (page 31-34)

A is a [n*m] matrix

Ax=>b

gives

x=A"b if n=m,(A invertable)

H -1 «H .
x=(A"A)"A"b if n>m
(overdetermined, more equations

than variables.) Described more
in chapter 4

H H\-1 .
x=A"(AA")"b if n<m
(underdetermined, less equations
than variables)

Eigenvalue:
Av=Av, (A-A)=0

A eigenvalues, v eigenvectors

A=V AV with eigenvectors inthe columns of V,

eigenvalues in the diagonalof A

12



Optimal Signal Processing
Optimisation ( minimizing): (page 49)

2
If z real: f(2)=z

d d , d ,
de(z) dzZ ‘ dzZ

gives z=0 as Minimum,

Ifz is complex: f(Z) :l z |2: z'z
(z° is the conjugate of z)

Derivate with respectto 2 OF  Z  separately while
treating the other as a constant.

d
— | E—=z'z=z2
dz z

d .

E |z’ E—z"z=2
z 4

Setting this derivatives equal to zero gives the same
minimum (page 49). This is used sometimes in the
textbook.
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Correlation functions (deterministic)

Autocorrelation function

oo

r.(l)= Z x(n)x(n=1) (=r, (1))

n=—oco

Cross-correlation function

1. ()= iy(n) x(n=1)

Nn=—co

r (1) = x(1) * x(~1)
1, () = y(D)*x(=1)

Relation between input and output

ro (D) = k()= (1)
n () =7, *r, ()

15

Optimal Signal Processing
Example on circuits

A
N T y(m)
X(2) dT'J e Y@
0.5
y(n)=05y(n-1)+x(n-1)
Y(2)=05z"Y(z)+z " X(2)
o O
. .
e @ ! o
0.5 0.5
0.5
C Lattice filters ~
+ —»
x(n) I \b I, i,((n))
z
X n D—F] Ae
FIR-lattice filter
x(n), X(2) y(n), Y(2)
) @
-y -I'y
: ] :\>< E’J
@ ) z
IIR-lattice filter
14
Optimal Signal Processing
Example on correlation, echo
5 5
// \ N
D rd ™ 0
X o 10 20 yx, 0 10 20
5
ot/ .\_’ < A
-5
y=X;1tX; 4] 10 20
50
o]
-50
ry 10 0 10
o el e |
4]
-50
ry 10 0 10
> Jb\
0
-50
Ty -10 0 10

16



Optimal Signal Processing
Example of correlation, delay in mobile phones (GSM)

1
0
Input signal to the GSM phone O 5000 1 0000
1
0
Output signal after GSM ) 0 5000 10000
1
0
Crosscorrelation -1000 0 1000

In Matlab: rxy=xcorr(input,output)
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Stochastic processes (3.3 page 74)

(Wide-sense stationary processes, WSS)

Example A: Sinusoids with random phase
x(n) = Asin(wyn +®)
@ is a random variable and
x(n) is a random process.

Example B: Noise (white noise, colored noise).
Example C: Speech signals.

The autocorrelation sequence and the cross-correlation
sequence and their Fourier transforms are important in
this course.

Autocorrelation sequence:

r,(m) = E{x(k) x" (k —m)}

Cross-correlation sequence.

ry(m) = E{x(k) y" (k—m)}

Estimation of the autocorrelation sequence (ergodic
processes)

r.(m) = Bx(k)x(k-m)} == 3 x(k)x(k—m)

sum over
Nvalues

19

Optimal Signal Processing
Chapter 3 Discrete-Time Random Processes

Random variables (3.2 page 58-74)

Probability density function f X (x)
Probability distribution function: F X (x )

m = E{x} =J.x Sy (x) dx

Expected value (mean):

E{x% =[x f,(x) dx

Mean-square value:

Variance:  Varlxl=07=E{[x-m]"} = .[[x —m)? fy(x) dx

General:  ¥=80)  ED} = E{g()} = [ (x) £ (x) dr

Relation:  Var[x] = E{[x—m]*} = E{X*} - m®

Correlation. Dependency between random variables
X andy

Correlation: er = E{ X y}

Covariance: Cy = E{[x-m][y- my]}

18

Optimal Signal Processing
Interpreting of autocorrelation sequence:

Signal Autocorrelation sequence
1 - — e 50 - . - :
of { of
I i I
EL it 4. — PR S 50t . LM . |
0 20 40 60 80 100 -100 -50 0 50 100
Sinusoid:
5 100
| 501
ot A
Y o W v o
5L = i = i . 501 e = i
0 20 40 B0 80 100 -100 -50 [i 50 100
White noise.
2 - - - - 20
1t 4 10}
o ) | ol
AL . N . s - -10 . . . |
0 20 40 60 80 100 -100 -50 0 50 100
Colored noise
05/ - - - - ) 2|
of J = | v I
- v 5 ot A J "
05k . . - L AL N " . 1
0 20 40 60 80 100 -100 -50 0 50 100

Speech signal: Vowel.

20
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Properties of autocorrelation sequence (page 83)
(Wide-sense stationary processes, WSS)

Definition:
r, (k)= Elx(n)x* (1 =) |= E[x" (n) x(n - 1)] =
= Elx(n-k)x" ()] = E[x(n) x*n +K)] =r.(k)"

Symmetry:
r.(k)=r.(=k)

Mean-sguare value:
r.(0)=E[|x(n)F1=0 (positive)

Maximum value:

r.(0) 2|7, (k) |

Non-stationary processes
For signals that are not wide-sense stationary processes, (not WSS),
we have to use the definitions (see chapter 4)

r,(k,1) = E{x(k) x (1)}
r (k) = E{y(k) x" (D)}

21
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Power spectrum of random process (3.3.8 page 94):
(Wide-sense stationary processes, WSS)

x(n) is a wide sense stationary random process
(WSS, x(n) real-valued, h(n) real) with
autocorrelation 7, (k)

The Fourier transform and the z-transform are given
by:
The Fourier transform of 7 (k) .

P(e'")= r (k) e’"
The Z-transform of 7 (k) :

P(2)=2 r(k) ="

Properties
Symmetry (real processes)

P(e/)=P(e7")
Positive:
P(e/*)20

Total power:
1er e
Vx(0)=EJ._EPX(€J )dw

23
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Correlation matrix (WSS)
x=[x(0) x(1)..x(N-1]"

szE[xxH]z
0 K@ K@ - r(p)
r@® 0O @ - r(p-)
=|rn@ r@® @O - r(@-2

r(p) r(p=-Dr(p=-2)-- (0
Properties of the correlation matrix

Hermitian Toeplitz
Toeplitz if real-valued process
Eigenvalues are real and non-negative

Estimate of the correlation function

7 (k) =%§x(n>x*<n—k)

Estimate of the cross-correlation function
N-1

r _1 x(n)y (n-
ny(k)—NZ (n)y (n—k)

n=0

22
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Filtering of random processes,
(3.4 page 99, 100, 101):

x(n) y(n)
. hm L
1K) H(e”) ry(k)

Input-output relation

V(n) = x(nysh(n) = 3 x(kYh(n — k)

f=—oco

Autocorrelation function for the output

1 (K) = E{y(n) y(n = R0} = 3 S h(T)ru(m—1+ k) h(m)

|=—c0 m=—oco

Cross correlation functions

(k) = E{y()x(n—k)} = 3 h(D)r.(k~1)

J=—oo

ro (F) = E{x(n) y(n—k} = S h(0) 7, (k +1)

J=—c0

24



Optimal Signal Processing
Using convolution and power spectra

Define 1,(k) = h(l)h(I+k) = h(k)* h(—k)

Correlation functions
r (k) = r, (k) h(k)=h(=k) = r, (k) %5, (k)
1 (k) = r (k) *=h(k)

(k) =r.(k) = h(-k)

v "y

Spectra
oy . -
P (e’*)=P.(e’*)|H(e’)
P (e/*)=P (/") H(e")
P, (e/”)=P (") H (')

B ()= P.(2) H() 1)

25
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Spectral factorization (3.5 page 104)

x(n) is a WSS process with autocorrelation ry(Kk).
We assume that the process are generated from
white noise v(n) filtered in a filter with system
function Q(z), Then, v(n) is called the innovation
process of the process x(n).

white noise our process
v(n) x(n) white noise
v(n)
—n Q@ Q@ —
(k)
r (k) =02 8(k) (k)
P() =0’ P.(2)=030(2)Q" (11 =)

Can we find the filter Q(2) from Xx(n) and ry(k)?
Is Q(2) stable and causal?
Is 1/Q(2) stable and causal?

26
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L esson 2

Chapter 4. Signal Modeling
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Optimal Signal Processing

Applications:

Speech coding in M obile phones
Synthetic speech

Seismology

Biomedical applications

Radar

Sonar

Designing optimum filtersfor noise
reduction

29
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Chapter 4 Signal modeling

In Chapter 2, we have given a brief review of digital signal
processing and some basic matrix definitions.

Then, in chapter 3, the basics of random processes
was given, specially autocorrelation sequence, power spectra
(power spectral density) and filtering random processes.

Now, we will use our knowledge of random processes to
analyze signals which could be described asrandom processes
such as speech signals.

We assume that we have a random process such as speech
signals and we want to describe this processin terms of the
output from digital filters.

We will have matrix equations and then, in chapter 5, we will
describe a well-known algorithm (the L evinson-Durbin
algorithm) to solve the equations.

28
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Seismology

=5

)

I,

N,
SRS

T 11 Pl wcirme dade i 1, Huome s, BT

SHOT LOCATION

TWOLNAT TRANEL TIME

Deterministic signals.
Padé chapter 4.3 page 134-138
Prony chapter 4.4 page 145-148
Shanksmethod chapter 4.4.2 page 154-158
All-polemodel  chapter4.4.3

Random signals.
All-polemodel  chapter 4.7.2 page 194

Theall-pole model isthe most common method and we will
concentrate usin the use of this method.
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Padés approximation (chap 4.3, page 133 - 141)

Start with the difference equation and let theinput be d(n) and the
output x(n). Then,

x(n) + Zp: a(k) x(n-k)= Zq:b(k)5(n —k)=>b(n)

Thiscan bewritten in matrix forms,

[x(0) ©
x(l) x(O) P 0 b(, (0)
. 1 b,(M)
x(q) x(g=1) -+ x(g-p) a,(l)
........................... 1a,@ |=|b,(0)
x(q_'_]) x(q) -4-x(q—p+1) .
: a,(p) 0
x(g+p) x(g+p-1) ---x(q) 0

Wedividethéequation in two parts(rOV\} 1toq and g+I to g+p)
X, 1 b,
Xap :bq or Xq+l Ep - 0

Now, we use the lower part to determine a(n). Then, we use these
values of a(n) to determine b(n) from the upper part.

Weillustrate the method with an example.

Optimal Signal Processing

Prony’s method (chap 4.4, page 144 — 149)

In Pade's approximation, we use a square matrix to determine a(n). | f
we use mor e equations, then we got an over deter mined equation
system but we know from thefirst session how to solvethis. This
method is called Prony’s method. We use the same example to
illustratethis.

Example of the Prony method.

Werestrict usto use 3 rows because we solve it manually.

Then usetherow 4,5,6 and solveit as an overdetermined equation
system.

Theformulafor thisfrom chapter 2.

Ax = b (I’l > m) ==>X Z(AHA)ilAH b
Now, we use this formula for row 4,5 and 6.

x(2) x(1) x(2) x(1)
; x(2) x(3) x(4) 0.45 0.53
X, = x3) x(2)| XX, = x(3) x(2) |=
’ T X x(2) x(3) 0.53 0.64
x(4) x(3) x(4) x(3)

x(3)
i a(l) 77XTX)7IXT x(@)|=..= -1
gives a(2) =~ [t q B Y
x(5)

. . ) H(z)= 0.5z
Then b(n) the same asin a), which gives 1—2302522"

Comment: The z-transform of x(n) can be found in aformulatableto
. z! . ;
bejust H(Z)—m and dueto no noise, both methods gives
the exact solution.

The disadvantage of these two methodsisthat the correlation matrix
isnot a Toeplitz matrix. Now, werestrict us now to use an all-pole
model.

Optimal Signal Processing

Example of Pade's approximation

Use Padéto determine H(z)  for p=2,9=2 for thesignal
x(n)=n0.5" u(n):[q 1/2 1/2 3/8 1/4 5/32 3/32 7/128 ...]

Weknow the system function (usetable for z-transform)

-1
H(z)= : 0.5z

We now use method of Pade' and seeif we got the same solution.

In matrix form, we have

x(0) 0 0 j [b(0) ]
x(1) x(0) 0 b()
x(2) x(1) x(0) . b(2)
AAAAAAAAAAAAAAAA Jaw |2
x(3) x(2) x(1) @) 0
x(4) x(3) x(2) 0
x(5) x(4) x(3) 0

| x(6) x(5) x(4) | | 0 |

Pade': Usetherows 4 and 5 to solve a(1),a(2), Then rows 1,2,3 to solve
b(0),b(1),b(2.)

x3) x(2) x() | ! N {x(Z) x(l)Ha(l)}:{ x(3)}
@ 20) x| V17| o= | 20) x@[[a@ x(4)
o) Xq :
o 12 1/2Tam ] [3/8] [a(®)] [-1
This gives L/S 1/2L(z)}7[1/4} = [a(z)}:[lm}
Then, userow 1,2 and 3 to determine b(n).
5(0) = x(0) =0

b(1)=x(1)+a(l)x(0)=0.5
b(2) =x(2)+aD)x(1)+a(2)x(0)=0

0.5z
which gives the filter H(z)= 1-27102522

Optimal Signal Processing

All-pole model. (chap 4.4.3, page 162 — 165)

Thisisthe most common model used in practical applications
(synthetic speech, speech coding in mobile phones). We assume that
the signal x(n) can be modeled as output from an p-order all-pole
filter.

The difference equation for theinput 5(”) is

x(n) + i a, (k) x(n—k)=b(0)6(n)

and the system function

H(z) = _ }7(027 - b(0)
l+a,)z" +a,2)z" ++a,(p)z” l+ia (k)=

The output should be zerofor all n#0. We definean error
P
e(n)=x(n) + Y a, (k) x(n—k)
k=1

and we minimize
£,=)|enf
n=0

This can be described by the following figure (b(0)=I).

impulse our signal impulse
x(n) =d(n)
My (2)= 1 —
0 4,(2) HZ):A,,(Z)

4,(2) =1+i ap(k)sz

Thefilter 4,(z) is called the predicting error filter (PEF).
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Weuse aleast squares solution to solve the problem.
Takethederivative (for simplicity, we assumereal valued signals).

€, B
da, (k) da (k)z| etf _zze(")a (k)e(")_

=2) e M5 (k)[X(n)Jrza ) x(n=0)]=

n=0

= 22 em)x(n-k)=0 k=12,.,p

n=0

|
e(n) and given data

orthogonal
Then i [x(n)+iap(l) x(n=0]x(n—k)=0
=0 =l
With

(k)= Y x(m) x(n— k)
n=0
we got theresult

r(k)+Za O r.d-k)=0
ro(k=1)
or rewritten

Sa ) rk—D=—r(k)  k=lop

Thisequation is called the normal equation or the Yule-Walker
equation.

Optimal Signal Processing

Thisequation can be added to the matrix equation described above.
Then, wegot (for real signals 7, (k) =r,(k))

r.(0) (0] 5@ e on(p-D 1 g,
(1) r.(0) @ 1 (p=2) ||ae,( | |0
r(2) (1) 0 - (p=3) |a,2) =0
r(p=D) r(p-2) r(p-3) - r0) |la,(p] [0

T &,

Ry P P

R, a, =&,u

Thisisa symmetrical Toeplitz matrix equation system and can be
solve with the method described in chapter 5.

Thisall-pole model is often called Prediction Error Filter (PEF) or
Linear Prediction Coding (L PC).

Shank’smethod (4.4.2, see Hayes)

Optimal Signal Processing
In matrix form

7.(0) (D) @ e m(p-D a, (1) r.(1)

r.() r.(0) @ m(p=2) |]a,2) r(2)
(2 0] r©) - 1 (p=3) |a,0) [=-|r03)
r(p=) n(p=2) r(p=3) - 5O  ||a,(p) r.(p)
Lo
Ry ap

Orthogonality principle.

We can derivethefilter in a dightly different way.

Writing

€, =2l e[ =3 eme(n = Z e(m)[x(n) +Z a, (k)x(n—k)] =

= > emx(n) + 2 a (k)z e(n)x(n—k)

n=0 n=0

£

; =0

,min .
calledpmodel error e(n) and given data
must be orthogonal

Theminimum error (model error) isnow found as

Epmin =€, =2, emx(n)= Z x(n)+z a, (k)x(n—k)lx(n) =

n=0 n=0

=r(0)+ Za(k) r.(k)

Ep,min :81: :rx( ) ia(k) r (k)

Optimal Signal Processing

Application: FIR Least Squares|nverseFilters:
Chap. 4.45

Exercise 3, problem 4.19, Exercise4 (Computer exercise 1)
Thefollowing system is given

v(n{, white noise,
Input A\ Desired output é(n-ny)

otn) x(n)=g(n)
i} —

——g(n)

Theinput signal isan impulse,

input = O(n)
and the desired output from our receiver isa delayed version of the
input impulse,

desired output = 6(n—ny).

Thismeansthat we want to have the overall impulse response
g(n) * h(n) = &(n—n,)
Wedefinetheerror signal
e(n) = 8(n—n,) — g(n)* h(n)

Deter mine the receiver impulse response /(1) .which we will
minimize

€, =Zj:0 ez(n)

Solution: See Exercise 3 and exercise4 (Computer exercise)



Optimal Signal Processing

Finite Data Records, all-pole modeling (4.6, see Hayes)

Theerror isdefined as

g,= le(n)

n=0

but X(7) is known only for nintheinterval [0 N], Then,

N
e = le(n)f
n=p

Autocorrelation Method (most common used method)

Determine 75 (K) assuming x(n) = 0 outside theinterval [0 NJ.

Exactly asthe Prony’s all-pole method with the autocorrelation
matrix a Toeplitz matrix.

Covariance Method (used sometimes)

Use only values of X(1) in theinterval [0 N]. LiketheProny's
method but the autocorrelation matrix isnow not a Toeplitz matrix.

Optimal Signal Processing
Stochastic model with both polesand zer oes.
ARMA-model (4.7 page 189.

The solution with both poles and zeroesis more difficult.
Solvethe problem in 2 stepslike before (first ap(k) , then bq(k))

The differential equation is (White input noise with o, =1)

x(n)+ Zp:ap(l)x(n - = Zq:bq (Hv(n-1)

Multiply with x*(n—k) andtake E{...} gives (%(0):1)

)4 q
Da,(hr(k=1=Db(l) r (k=1
=0 =0 ———

1 (k=D)=h"(I-k) o2

¢, (k)
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Stochastic model 4.7, All-pole model 4.7.2 page 194.

An all-pole stochastic model is called an autor egressive model (AR).
The equations areidentical to the all-pole model we had before. The
only differenceisthe definition of the autocorrelation sequence.

S0, ne-=-r®)  k=l..p

(k)= E{x(n)x(n-1)}
Theminimum error (model error) is

€, mn =&, =1.(0)+ Y alh) r, (k)

We now writethe model as (predicting error filter, PEF)

white noise our process white noise
v(n) H () 1 x(n) =v(n)
—> = _
@ Ho=4© '

4,(2) =1+Zp: a,(k)z™*

40

Optimal Signal Processing

Theright sideis (/2 k)

¢, (k)= i b, (k" (1- k)

Thisgivesthe equations

p
c,(k) 0=<k<gq
2a,() r(k—1)=
1=0 0 k>q
or in matrix form
R, Y- ¢,
R | 7 |0
* Determine ap from the lower part, then cq from the
upper part.

c b

*From ~q backto ¢ weusespectral factorization.
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From chapter 3, we have

.1
P(2)=070(z) 0'( )
Takethetransform of YWE:

.1
4,() PA2) = C,(2)=B,() H'(_:)

* *

B, (1/2")

4,(z) P(z)=C,(z) =B,(2) G

An finally

Cq(Z)Ap*(l/Z*) =B,(2) Bq*(l/z*)

Theleft sideisknown and hopefully we can identify the factorsin the
right side.

4
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Now, we have to identify Bq (Z)
Wehave
P 1 1
C, (4, (1/2) = (. +2+ ) (1-52)
%,_J
G (2) 4,1z
71
L+ -z
4 2
But
Bq(Z) Bq (I/Z ) must be symmetrical sowe can write
N A
B, (2)B, (1/z ):EZ+Z+EZ =

= (¢, e,z e, +¢,2)=
3 (1.26+0.4z7')(1.26+0.4z) minimum phase
(0.4+1.26z7)(0.4+1.262) not minimum phase

which givesthefilter (choose minimum phase)

-1 -1
H(z)= 1.26+10.4z —126 1+ 0.13 1z
1 1

1—=z" 1—=z"

45

Optimal Signal Processing

Example - ARMA mode

Problem:  Wewill estimate afirst order ARMA model from

r(0)=3, (=2, r(2)=1,

solution: Wehave P =9 =1 which givesthe equations

32| p, ¢,(0)
23 = 1
L’l:| a (D)
12 0
Then, wefound % =—1/2 from the lower equation
and
[c,(0)] [32 1 2
()| [23][-1/2] [1/2
ak)=0 k=2
¢, (k) k<0 not used
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Lesson 3

Chapter 5.
L evinson-Durbin Recursion
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The solution derived in chapter 4 is

P
>a, () r(k=1)=-r,(k) k=1,.,p
I=1
In matrix form
r,(0) r (M @ - r(p-D a,(l) r.(1)
X0 B () B () PR e ) W | PR eI ) I PO
r(2) r.() r© o 1 (p=3) a0 |=—{nB)
r(p=0) rn(p=2) n(p=3) - r©  -||a,(p) r.(p)

R, a

3 P

The optimal coefficients can be found just by inverting the correlation
matrix. The value of resulting minimum cost function was

4
gp,min =€p :rx(0)+za(k) VX (k)
k=1
The minimum cost isdecreasing if the order p increases and can be

used to chose an appropriate the value of the order p.

Combining the two equationsinto one matrix equation gives

7.(0) r (1) '@ - ori(p-)) 1 €,
(1) r.(0) 0 1pe-2) [le,) | |0
r(2) r.(1) ) - r(p=3) |1a,2)|=0
r(p=1) r(p=2) r(p=3) - r(0) (la,(p| [0
T &
R, p P

R, a, =&,u

Wewill now derive an iterative solution this equations.
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Chapter 5 L evinson-Dur bin recursion

In chapter 4, we derivethe normal equationsor Yule-walker
equationsfor an all-pole model (chap 4.4.3, page 162 — 165).

The difference equation for the input o(n) is

x(n) + Zp: a, (k) x(n—k)=b(0)o(n)

and the system function

o) b(0) ___bO
1+ap(1)z"+ap(2)z’z+---+a,7(p)z"’ 1+ z Fagn
;al,( )z

The output should be zerofor all 7 # 0. we definean error
P
e(n)=x(n) + Y a, (k) x(n—k)
k=1

and we minimize

£,=> e[
n=0
This can be described by the following figure (b(0)=1).
impulse our signal impulse
o) P 1 x(n) ~d(n)
—|H,(2) = e Ho=4@) [

4,(2) =1+i a,(k)yz™*
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L evinson-Durbin recursion

The autocorrelation matrix for this system is Hermitian Toeplitz
(symmetrical Toeplitz for real valued signals). For solving thistypes of
matrix equation, a very well known algorithm isthe L evinson-Durbin
recursion. We assume here real valued signals (for complex signal,
see the textbook).

We start with the normal equation from chapter 4 (page 216-219)
)4
r(k)+Y a, () r(1-k)=0;  k=12..p
I=1
and theerror

e, =r.(0)+ Y all) r.()

In matrix form (index p denotesthe order of thefilter)

r.(0) r.(1) r(2) - r(p 1 g,
r.() r.(0) ry - r(p=D]|a,@) 0
r(2) r.(1) r0) - r(p=D|la,(2) =0
r(p)  r(p=-) r(p-2) --- r(0) a,(p)| |0
P
Rp a,=&,u

Now we will derive an algorithm to solvethisiteratively . Theideais
to solveit in arecursive procedure starting ay, then a,, as, up to a,.
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Then, in step j we have

r(0) r.(1) L@ - n() 1 £
r.( r.(0) r® o G-D[jaM] |0
n(2) r.() O - r(j=2) |a,(2)|=|0
() nG-D rG=-2 - O ||qg()| |0
'3 o &Y
R;a;,=¢€u,

Add onerow and one column including the following equation

Y, =r A+ a i (+1-D)

Thenew matrix is

@ o @ e onGh [0 g,
(D r.(0) @ - n () aM ] lo
@ @ nO) - (=D ||4@|_|0
() rG=D RG=D e k() 4,()| |0
rG+D) () rG-D e n©0) |0 Y,

R

j+1
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Now, make a linear combination of these two equations

1 0 £ 7
a,(l) a,(j) 0 0
a; (2 a,(j-1 0 0
R/+1 . /() +r/'+l /(] ) = +r/‘+l
a,()) a, () 0 0
0 1 Y &
— ——
ajy €ty

Thisnew matrix equation must satisfy
R, a,, =€,

Then, the lowest element in the vector on theright side must be zero.

Then we got
v+, € =0
-0
j+l 8/-
and also ga=+0,, 7,=€, (=T ,[")
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Usethe symmetry to write thisas

(R, = R}/AT, symmetrical

r.(0) r. (1) (2 (D 0 7
r.(1) .(0) @ () a,(J) 0
7.(2) () RO - on (=D [|aG-D]_|0
() rnG-H rG-2 - n® a;(1) 0
I I N R R G
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Thisresultsin the update equation for a

1 1 0
a,‘+1(1) a/(l) a_,-(j)
a2 . (-
w® | |a®|, oG-
a/+1(j) aj(j) a,‘(l)
| 4,G+D] | 0] |1 ]

Alternatively, we can write

a>/+l(i)=aj(i)+1"j+laj(j—i+l) i=1,2,..,j+1
Note that
a;(0)=1
a,(j+H=0
aj+1(j+1)=rj+l
£ =r.(0)

Thisalgorithm iseasy to implement in a computer program.
Thisisshown in table5.1in the textbook. The parameters
r,,' are called thereflection parameters. For stablefilters
(all polesinside the unit circle), the reflection parameters are bounded
by

T, <1,
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Table 5.1 The Levinson-Durbin Recursion

1. Initialize the recursion

@ a(h)y =1
) e=r
2. Forj=0,1, ..., p-1

@ p=rU+D+ Y qOnG-i+D
o o= "J/;/fj
{¢) Fori=12,....J
i) = (i) + Daf(j — i + [B]
(@ au{j+1) ="
©® =gl =Tl
3 b0) = /5
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Latticefilter

The parameters F/ can beinterpreted in a specific structure of

digital filters, called thelattice filters (see page 225 and chapter 6 and
also homework 1).

a) Second order FIR-lattice filter

®
x(n) B
X@) )

®—F

H(z)=1+(T,+T\T,)z" +T,z7

b) Second order IIR-lattice filter

x(n), X(z) y(n), Y(2)
%@>r< %<
— DJ

1
1+, +T\ )z + 1,27

H(z)=
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Therelation between ¢, and r/ can be written as (page 234)

a, =1
=l o) [l
a,(1) 0 1 T,
[a,(0)] [ 1 0 1 0 1
a,=|a,(1) |=|a(D) |+, | aq() |=|T, |+, | T, |=| T+ T,
|a,(2)] | 0 1 0 1] |T,
[a,(0)] [ 1 0
a,(1) a,(1) a,(2)
a, = = +I,
e (a2 Ta®
la,(2)] | 0 1
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Relation between the polynomial 4; and the

reflection coefficients Fj using z-transform

Wehave a,=[ 1 a0 ¢, a)]"
Thendefine  a,"=[ a,(j) -+ a,2) a,() 1]

Then we can write the update equation (page 224, 235, 236)
ajy (@) =a; (@) + Fj+1 af @i-1

Makeavariable substitution i = j—i+1 gives
a,,(G—i+)=a,(j—i+) +T, a‘(j—i)
N A A

aj?+1(i) R (i-1) a;(iy
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Taking the z-transform of these equations gives
Forwards: (from gamma to polynomial)

4,,(2)=4,(2) +z! . Af (z)
Afﬂ (2)=z" Af +I ., 4,(2)

In matrix form this can bewritten (page 224 and page 236
A, (2) 1 z! T4
YHC] I S P E

Backwards: (From polynomial to gamma)

401 1 [ 2 4.0
A/R (2) Z_l(l_ | F_m |2) _r/+1 1 A/RH(Z)

1

A(zZ)=—-—
(2) i, A

I:Ajﬂ (Z)_erA/{(H(Z):I
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The Levinson-Durbin algorithm deter mine relation between
autocorrelation r(x),polynomial a(k) and thereflection coefficients.
This can be summarized in the figure below and in the
table5.1-5.4.

s (1)’)/'1((2)’ e Iy (P), ———

Table 5.4

Levinson-Durbin
1"1 T, T Table 5.1
shy ey

Table 5.3 Table 5.2

a,(),a,(2),....a,(p)
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Backwardsireratively

If thefilter isgiven by 4, (), the reflection parameters I'; can be
determined, see textbook page 235, page 236, table 5.3.

The step down recursion (see table 5.3)

Identify T', =a,(p)

Loop j=p-1,p-2,... 1

Then,determine a; from a,,

1

Identify T, =a,(j)

a,(i)= [a,u@)=T, a,(G=i+D)] i=12,..j

Table 5.3 The Step-down Recursion

1. SetT, =a,(p)

2. Forj=p-1Lp-2,..,1

(@Fori=1,2,....j

. I ; . = v 7
4ili) = ———— @, () =Tinal, (j -:+l)]
L= |Cjal ’

(b Set ['; = a; (/)

(e} If T = 1, Quit.
3. e, =HA0)
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Table 5.4 The Inverse Levinson-Durbin
Recursion

1. Initialize the recursion
@ =/ (1= "
(b)) ag()y=1
2. Forj=0.1,....p—1
(a) TFori=1.2..... J
gy =+ Taa;(G—i+ 1)
O galji+1)=ry

© rG+D==-Y"alirdi+1-1)
3. Done

Table 5.2 The Step-up Recursion

t.  Initialize the recursion: ¢g(0) = 1
2. Forj=01..,p—1
(a)Fori=1,2,,...,J
a; 1 () = a;i) + Tpal(j —i + 1)
M) g (J+ 1) =y
3. B0} = Jj&,
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Autocorrelation function for the output

r, (k)= E{y(m) y(n—k)} =D, D h(l)r,(m—1+k)h(m)

l=—c0 m=—co
Cross correlation functions

R (k) = E{y(m)x(n =)}t = 2 h(Dyr,(k=1)

=0

1y (k)= E{x(n) y(n—k)} = ih(l) r(k+D)

f—

Correlation functions
r, (k) =r.(k)* h(k) *h(-k)

1, (k) =r.(k)* h(k)
ry (k) = r. (k)* h(=k)

Spectra
P (e!")=P(e'")|H(e'")}
P,(e/*)=P.(e/")H(e')
P,(e’“)=P(e'") H' (")

P(2)=P(z) H()H(z")
P(2)=P.(2) H(z)
P,()=P(z) H(z")
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Chapter 3 Review of filtering random processes

x(n)

I S N
() H(e) 0

Input-output relation (convolution)

y(n) = x(nysh(n) = Y x(k)h(n - k)

f=—oco

Autocorrelation function (deterministic)

r. (k)= x(n) x(n-k) = (r,(k))

Autocorreélation function (random processes)

r(k) = E{x(n) x(n—k); = (r(k))

Cross correlation function (random processes)

1, (k) = E{y(n) x(n—k)}
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Chapter 3 Review of the All-pole model.

The difference equation for the input 5(”) is (deterministic)

x(n) + i a, (k) x(n—k)=b(0)o(n)

and the system function

b(0) _ 5(0)

H(z)= = = e
l+a,()z" +a,2)z" ++a,(p)z l+2a,,(k)z”‘
k=1

Theoutput should be zerofor all n#0. We definean error
P
e(n)=x(n) + Y a, (k) x(n—k)
k=1

and we minimize
£,=Y|enf
n=0

This can be described by the following figure (b(0)=1).

impulse our signal impulse
x(n) =o(n)
om) H,(z)= 1 4
0 4,(2) Ho)= ,,(Z)

4,(2) =1+Zp: ap(k)z'k

Thefilter Ay(2) is called the predicting error filter (PEF).
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We use aleast squares solution to solve the problem.
Takethederivative (for simplicity, we assumereal
valued signals).

ag
da, (k) da (k)z| e _226(")3 G ()=

n=0

=2y e(n)a ® [x(n) +ial,(1) x(n=10)1=

n=0 =1

=2§ e(m)x(n-k)=0 k=12,.,p

n=0

[\ —
e(n) and given data
orthogonal

e 2 0+ Y a,(0) x(r=) x(n-k) =0
With - .

r (k)= x(n) x(n— k)
we got the result "

r (k)+2a Or.(l-k)=0

re(k=1)
or rewritten

Sa, O rk-D=r(k)  k=l..p

Thisequation is called the normal equation or the Yule-Walker
equation.
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This equation can be added to the matrix equation described above.
Then, wegot (for real signals re (k)= r.(k))y

O B R A B .

B LUl I P B Y

O I RO R L N s

n(p) r(p=D n(p=2) . 7(0) wm| |0
X

R, a, =&,u

Thisisasymmetrical Toeplitz matrix equation system and can be
solve with the L evinson-Durbin algorithm described in chapter 5.

Thisall-pole model is often called Prediction Error Filter (PEF) or
Linear Prediction Coding (LPC).
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In matrix form

r‘(?) F)(L) '}(21) F‘(p_lz) U,,(l) r.()
V,,(Z) n(l) n(o) VX(P—3) a,2) r(2)
r.(2) r.(1) r0) .. n(p-3) | 0,3 |=|rno)
-1 (p-2 -3) .. 0
r(p=1 r(p=-2) r(p-3) r,(0) a,(p) " (p)
Orthogonality principle.
We can derivethefilter in a slightly different way.
Writing
o o o P
E,= lem =) ene(n)=7Y, e(n)[X(n)+Z a,(K)x(n—k)] =
n=0 n=0 n=0
= z e(n)x(n) + z a (k)z e(n)x(n—k)
/1:(‘)‘; n=0 -

e(n) and given data

called model error miust be orthogonal

Theminimum error (model error) isnow found as

€, min =& =" e(n)x(n) = Z(; x(n)+z a, (k)x(n—k)lx(n) =

n=0

=r(0)+ Za(k) r.(k)

Ep,min :81: :rx( ) ia(k) r (k)
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Chapter 6 LatticeFilters

In chapter 4, we derive the normal equationsor Yule-walker
equations for an all-pole model. And in chapter 5wederived an
algorithm (L evinson-Dur bin) to solve the equations. I n this chapter
we will interpret thesignalsdirect in aLattice FIR structure.

The difference equation for theinput o(n)

x(n)+2a (k) x(n—k)= b(O) d(n)

e(n)
and the system function

b(0) _ b

4y a bzt @

H(z)=

The output should be zerofor all 7 # 0. Theerror wasdefined as

e(m) = x(n) (= Ya, (k) x(n—k)

prediction or estimate of x(n)
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We minimized the cost

£, = letn

The solution was given by the normal equation ( chapter 4, page 216-
219)

P
r(k)+> a, () n(1-k)=0;  k=12..p
=1
and theerror

e, =r.(0)+ > all) r.()
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Table 5.1 The Levinson-Durbin Recursion

1. Initialize the recursion

@ a(h)y =1
) e=r
2. Forj=0,1, ..., p-1

@ p=rG+0+Y anG—ivD
o o= "J/;/fj
{¢) Fori=12,....J
i) = (i) + Daf(j — i + [B]
(@ au{j+1) ="
©® =gl =Tl
3 b0) = /5
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In matrix form this can bewritten as

nO Mm@ e R g ) - ()
R - I I PP O
K@ n® nO e me= |

-1 -2 =3) .. (0
rp=1 r(p=2) r(p=3) .. n(0) a)(p) ()

- 4=
a
p
£p,min = Ep = };(0) + ;a(k) 'jv (k)
or as
[7.(0)  r.() r2) .. () .
r® @ r® e mD | g 0"
@ @ nO .. r(p-2)| a/’(2) 1o
-1 ~2) .. (0
r(p) r(p-1) r(p-2) r.(0) 0 () L
) R a, et

X
R a,=¢,u
L evinson-Durbin (chapter 5) solvesthe normal equationsiteratively.

The solution gives aj(k) and I_‘j in each step j=1,..,p
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Example of all-pole model of vowels
Example 1

Vowel ‘i’ with order p=6

rl- ?h'\,_ j‘.’" .n#"*'~.,{i"ﬁu‘%'~._ruwr" (’V“ U !

r‘); J 10
o
i ) s
& 2 (] 2 T i -

Fueal Pt % 10 2000 ] X 0
rfﬂw JWMQW
YeEm @0 # a ® N

Upper left:  Signal , Upper right: Fourier transform (DFT) of thesignal
Middle: Autocorrelation sequence of the signal

Pole-zero plot Spectrum from poles

Lower left:  Impulseresponse to Hr(2)=1/A(2)
Lower right : Output from Hgr(2)=A(2).

Coefficients ap(k) for order p=6.
a=[1.0000 -0.4912 0.1714 -1.0041 0.1397 -0.4127 0.7529]

Reflection coefficients:
r=[ -0.7021 -0.2154 -0.5704 -0.0168 -0.0990 0.7529]
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Example 2

Vowel ‘i’ with order p=8

ok A .‘"'. e
I-J 1‘.\*."""“ \-lr I'il-" “~riv'# '._I\{nu‘ af |
L 1w L xa =0 L] £

1] 1000 00 ) e 5000

1o T T T T T
A oM VA A A
o NN/ o ‘._V.f \,L—’, \\,'I \-\."’r ".‘,'J L —
o T3 ™ ™ =™ o o m
::_l ——— ]
30 H |
& wt |
E % 4 2 2 4 6 L/ B R
Il P T 2000 E] i) 000
ﬁ . T [:13 . " |
[ f A T e
"w" v DL‘\WM\MM i
: |
) L] 0 m L] 0 =0 a0 ] “r’(l =0 wo 5 200 =0 L) i)
Upper left:  Signal , Upper right: Fourier transform (DFT) of the signal
Middle: Autocorrelation sequence of the signal

Pole-zero plot Spectrum from poles
Lower left:  Impulseresponse to Hr(2)=VA(2)
Lower right : Output from Hgr(2)=A(2).
Coefficients ay(k) for order p=8.
a=[1.0000 -0.1191 0.3997 -1.1694 -0.2256 -0.9065 0.6446 0.1265 0.5622]

Reflection coefficients:
I'=[-0.7021 -0.2154 -0.5704 -0.0168 -0.0990 0.7529 0.2829 0.5622]
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The principles of the speech codingin GSM

Transmitting mobile

Coding of theerror
High-pass LPC Pitch signal including
filter coding ™ estimation down sampling

. : error signal after pitch
input speach ggl?nr Elggal reduction and down sampling

MMM

Radio channel l l ﬂ
. pitch and .
reflection amplitude error signal

coefficients

Receiving mobile decoding of
theerror
L.ow-pass LPC . Insert signal and
filter decoding pitch restore
sampling
output speach rate

In thelaboratory work 1, we listen to the signals after each block and we also
plot the waveforms and the spectra after each step.
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L PC Speech encoding

Soft palate. Nasal cavity Vi Nasal cavity| Noge output
Tongue Mqu!l"lmh Pharynx cavity i)
Pharynx — Lips )
i is—1 La tube
Epgos—7 e Mo oo
o Larym Vocal folds
Tongue hump
Esophagus Trachea and bronchi
Trachea
Lungs
— f
Diaphragm Muscle force

LPC model of syntetic sound production

pulsetrain (waveform
and spectra)

|
I_l_]_[_ speech output from pulsetrain
- - . (waveform and spectra)
| iy
_ *Uyalrﬂa..ﬁ‘,mjf‘l;f
H.(2) FE T
z
0 speech output from white noise

white noise (waveform (waveform and spectra)
and spectra LPC-model

(All-polemodel) i gt
ik "
MMM‘J

o 000 2000 3000

In syntetic speech production, the parameters often are updated every 5 milliseconds.
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FIR Lattice Filter structure

Now welook at signalsdirect in the FIR Lattice Filter structure.
We determine the coefficients direct from the signal not determining
the autocorrelation function r (k).

Theerror signal (output signal) is

e(n)=x(n)+ i a,(k)x(n—k)=x(n)—x(n)

—x(n)

P

xm)==Y a,(k)x(n—k)

with k=1

Werefer thiserror astheforward prediction error and usethe
notation

e (n)=x(n)+ i a,(k)x(n—k) = x(n)—x(n)

—x(n)
Thissignal isfound as the output from the upper branch in the
Lattice FIR filter.
Now, we also define the signal in the lower branch asthe backward
prediction error.
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Forward/Backward Prediction Error

From chapter 5, we have (page 224, 235, 236) (real signals)
. . R,/
jn (@) :aj(l) + Fj+l a; (i-1)

ay(i)=aj(i-D)+T;,, a,()

and thetransforms

Aj.H(z) = Aj. (z) + ! l"j.+l Af (2)
Alil(z) :Z_lA.f (2) + r/+1 A,/(Z)

Theoutput in each step is

E[(2)=4,(2) X(2)
E;(2) =4 (z) X(2)

Theerror signal isthe
e}ll(”) = e}r (n) +T, e (n-1)

e, (n)=e (n-1)+T,, e (n)
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Forward Covariance method, page 308

Given: ThelatticeFIR structure (real signals).

Task:  Determinethe predictor, which minimize theforward prediction error

< 2
+_§: +
8]' - |€](7’l)|
n=j
where

ej(m) = e (+T e, (n=1)
Solution:

+ +
Takethederivativeof €; withrespectto T

O€; il oe;
L=2%e(n)—L =
oT; ; 5 (1) oT;
\ﬁr_J
¢i(n=1)

=2 i [e}“_l (m)+lie (n=1) ] e, ,(n=1)=0

Thisgivesthe solution

L 2, Gl (n=1)

n=j

> e =)
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Second order Lattice-FIR-filter (real signals)

We can interpret the forward prediction error in the upper branch
and the backward prediction error in the lower branch in the L attice
FIR filter shown below.

FIR H(z)=A (z)
- * &'(n)
' (n) o e (n) 7
x(n) I I
s LE N LT T2 N
7 ] W) /
& (n) er(n) & (n)

We now will briefly present methods using the Lattice structure.
Forward Covariance Method, page 308
Backward Covariance Method, page 313

Burgs Method, page 317

Another method isthe modified covariance method (page 322) using
only FIR structure.

6.4 IR Latticefilters. Some examplesin the exer cises
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Backward Covariance method (page 313-314)

Given: ThelatticeFIR structure (real signals).

Task:  Determinethe predictor, which minimize theforward prediction error

N
& =2lemr
n=j
with

€ (m) = € (n=DT €, (m)

Solution:
Takethederivative of €; with respect to I';

Thisgivesthe solution

L2, Gale, =)

J N 2
> Jenm|
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Burgsmethod (page 317-319)

Given: ThelatticeFIR structure (real signals).

Task:  Determinethe predictor, which minimize theforward prediction error

N
B + - + 2 - 2
£, =& tE; =Z(|ej(n)| +‘ej(n)| )
n=j
with
e;/(n)=e;, (n)+l"/’.B e, (n=1)
e;(n)=e_(n— 1)+Ff e;——l (n)
Solution:
Takethederivative of g‘f with respect to rf

Thisgivesthe solution

23" e (e, (n—1)
> (e mP +le,(i=1P)

ry=-

J
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Which method isthe best?

Useful for short data sequences.

Theforward and backward covariance
methods can give reflection coefficients
not alwayslessthan 1 and then, the
signal model isnot stable.

Thereflection coefficients estimated using
the Burg method are alwayslessthan 1
and signal model is stable.
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Burgs method step by step

Step 1:

o 523_1 x(n)(x(n—1))
Do (xm [ +[x(n=1F)

Step 2:
e (n)=x(m)+T’x(n-1), n=1,.,N
e; (n) = x(n -1+’ x(n)

Step 3

PS) D) GYGa))
LY (el (i-DP)

Step 4
e;(n)y=¢e (n)+IYe (n=1), n=2,.,N
& (n)=e (n=D+Iy e (n)

and so on
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Burgs method modified with a window

Given: Thelattice FIR structure (real signals).

Task:  Determinethe predictor, which minimize the forward prediction error

& =€ +&; = 2w, e M+l )

Solution:

This givesthe solution (see exercise 6.18)

2w el (e, (n=1)
S wa(em P +le(n=1)P)

I7=-

J
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Forward/Backward Covariance method, page 322.
Givesthe coefficients ap(k) direct.

Given: ThelatticeFIR structure (real signals).

Task:  Determinethe predictor, which minimize theforward prediction error

6‘,7=Z(|e;(n) +le, (m)[)

with
e (n)= x(n)+i a,(k)x(n—k)
e,(n)=x(n- p)+i a,(k)x(n—p+k)
Solution:

M M
Takethederivative of gp with respect to ap (k)

Thisgivesthe solution

i (r(,ky+r(p=k,p=D) a,(k) == (r.(LO) +7.(p,p=1))

k=1
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Prediction Error Filter PEF (second order) from chapter 4

Model of thesignal x(n).
Input: white noise w(n) or  impulse &(n)

w(n) x(n)

8(n) [A(2) r, (k)

A(Z)— en
AD)=1+a,1)z" +a,2)z°

o) = X+ a,()x(n-1) =
=x(n)—X(n)  with

f((n):—iaz(l)x(n—l)

We can rewritethefigure

d(n) = x(n)
w(n) J_A
1 - — o~
o] Ol -0
d(n) = x(n)
d(n) desired signal (6nskad)
d(n) =&(n) estimated signal

e(n) = x(n)—X(n) error signal
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Chapter 7 Wiener Filters

In this chapter we will use the model shown below.

Thesignal into thereceiver isx(n) (received signal). Normally, this
signal isdisturbed by additive white noise v(n). Theinformation isin
s(n). Also, we often used the approach that theinformation signal is
modeled aswhite noise w(n) filtered in a filter g(n).

noise estimated  desired output

v(n)
recaived outout d(n)

W) gy ] S A O e do é arror
%eo@ ® H) >O—em)

We will minimize the output error e(n), which we describe asthe
difference between the desired output d(n) and the estimated output.

minimize & = E[€?(n)] = E[(d(n) — d(n))?]
Applications.

Filtering s(n): Thedesired signal iss(n) and we will
deter mine the optimum filter for noise reduction.
Smoothing: Likefiltering but we allow an extra delay in the
output signal (specially image processing).
Prediction: Theoutput isa prediction of future values of s(n).
One step predictor. predict next value s(n+1).
Equalization: Thedesired signal isw(n) and we will
determine the optimum filter for whitening the
output spectrum (inver se filtering, deconvolution).

Other applications. Echo cancellation. Noise cancellation.
Pulse shaping.

Optimum Filters (processthereceived signal x(n))
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v(n)
d(n)
w(n) s(n) x(n)
e e ]
a(n) rk) (k) di) O

We assume uncorrelated noise v(n).

d(n) could be: s(n), filtering noisy signal X(N)
s(n—n,), smoothing (allow delay)
s(n+n,), predict future values
6(n-n,), inver sefiltering, deconvolution

h(n) causal FIR filter: easy, useful (chap. 7.2)
h(n) noncausal 1R filter:  easy, lessuseful (chap. 7.3.1)
h(n) causal |IR filter mor e difficult, useful (chap. 7.3.2)

We assume that correation functions I (K) , e (K) and Ty (K)
are known or could be estimated.
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Derivation of the optimal solution (Wiener filter).
Real-valued random signals.

Westart with R

&= E[e’(n)] = E[(d(n) - d(n))*]
with

C](n):‘;e h(x(N=1) " (in general noncausal filter)
and

e(n) = d(n)—d(n) = d(n) - i h()x(n—1)

Set the derivativeof & with respect to h(k) equal to zero for all k.

_ 0 20\ 9
&= By E[e”(n)] = 2E[e(n) ah(
which gives

E[e(n)x(n—k)] =0 (The orthogonality principle)

Replace e(n) and then

E[(d(n)— i h(Dx(n=1))x(n—k)] =0

and we got the Wiener-Hopf equations

3 R (k=1) = 1y (K)

The Wiener filter was derive from random signals.
For a deter ministic approach we have to use the definition of
autocorrelation and cross correlation

oo

r(k)= . x(M)x(n-k)

N=—co

()= d(nx(n-k)

N=—co

Then, minimize

g:j eZ(n>=§ (d(r) - d(n)?

The Wiener-Hopf equations will be the same.

Now, we will look at the three types of filtersH(2)
FIR Wiener filter (in the textbook denoted W(2))
Noncausal |IR filter

Causal Wiener filter (at theend of thischapter)

Derivation of the minimum error

Writing

& =E[€*(n)] = Ele(n) e(n)] =E{e(n)[d(n) - >, h()x(n-1)]} =

=E{e(n)d(n) + i h(1) E{e(n) x(n-1)}

) e(n anzd iven data
gm'" c()rt)hogo%d

This gives the minimum error

&vin = El6(n)d(M] = E{[d(n)~ 3 h()x(n-1)]d(n)} =

e(n)] = 2E[e(n) (- x(n— k)] = 0

=1,0)-3 h)ry () =r,©)-3 h()r, ()

and

£ =1,00-3 h)r()

|=—co
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FIR Wiener filter (pp. 337-339, table 7.1 page 339)
The Wiener-Hopf eguations are now

p-1

> h()r (k=1) =14 (K) k=01..,p-1

1=0

or in matrix form

r(0) r.@ @ - r(p-Y h(0) o (0)
r(® r.(0) @ - r(p-2 h(D) o (D)
r(2 r.@ @ - r(p=3 |[1h@  |= |1
(=) r(p-2 r(p-3 -0  J[(p-D] [r.(p-D)
R« h Tax

R< h :rdx

_ -1
The solution is h - R< rdx

and the minimum error

b =1 (0= 3, O ()

which also can bewritten

gmin =TIy 0)- pz_l h(l) Fax n= Iy 0)- rde hopt =TIy 0)- rde R;l T
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Noncausal 1R Wiener filter (pp. 353-356, table 7.2)

The Wiener-Hopf equation are here

S h)r (k=) =r, (k) all k

|=—co

Here we have a complete convolution and it can be solved using
z-transform or Fourier transform

H(2)R.(2) =Ry (2

_R(2
R

joy _ de(ejw)
BTCD

Theminimum error is

£ =14 (0= 3 h(1) r,,(1)

We can usethe Parseval’srelation and also writethisin
the frequency domain. Then, (see propertiesof the
Fourier transform, see page 356, Table 7.2)

b= @) -HE"R @) o

81

Causal FIR-filter for noisereduction

The FIR-filter equationsare

f h()r (k=1)=r, (k) k=01,.,p-1

Now, they will be

S hay(r, (k=1)+ 1, (k=1)) = 1. ()

(R+R)h=r,

and

hopt = (& + R/)_l I

The spectrum we find from the Fourier Transform

H (e'*) = Fourier { h,, (n)}
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Filtering received signal for noisereduction
Thereceived signal isdisturbed by additive zero mean white noise

x(n) = s(n) +v(n)

"Séfs Estimated ~ desired
received d(n)=s(n)

w(n) [gon) | sn) A\ X |n(n) d(n) D eror
Go(2) 2 H@ | > &(n)

Desired signal isnow s(n). Then

r (k) = 1,(K) +1, (K)

fy (K) = Eld(n)x(n— K)] = E[s(n) (s(n— K) + v(n— K))] =1, (K)
R()=PR(2+R (2

P, (2 =P.(2)
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Noncausal |IR-filter for noise reduction

For non-causal | IR filter, we have

H(9R(2 =R, (2

ey
=50
HE")= %ngw;

In thefiltering problem the power spectraare

P(9=R(@+FR ()
Pu(2=R(2

which givesthe Wiener filter

Hz=— @ .
R@+R@’
H(e'?) = REt)

R(E“)+R (")’

We seethat for frequencieswith low noise,

[H(Ee'”) -1



Prediction

In a one-step predictor, the desired signal iss(n+1).

- ; desired
noise estimated
v(n)  received ) d(n)=s(n+1)

w(n) Jgo(n) s y h(n) (5 error
@ ® HE) 2D e
Desired signal isnow s(n+1). Then

o (K) = E[d(n)x(n—K)] = E[s(n+1) (S(n— k)] = r,(k +1)
Px(2)=2zR(2)

This givesthe Wiener-Hopf equation

pz_l h()r,(k=1)=r,(k+1) k=0.1..,p-1
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Deconvolution (equalizing, inver sefiltering)

Desired signal hereisw(n) (or allow delay, w(n-no)).
(see also problem 4.19)

This meansthat

g(n)=h(n) =~ 5(n—ny,)

) desired
noise estimated  d(n)=w(n-ny)

received & n
wm TONEY b xm h(n) ™ error
Go(2) ® H(2) D)
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Noise cancellation (page 349)

A signal isdisturbed by additive noise v,(n).

Try to measurethe noise v(n) from the sour ce and estimate the noise
vi(n) added to the signal. Then subtract the noise v4(n) from the
received signal.

source
H(z
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Causal IR Wiener filter -1 (page 358-362)

Derivation of the causal filter is more difficult.
The Wiener solution is

> b0 (k=1) = 1 (K)

We divide the solution into two steps.

«— Stepl — Step 2
w(n) x(n) em |
—{ow F@) i+ V(@) —
| — o) ——
H@

In step 1, we whitening the input signal x(n). From chapter 3, we
have spectral factorization

P(2=0; Q2 Qz")

1
If the chose F(2)= oQ(2) the signal gn) will be white with

variance equal to 1.
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IR, causal filter —2
Step 2
In step 2 we know have (Wiener-Hopf equation)

oo

>, 90 (k=1)=ry (k)

1=0

with r.(k) =96(Kk)

The optimal filter (the causal filter, k>0) isthen

(k) =1 (k) u(k)

with the z-transform

G(2)=[P.(2) L.

Thenotation [...]+ meansthe causal part of the argument.
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Relation between causal and non causal | IR Wiener filter

Non causal IR Wiener filter

R@D_ 1 PR
R Q@ QY

H(2) =

Causal IR Wiener filter

H(Z)_ 1 { de(z) }

- 02Q(2)| Az

We can seeboth filtersas a cascade two filtersthere thefirstis a
whitening filter .

Theminimum error isasbefore

EACEDWIOTN(
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IR, causal filter — 3

Vi haveto determine F:je(z). Then
ree (K) = E{d(n) e(n-k)} =
=E{d(M(Q. fl)x(n—-k-1)}=

=3 F()rg(k+1)
where
f(n)=Z"{F(2)}

P (2) = Py (2) F(z?) =%

Tofind G(z) wetake the causal part

69 -| _Pul@
0, Q(z7) |,

Combining step 1 and step 2 givesfinally

H(2=F(2C(2)= é(Z) {gj(z(zl))}
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Adaptivefiltering.
Chapter 9 or the course "Adaptive Signal Processing’.

Wewant to minimizethe error

& = E[e’(n)] = E[(d(n) - d(n))’]

| terative solution

We can solvethisiteratively using the update equation

=060~ 5% =

=h, (k) + 2u"E{e&(n) x(n—-k)}

1
there :u isthe step size.

Adaptive solution (Least Mean Square, LM S)
Use the approximation

E{e(n) x(n—Kk)}=e(n) x(n—-k)

h,.1(K)=h, (k) + 24'e(n) x(n—k)

1
How to chose step size y2 ?
Doesthe algorithm converge? How fast?

92



Optimal Signal Processing

L esson 6

Chapter 8.
Spectrum estimation

LTH

October 2008

Bengt Mander sson

Department of Electroscience
Lund University

93

Optimal Signal Processing

Examples of waveforms and Fourier Transforms

-:-l-l'~,"I.".-‘a.'ﬁJ.I‘I‘f|~'&u'fﬁ'i.-i,\t‘l"}“,\'.h‘ﬂ\n.l"v'\'IJ,‘\J“r"‘"',l.\"l'-'f‘lr’-\-\"\'.'.-‘"p;'.-'.\"*‘ﬂ.'.‘\' e ]

] X0 w 40 0 &0

S
White ncice, Speciram with Fou

kL
Mol -.-,M"-'-'l.%.-\s s

| | |
3 ,b.\ N ,-',-.J-,'J.-.L;‘r,.-,.-_ A ] : L n b i .l.\l--,t'.v‘ ki -.-.'ll.:

Row 1: White noise (N=512 values)
Row 2: Fourier transform of thesignal in row 1 (magnitude)
(N=512 values)

Row 3: Coloured noise (output from 4" order Butterworth filter)

Row 4: Fourier transform of the signal in row 3 (magnitude)
(N=512 values)
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Spectrum estimation, Chapter 8

Nonparametric methods:

The periodogram
The modified Periodogram (windowing)
Averaging periodogram
Bartlett
Welch
The Blackman-Tukey method

Parametric methods:
Described in chapter 4

Frequency estimation (Estimation of sinusoids), lesson 7

The well known methods like Pisar enco Har monic Decomposition and
the MUSIC algorithm are presented here. These methods ar e based
on

the eigenvectors of the correlation matrix.
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Estimation of power spectra— periodogram
(page 393-394)
Wewant to estimate I, (K) from x(n) in theinterval 0Sn< N -1,
In chapter 3 we had
1 N-1
F(k) == x(n) x(n—k)
N n=0
To ensurethat the valuesthat fall outsidetheinterval are excluded,
wewrite
1 N-1-k
F(K)== > x(n+k)x(n) 0<k<N-1
n=0

Using a rectangular window

We(n)=[111--1 rectangular window
T

N
thiscan be written

Xy () = X(N) - We (N)

or
x(n) 0<n<N-1
Xy (n) = .
0 otherwise
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The estimated autocorrelation can now bewritten

oo

M@=%§ZMW+DMW)

N=—co

= % i x(n+ k)WR(n+ k)X(n)WR(n)

N=—oco

1
=N (K) * %y (=K)
Then F(K) isdefined for ~N+1<k<N-1

Now, we take the Fourier Transform of f,(K) , and then we get
N-1
5 joy _ ~ —jwk
P.()= > f(Ke
k=—N+1
which iscalled the periodogram.

We seethat it also can bewritten
5 jo 1 jo w0 jo 1 joy |12
P (8'7) =— X (") X (') == | Xy (') |
N N
Using DFT (FFT), the periodogram will be

Ao 1 1
P (€72 k'N)=NXN(k)XN (k)=NIXN(k) [
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Using this, we have (page 399)

SUMCE R OWACERDE
- Y ERMIE = Y ow()e "

E(B (&)} =5 - R(e) W (e")

TheBartlett (triangular) window can be seen asthe convolution of
two rectangular windows. The window is

W, () = L[ SnNe/2) ?
B N| sin(@/2)

100 T T T T

0.4 03 0.2 01 0 01 0.2 0.3 0.4

Plot of Ws (€'”) | N=100, bandwidth 0.89* 2w/N
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The Performance of the Periodogram (page 398-399)
The estimate isunbiased if

E{P.(e")} =P(e"*)

The estimateis consistent if it is (asymptotically) unbiased and if

lim var{ (')} =0

Taking the mean of ,(k), wegot (k=0) (page398-399)

EfF(}= < 3 Bk 04Kk, ()=

N=—o0

B 1 N-1-k _lN—l—k a N _k
"N Z(; Efx(n+k)x(m}= N Z(; Rk =—5— k)

Defining the Bartlett (triangular) window
N-|K]

WB(k): N
0 k> N

kKN

we can write

E{r ()} =wg (K)r, (K)
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The estimate in asymptotically unbiased dueto

lim E{P,, (e'“)} = F(e')
Thevarianceis (textbook page 404, 405)
var{P,, (€”)} = R2(e!*)

so the periodogram isnot a consistent estimate of the power spectrum.

Table 8.1 Properties of the Periodogram

a

N} 2
ﬁpnr(fjw) = N ZIU‘I)E i
n=0
Biax
. . 1 i _
E{Por (@)} = ;= Pi(e) 4 Wg(e/®)
: 27
Resolurion
2
Aw= 089"
N
Varivnce

Vat { e (e/®)) = P2
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The Modified Periodogram (windowing x(n))

The periodogram use a rectangular window wg(n)

B (€)= X (@) P | Y. X(Mvig(n) €7")

N=—co

If we use other windows, we got the modified periodogram

R, (€)= | 3 X(m)w(n) € P

N=—co
N-1

U =%2|w(n) el

n=0

Table 8.2  Properties of o Few Commonly
Used Windows. Each Window
is Assumed fo be of Length N,

Sidelobe 3dB BW

Window Level (dB) {Aw)p
Rectangular —13 08927 /N
Bartlett —27 L28(2m /N
[Tanning -3z 1.44(2x/N)
Hamming —43 1.302=/N)
Blackman —58 1 6827 /N)
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Example of theresolution

0s T . . T
o AMMW%
05 L L L L
] 100 200 300 400 500
40 T T T T T
20 k
o . i s . .ﬁ“'nl.
0 200 400 500 500 1000 1200
05 T . T T
0 W
as L | . L
0 20 40 &0 a0 100

]
] 200 400 g00 g00 1000 1200

Row 1: Waveform of a vowel ‘a’, N=500 (50 ms)-

Row 2: Fourier transform of the N=500 valuesin row 1.
Row 3: Part of the waveform in row 1, N=100, (10 ms)
Row 4: Fourier transform of the N=100 valuesin row 3.
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Properties of the modified periodogram

Table 8.3 Properties of the Modified Periodogram

2

£

Z winx (e 4"

A=—20

1 -1
= Ele(n)P

a=0

1

Pu(ei®) =
w(e7%) NU

Bias
EEuieiy) = ——— Pie™) u |Wie
[Batern} = zw ) e W i)
Resolution Window dependent
Varianece

Var | B (ei)] = PXei)
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Spectrogram

Spectrogram isa plot of spectrum as function of thetime using a
sliding window. The command in Matlab is

specgram(x,Nfft,Fs);

Nfft isthe length of the timewindow (length of the fft).
Fsisthe sample frequency.

Example of spectrogram of theword ‘mamma’.

04 T T

‘mu.&“'v‘rf‘p“ﬂ‘gm Hul'lrll"ill’ul Ildil W-'Il .'I”'Il'll‘ Wﬁw

azh L

L L
1] 1) 00 ||| 4|u

Top: Waveform of theword ‘mamma’.
Middle: Specgram with wide time window, N=200 (20 ms)
Bottom: Specgram with narrow time window, N=50 (5 ms)
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Averaging periodogram. Bartlett’s M ethod
(page 412.414)

In order to reduce the variance we must use averaging.

Wedivide theinput sequence x(n) of length N into
K blocksof length L,

k=N
L

Then, determine the power spectra for each block and take the
average. Thevariance will decrease but also the resolution will
decrease.

Thevariance will be

var{B, (&)} ~ % P2(e”)
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Averaging periodogram. Welch’s M ethod
(page 419)

The method of Welch issimilar to the Bartlett’s method
but we allow overlapping of the blocks and using windows w(n).

The estimated properties of Welch’s method isfound in table 8.5

Table 8.5 Properties of Welch’s Method

-1 2
1=} | r=

1 L1
et 2
U=~ gm;(n).

. ;. ] K L-1
Prce = ot 315 st 4 v
) n=f}

Bias

E{byiein)]} =

1 ; :
sy W)

Resolution  Window dependent

Viarigncet

f b

Vaur {Isw(ch“’)} R p_f(t,jw)

r

&e
=
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Table 8.4 Properties of Bartlett’s Method

2

K-l | L}
5 i 1 e
Prlet™) = N ; ;x(n +iLye ™
Bias
e et > ! far el
E{Putein) = 5= Po(e™) » Wa(e!)
Resolution
pas
Ny = URQK—
N
Variance

- 2 Lo
Var {PU (6’;«:)] au ?R&(eiﬁ)
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Blackman-Tukey Method
(page 420-423)

With the Blackman-Tukey method we calculate Iy (k) fromall N
data. But for largek, the estimate is not so god.

Multiply x(K) with awindow symmetric around k=0 and takethe
Fourier Transform. Thisgives

~ . Nil .
Por (€)= 2 Fk)w(k)e "
k=—N+1

The spectrum of thewindow must be positive for all frequencies, i.e.

j o j .
W(e ) 20 , to guarantee that Par (eJ w) 2 0. Thisisnot truefor
arectangular time window.
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Table 8.6 Properties of the Blackman-Tukey
Method

Ppre) = Y Fowme -
k=—M
Bias
5 : 1
E{Psr(e®)} ~ 7 el x We)
Resolution  Window dependent

Variance

. M
var {Par(e)} ~ B = 3 wite
ke=—M
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Conclusion

We have always a trade-off between resolution and variance.

Timewindows

Rectangular window has the best resolution but also highest leakage
(highest side lobes)

Averaging
Aver aging decreases the variance but for fix length of data the

resolution also will decrease.

Per for mance comparisons
Definitions see page 424-426

Resolution: Aw
_ var{R(e"}
Va!labl“ty - (E{ls (ejaI})Z
Figure of merit: M=v-Aw
1

Quality factor: Q= v
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Example of the Blackman-Tukey M ethod

0

Row 1: Spectrum from FFT.

Row 2: Autocorrelation

Row 3: Timewindow

Row 4: Windowed autocorrelation

Row 5: Blackman-Tukey Spectrum (from windowed autocorr)
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Filter bank implementation of periodogram

We can interpret the periodogram as the output from of bank of band
passfilters.

) 1 N-1 .
PE') =] x(ne'"f
N =
For thefrequency @, thiscan bewritten

RE) VM E=NIY, Xh(-K) .,

i.e. the squared of the output from thefilter at n=0;

The band passfiltersarethen

1 .
—el®*  Kk=—(N-2),..,0
h()={N (N-1

0 otherwise
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The Fourier transform of thefilters

(0 %ej 9 k=—(N-1),..0

0 otherwise

_ SN(N(w—-@,)/2) __jw-o)n-12
Nsin((w-w)!2)

Hi(€")

0s

06

0.4

02

Conclusion: The value of the spectrum at thisfrequency is
the output at n=0 from the band passfilter. The bandwidth is
approximately

Aw=27IN
Af =1/N
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Theband passfilter depends on the properties of the
signal x(n).

Use the vector notation:

Band pas sfilter: g = [gi (0)1 i (1)1---1 gi(p)]T

e :[:L el ela2 | elor ]T

Sinusoids:

=Y g Kxn-K=g x

Qutput:

With the definition of € the Fourier transform of 9 at frequency @ can
bewritten

G ™)=Y g)e " =e'g =(g"e)"
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Minimum variance spectral estimation
(page 426-429)

Weusetheidea of band passfilters

x(n) y(n)

— gk —

The output y(n) isan narrowband signal out from the band passfilter.

g:(k), G (e)

1. Design abank of band passfilters g (k) with center
frequency @; sothat each filter rejectsthe maximum

out-of-band power while passing component at  @; with
no distortions.

2. Filter x(n) with each filter and estimate the output power.

P.(e') i :
3. Set Tx equal to the estimated power in step 2
divided by thefilter bandwidth.
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Now, the spectrum estimate can be written (complex signals)

PEe'“)=E{y,(n)y, (N} =E{g" xx"g}=
= giH R.9;

We must also normalize the band passfilters so that
j o S -jok H H H
G(e"):z gi(k)eJ' =g g =(97¢g)" =1

k=0

Then, we now want to minimize

P(e'”) = g"Rg

duetothelinear constraints

G(e”)=g"e =1

This can be done using L agrange multipliers  (page 50-52)
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y7i

Introduce the Lagrange multiplier ~ and minimize (page 50-52)

1
L(9,1)=59"Rg +u (1-g"e)
e this this should be zero
Differentiate L(gi4) with respect to giH . Then

V. L9.4)=Rg —u1e=0

g =u Rx_l €

L(g;, 1)

Differentiate with respect to 2 gives

1)
5_|—(giuu):1_ giH e=0
L
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Then using ”
g=uR "¢

we have

U=
¢'R g

Thisgivesthefilter

¢'R7'e

The power at frequency @i isestimated as
; 1
P()=g"Rg =——5—
e'Re

We normalized the band passfilter but we must also normalize for the
bandwidth of the band passfilter (length p+1).

A correction factor (p+1) (see page 429) finally
givesthe minimum variance estimate for any

p+1

Py () =——7—
MV( ) eHRx_le
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Lesson 7

Chapter 8.
Frequency estimation

LTH

October 2008

Bengt Mander sson

Department of Electroscience
Lund University
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Frequency estimation

The model isthat we have sinusoidsin white noise.

p y
x(n) = Z A e’ + w(n)
i1

with the complex amplitude

— J9;
4,=4; e
The phaseisrandomly distributed in theinterval —7Ts ¢z <7
Wewant to estimate
- — J o
I: Theamplitudes | Ai |! Ai _l Ai |€

1: Thefrequency wi’ fz

11: Number of sinusoids p
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Chapter 8, Spectrum estimation
Nonparametric methods: lesson 6

The periodogram
The modified Periodogram (windowing)
Averaging periodogram
Bartlett
Welch
The Minimum variance method
The Blackman-Tukey method

Par ametric methods:

Described in chapter 4

Pade

Prony

All-pole model
Latticestructuresin chapter 6

Frequency estimation (Estimation of sinusoids), lesson 7

The well known methods like Pisarenco Har monic Decomposition and
the MUSIC algorithm are presented here. These methods ar e based
on

the eigenvectors of the correlation matrix.

Pisarenco Har monic Decomposition

TheMUSIC algorithm

The Eigenvector method (EV)

(Minimum norm)

Principal components Blackman-Tukey frequency estimation
Minimum variance Frequency estimation
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Frequency estimation,

Examples on eigenvectors and eigenvalues of the correlation matrix.
Sinusoid in white noise

x(n) =sin(2* £* 0.1* n) + w(n)

Upper: Waveform of a sinusoid in white noise
Middle: Spectrum from DFT
Lower: The eigenvalues of the correlation matrix Ry.

Thefirst 5 eigenvectors (left) and their spectra (right)
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Frequency estimation,

Examples on eigenvectors and eigenvalues of the correlation matrix.
Vowel ‘i’

o N ' . b
Wl ‘rnﬂ",._, A ‘
™ A

Upper: Waveform of avowel ‘i’.
Middle: Spectrum from DFT
Lower: The eigenvaluesof the correlation matrix Ry.

]
o e o) o 0

|

Thefirst 5 ei.genvectors(left) and their spectra(fight)
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Frequency estimation, eigenvalues and eigenvectors.

Eigenvalues and eigenvectorsfor sinusoidsin white noise.

Multiply Rx with €1
_ H 2 _
R.e =(Pee +0,1)e =
- H 2 —
=(Pee, e, +0, e)=

:(PlN+O-v2v )e

We now identify one eigenvalue and corresponding eigenvector

R.e =(FN + O-vzv )e

A=PN+o, (4

max)

Vi=¢€ (only if p=1)
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Frequency estimation, correlation matrix.

We assumefirst that p=1,
x(n)=4,e’™" + w(n) n=0..,N-1

or
x=4Ae +w
with

x=[x(0), x@), ... ,x(N-=1]"
€ = [1, e/, e/ %, . e/ ]T
w=[w(0), w(), ... ,w(N-D]"
-

=E{(A e, + w)(4, e, + )} =

. H 2
=Pee’ +0, 1

P1=|A1 |2.

The power of the sinusoidsis
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Frequency estimation, eigenvalues and eigenvectors.

The other eigenvectors must be orthogonal to eigenvector 1.

Ry, =(Ree,’ +O—1i 1)y, =
=o’v, i=23,..,N
h=k=.=A=0, (Ay)

The signal subspaceis determined by v,

The noise subspaceisdetermined by v; ,i=2,...,.N
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Frequency estimation.

A: Estimate R« and determinethe eigenvalues and eigenvectors.

2 _
B: Estimatethevariance of the noise as Gw - /1min .

C: Estimatethesignal power as

13 _ ;imax _ﬂmin
) = —=& T
N
Note that
A =BN+o?
Vl = el

D: Estimatethe frequency from the eigenvector 1.

(01 = arg{ vl(l)} (second index)
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We define the frequency estimation function as

_— 1 1
P(e) =l P
V()

1

N-1 '
1> vi(k)e f
k=0

7, P
Vi(w) { Pi(el¥) = 17(13
““m\ ///""_ *
W A
| \ / \
5 / w = ; Faee
wi Wy

We can also compute the Z-transform

@)=Y n®="

Vi(2)

and deter mine the zer oes of
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Frequency estimation,
Frequency estimation function

The eigenvectors V2 to VN are orthogonal to Vi =é

e v.=0, i=2..N

1

But
w H = w k
J J
Ve )=e" v, =) v(k)
k=0
For CUZCU]_ we have
) " N-1 ok
Vie™)=e" v, = v(k)e " =0
k=0

Thisisvalid for all eigenvectors V2 to Vv .
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Frequency estimation.

Averaging over all noise eigenvectorsyield

~ 1

P ()=~
S gl
i=2

Example from the textbook page 455

Upper figure:  Averaging over the noise eigenvectors with the
weight equal to one.

Lower figure: Overlay plot over the frequency estimation function
from each of the noise eigenvectors

—r

30
Sm |
2 20 |
g 10 /'\
3 ol \

—e o~
—g— . " i

¥ 02 os o6 05 1 12 14 16 1A 2

Fraquancy (urits of pi)

{a}

B0
E B0

-]

Magrilude
b}

|
¢ 02 o0& 06 08 1 12 14 16 18 2
Frequency (unins of s}
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Frequency estimation.
Several sinusoidsin white noise

p .
x(n) = Z A e’ " + w(n)
i=1
and for p=2
R =E{xx"}=
=FE{(4,e,+4,e,+ w)(A,e, + A, e, + w)"} =

_ H H 2
=Pee, +Pee, +o, 1
Eigenvaules

P v, + 02 signal subspace

1 2 .
o noise subspace

w

V, are the eigenvaluesin the signal subspace
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Frequency estimation: Pisarenco

1: Assume p complex sinusoidsin white noise

2:  Assumethedimension of Ry (p+1)*(p+1), i.e. only one noise
eigenvector.

This assumptions meansthat only one eigenvector correspondstothe
noise subspace.

_ _ 2
Then ;l’min - ﬂ’p+1 - O-w

and the frequency estimation function (pseudospectrum) is defined

- ” 1
Poyp (') = » =
1> Ve (K) e
k=0
_ 1
IeH Vimin |2

Vmin(z) = i Vmin(k)z_k
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The frequency estimation function is now

.~ 1
P(e’?)=—
Z a; IeH Vi |2
i=p+1

We will now look at some methods using the frequency estimation
function above.

Thefirst is called the Pisarenco Decomposition method. This method
isvery sensitive to the noise but describe the principlefor the
methods.

A well known method isthe MUSIC algorithm.

The frequency estimation function is sometimes called the
pseudospectrum or eigenspectrum.

132

Optimal Signal Processing

Frequency estimation: MUSIC

Page 464, 465

MUSIC: MUItiple Slgnal Characterization

The frequency estimation is achieved by averaging the pseudospectra
over the noise eigenvectors.

- ” 1
Py (e’?)=—;

H |2
2, le v

i=p+1

P (e.lw)
Then estimate the position of the peaksin = MU
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Principal Components Spectrum Estimation.

These methods use the signal subspace. (page 470-471)

The Blackman-Tukey power spectrum was deter mined from a windowed
autocor relation sequence

~ _ N-1 )
Py ()= Y, F(k)w(k)e "
k=—N+1

1f w(k) isa Bartlett window, the Blackman-Tukey estimate can be
written in terms of the autocorrelation matrix

A . M .
Br(e/?) = 3 (M=K D7 ()™ == Re

X
k=—M

In terms of eigenvectors (eigendecomposition) thisis

B(e) =13 4leM, |
BT M — ( i
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Table 8.10 Noise Subspace Methods for Frequency

Estimation
Pisarenko ,ﬁwm((,.ﬁ"‘) = _]__A
&' ¥iyin|?
e - 1
MUSIC Puy(e!) = —

M
"y 2
> 1yl

i=pt

N i 1
Eigenvector Method Pry(e!y = i

1 5
Z I\“”"rl‘
i=p+1 !
|

Minimum Norm Puwle!”) = P
:

a :)\PHU\

Table 8.11 Signal Subspace Methods

. i =t .
Blackman-Tukey Prc_pr(ei®) = 7] Z alefy, 2

i=1

" ; M
Minimum variance  Ppc_yv(e/®) = —

1
> —lewP
ke
1

‘ P

'
E ae,
|=

Autoregressive Ppe_agled®) =
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Now, use only the eigenvector s corresponding to the sinusoids. Then

the Blackman-Tukey principal frequency estimation
isdefined by

R 1Y
Proc_gr (€’ ):_z ﬂ’ileHvi |2
M =

The minimum variance power spectrum estimate was defined by

. M
PMV(e] ):m

Rewritethisin terms of eigenvectorsand only use eigenvectors
corresponding to the sinusoids gives theminimum variance
frequency estimation

Poc_yy (ejw) =

I
NN

M=
IS
Q
=
=
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Example of sinusoidsin white noise

Power spectrum estimation
x(n)=sin(2r-0.20-n)+0.5sin(27-0.25-n)+v(n)

with  v(n) = white noise with varaiance 1

an: B o T T

Row 1: Waveform of input signal x(n)
Row 2 FFT of x(n), N=1024 (Periodogram)

Row 3 Averaging with the Welch method (10 subintervals,
rectangular time window)

Row 4 Blackman-Tukey estimate with M=20 (hamming window)

Row 5 Minimum variance method with M=20,

Row 6 All-pole model of order M=20 (L evinson Durbin algorithm).

(All spectrain 1024 frequency points. y axisin dB)
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Example of sinusoidsin white noise
Freguency estimation methods

x(n)=8in(2x-0.20-n)+0.5sin(27-0.25-n)+ v(n)
with  v(n) = white noise with varaiance 1

[
“Wmﬂwwqum*mymm-w

W a0 G Co] ]

[
m
=

ol L |

; A .

0 x0 20 Lol a0 {0 13
| L \ ]
= " — 5 |
’:" 0 i L] a0 ] m
o}

- s L |
1] P &0 a0 T 1200

Row 1 FFT of x(n), N=1024 (Periodogram).

Row 2 Pisarenco Har monic Decomposition p=4, M =5.
Row 3 TheMUSIC algorithm p=4, M=30.

Row 4 TheEigenvector method (EV) p=4, M=30.

Row 5 Principal components Blackman-Tukey frequency estimation

(PC-BT) p=4, M=30.

(All spectrain 1024 frequency points, y axisin dB)
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Optimal Signal Processing 2008 Chapter 3

A brief review Filtering random processes (real signals)

input: x(n)
We have focused on methods used in practical applications output: ¥(n)

y(n)=x(n)=h(n)=, x(k)h(n—k)

All-pole modeling in chapter 4 (LPC, Prediction Error Filter)
Levinson Durbin Recursion using thereflection parameters r r (k) =r. (k) *h(k)* h(-k)
y x

in chapter 5.
1y, (k) = h(k) * r (k)
1y (k) = h(=k)*r, (k)

Lattice structurein chapter 6, Burgsalgorithm
Wiener FIR Filtersin chapter 7
Power Spectrum Estimation using the Periodogram in chapter 8 Py (e’”) = Px(ej“’)H(ej‘”)H*(ej“’)

Freguency estimation (MUSIC) ) ) .
joy — jo jo
P.(e’")=P.(e’")H(e'")

P, (e’")=P.(e'*)H (e’")

P (z)=P, (2)H(2)H(z™")
P.(2)=P(2)H(2)
P,(2)=P(2)H(z)

Chapter 4 System modeling Chapter 5 Levinson-Durbin recursion

All-pole modeling The Levinson-Durbin algorithm determine relation between

autocorrelation r(x),polynomial a(k) and thereflection coefficients.
This can be described by the following figure.

The matrix equation can be written

impulse our sl L RO B K@ e gee) ([ ] T,
(2= Hy=AQ) — K@ K K e-d |[a0 ] o
4 () T U S SRR e R PR R B I
p .
— —k :
A4,(2)=1+)] a,(k)z RPN np=2 -3 0 ||am]| |0
= e
1 R, ap P
Hy()=— _
143 (b= R, a,=¢€,u,
k=1

RS ) 2 This can be summarized in the figure below and in the
Minimize €p = 21 € yign et =x(n) + Y a, (k) x(n—k) table5.1-5.4.
k=1

n=0
givesthe normal equations

I 1 (D5 (2), s (p), [
>oa, () r(k=1)=—r(k) k=1...p
= Table
r.(0) r (0 2 - r(p-D a,(l) (1) Levinson-Durbin
O KO o K@) ||e,@ ] |[n@ Ll LT, Tahle S 1
@ w0 RO e 5= ||, (=0
A . . Table Table
KD np-D rp-d - O e Ln0 ’
R, ap a,(),a,(2), ....,a,(p)

€, min =€, =1(0)+ Zp: a(k) r, (k)



Chapter 6 Lattice Structure

FIR H(z)=A4 (z)

& (n)
x(n) I
/ = Ty
& (n) er (n) & (n)

Burgsalgorithm

Lattice FIR
Latticel IR

FIR Wiener filter

-1

h(Dr,(k=0)=r, (k) k=0,1,.,p-1

~

I
o

Non-causal | IR Wiener filter
P, (e’”)

HE = emy

Causal IIR Wiener filter
H(Z)= 5 1 |:P{Ix(_zl):|
0 0(z) |O(z7) ],

e
Take the causal
part of this

FIR-filter for noisereduction

hopt = (Rs +Rv)_1 ’tv
Non-causal || R-filter for noise reduction

P

Chapter 7. Wiener filters

noise desired
v(n) Estimated d(n)

received hh
w(n) %((nzg s(n) éx(n) :(FZ)) (n) 7@4»3;:;

We will minimize the output error e(n), which we describe asthe
difference between the desired output d(n) and the estimated output.

Applications.

Filtering s(n): Thedesired signal iss(n) and we will
deter mine the optimum filter for noise reduction.
Smoothing: Likefiltering but we allow an extra delay in the
output signal (specially image processing).
Prediction: Theoutput isa prediction of future values of s(n).
One step predictor. predict next value s(n+1).
Equalization: Thedesired signal isw(n) and we will
determine the optimum filter for whitening the
output spectrum (inver se filtering, deconvolution).

Other applications. Echo cancellation. Noise cancellation.
Pulse shaping.
Minimizing
& = E[e’ (m)]= E[(d(n)~d(n))’]

gives the wiener-Hopf equations

S by, =1) =1, (k)

|=—c0

b =1O= 3 HDr D)

Chapter 8 Power Spectrum Estimation

The Fourier Transform of #.(k) iscalled the periodogram
N-1

P ()= > ket

k=—N+1

We seethat it also can bewritten
B (@)= X, (@) X, (@) =] X ()]
- X . RS

Using DFT (FFT), the periodogram will be

per

P (e"z”k/N)=%XN(/€)XN*(/€)=%IXN(k) i

Averaging periodogram.
Bartlett’s Method
Welch’'s method

Blackman-Tukey method

Minimum variance method
Frequency estimation (Estimation of sinusoids)

Pisarenco Harmonic Decomposition

TheMUSIC algorithm

The Eigenvector method (EV)

Principal components Blackman-Tukey frequency estimation



