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a b s t r a c t 

We present generalized loading-unloading contact laws for elasto-plastic spheres with 

bonding strength. The proposed mechanistic contact laws are continuous at the onset of 

unloading by means of a regularization term, in the spirit of a cohesive zone model, that 

introduces a small and controllable error in the conditions for interparticle breakage. This 

continuity property is in sharp contrast with the behavior of standard mechanistic loading 

and unloading contact theories, which exhibit a discontinuity at the onset of unloading 

when particles form solid bridges during plastic deformation. The formulation depends on 

five material properties, namely two elastic properties (Young’s modulus and Poisson’s ra- 

tio), two plastic properties (a plastic stiffness and a power-law hardening exponent) and 

one fracture mechanics property (fracture toughness), and its predictions are in agreement 

with detailed finite-element simulations. The numerical robustness and efficiency of the 

proposed formulation are borne out by performing three-dimensional particle mechanics 

static calculations of microstructure evolution during the three most important steps of 

powder die-compaction, namely during compaction, unloading, and ejection. These sim- 

ulations reveal the evolution, up to relative densities close to one, of microstructural fea- 

tures, process variables and compact mechanical attributes which are quantitatively similar 

to those experimentally observed and in remarkable agreement with the (semi-)empirical 

formulae reported in the literature. 

© 2018 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

 

1. Introduction 

Many physical mechanisms are required to convert a powder bed confined inside a rigid die into a compressed solid

compact by the sole application of a compaction force. Typically, the initial stage of this process is characterized by rear-

rangement of particles that leads to the formation of a closely packed granular system. In the subsequent stage, the porosity

or the packing volume cannot be further reduced by particle rearrangement and therefore particles undergo brittle fracture

or plastic deformation, or both Alderborn and Nyström (1996) ; Çelik and Technology (2016) . It is indeed these dissipative

and irreversible processes, in which the volume of the powder bed is reduced, that ultimately give rise to compact forma-

tion inside the die. Specifically, fracture and permanent deformation generate particle-to-particle contact surface and thus

the opportunity for bond formation. The understanding of microstructure formation and evolution during this process is

therefore of paramount importance to elucidate strength formation. Particle size, shape, and roughness affect the initial
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Fig. 1. Different bonding mechanisms participating in the interaction between particles. Attractive interfacial interactions are dominant under small defor- 

mations whereas solid bridge formation occurs under large deformations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

stage of compaction, but it is fragmentation and plastic deformation that dominate the synthesis of highly dense compacts

Duberg and Nyström (1985) . For polymeric solids, fracture and plastic behavior are dependent on the physical form of the

material; that is amorphous polymers have a tendency to ductile, elasto-plastic deformation whereas crystalline polymers

exhibit brittle failure at room temperature Kinloch (2013) . In addition, most materials exhibit a brittle-ductile transition

temperature that is pressure dependent and strain rate dependent—high temperature and low strain rate promote ductile,

plastic behavior, while low temperature and high strain rate promote brittle fracture Kinloch (2013) . It is worth noting that

the formation of particle-to-particle contact surface then clearly depends on both material properties and process variables,

such as compaction speed and temperature. 

Bonding surface area can be regarded as the effective surface area that is involved in the interaction between parti-

cles. According to Rumpf Rumpf (1958) , the bonding mechanisms participating in this interaction can be classified into five

different types: (i) formation of solid bridges (driven by processes such as sintering, melting, crystallization of amorphous

solids, or chemical reactions); (ii) bonding between movable liquids (caused by capillary and surface tension forces in the

presence of some moisture); (iii) non-freely movable binder bridges (resulting from adhesive and cohesive forces in binders

such as those used in wet granulation); (iv) long-range attractive forces between solid particles (such as van der Waals

and hydrogen bonding interactions); and (v) mechanical particle interlocking. For particles with low aspect ratio and low

roughness, mechanical interlocking can be neglected. Among the remaining mechanisms, there is general agreement that

solid bridge formation and attractive interfacial forces are the major contributions to strength formation. Fig. 1 illustrates

these different mechanisms and that attractive interfacial interactions are dominant under small deformations whereas solid

bridge formation occurs under large deformations. 

During powder compaction, regions of high plastic deformation are formed around particle contact interfaces. Plastic

deformation dissipates energy as heat and thus locally increases the temperature. This change in temperature may, in turn,

promote molecular movement and, consequently, the formation of a new solid region that bridges the particles in contact.

It is then the formation of an interconnected network of solid bridges that enables strength formation in the solid compact.

The strength of these solid bridges will vary from material to material depending on the forces that hold the (poly)crystals

and amorphous solids together Ahlneck and Alderborn (1989) ; Down and McMullen (1985) ; Mitchell and Down (1984) ;

Rumpf (1962) . It is worth noting that this process is irreversible, and thus it is not possible to divide the compacted system

into its original particles. The system can only be separated by fracture of either solid bridges or particles, whichever is

weaker. This irreversibility is one of the main differences between solid bridges and the attractive interfacial interactions.

This observation also suggests to characterize the strength of the solid bridges with fracture mechanics properties and to

characterize the strength of the solid compact by its tensile strength. 

In this work, we will restrict attention to powder blends used by the pharmaceutical industry to fabricate solid tables,

the most popular dosage form in use today. Therefore, it is worth noting that the contact surface created during compaction

of these powders also allows for the formation of attractive forces such as van der Waals and hydrogen bonding interactions

Derjaguin (1960) ; Derjaguin et al. (1956) ; Israelachvili (2011) ; Israelachvili and Tabor (1973) ; Joesten and Schad (1974) . These

long-range forces are of lower energy than covalent bonding forces, and they are present in many excipients (such as sugars,

celluloses, and starches) and active pharmaceutical ingredients. It is also important to note that some polymers can experi-

ence a change in physical form with relative humidity (e.g., lactose) and that some active ingredients can experience strain-

and temperature-driven solid-state transitions and amorphization. These additional physical mechanisms clearly increase the 

complexity of the analysis and, even though necessary for specific powder blends Sebhatu et al. (1994) , their study will be

beyond the scope of this work. We will specifically restrict attention to the formation of solid bridges, as it is a physical

mechanism that dominates the synthesis of many, but not all, pharmaceutical excipients. We will simplify the powder mor-

phology to spherical particles, and we will consider that these particles are amenable to elasto-plastic deformation without

brittle failure. 
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Fig. 2. Transformation of the powder bed during the stages of die compaction: (A) die filling, (B) compaction, (C) unloading, and (D) tablet ejection. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A quantitative elucidation of strength formation requires not only the identification of the deformation and bonding

mechanisms of interest but also of the bonding surface involved in the process. Unfortunately, it is not possible to ex-

perimentally measure the actual interfacial area that is available during tableting Karehill et al. (1993) ; Nyström and Kare-

hill (1986) . However, one can assume that an upper bound for the bonding surface involved in the formation of solid bridges

is the particle-to-particle contact area created during compaction. It bears emphasis that the presence of lubricants in the

formulation can diminish the bonding surface, and thus the tablet strength De Boer et al. (1978) ; Karehill et al. (1993) ;

Razavi et al. (2018) . The most common lubricant used in pharmaceutical tablets is magnesium stearate, typically prepared

as a small particle size ingredient. Before tableting, the lubricant is mixed with the particles in the formulation, partially

coating their surface and thus altering the tribochemical properties of the particle-to-particle contact area. In the context of

this work, we will assume that the lubricant alters the fracture mechanics properties of the solid bridges. 

In this paper, we report three-dimensional particle mechanics static calculations that enable us to predict microstructure

evolution during compaction, unloading, and ejection—that is during the three most important steps of die-compaction of

solid tablets (see Fig. 2 )—of elasto-plastic spherical particles capable of forming solid bridges. To this end, we develop and

employ generalized loading-unloading contact laws for elasto-plastic spheres with bonding strength. The proposed loading-

unloading contact laws are continuous at the onset of unloading by means of a regularization term that introduces a small,

controllable error in the solid bridge breakage force and the critical contact surface. The contact laws are explicit in terms of

the relative position between the particles, and their strain path dependency is accounted for incrementally. The resulting

formulation is then numerically robust and efficient, and mechanistically sound. 

The paper is organized as follows. The generalized loading-unloading contact laws for elasto-plastic spheres with bonding

strength are presented and validated in Section 3 , after reviewing the state of the art in Section 2 . The particle mechanics

approach used to generate a sequence of static equilibrium configurations of granular systems at high levels of confine-

ment is presented in Section 4 . The evolution of microstructural statistical features and of macroscopic effective properties

during compaction, unloading and ejection is investigated in Section 5 . Specifically, we study the evolution of the mechan-

ical coordination number (number of non-zero contact forces between a particle and its neighbors), punch and die-wall

pressures, in-die elastic recovery, residual radial pressure and ejection pressure, the network of contact forces and granular

fabric anisotropy, bonding surface area, Young’s modulus and Poisson’s ratio of the compacted solid, and a microstructure-

mediated process-structure-property-performance interrelationship. Finally, concluding remarks are collected in Section 6 . 

2. Loading and unloading contact laws for elasto-plastic spheres 

Loading contact laws for elasto-plastic spheres have been developed by Storåkers and co-workers Storåkers (1997) ;

Storåkers et al. (1997) using a rigid plastic flow formulation Hill (1998) and assuming a power-law plastic hardening be-

havior, i.e., σ = κε1 /m where κ is the plastic stiffness and m is the plastic law exponent. These contact laws have been

generalized to dissimilar particles Mesarovic and Fleck (1987, 20 0 0) . Specifically, for particles with the same hardening expo-

nent or when one particle is assumed to be rigid, an analytical self-similar solution is derived by assuming a contact radius

sufficiently small compared to the particle size and by neglecting elastic behavior. For particles with different hardening ex-

ponents, Skrinjar and Larsson Skrinjar and Larsson (20 04, 20 07) ; Skrinjar et al. (20 07) derived and verified an approximate

formulae based on the self-similar solution proposed by Storåkers. These loading contact laws for elasto-plastic spheres are

successful in simulating the deformation of soft metals, such as bronze and aluminum Olsson and Larsson (2012) , and phar-

maceutical excipients, such as microcrystalline cellulose and lactose monohydrate Yohannes et al. (2016, 2017) , and of harder

materials, such as ceramics and cemented carbides, when both elastic and plastic deformations are properly accounted for

during the loading phase Olsson and Larsson (2013) . 

Unloading contact laws for elasto-plastic spheres with bonding strength, or adhesion, have been developed by Mesarovic

and Johnson Mesarovic and Johnson (20 0 0) assuming elastic perfectly-plastic behavior and using a rigid punch decompo-

sition Hill and Storakers (1990) . Olsson and Larsson Olsson and Larsson (2013) have extended these laws to elasto-plastic

spheres that exhibit power-law plastic hardening behavior, and have verified their validity with detailed finite element simu-

lations. This formulation assumes elastic behavior, approximated by Hooke’s law, and Irwin’s fracture mechanics to describe

the elastic recovery of the deformed spheres and the breakage of the solid bridge. 

We present next the loading and unloading contact laws developed by Mesarovic and co-workers Mesarovic and Fleck

(1987, 20 0 0) ; Mesarovic and Johnson (20 0 0) for elasto-plastic spheres with bonding strength. Specifically, we consider two
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elasto-plastic spherical particles of radii R 1 and R 2 , Young’s moduli E 1 and E 2 , Poisson’s ratios ν1 and ν2 , plastic stiffnesses

κ1 and κ2 , and plastic law exponent m , that deform plastically under loading and relax elastically under unloading. For

particles located at x 1 and x 2 , the relative position between them γ (see Fig. 1 ) is given by 

γ = R 1 + R 2 − ‖ x 1 − x 2 ‖ 

and the contact radius a is given by 

a 2 = 

⎧ ⎨ 

⎩ 

2 c 2 R̄ γ =: a 2 P plastic loading [
a 2 P −

(
4 ̄E (γP −γ ) 

3 n P a 
1 /m 
P 

)2 
]

+ 
elastic (un)loading 

(1) 

where the effective radius R̄ , the effective elastic stiffness Ē and the plastic law coefficient n P are given by 

R̄ = 

(
1 

R 1 

+ 

1 

R 2 

)−1 

Ē = 

(
1 − ν2 

1 

E 1 
+ 

1 − ν2 
2 

E 2 

)−1 

n P = πk ̄R 

−1 /m 

(
1 

κm 

1 

+ 

1 

κm 

2 

)−1 /m 

with k = 3 × 6 −1 /m , c 2 = 1 . 43 e −0 . 97 /m Fleck et al. (1997) ; Johnson (1985) ; Storåkers and Larsson (1994) , and [ ·] + = max {·, 0 } .
The permanent plastic deformation is characterized by two internal variables, namely the plastic relative position γ P and

the plastic contact radius a P , which are related by a 2 
P 

= 2 c 2 R̄ γP . In addition, the elasto-plastic spherical particles are capable

of forming a solid bridge characterized by its fracture toughness K Ic . Therefore, the plastic and elastic (un)loading force is

defined by 

P = 

⎧ ⎨ 

⎩ 

n P a 2+1 /m plastic loading 

2 n P 
π a 2+1 /m 

P 

[
arcsin 

(
a 
a P 

)
− a 

a P 

√ 

1 −
(

a 
a P 

)2 

]
− 2 K Ic π

1 / 2 a 3 / 2 elastic (un)loading 
(2) 

This force acts in direction (x 1 − x 2 ) / ‖ x 1 − x 2 ‖ on p and in direction (x 2 − x 1 ) / ‖ x 2 − x 1 ‖ on particle 1. 

This formulae was developed Mesarovic and Johnson (20 0 0) to accurately predict the critical pull-off or breakage point of

particles that form solid bridges during loading and the entire unloading curve of particles that do not form solid bridges,

as it is depicted in Figs. 3 (a)-(c) when compared with detailed finite element simulations of an elasto-plastic continuum

solid under small deformations Du et al. (2008) ; Etsion et al. (2005) . However, the formulation exhibits a discontinuity at

the onset of unloading when particles form solid bridges during plastic deformation that it is not present in detailed finite

element simulations as shown in Fig. 3 (c). Specifically, there is a discontinuity at a = a P , that is 

P (a + P ) = 

{
n P a 2+1 /m 

P 
= P (a −

P 
) if solid bridge is not formed 

n P a 2+1 /m 

P 
− 2 K Ic π

1 / 2 a 3 / 2 
P 

� = P (a −
P 
) if solid bridge is formed 

where P (a −
P 
) and P (a + 

P 
) correspond to the contact force right before and after unloading, respectively. 

The loading-unloading contact laws proposed in this work, and described next in Section 3 , are continuous at the on-

set of unloading by means of a regularization term that introduces a small, controllable error in the solid bridge break-

age force and the critical contact surface. Finally, at moderate to large deformations, detailed finite element simulations

Harthong et al. (2009) show a dependency of the response on the loading configuration and confinement of the particles

(see Fig. 3 (d) and Frenning (2013, 2015) ; Jonsson et al. (2017) ; Tsigginos et al. (2015) ). This behavior is not captured by the

above local contact formulation and it calls for the development of plastic nonlocal contact formulations (see Gonzalez and

Cuitiño (2012, 2016) for an elastic nonlocal contact formulation). The systematic development of nonlocal contact formula-

tions for elasto-plastic spheres with bonding strength is a worthwhile direction of future research and, though beyond the

scope of this work, it is currently being pursued by the author. 

3. Generalized loading-unloading contact laws for elasto-plastic spheres with bonding strength 

We adopt the formulae developed by Mesarovi and co-workers for elasto-plastic spheres with power-law plastic harden-

ing behavior Mesarovic and Fleck (1987, 20 0 0) ; Mesarovic and Johnson (20 0 0) , presented in the previous section, and we

propose a regularization of the contact force that does not modify the evolution of contact area a which is given by 

a 2 = 

⎧ ⎨ 

⎩ 

2 c 2 R̄ γ =: a 2 P plastic loading [
a 2 P −

(
4 ̄E (γP −γ ) 

3 n P a 
1 /m 
P 

)2 
]

+ 
elastic (un)loading 

(3) 
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Fig. 3. Loading-unloading contact laws (solid lines, Eqns. (1) - (2) ) and finite element results (symbols) for elasto-plastic spheres. (a) Evolution of contact 

radius a , and (b) of contact force P , under diametrical compression, small deformations and no formation of solid bridges for ( ◦) a spherical particle of 

R = 2 mm and mechanical properties E = 80 GPa, ν = 0 . 3 , κ = 1 . 56 GPa, m = 2 . 10 and for ( ♦ ) a spherical particle of R = 10 mm and mechanical 

properties E = 200 GPa, ν = 0 . 32 , κ = 1 . 56 GPa, m = 2 . 40 Etsion et al. (2005) —the insert is an schematic of the finite-element model, not the exact 

mesh. (c) Evolution of contact force P under diametrical compression and small deformations for a spherical particle of R = 1 . 3 μm, mechanical properties 

E = 233 GPa, ν = 0 . 3 , κ = 12 . 1 GPa, m = 1 . 79 , that forms a solid bridge with fracture properties K Ic = 0 . 48 MPa m 

1/2 Du et al. (2008) —the insert is an 

schematic of the finite-element model, not the exact mesh. (d) Evolution of contact force P under large deformations and different loading configurations, 

namely diametrical compression ( � ), diametrical compression and lateral confinement ( ◦) and triaxial compression ( � ), for a spherical particle of R = 5 

mm and mechanical properties κ = 15 . 5 MPa, m = 2 . 86 Harthong et al. (2009) —the insert is an schematic of the loading configurations. 

 

 

 

 

 

with γP = a 2 P / 2 c 
2 R̄ . It is worth noting that a solid bridge breaks during unloading at γ = a 2 P / 2 c 

2 R̄ − 3 n P a 
1+1 /m 

P 
/ 4 ̄E 

(see Fig. 4 b). The regularized contact force P is defined by 

P = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

n P a 2+1 /m plastic loading 

2 n P 
π a 2+1 /m 

P 

[
arcsin 

(
a 
a P 

)
− a 

a P 

√ 

1 −
(

a 
a P 

)2 

]
−2 K Ic π1 / 2 a 3 / 2 (1+ ξB ) 

2 [ a B −a ] + 
(1+ ξB ) a B −a 

elastic (un)loading 

(4)

where ξB > 0 is the regularization parameter and a B is the radius of the bonded area, or solid bridge, which evolves as

follows { 

a B := a P if mechano-chemical conditions are favorable, i.e., when 

˙ a P > 0 

a B := 0 if solid bridge is broken, i.e., when a = 0 

˙ a B = 0 otherwise, i.e., the size of the bonded area does not change 
(5)

Furthermore, the fracture toughness of the solid bridge is given by K Ic = 

√ 

2 G ̄E , where the dissipated energy G includes

interfacial fracture energy ω (i.e., surface and field forces at direct contact) and plastic or other type of dissipation G p , that
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Fig. 4. Generalized loading-unloading contact laws for elasto-plastic spheres with bonding strength. (a) Evolution of contact force P under loading and two 

subsequent unloading-loading cycles that break the solid bridge. (b) Evolution of contact radius a . A regularization parameter ξ B equal to 0.01 is used. 

 

 

 

 

 

 

 

 

 

 

 

is 

K Ic = 

√ 

(ω 1 + ω 2 + G p )2 E 1 E 2 

(1 − ν2 
1 
) E 2 + (1 − ν2 

2 
) E 1 

A solid bridge between two particles of the same material then reduces to K Ic = 

√ 

GE/ (1 − ν2 ) . 

It bears emphasis that the contact force is continuous at a = a P , and it is equal to zero at a = 0 , for any ξB > 0

and any value of a B . Therefore, this generalized loading-unloading contact laws for elasto-plastic spheres with bonding

strength are continuous at the onset of unloading after formation of a solid bridge, and at the onset of plastic loading

after breakage of a solid bridge or bonded surface (see Fig. 4 a). This is achieved by means of a regularization term that in-

troduces a small, controllable error in the solid bridge breakage force and the critical contact surface—that we will study in

Section 3.2 , after introducing a set of non-dimensional parameters in Section 3.1 . The proposed contact laws are validated in

Section 3.3 , followed by a reinterpretation of the regularization term as a cohesive zone model and by a sensitivity analysis

in Sections 3.4 and 3.5 , respectively. 

3.1. Non-dimensional analysis 

We recast the generalized loading-unloading contact laws for elasto-plastic spheres with bonding strength presented

above using the following non-dimensional parameters: (i) elastic recovery γ / γ P and a / a P , (ii) plastic deformation a P / ̄R , 

(iii) bonded surface a B / a P , (iv) contact force P /πk ̄κ R̄ 2 , (v) ratio of elastic to plastic stiffness ψ = 2 ̄E / 3 πk ̄κc 2 , (vi) ratio of

bonding to stored elastic energy χ = 4 πK 

2 
Ic 
/ n 2 

P 
a 1+2 /m 

P 
. Therefore, the non-dimensional contact radius then simplifies to 

a 

a P 
= 

⎧ ⎨ 

⎩ 

1 plastic loading, i.e., γ /γP = 1 , a P := 

√ 

2 c 2 R̄ γP [
1 −

(
ψ 

(
1 − γ

γP 

)(
a P 
R̄ 

)1 −1 /m 

)2 
]1 / 2 

+ 
elastic (un)loading, i.e., γ /γP < 1 

(6) 

and the non-dimensional contact force is 

P 

πk ̄κ R̄ 

2 
= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

(
a P 
R̄ 

)2+1 /m 

plastic loading 

2 
π

(
a P 
R̄ 

)2+1 /m 

[
arcsin 

(
a 
a P 

)
− a 

a P 

√ 

1 −
(

a 
a P 

)2 

]
−χ

(
a P 
R̄ 

)2+1 /m 

(
a 
a P 

)3 / 2 (1+ ξB ) 
2 [ a B /a P −a/a P ] + 

(1+ ξB ) a B /a P −a/a P 
elastic (un)loading 

(7) 

It is worth noting that bonding to stored elastic energy ratio χ is 16(π − 2) /π2 ≈ 1 . 85 times larger than the bonding

energy to elastic energy ratio in Mesarovic and Johnson (20 0 0) . 

3.2. Error analysis and optimal selection of the regularization parameter 

The proposed generalized loading-unloading contact laws introduce a controllable error in the solid bridge breakage force

and the critical contact surface. In order to study these errors, we first derive the critical force P 
ξB 
C 

and contact radius a 
ξB 
C 
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Fig. 5. Error incurred in the critical force P 
ξ
B 

C 
and the critical contact radius a 

ξ
B 

C 
for different regularization parameters ξB = 

{ 0 , 0 . 005 , 0 . 01 , 0 . 015 , 0 . 02 , 0 . 025 } and bonding to elastic energies ratio χ . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

for a given regularization parameter ξB assuming, for simplicity, a B / a P = 1 . The critical point occurs at the maximum tensile

force, that is at 

∂P 

∂γ
= 0 = 

16 a P ̄E 

3 π( a 
a P 

) 1 / 2 

[ (
a 

a P 

)3 / 2 

− 3 π3 / 2 K Ic 

4 n P a 
1 / 2+1 /m 

P 

×
(1 − a 

a P 
) 2 + ξB (1 − 5 

3 
a 
a P 

) 

(1 − a 
a P 

+ ξB ) 2 (1 + ξB ) −2 

√ 

1 −
(

a 

a P 

)2 

] 

(8)

and thus, after performing a power series expansion in ξB , the critical contact radius or critical pull-off force is given by the

solution of (
a C 
a P 

)3 

= 

9 π3 K 

2 
Ic 

16 n 

2 
P 
a 1+2 /m 

P 

[
1 −

(
a C 
a P 

)2 

− 2(1 + a C /a P )(3 − 2 a C /a P )(3 a C /a P − 1) 

3(1 − a C /a P ) 
ξB + O(ξ 2 

B ) 

]
(9)

Specifically, the critical contact radius for the regularized contact law, a 
ξB 
C 

, is given by the solution of the following equa-

tion (
a 
ξB 

C 

a P 

)3 / 2 

− 3 π3 / 2 K Ic 

4 n P a 
1 / 2+1 /m 

P 

× (1 − a 
ξB 

C 
/ a P ) 

2 + ξB (1 − 5 
3 

a 
ξB 

C 
/ a P ) 

(1 − a 
ξB 

C 
/ a P + ξB ) 2 (1 + ξB ) −2 

√ 

1 −
(

a 
ξB 

C 

a P 

)2 

= 0 

which reduces to ( a 
ξB 
C 

/ a P ) 
3 = χ(3 π/ 8) 2 (1 − ( a 

ξB 
C 

/ a P ) 
2 ) for ξB = 0 (cf. Mesarovic and Fleck (20 0 0) ). Finally, the correspond-

ing critical force is given by equation (4) , i.e., by P 
ξB 
C 

= P (a 
ξB 
C 

) , and, naturally, the correct limiting behavior is retained, i.e.,

a C = a 
ξB → 0 

C 
and P C = P 

ξB → 0 

C 
. Fig. 5 shows the error incurred in the critical force and the critical contact radius for different

regularization parameters and bonding to elastic energies ratios. 

We next define the optimal regulation parameter ξ̄B as follows 

ξ̄B := min 

{ 

ξB > 0 s.t. ε = | 1 − a 
ξB 

C 
/a C | , ξB > 0 s.t. ε = | 1 − P 

ξB 

C 
/P C | 

} 

where ε is the maximum relative error incurred in the critical contact radius and the critical force. Fig. 6 shows that a

regularization parameter of ξB = 0 . 01 ensures a moderate error in the prediction of the critical point over a wide range

of bonding to elastic energy ratio conditions. It is worth noting that this controllable error is the cost we pay to achieve a

numerically robust and efficient as well as a mechanistically sound formulation. 

3.3. Validation 

We compare next the proposed formulation with detailed finite element simulations with Lennard–Jones stresses at the

interface Du et al. (2007) performed by Du et al. (2008) . The finite element simulations correspond to an elasto-plastic

spherical particle with radius R = 1 . 3 μm , Young’s modulus E = 233 GPa, Poisson’s ratio ν = 0 . 3 , yield stress equal to

1.94 GPa and linear hardening equal to 2% of Young’s modulus. We approximate the bi-linear elasto-plastic law by an ex-

ponential plastic law with plastic stiffness κ = 12 . 1 GPa and plastic law exponent m = 1 . 79 . The bond interaction is rep-

resented by the Lennard-Jones potential between two parallel surfaces, which we approximate by an equivalent fracture

toughness K = 0 . 48 MPa m 

1/2 . The maximum separation is γmax = 28 . 2 nm. Fig. 7 shows Du’s finite element calculations
Ic 
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Fig. 6. Optimal regularization parameter ξ̄B for introducing less than or equal to 1% and 5% error in a 
ξB 

C 
and in P 

ξB 

C 
simultaneously. Thin solid lines 

correspond to the optimal values of ξ B that keep a 
ξB 

C 
within given bounds. Thin dashed lines correspond to the optimal values of ξ B that keep P 

ξB 

C 
within 

given bounds. 

Fig. 7. Detailed finite element simulations (symbols) performed by Du et al. Du et al. (2008) and generalized loading-unloading contact law predictions 

(solid line) for R = 1 . 3 μm, E = 233 GPa, ν = 0 . 3 , κ = 12 . 1 GPa, m = 1 . 79 , and K Ic = 0 . 48 MPa m 

1/2 —the bonding energy to elastic energy ratio is 

χ = 0 . 0493 . Three different values of ξ B are use 0, 0.01, and 0.05. Dimensionless force vs deformation (a) and dimensionless contact radius vs deformation 

(b) correspond to a single loading-unloading cycle with γmax = 28 . 2 nm. 

 

 

 

 

 

 

 

 

and the predictions of the generalized loading-unloading contact law for elasto-plastic spheres with bonding strength using

three different values of ξB and adopting a B / a P = 1 . It is evident in the figure that the proposed loading-unloading contact

law is continuous at the onset of unloading by means of the regularization term (cf. Fig. 3 c). 

3.4. Regularization as a cohesive zone model 

We show next that the proposed regularization, which provides continuity in the contact force at the onset of unloading,

is in the spirit of a cohesive zone model. Specifically, we show that the relationship between interfacial separation traction
ˆ T and separation displacement ˆ γ follows a typical cohesive law curve under strain control, for ξB > 0. For simplicity, we

restrict attention to a B / a P = 1 but, in general, the non-dimensional bonded surface is 0 ≤ a B / a P ≤ 1. 

It is worth noting that the separation force P B is the term in the unloading contact force that corresponds to separation

and breakage of the solid bridge. Similarly, the separation displacement is zero at the onset of unloading and equal to the

critical separation 
γ c at solid bridge breakage. Therefore, a non-dimensional separation force ˆ P and a non-dimensional

separation displacement ˆ γ are defined as 

ˆ P = 

P B 

2 K Ic π1 / 2 a 3 / 2 
P 

= 

(a/ a P ) 
3 / 2 (1 + ξB ) 

2 [1 − a/ a P ] + 
(1 + ξB ) − a/ a P 

ˆ γ = 

(γP − γ ) 


γc 
with 
γc = 

3 n P a 
1+1 /m 

P 

4 ̄E 
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Fig. 8. Non-dimensional separation force ˆ P (a) and non-dimensional separation traction ˆ T (b) as a function of the non-dimensional separation displace- 

ment ˆ γ for different regularization parameters ξB = { 0 , 0 . 001 , 0 . 05 , 0 . 01 } . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and thus they are related by 

ˆ P = 

( 1 + ξB ) 
2 
(

1 −
√ 

1 − ˆ γ 2 

)(
1 − ˆ γ 2 

)3 / 4 

1 + ξB −
√ 

1 − ˆ γ 2 
(10)

We next define a separation traction T B as 

T B = 

P B K Ic 

3 n P π1 / 2 a 5 / 2+1 /m 

P 
C (ξB ) 

where the correction factor C (ξB ) enforces G = 

∫ 
γc 

0 
T B d(γP − γ ) and is equal to 

C (ξB ) = 

∫ 1 

0 

( 1 + ξB ) 
2 
(

1 −
√ 

1 − ˆ γ 2 

)(
1 − ˆ γ 2 

)3 / 4 

1 + ξB −
√ 

1 − ˆ γ 2 
d ̂  γ

The nondimensional separation traction thus simplifies to 

ˆ T = 

T B 3 a 1+1 /m 

P 
n P 

2 K 

2 
Ic 

= 

1 

C (ξB ) 

( 1 + ξB ) 
2 
(

1 −
√ 

1 − ˆ γ 2 

)(
1 − ˆ γ 2 

)3 / 4 

1 + ξB −
√ 

1 − ˆ γ 2 
(11)

Fig. 8 shows the non-dimensional separation force ˆ P and non-dimensional separation traction 

ˆ T as a function of the

non-dimensional separation displacement ˆ γ for different regularization parameters ξB . The similarity between a typical

cohesive traction-separation curve under stain control (see, e.g. Olsson and Larsson (2013) ; Ortiz and Pandolfi (1999) ) and

the traction-separation curves depicted in the figure is evident, for ξB > 0. 

3.5. Sensitivity analysis 

The proposed loading-unloading contact law depends on five material properties, namely two elastic properties

( E and ν), two plastic properties ( κ , m ) and one fracture mechanics property ( K Ic ). In order to gain insight into the role

of these parameters and the coupled mechanisms involved, we performed a sensitivity analysis whose results are presented

in Fig. 9 . It is interesting to note that the bonding surface can be controlled by changing the Young’s modulus E without

changing the peak force, that is without changing the compaction force (see Fig. 9 a). Bonding surface can also be manip-

ulated by changing the plastic stiffness κ ( Fig. 9 d), plastic law exponent m ( Fig. 9 e) and the porosity or relative density

through γ ( Fig. 9 c) but, in contrast, this inevitably results in a change of the compaction force. This is valuable insight for

product and process design integration, since, as mentioned above, compact strength is directly correlated to the bonding

surface created during the compaction. 

4. Particle mechanics approach to powder compaction 

The particle mechanics approach for granular systems under high confinement, developed by Gonzalez and

Cuitiño (2016) , describes each individual particle in the powder bed, and the collective rearrangement and deformation
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Fig. 9. Sensitivity analysis. Reference values P max and a max correspond to Fig. 7 and Du et al. (2008) , that is R = 1 . 3 μm, E = 233 GPa, ν = 0 . 3 , κ = 12 . 1 

GPa, m = 1 . 79 , K Ic = 0 . 48 MPa m 

1/2 , γmax = 28 . 2 nm. The bonding energy to elastic energy ratio is χ = 0 . 0493 . 

 

 

 

 

 

 

 

 

 

of the particles that result in a compacted specimen. This approach has been used to predict the microstructure evolution

during die-compaction of elastic spherical particles up to relative densities close to one. By employing a nonlocal contact

formulation that remains predictive at high levels of confinement Gonzalez and Cuitiño (2012) , this study demonstrated that

the coordination number depends on the level of compressibility of the particles and thus its scaling behavior is not inde-

pendent of material properties as previously thought. The study also revealed that distributions of contact forces between

particles and between particles and walls, although similar at jamming onset, are very different at full compaction—being

particle-wall forces are in remarkable agreement with experimental measurements reported in the literature. 

In this work, we extend the particle mechanics approach to the treatment of internal variables (i.e., a P and a B ) and their

equations of evolution (i.e., Eqs. 3 and 5 ) under quasi-static evolution. Therefore, an equilibrium configuration is defined by

the solution of a system of nonlinear equations that corresponds to static equilibrium of the granular system, that is sum of

all elasto-plastic contact forces acting on each particle equals zero, that is ∑ 

j∈N P 
(
a (R i + R j − ‖ x i − x j ‖ , a P ,i j ) , a P ,i j , a B ,i j 

) x i −x j 
‖ x i −x j ‖ = 0 (12) 
i 
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Algorithm 1 ParticleMechanicsApproach: sequential strategy for solving the equilibrium problem and for updating 

history-dependent internal variables. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where x i and N i are the position and all the neighbors of particle i , respectively, a P ,i j = a P , ji and a B ,i j = a B , ji by defini-

tion, P ( a, a P , a B ) is given by equation (4) , and a ( γ , a P ) is given by equation (3) . A sequential strategy is proposed to treat

the nonlinear problem (see Algorithm 1 ). The equations of static equilibrium are solved for x = (x T 
1 
, . . . , x T 

N 
) T , for given

internal variables a P = (a P , 12 , a P , 13 , . . . , a P ,N−1 ,N ) 
T and a B = (a B , 12 , a B , 13 , . . . , a B ,N−1 ,N ) 

T , by employing a trust-region method

Coleman and Li (1996) ; Conn et al. (20 0 0) that successfully overcomes the characteristic ill-posedness of the problem (e.g.,

due to metastability Mehta (2007) ). The basic trust-region algorithm requires the solution of a minimization problem to

determine the step between iterations, namely the trust-region step. This minimization problem is of the form min { ψ( s ):

‖ s ‖ ≤
}, where s = 

n +1 x − n x is the trust-region step, 
 is a trust-region radius and ψ is a quadratic function that repre-

sents a local model of the objective function about n x , that is 

ψ(s ) = 

1 
2 
‖ 

n F + 

n Ks ‖ 

2 = 

1 
2 
〈 n F , n F 〉 + 〈 n Ks , n F 〉 + 

1 
2 
〈 n Ks , n Ks 〉 

with 

n F and 

n K the global force vector and stiffness matrix at n x —the first term in the above equation is not required in

the minimization problem. It is worth noting that the trust-region step is not necessarily in the direction of a quasi-Newton

step and that the trust-region radius acts as a regularization term that controls the growth in the size of the least squares

solution observed in most ill-posed Vicente (1996) . Trading accuracy for performance, Byrd et al. (1988) , among others, pro-

posed to approximate the minimization problem by restricting the problem to a two-dimensional subspace. Furthermore,

the two-dimensional subspace can be determined by a preconditioned conjugate gradient process and the trust-region ra-

dius can be adjusted over the iterative process (see, e.g., Moré and Sorensen (1983) ). Here we adopt the implementation

available in MATLAB R2016a Optimization Toolbox. 

It is worth noting that an equilibrium configuration is not obtained by artificially damped or cooled-down dynamic pro-

cesses but rather by iterative solvers that follow the energy landscape around the solution of static equilibrium. The strain

path dependency of the contact law is accounted for incrementally by updating internal variables a P and a B at the new

equilibrium configuration. Specifically, new particle-to-particle contact radii a new 

i j 
are computed at the converged equilib-

rium configuration and internal variables are updated as follows: ⎧ ⎨ 

⎩ 

a new 

P ,i j 
← a new 

i j 
, a new 

B ,i j 
← a new 

i j 
if a new 

i j 
> a P ,i j plastic loading and bond formation 

a new 

B ,i j 
← 0 if a new 

i j 
= 0 solid bridge is broken 

a new 

P ,i j 
← a P ,i j , a new 

B ,i j 
← a B ,i j otherwise elastic (un)loading 

(13)

5. Microstructure formation and evolution during compaction, unloading and ejection 

We next report three-dimensional particle mechanics static calculations that enable us to study microstructure evolu-

tion during die-compaction up to relative densities close to one, unloading and ejection of elasto-plastic spherical particles

with bonding strength. We employ the generalized loading-unloading contact laws presented in Section 3 which result in a

numerically robust and efficient formulation. The contact laws are continuous at the onset of unloading by means of a reg-

ularization term, they are explicit in terms of the relative position between the particles, and their strain path dependency

is accounted for incrementally. Here we adopt a regularization parameter equal to ξB = 0 . 01 . 

Three different relative densities are defined and used in the study, namely (i) the maximum relative density of the

compact inside the die ρ in −die which occurs at the shortest gap between the two punches (i.e., (B) in Fig. 2 ), (ii) the
max 
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Table 1 

Material properties. 

Elastic Deformation Plastic Deformation Bonding & Fracture 

E ν κ m K Ic 

Material 1 5 GPa 0.25 150 MPa 2.00 1.26 MPa m 

1/2 ( ω = 150 J/m 

2 , G p = 0 ) 

Material 2 30 GPa 0.25 900 MPa 2.00 6.19 MPa m 

1/2 ( ω = 600 J/m 

2 , G p = 0 ) 

Fig. 10. Compacted granular bed of Material 1 at ρ in −die 
max = 0 . 7323 (a) and at ρ in −die 

max = 0 . 9523 (b). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

minimum relative density of the compact inside the die ρ in −die 
min 

which occurs right after separation of the upper punch

from the compact (i.e., (C) in Fig. 2 ), and (iii) the relative density of the tablet out of the die ρtablet which is approximately

equal to ρ in −die 
min 

(i.e., (D) in Fig. 2 ). 

We specifically study a noncohesive frictionless Mahmoodi et al. (2010) granular system comprised by 6512 weight-

less spherical particles with radius R = 220 μm , and two sets of material properties, namely (i) Material 1 with Young’s

modulus E = 5 GPa, and Poisson’s ratio ν = 0 . 25 , plastic stiffness κ = 150 MPa, plastic law exponent m = 2 . 00 , and

fracture toughness K Ic = 1 . 26 MPa m 

1/2 , and (ii) Material 2 with Young’s modulus E = 30 GPa, and Poisson’s ratio

ν = 0 . 25 , plastic stiffness κ = 900 MPa, plastic law exponent m = 2 . 00 , and fracture toughness K Ic = 6 . 19 MPa m 

1/2 

(see Table 1 ). These materials properties do not correspond to any material in particular but rather represent lower

and upper bounds for many pharmaceutical powders, including drugs and excipients (see, e.g., Mahmoodi et al. (2013) ;

Panelli and Ambrozio Filho (2001) and references therein). The granular bed, which is numerically generated by means

of a ballistic deposition technique Jullien and Meakin (1989) , is constrained by a rigid cylindrical die of diameter

D = 10 mm. Assuming a sufficiently small compaction speed, we consider rate-independent material behavior and we

neglect traveling waves, or any other dynamic effect Gonzalez and Cuitiño (2016) . The deformation process is there-

fore described by a sequence of static equilibrium configurations using the particle mechanics approach presented in

Section 4 . In this work we employ 115 quasi-static load steps and we consider 12 unloading points, namely ρ in −die 
max =

{ 0 . 6 6 63 , 0 . 6869 , 07089 , 0 . 7323 , 0 . 7573 , 0 . 7841 , 0 . 8128 , 0 . 8437 , 0 . 8770 , 0 . 9131 , 0 . 9523 , 0 . 9950 } . Fig. 10 shows the compacted

granular bed at ρ in −die 
max = 0 . 7323 and at ρ in −die 

max = 0 . 9523 . Fig. 11 shows the evolution of deformations of a single particle

located inside the powder bed, where the particle deformed configuration is estimated from neighboring particles’ displace-

ments and contact radii. The similitude with the experimentally observed shape of die-compacted spherical granules formed

from microcrystalline cellulose Nordström et al. (2013) is striking. 

We investigate jamming transition, evolution of the mean mechanical coordination number (number of non-zero contact

forces between a particle and its neighbors) in Section 5.1 , punch force and die-wall reaction during compaction and un-

loading in Section 5.2 , in-die elastic recovery during unloading in Section 5.3 , and residual radial pressure after unloading

and ejection pressure in Section 5.4 . We also investigate microstructure evolution by studying probability density function

of contact forces as well as the anisotropic granular fabric after compaction, unloading and ejection in Section 5.5 . Finally,

we evaluate the evolution of bonding surface area during all stages of die compaction in Section 5.6 and we estimate the

Young’s modulus and Poisson’s ratio of the compacted solid in Section 5.7 . We close by depicting a microstructure-mediated

process-structure-property-performance interrelationship of the compaction process in Section 5.8 . 
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Fig. 11. Deformed configuration of a single particle located inside the powder bed of Material 1 at eight different levels of confinement ρ in −die 
max = 

{ 0 . 7323 , 0 . 7573 , 0 . 7841 , 0 . 8128 , 0 . 8437 , 0 . 8770 , 0 . 9131 , 0 . 9523 } . 

Fig. 12. Mean coordination number as a function of relative density ρ in −die 
max . Solid line corresponds to the best fit of equation (14) to the mean coordination 

number obtained from the particle contact mechanics simulation of the granular bed (symbols). 

 

 

 

 

 

 

 

 

 

 

 

5.1. Mean coordination number 

The mean coordination number Z̄ evolves as a power law of the following form 

Z̄ − Z̄ c = Z̄ 0 (ρ
in −die 
max − ρc, ̄Z ) 

θ (14)

where ρc, ̄Z is the critical relative density, Z̄ c is the minimal average coordination number and θ is the critical exponent.

This well-known critical-like behavior has an exponent consistent with 1/2 for different pair-interaction contact laws, poly-

dispercity and dimensionality of the problem Durian (1995) ; O’Hern et al. (20 02, 20 03) . It is known, however, that this

power law is a first order approximation to the behavior of a deformable material for which, as demonstrated by Gonzalez

et al. Gonzalez and Cuitiño (2016) for elastic materials, the coordination number depends on the level of compressibility,

i.e., on Poisson’s ratio, of the particles and thus its scaling behavior is not independent of material properties as previously

thought. This more realistic behavior is predicted by nonlocal contact formulations Gonzalez and Cuitiño (2012, 2016) and it

will not be the focus of this paper, as it was previously stated. Fig. 12 shows the results obtained from the particle contact

mechanics simulations and their best fit to equation (14) . Jamming occurs at Z̄ c = 4 . 366 and ρc, ̄Z = 0 . 5081 with θ = 0 . 5535

for Material 1, and at Z̄ c = 4 . 439 and ρc, ̄Z = 0 . 5151 with θ = 0 . 5333 for Material 2. The fit to numerical results is good not
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Fig. 13. Punch and die-wall pressures as a function of relative density ρ in-die (a)&(c) and punch force (b)&(d) as a function of tablet press step during the 

powder die-compaction process—labels correspond to Fig. 2 . Top and bottom rows correspond to powder beds of Material 1 and 2 (see Table 1 ), respectively, 

unloaded at twelve different levels of confinement ρ in −die 
max = { 0 . 6663 , 0 . 6869 , 0 . 7089 , 0 . 7323 , 0 . 7573 , 0 . 7841 , 0 . 8128 , 0 . 8437 , 0 . 8770 , 0 . 9131 , 0 . 9523 } . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

only near jamming but also at large relative densities. It is worth noting that the isostatic condition for frictionless packings

implies a critical coordination number equal to 6 and a critical density close to 0.64. In addition, however, there exists a body

of work that indicates that ρc, ̄Z depends on the protocol used for obtaining jammed configurations and on the particle-die

size ratio, and that monodisperse systems are prone to crystallization Baranau and Tallarek (2014) ; Chaudhuri et al. (2010) ;

Schreck et al. (2011) ; Vågberg et al. (2011) . Here we restrict our discussion to post-jamming behavior and to one preparation

protocol. It is also interesting to note that the jamming transition occurs later for K Ic = 0 —cf. Gonzalez et al. (2018) , that is

ρc, ̄Z = 0 . 57 with Z̄ c ≈ 5 , for the same preparation protocol. 

5.2. Punch force and die-wall reaction 

The pressures applied by the punches and the reaction at the die wall are macroscopic variables relevant to powder

die-compaction that are effectively predicted by the particle contact mechanics simulation. These predictions are presented

in Fig. 13 a for solid compacts compressed at 12 different relative densities. The compaction process is dominated by plastic

deformations and formation of solid bridges, while the unloading stage is characterized by elastic recovery and breakage

of bonded surfaces. The numerical simulation accounts for these different physical mechanisms and it successfully predicts

a residual radial stress after unloading. If there is friction between the solid compact and the die wall during the ejec-

tion stage, the residual radial stress will lead to an ejection force. Fig. 13 b shows the evolution of the punch force during

compaction, unloading and ejection (assuming, for simplicity, a friction coefficient of 1). We also note that the compaction

pressure follows a power law of the following form 

ρ in −die 
max = K P (ρ

in 
max − ρc, ̄Z ) 

βP (15) 

where ρc, ̄Z is obtained from the evolution of Z̄ , and the coefficients K P = 210 MPa and βP = 1 . 561 are best-fitted to

the numerical results for Material 1—K = 1 . 265 GPa and β = 1 . 541 for Material 2. It is interesting to note that a factor
P P 
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Fig. 14. In-die elastic recovery as a function of relative density ρ in −die 
max . Solid line corresponds to the best fit of equation (17) to the in-die elastic recovery 

in terms of relative density obtained from the particle contact mechanics simulation of the granular bed (symbols). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

of two in κ translates into a factor of two in K P , as noted in Gonzalez et al. (2018) for K Ic = 0 . As mentioned above, the

compaction curves shown in Fig. 13 represent lower and upper bounds for many pharmaceutical powders, including drugs

and excipients Mahmoodi et al. (2013) ; Panelli and Ambrozio Filho (2001) —e.g., ammonium chloride’s compaction curve is

similar to Material 1, and lactose monohydrate’s compaction curve to Material 2 Razavi et al. (2018) . 

5.3. In-die elastic recovery 

The in-die elastic recovery is further investigated and two alternative definitions found in the literature are proposed,

namely the elastic recovery in terms of relative density ερ and in terms of tablet height εH , that is 

ερ = 

ρ in −die 
max − ρ in −die 

min 

ρ in −die 
max 

, εH = 

H 

in −die 
min 

− H 

in −die 
max 

H 

in −die 
max 

(16)

Naturally, these two definitions are interrelated and, adopting a linear relationship between ερ and relative density, one

obtains they are the same to fist order in ερ . Specifically, the following relationships hold 

ερ = ε0 
ρ in −die 

max − ρc,ε

1 − ρc,ε
(17)

εH = 

ε0 (ρ
in −die 
max − ρc,ε ) 

1 − ρc,ε − ε0 (ρ
in −die 
max − ρc,ε ) 

= ερ + O(ε2 
ρ ) (18)

where the in-die elastic recovery at full compaction ε0 = 3 . 550% and the critical relative density ρc,ε = 0 . 5180 are best-

fitted to the numerical results for Material 1—ε0 = 4 . 579% and ρc,ε = 0 . 5602 for Material 2. Fig. 14 shows the results

obtained from the particle mechanics simulations and their fit to the above equations. It is worth noting that these values

are in the lower range of many pharmaceutical excipients Haware et al. (2010) ; Yohannes et al. (2015) , which highlights

the ability of the proposed model to decouple the loading and unloading parts of the compaction curve by properly choose

material properties. 

5.4. Residual radial pressure and ejection pressure 

The residual radial pressure and ejection pressure are further investigated and the following relations are proposed 

σresidual = σres , 0 
ρ in −die 

max (ρ in −die 
max − ρc,e ) 

1 − ρc,e 
(19)

σejection = μ
σres , 0 16 W 

ρt πD 

3 

ρ in −die 
max − ρc,e 

1 − ρc,e 
(20)

where the residual radial radial pressure at full compaction σres , 0 = 9 . 719 MPa and the critical relative density ρc,e = 0 . 6196

are best-fitted to the numerical results for Material 1—σres , 0 = 59 . 51 MPa and ρc,e = 0 . 6093 for Material 2. The two equa-

tions presented above are equivalent and obtained by using the relationship between the punch gap and in-die relative
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Fig. 15. Residual radial pressure and ejection pressure as a function of relative density ρ in −die 
max . Solid lines correspond to the best fit of equations (19) - (20) 

to the residual radial pressure and ejection pressure obtained from the particle contact mechanics simulation of the granular bed (symbols). 

Fig. 16. Distribution of contact forces after loading, unloading and ejection at three different levels of compaction ρ in −die 
max equal to 0.7323, 0.8437 and 

0.9950. Broken solid bridges are not included and distributions are obtained from the particle contact mechanics simulation of the granular bed. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

density, i.e ., H 

in −die 
max = 4 W/ (πD 

2 ρt ρ
in −die 
max ) —where ρt is the true density of the material and W is the weight of the pow-

der inside the die with diameter D . Fig. 15 shows the results obtained from the particle mechanics simulations and their

fit to the above equations. These values are similar to those observed in many pharmaceutical excipients (see, e.g., Abdel-

Hamid and Betz (2011) ; Doelker and Massuelle (2004) ). 

5.5. Network of contact forces and granular fabric anisotropy 

In previous subsections we studied the evolution of macroscopic, effective properties of the compaction process (i.e.,

punch force and die-wall reaction during compaction and unloading, in-die elastic recovery during unloading, and residual

radial pressure after unloading and ejection pressure). Next, we turn attention to the evolution of some of the microstruc-

tural features that give rise to such macroscopic behavior. Under increasing confinement, powders support stress by spatial

rearrangement and deformation of particles and by the development of inhomogeneous force networks. A force network is

typically characterized by the probability distribution of its inter-particle contact forces and their directional orientation. 

For simplicity of exposition, we restrict attention to the behavior of Material 1—results are similar for Material 2. Fig. 16

shows the distribution of contact forces after loading, unloading and ejection at three different levels of compaction. It is

worth noting that we show force histograms rather than, as it is typically used in the literature, probability distributions

of contact forces non-dimensionalized by their mean value. In turn, it is evident from the figure that: (i) the range of

compressive forces increases with relative density more than the range of tensile forces does; (ii) compressive forces reduce

significantly in magnitude during unloading, while tensile forces hardly change; and (iii) distributions after unloading and

after ejection are very similar and both exhibit some symmetry about zero. 

Granular fabric anisotropy is a complementary aspect of stress transmission and it can be determined from particle

mechanics descriptions of granular systems under static equilibrium. This anisotropy is influenced by different factors, such

as particle shape, die filling protocol, and deformation history. We specifically study the orientation distribution function of
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Fig. 17. Granular fabric anisotropy, adopting axial symmetry around the direction of compaction, for relative density ρ in −die 
max = 0 . 7323 . Solid lines corre- 

spond to the best fit of equations (21) and (22) to the distributions obtained from the particle contact mechanics simulation of the granular bed (symbols). 

 

 

 

 

 

 

 

 

 

 

 

contact normals and of the mean contact force. Using spherical coordinates with azimuth and zenith angles θ and φ, we

define the contact orientation vector by 

n = ( sin (θ ) cos (φ) , sin (θ ) sin (φ) , cos (θ )) 

and, for axial symmetry around the zenith axis or the direction of compaction Poorsolhjouy and Gonzalez (2018) , the

spherical harmonics spectrum of the orientation distribution function of contact normals ξ (n ) = ξ (θ, φ) Chang and

Misra (1990) by 

ξ (θ, φ) = 

1 

4 π

(
1 + 

a 20 

2 

(3 cos (θ ) 2 − 1) + 

a 40 

8 

(35 cos (θ ) 4 − 30 cos (θ ) 2 + 3) 

+ 

a 60 

16 

(231 cos (θ ) 6 − 315 cos (θ ) 4 + 105 cos (θ ) 2 − 5) 

+ 

a 80 

128 

(6435 cos (θ ) 8 − 12 , 012 cos (θ ) 6 + 6930 cos (θ ) 4 − 1260 cos (θ ) 2 + 35) 
)

(21)

with 

∫ π
0 

∫ 2 π
0 ξ (θ, φ) sin (θ )d θd φ = 1 . Similarly, the orientation distribution function of the mean contact force is assumed

to be 

f (θ, φ) 

f avg 
= 

1 

4 π

(
1 + 

b 20 

2 

(3 cos (θ ) 2 − 1) + 

b 40 

8 

(35 cos (θ ) 4 − 30 cos (θ ) 2 + 3) 

+ 

b 60 

16 

(231 cos (θ ) 6 − 315 cos (θ ) 4 + 105 cos (θ ) 2 − 5) 

+ 

b 80 

128 

(6435 cos (θ ) 8 − 12 , 012 cos (θ ) 6 + 6930 cos (θ ) 4 − 1260 cos (θ ) 2 + 35) 

)
(22)

with 

∫ π
0 

∫ 2 π
0 f (θ, φ) sin (θ )d θd φ = f avg . Figs. 17 and 18 show the orientation distribution function of the mean contact force

and of contact normals after compaction, unloading and ejection obtained from the particle contact mechanics simulation

of the granular bed at relative densities ρ in −die 
max equal to 0.7323 and 0.9950, respectively. It is evident from the figure that:

(i) the small number of large forces are oriented in the loading direction after compaction, while the large number of inter-

mediate to small forces are oriented at ± 60 ° from the loading direction; (ii) the orientation distribution of contact normals
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Fig. 18. Granular fabric anisotropy, adopting axial symmetry around the direction of compaction, for relative density ρ in −die 
max = 0 . 9950 . Solid lines corre- 

spond to the best fit of Eqs. (21) and (22) to the distributions obtained from the particle contact mechanics simulation of the granular bed (symbols). 

Table 2 

Material 1. The coefficients correspond to the best fit of equations (21) and (22) to the distributions obtained from the 

particle contact mechanics simulation of the granular bed. 

Distribution of mean contact force Distribution of contact normals 

ρ in −die 
max = 0 . 7323 a 20 a 40 a 60 a 80 b 20 b 40 b 60 b 80 

After compaction 0.9491 -0.05312 -0.006645 -0.06142 -0.6826 -0.2216 0.2513 -0.2356 

After unloading -0.8806 -0.09625 0.02114 -0.1343 -0.656 -0.2475 0.2506 -0.2305 

After ejection -0.3673 -0.1978 0.07271 -0.3248 -0.6495 -0.2555 0.2556 -0.2324 

ρ in −die 
max = 0 . 9950 a 20 a 40 a 60 a 80 b 20 b 40 b 60 b 80 

After compaction 1.137 -0.2228 -0.005998 -0.0717 -0.8201 -0.01669 0.09396 -0.176 

After unloading -0.8273 -0.1439 0.1995 -0.1348 -0.776 -0.086 0.1392 -0.197 

After ejection -0.7724 -0.3899 0.2906 -0.2151 -0.7657 -0.1047 0.1529 -0.2025 

 

 

 

 

 

 

does not significantly change during unloading and ejection due to the plastic, permanent nature of the deformations; (iii)

after unloading, most large, vertically oriented forces are relaxed and, after ejection, most radially oriented forces are re-

laxed; (iv) compressive residual forces in the ejected solid compact are mostly oriented at ± 60 ° from the loading direction,

and there is a small number of tensile residual forces that are oriented in the direction of loading; and (v) the orientation

distribution of residual mean contact forces is different for different relative densities ρ in −die 
max . 

Table 2 shows the coefficients a i and b i determined by fitting Eqs. (21) and (22) to the distributions illustrated in Figs. 17 –

18 and obtained from the particle contact mechanics simulation of the granular bed. It is worth noting that a eighth-order

approximation is the lowest-order representation of the orientation distributions functions that captures the characteristics 

of directional distributions at the desired approximation accuracy. The eighth-order expansion of ξ ( n ) takes the form 

ξ (n ) = C + C i j n i n j + C i jkl n i n j n k n l + C i jklpq n i n j n k n l n p n q + C i jklpqrs n i n j n k n l n p n q n r n s 

where four independent coefficients a 20 , a 40 , a 60 and a 80 emerge after enforcing symmetry about the zenith axis and∫ π
0 

∫ 2 π
0 ξ (θ, φ) sin (θ )d θd φ = 1 —cf. equation (21) . In a similar manner, four independent coefficients b 20 , b 40 , b 60 and b 80 

characterize the eighth-order expansion of f ( n )/ f avg —cf. equation (22) . 
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Fig. 19. Bonding surface area. (a)&(c) bonding surface parameter Ā b as a function of tablet press step for loading, unloading and ejection; (b)&(d) bonding 

surface parameter as a function of relative density ρ in −die 
min 

. Solid line in (b)&(d) corresponds to the best fit of Eq. (23) to the bonding surface parameter 

obtained from the particle contact mechanics simulation of the granular bed (symbols). The right column corresponds to powder beds of Material 1 and 2 

(see Table 1 ), respectively, unloaded at ten different levels of confinement ρ in −die 
max = { 0 . 7089 , 0 . 7323 , 0 . 7573 , 0 . 7841 , 0 . 8128 , 0.8437, 0.8770, 0.9131, 0.9523}.. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.6. Bonding surface area 

As discussed above, the quantitative elucidation of strength formation requires not only the identification of the defor-

mation and bonding mechanisms of interest but also of the bonding surface involved in the process. Here we assume that

an upper bound for the bonding surface involved in the formation of solid bridges is the particle-to-particle contact area

created during compaction. Therefore, we study the bonding surface area by defining a parameter Ā b that is proportional

to the ratio between the total bonding surface and that total available surface in the powder bed, i.e., Ā b = ( 
∑ 

a 2 P ) / (R 2 N P )

with N P being the number of particles in the monodisperse bed. Specifically, we investigate the evolution of the bonding

surface parameter Ā b during all stages of die compaction (see Fig. 19 ) and we identify that the following relationship holds

Ā b 

= Ā b , 0 

ρ in −die 
min 

− ρc,b 

1 − ρc,b 

(23)

where the bonding surface parameter of a fully dense tablet Ā b , 0 = 1 . 030 and the critical relative density ρc,b = 0 . 5004 are

best-fitted to the numerical results for Material 1—Ā b , 0 = 0 . 9883 and ρc,b = 0 . 4988 for Material 2. 

It bears emphasis that the formation of bonding surface area is controlled by both plastic deformations and elastic defor-

mations. It is known that extensive plasticity could cause a drastic decrease in tablet strength, due to the breakage of solid

bridges and thus reduction of bonding surface area. Fig. 19 shows that during unloading and ejection the lost in bonding

surface area is larger for higher relative densities, i.e., for higher elastic recovery (cf. Fig. 14 ). These trends are consistent

with the behavior of many pharmaceutical excipients obtained from permeametry measurements Adolfsson et al. (1999) ;

Nyström and Karehill (1986) . Finally, it is interesting to note that ρc, ̄Z ≈ ρc,b . 
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Fig. 20. Young’s modulus and Poisson’s ratio. (a)&(c) Young’s modulus of the compacted solid as a function of relative density ρ in −die 
min 

; (b)&(d) Poisson’s 

ratio of the compacted solid as a function of relative density ρ in −die 
min 

. Solid line in (a)&(c) corresponds to the best fit of Eq. (24) to the bonding surface 

parameter obtained from the particle contact mechanics simulation of the granular bed (symbols). 

 

 

 

 

 

 

 

 

 

 

 

 

5.7. Young’s modulus and Poisson’s ratio of the compacted solid 

The Young’s modulus of the compacted solid, obtained from central one-third of the unloading curve using Hooke’s law

Han et al. (2008) ; Swaminathan et al. (2016) , is given by 

E tablet = E 0 

[
ρ in −die 

min 
− ρc,E 

1 − ρc,E 

]n 

(24) 

where the Young’s modulus of a fully dense tablet E 0 = 2 . 224 GPa, the exponent n = 0 . 2873 and the critical relative den-

sity ρc,E = 0 . 6423 are best-fitted to the numerical results for Material 1—E 0 = 9 . 345 GPa, n = 0 . 285 and ρc,E = 0 . 6262 for

Material 2. These values shown in Fig. 20 are in agreement with those obtained for two grades on lactose, at different lubri-

cation levels, using an ultrasound transmission technique Razavi et al. (2016, 2018) . Eq. (24) is a semi-empirical relationship

derived by Phani and Niyogi for porous solids Phani and Niyogi (1987) . The exponent n is regarded as a material constant

dependent on particle morphology and pore geometry of the material, which is also suggested by these results for which

the packings are identical and the values of n are equal. Finally, it is also interesting to note that ρc, e ≈ρc, E . 

As point out above, the granular bed develops anisotropic mechanical properties during loading, unloading and ejection.

In this section, for simplicity, we assume isotropic behavior and thus determine two elastic properties, i.e., Young’s modulus

and Poisson’s ratio, from the unloading curve. This assumption can be relaxed and, if a transversely isotropic material is as-

sumed, five anisotropic continuum properties can be determined from the loading curve Poorsolhjouy and Gonzalez (2018) .

The extension of this analysis to unloading and ejection stages, though beyond the scope of this work, is currently being

pursued by the author. 
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Fig. 21. Interrelationship between process variables (namely compaction and ejection pressures), material properties (i.e., E, ν , κ , m and K Ic ) and critical 

quality attributes of the compact (namely the tablet Young’s modulus). Materials 1 and 2 are depicted in gray and in black, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.8. Microstructure-mediated process-structure-property-performance interrelationship 

In the spirit of Olson’s design framework that integrates process, structure, property, and performance Olson (1997) ,

as well as of the Quality by Design (QbD) principles recently adopted by the U.S. Food and Drug Administration (FDA)

Lawrence (2008) ; Lee et al. (2015) , we study next the interrelationship between two process variables (namely compaction

and ejection pressures), particle-scale material properties (i.e., E, ν , κ , m and K Ic ) and a critical quality attribute of the

compacted solid product (namely the tablet Young’s modulus). This relationship is derived from microstructure formation

and evolution predicted with the proposed particle mechanics approach and the generalized loading-unloading contact laws.

Fig. 21 uses Eqs. (15) , (20), (16) and (24) to represent this interrelationship for Materials 1 and 2. It is worth noting that this

interrelationships can not only be used to design a material with targeted quality attributes (see, e.g., Razavi et al. (2016,

2015, 2018) ; Sun and Grant (2001) ; Tye et al. (2005) ) but it can also be used to control the manufacturing process to assure

such quality attributes are achieved (see, e.g., Su et al. (2018) ). 

6. Concluding remarks 

We have reported three-dimensional particle mechanics static calculations that enabled us to predict microstructure

evolution during the three most important steps of die-compaction of solid tablets, namely during compaction, unloading,

and ejection nanoHUB.org . Specifically, we have simulated the compaction, inside a rigid cylindrical die, of monodisperse

elasto-plastic spherical particles capable of forming solid bridges. To this end, we have developed and employed generalized

loading-unloading contact laws for elasto-plastic spheres with bonding strength. The proposed loading-unloading contact

laws are continuous at the onset of unloading by means of a regularization term, in the spirit of a cohesive zone model,

that introduces a small, controllable error in the solid bridge breakage force and the critical contact surface. This continu-

ity property is in sharp contrast with the behavior of standard mechanistic loading and unloading contact theories, which

exhibit a discontinuity at the onset of unloading when particles form solid bridges during plastic deformations. In addition,

these generalized contact laws are explicit in terms of the relative position between the particles, and are updated incre-

mentally to account for strain path dependency. Furthermore, the three-dimensional particle mechanics static calculations

show that the formulation is numerically robust, efficient, and mechanistically sound. 

We have exemplified the effectiveness and versatility of the particle mechanics approach by studying two sets of material

properties, which do not correspond to any material in particular but rather represent lower and upper bounds for many

pharmaceutical powders, including drugs and excipients. These simulations reveal the evolution, up to relative densities

close to one, of (i) mean mechanical coordination number, (ii) punch force and die-wall reaction, (iii) in-die elastic recovery,

(iv) ejection pressure, (v) network of contact forces and granular fabric anisotropy, (vi) bonding surface area, (vii) Young’s

modulus and Poisson’s ratio of the compacted solid. Our results are quantitatively similar to those experimentally observed

in many pharmaceutical formulations Abdel-Hamid and Betz (2011) ; Adolfsson et al. (1999) ; Doelker and Massuelle (2004) ;
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Table 3 

Summary of microstructure formation and evolution during compaction, unloading and ejection. Material 1: E = 5 GPa, 

ν = 0 . 25 , κ = 150 MPa, m = 2 , K Ic = 1 . 26 MPa m 

1/2 . Material 2: E = 30 GPa, ν = 0 . 25 , κ = 900 MPa, m = 2 , K Ic = 6 . 19 

MPa m 

1/2 . 

Property Evolution during compaction Eqn. Parameter Material 1 Material 2 

Coordination number Z̄ = Z̄ c + ̄Z 0 (ρ in −die 
max − ρc, ̄Z ) 

θ (14) Z̄ c 4.366 4.439 

ρc, ̄Z 0.5081 0.5151 

θ 0.5535 0.5333 

Punch pressure σpunch = K P (ρ in −die 
max − ρc, ̄Z ) 

βP (15) K P 210 MPa 1.265 GPa 

βP 1.561 1.541 

In-die elastic recovery ερ = ε0 
ρ in −die 

max −ρc,ε

1 −ρc,ε
≈ εH (17) ε0 3.55% 4.579% 

ρc , ε ≈ ρc, ̄Z ≈ ρc, ̄Z 

Residual radial pressure σresidual = σres , 0 
ρ in −die 

max (ρ in −die 
max −ρc,e ) 

1 −ρc,e 
(19) σ res, 0 9.719 MPa 59.51 MPa 

Ejection pressure σejection = μ σres , 0 16 W 

ρt πD 3 
ρ in −die 

max −ρc,e 

1 −ρc,e 
(20) ρc, e 0.6196 0.6093 

In-die minimum relative density ρ in −die 
min 

= ρ in −die 
max (1 − ερ ) (16) 

Bonding surface area Ā b = Ā b , 0 
ρ in −die 

min 
−ρc,b 

1 −ρc,b 
(23) Ā b , 0 1.030 0.9883 

ρc, b ≈ ρc, ̄Z ≈ ρc, ̄Z 

Young’s modulus of compact E tablet = E 0 

[ 
ρ in −die 

min 
−ρc,E 

1 −ρc,E 

] n 
(24) E 0 2.224 GPa 9.345 GPa 

n 0.2873 0.285 

ρc, E ≈ρc, e ≈ρc, e 

Poisson’s ratio of compact νtablet ≈ 0.21 ≈ 0.26 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Haware et al. (2010) ; Mahmoodi et al. (2013) ; Nyström and Karehill (1986) ; Panelli and Ambrozio Filho (2001) ; Phani and

Niyogi (1987) ; Razavi et al. (2016, 2018) ; Yohannes et al. (2015) . Moreover, the evolution during compaction of these pro-

cess variables (such as punch, die-wall and ejection pressures, and in-die elastic recovery) and compact attributes (such as

Young’s modulus and Poisson’s ratio) is in remarkable agreement with the formulae reported in the literature—i.e., (semi-

)empirical relationships developed over the last decades Durian (1995) ; Gonzalez and Cuitiño (2016) ; Gonzalez et al. (2018) ;

O’Hern et al. (20 02, 20 03) ; Phani and Niyogi (1987) ; Razavi et al. (2016) ; Su et al. (2018) . Furthermore, these relation-

ships have enabled the development of microstructure-mediated process-structure-property-performance interrelationships 

for QbD product development and process control. Table 3 summarizes these findings. It is evident from the table that a

small number of parameters, with well-defined physical meaning, is required to describe such evolution with relative den-

sity. The systematic investigation of the relationship between these parameters with particle-level material properties (i.e.,

E, ν , κ , m and K Ic ), particle morphology (such as particle size distribution) and process variables (such as tablet weight,

dimensions and composition) is a worthwhile direction of future research—see Gonzalez et al. (2018) for a systematic study

of particles with hardening plastic behavior, but no elastic unloading and formation of bonding strength. It is worth noting

that the development of these relationships and, by extension, of predictive contact mechanics formulations for highly con-

fined systems, is key to better design, optimize and control many manufacturing processes widely used in pharmaceutical,

energy, food, ceramic and metallurgical industries. 
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